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The hallmark of two-dimensional chiral topological phases is the existence of anomalous gapless
modes at the spatial boundary. Yet, the manifestation of this edge anomaly within the bulk ground-
state wavefunction itself remains only partially understood. In this work, we introduce a family of
multipartite entanglement measures that probe chirality directly from the bulk wavefunction. Our
construction involves applying different permutations between replicas of the ground state wavefunc-
tion in neighboring spatial regions, creating “permutation defects” at the boundaries between these
regions. We provide general arguments for the robustness of these measures and develop a field-
theoretical framework to compute them systematically. While the standard topological field theory
prescription misses the chiral contribution, our method correctly identifies it as the chiral conformal
field theory partition function on high-genus Riemann surfaces. This feature is a consequence of the
bulk-edge correspondence, which dictates that any regularization of the theory at the permutation
defects must introduce gapless boundary modes. We numerically verify our results with both free-
fermion and strongly-interacting chiral topological states and find excellent agreement. Our results
enable the extraction of the chiral central charge and the Hall conductance using a finite number of
wavefunction replicas, making these quantities accessible to Monte-Carlo numerical techniques and
to noisy intermediate-scale quantum devices.
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Entanglement measures for topologically ordered
states are thus of interest for both fundamental and
practical reasons. Fundamentally, such measures reveal
essential topological properties of these phases, includ-
ing bulk-boundary correspondence [3-6], the algebraic
structure of anyons [3, 7-12], and quantized response
functions [13, 14]. Practically, the entanglement of the
ground state has become a valuable tool in both numer-
ical simulations [15] and experiments on quantum de-
vices [16]. Furthermore, since the low-energy physics of
these phases is described by topological quantum field
theories (TQFTs), they offer a simple playground for
studying entanglement in general quantum field theories,
a subject of broad interest across condensed matter and
high-energy physics [17-19].

Among topologically ordered states, a class of partic-
ular importance is that of chiral states, which carry pro-
tected gapless edge modes characterized by a nonzero
chiral central charge c¢_. These states appear in most
examples of fractional quantum Hall states [20, 21], as
well as in many spin liquid states [22—24]. Despite their
ubiquity, such states are often challenging to study from
the entanglement perspective. The presence of ¢_ # 0
induces multiple complications, which manifest both in
the bulk and boundary descriptions. In the bulk, a non-
zero c_ precludes the existence of a commuting projec-
tor parent Hamiltonian [22, 25]. Practically, this means
that calculations on such exactly-solvable models, which
proved useful in the context of studying entanglement
measures of topological order [7, 12, 26], cannot cap-
ture the full entanglement properties of chiral phases.
In the boundary, the presence of a nonzero c¢_ means
that the boundary low-energy theory suffers from a grav-
itational anomaly: it cannot arise from any purely one-
dimensional system [27-29)].

The challenge of identifying the topological data from
entanglement measures has been addressed for both chi-
ral and non-chiral states. The prime example of such a
measure is the topological entanglement entropy [3, 7].
This measure extracts the “total quantum dimension” of
the phase, but does not carry direct information about
the chirality. In the specific context of chiral states, the
work of [13] presented the “modular commutator,” which
extracts c_ directly from the ground-state bulk entangle-
ment. This measure (defined below) relies on the mod-
ular Hamiltonian K = —logp, where p is the reduced
density matrix in some region. For both practical and
theoretical applications, however, it is desirable to have
a “Rényi-like” quantity, which can be calculated using a
finite number of replicas of the wavefunction. For exam-
ple, this would enable the extraction of the chiral cen-
tral charge in Monte-Carlo simulations and experiments
on quantum devices, similar to the topological entangle-
ment entropy [15, 16]. More recently, in Ref. [12], some
of us proposed a set of multipartite entanglement mea-
sures that extract information about topological spins.
This measure, however, was calculated only for non-chiral
states.

In this work, we construct a series of multipartite en-
tanglement measures, including a Rényi generalization of
the modular commutator, its “charged” counterpart that
extracts the quantized Hall conductivity [14], and the
lens-space measure proposed in Ref. [12]. These quan-
tities are defined via the expectation values of permu-
tation operators acting on replicas of the wavefunction:
take multiple copies of the wavefunction, partition a disk
subregion into three pieces (see Fig. 1), and create per-
mutation defects by assigning a different replica permuta-
tion to each subregion. We call them “topological multi-
entropy measures”. To evaluate these measures, we de-
velop a unified field-theoretical framework that integrates
the contributions of bulk anyons and edge gapless modes.
This framework offers a general methodology for com-
bining bulk and edge effects, whose applicability extends
beyond the examples analyzed here.

Specifically, our framework maps each entanglement
measure into a partition function on a three-manifold,
where the permutation defects give rise to a high-genus
boundary surface when the theory is properly regular-
ized. We demonstrate that, at long distances, this par-
tition function factorizes into two components. The
first is a TQFT partition function on a closed three-
manifold, obtained by shrinking the boundary, which
captures anyon data through the bulk topology [8, 30].
This component recovers previous results for non-chiral
phases, e.g., the topological entanglement entropy [3, 7].
The second component is the partition function of a con-
formal field theory (CFT) residing on the boundary. This
term is related to the chiral central charge through the
geometry of the high-genus surface. Consequently, the
entanglement measures we discuss serve, in essence, as
probes of this emergent surface geometry.

II. OVERVIEW AND SUMMARY OF RESULTS

In this section, we provide an overview of the main
results and outline the structure of the rest of the pa-
per. We begin by defining “topological multi-entropy
measures” and outlining their general properties. We
specifically discuss results on three instances: the Rényi
modular commutator, the lens-space multi-entropy, and
the charged Rényi modular commutator. Subsequently,
we summarize the field-theoretic framework developed to
compute these quantities.

A. Topological multi-entropy measures

In this work, we characterize multipartite entangle-
ment in quantum states using “multi-entropy” measures.
The construction takes multiple replicas of a state, as-
signs replica permutations to different spatial regions,
and defines the multi-entropy as the expectation value
of the resulting product of permutation operators. Such
measures were first introduced in the context of hologra-
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FIG. 1. The geometry considered in this work. Three permu-
tation operators are applied on three regions A, B, C of the
plane.

phy [31, 32] and were later used to study 2+1D topolog-
ically ordered states [12, 33]. Note that these quantities
are generally not entanglement monotones [34].

Specifically, consider a spatial partitioning of the sys-
tem into three adjacent regions A, B, and C, surrounded
by an external region A, as illustrated in Fig. 1. Taking
R replicas and three permutation operators 74, 75, and
me acting on the respective regions, we define:

M) = (W® mampmc|y®F). (1)

We will make a slight abuse of notation throughout and
employ 77 as both the abstract permutation and its real-
ization as an operator acting on the degrees of freedom in
the region I. We always set the boundary lengths of the
subregions to be much larger than the correlation length
of the state.

The assignment of distinct permutations to adjacent
spatial regions introduces permutation defects in the
replica space. Given a generic gapped state (not a prod-
uct state), we expect the magnitude of these measures to
decay exponentially with the total length L of these de-
fects, following the scaling |M| ~ ae™PL. Here, 8 > 0 is
a non-universal factor determined by microscopic details.

While the prefactor « might capture topological in-
formation (for example, the total quantum dimension),
the phase arg(M) is the more natural probe for chiral-
ity. This is evident from its transformation under time-
reversal T since permutation operators are time-reversal
invariant, we have M(T ) = M(¢). Namely, a nonzero
phase arg(M) signals the absence of time-reversal sym-
metry. To ensure arg(M) is a genuine topological quan-
tity, App. A provides conditions on the permutation op-
erators that lead to two more necessary properties: (1)
Robustness: arg(M) is invariant under smooth deforma-
tions of the region boundaries and local unitaries acting
on the state. (2) RT invariance: arg(M) is invariant
under the combination of time-reversal and mirror re-
flection with respect to an arbitrary plane perpendicu-
lar to the system. The second condition is expected for

topological phases described by TQFTs, such as Chern-
Simons theory [12]. Both properties are expected to hold
under generic conditions, with corrections that are ex-
ponentially small in L. We will also comment on the
“spurious” contributions at the end of the manuscript.
We designate measures satisfying these criteria as “topo-
logical multi-entropy” (TME) measures and restrict our
analysis to this class.

