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Abstract. In this work, we address the small-time global controllability properties of a class of fourth-order nonlinear
parabolic equations driven by bilinear controls posed on the one-dimensional torus. The controls depend only on time
and act through a prescribed family of spatial profiles. Our first result establishes the small-time global approximate
controllability of the system using three scalar controls, between states that share the same sign. This property is obtained
by adapting the geometric control approach to the fourth-order setting, using a finite family of frequency-localized controls.
We then study the small-time global exact controllability to non-zero constant states for the concerned system. This second
result is achieved by analyzing the null controllability of an appropriate linearized fourth-order system and by deducing
the controllability of the nonlinear model through a fixed-point argument together with the small-time global approximate
control property. To the best of our knowledge, this work provides the first contribution toward the study of controllability
properties of fourth-order parabolic equations by means of bilinear controls.
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1. Introduction

1.1. System under study. In this paper, we study global controllability aspects of the following fourth-order nonlinear
parabolic equations within a multiplicative control framework, defined on the one-dimensional torus T := R/2πZ

{
∂tu(t, x) + ν1∂

4
xu(t, x) + ν2∂

2
xu(t, x) +N (u)(t, x) = Q(t, x)u(t, x), t > 0, x ∈ T,

u(0, x) = u0(x), x ∈ T,
(1.1)

where ν1 > 0 and ν2 > 0 are real parameters, with ν1 corresponding to a fourth-order diffusion term, while ν2 represents
an anti-diffusion parameter. Q is a function which plays the role of the multiplicative control and is specified precisely in
(1.5)–(1.6). Depending on the choice of the nonlinear term N (u), this setting encompasses several classical fourth-order
nonlinear parabolic models. In this work, we focus on two prototypical nonlinearities, namely the Kuramoto–Sivashinsky
[KT75, KT76, Tad86] and the Cahn–Hilliard [CH58, CH59, Mir19]:

NKS(u) := u∂xu, (1.2)

NCH(u) := −∂2x(u3). (1.3)

Our approach also applies, with minor modifications, to other representative examples, such as the Sivashinsky equation
NSiv(u) := −∂2x(u2) [Siv83, NCG95] and semilinear fourth-order parabolic equations of the form Nsem(u) := uγ , γ ∈ N∗

[DR98].
Multiplicative control problems (see [Kha10]) naturally arise in the modeling of distributed systems where the control

acts by modifying intrinsic properties of the medium rather than through external forcing. In such situations, the control
enters the evolution equation in a multiplicative way, leading to nonlinear control systems even when the underlying
dynamics are linear. This type of control is particularly relevant for higher-order parabolic equations, which appear in
the modeling of pattern formation, phase separation, and interfacial dynamics, and for which additive control mechanisms
may be insufficient. From an applied perspective, classical additive controls are suitable only for processes whose intrinsic
physical properties remain unaffected by the control action, modeling instead the influence of externally imposed forces or
sources. This framework, however, fails to capture a wide range of emerging and established technologies, such as smart
materials and various biomedical, chemical, and nuclear reaction systems, whose fundamental parameters (e.g., frequency
response or reaction rates) can be deliberately modified through controlled mechanisms, such as catalytic effects. A
notable example of a parabolic system with multiplicative control is the distributed parameter model studied by Lenhart
and Bhat [LB92], motivated by wildlife damage management problems involving the regulation of diffusive small mammal
populations.

1.2. Small-time global approximate controllability. In this paper, we are concerned with the global controllability
properties of the fourth-order parabolic system (1.1). Our main motivation is the following question: given initial and
target states u0 and u1, and a final time T > 0, does there exist a shorter time τ ∈ (0, T ] and a control Q such that
the corresponding solution u of (1.1), starting from u0, reaches an arbitrarily small neighborhood of u1 at time τ , in
an appropriate norm? This question naturally leads to the notion of small-time approximate controllability. Before
introducing this concept, we first define the controlled evolution problem explicitly. To this end, we consider the following
control system:

{
∂tu(t, x) + ∂4xu(t, x) + ∂2xu(t, x) +N (u)(t, x) = Q(t, x)u(t, x), t > 0, x ∈ T,

u(0, x) = u0(x), x ∈ T.
(1.4)

For simplicity, we fix ν1 = ν2 = 1 in (1.1). The extension to arbitrary positive values of these parameters follows from
the same analysis. We now specify the class of nonlinearities considered in this work. In what follows, we focus on the
cases (1.2) and (1.3), that is, we take N to be either NKS or NCH . Detailed proofs are provided only for these two
nonlinearities, since the other cases mentioned above can be treated by similar arguments. Q is a function which plays
the role of the multiplicative control. We control the system through low-mode forcing, meaning that the control function
Q is assumed to have the form

Q(t, x) =
〈
p(t), µ(x)

〉
=

3∑

i=1

pi(t)µi(x), (1.5)

where µi are chosen to be the first real Fourier modes on the torus, namely

(µ1(x), µ2(x), µ3(x)) := (1, cosx, sinx) , (1.6)

and p = (p1, p2, p3) ∈ L2
loc(R

+;R3) consists of piecewise constant control laws that can be chosen freely. Thus, determining
the scalar controls pi(t) is sufficient to define the control function Q(t, x). This type of multiplicative control Q is also
referred to as bilinear control, since only the time-dependent intensity acts as the control variable of the evolution, and
the corresponding term depends linearly on it.
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We introduce below the notion of small-time approximate controllability relevant to our analysis.

Definition 1.1. Let H ⊂ L2(T) be a Hilbert space. Assume that u0, u1 ∈ H, and T > 0, ε > 0, are given.

(A) The equation (1.4)–(1.6) is said to be small-time L2-approximately controllable, if there exists τ ∈ (0, T ] and a control
law p ∈ L2((0, τ); R3) such that the solution u of (1.4)–(1.6) associated with the control p and initial condition u0
satisfies

‖u(τ) − u1‖L2(T) < ε.

(B) The equation (1.4)–(1.6) is said to be H-approximately controllable, if there exists a control law p ∈ L2((0, T ); R3)
such that the solution u of (1.4)–(1.6) associated with the control p and initial condition u0 satisfies

‖u(T )− u1‖H < ε.

To formulate our main result, let us denote by Hs(T) the usual Sobolev space defined on the one-dimensional torus T
(see Section 2.1). Our first main result is the following.

Theorem 1.1 (Small-time global approximate controllability). Let s > 1
2 and u0, u1 ∈ Hs(T). Then the controlled system

(1.4)–(1.6) enjoys the following small-time approximate controllability properties:

(A) If sign(u0) = sign(u1), then (1.4)–(1.6) is small-time L2-approximately controllable.
(B) If u0, u1 > 0 (respectively, u0, u1 < 0), then (1.4)–(1.6) is Hs-approximately controllable.

Theorem 1.1 highlights several key features in the study of global controllability for fourth-order parabolic equations.
First, it establishes global approximate controllability for a nonlinear system using only three scalar controls. More
precisely, the profiles (µ1(x), µ2(x), µ3(x)) are fixed in the expression of Q, and the control acts solely through the time-
dependent function p. Moreover, this approximate controllability holds for any arbitrarily small T > 0, without any
restriction on the control time T . Finally, the number of controls is independent of the system parameters, as well as of
the initial and target states.

From a control point of view, bilinear control provides an efficient way to influence infinite-dimensional systems using
only a finite number of scalar controls. In particular, low-mode multiplicative controls allow one to act on the large-scale
dynamics while keeping the control structure simple. However, the coupling between the control and the state makes the
analysis more delicate, especially in the case of higher-order parabolic equations.

We briefly review some existing literature on the fourth-order nonlinear parabolic equations of the form (1.4). Guzmán
studied the local exact controllability to the trajectories of the Cahn–Hilliard equation using localized internal control
in [Guz20], whereas Cerpa and Mercado investigated similar issues for the Kuramoto–Sivashinsky equation via boundary
controls [CM11]. It is worth noting that the above results are obtained in the framework of internal or boundary controls,
are essentially local and rely on Carleman estimates for the associated linearized systems together with a local inverse
mapping argument. In this setting, extending controllability results beyond local controllability appears unattainable
through Carleman-type techniques alone, which motivates the use of alternative approaches based on geometric and
saturation methods to address global controllability issues. More recently, with this approach, Gao studied the global
approximate controllability of the Kuramoto-Sivashinsky equation posed on T by means of an additive control consisting
of finitely many Fourier modes, see [Gao22]. On the contrary, in the bilinear control framework considered here, the
control enters the equation multiplicatively, resulting in a different structure of the controlled dynamics. To the best
of our knowledge, the global controllability of the equation (1.4) within a bilinear control framework has not yet been
addressed in the literature.

Let us mention a few key results on the bilinear control problem using a geometric control approach. For the semilinear
heat equation, a small-time global controllability result was obtained recently by means of bilinear control by Duca,
Pozzoli, and Urbani in [DPU25]. A closely related problem for the Burgers equation has been addressed by Duca and
Takahashi in [DT25]. For the wave equation, see Pozzoli [Poz24]; while results for the Schrödinger equation can be found in
recent papers by Beauchard and Pozzoli [BP25a, BP25b] and the references therein. In these works, the authors employed
a saturating geometric control strategy, originally introduced by Agrachev and Sarychev in [AS05, AS06] for low-mode
forcing internal control problems for the Navier–Stokes and Euler equations. This method was first adapted to the bilinear
controllability problem for the Schrödinger equation by Duca and Nersesyan in [DN25]. Our approach in the present work
is inspired by [DN25].

In contrast to existing contributions on bilinear control settings, the present work extends this methodology to a class
of fourth-order nonlinear parabolic dynamics, providing, to the best of our knowledge, the first study of controllability for
such systems within a bilinear control framework. Beyond the specific model under consideration, our analysis highlights
the robustness of the saturating geometric control strategy with respect to both the order of the underlying system and
the nature of the nonlinearities involved. This demonstrates that the approach is not limited to the second-order partial
differential equations, but can be successfully applied to higher-order equations with nonlinear structures of a different
type. Consequently, the present analysis suggests that similar techniques may apply to the study of controllability issues
for bilinear dispersive equations, such as the nonlinear Korteweg–de Vries and the Kawahara equations.
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1.3. Small-time global exact controllability to the constant states. Our second objective is to establish the small-
time global exact controllability of (1.4) toward non-zero constant steady states associated with a free trajectory. Let us
recall the control system (1.4) with the control of the form

Q(t, x) =
〈
p(t), µ(x)

〉
=

m∑

i=1

pi(t)µi(x), m ≤ 5, (1.7)

where µi, i = 1, 2, 3, are the same as in (1.6), and the functions µ4, µ5 ∈ H1(T) will be chosen later depending on the
nonlinearities (1.2) and (1.3). Furthermore, p = (p1, p2, p3, p4, p5) ∈ L2

loc(R
+;R5) consists of control laws as before.

Cahn-Hilliard equation: In this case, we fix m = 5. Let {λ̂k}k∈N denote the ordered eigenvalues of the Laplacian −∂2x on
T, counted without multiplicity. Then

λ̂k = k2, ∀ k ∈ N.

Observe that, except for the first eigenvalue λ̂0 = 0, all the eigenvalues are double. We denote by {c0, ck, sk}k∈N∗ the
corresponding orthonormal eigenfunctions of −∂2x, given by

c0(x) =
1√
2π
, ck(x) =

1√
π
cos(kx), sk(x) =

1√
π
sin(kx), ∀ k ∈ N

∗.

Consider µ4, µ5 ∈ H1(T) such that there exist positive constants θi, Ci, i = 1, 2, satisfying




〈µ4, c0〉L2(T) 6= 0 and 〈µ5, c0〉L2(T) = 0,

λ̂θ1k
∣∣〈µ4, ck〉L2(T)

∣∣ ≥ C1, and 〈µ4, sk〉L2(T) = 0, for all k ∈ N∗,

λ̂θ2k
∣∣〈µ5, sk〉L2(T)

∣∣ ≥ C2, and 〈µ5, ck〉L2(T) = 0, for all k ∈ N∗.

(1.8)

Theorem 1.2 (Global exact controllability). Let (µ1, µ2, µ3, µ4, µ5) be as (1.6) and (1.8) and s > 1
2 . Assume that T > 0,

and u0 ∈ Hs(T) with u0 > 0. Let Φ > 0 be a given real number. Then there exists a control p ∈ L2((0, T );R5), such that
the solution u of (1.3), (1.4), and (1.7) satisfies u(T, ·) = Φ in T.
Analogously, for any u0 ∈ Hs(T) with u0 < 0, there exists a control p ∈ L2((0, T );R5), such that u(T, ·) = −Φ in T.

Theorem 1.2 establishes global exact controllability of (1.4), (1.3), and (1.7) to the nonzero stationary states associated
with p = 0 in arbitrary time horizon. This result is obtained by combining the small-time global approximate controllability
provided by Theorem 1.1 with a local exact controllability result to the stationary states, valid for any positive time.
Consequently, the control strategy involves five potentials: three control directions are required to achieve the approximate
controllability stated in Theorem 1.1, together with two additional controls to ensure local exact controllability.

The controllability of the associated linearized model is established using the method of moments [FR71, FR75]. These
seminal works have been significantly extended over the years, leading to numerous important results for a wide range of
parabolic problems and control strategies; see, for instance, [FCGBdT10, BBGBO14, AKBGBdT16]. For a presentation
of the moment method in the case of fourth-order parabolic equations, we refer to [Cer10, HSM25]. Based on an explicit
control cost estimate for the corresponding linearized control problem, we further prove local exact controllability of the
main nonlinear model by means of the source term method [LTT13].

An interesting feature of Theorem 1.2 is the validity of an exact controllability result on the torus, where the Laplacian
exhibits double eigenvalues. This essentially provides an analogous phenomenon for the bi-Laplacian. The proof of exact
controllability relies on the solvability of a suitable joint moment problem, which is more delicate in this setting. This
difficulty is overcome by filtering the spectrum of the bi-Laplacian through two additional control potentials, µ4 and µ5,
chosen so that µ4 acts only on the cosine modes while µ5 acts only on the sine modes, see hypothesis (1.8). As a result,
the moment problem can be decomposed into two independent subproblems, each associated with simple eigenvalues.

A similar framework can also be employed to address the global exact controllability problem for the Kuramoto–Sivashinsky
equation (1.4) and (1.2). In this case, one may employ five control profiles as before. Nevertheless, by exploiting the spe-
cific structure of the nonlinearity in (1.2), it is possible to achieve global exact controllability with only four control laws,
upon a slight modification of the assumptions in (1.8).

Kuramoto-Sivashinsky equation: Let us fix m = 4 in (1.7) and consider µ4 ∈ H1(T) such that

(λ̂θk + 1)
∣∣〈µ4, e

ikx
〉
L2(T)

∣∣ ≥ C, for all k ∈ Z, and for some C, θ > 0. (1.9)

Theorem 1.3 (Global exact controllability). Let (µ1, µ2, µ3, µ4) be as (1.6) and (1.9) and s > 1
2 . Assume T > 0, and

u0 ∈ Hs(T) with u0 > 0. Let Φ > 0 be a given real number. Then there exists a control p ∈ L2((0, T );R4), such that the
solution u of (1.2), (1.4), and (1.7) satisfies u(T, ·) = Φ in T.
Analogously, for any u0 ∈ Hs(T) with u0 < 0, there exists a control p ∈ L2((0, T );R4), such that u(T, ·) = −Φ in T.
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The controllability of parabolic-type equations driven by bilinear (multiplicative) controls is known to be an interesting
problem, even for linear systems. A key difficulty is due to a structural obstruction identified in [BMS82], where it was
shown that the reachable set of a linear equation with multiplicative control, starting from any initial data in L2(T), is
contained in a countable union of compact subsets of L2(T). Consequently, its complement is dense in L2(T), which rules
out the possibility of achieving classical exact controllability in the L2 framework.

Due to the lack of exact controllability, several approximate controllability results for parabolic equations (second-order)
with multiplicative controls have been established in the literature. In [Kha02], approximate controllability was obtained
for one-dimensional semilinear parabolic equations over sufficiently large time horizons T > 0, between nonnegative states,
with control functions depending on both space and time. Related results were derived in [CF11] for linear degenerate
parabolic equations subject to Robin boundary conditions. Approximate controllability for nonlinear degenerate parabolic
equations with bilinear controls in large time was further investigated in [Flo14]. Multiplicative controllability properties
for semilinear reaction–diffusion equations allowing finitely many sign changes were studied in [CFK17]. More precisely,
the results of [CFK17] show that any target state exhibiting the same number of sign changes, in the same order, as
the prescribed initial datum can be approximately reached in the L2-norm at a sufficiently large time T > 0. Similar
controllability results for nonlinear degenerate parabolic equations between sign-changing states were later obtained in
[FNT20].

The structural obstruction of [BMS82] does not exclude exact controllability to the trajectories. This concept was first
investigated in [ABCU21, ABCU22] in an abstract framework for parabolic PDEs with scalar bilinear controls, where
local and semi-global controllability results were obtained. The approach was subsequently extended in [CDU22, BD25]
to address exact controllability to eigensolutions. Motivated by the recent developments, the present study aims to
address the problem of global exact controllability for fourth-order parabolic equations driven by bilinear controls, within
a geometric control framework.

1.4. Structure of the paper. The rest of the paper is organized as follows. In Section 2, we present preliminary results,
including well-posedness, the saturation limit property, and the required density of the saturating subspace. Based
on these results, Section 3 is devoted to the proof of the main approximate controllability result Theorem 1.1. The key
ingredient of the main theorem, namely the saturation limit property Proposition 2.2, together with the stability estimates
Proposition 2.1–Item 1, is established in Section 4. Finally, Section 5 addresses global exact controllability to constant
states, where the proofs of Theorem 1.2 and Theorem 1.3 are provided.

2. Preliminaries

The aim of this section is to present some preliminary results. We first introduce the functional spaces employed in our
analysis. Next, we state the existence and uniqueness of solutions to equation (1.4). Finally, we state a saturation limit
result for the conjugated dynamics, which plays a key role in the proof of the main theorem.

2.1. Function spaces and notations. Let u ∈ L2(T) admit the Fourier expansion

u(x) =
∑

k∈Z

ûke
ikx, û−k = ûk, (2.1)

with the convergence of the expansion in L2(T) provided that
∑
k∈Z

|ûk|2 <∞. For s ≥ 0, the Sobolev space Hs := Hs(T)

consists of all functions given by (2.1) such that
∑
k∈Z

(1 + |k|2)s|ûk|2 <∞. The associated norm ‖ · ‖s is defined by

‖u‖2s :=
∑

k∈Z

(1 + |k|2)s|ûk|2.

When s = 0 it coincides with the L2–norm; that is, ‖ · ‖0 := ‖ · ‖. For s ≥ 0 and u =
∑

k∈Z

ûke
ikx ∈ Hs(T), we set

∂sxu :=
∑

k∈Z

|k|sûkeikx.

For s > 0, the Hs(T)-norm defined above satisfies the equivalence

‖u‖s ≃ ‖u‖+ ‖∂sxu‖.
• Throughout this article, the symbol C will represent a generic positive constant. Its value may change from one
occurrence to the next. Whenever the dependence of such a constant on specific parameters is relevant, it will be
indicated explicitly.

• We denote by RKS
t (u0, p) and RCH

t (u0, p) the solution of (1.4) at time t, associated with the initial datum u0 and
the control p, corresponding to the nonlinearities NKS and NCH , respectively. We implicitly restrict ourselves to
situations in which such solutions are well defined. For convenience, throughout the paper, whenever the notation
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Rt appears without the superscript KS or CH , the corresponding statements are understood to hold for both
cases.

2.2. Local well-posedness and semi-global stability. Let us state some important well-posedness results for the
system under consideration.

Proposition 2.1. Assume that s > 1
2 , u0 ∈ Hs(T), and p ∈ L2

loc(R
+;R3). Then there exists a time T∗ = T∗(u0, p) > 0

such that the system (1.4)–(1.6) admits a unique solution

u ∈ C
(
[0, T∗];H

s(T)
)
.

(1) In addition, the following semi-global stability property holds. Let R > 0 and let p ∈ L2
loc(R

+;R3). For any
u0, v0 ∈ Hs(T) with ‖u0‖s, ‖v0‖s ≤ R, there exist a time T ∗ = T ∗(R, p) > 0 and a constant C (R, ‖p‖L2) > 0 such
that

‖Rt(u0, p)−Rt(v0, p)‖s ≤ C‖u0 − v0‖s, ∀ t ∈ [0, T ∗], (2.2)

where Rt(u0, p) and Rt(v0, p) denote the solutions of (1.4)–(1.6) corresponding to the initial data u0 and v0,
respectively.

(2) Set Λ := ‖u‖C([0,T∗];Hs(T))+‖u0‖Hs(T)+‖p‖L2((0,T∗);R3). There exists a constant δ = δ
(
T∗(u0, p), Λ

)
> 0 such that,

for any û0 ∈ Hs(T) and p̂ ∈ L2
(
(0, T );R3

)
satisfying ‖û0 − u0‖s + ‖p̂ − p‖L2((0,T );R3) < δ, equation (1.4)–(1.6)

admits a unique mild solution û ∈ C
(
[0, T∗];Hs(T)

)
with initial condition û0 and control p̂.

Proof. Local well-posedness for (1.4) can be established using a fixed-point argument, following a similar strategy as in
Proposition 2.1 of [DPU25]. Since this argument is quite standard, we skip the details of the proof of this part. For the
sake of completeness, the proof of Item 1 is provided in Section 4. �

2.3. Small-time limit of conjugated dynamics. We begin by stating the following small-time limit result for the
conjugated dynamics, which is a key ingredient in the proof of our main result Theorem 1.1.

Proposition 2.2. Let s > 1
2 and u0 ∈ Hs(T). Assume that p = (p1, p2, p3) ∈ R

3, ϕ ∈ H2s+4(T), and ϕ ≥ 0. Then, there

exists a constant δ0 > 0, such that for any δ ∈ (0, δ0), the solution R(e−δ
−

1
4 ϕu0, δ

−1p) of (1.4)–(1.6) is well-defined in
[0, δ]. Furthermore the following limit holds:

eδ
−

1
4 ϕRδ(e

−δ−
1
4 ϕu0, δ

−1p) → e−(ϕ
′)4+〈p,µ〉u0 in Hs, as δ → 0+.

The proof of this result is postponed to Section 4.1.
This asymptotic behaviour is the starting point of the iterative construction used to establish small-time approximate

controllability. Indeed, Proposition 2.2 allows us, after suitable conjugations, to generate multiplicative factors involving
terms of the form −(ψ′)4. On the other hand, the algebraic construction of Proposition 2.3 shows that, for every N ≥ 0
and every φ ∈ VN+1 (cf. (2.4)), there exist d ≥ 1 and φ0, φ1, . . . , φd ∈ VN such that

φ = φ0 −
d∑

k=1

(φ′k)
4. (2.3)

This representation is particularly useful since each VN is a vector space containing the constants. In particular, if ψ ∈ VN ,
then ψ+c ∈ VN for every c ∈ R, and any real scalar multiple of ψ also belongs to VN . These properties allow us to combine

Proposition 2.2 with an induction argument to approximately generate the factor e−(ψ′)4 . More precisely, starting from the
three-dimensional control space V0 = span{1, cosx, sinx}, the available control directions allow us to approximately reach
eφu0 for every φ ∈ V0 in arbitrarily small time. The representation (2.3) then allows us to proceed inductively. Assuming
that eφu0 is approximately reachable in arbitrarily small time for every φ ∈ VN , we show that the same property holds
for every φ ∈ VN+1. Indeed, each φ ∈ VN+1 admits the representation (2.3), where all the functions φ0, φ1, . . . , φd belong
to VN , so that the induction hypothesis can be applied successively to generate the corresponding factors. Consequently,
for every N ≥ 0 and every φ ∈ VN , the state eφu0 is approximately reachable from u0 in arbitrarily small time by means
of controls taking values only in V0. Finally, since

⋃∞
N=0 VN is the space of real trigonometric polynomials and is dense in

Hs(T), a density argument yields small-time approximate controllability to every state of the form eφu0, with φ ∈ Hs(T);
see Proposition 3.1. This property is then used, together with the assumptions on the initial datum u0 and the target
u1, to prove the small-time L2-approximate controllability stated in Theorem 1.1–Item A. Finally, the Hs-approximate
controllability result for an arbitrary prescribed time T > 0 is obtained by first steering the system, in small time, to a
neighbourhood of a suitable stationary state, then maintaining the trajectory near this state for the required intermediate
time, and finally steering the solution, again in small time, to a neighbourhood of the target u1; see Theorem 1.1–Item B.

Motivated by the above discussion, we introduce and study the so-called saturation property, which plays a fundamental
role in establishing global approximate controllability of (1.4).
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2.4. Saturating subspaces. Let us consider the following subspaces:

Vm := span{1, sin(kx), cos(kx) : 1 ≤ k ≤ m+ 1},m ≥ 0. (2.4)

We also denote V∞ :=
⋃∞
j=0 Vj . As V∞ contains all trigonometric modes, it is clear that for every s ≥ 0, the space V∞ is

dense in Hs(T). Next, we prove the following representation result for the elements of these vector spaces.

Proposition 2.3. For every m ≥ 0 and every φ ∈ Vm+1, there exist d ≥ 1 and functions φ0, φ1, . . . , φd ∈ Vm such that

φ = φ0 −
d∑

k=1

(φ′k)
4.

Proof. We split the proof into cases. We first consider m = 0, and then treat the remaining cases m ≥ 1.
Case m = 0. Let φ = a0 + a1 cosx+ b1 sinx+ a2 cos(2x) + b2 sin(2x) ∈ V1 be arbitrary. For ρ ∈ (−1, 1), define

Qρ(x) := (1 + ρ) cos4 x+ (1− ρ) cos4
(
x+

π

2

)
+ cos4

(
x+

π

4

)
+ cos4

(
x− π

4

)
.

Using the identity cos4 y = 3
8 + 1

2 cos(2y) +
1
8 cos(4y), we obtain

Qρ(x) =
3

2
+ ρ cos(2x). (2.5)

Choose Kc > |a2| and set ρc = −a2/Kc. Then |ρc| < 1, and

a2 cos(2x) =
3Kc

2
−KcQρc(x).

Notice that all the coefficients occurring in KcQρc are positive. Hence every term therein can be written as the fourth
power of the derivative of an element of V0. For instance,

Kc(1 + ρc) cos
4 x =

[
(Kc(1 + ρc))

1/4
sinx

]′ 4
,

and the same holds for the remaining terms of KcQρc , since sin(x + θ) ∈ V0 for every θ ∈ R. Similarly, replacing x by
x− π/4 in (2.5) and using cos(2x− π/2) = sin(2x), we obtain

Qρ

(
x− π

4

)
=

3

2
+ ρ sin(2x).

Choose Ks > |b2| and set ρs = −b2/Ks. Then

b2 sin(2x) =
3Ks

2
−KsQρs

(
x− π

4

)
.

Consequently,

g(x) = a0 + a1 cosx+ b1 sinx+
3

2
(Kc +Ks)−KcQρc(x) −KsQρs

(
x− π

4

)
.

Setting φ0 = a0 + a1 cosx+ b1 sinx+
3
2 (Kc+Ks) ∈ V0, the last two terms of φ can be written as a finite sum

∑8
ℓ=1(φ

′
ℓ)

4,
with φℓ ∈ V0. Hence

φ = φ0 −
8∑

ℓ=1

(φ′ℓ)
4.

Case m ≥ 1. By definition, Vm+1 = Vm+span{sin((m+2)x), cos((m+2)x)}. Thus, the only new Fourier modes appearing
in Vm+1 are those of frequency m+ 2. Let us first consider

ψ(x) := sinx+
1

m+ 1
sin((m+ 1)x) ∈ Vm. (2.6)

Then ψ′(x) = cosx+ cos((m+ 1)x). Set

F (x) := (ψ′(x))4 = A0 +

4(m+1)∑

r=1

Ar cos(rx).

We first show that Am+2 6= 0. For m = 1, a direct expansion gives (cosx + cos(2x))4 = A0 +
∑8

r=1Ar cos(rx), with

A3 = 3. Hence A3 6= 0. For m = 2, similarly, (cos x+ cos(3x))4 = A0 +
∑12

r=1Ar cos(rx), and the coefficient of cos(4x) is
A4 = 31

8 6= 0. Let now m ≥ 3. Expanding F (x) we obtain

F (x) =
9

4
+ 2 cos(2x) +

1

8
cos(4x) + 2 cos(2(m+ 1)x) +

1

8
cos(4(m+ 1)x) + 3 [cos((m+ 2)x) + cos(mx)]

+
1

2
[cos((m+ 4)x) + cos((m− 2)x)] +

3

4
[cos(2(m+ 2)x) + cos(2mx)] +

1

2
[cos((3m+ 4)x) + cos((3m+ 2)x)] .
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For m ≥ 3, none of the frequencies 2, 4, 2(m+ 1), 4(m+ 1),m,m+ 4,m− 2, 2m, 2(m+ 2), 3m+ 2, 3m+ 4 coincides with
m+ 2. Therefore, the coefficient Am+2 of cos((m+ 2)x) is exactly 3. Hence Am+2 6= 0 holds for every m ≥ 1.