Even under these conditions, the residual freedom of
choosing permutations allows us to access a wide range
of properties. Here we focus on two choices that are
related to the chiral central charge and the topological
spins. These two examples will be the main focus of our
work, but the method we present applies more generally.
As an example, we extend our discussion to cases with
global U(1) symmetries, where the symmetry-enriched
TME yields quantum Hall conductance.

1.  Rényi modular commutator

Ref. [13] introduced a new entanglement measure, the
“modular commutator”, conjectured to extract the chiral
central charge c_ from a single ground-state wavefunc-
tion. Defining the modular Hamiltonian in region I as

K; = —log pr, the modular commutator reads [13]
. T
J=1iTrpapc[Kac,Kap) = 3¢ (2)

Refs. [29, 35] support this conjecture by assuming that
the reduced density matrices are fully described by a
CFT. Ref. [36] provided a rigorous proof in free fermion
systems by generalizing the real-space spectral Chern
number formula introduced in Appendix C of [22].

Here we construct a “Rényi-n” version of the modular
commutator J that recovers J in the replica limit

.t -

where J, is a TME on 2n + 1 replicas

ma=(1,....20+1)
Jp:Smp=(Mm+1,....2n+1) , (5)
e =(1,...,n+1)

and J, is its complex conjugate. That is, m4 cyclically
permutes all 2n+1 replicas, 7, and m¢ permute the last
and first n + 1, respectively. One of our main goals in
this work is to show

2mic_ 2n?2 ) (6)

J”OCQXP(_ 24 2n+mn+1)

Throughout this paper, “x” means “equal up to a
nonuniversal, real, and positive proportionality factor”.
We expect this non-universal term to decrease exponen-
tially in the region size L and the Rényi index n. The



original conjecture (2) follows immediately from (6) by
taking the replica limit, thus providing an independent
proof. Moreover, the phase of J, yields c_ directly, re-
sulting in a method to extract ¢ numerically by evalu-
ating an operator on the ground-state wavefunction. For
example, we can measure ¢ (mod 72) from J; with only
3 replicas of the bulk wavefunction [15].

2. Lens-space multi-entropy

In Ref. [12], some of us defined the lens-space multi-
entropy (LeSME) measure using permutations on R = 2r
replicas, for r > 2. Indexing the replicas with a tuple
(s,t), with s =1,2,t=1,...,7, we define

ma(l,t) = (1, t—1); 7wa(2,t) =(2,t+1),
D, : {wp(s,t)=(s+1,1), (7)
mo(l,t) = (2,t+1); mc(2,t) = (1,6 —1),

where addition is defined mod 2 for s and mod r for ¢.
For non-chiral topological order, Ref. [12] shows

®, oc Y d20y, (8)

where d,, 0, are the anyon quantum dimension and topo-
logical spin, respectively, and the sum is carried over all
anyons in the theory. The quantity on the RHS is pro-
portional to the “higher central charge” [37].

In this work, we extend the result to chiral topological
orders. Using a combination of analytical arguments and
numerical evidence, we demonstrate that

2mwic_
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A nontrivial check is provided by the case r = 2. Since
maA,Tg, Tc are Hermitian in this case, ®5 must be real.
Although not immediately apparent from Eq. (9), we
prove the reality of this expression at r = 2 in App. B.
Special care is needed when the sum in (9) is zero (for ex-
ample, in the bosonic ¥ = 1/2 Laughlin state for r even),
see Sec. III.

3. Charged Rényi modular commutator

The general principles naturally extend to symmetry-
protected [38] and symmetry-enriched [39] topological or-
ders. In addition to permutation operators, we can act
on the wavefunction with partial symmetry transforma-
tions. Conceptually, both operations create defects: the
form introduces geometric defects in the replica space
while the latter inserts symmetry defects.

An important and illustrative example is the case with
a global U(1) symmetry. Ref. [14] defined a “charged

modular commutator” to extract the quantum Hall con-
ductance. In the same geometry of Fig. 1, it was argued
that

S =Trpapc|Qic, Kap) = —2ioay, (10)

where @ a¢ is the total charge operator in the region AC,

and o, is the Hall conductance. We use natural units,
where o, of a single Chern band is 1/2m.

Similar to the Rényi modular commutator (4), we can

“Rényi-ize” Eq. (10) to obtain

. -2

S= lim —(Sun—Sun), (11)

n—0,u—0 'u2n
Sum = (Y[eF24C pliple) . (12)

We call S,,,, the charged Rényi modular commutator.
We can write S, , using permutation operators on n 41
replicas as

Sp,,n — <¢®n+1|€“QAC7TAB|7/}®n+1> , (13)

where 745 is a cyclic permutation, and e#?4¢ acts only
on replica 1. Below, we will show that

2
. nu
S;l,,n X exp (lo—myQ(n—Fl)> 5 (14)

for p < L/¢. In App. A we argue that the resulting
phase is universal.

B. Method of calculation

In this work, we focus on “generic” states, which are
homogeneous and can be captured by a Chern-Simons
field theory at long distances. Under this assumption,
we can calculate the TME within the field-theory frame-
work. It is then given by the 24+1D Euclidean partition
function on R replicas with permutation and symme-
try defects inserted at the imaginary time ¢ = 0. The
standard TQFT approach represents density matrices as
path integrals on three-manifolds, glues them according
to the permutation operators, and maps each measure to
a partition function on a smooth three-manifold M [30].
However, this approach is insufficient for our purpose.
For example, it reduces the Rényi modular commuta-
tor J, to a partition function on S3, a positive number,
thereby yielding a null result! One crucial missing ele-
ment is that the field-theoretic calculation requires regu-
larization, which must introduce gapless edge modes for
a chiral theory [40-43]. Below, we outline the procedure
for incorporating these modes to correctly evaluate the
measures of the form (1) and (13).

The first step is geometrical regularization. The per-
mutation defects on the region boundaries introduce con-
ical singularities to the path integral, which we regulate
by excising a tubular neighborhood W surrounding the
defects. This yields a manifold with boundary M\W,



Y Yoy

vy

(b)
Y D)
O-0C

FIG. 2. (a) Permutation defect (black) and the enclosing
regularization surface Y (purple). The handles of Y have
circumferences ¢ < L. Cutting along the red lines yields
four three-punctured spheres, one around each vertex, here
depicted as Ys,,. (b) Cross section of the tube on the boundary
of region C, in the example of J1. Unfolding the permutations
around this tube creates two disjoin tubes, one corresponding
to replicas 1,2 and one corresponding to replica 3.

where M is the closed three-manifold obtained via the
standard gluing procedure. Consequently, the measure
is given by the partition function
Mx Z(M\W). (15)
In the case of TMEs, the boundary ¥ = 9(M\W) = oW
is a high-genus surface. It carries gapless modes de-
scribed by the edge CFT. As explained in Fig. 2, we
construct ¥ in two steps: first, we introduce the reg-
ularization surface Y that encloses the one-dimensional
region boundaries in each replica. The lengths of the
handles of Y scale as L, and their circumferences scale as
the cutoff € <« L. Then, we construct the surface ¥ by
taking R copies of Y (one for each replica), cutting and
gluing them according to the permutations 74 5 c. In
short, the surface Y encodes information about the re-
gion boundaries, while ¥ encodes additional information
about the applied permutations.
Next, we evaluate the partition function Z(M\W). In
the limit ¢/L — 0, Sec. III shows that this partition func-
tion can be separated into bulk and edge contributions:

M X Ztopo(M)ZCFT(E) .