We next isolate the (m+2)-th Fourier mode by means of a finite family of translations. Choose an integer L > 5m+6
and set θℓ = 2πℓ/L, ℓ = 0, . . . , L− 1. We shall use the following identity

L−1∑

ℓ=0

eikθℓ =

{
L, k ∈ LZ,

0, k /∈ LZ.
(2.7)

Given Kc > 0 and ρc ∈ (−1, 1), define

αℓ :=
Kc

L
(1 + ρc cos((m+ 2)θℓ)) .

Since |ρc| < 1, we have 1 + ρc cos((m+ 2)θℓ) ≥ 1− |ρc| > 0, and hence αℓ > 0 for every ℓ = 0, . . . , L− 1. We claim that

L−1∑

ℓ=0

αℓF (x+ θℓ) = KcA0 +
KcρcAm+2

2
cos((m+ 2)x). (2.8)

Indeed, recalling that F (x) = A0 +
∑4(m+1)

r=1 Ar cos(rx), we have

L−1∑

ℓ=0

αℓF (x+ θℓ) =
Kc

L

L−1∑

ℓ=0

F (x+ θℓ) +
Kcρc
L

L−1∑

ℓ=0

cos((m+ 2)θℓ)F (x+ θℓ).

Since 1 ≤ r ≤ 4(m+ 1) < L, r /∈ LZ. Thus, (2.7) yields

L−1∑

ℓ=0

cos(rθℓ) =

L−1∑

ℓ=0

sin(rθℓ) = 0. Consequently,

L−1∑

ℓ=0

F (x+ θℓ) = LA0 +

4(m+1)∑

r=1

Ar

L−1∑

ℓ=0

cos(r(x + θℓ)) = LA0, (2.9)

Note that, since 0 < m+ 2 < L, we have m+ 2 /∈ LZ. Therefore it follows that
∑L−1

ℓ=0 cos((m+ 2)θℓ) = 0 and we obtain

L−1∑

ℓ=0

cos((m+ 2)θℓ)F (x+ θℓ) =

4(m+1)∑

r=1

Ar

L−1∑

ℓ=0

cos((m+ 2)θℓ) cos(r(x + θℓ)).

Using cos(r(x + θℓ)) = cos(rx) cos(rθℓ)− sin(rx) sin(rθℓ), we obtain

L−1∑

ℓ=0

cos((m+ 2)θℓ) cos(rθℓ) =
1

2

L−1∑

ℓ=0

[cos((r −m− 2)θℓ) + cos((r +m+ 2)θℓ)] ,

L−1∑

ℓ=0

cos((m+ 2)θℓ) sin(rθℓ) =
1

2

L−1∑

ℓ=0

[sin((r +m+ 2)θℓ) + sin((r −m− 2)θℓ)] .

Since 1 ≤ r ≤ 4(m + 1), we have r + m + 2 ≤ 4(m + 1) + (m + 2) = 5m + 6 < L. Moreover, if r 6= m + 2, then
0 < |r −m− 2| < L. Thus, by (2.7), all the preceding sums vanish for r 6= m+ 2. For r = m+ 2, we have

L−1∑

ℓ=0

cos2((m+ 2)θℓ) =
L

2
,

L−1∑

ℓ=0

cos((m+ 2)θℓ) sin((m+ 2)θℓ) = 0.

Consequently,
L−1∑

ℓ=0

cos((m+ 2)θℓ)F (x + θℓ) =
LAm+2

2
cos((m+ 2)x). (2.10)

Combining (2.9) and (2.10), one gets (2.8).
Similarly, given Ks > 0 and ρs ∈ (−1, 1), define

βℓ :=
Ks

L
(1 + ρs sin((m+ 2)θℓ)) .

Since |ρs| < 1, we have βℓ ≥ (Ks/L)(1− |ρs|) > 0 for every ℓ = 0, . . . , L− 1. Proceeding as above and using

L−1∑

ℓ=0

sin((m+ 2)θℓ) cos(rθℓ) = 0,

L−1∑

ℓ=0

sin((m+ 2)θℓ) sin(rθℓ) =

{
L/2, r = m+ 2,

0, r 6= m+ 2,

8



we obtain
∑L−1
ℓ=0 sin((m+ 2)θℓ)F (x+ θℓ) = −LAm+2

2 sin((m+ 2)x). Therefore the following identity holds

L−1∑

ℓ=0

βℓF (x+ θℓ) = KsA0 −
KsρsAm+2

2
sin((m+ 2)x). (2.11)

Let φ ∈ Vm+1 be arbitrary. We can write

φ = g0 + a cos((m+ 2)x) + b sin((m+ 2)x), g0 ∈ Vm, a, b ∈ R.

Since Am+2 6= 0, choose Kc >
2|a|

|Am+2| ,Ks >
2|b|

|Am+2| , and set ρc := − 2a
KcAm+2

, ρs :=
2b

KsAm+2
. Then ρc, ρs ∈ (−1, 1) and

−KcρcAm+2

2
= a,

KsρsAm+2

2
= b. (2.12)

For ℓ = 0, . . . , L− 1, define

φcℓ(x) := α
1/4
ℓ ψ(x+ θℓ), φsℓ(x) := β

1/4
ℓ ψ(x+ θℓ).

Let us recall the function ψ ∈ Vm defined in (2.6). Since Vm is a vector space, definition of ψ implies φcℓ, φ
s
ℓ ∈ Vm, ℓ =

0, . . . , L− 1. Moreover, by the definition of F , we have

((φcℓ)
′)
4
= αℓF (x+ θℓ), ((φsℓ)

′)
4
= βℓF (x + θℓ).

Setting φ0 := g0 + (Kc +Ks)A0, we also have φ0 ∈ Vm. Combining (2.8), (2.11), and (2.12), we obtain

φ0 −
L−1∑

ℓ=0

((φcℓ)
′)
4 −

L−1∑

ℓ=0

((φsℓ)
′)
4

= g0 −
KcρcAm+2

2
cos((m+ 2)x) +

KsρsAm+2

2
sin((m+ 2)x)

= g0 + a cos((m+ 2)x) + b sin((m+ 2)x) = φ.

Thus, there exist d = 2L and φ0, φ1, . . . , φd ∈ Vm such that

φ = φ0 −
d∑

k=1

(φ′k)
4.

This completes the proof. �

2.5. Small-time global approximate null controllability. The conjugated dynamics limit Proposition 2.2, together
with the saturation property Proposition 2.3, plays a crucial role in establishing approximate controllability. In particular,
Proposition 2.2 immediately implies that the trajectory can be driven arbitrarily close to the origin. More precisely, a
straightforward observation is the following: for any u0 ∈ Hs(T) and ε > 0, one can choose a constant r > 0 such that

erε > 2 ‖u0‖s =⇒
∥∥e−ru0

∥∥
s
<
ε

2
.

Since −r ∈ V0, one can write −r =
∑3

i=1 piµi for some vector p̂ := (p1, p2, p3) ∈ R3. Applying the conjugated dynamics
limit (Proposition 2.2) with ϕ = 0 and this particular choice of p = p̂, we obtain a time δ > 0 such that the solution of
(1.4)–(1.6) is well-defined on [0, δ] and satisfies

∥∥Rδ

(
u0, δ

−1p̂
)
− e−ru0

∥∥
s
<
ε

2
.

Using the triangle inequality, and setting q := p̂/δ, we deduce

‖Rδ (u0, q)‖s ≤
∥∥Rδ

(
u0, δ

−1p̂
)
− e−ru0

∥∥
s
+
∥∥e−ru0

∥∥
s
< ε.

This shows that any initial state u0 can be driven arbitrarily close to zero in an arbitrarily small time. In the literature,
this property is referred to as small-time global approximate null controllability. A natural question then arises: Can one
design controls that steer the system from a given initial state to an arbitrarily close, preassigned target state, possibly
under certain conditions on the nature of the data? Furthermore, can such controllability be achieved at a prescribed
time? Section 3 addresses these questions and is devoted to establishing the corresponding controllability results below.
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2.6. Concatenation property. We end this section by discussing the concatenation of two scalar controls. Let us recall
that the concatenation p ∗ q of two scalar control laws p : [0, T1] → R, q : [0, T2] → R is the control law defined on
[0, T1 + T2] as follows

(p ∗ q)(t) =
{
p(t), t ∈ [0, T1]

q(t− T1), t ∈ (T1, T1 + T2].
(2.13)

Such a definition naturally extends componentwise to controls taking values in R3. Assume that for the control p ∗ q, the
solution of (1.4) with initial data u0 exists for the time interval [0, T ] where T ∈ (T1, T1 + T2] then the associated flow
satisfies the concatenation property

RT1+t (u0, p ∗ q) = Rt (RT1 (u0, p) , q) , 0 < t < T − T1. (2.14)

3. Small-time approximate controllability

This section is devoted to proving the small-time approximate controllability result stated in Theorem 1.1. We begin
by discussing the following property of the dynamics of (1.4)–(1.6) in small time.

Proposition 3.1. Let s > 1
2 and u0, φ ∈ Hs(T). For any ε, T > 0, there exist τ ∈ (0, T ] and p ∈ L2((0, τ);R3) such that

the solution R(u0, p) of (1.4)–(1.6) is well-posed in [0, τ ] and
∥∥Rτ (u0, p)− eφu0

∥∥
s
< ε.

Proof. Recall that VN = span{1, sin(kx), cos(kx) : 1 ≤ k ≤ N +1}. We first prove the following property for every N ≥ 0:

(PN ) For any u0 ∈ Hs(T), φ ∈ VN , and any ε, T > 0, there exist τ ∈ (0, T ) and a piecewise constant control p : [0, τ ] →
R3, with p ∈ L2((0, τ);R3), such that the corresponding solution of (1.4)–(1.6) is well-posed in [0, τ ] and

∥∥Rτ (u0, p)− eφu0
∥∥
s
< ε.

We argue by induction on N .
• Base case: N = 0. Let φ ∈ V0 = span{1, cosx, sinx}. By the definition of the functions µi (see (1.6)), there exists
λ = (λ1, λ2, λ3) ∈ R3 such that φ = 〈λ, µ〉. Proposition 2.2, applied with ϕ = 0 and p = λ, gives

Rδ

(
u0, δ

−1λ
)
−→ e〈λ,µ〉u0 = eφu0 in Hs, as δ → 0+.

Hence there exists τ ∈ (0, T ) such that, for the constant control pτ = λ/τ ,
∥∥Rτ (u0, p

τ )− eφu0
∥∥
s
< ε.

Thus (P0) holds.
• Inductive step: N =⇒ N + 1. Assume that (PN ) holds. We shall prove (PN+1) holds as well. Let φ ∈ VN+1. By
Proposition 2.3, there exist d ≥ 1 and φ0, φ1, . . . , φd ∈ VN such that

φ = φ0 −
d∑

k=1

(φ′k)
4. (3.1)

We first prove that, for every ψ ∈ VN , the state e−(ψ′)4u0 can be reached approximately in arbitrarily small time. Let

ψ ∈ VN . Choose a constant c > 0 sufficiently large so that ψ̃ := ψ + c > 0. Since VN is a vector space, ψ̃ ∈ VN , and
consequently

±aψ̃ ∈ VN for every a > 0. (3.2)

Moreover, (ψ̃′)4 = (ψ′)4. Proposition 2.2, applied with ϕ = ψ̃ and p = 0, yields

eδ
−1/4ψ̃Rδ

(
e−δ

−1/4ψ̃u0, 0
)
−→ e−(ψ′)4u0 in Hs, δ → 0+.

Thus, there exists τ2 ∈ (0, T/3) such that
∥∥∥eτ

−1/4
2 ψ̃Rτ2

(
e−τ

−1/4
2 ψ̃u0, 0

)
− e−(ψ′)4u0

∥∥∥
s
<
ε

2
. (3.3)

By (3.2), −τ−1/4
2 ψ̃ ∈ VN . Hence, by the induction hypothesis (PN ), for any ε1 > 0 there exist τ1 ∈ (0, T/3) and a piecewise

constant control pτ1 : [0, τ1] → R
3 such that

∥∥∥Rτ1(u0, p
τ1)− e−τ

−1/4
2 ψ̃u0

∥∥∥
s
< ε1.
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Since R(e−τ
−1/4
2 ψ̃u0, 0) is well-defined in [0, τ2], by choosing ε1 sufficiently small and using Proposition 2.1–Item 2, the

solution R (Rτ1(u0, p
τ1), 0) is also well-defined in [0, τ2]. Hence, by (2.13)–(2.14), R(u0, p

τ1 ∗ 0|[0,τ2]) is well-defined in
[0, τ1 + τ2]. Moreover, by the stability property Proposition 2.1–Item 1, there exists C1 = C1(τ2) > 0 such that

∥∥∥Rτ1+τ2

(
u0, p

τ1 ∗ 0|[0,τ2]
)
−Rτ2

(
e−τ

−1/4
2 ψ̃u0, 0

)∥∥∥
s
=
∥∥∥Rτ2 (Rτ1 (u0, p

τ1) , 0)−Rτ2

(
e−τ

−1/4
2 ψ̃u0, 0

)∥∥∥
s

≤ C1

∥∥∥Rτ1(u0, p
τ1)− e−τ

−1/4
2 ψ̃u0

∥∥∥
s
< C1ε1. (3.4)

Set û0 := Rτ2

(
e−τ

−1/4
2 ψ̃u0, 0

)
∈ Hs(T). Since τ

−1/4
2 ψ̃ ∈ VN , the induction hypothesis (PN ), now applied with initial

datum û0, gives τ3 ∈ (0, T/3) and a piecewise constant control pτ3 : [0, τ3] → R
3 such that

∥∥∥Rτ3(û0, p
τ3)− eτ

−1/4
2 ψ̃û0

∥∥∥
s
< ε1. (3.5)

A similar argument as above leads to the existence of the solution R
(
Rτ1+τ2

(
u0, p

τ1 ∗ 0|[0,τ2]
)
, pτ3

)
of (1.4) is well-defined

in [0, τ3]. Which further simplifies that the solutionR
(
u0, p

τ1 ∗ 0|[0,τ2] ∗ pτ3
)
of (1.4) is well-defined in [0, τ1+τ2+τ3]. Using

the stability property (2.2), the flow property (2.14), (3.3), (3.5), and (3.4), we obtain a constant C2 = C2(τ3, ‖pτ3‖) > 0
such that ∥∥∥Rτ1+τ2+τ3

(
u0, p

τ1 ∗ 0|[0,τ2] ∗ pτ3
)
− e−(ψ

′)
4

u0

∥∥∥
s

≤
∥∥∥Rτ3

(
Rτ1+τ2

(
u0, p

τ1 ∗ 0|[0,τ2]
)
, pτ3

)
−Rτ3(Rτ2

(
e−τ

−1/4
2 ψ̃u0, 0

)
, pτ3)

∥∥∥
s

+
∥∥∥Rτ3

(
Rτ2

(
e−τ

−1/4
2 ψ̃u0, 0

)
, pτ3

)
− eτ

−1/4
2 ψ̃Rτ2

(
e−τ

−1/4
2 ψ̃u0, 0

)∥∥∥
s

+
∥∥∥eτ

−1/4
2 ψ̃Rτ2

(
e−τ

−1/4
2 ψ̃u0, 0

)
− e−(ψ

′)
4

u0

∥∥∥
s

≤ C2

∥∥∥Rτ1+τ2

(
u0, p

τ1 ∗ 0|[0,τ2]
)
−Rτ2

(
e−τ

−1/4
2 ψ̃u0, 0

)∥∥∥
s
+ ε1 +

ε

2

≤ C1C2ε1 + ε1 +
ε

2
.