Specifically, Ziopo(M) is the bulk TQFT partition func-
tion and Zcpr(X) is a chiral CFT partition function eval-
uated at the surface X. In the following, we omit the sub-
scripts “topo” and “CFT”, and simply write Z(M) and

(16)

Z(X). The standard TQFT approach only covers Z(M).
We will focus on Z(%) from now on.

Although the magnitude of Z(X) can be of indepen-
dent interest [33, 44], it is the phase of Z(X) that possi-
bly encodes the necessary information to diagnose chiral
topological phases. Besides the general symmetry argu-
ment presented earlier, the insensitivity of the magnitude
to chirality can also be understood from the regulariza-
tion perspective. Consider the “doubled” theory formed
by taking the tensor product of the original theory with
its time-reversal conjugate. The magnitude | M| corre-
sponds to the square root of the measure evaluated in
this doubled theory. Crucially, the doubled theory is non-
chiral and always admits a gapped boundary [45]. Conse-
quently, the permutation defects can be regulated with-
out introducing a gapless edge (for example, by defining
the path integral in discrete spacetime). This implies
that the magnitude is largely blind to the chiral central
charge, leaving the phase as the primary probe !.

Indeed, we find the phase of Z(X) is proportional to
c_ in the limit ¢/L — 0. To demonstrate this, it is con-
venient to consider a pair-of-pants (POP) decomposition
of ¥. This procedure decomposes a closed surface into
a union of multiple three-punctured spheres (see Fig. 2).
As detailed in Sec. IV, if the surface ¥ has a genus g, we
can characterize it, more precisely its conformal struc-
ture, by 3g — 3 length parameters [;, which describe the
perimeter of the holes on each pair of pants, and 3g — 3
twist parameters 7;, which describe the angle by which
two POPs are twisted when glued to each other. These
are the Fenchel-Nielsen coordinates [46-48]. The par-
tition function is evaluated by summing over the CFT
states at the holes between each POP. Given a pair of
glued holes with the length parameter [; and twist pa-
rameter 7;, the contribution from a CFT state propagat-
ing between the two POPs takes the form e~ Fs/LitiPs7i,
where F, Ps are the energy and momentum of the state.
In the current problem, all length parameters [; approach
zero as €/L — 0. As a result, only the CFT vacuum
state |0) propagates between any two POPs. The vac-
uum states of two adjacent POPs are glued with a twist
T;, giving a contribution to the partition function of the
form [49, 50]

iTiC_

(0le'™7]0) = e~ 7=, (17)

where P is the momentum operator. The total phase of
the partition function is then given by

Z(¥) o exp <Z264 ZTZ>

(18)

1 A subtle point is that, while not strictly universal, the corner
contributions discussed in [6] are argued to satisfy a universal
lower bound. The lower bound associated with the original state
and the square root of the lower bound for the doubled state
could be different.



The above equation is the main tool for our calculations.
It relates the phase arg M to the geometry of the surface
3 and the chiral central charge. In Sec. IV we show how
the twist angles can be computed given the permutations
TA,B,C-

An important subtlety of the discussion above is that
both the bulk and edge partition functions in Eq. (16)
suffer from the “framing anomaly” [51, 52]. The framing
anomaly is present since, for chiral theories, the parti-
tion function Z(M) does not depend exclusively on the
topology of M, but also on a choice of framing of M. A
framing of a manifold M is a choice of basis for the tan-
gent bundle of M at each point. Any two framing choices
are related by a relative winding number. The framing
anomaly means that, when passing between two choices
of framing, the partition function transforms as

2mwike_

Z(M) — e~z Z(M) (19)

where k € Z counts the winding number of the new fram-
ing with respect to the old one. A similar anomaly ex-
ists in the partition function Z(X), as we will discuss
in Sec. IV. We will not deal with the framing anomaly
directly here, but will rather evaluate the quantities of
interest up to a phase factor of the form (19) and rely on
physical arguments and numerics to fix the ambiguity.

C. Outline of the paper

The remainder of the manuscript is organized as fol-
lows. In Sec. III, we provide the general prescription
for calculating Rényi entanglement measures in Chern-
Simons theories and show that the result separates into
the bulk and edge contributions. In Sec. IV, we pro-
vide the essential technical tools for the calculation of
the twist angles 7; and, as a result, the edge contribu-
tion to the partition function. In Sec. V and VI, we
apply these tools to calculate the Rényi modular com-
mutator and the Lens-space multi-entropy. In Sec. VII,
we extend our framework to systems with U(1) symme-
try and obtain the charged Rényi modular commutator
for quantum Hall conductance. We also numerically cal-
culate these TME measures in three lattice models and
collect the results in Sec. VIII. The first two are the Ki-
taev honeycomb model [22] and a Chern insulator, for
which the calculation can be done in polynomial time,
resulting in very accurate estimates of the entanglement
measures we considered above. The third model is a trial
wavefunction describing the v = 1/2 Laughlin state [53],
for which we evaluate J; and Si, via a Monte Carlo
method. The numerical results are in agreement with
our analytical predictions in all these cases. In Sec. IX
we conclude and discuss open questions.

III. BULK-EDGE SEPARATION OF
ENTANGLEMENT MEASURES

In this section, we provide the general field-theoretical
framework for calculating entanglement measures that
explicitly account for edge state contributions. We be-
gin with the simplest case, bipartite entanglement, to
illustrate the main ingredients. While this case has been
analyzed by Ref. [41, 54], we introduce a modified pre-
scription that generalizes naturally to the multipartite
setting. The main goal is to derive Eq. (16). In essence,
we show that TME measures factorize into distinct com-
ponents: a topological contribution from the bulk TQFT
and a geometric contribution governed by the edge CFT.

A. Bipartite entanglement

To properly define entanglement measures in a field-
theoretical framework, we must first resolve a conceptual
obstacle: the Hilbert space of a quantum field theory does
not naturally factorize across spatial boundaries [17-19].
This is related to the fact that, if the theory is regu-
larized on the lattice, the entanglement entropy is UV
divergent. To remedy this issue, we embed the physical
Hilbert space into a tensor-product space using the so-
called “cutting map” [40]. As we demonstrate below, this
procedure inherently requires a short-distance regulariza-
tion. We will later show that the universal information
we extract from TME is independent of the microscopic
details of this regularization.

Consider the bipartite entanglement between a subre-
gion A and its complement A€, both having the topology
of a disk. The cutting map is an embedding of the form

Z-EIH—>HA®HAC. (20)

where H is the Hilbert space of the entire system, and
Ha/Hae is the Hilbert space in the region A/A°. For
Chern-Simons theory, Ha,Hac are the Hilbert spaces
of the associated edge CFT on the boundaries of the
disks [55]. The map i. depends on a small regularization
parameter, which is the cutoff scale of the theory. The
most natural way to define the cutting map is by using
a Euclidean path integral, starting from the state in H
and adding a boundary condition on a tubular neighbor-
hood of QA at the final time slice to obtain a state in
Ha ® Hae. Schematically, we have
A e A e A€

>

NN

lich) € Ha @ Hae (21)
) € H

The shaded area between 1 and .1 represents the Eu-
clidean path integral, and the blue arcs represent the
edges where we assign boundary conditions for the field.?

2 In general, the cutting map should satisfy a “shrinkable” condi-
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FIG. 3. Calculation of the nth Rényi entropy using the ex-
tended Hilbert space approach. Gluing n copies of p results
in the partition function on a single copy of S® with a solid
torus excised.

The resulting state will depend on the regularization pa-
rameter €. To give a physical picture of the construc-
tion of |i.)), we can imagine cutting the system along
the boundary of A, creating two disks with counter-
propagating edge modes. We then mend the cut by cou-
pling the two edge modes, generating an energy gap of
order O(1/e).

We can use this approach to compute the n-th Rényi
of the region A. The n-th moment Tr p’} is calculated by
taking n copies of |i.1), gluing the region A of replica i to
i+ 1 (mod n), and the region A° to itself. The resulting
path integral should be carried out on S with a torus-
shaped boundary, whose handles have circumferences L
and ne (see Fig. 3). This partition function can be cal-
culated directly by employing modular transformations.
We present a different method which will be useful in the
general case. The partition function is

(22)

where the solid blue torus is the boundary and N =
(ic)icy)) is the wavefunction normalization factor. We
“cut” the manifold along the dotted red torus by insert-
ing a resolution of identity of the TQFT, where each state
|ta) is represented by a solid torus with a Wilson loop

inserted
— @

a

|7/}a> =

tion: any two states ¥, 1)’ under the embedding obey (ict|icy)’) =
e~ 51 (1h|1’) when € < 1, where S, is localized on the regularized
entangling surface A x S1, a thin torus in the case of bipartite
entanglement [42]. Importantly, S| is independent of v, and
is a local counter term. Therefore, the boundary condition on
OAx S! “shrinks” to a trivial codimension-2 operator in the limit
€ — 0. The Dirichlet boundary conditions for the Chern-Simons
theory obey this condition.

We thus have

(&)

(24)
The terms C,, are normalization constants accounting for
the path integral representation of inserted states |t¢,),
and the last term is the partition function of the torus
with a Wilson line of charge a inserted. It is given by
the character x,(iL/ne). In the limit L/e > 1, we have
Xa(iL/ne) = €277 (3T ~ha) with ¢4+ = ¢+ being the total
central charge and h, > 0 the conformal dimension. We
will take c; = c¢_ in the case of a purely chiral CFT. The
vacuum sector (with ¢ = 0) dominates, and we have

T ~ ;1002(53)4@) (25)

which can be compared with (16) in the case of a genus
g=1. Here Cy = Z(S? x S1) =1 and Z(S?) = D7}, we
therefore get

1
TI',D’Z = WZOQZ

2mey

Trp% = — D te 2 ne. (26)

The computation of the wavefunction normalization fac-
tor N is identical to the above procedure except that the
boundary torus has circumferences L and 2me. We obtain
the Rényi entropies as

2rcy n+1

Sa(d) = - 24e n

log Tr p'} ~

L —logD
(27)

n—1

up to corrections that are exponentially small in L/e.
The second term gives the topological entanglement en-
tropy 3,

B. Multipartite entanglement

We now extend our analysis to multipartite entangle-
ment measures, specifically the TME (1). The gener-
alization of the cutting map is straightforward: we de-
fine the embedding by regularizing the neighborhoods
along all region boundaries shown in Fig. 1. This maps
the entanglement measure to a path integral on a three-
manifold M\W, where W is an excised tubular neighbor-
hood around the permutation defect. Compared to the

3 Note that the discussion above shows that the entanglement-cut
picture is equivalent to the Li-Haldane conjecture [4]. Indeed,
(22) can alternatively be written as Tr p”y = ﬁxo (ne/L), which
is, by definition, the sum over ), e~"¢Ei/L where F; is the spec-

trum of the CFT in the vacuum sector. Since the traces match for

any n, we conclude that the spectrum of K = —logp is €E; /L,

up to a constant shift. This provides an alternative argument to

[5], under the assumption of a Chern-Simons description.



bipartite case, two complications arise. (1) The closed
bulk M can be more complicated than S3, such as the
lens space L(r,1) in the case of ®,.. (2) the boundary
surface ¥ = OW is not a torus, but rather a higher-genus
surface. For example, even calculating the wavefunction
normalization (i.9|i1)) involves a genus-3 surface.

Nevertheless, the general principles still hold. To com-
pute the TME M, we now perform the cut along a sur-
rounding genus-g surface (drawn below as a genus-3 sur-
face for the sake of clarity) by inserting the complete set
of states of the form

a3

[%1ay) = @@@ . (28)

[ ag

where a; label the CFT states propagating along the han-
dles. Inserting the resolution of identity, we obtain

1 a (29)
= ¥R G{ai}Z(m )

{ai}

The propagation of a state a; along each handle of X
yields a contribution of the form GZW%(%_}L‘”), where L
and e denote the length and circumference of the handle,
respectively. As ¢/L — 0, the term with all a; = 0
dominates the sum. This leads to the factorized form in
Eq. (16)

M= %c{o}zw)z@). (30)

The normalization coefficient Cgy is given as the parti-
tion function of the manifold H, obtained by gluing two
genus-g handlebodies (the surface of genus g with the in-
side filled) with the identity map on their boundaries. It
can alternatively be written as

Hy = (5% x SH#(S? x SH# ... #(5%* x SY),  (31)

g times

where # denotes a connected sum of manifolds, defined
by deleting a ball around a point in each manifold and
gluing together the resulting boundary spheres (for ex-
ample, S3#S5% = S§3). Using the TQFT formula [51]

Z(My#My) = Z(My)Z(My)/Z(S?) (32)
we get

Cioy = Z(Hy) ' = (Z(5*)"'=D'"9.  (33)

If Z(M) vanishes exactly (for example, Lens-space multi-
entropy (9) for the v = 1/2 bosonic Laughlin state), we
instead get the contribution with the lowest scaling di-
mensions h,, other than the vacuum. We focus here on
the generic non-vanishing case.

The calculation above relies on a subtle assumption: all
handles of ¥ are degenerate. That is, the only handles
are the thin, long tubes around the defects, and ¥ does
not have additional “small” handles around the vertices.
Otherwise, the approximation of taking only the vacuum
sector from Eq. (29) to (30) breaks down. In App. C we
show that the calculation is valid provided that the space
M obtained by gluing is a manifold (rather than a CW
complex in the general case). Specifically, we require

Z |7T[J‘:8+4R, (34)
1JE€{A,B,C,A}; T£J]

where 7177 = 77" and || is the number of independent
cycles in the permutation 7. * This condition holds for
all entanglement measures considered in this work. An
example where the condition does not hold is the higher
multi-entropies considered in [33].

We remark that our results are fully consistent with
the previous results obtained within the TQFT pic-
ture [8, 30]. The consistency rests on two observa-
tions. First, prior works focused on time-reversal invari-
ant entanglement measures, for which the edge contribu-
tion Z(X) derived in our framework reduces to a non-
universal area-law term, leaving the bulk piece Z(M) as
the sole universal contribution. Second, one might ques-
tion whether the factor Cyoy = D'~9 introduces a dis-
crepancy. However, we show in App. C that

log C{o}

1
log D =l-g= ZOUK - §(|7TU| +|mik| + I71K]),

Vi

(35)
where I, J, K label the three regions that border v;, and
orjk is the number of independent orbits of the group
generated by 77y, 7k on the R replicas. Namely, Cyoy
effectively behaves as a product of corner contributions.
Therefore, in any subtraction scheme designed to isolate
topological invariants (such as the Kitaev-Preskill and
Levin-Wen prescriptions [3, 7]), these corner terms can-
cel out, preserving the agreement with standard TQFT

results.”
Finally, we address the sensitivity of our results to the
specific regularization scheme. As an example, in physi-
cal applications, the cutoff scale ¢ < L might be position

4 We also assume that the group generated by 777, 77k acts tran-
sitively on the replicas for any distinct I, J, K.

5 From a field-theoretical perspective, M includes a multiplica-
tive local geometric counterterm e~S¢l that can absorb Cioy =
D'—9. Specifically, the integral of the scalar curvature S¢ 3
fz Re \/ﬁde yields a contribution proportional to 1 — g via the
Gauss-Bonnet theorem.