We can choose ε1 > 0, small enough such that C1C2ε1 + ε1 < ε/2. Therefore, we have proved that for any ε, T > 0, there
exists a time τ := τ1 + τ2 + τ3 ∈ (0, T ) and a piecewise constant control p := pτ1 ∗ 0|[0,τ2] ∗ pτ3 : [0, τ ] → R

3, such that
∥∥∥Rτ (u0, p)− e−(ψ′)4u0

∥∥∥
s
< ε. (3.6)

Thus, for every ψ ∈ VN , the state e−(ψ′)4u0 can be reached approximately in arbitrarily small time.
We now use (3.6) successively for the functions φ1, . . . , φd appearing in (3.1). We claim that, for every d ≥ 1, the state

e−
∑d

k=1(φ
′

k)
4

u0

can be reached approximately in arbitrarily small time. We argue by induction on d. The case d = 1 is exactly (3.6).
Assume the assertion holds for d− 1 and set

φ := −
d−1∑

k=1

(φ′k)
4, u0 := eφu0.

For any ε2 > 0, by the induction hypothesis on d, there exist τ1 ∈ (0, T/3) and a piecewise constant control p1 such that

‖Rτ1
(u0, p1)− u0‖s < ε2. (3.7)

Applying (3.6) with initial datum u0 and ψ = φd ∈ VN , there exist τ2 ∈ (0, T/3) and a piecewise constant control p2 such
that ∥∥∥Rτ2

(u0, p2)− e−(φ′

d)
4

u0

∥∥∥
s
<
ε

2
. (3.8)

By stability (2.2) and the flow property (2.14), combining (3.7)-(3.8), there exists C3 = C3(τ2, ‖p2‖) > 0 such that
∥∥∥Rτ1+τ2(u0, p1 ∗ p2)− e−(φ′

d)
4

u0

∥∥∥
s

≤ C3 ‖Rτ1(u0, p1)− u0‖s +
ε

2
< C3ε2 +

ε

2
.

Choosing ε2 > 0 sufficiently small gives
∥∥∥Rτ (u0, p̂)− e−

∑d
k=1(φ

′

k)
4

u0

∥∥∥
s
< ε (3.9)

for some τ ∈ (0, 2T/3) and some piecewise constant control p̂ := p1 ∗ p2 : [0, τ ] 7→ R3.
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It remains to incorporate the term φ0. Set ũ0 := e−
∑d

k=1(φ
′

k)
4

u0. Since φ0 ∈ VN , the induction hypothesis (PN ), applied
with initial datum ũ0, yields τ̃ ∈ (0, T/3) and a piecewise constant control p̃ : [0, τ̃ ] 7→ R3 such that

∥∥Rτ̃ (ũ0, p̃)− eφ0 ũ0
∥∥
s
<
ε

2
. (3.10)

Combining (3.9) and (3.10), and using once more the stability and flow properties, we conclude, after taking the approx-
imation error in (3.9) sufficiently small, that there exist τ := τ + τ̃ ∈ (0, T ) and a piecewise constant control p := p̂ ∗ p̃
such that ∥∥∥Rτ (u0, p)− eφ0−

∑d
k=1(φ

′

k)
4

u0

∥∥∥
s
< ε.

In view of (3.1), the last expression is precisely
∥∥Rτ (u0, p)− eφu0

∥∥
s
< ε.

Therefore (PN+1) holds. By induction, (PN ) is valid for every N ≥ 0.
Finally, let φ ∈ Hs(T) be arbitrary. Since the real trigonometric polynomials are dense in Hs(T), there exist N ≥ 0

and φN ∈ VN such that ‖φN − φ‖s is arbitrarily small. Since s > 1/2, Hs(T) is a Banach algebra, and the map v 7→ ev is
continuous from Hs(T) into itself. Hence φN may be chosen so that

∥∥eφNu0 − eφu0
∥∥
s
<
ε

2
.

Using (PN ), there exist τ ∈ (0, T ) and a piecewise constant control p such that
∥∥Rτ (u0, p)− eφNu0

∥∥
s
<
ε

2
.

Therefore, combining the last two inequalities, we obtain
∥∥Rτ (u0, p)− eφu0

∥∥
s
< ε,

which completes the proof. �

We are now in a position to apply Proposition 3.1 to conclude Theorem 1.1.

3.1. Proof of Theorem 1.1.

Proof. Item A. Assume that u0, u1 ∈ Hs(T) and sign(u0) = sign(u1). We define Z as the closed set in which both u0 and
u1 vanish:

Z := u−1
0 ({0}) = u−1

1 ({0}).
Consider for θ > 0 the set

Zθ := {x ∈ T : dist(x,Z) < θ},
and its complement in T, denoted by Zc

θ . For θ > 0, we define

φθ = χZc
θ
log

(
u1
u0

)
,

where χZc
θ
is the indicator function of the set Zc

θ . The function φθ is well defined because u1/u0 > 0 on Zc
θ . Furthermore,

φθ ∈ L∞(T). Notice that
∥∥eφθu0 − u1

∥∥
L2(T)

≤
∥∥eφθu0 − u1

∥∥
L2(Zc

θ )
+ ‖u0 − u1‖L2(Zθ\Z) . (3.11)

Fix any ε, T > 0. We can choose θ > 0 small enough so that
∥∥eφθu0 − u1

∥∥
L2(T)

<
ε

3
.

Using density, there exists a φ̃θ ∈ Hs(T) such that
∥∥∥eφ̃θu0 − u1

∥∥∥
L2(T)

≤
∥∥∥eφ̃θu0 − eφθu0

∥∥∥
L2(T)

+
∥∥eφθu0 − u1

∥∥
L2(T)

<
2ε

3
. (3.12)

We then apply Proposition 3.1 with φ = φ̃θ and deduce that there exist a time τ ∈ [0, T ) and a control p ∈ L2(0, τ ;R3)
such that the solution R(u0, p) of (1.4) is well defined in [0, τ ] and satisfies

∥∥∥Rτ (u0, p)− eφ̃θu0

∥∥∥
L2(T)

<
ε

3
. (3.13)

Applying the triangle inequality, from (3.12) and (3.13) we conclude that

‖Rτ (u0, p)− u1‖L2(T) ≤
∥∥∥Rτ (u0, p)− eφ̃θu0

∥∥∥
L2(T)

+
∥∥∥eφ̃θu0 − u1

∥∥∥
L2(T)

< ε.

12



Item B. In this case, our aim is to show approximate controllability in Hs(T) norm. Fix ε, T > 0. Here we replace φθ
with two choices,

φ1 = log

(
sign(u0)

u0

)
and φ2 = log (sign(u1)u1) ,

which are well-defined everywhere in T. Since u0, u1 are in Hs(T), then both φ1, φ2 ∈ Hs(T). Without loss of generality,
we assume that u0, u1 > 0. Applying Proposition 3.1 with φ = φ1, for any ε′ > 0, we obtain a time τ1 ∈ (0, T/2] and a
control p1 : [0, τ1) → R3 such that

∥∥Rτ1

(
u0, p

1
)
− 1
∥∥
s
<
ε′

3
. (3.14)

Similarly, applying Proposition 3.1 with φ = φ2, we find a time τ2 ∈ (0, T/2] and a control p2 : [0, τ2) → R3 satisfying
∥∥Rτ2

(
1, p2

)
− u1

∥∥
s
<
ε

3
. (3.15)

Next, note that 1 is a stationary solution of (1.4) under the control p0 : [0, T − τ1 − τ2] → R3 defined below. For the
nonlinearities NKS or NCH in (1.4), one can consider

p0(t) = (0, 0, 0), ∀ t ∈ [0, T − τ1 − τ2].

Let us define the control p1 ∗ p0 ∗ p2, which steers the solution of (1.4) from u0 to a state arbitrarily close to u1 in the
Hs–norm at time T . Indeed, thanks to (2.13) and (2.14) together with (3.14) and (3.15), we deduce

∥∥RT

(
u0, p

1 ∗ p0 ∗ p2
)
− u1

∥∥
s
≤
∥∥Rτ2

(
RT−τ2(u0, p

1 ∗ p0), p2
)
−Rτ2

(
1, p2

)∥∥
s

+
∥∥Rτ2

(
1, p2

)
− u1

∥∥
s

≤ C
∥∥RT−τ2(u0, p

1 ∗ p0)− 1
∥∥
s
+
ε

3

≤ C
∥∥RT−τ1−τ2

(
Rτ1(u0, p

1), p0
)
−RT−τ1−τ2(1, p

0)
∥∥
s

+ C
∥∥RT−τ1−τ2(1, p

0)− 1
∥∥
s
+
ε

3

≤ CC′ε′ +
ε

3
,

where the existence of C
(
τ2,
∥∥p2
∥∥) , C′ (T − τ1 − τ2,

∥∥p0
∥∥) > 0 are given by (2.2). Choosing ε′ > 0 sufficiently small so

that CC′ε′ + ε
3 < ε, we complete the proof. �

Remark 3.1. The fact that the approximate controllability result in Theorem 1.1–Item A is stated only in the L2 setting,
while Theorem 1.1–Item B is formulated in the stronger Hs-topology, is a consequence of the approximation procedure
used in the proof. Indeed, the quantity ‖eφθu0 − u1‖Hs(Zc

θ)
, which arises in the above argument (see inequality 3.11),

cannot be made arbitrarily small as θ → 0 whenever s > 0 and Z 6= ∅. Moreover, in this case, extending the small-time
approximate controllability result to arbitrary times is not addressed by the present approach. This is due to the fact that
our analysis relies on sign conditions for the initial and terminal data. Consequently, the usual strategy of steering the
system sufficiently close to a desired target in a short time and then maintaining the trajectory in a neighbourhood of that
target for a sufficiently long time by means of a suitable control cannot be implemented here. As a result, the issue of
Hs-approximate controllability in arbitrary time T > 0 under the assumptions of Item A remains an open and interesting
problem.

4. Proof of the conjugated dynamics limit and semi-global stability

In this section, we prove Proposition 2.2 and establish the semi-global stability property (2.2). To this end, we collect
several inequalities that will be used throughout this section.

Lemma 4.1. (See [AF03]) The Sobolev space Hs(T) satisfies the following properties:

(i) For any s > 1
2 and u ∈ Hs(T), we have a constant C > 0 such that

‖u‖L∞ ≤ C ‖u‖s. (4.1)

(ii) For 0 ≤ s1 ≤ s2 and any ε > 0, there exists C(ε) > 0 such that for every u ∈ Hs2(T),

‖u‖s1 ≤ ε ‖∂s2x u‖+ C(ε) ‖u‖. (4.2)

Lemma 4.2. (Young’s inequality) Let a, b ∈ [0,∞), and ε > 0, then we have

ab ≤ ε−p
ap

p
+ εq

bq

q
, (4.3)

where 1 < p <∞, 1
p + 1

q = 1.
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4.1. Proof of conjugated dynamics limit. In this section, we prove Proposition 2.2 for the Kuramoto–Sivashinsky
equation (1.4), (1.2). The corresponding modifications for the Cahn–Hilliard equation are discussed in Remark 4.1.

Proof of Proposition 2.2. For ease of reading, we split the proof into several steps.

Step 1. Formulation. To simplify the presentation, we assume throughout the proof that δ ∈ (0, 1). By definition,

u := R
(
e−δ

−
1
4 ϕu0, δ

−1p

)

is the solution of {
∂tu+ ∂4xu+ ∂2xu+N (u) = δ−1〈p, µ〉u, t > 0 , x ∈ T,

u(0, x) = e−δ
−

1
4 ϕu0(x), x ∈ T.

Let us denote

Ψ(t) := eδ
−

1
4 ϕu(t, x).

Then according to Proposition 2.1, Ψ(t) is well-defined up to maximal time T δ∗ = T∗(e−δ
−

1
4 ϕu0, δ

−1p) > 0. Next, we
consider the operator:

(−∂4x) : Hs+4(T) → Hs(T), u 7→ −∂4xu.
It is easy to check that −∂4x is the infinitesimal generator of the strongly continuous semigroup {et(−∂4

x)}t≥0. Moreover, it
has the following expression

et(−∂
4
x)u0 =

∑

k∈Z

u0,ke
−k4teikx, (4.4)

where u0,k are the Fourier coefficient for u0. We introduce the following functions

w(t) = e(−(ϕ′)4+〈p,µ〉)tuδ0, v(t) = Ψ(δt)− w(t), (4.5)

where uδ0 := eδ
1/8(−∂4

x)u0 ∈ Hs+4(T), such that

‖u0 − uδ0‖s → 0, as δ → 0+. (4.6)

Thanks to (4.4), let us calculate the Hs norm of uδ0 as follows
∥∥uδ0
∥∥2
s
=
∑

k∈Z

(1 + |k|2)s|u0,k|2e−2k4δ1/8 ≤ ‖u0‖2s ,

∥∥uδ0
∥∥2
s+4

=
∑

k∈Z

(1 + |k|2)s+4|u0,k|2e−2k4δ1/8 ≤ C

δ1/4
‖u0‖2s ,

which further simplifies that, there exists C > 0 independent of δ > 0, such that

‖uδ0‖s ≤ C, ‖uδ0‖s+4 ≤ Cδ−1/8. (4.7)

Our aim is to show Ψ(δ)
δ→0+−−−−→ e(−(ϕ′)4+〈p,µ〉)u0 in Hs(T). Thanks to the definition (4.5), it is sufficient to prove that

‖v(1)‖s δ→0+−−−−→ 0.