FIG. 4. The structure of ¥, and its mapping to Y,. Here we
used the example of v; and the permutations giving Ji, with 3
replicas. Each of the surfaces Y, is a three-punctured sphere,
drawn here as the complex plane with two holes (ramification
points) at z = 0,1, and a hole at infinity (blue curves). There
are also two additional holes in ¥ with no ramification (i.e.,
f'(2) # 0), which will be ignored later in the paper. The
horizontal line is the ¢ = 0 line, which divides the ¢ < 0 side
of the surface, labeled with the replica index ¢, and the ¢t > 0
side, labeled with *. The covering surface X, covers a generic
point of Y, R times, and is obtained from the permutation
operators between the replicas. The black lines in 3, map to
the t = 0 line in Y,,. We indicated with red labels which replica
permutation is acted by when the ¢t = 0 lines are crossed.

dependent. Given the topological nature of the TME
argued in Sec. II, the universal results must be robust
against such microscopic details. In App. D, we pro-
vide a more specific discussion of this question within
the field-theoretic framework. By mapping the choice of
regularization to a choice of complex structure on X, we
show explicitly that the details of the regularization pro-
cedure do not affect the universal results considered in
this paper.

IV. CALCULATION OF THE EDGE
PARTITION FUNCTION

In this section, we detail the calculation of the edge
partition function Z(X), focusing on extracting the phase
determined by the permutations 74 g .c. The calculation
relies on decomposing the high-genus surface X into pair-
of-pants (POPs). We then utilize Fenchel-Nielsen coor-
dinates to characterize the gluing geometry, specifically
the twist angles. As established previously, these twist
parameters are the essential quantities that dictate the
phase of Z(X%).

A. General strategy

For a Rényi-R TME measure, the surface X is iden-
tified as a R-sheet covering surface of the regularization
surface Y. Related to our discussion in the previous sec-
tion, Y is associated with the norm squared of the wave-
function |i.¢)) after the embedding. To construct X, we
take R copies of Y, cut, and glue them according to the
permutations m4 g ¢. The general strategy for analyzing

the geometry of ¥ is to break it up into sub-surfaces 3,,
around each vertex, analyze each of these sub-surfaces
separately, then obtain the twist angles 7; that describe
how they are glued together. This is achieved as follows:

1. Cut the surface Y along the cross sections of the
thin long tubes around the boundary of the re-
gions (the red lines in Fig. 2). This decomposes
Y into a set of vertex surfaces Y, each of which is
a three-punctured sphere. As drawn on the right
side of Fig. 4, we can conformally map Y, into a
Riemann surface C with three punctures located
at the reference points z = 0,1,00. The radii of
these punctures on the Riemann surface are expo-
nentially small in L/eS.

2. Find the covering vertex surface ¥, i.e., the part
of ¥ that covers Y,. Provided that the condi-
tion (34) holds, each surface ¥, is topologically
a sphere with multiple (at least 3) punctures (see
Fig. 4). Consequently, characterizing ¥, amounts
to constructing an analytic ‘uniformization” map
f : C = C, which maps the R-sheet cover onto the
base sphere, and maps punctures on Y, to those
on Y, at z = 0,1,00. The structure of f near
the punctures is constrained by the permutation.
Specifically, near a pre-image zy of one of the three
reference points, we have f(z) =~ f(20) + (z — 20)",
the ramification index n is the length of the permu-
tation cycle. The problem of finding such covering
maps was studied in the context of correlation func-
tions of twist defects in CFT, for example in [57],
and we use their results in multiple occasions.

3. Glue the vertex covering surfaces. Using the ex-
plicit description of the surfaces ¥, we can calcu-
late the twists 7; between two glued surfaces, and
obtain the partition function using (18). The cal-
culation detail is described below.

B. Fenchel-Nielsen Coordinates

To quantify the angles between the glued surfaces 3,
we use the Fenchel-Nielsen coordinates, a canonical co-
ordinate system for the Teichmiiller space of hyperbolic
surfaces. In this section, we review the definition of these
coordinates, with a focus on the twist parameters rele-
vant to our partition function calculation. Our discus-
sion will mostly follow Ref. [46]. The reader can refer
to standard textbooks on Teichmiiller theory for more
details [46-48].

The space of conformal structures of all closed oriented
surfaces of genus g > 1 (the Teichmiiller space) has a real

6 The map that takes the region of the puncture to a cylinder of
circumference 2mwe and length L will be of the form w = €eln z.
See e.g. [56]
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FIG. 5. (a) Using seams to measure the twist angles 7;. The
seam (purple line) is first homotoped such that it agrees with
the geodesics (blue lines) inside each of the POPs. The angle
7; is then the angle traveled by the seam between the two
geodesics. (b) In our cases of interest, we might have four
different “seams” between the two geodesics. Among them,
two will measure the same value of 7; (the purple lines), and
two (the red lines, the solid one of which is on the front and
the dashed one on the back) will measure the values 75 £ 7.
We take the value as measured by the two seams that agree.

ls

dimension 6g — 6. The Fenchel-Nielsen (FN) coordinates
provide an explicit parametrization of this space based
on a pair-of-pants (POP) decomposition. The main idea
relies on the uniformization theorem: for any surface 3
with negative Euler characteristic equipped with a con-
formal structure, there is a unique hyperbolic metric of
constant curvature that is compatible with this structure.
In this metric, the conformal structure of each individual
POP is uniquely specified by the geodesic length [; of its
three boundaries. They provide the 3g — 3 length param-
eters of the FN coordinates. Our problem is defined in
the “thin-tube” limit, where every puncture is pinched
l; = 0. Therefore, we focus exclusively on the remaining
degrees of freedom.

The remaining 3g — 3 coordinates are the twist pa-
rameters 7;, which characterize the angle at which two
adjacent POPs are glued. To define them, we note that
inside each POP, any two boundary punctures are con-
nected by a unique geodesic of minimal length, the or-
thogeodesic [46]. A naive definition of the twist param-
eters 7; is the angular offset between the orthogeodesics
of adjacent POPs at the gluing interface. However, this
procedure only defines 7, mod 27, whereas the phase of
the partition function (18) depends on 7; as real param-
eters. To resolve this ambiguity, we fix a global frame of
reference by introducing a set of seams on the surface.
These are nonintersecting closed curves {8;} on ¥ such
that exactly three seams traverse each POP, one connect-
ing each pair of the three punctures. We use these seams
to define the twists as follows: consider a seam passing
between the two POPs, homotope it to align with the
orthogeodesics inside the POPs; the twist 7; is the angle
the seam traverses along the boundary of the two POPs
(see Fig. ba). Our sign convention will be that 7; is posi-
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FIG. 6. Illustration of the seams used to calculate J,, as
drawn in Fig. 7. Handles corresponding to punctures with
ramification 1 are not included in the figure.

tive when the seam turns right as it touches the boundary
between the POPs.

The fact that an additional choice of seams is needed
to fix the angles 7; can be seen as the manifestation of the
framing anomaly in the partition function Z(X). Namely,
we see that without fixing the seams, the result is only
defined up to an integer power of exp(2mic_/24). We
do not have a unique choice for fixing this phase factor.”
We will now suggest a prescription that fixes the ambigu-
ity in the examples we consider, and show below that it
matches the numerical calculations. Note that it is suffi-
cient to resolve the ambiguity for a single model, as this
integer phase factor is model-independent.

In our case, a natural choice of seams will be the preim-
ages of the ¢ = 0 lines (the black lines in Fig. 4). This is
motivated by the fact that, when no permutations are ap-
plied, they are flat and therefore represent no twist. The
issue with this choice is that, generally, more than three
t = 0 lines traverse each POP. We propose to remedy this
as follows: since the lines are always non-intersecting,
between any adjacent POPs there are at most four such
homotopically distinct lines. In the cases of interest here,
two will measure the same value of 7; (the purple lines
in Fig. 5b), and the other two will measure 7; + 7 (the
red lines). We will take 7; as measured by the two lines
whose values agree.

V. RENYI MODULAR COMMUTATOR

In the TQFT picture, each density matrix in (4) is
represented as a ball [12, 30]. The manifold M obtained
by gluing the the density matrices and taking the trace
is topologically S3. Choosing the framing on M such
that Z(M) = Z(S3) = D71, the only contribution to the

7 Mathematically, this stems from the fact that Z(X) depends on
3. as a point in the Teichmiiller space of genus g surfaces, rather
than as a point in the moduli space [52].



phase of J, is Z(X). In this section, we calculate the
phase contribution of .J,,, deriving the formula (6).

We first find the covering map X, — Y,, in the vertices.
This map does not depend directly on the permutations
w1, T, 3 around the vertex, but rather on the form of
the defect lines around the vertex, which are given by
Ty L, oy L, 3wy L. As aresult, the same covering map
can be used for all ;. In general, we need a map that
has a ramification point of order n+ 1 around 0, 1, and a
ramification point of order 2n + 1 around infinity. That
is, we want

wntl w—0
Jw)~(w—-—1)""+1 w—1 (36)
w2ntl w — 00

See Ref. [57] for the general result and this simpler ver-
sion (36) is sufficient to draw the regions 3, and under-
stand how they are glued together. We draw the covering
surfaces around each vertex in Fig. 7. Note that there
are additional holes, corresponding to n pre-images of
w = 0,1 with ramification order 1. These holes do not
contribute any twists and are ignored in the calculation.

The surfaces ¥, in these examples are POPs, and their
orthogeodesics are placed on the real line (the horizontal
line in Fig. 7). Each replica index continues between any
two POPs at the edges where they are glued. We then
choose the seams according to the prescription in Sec. IV
and measure the twist angles. The topology of the seams
is illustrated in Fig. 6. We find

2mn
Tvive = Togvy = — 5
2n+1
+ . (37)
Tvivs = Tvivgy — Twgvg = Twgvy — n+l

Since the holes between any two POPs are uniquely de-
termined by the vertices they connect, we use the vertices
v;v; as the indices of the angles 7;. Plugging Eq. (37) into
Eq. (18) yields Eq. (6), as we claimed.

Let us illustrate explicitly how the calculation is car-
ried out in the example of 7,,,,. The calculation of other
twist angles is similar. Consider the seam denoted by
the dashed red line in Fig. 7. In X, this red seam al-
ready goes along the orthogeodesic. In ¥,,, we need to
homotope this red seam to the orthogeodesic (the hor-
izontal line). In the example drawn with n = 2 it will
then cover an angle 27/3 on the boundary between v,
and vs. For general n, the angle will be n7/(n +1). We
present another detailed example in App. E.

We remark that our calculation relied on a choice of
seams, as well as assuming the canonical framing on the
manifold M = S3 (such that Z(M) = D~!). While this
choice is natural, we need to verify this result numerically,
as shown later.
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FIG. 7.  The covering surfaces X, used in the calculation
of J,, presented here for n = 2. The orthogeodesics of the
POPs are the real (horizontal) lines, and the gluing angles are
measured with respect to that line. The angles are measured
using the colored seams in the picture, which are chosen ac-
cording to the prescription described in Sec. IV. Not drawn
in this figure are additional holes corresponding to the pre-
images of w = 0,1 with ramification order 1.

VI. CHIRAL CONTRIBUTION IN THE
LENS-SPACE MULTI-ENTROPY

Here we calculate the fractional part of the phase con-
tribution in (9). There is an ambiguity in the calculation
below, as there is no natural choice of POP decomposi-
tion, and there is possibly an additional framing anomaly
in Z(M). Therefore, our calculation of Z(X) will only
give >, 7; mod 2w. We will then give some physical ar-
guments to support the result (9).

We first find the covering maps of Y,,. As in the pre-
vious case, the same covering map works for all vertices.
Considering the permutations in Eq. (7) and the struc-
ture of the vertices in Fig. 2, each vertex has two holes
whose corresponding permutations (which are applied
when encircling the hole) are of order 2, and one hole
whose corresponding permutation is of order r. There-
fore, the covering maps should have r preimages for the



FIG. 8. The covering surfaces ¥, used to calculate the phase
contribution to ®, (here r = 3). Since the surfaces have more
than three punctures in this example, we consider a choice of
POP decomposition of ¥, (dashed purple lines). The dotted
dark red lines represent a choice of seams for calculating 7;.
Note that the vertices v1,v2 and vs,v4 are connected via two
punctures: one at 0 and one at oo.

points z = 0,1, each with ramification 2, and 2 preim-
ages of z = oo, with ramification r. We can obtain the
map by first unfolding the twists at the points 0, 1, then
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unfolding two r-fold twists. We obtain the map

(wr + 1)2 (wr + 1)2
2= fw) (w™+1)2 — (w" —1)2 4w (38)
We see that the preimages of 0 are at w” = —1, the

preimages of 1 are at w” = 1, and the preimages of oo
are at 0,00. We can therefore draw the covering surfaces
as in Fig. 8.

In contrast to the case of .J,,, where some holes could
be ignored so ¥, become three-punctured spheres, here
3,; have more punctures. To calculate the twists, we
need to choose some POP decomposition of each of ¥,.
Unfortunately, there is no “canonical” choice to be made
here. After making such a choice (drawn in Fig. 8), we
find that the twists at each of the punctures at w = 0, co
have 7; = w(1 — 1). We have 4 such punctures: two
between v1, v and two between vz, v4. The contributions
of all other twist angles are /2 and cancel mod 2. We
therefore obtain

mod 27, (39)

To-
7

giving the second part in the exponent in (9).

To obtain the first part of the phase in (9) (the integer
part inside the parenthesis), one has to properly deal with
the framing of M and ¥. We instead argue for the result
based on two mild assumptions, and verify our results
numerically later. In general, we can write

(r(r)+2) Zd?ﬁ;' (40)

2mic__

b, =

Where x(r) is some integer-valued function. As we show
in App. B, hermiticity fixes £(2) = 2. We now add two
additional assumptions: the first assumption will be that
we can write

k(r)=ar+b (41)

for some integer coefficients a,b. This reflects the fact
that we expect the amount of winding of the framing
to be at most linear in r. The second assumption is
that there is a well-defined » — 1 replica limit, in which
®, — 1. This fixes x(1) = 1, and we conclude that
Kk(r)=r.

VII. CHARGED RENYI MODULAR
COMMUTATOR

Here we consider wavefunctions with a global U(1)
symmetry and prove Eq. (14). The main tool for the
calculation of S,, ,, is a modification of Eq. (17) to incor-
porate the ground state in the sector with a symmetry
defect. We consider a U(1)-symmetric chiral CFT de-
fined on a ring, and implement a U(1)-twisted boundary
condition by requiring

p(2m) = " Ip(0)e 9" (42)



for an arbitrary field ¢. Here @ is the charge operator,
and « € [0,27] labels the twist. The expectation value
(17) of the momentum operator then becomes

ity i 2.
iTiC_ +zamyai T

<Oa'i|€iTiP|0(Xi> =e i (43)

Eq. (43) is a consequence of the spectral flow. More phys-
ically, let the chiral CFT be the edge of a quantum Hall
system. We can create an a-twist on the edge by thread-
ing magnetic flux inside the bulk, which then pumps mo-
mentum (and energy) onto the edge. We explain this
result in more detail in App. G.

The phase contribution to Z(X) is then given by

Z(Z)ocexp(iZ—E—i—W). (44)

An important subtlety is that, for the calculation of S,, ,,
we need to consider “imaginary” symmetry defects. This,
however, can simply be carried by analytically continuing
«; and setting them to be imaginary.