However, before proving that, we need to ensure the existence of δ0 > 0 small enough such that, for every 0 < δ < δ0, v(t)
is well-defined in [0, 1], that is

δ−1T δ∗ ≥ 1. (4.8)

Let us take t < min{2, δ−1T δ∗ }. Observe that v satisfies the following equation
{
∂tv + δ∂4xv = −δ∂4xw − δ∂2x(v + w) + 4δ3/4ϕ′∂3x(v + w)− δeδ

−
1
4 ϕN

(
e−δ

−
1
4 ϕ(v + w)

)

+F1∂
2
x(v + w) + F2∂x(v + w) + F3(v + w) + 〈p, µ〉v − (ϕ′)4v,

(4.9)

with initial condition

v(0) = u0 − uδ0, (4.10)

where

F1 :=
(
6δ3/4ϕ′′ − 6δ1/2(ϕ′)2

)
, (4.11)

F2 :=
(
4δ3/4ϕ′′′ − 12δ1/2ϕ′ϕ′′ + 4δ1/4(ϕ′)3 + 2δ3/4ϕ′

)
, (4.12)

F3 :=
(
δ3/4ϕ′′′′ − 3δ1/2(ϕ′′)2 − 4δ1/2ϕ′ϕ′′′ + 6δ1/4(ϕ′)2(ϕ′′) + δ3/4ϕ′′ − δ1/2(ϕ′)2

)
, (4.13)
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and

NKS

(
e−δ

−
1
4 ϕ(v + w)

)
= e−2δ−

1
4 ϕ
(
(v + w)∂x(v + w)− δ−1/4ϕ′(v + w)2

)
. (4.14)

Thanks to (4.5) and (4.7), there exists a constant C > 0 such that, for all t ∈ [0, 2],

‖w(t)‖s ≤ C, ‖w(t)‖s+4 ≤ Cδ−1/8. (4.15)

The regularity of ϕ, together with the assumption δ ∈ (0, 1) and the above definitions (4.11)–(4.13), yields that

‖F1‖s ≤ Cδ1/2, ‖F2‖s+1 ≤ Cδ1/4, ‖F3‖s+1 ≤ Cδ1/4. (4.16)

Step 2. L2-energy type estimate. Let us assume that u0 ∈ H2s+2(T) which implies u(t) ∈ H2s+2(T) and therefore
v(t) ∈ H2s+2(T) for every t ∈ (0, δ−1T δ∗ ). Taking the L2-inner product of equation (4.9) with v, and applying Young’s
inequality together with (4.15) and (4.16), for sufficiently small ε > 0, we obtain a constant C > 0 independent of δ such
that

1

2

d

dt
‖v‖2 + δ‖∂2xv‖2 ≤ δ‖w‖2‖∂2xv‖+ δ‖v‖‖∂2xv‖+ δ‖w‖2‖v‖+ 4δ3/4‖ϕ′‖L∞‖w‖3‖v‖+ ‖F1‖L∞‖v‖‖∂2xv‖

+ ‖F1‖L∞‖w‖2‖v‖+ C‖∂xF2‖L∞‖v‖2 + ‖F2‖L∞‖w‖1‖v‖+ ‖F3‖L∞‖v‖2

+ ‖F3‖L∞‖w‖‖v‖+ I(ϕ, v, w, µ, p)
≤ Cδ7/8‖∂2xv‖+ δ‖v‖‖∂2xv‖+ Cδ7/8‖v‖+ Cδ5/8‖v‖+ Cδ1/2‖v‖‖∂2xv‖+ Cδ1/8‖v‖

+ Cδ1/4‖v‖2 + I(ϕ, v, w, µ, p)
≤ εδ‖∂2xv‖+ Cδ1/8 + C(1 + δ1/8)‖v‖2 + I(ϕ, v, w, µ, p), (4.17)

where

I(ϕ, v, w, µ, p) := 4δ3/4
〈
ϕ′∂3xv, v

〉
L2 −

〈
e−δ

−
1
4 ϕ
(
δ(v + w)∂x(v + w)− δ3/4ϕ′(v + w)2

)
, v

〉

L2

+
〈(

〈p, µ〉v − (ϕ′)4v
)
, v
〉
L2
. (4.18)

Considering the first term of I(ϕ, v, w, µ, p) and using interpolation of Lemma 4.1, we have a constant C > 0 such that

|4δ3/4
〈
ϕ′∂3xv, v

〉
L2 | ≤ Cδ3/4‖ϕ′′‖L∞‖v‖‖∂2xv‖+ Cδ3/4‖ϕ′′‖L∞‖∂xv‖2

≤ Cδ3/4‖v‖‖∂2xv‖+ Cδ3/4‖∂xv‖2

≤ ε

2
δ‖∂2xv‖2 + Cδ1/8‖v‖2 + Cδ3/4

(
δ1/4ε

2C
‖∂2xv‖2 + C1δ

−1/4‖v‖2
)

≤ εδ‖∂2xv‖2 + Cδ1/8‖v‖2. (4.19)

We focus on the remaining terms in I(ϕ, v, w, µ, p). If ϕ > 0, we have ‖e−δ−1/4ϕ‖L∞

δ→0+−−−−→ 0, and hence

‖ϕ′e−δ
−1/4ϕ‖L∞

δ→0+−−−−→ 0.

Thus, it follows that ‖e−δ−
1
4 ϕ‖L∞ + ‖ϕ′e−δ

−1/4ϕ‖L∞ < 1 for some small value of δ. Using these limits with (4.15), we
deduce a constant C > 0 independent of δ such that∣∣∣∣

〈
e−δ

−
1
4 ϕ
(
δ(v + w)∂x(v + w)− δ3/4ϕ′(v + w)2

)
, v

〉

L2

∣∣∣∣+
∣∣∣
〈(

〈p, µ〉v − (ϕ′)4
)
v, v

〉
L2

∣∣∣

≤ δ

∣∣∣∣
〈
e−δ

−
1
4 ϕ, v2∂xw + vw∂xw

〉

L2

∣∣∣∣+
δ

3

∣∣∣∣
〈
e−δ

−
1
4 ϕ, ∂x(v

3)

〉

L2

∣∣∣∣+
δ

2

∣∣∣∣
〈
e−δ

−
1
4 ϕ, w∂x(v

2)

〉

L2

∣∣∣∣

+ δ3/4
∣∣∣∣
〈
ϕ′e−δ

−
1
4 ϕ, v3 + 2v2w + vw

〉

L2

∣∣∣∣+ C‖v‖2

≤ δ

∥∥∥∥e
−δ−

1
4 ϕ

∥∥∥∥
L∞

(
‖v‖2 ‖w‖2 + ‖v‖ ‖w‖21

)
+ Cδ3/4

∥∥∥∥ϕ
′e−δ

−
1
4 ϕ

∥∥∥∥
L∞

‖v‖3L3 + Cδ3/4
∥∥∥∥ϕ

′e−δ
−

1
4 ϕ

∥∥∥∥
L∞

‖w‖1 ‖v‖
2

+ Cδ

∥∥∥∥e
−δ−

1
4 ϕ

∥∥∥∥
L∞

‖w‖2 ‖v‖
2
+ δ3/4

∥∥∥∥ϕ
′e−δ

−
1
4 ϕ

∥∥∥∥
L∞

(
‖v‖3L3 + 2 ‖v‖2 ‖w‖1 + ‖v‖ ‖w‖

)
+ C ‖v‖2

≤ Cδ1/8 + C(1 + δ1/8)‖v‖2 + Cδ3/4‖v‖3L3 . (4.20)

If ϕ = 0, then the above estimate readily follows. Putting together (4.17), (4.19) and (4.20), we have

d

dt
‖v‖2 + δ‖∂2xv‖2 ≤ Cδ1/8 + C(1 + δ1/8)‖v‖2 + Cδ3/4‖v‖3L3. (4.21)
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Step 3. Hs-energy type estimate. Let us take the L2–inner product of equation (4.9) with ∂2sx v, and using Young’s
inequality together with the fact that Hs(T) is an algebra for s > 1

2 , we obtain

1

2

d

dt
‖∂sxv‖2 + δ‖∂s+2

x v‖2 ≤ δ‖w‖s+2‖∂s+2
x v‖+ δ‖∂sxv‖‖∂s+2

x v‖+ δ‖w‖s‖∂s+2
x v‖ + 4δ3/4‖ϕ‖s+1‖w‖s+3‖∂sxv‖

+ 〈F1∂
2
x(v + w), ∂2sx v〉L2 + 〈F2∂x(v + w), ∂2sx v〉L2 + 〈F3(v + w), ∂2sx v〉L2

+ J (ϕ, v, w, µ, p) (4.22)

where

J (ϕ, v, w, µ, p) := 4δ3/4
〈
ϕ′∂3xv, ∂

2s
x v
〉
L2 −

〈
e−δ

−
1
4 ϕ
(
δ(v + w)∂x(v + w)− δ3/4ϕ′(v + w)2

)
, ∂2sx v

〉

L2

+
〈(

〈p, µ〉v − (ϕ′)4v
)
, ∂2sx v

〉
L2

=: J1 + J2 + J3. (4.23)

We now estimate the remaining term in (4.22) as follows.
∣∣〈F1∂

2
x(v + w), ∂2sx v

〉
L2

∣∣ =
∣∣〈∂sx(F1∂

2
x(v + w)), ∂sxv

〉
L2

∣∣

≤ C‖F1‖s
(
‖v‖+ ‖∂s+2

x v‖
)
‖∂sxv‖+ C‖F1‖s‖w‖s+2‖∂sxv‖

≤ Cδ1/2‖∂sxv‖‖v‖+ Cδ1/2‖∂s+2
x v‖‖∂sxv‖+ Cδ3/8‖∂sxv‖. (4.24)

Here we have used the fact that
∥∥∂sx(F1∂

2
xv)
∥∥
L2 ≤

∥∥F1∂
2
xv
∥∥
s
≤ C ‖F1‖s

∥∥∂2xv
∥∥
s
≤ Cδ1/2 ‖v‖s+2 ≤ Cδ1/2

(
‖v‖+

∥∥∂s+2
x v

∥∥) .
Next, we estimate

〈
F2∂x(v + w), ∂2sx v

〉
L2 . Using the algebra of Hs(T) (s > 1/2) and the interpolation inequality in

Lemma 4.1 we have
∣∣〈F2∂x(v + w), ∂2sx v〉L2

∣∣ = |〈∂sx(F2∂xv), ∂
s
xv〉L2 |+ |〈∂sx(F2∂xw), ∂

s
xv〉L2 |

≤ C‖F2‖s+1

(
‖v‖+ ‖∂s+1

x v‖
)
‖∂sxv‖+ C‖F2‖s+1‖w‖s+1‖∂sxv‖

≤ Cδ1/4 ‖v‖ ‖∂sxv‖+ Cδ1/4
(
δ1/4‖∂s+2

x v‖+ Cδ−1/4‖∂sxv‖
)
‖∂sxv‖ + Cδ1/8‖∂sxv‖

≤ Cδ1/2‖∂s+2
x v‖‖∂sxv‖+ C‖∂sxv‖2 + Cδ1/8‖∂sxv‖+ Cδ1/4 ‖v‖ ‖∂sxv‖. (4.25)

Similarly, for any s > 1/2,
∣∣〈F3(v + w), ∂2sx v

〉
L2

∣∣ ≤ Cδ1/4‖∂sxv‖2 + Cδ1/8‖∂sxv‖+Cδ1/4 ‖v‖ ‖∂sxv‖. (4.26)

Putting together (4.22) and (4.24)–(4.26) and again using Young’s inequality, we deduce

1

2

d

dt
‖∂sxv‖2 + δ‖∂s+2

x v‖2 ≤ Cδ7/8‖∂s+2
x v‖ + δ‖∂sxv‖‖∂s+2

x v‖ + Cδ7/8‖∂sxv‖+ Cδ5/8‖∂sxv‖

+ Cδ1/2‖∂s+2
x v‖‖∂sxv‖+ Cδ1/8‖∂sxv‖+ C‖∂sxv‖2 + Cδ1/4‖∂sxv‖2

+ J (ϕ, v, w, µ, p)

≤ εδ‖∂s+2
x v‖2 + Cδ1/8 + C(1 + δ1/8)‖∂sxv‖2 + J (ϕ, v, w, µ, p). (4.27)

Finally adding (4.21) and (4.27), we obtain

d

dt
‖v‖2s + δ‖∂s+2

x v‖2 ≤ Cδ1/8 + C(1 + δ1/8)‖v‖2s ++Cδ3/4‖v‖3L3 + J (ϕ, v, w, µ, p). (4.28)

We will estimate the terms in J by successive application of Young’s inequality. Performing integration by parts, for
sufficiently small ε > 0, we have a constant C > 0 independent of δ such that

|J1| =
∣∣∣4δ3/4

〈
ϕ′∂3xv, ∂

2s
x v
〉
L2

∣∣∣ = 4δ3/4
[ ∣∣〈ϕ′′∂2xv, ∂

2s
x v
〉
L2

∣∣+
∣∣〈ϕ′∂2xv, ∂

2s+1
x v

〉
L2

∣∣
]

≤ Cδ3/4
[∥∥∂sx

(
ϕ′′∂2xv

)∥∥ ‖∂sxv‖ +
∥∥∂sx

(
ϕ′∂2xv

)∥∥ ∥∥∂s+1
x v

∥∥
]

≤ Cδ3/4
[
‖v‖s+2 ‖∂sxv‖+ ‖v‖s+2

∥∥∂s+1
x v

∥∥
]

≤ εδ
∥∥∂s+2

x v
∥∥2 + Cδ1/2 ‖v‖2 + C ‖∂sxv‖2 + C ‖v‖2 . (4.29)

For the last two terms of J (ϕ, v, w, µ, p), we will use the algebra property of Hs(T) for s > 1/2 and the interpolation
inequality stated in Lemma 4.1. Thus, we obtain

|J2|+ |J3|
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=

∣∣∣∣〈e−δ
−

1
4 ϕ
(
δ(v + w)∂x(v + w) − δ3/4ϕ′(v + w)2

)
, ∂2sx v〉L2

∣∣∣∣+
∣∣∣
〈(

〈p, µ〉 v − (ϕ′)4v
)
, ∂2sx v

〉
L2

∣∣∣

≤ δ

∣∣∣∣
〈
∂sx

(
e−δ

−
1
4 ϕ∂x(v + w)2

)
, ∂sxv

〉

L2

∣∣∣∣+ Cδ3/4
∥∥∥∥∂

s
x(e

−δ−
1
4 ϕϕ′(v + w)2)

∥∥∥∥ ‖∂sxv‖+ C ‖v‖2s . (4.30)

We estimate the first term in the above inequality as follows.