With this result at hand, we can use the method de-
scribed in the two previous sections to obtain Z(X). Each
vertex has two ramification points of order n + 1, which
we can choose to put at 0, 00. The covering map on each
vertex is then

f(w) = w" (45)

In Fig. 9, we draw the POPs at each vertex. We note
that the surfaces Y,, include additional n punctures cor-
responding to the preimages of 1 under f. We ignore
them as these are not ramification points, and do not
contribute to the twists. Using an imaginary defects, the
twist and phase defect contributions are

nim
Tvyve = Tvgvg = _n + 17
nm
Tvivse = Tvgvg = n—+ 17 (46)

Qyrvg = Qygyy, = UM,

Oy vy, = Olyyug = 0.

Using (44) we obtain (14). Notably, we see that the con-
tributions of the twist angles alone cancel. This is ex-
pected: when p = 0, the value Sy, is the n-th moment
of the reduced density matrix, and has no phase contri-
bution.

VIII. NUMERICAL VERIFICATION

We have systematically ignored framing anomaly in
our analysis. Relatedly, the choice of seam for determin-
ing twists also has an intrinsic ambiguities. Therefore,
it is necessary to numerically verify our results in micro-
scopic models.
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FIG. 9. The covering surface use to calculate S, (here
n = 2). The green lines correspond to the U(1)-defect lines.
We note that through the puncture connecting vivs we have
two defects with opposite orientations, and their contributions
cancel. We did not draw punctures that carry no ramification
and no defect lines through them.

A. Kitaev Honeycomb Model

We first verify our results on J,, and @, using the Ki-
taev honeycomb model [22]. The model consists of spins
with S = 1/2 on the hexagonal lattice. It displays a
non-chiral toric code topological phase and a chiral Ising
topological phase with c_ = 1/2. Importantly, the model
can be mapped exactly to a system of fermions coupled to
a static Zy gauge field, allowing for efficient calculations
in polynomial times [58] (see Appendix H for details on
the numerical procedure).

To benchmark our analytical method, in App. F we de-
fine and calculate an additional multi-entanglement mea-
sure K. Similarly to J,,, it is defined on 2n + 1 replicas
and is sensitive only to the chiral central charge. Fig. 10a
contains the analytical values of the phases of J,,, ®, and
K, for the Ising phase. These values are calculated based
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FIG. 10. (a) Analytical predictions on the angles of J,, ®,
and K,. These values are calculated from the known topo-
logical data of the Ising topological phase: ¢— = 1/2, quan-
tum dimensions dp = dy = 1, do = V2, and spins 6y = 1,
Oy = —1, 0, = e*™/16. (b) The relative error for the three
measures J,, P, K,. These are calculated for the Kitaev
model on a torus with ns X ns sites, with parameters ns = 16,
Jr = Jy = J. =1, K = 0.3. The errors increase with the
number of replicas, but are below 0.005 for all examples con-
sidered here.

on known anyon data of the Ising phase.

Fig. 10b shows the normalized errors of the numerical
results, where we choose a set of Hamiltonian parameters
such that the model is deep inside the Ising phase. Our
analytical predictions (Fig.10 (a)) match very well with
the numerical results, with better accuracy for a smaller
number of replicas. Qualitatively, this matches the ex-
pectation that lower Rényi values should suffer smaller
finite-size effects [59].

Fig. 11 shows the phases of J,,, @, across the transition
from the toric code (TC) to the Ising phase of the model.
We find that these phases remain zero inside the toric
code phase and jump to the predicted values across the
transition, in good agreement with the analytical results.

B. Chern Insulator

We verify our result (14) for the Hall conductance using
a U(1) symmetric state, the Chern insulator, which has a
unit quantum Hall conductance o,y = 1/27. A standard
model is Haldane’s model on the honeycomb lattice [60].
For convenience of implementation, we choose an equiv-
alent but different microscopic model that is composed
of two copies of the free Majorana model used in the Ki-
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FIG. 11. The values of (a) J, and (b) ®, across the TC-Ising
transition tuned by J, = Jy, calculated with J, = 1, K =
0.3,ns = 10. The transition point is at J, = 0.5.

taev Honeycomb model (with no coupling to a Zy gauge
field), with a U(1) symmetry rotating between the two
copies. In Fig. 12, we present the result for arg(S, )
using different values of p and n, and for ny; = 16. Our
result agrees with the prediction (14). The deviations are
larger for larger u,n.

C. Bosonic v = 1/2 Laughlin state

As an additional check, we evaluate our prediction on
a trial wavefunction in the phase of the bosonic v = 1/2
Laughlin state [53]. This phase has both a unit chiral
central charge c. = 1 and a fractional quantum Hall
conductance o5, = 1/4m, and it does not have a free-
fermion description. The same wavefunction was also
used to verify the modular commutator (2) by Ref. [61].

To describe the wavefunction on the sphere, we first
consider the planar geometry, where N spins are are
placed at points {z;} and are labeled by s; = +1. We
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FIG. 12. (a) The phase of Sy, as a function of p, and different
values of n. It displays the same functional form predicted
in (14). In (b) we normalized the results by the predicted
results, such that the value 1 indicates perfect matching with
our predictions.

then set a spin wavefunction

[C({2:1) = > 0psy [ (2 — 2en) 25 [{si})  (47)

{si} n<m

where d7,,1 s 1if ), s; = 0 and zero otherwise. To define
the wavefunction on the sphere, we relate the sphere to
the plane via stereographic projection. Namely, we label
each point on the sphere by (¢;,6;) and assign

sinf; 4,

= 48
1+cost9ie (48)
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where 6; € [0,7],¢; € [0,27). We used the scheme de-
scribed in [61] to evenly distribute the points on the
sphere.

In the absence of a free-fermion description, we eval-
uate multi-entropy expectation values on |¥) using a
Monte-Carlo scheme [15]. The magnitudes of the entan-
glement measures decrease exponentially with the linear
size of the subregion, |M| ~ e‘”‘m, where o generally
increases with the number of replicas. As a result, the
sampling complexity increases exponentially with N
and the number of replicas. Here, we only calculate the
most computationally tractable measures J; and Sy, 1, as
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their evaluation requires only three and two replicas. We
consider regions of equal area on the sphere, and average
the result of each N over random rotations of the sphere,
following [62], to reduce finite-size effects.

In Fig. 13 (a), we present the normalized error of the
numerical result of arg(J;) compared to its analytical
prediction. Curiously, the error decreases faster than the
e bVN scaling we expect based on the analytical argu-
ment. We further remark that the modular commuta-
tor J does exhibit the expected finite-size scaling for the
same trial wavefunction [62], but it can also converge
faster in other models, as observed in Ref. [63].

Fig. 13 (b) shows S, 1 as a function of x for a fixed sys-
tem size. Fitting the resulting curve yields arg(S, 1) =
Ap" with n = 2.05, A = 0.016. Both numbers are close
to the analytical results, n =2, A =1/167 = 0.0199.

IX. CONCLUSIONS

In this work, we presented a method to calculate multi-
entropy measures for chiral topological phases. Using this
method, we were able to obtain a Rényi version of the
modular commutator and the charged modular commu-
tator and calculate the lens-space multi-entropy measure
for chiral phases.

The main omission in our calculation is the framing
anomaly. A cleaner derivation of our results should in-
clude a treatment of the framing of ¥ and M. Specifi-
cally, we need a better understanding of how the framing
of M obtained from the procedure presented in Sec. ITI
compares with other framing choices [66-68]. While we
used the FN coordinates to describe ¥ and obtain its
phase contribution, it might be possible to do it by other
means [69].