δ

∣∣∣∣
〈(

e−δ
−

1
4 ϕ∂x(v + w)2

)
, ∂2sx v

〉

L2

∣∣∣∣ = δ
3
4

∣∣∣∣
〈(

e−δ
−

1
4 ϕϕ′(v + w)2

)
, ∂2sx v

〉

L2

∣∣∣∣

+ δ

∣∣∣∣
〈(

e−δ
−

1
4 ϕ(v + w)2

)
, ∂2s+1

x v

〉

L2

∣∣∣∣

≤ Cδ
3
4

∥∥∥∥e
−δ−

1
4 ϕ(v + w)2

∥∥∥∥
s

‖∂sxv‖+ Cδ

∥∥∥∥e
−δ−

1
4 ϕ(v + w)2

∥∥∥∥
s

∥∥∂s+1
x v

∥∥

≤
∥∥∥∥e

−δ−
1
4 ϕ

∥∥∥∥
s

(
εδ
∥∥∂s+2

x v
∥∥2 + Cδ

1
2

(
‖v‖4s + ‖v‖2s + 1

))
. (4.31)

The second term of (4.30) can be estimated similarly as

Cδ3/4
∥∥∥∥∂

s
x(e

−δ−
1
4 ϕϕ′(v + w)2)

∥∥∥∥ ‖∂sxv‖ ≤ Cδ
3
4

∥∥∥∥e
−δ−

1
4 ϕ

∥∥∥∥
s

‖∂sxv‖ ‖v + w‖2s

≤ Cδ
3
4

∥∥∥∥e
−δ−

1
4 ϕ

∥∥∥∥
s

(
1 + ‖v‖2s + ‖v‖4s

)
. (4.32)

Let ϕ > 0. Observe that, if s ∈ N∗,
∥∥∥e−δ

−
1
4 ϕ
∥∥∥
s
≤ C

(∥∥∥e−δ
−

1
4 ϕ
∥∥∥+

∥∥∥∂sx(e−δ
−

1
4 ϕ)
∥∥∥
)
≤ C

∥∥∥e−δ
−

1
4 ϕ
∥∥∥
L∞

(
1 + δ−

s
4 ‖∂sxϕ‖L∞

)
.

If not, then s will be replaced by ⌈s⌉ (the smallest integer greater than or equal to s). Therefore as
∥∥∥e−δ

−
1
4 ϕ
∥∥∥
L∞

(1 +

Cδ−
s
4 )

δ→0+−−−−→ 0, we have
∥∥∥e−δ

−
1
4 ϕ
∥∥∥
s
< 1 for some small value of δ. Hence simplifying (4.30) together with (4.31)–(4.32),

we deduce

|J2|+ |J3| ≤ δε
∥∥∂s+2

x v
∥∥2 + C(1 + δ1/2) ‖v‖2s + Cδ1/2 ‖v‖4s + Cδ1/2. (4.33)

Combining (4.28), (4.29) and (4.33) and using the fact for s > 1/2, ‖v‖3L3 ≤ C‖v‖3s we obtain

d

dt
‖v‖2s ≤ Cδ1/8 + C(1 + δ1/8)‖v‖2s + Cδ1/8‖v‖4s. (4.34)

The above relation holds for any t < min{2, δ−1T δ∗ }. By the Gronwall Lemma and using (4.10), we have

‖v(t)‖2s ≤ eC(1+δ1/8)t
(
Cδ1/8t+ ‖u0 − uδ0‖2s + Cδ1/8

∫ t

0

‖v(ρ)‖4s dρ
)
, (4.35)

for t < min{2, δ−1T δ∗ } and for u0 ∈ H2s+2(T). Finally, by the density of H2s+2(T) in Hs(T) and using (2.2), we can have
(4.35) for every u0 ∈ Hs(T).

Step 4. Analysis of the maximal existence time. We are left to justify (4.8). Due to (4.6), we can choose
δ0 ∈ (0, 1) sufficiently small such that, for 0 < δ < δ0, we have ‖u0 − uδ0‖2s < 1/8 and then ‖v(0)‖2s < 1/8. Denote

τδ := sup{t < δ−1T δ∗ : ‖v(t)‖s < 1}.
The above inequality (4.35) ensures that τδ > 0. If τδ = +∞, then (4.8) is obvious. Thus consider the case when τδ is
finite. To prove (4.8) we show that for sufficiently small δ0 > 0 and for all 0 < δ < δ0 we have τδ ≥ 1. We prove by
contradiction. If not assume that for every δ0 ∈ (0, 1), there exists a δ ∈ (0, δ0) such that τδ < 1. Then from (4.35), we
have

1 = ‖v(τδ)‖2s < eC(1+δ1/8)τδ
(
Cδ1/8τδ + ‖u0 − uδ0‖2s + Cδ1/8

∫ τδ

0

‖v(ρ)‖4s dρ
)
. (4.36)

By the definition of τδ, for t ∈ [0, τδ), ‖v(t)‖s < 1. For δ0 sufficiently small we have for 0 < δ < δ0.

eC(1+δ1/8)τδ
(
Cδ1/8τδ + ‖u0 − uδ0‖2s

)
<

1

2
,

and hence

eC(1+δ1/8)τδ
(
Cδ1/8τδ + ‖u0 − uδ0‖2s + Cδ1/8

∫ τδ

0

‖v(ρ)‖4s dρ
)
< 1,
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which contradicts (4.36). Hence, there exists a δ0 > 0 small enough, such that τδ > 1 for all δ ∈ (0, δ0). Thus we completes
the proof of (4.8), and consequently

‖v(1)‖s δ→0+−−−−→ 0.

�

Remark 4.1. To prove Proposition 2.2 for the Cahn–Hilliard equation (1.4), (1.3), we indicate the modifications with
respect to the proof given for the Kuramoto–Sivashinsky equation. The only changes occur in the nonlinear terms of the
equation for v in (4.9). To this end, we compute the corresponding nonlinear term:

NCH

(
e−δ

−1/4ϕ(v + w)
)
= −3e−3δ−1/4ϕ

(
(v + w)2∂2x(v + w) + 2(v + w)(∂x(v + w))2

− 6δ−1/4ϕ′(v + w)2∂x(v + w) +
(
3δ−1/2(ϕ′)2 − δ−1/4ϕ′′)(v + w)3

)
.

Performing similar estimates and simplifying as above, we obtain, for all t < min{2, δ−1T δ∗ }

‖v(t)‖2s ≤ eC(1+δ1/8)t
(
Cδ1/8t+ ‖u0 − uδ0‖2s + Cδ1/8

∫ t

0

‖v(ρ)‖6s dρ
)
.

Applying arguments similar to those used above, we complete the proof.

4.2. Proof of semi-global stability. As mentioned in Section 2, we prove Proposition 2.1–Item 1 here.

Proof. For any initial data u0, v0 ∈ Hs(T) and any control p ∈ L2
loc(R

+;R3), there exist positive times T 1
∗ = T 1

∗ (u0, p) and
T 2
∗ = T 2

∗ (v0, p) such that the corresponding solutions of (1.4)–(1.6) satisfy

u(t) := Rt(u0, p) is well-defined for all t ∈ [0, T 1
∗ ],

v(t) := Rt(v0, p) is well-defined for all t ∈ [0, T 2
∗ ].

Let us define

T < min{T 1
∗ , T

2
∗ }, and ϑ(t) := u(t)− v(t), ̺(t) := u(t) + v(t), for all t ∈ [0, T ],

Then ϑ satisfies the following equation



∂tϑ+ ∂4xϑ+ ∂2xϑ+

(
N (u)−N (v)

)
= 〈p, µ〉ϑ, (t, x) ∈ (0, T )× T,

ϑ(0, x) = ϑ0(x) := u0(x)− v0(x), x ∈ T,

(4.37)

where,

NKS(u)−NKS(v) =
1

2
∂x(ϑ̺), (4.38)

NCH(u)−NCH(v) = −∂2x(ϑ(u2 + uv + v2)). (4.39)

Multiplying first equation of (4.37) by ϑ and integrating over T, for sufficently small ε > 0, we obtain a positive constant
C > 0 such that for s > 1/2

d

dt
‖ϑ‖2 + ‖∂2xϑ‖2 ≤ ε‖∂2xϑ‖2 + C‖ϑ‖2

(
1 + ‖u‖4s + ‖v‖4s

)
, (4.40)

where the nonlinear terms are estimated as below.
Case 1. Kuramoto–Sivashinsky.

∣∣∣∣
∫

T

ϑ∂x(ϑ̺)

∣∣∣∣ ≤ C

∣∣∣∣
∫

T

∂xϑ
2 ̺

∣∣∣∣ ≤ C‖̺‖‖ϑ‖21

≤ ε
∥∥∂2xϑ

∥∥2 + C
∥∥̺‖2

∥∥ϑ‖2.
Case 2. Cahn–Hilliard . ∣∣∣∣

∫

T

ϑ∂2x
(
ϑ(u2 + uv + v2)

)∣∣∣∣ =
∣∣∣∣
∫

T

∂2xϑ
(
ϑ(u2 + uv + v2)

)∣∣∣∣

≤ ε‖∂2xϑ‖2 + C‖
(
ϑ(u2 + uv + v2)

)
‖2

≤ ε‖∂2xϑ‖2 + C‖ϑ‖2‖(u2 + uv + v2)‖2L∞

≤ ε‖∂2xϑ‖2 + C‖ϑ‖2‖u‖2s‖v‖2s.
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Next multiplying (4.37) by ∂2sx ϑ, we have the following

d

dt
‖∂sxϑ‖2 + ‖∂s+2

x ϑ‖2 ≤ ε‖∂s+2
x ϑ‖2 + C‖ϑ‖2s

(
1 + ‖u‖4s + ‖v‖4s

)
. (4.41)

At this point, we have estimated the nonlinear terms in the following manner
Case 1. Kuramoto–Sivashinsky.

∣∣∣∣
∫

T

∂2sx ϑ∂x
(
̺ϑ
)∣∣∣∣ =

∣∣∣∣
∫

T

∂s+1
x ϑ∂sx(̺ϑ)

∣∣∣∣
≤ ‖∂s+1

x ϑ‖‖̺ϑ‖s
≤ ε‖∂s+2

x ϑ‖2 + C(‖̺‖2s + ‖̺‖s)‖ϑ‖2s.
Case 2. Cahn-Hilliard . ∣∣∣∣

∫

T

∂2sx ϑ∂
2
x

(
ϑ(u2 + uv + v2)

)∣∣∣∣ =
∣∣∣∣
∫

T

∂s+2
x ϑ∂sx

(
ϑ(u2 + uv + v2)

)∣∣∣∣

≤ ε‖∂s+2
x ϑ‖2 + C‖∂sx

(
ϑ(u2 + uv + v2)

)
‖2

≤ ε‖∂s+2
x ϑ‖2 + C‖ϑ‖2s‖u‖2s‖v‖2s.

Adding (4.40) and (4.41), we have a positive constant C such that

d

dt
‖ϑ‖2s ≤ C‖ϑ‖2s

(
1 + ‖u‖4s + ‖v‖4s

)
.

Integrating the previous inequality over the interval (0, T ) and using that u, v ∈ C([0, T ];Hs(T)), we deduce the existence
of a constant C > 0 such that

‖ϑ‖C([0,T ];Hs(T)) ≤ eCT

(
‖ϑ0‖s +

√
T ‖ϑ‖C([0,T ];Hs(T))

(
‖u‖2

C([0,T ];Hs(T))
+ ‖v‖2

C([0,T ];Hs(T))

))
.

Since ‖u0‖ ≤ R and ‖v0‖ ≤ R for some R > 0, there exists a constant C1 > 0, depending only on ‖p‖L2, and another
constant C2 > 0 such that

‖ϑ‖C([0,T ];Hs(T)) ≤ eC2T
(
‖ϑ0‖s + 2(C1 +R2)

√
T ‖ϑ‖C([0T ];Hs(T))

)
.

If T satisfies eC2T (C1 +R2)
√
T < 1

4 , we obtain the following required estimate for some constant C(R, ‖p‖L2) > 0

‖ϑ‖C([0,T ];Hs(T)) ≤ C ‖ϑ0‖s .

If the above condition does not hold on the entire interval [0, T ], we divide [0, T ] into smaller subintervals on which the

inequality eCT (C1 +R2)
√
T < 1

4 is satisfied. Applying the same argument on each subinterval yields the desired result.
�

5. Small-time exact controllability to the constant states

This section is devoted to the proof of small-time global exact controllability of the nonlinear system (1.4) and (1.7),
that is the proof of Theorem 1.2 and Theorem 1.3. We make two separate sections for the Cahn-Hilliard and Kuramoto-
Sivashinsky equations.

5.1. Cahn-Hilliard equation. Let us rewrite the Cahn-Hilliard system
{
∂tu+ ∂4xu+ ∂2xu = ∂2x(u

3) + (µ4p4 + µ5p5)u, t > 0, x ∈ T,

u(0, x) = u0(x), x ∈ T.
(5.1)

In this section, we first prove the following local exact controllability result:

Proposition 5.1. Let T > 0 and Φ > 0. Assume µ4, µ5 ∈ H1(T) satisfying (1.8). Then there exists R > 0 such that for
any u0 ∈ L2(T), satisfying ‖u0 − Φ‖L2(T) < R, there exist controls p4, p5 ∈ L2((0, T );R), such that the solution u of (5.1)

satisfies u(T, ·) = Φ in T.

Introduce the change of variable v = u− Φ. Then v is the solution of the following control problem
{
∂tv + ∂4xv + ∂2xv − 3Φ2∂2xv = (p4µ4 + p5µ5)(Φ + v) + FCH , (t, x) ∈ (0, T )× T,

v(0, x) = v0(x) := u0 − Φ, x ∈ T,
(5.2)

where FCH := 6v(∂xv)
2 + 6Φ(∂xv)

2 + 3v2∂2xv + 6v∂2xvΦ. Consequently, Proposition 5.1 reduces to a corresponding local
null controllability problem for (5.2).
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5.1.1. Controllability of the linearized system. First let us consider the linearized control problem
{
∂tv + ∂4xv + ∂2xv − 3Φ2∂2xv = (p4µ4 + p5µ5)Φ, (t, x) ∈ (0, T )× T,

v(0, x) = v0(x), x ∈ T.
(5.3)

Equation (5.3) can equivalently be rewritten in the following abstract form




d

dt
v = Av + B(p4, p5), t ∈ (0, T ),

v(0) = v0,
(5.4)

where the operator A : D(A) ⊂ L2(T) → L2(T) is thus given by

Av = −∂4xv − (1− 3Φ2)∂2xv, with D(A) := H4(T).

Clearly, A is densely defined, and its adjoint A∗ : D(A∗) ⊂ L2(T) → L2(T) is

A∗v = −∂4xv − (1− 3Φ2)∂2xv, with D(A∗) := H4(T).

We can prove that A generates an analytic semigroup {S(t)}t≥0 on L2(T). The control operator B ∈ L(R2, L2(T)) satisfies
B(p4, p5) := (p4µ4 + p5µ5)Φ. As v0 ∈ L2(T), p4, p5 ∈ L2(0, T ), and µ4, µ5 ∈ H1(T), equation (5.3) possesses a unique
mild solution v ∈ C([0, T ];L2(T)) ∩ L2((0, T );H2(T)). Moreover, certain examples for µ4 and µ5 satisfying (1.8) can be
found in [DPU25, Example 4.2].
The eigen-elements of the operator A∗ are given by

Eigenvalues : λk = −k4 + (1− 3Φ2)k2, ∀ k ∈ N.

Eigenfunctions : c0(x) =
1√
2π
, ck(x) =

1√
π
cos(kx), sk(x) =

1√
π
sin(kx), ∀ k ∈ N

∗.

These functions form a Hilbert basis of L2(T).
We prove the following controllability result for the linearized system.

Proposition 5.2. Let T > 0 be given and assume that µ4, µ5 ∈ H1(T) satisfy (1.8). Then for any v0 ∈ L2(T), there exist
controls p4, p5 ∈ L2(0, T ) such that the system (5.3) satisfies v(T ) = 0. Moreover, the controls satisfy

‖p4‖L2(0,T ) + ‖p5‖L2(0,T ) ≤ Ce
C
T ‖v0‖L2(T) , (5.5)

for some constant C > 0 which is independent of T and v0.

Proof. The proof proceeds by considering the following three steps of the method of moments.
Step 1. Reduction to the moment problems. At first, let us consider the following adjoint system




− d

dt
φ = A∗φ, t ∈ (0, T ),

φ(T ) = φT .
(5.6)

Taking the inner product of (5.3) with φ in L2(T), where φ is the solution of the adjoint equation (5.6), and then integrating
over (0, T ) we have

〈v(T, ·), φT 〉L2(T) − 〈v0, φ(0, ·)〉L2(T) = Φ

∫ T

0

〈
p4(t)µ4 + p5(t)µ5, φ(t, ·)

〉
L2(T)

dt. (5.7)

To prove v(T ) = 0, it is enough to establish that for all φT ∈ L2(T), the following identity holds:

〈v0, φ(0, ·)〉L2(T) +Φ

∫ T

0

p4(t) 〈µ4, φ(t, ·)〉L2(T) dt+Φ

∫ T

0

p5(t) 〈µ5, φ(t, ·)〉L2(T) dt = 0. (5.8)

Our next task is to convert the above identity into a sequential problem by using the orthonormal eigenbasis {c0, ck, sk}k∈N∗ .
To this end, we successively choose φT = c0, ck, and sk. As λk is the eigenvalue of the operator A∗, and in view of the
assumption (1.8) together with the orthonormality of the eigenfunction {c0, ck, sk}k∈N∗ , the solution of the adjoint problem
(5.6) reads as follows

φ(t, x) = c0, eλk(T−t)ck(x), eλk(T−t)sk(x). (5.9)

Plugging (5.9) into (5.8), we arrive at the following identities, which are equivalent to (5.8).




− eλkT 〈v0,ck〉L2(T)

Φ〈µ4,ck〉L2(T)
=
∫ T
0 p4(t)e

λk(T−t)dt =
∫ T
0 h4(t)e

λktdt ∀k ∈ N,

− eλkT 〈v0,sk〉L2(T)

Φ〈µ5,sk〉L2(T)
=
∫ T
0
p5(t)e

λk(T−t)dt =
∫ T
0
h5(t)e

λktdt ∀k ∈ N∗,

(5.10)

where hi(t) = pi(T − t), i = 4, 5. Thus, it is enough to establish the existence and a suitable norm estimate for hi.
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Step 2. Existence of a biorthogonal family of exponentials. We first find the existence of h4. Let us denote, for
all k ∈ N∗, Λk = −λk−1 + 1, and the collection Λ = {Λk, k ∈ N∗}. Our next goal is to check that the collection Λ satisfies
all the hypotheses of [Boy23, Theorem IV.1.10].

H1: There exists θ > 0 such that the family Λ ⊂ C satisfies the following sector condition with parameter θ :

Λ ⊂ Sθ
def
= { z ∈ C | ℜz > 0, |ℑz| < (sinh θ) (ℜz)} .

By the definition of Λ, for all k ∈ N∗,Λk are positive real numbers, so the required condition is verified with some
suitable θ > 0.

H2: Let κ > 0. Define the counting function NΛ(r) := #{λ ∈ Λ : |λ| ≤ r }. The family Λ satisfies the asymptotic
assumptions

NΛ(r) ≤ κ r1/4, ∀ r > 0. (5.11)

Using the definition of λk, Λk = −λk−1 + 1 = (k − 1)4 − (1− 3Φ2)(k − 1)2 + 1.
Case1. If 1 − 3Φ2 ≤ 0, then |Λk| ≥ (k − 1)4 − (1 − 3Φ2)(k − 1)2 + 1 ≥ (k − 1)4. Hence, if |Λk| ≤ r, then

k ≤ 1 + r1/4. Therefore NΛ(r) ≤ 1 + r1/4.
Case 2. If 1 − 3Φ2 > 0, then there exists C1 > 0 such that |Λk| ≥ C1(k − 1)4, for k ∈ N∗. Thus similarly as

Case 1, we have NΛ(r) ≤ 1 + C1r
1/4.

For small r, we may choose r̃ > 0 such that NΛ(r) = 0 for all r < r̃. Thus, the required bound is verified.
Next, by possibly increasing constant C > 0, the same estimate (5.11) holds for all r ≥ r̃. Hence, the bound
NΛ(r) ≤ Cr1/4 is valid uniformly for all r > 0.

H3: Let ρ > 0 be given. The family Λ satisfies the gap condition with parameter ρ if we have

|Λm − Λn| ≥ ρ, ∀m 6= n ∈ N
∗.

This condition is obvious with ρ = 3Φ2.

Thus using [Boy23, Theorem IV.1.10], there exists a sequence {ek}k∈N∗ ⊂ L2(0, T ) such that, for all k, j ∈ N∗,
∫ T

0

ek(t) e
−Λj t dt = δk,j , (5.12)

and there exists a constant C > 0 independent of T such that ∀k ∈ N∗

‖ek‖L2(0,T ) ≤ C eC(
√
Λk+

1
T ). (5.13)

Step 3. Construction and estimates of the controls. Let us define the control function h4 as follows:

h4(t) := −
∑

k∈N

eλkT 〈v0, ck〉L2(T)

Φ 〈µ4, ck〉L2(T)

e−t ek+1(t).

Clearly, this h4 satisfies the second equation of (5.10). We just need to show that h4 ∈ L2(0, T ). Thus using (1.8) and
(5.13),

‖h4‖L2(0,T ) ≤
(
Ce

C
T + C

∑

k∈N∗

k2θ1eCk
2+C

T e

(
−k4+(1−3Φ2)k2

)
T

)
‖v0‖L2(T) .

Observe that, there exists k0 ∈ N such that −k4 + (1 − 3Φ2)k2 ≤ −C1k
4, for all k > k0, for some constant C1 > 0.

Moreover, one can absorb k2θ1 in eCk
2

for all k ∈ N∗ with a possibly large constant C > 0. Consequently, we estimate the
control as follows:

‖h4‖L2(0,T ) ≤
(
Ce

C
T + CeCT + C

∑

k>k0

eCk
2+C

T e−C1k
4T

)
‖v0‖L2(T) .

Using Young’s inequality we have Ck2 ≤ C2

C1T
+ C1k

4T
4 , and putting this in the above estimate there exists constant C > 0

such that

‖h4‖L2(0,T ) ≤ C
(
eCT + e

C
T

)
‖v0‖L2(T) .

Without loss of generality, we may assume that T < 1. In this case, we obtain the desired control cost estimate

‖h4‖L2(0,T ) ≤ C e
C
T ‖v0‖L2(T).

The case T ≥ 1 can be reduced to the previous one. Indeed, any continuation by zero of a control defined on (0, 1/2) is
also a control on (0, T ), and the estimate follows from the decrease of the control cost with respect to time.

A similar argument establishes the existence of h5 together with the required cost estimate. This completes the proof
of Proposition 5.2. �
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5.1.2. Source term method and local controllability of the nonlinear problem. This section is devoted to the
proof of local exact controllability (Proposition 5.1) of the nonlinear system (5.1). The strategy is to employ the source
term method [LTT13] followed by the Banach fixed-point theorem to ensure local exact controllability. We first choose
constants p > 0, q > 1 in such a way that

1 < q <
√
2, and p >

q2

2− q2
. (5.14)

We fix a constant M > 0 and redefine the control cost as MeM/T , as obtained in the control cost estimate (5.29) for the
corresponding linearized control problem Proposition 5.2. We then define the functions

ρ0(t) =

{
e−

pM
(q−1)(T−t) t ∈ [0, T ),

0 t = T,
ρS(t) =

{
e−

(1+p)q2M
(q−1)(T−t) t ∈ [0, T ),

0 t = T.
(5.15)

Note that the functions ρ0 and ρS are continuous and non-increasing in [0, T ]. We next introduce the following weighted
spaces

S :=

{
f ∈ L1(0, T ;L2(T))

∣∣∣ f

ρS
∈ L1(0, T ;L2(T))

}
, (5.16a)

Y :=

{
u ∈ C([0, T ];L2(T))

∣∣∣ u
ρ0

∈ C([0, T ];L2(T)) ∩ L2(0, T ;H2(T))

}
, (5.16b)

V :=

{
p ∈ L2(0, T )

∣∣∣ p

ρ0
∈ L2(0, T )

}
. (5.16c)

The norms associated with these weighted spaces are defined accordingly below.

‖v‖S :=
∥∥ρ−1

0 v
∥∥
C([0,T ];L2(T))

+
∥∥ρ−1

0 v
∥∥
L2(0,T ;H2(T))

‖f‖S := ‖ρ−1
S f‖L1(0,T ;L2(T), ‖h‖V := ‖ρ−1

0 h‖L2(0,T ).

Consider the linearized system with nonhomogeneous source term:




d

dt
v = Av + B(p4, p5) + f, t ∈ (0, T ),

v(0) = v0.
(5.17)

Using arguments similar to those in Propositions 2.3 and Proposition 2.8 of [LTT13], we obtain the following result.

Proposition 5.3. Let T > 0. For any f ∈ S and v0 ∈ L2(T), there exist controls p4, p5 ∈ V such that (5.17) admits a
unique solution v ∈ Y satisfying v(T ) = 0. Further, the solution and the control satisfy

∥∥∥∥
v

ρ0

∥∥∥∥
C([0,T ];L2(T))

+

∥∥∥∥
v

ρ0

∥∥∥∥
L2(0,T ;H2(T))

+

∥∥∥∥
p4
ρ0

∥∥∥∥
L2(0,T )

+

∥∥∥∥
p5
ρ0

∥∥∥∥
L2(0,T )

≤ C

(
‖v0‖L2(T) +

∥∥∥∥
f

ρS

∥∥∥∥
L1(0,T ;L2(T)

)
, (5.18)

where the constant C > 0 does not depend on v0, f , p4, p5 and T .

We are now in a position to prove Proposition 5.1 using a standard fixed-point argument.

5.1.3. Proof of Proposition 5.1.

Proof. For any f ∈ S, consider the map

f
F7−→ 6v(∂xv)

2 + 6Φ(∂xv)
2 + 3v2∂2xv + 6v∂2xvΦ + (p4µ4 + p5µ5)v,

where (v, p4, p5) ∈ Y × V × V , is the solution of (5.17) which satisfies (5.18). We show that

• the map F is well defined on S;
• there exists R > 0 such that F

(
B(0, R)

)
⊂ B(0, R), where B(0, R) denotes the closed ball in S centered at the

origin with radius R;
• there exists R > 0 such that the map F : B(0, R) → B(0, R) is a strict contraction map.

To establish the existence of a fixed point for F , we use the Banach fixed-point theorem. First, observe that

‖F(f)‖S ≤
∥∥∥∥
6v(∂xv)

2 + 6Φ(∂xv)
2 + 3v2∂2xv + 6v∂2xvΦ

ρS

∥∥∥∥
L1(0,T ;L2(T))

+

∥∥∥∥
(p4µ4 + p5µ5)v

ρS

∥∥∥∥
L1(0,T ;L2(T))

.
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To estimate the first term in , we use an interpolation argument. As, v ∈ C([0, T ];L2(T))∩L2(0, T ;H2(T)). Then, for all
t ∈ (0, T ), there exists a constant C1 > 0, independent of t and v, such that

‖v(t, ·)‖H1 ≤ C1 ‖v(t, ·)‖1/2H2 ‖v(t, ·)‖1/2L2 .

Consequently, we obtain

‖v‖L4(0,T ;H1(T)) ≤ C1 ‖v‖1/2C([0,T ];L2(T))‖v‖
1/2
L2(0,T ;H2(T)). (5.19)

Note that, the assumption p > q2

2−q2 implies 2p > (1 + p)q2 which further implies that

ρ20
ρS
,
ρ30
ρS

∈ C([0, T ]). (5.20)

Therefore, using (5.20) and (5.19), one can estimate nonlinear terms in the following manner.
∥∥∥∥
v(∂xv)

2

ρS

∥∥∥∥
L1(0,T ;L2(T))

≤ C

∫ T

0

ρ30(t)

ρS(t)

∥∥∥∥
v

ρ0

∥∥∥∥
2

H1

∥∥∥∥
v

ρ0

∥∥∥∥
H2

≤ C

∥∥∥∥
v

ρ0

∥∥∥∥
2

L4(0,T ;H1(T))

∥∥∥∥
v

ρ0

∥∥∥∥
L2(0,T ;H2(T))

≤ C

∥∥∥∥
v

ρ0

∥∥∥∥
C([0,T ];L2(T))

∥∥∥∥
v

ρ0

∥∥∥∥
2

L2(0,T ;H2(T))

.

∥∥∥∥
(∂xv)

2

ρS

∥∥∥∥
L1(0,T ;L2(T))

+

∥∥∥∥
v∂2xv

ρS

∥∥∥∥
L1((0,T );L2(T))

≤ C

∥∥∥∥
v

ρ0

∥∥∥∥
2

L2(0,T ;H2(T))

.

∥∥∥∥
v2∂2xv

ρS

∥∥∥∥
L1(0,T ;L2(T))

≤ C

∥∥∥∥
v

ρ0

∥∥∥∥
C([0,T ];L2(T))

∥∥∥∥
v

ρ0

∥∥∥∥
2

L2(0,T ;H2(T))

. (5.21)

Combining (5.21) and (5.18), we deduce

‖F(f)‖S ≤ C

(∥∥∥∥
v

ρ0

∥∥∥∥
C([0,T ];L2(T))

∥∥∥∥
v

ρ0

∥∥∥∥
2

L2(0,T ;H2(T))

+

∥∥∥∥
v

ρ0

∥∥∥∥
2

L2(0,T ;H2(T))

)

+ C

(∥∥∥∥µ4
p4
ρ0

v

ρ0

∥∥∥∥
L1(0,T ;L2(T))

+

∥∥∥∥µ5
p5
ρ0

v

ρ0

∥∥∥∥
L1(0,T ;L2(T))

)

≤ C0

[
(
‖v0‖L2(T) + ‖f‖S

)3
+
(
‖v0‖L2(T) + ‖f‖S

)2
]
,

for some positive constant C0, this, together with the uniqueness of v in Proposition 5.3, proves the well-definedness of F .
To ensure that B(0, R) is invariant under F for some R > 0, we choose

0 < R < min

{
1

4C
1/2
0

,
1

8C0

}
=: R1.

Then, by the above estimate, for any v0 ∈ L2(T) satisfying ‖v0‖L2(T) ≤ R, the closed ball B(0, R) is invariant under F .

Consider any two f, f ∈ B(0, R). Then by the Proposition 5.3 there exist controls p4, p5, p4, p5 ∈ V for the system (5.17)
with solutions v, v ∈ Y associated f, f . Then compute

‖F(f)−F(f)‖S

≤ 6

∥∥∥∥
v(∂xv)

2 − v(∂xv)
2

ρS

∥∥∥∥
L1(0,T ;L2(T))

+ 6Φ

∥∥∥∥∥∥

(
(∂xv)

2 + v∂2xv
)
−
(
(∂xv)

2 + v∂2xv
)

ρS

∥∥∥∥∥∥
L1(0,T ;L2(T))

+ 3

∥∥∥∥
v2∂2xv − v2∂2xv

ρS

∥∥∥∥
L1(0,T ;L2(T))

+

∥∥∥∥
µ4(p4v − p4v)

ρS

∥∥∥∥
L1(0,T ;L2(T))

+

∥∥∥∥
µ5(p5v − p5v)

ρS

∥∥∥∥
L1(0,T ;L2(T))

.

Again, using (5.20) and (5.19), one can estimate nonlinear terms one by one in the following way.
∥∥∥∥
v(∂xv)

2 − v(∂xv)
2

ρS

∥∥∥∥
L1(0,T ;L2(T))

≤ C

∫ T

0

ρ30(t)

ρS(t)

∥∥∥∥
v − v

ρ0

∥∥∥∥
L2

∥∥∥∥
v

ρ0

∥∥∥∥
2

H2

+ C

∫ T

0

ρ30(t)

ρS(t)

∥∥∥∥
v − v

ρ0

∥∥∥∥
H2

(∥∥∥∥
v

ρ0

∥∥∥∥
2

H1

+

∥∥∥∥
v

ρ0

∥∥∥∥
2

H1

)
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≤ C

∥∥∥∥
v − v

ρ0

∥∥∥∥
C([0,T ];L2(T))

∥∥∥∥
v

ρ0

∥∥∥∥
2

L2(0,T ;H2(T))

+ C

∥∥∥∥
v − v

ρ0

∥∥∥∥
L2(0,T ;H2(T))

[∥∥∥∥
v

ρ0

∥∥∥∥
2

L4(0,T ;H1(T))

+

∥∥∥∥
v

ρ0

∥∥∥∥
2

L4(0,T ;H1(T))

]
. (5.22)

The second and third terms admit the following estimates.
∥∥∥∥∥∥

(
(∂xv)

2 + v∂2xv
)
−
(
(∂xv)

2 + v∂2xv
)

ρS

∥∥∥∥∥∥
L1(0,T ;L2(T))

≤ C

∥∥∥∥
v − v

ρ0

∥∥∥∥
L2(0,T ;H2(T))

[ ∥∥∥∥
v

ρ0

∥∥∥∥
C([0,T ];L2(T))

+

∥∥∥∥
v

ρ0

∥∥∥∥
L2(0,T ;H2(T))

+

∥∥∥∥
v

ρ0

∥∥∥∥
C([0,T ];L2(T))

+

∥∥∥∥
v

ρ0

∥∥∥∥
L2(0,T ;H2(T))

]

+ C

∥∥∥∥
v − v

ρ0

∥∥∥∥
C([0,T ];L2(T))

∥∥∥∥
v

ρ0

∥∥∥∥
L2(0,T ;H2(T))

, (5.23)

and
∥∥∥∥
v2∂2xv − v2∂2xv

ρS

∥∥∥∥
L1(0,T ;L2(T))

≤ C

∥∥∥∥
v − v

ρ0

∥∥∥∥
L2(0,T ;H2(T))

∥∥∥∥
v

ρ0

∥∥∥∥
C([0,T ];L2(T))

∥∥∥∥
v

ρ0

∥∥∥∥
L2(0,T ;H2(T))

+ C

[∥∥∥∥
v − v

ρ0

∥∥∥∥
C([0,T ];L2(T))

+

∥∥∥∥
v − v

ρ0

∥∥∥∥
L2(0,T ;H2(T))

]
×

[(∥∥∥∥
v

ρ0

∥∥∥∥
C([0,T ];L2(T))

+

∥∥∥∥
v

ρ0

∥∥∥∥
L2(0,T ;H2(T))

+

∥∥∥∥
v

ρ0

∥∥∥∥
C([0,T ];L2(T))

+

∥∥∥∥
v

ρ0

∥∥∥∥
L2(0,T ;H2(T))

)∥∥∥∥
v

ρ0

∥∥∥∥
L2(0,T ;H2(T))

]
(5.24)

Finally, from the above estimates (5.22)-(5.24) we have

‖F(f)−F(f)‖S ≤ C‖v − v‖Y
[
(
‖v0‖L2(T) + ‖f‖S

)2
+
(
‖v0‖L2(T) + ‖f‖S

)
]

+C
(
‖v0‖L2(T) + ‖f‖S

) [
‖p4 − p4‖V + ‖p5 − p5‖V

]
.

We have shown that for any v0 ∈ L2(T) satisfying ‖v0‖L2(T) ≤ R, the closed ball B(0, R) is invariant under F . Using this
fact

‖F(f)−F(f)‖S ≤ 4R2C‖v − v‖Y + 2RC
[
‖v − v‖Y + ‖p4 − p4‖V + ‖p5 − p5‖V

]
.

By the linearity of the solution associated with (5.17), it follows from proposition 5.3 that

‖F(f)−F(f)‖S ≤ (4R2C1 + 2RC1)‖f − f‖S

≤ 1

2
‖f − f‖S ,

by further choosing

0 < R < min

{
R1,

1

4C
1/2
1

,
1

8C1

}
.

For the above choice of R, let v0 ∈ L2(T) satisfy

‖v0‖L2(T) ≤ R.

By the Banach fixed point theorem, the map

F : B(0, R) → B(0, R)

admits a unique fixed point, denoted by f̂ ∈ B(0, R).
Thanks to Proposition 5.3, there exist controls and the corresponding solution

(v, p4, p5) ∈ Y × V × V

to the system (5.17) associated with the source term f̂ ∈ B(0, R), which satisfy (5.18). By the definition of the space Y
and the property ρ0(T ) = 0, we conclude that the equation (5.17) is locally null controllable. This completes the proof of
proposition 5.1. �
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5.2. Proof of Theorem 1.2. The proof of Theorem 1.2 follows from Theorem 1.1 and Proposition 5.1. Indeed, we divide
the time interval [0, T ] into two subintervals [0, T/2] and [T/2, T ]. We choose the radius R appearing in Proposition 5.1
depending on Φ and T/2. By Theorem 1.1, for this prescribed R > 0, there exist controls (p1, p2, p3) ∈ L2((0, T/2);R3)
such that

‖u(T/2)− Φ‖Hs < R.

We then apply Proposition 5.1 on the interval [T/2, T ] to conclude global exact controllability, using two additional controls
(p4, p5) ∈ L2((T/2, T );R2). �

5.3. Kuramoto-Sivashinsky equation. In this section, we prove the global exact controllability of the Kuramoto–
Sivashinsky equation

{
∂tu+ ∂4xu+ ∂2xu+ u ∂xu = µ4p4u, t > 0, x ∈ T,

u(0, x) = u0(x), x ∈ T.

We only indicate the changes in the proof with respect to the previous case of the Cahn–Hilliard equation. To this end,
we set v = u− Φ. Then v solves the following control problem.

{
∂tv + ∂4xv + ∂2xv = −v∂xv + p4µ4Φ+ p4µ4v, (t, x) ∈ (0, T )× T,

v(0, x) = v0(x) := u0 − Φ, x ∈ T.
(5.25)

5.3.1. Controllability of the linearized system. First, let us consider the linearized control problem
{
∂tv + ∂4xv + ∂2xv +Φ∂xv = p4µ4Φ, (t, x) ∈ (0, T )× T,

v(0, x) = v0(x), x ∈ T.
(5.26)

We recall that (5.26) can equivalently be rewritten in the abstract form




d

dt
v = Av + Bp4, t ∈ (0, T ),

v(0) = v0.
(5.27)

where the operator A : D(A) ⊂ L2(T) → L2(T) is thus given by

Av = −∂4xv − ∂2xv − Φ∂xv, with D(A) := H4(T).

Clearly, A is densely defined, and its adjoint A∗ : D(A∗) ⊂ L2(T) → L2(T) is

A∗v = −∂4xv − ∂2xv +Φ∂xv, with D(A∗) := H4(T).

We can prove that A generates a strongly continuous semigroup {S(t)}t≥0. On the other hand, the operator B ∈
L(R, L2(T)) satisfies Bp4 := p4µ4Φ. The eigen-element of the operator A∗ is

Eigenvalues : λk = −k4 + k2 + ikΦ, Eigenfunctions : φk =
1√
2π
eikx, k ∈ Z.

As an illustrative example, let us define µ4(x) = x2(x − 2π)2, x ∈ [0, 2π], and extend it by 2π-periodicity so that
µ4 ∈ H1(T). A direct computation shows that

〈µ4, φk〉L2(T) = −24
√
2π

k4
, k ∈ Z \ {0}, and 〈µ4, φ0〉L2(T) > 0.

In particular, we deduce the existence of C > 0 and θ = 2, such that

∀k ∈ Z, (k4 + 1)
∣∣〈µ4, φk〉L2(T)

∣∣ ≥ C. (5.28)

Theorem 5.1. Let T > 0 be given and assume that µ4 ∈ H1(T) satisfies (1.9). Then for every v0 ∈ L2(T), there exists
a control p4 ∈ L2(0, T ) such that equation (5.26) satisfies v(T ) = 0. Moreover, the control satisfies

‖p4‖L2(0,T ) ≤ Ce
C
T ‖v0‖L2(T) , (5.29)

for some constant C > 0 which is independent of T and v0.

Proof. Using arguments similar to those in the proof of Proposition 5.2, we obtain the following identity, which is equivalent
to the null controllability problem for the concerned system.

−
eλkT 〈v0, φk〉L2(T)

Φ 〈µ4, φk〉L2(T)

=

∫ T

0

p4(t)e
λk(T−t)dt

=

∫ T

0

h(t)eλktdt ∀ k ∈ Z, (5.30)
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where h(t) = p4(T − t). Thus, it is enough to find the existence and suitable norm estimate for h. Using the bijection
σ : N∗ 7→ Z, defined by

σ(m) =

{
m
2 , if m is even,
1−m
2 , if m is odd,

we denote, for all k ∈ N∗, Λk = −λσ(k) + 1. Let us also set Λ = {Λk, k ∈ N∗}. Our next goal is to check that the sequence
Λk satisfies all the hypotheses of [Boy23, Theorem IV.1.10].

H1: There exists θ > 0 such that the family Λ ⊂ C satisfies the following sector condition with parameter θ

Λ ⊂ Sθ
def
= { z ∈ C | ℜz > 0, |ℑz| < (sinh θ) (ℜz)} .

By the definition of Λ, it is clear that ℜΛk > 0, for all k ∈ N∗. Furthermore, as |ℑΛk| < CΦ(ℜΛk), for some
C > 0, the required condition is verified with some suitable θ > 0.

H2: Let κ > 0. Define the counting function NΛ(r) := #{λ ∈ Λ : |λ| ≤ r }. The family Λ ⊂ C satisfies the asymptotic
assumptions

NΛ(r) ≤ κ r1/4, ∀ r > 0.

Set s = σ(k) ∈ Z. Using the definition of λs, Λk = −λs + 1 = s4 − s2 + 1 − isΦ. Thus ℜΛk = s4 − s2 + 1, and
therefore |Λk| ≥ |ℜΛk| = s4 − s2+1. For s ∈ Z, we have s4 − s2 +1 ≥ 1

2s
4. Hence, if |Λk| ≤ r, then 1

2s
4 ≤ r which

yields |s| ≤ (2r)1/4. Therefore the number of integer s satisfies the above inequality is 1 + 2(2r)1/4. Therefore, we
have proved that NΛ(r) ≤ 1 + 2(2r)1/4. Required bound for the counting function and the existence of κ is now
straightforward.

H3: Let ρ > 0 be given. The family Λ satisfies the gap condition with parameter ρ if we have

|Λm − Λn| ≥ ρ, ∀m 6= n ∈ N
∗.

This condition is obvious with ρ = Φ.

Thus using [Boy23, Theorem IV.1.10], there exists a sequence {ek}k∈N∗ ⊂ L2(0, T ) such that, for all k, j ∈ N∗,
∫ T

0

ek(t) e
−Λj t dt = δk,j , (5.31)

and there exists a constant C > 0 independent of T such that for all k ∈ N∗

‖ek‖L2(0,T ) ≤ C e
C
(√

ℜ(Λk)+1/T
)

.

We set, for k ∈ Z and t ∈ [0, T ],

ψk(t) = e−t eσ−1(k)(t).

For any k, j ∈ Z, using (5.31)
∫ T

0

ψk(t) e
λjt dt =

∫ T

0

eσ−1(k)(t)e
−Λσ−1(j)tdt = δk,j .

Moreover, we have

‖ψk‖L2(0,T ) ≤ C eCk
2+C

T , ∀ k ∈ Z. (5.32)

Let us now define the control function h as follows:

h(t) := −
∑

k∈Z

eλkT 〈v0, φk〉L2(T)

Φ 〈µ4, φk〉L2(T)

ψk(t).

Clearly this h satisfies (5.30). We just need to show that h ∈ L2(0, T ). Thus using (1.9) and (5.32),

‖h‖L2(0,T ) ≤ C
∑

k∈Z
(k2θ + 1)eCk

2+C
T e(−k

4+k2)T ‖v0‖L2(T)

≤ C


eCT +

∑

|k|≥2

eCk
2+C

T e−
k4

3 T


 ‖v0‖L2(T) .

Using Young’s inequality we have Ck2 ≤ C2

T + k4T
4 , and putting this in the above estimate there exists constant C > 0

such that

‖h‖L2(0,T ) ≤ Ce
C
T ‖v0‖L2(T) .

This completes the proof. �

26



The proof of local exact controllability for the Kuramoto–Sivashinsky equation follows from arguments analogous to
those used in Section 5.1.2 for the Cahn–Hilliard equation. The proof of global exact controllability, namely Theorem 1.3,
follows the same lines as the proof of Theorem 1.2. We omit the details for brevity.
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pages 1–30. Springer, 2025. 3

[BP25b] Karine Beauchard and Eugenio Pozzoli. Small-time approximate controllability of bilinear schrödinger equations and diffeo-

morphisms. Ann. Inst. H. Poincaré C Anal. Non Linéaire, 2025. 3
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