While we expect our results to hold for “generic” wave-
functions, they can suffer from spurious contributions,
similar to the entanglement entropy [70, 71] and the mod-
ular commutator [72]. Indeed, as we show in App. I, the
example constructed in Ref. [72] can spoof our measures
as well. In a similar vein, while we considered the en-
tanglement measures in the limit L/€ > 1, we note that
it is more accurate to use £ as the “replica correlation
length” [70] rather than the correlation length (in prac-
tice, we expect the two to be the same in most cases).
However, It is interesting to note that while the exam-
ple in Ref. [72] gives spurious contributions to J,, the n
dependence of the resulting phase is different from the
one predicted in Eq. (6). It might thus be possible to
obtain a more robust measure of ¢_ if we could incor-
porate information from many values of n, and “project
out” spurious contributions.

It is interesting to compare our discussion and Ref. [73],
where the authors show that, for a finite-dimensional
Hilbert space, the existence of a nonzero ¢_ implies that
the wavefunction cannot be “strict area law” entangled.
That is, there must be an o(1) correction to the entangle-
ment area law S = aL—. The “extended Hilbert space”
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argument of S, 1 for the v = 1/2 wavefunction and N = 16, as a function of x. Our Monte-Carlo calculation was implemented

using NetKet [64, 65].

picture considered in this work violates the assumption
of a finite-dimensional local Hilbert space but still has ex-
ponentially decaying corrections to the area-law, as can
be seen in (16). It is thus interesting to ask whether
a nonzero c_, or more generally, ungappable edges [74],
are incompatible with a strict area-law even for infinite-
dimensional Hilbert spaces.

The two main quantities of interest here, c_ and oy,
both measure the anomalies of the edge theory: The chi-
ral central charge means that the edge theory cannot be
regularized on a 1d lattice, while the Hall conductance
means that it cannot be regularized on a 1d lattice while
retaining the U(1) symmetry.

It would be interesting to extend our methods to probe
additional instances of edge anomalies. Importantly, a
universal entanglement quantity could be obtained if we
replace the action e#? in (13) with the action of a Z,
local symmetry (For Z; the universality of the result
can be argued along the lines of App. A). Could this
method probe, for example, the gravitational anomaly in
Zy X Zy symmetric fermionic systems [75]7 We can also
consider entanglement measures that probe finer struc-
tures of symmetry-enriched topological phases, such as
the “higher Hall conductance”, which were obtained from
partial rotations on a ground-state wavefunction in [76].

We can further consider the generalization of the en-
tanglement measures defined in this work to broader
classes of systems, including gapless ones. For exam-
ple, we found that multi-entropy measures analogous to
the LeSME can also be defined for 1+1D CFTs, where
they measure the partition functions on tori of modulus
il + p/q where p,q € Z depend on the chosen entangle-
ment measure, and [ can be tuned arbitrarily. This result
is described in App. J.

Finally, it is intriguing to use the entanglement mea-
sures presented here in experimental settings. As an ex-
ample, J; can be used to verify that certain wavefunc-

tions prepared on quantum devices [77] indeed carry a
nontrivial chiral central charge. Such measurements can
be carried out using random measurement protocols [78]
or by measuring the expectation values of the operators
directly using the Hadamard test. Note that, while in
principle the Hadamard test measures the expectation
value of a unitary operator, it can be modified to mea-
sure the expectation value of a product of a unitary and
a Hermitian operator, as in (13).

As in the case of Rényi entropy, the number of shots
required to estimate the multi-entanglement measures
grows exponentially with the length L of the boundary
between subsystems. This is because the expectation
value decreases exponentially in L due to the area law.
Nevertheless, since the measures themselves converge ex-
ponentially fast to their thermodynamic-limit values as
L increases, the required L grows logarithmically with
the inverse of the required precision €. As a result, the
number of measurements needed to reach a given tar-
get precision scales only as a power law in 1/e. This
makes the proposed approach experimentally demanding
but not prohibitive for moderate system sizes.
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Appendix A: Topological invariance of multi-entropy
measures

1. Invariance of M

Here we follow Ref. [12] to argue that the phase of M,
as defined in (1), is topologically invariant for “generic”
perturbations. The argument is similar to the original
argument on the invariance of the topological entangle-
ment entropy by [3].

Throughout this section, we will find it useful to sep-
arate between the abstract permutations, and the oper-
ators acting within a specific region. We will therefore
denote by 7; ; the permutation 7; acting in region J. We
want to argue for the topological invariance of expecta-
tion values of the form

M = (& |y ama pms o) = ﬂ (A1)

We use the diagram as a shorthand for the expectation
value. We will assume that m = moms, and that there
exist permutations o, 7 satisfying

o? =72 =1,
OTo0 = T3,
— ol (A2)
TMT = Mgy
TT3T = 7T§1

That is, o switches between w9 and 73, and 7 inverts
them. Such permutations o, 7 exist for all ®,., J,.

Under this assumption, we notice that the expectation
values of permutation operators acting on only two re-
gions are real-valued, that is

where, in the first equality, we used the fact that
TABCA |1/)®R> = |¢®R> where Tapca is defined as T act-
ing on all regions. The same can be shown similarly on
expectation values involving my,mo or 7y, 73.

We now make the physical assumption that modifica-
tions of the region boundaries far from a region I do not
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depend on the permutation of region I, namely

~
~

o0

T3 T2
T
@

where corrections are expected to be exponentially small
in L. We note that this assumption is not true for systems
with spurious contributions to the entanglement entropy
[70, 71], but is expected to be true for “generic” systems
[3, 7]. Since the arguments of the denominators are quan-
tized to be 0 or m, it follows that the phase of the numer-
ators must be universally quantized as well and cannot
change under deformations of the external boundary.

To argue that the inside corner can be moved as well,
we notice that

The right hand side is obtained from the left hand side by
applying m; 1in all regions on the ket of the expectation
value. Note that in the right hand side of (A5), m; ' is
applied in A. The inner corner is now external, and the
argument from above can be carried similarly.

2. Invariance of the charged modular commutator

Here we show that the phase of the charged modular
commutator (14) is invariant under deformations of the
region boundaries. The analogous relation to Eq. (A4)
holds when some permutation operators are replaced by
eM?. Tt remains to show that, for any two regions, the
action of the operators acting on only two regions gives
a real result. For the regions BC, we have

where 7 is the cyclic permutation on n + 1 replicas, and
we used the fact that m can be inverted by conjugating it
with a permutation 7 that stabilizes the first replica. We
also used the fact that e#< is Hermitian. Notice that, as a
result, if we replace e#? with a unitary partial symmetry
(for example, with e’*? or with a Z, symmetry), the
argument that the phase is universal does not hold.

The argument for the other pairs of regions follows
similarly, for example, for A, B, we have

-1
s



which is shown to be real using (AG6).

Appendix B: Proof that &, is real

We now prove that Eq. (9) is consistent with the re-
quirement that ®5 is real. That is, defining the sum

> _dab:

we need to prove that s € R. To do so, we use the
result that for every manifold there is a unique canonical
framing [66]. The partition function of the lens-space
L(r,1), in the canonical framing, was shown in [67] to be

> d2or.

Since the canonical framing is unique, the partition func-
tion of a manifold in the canonical framing should satisfy

2mic_

So=e ~ ®

(B1)

2mwic_

Z(L(r,1)) = %e* 8

(B2)

Z(M) = Z(M), (B3)
where M is the mirror image of M. On the other hand,
we know that L(2,1) = RP?® and is identical to its mirror
image. We therefore conclude that sy = S35 as required.

Appendix C: The topology of M and X

As shown in the main text, the topological multi-
entropy measure is mapped to a partition function on
a three-dimensional spacetime region M\W, where M
is the space obtained by gluing the regions A, B,C ac-
cording to the replica permutations andW is an excised
handlebody surrounding the permutation defects. The
gapless degrees of freedom reside on the two-dimensional
surface ¥ = (M\W) = 0W. In this appendix, we ex-
plain how the permutations m4 p,c determine the topol-
ogy of M and X.

We first analyze M using gluing operations within the
standard TQFT picture. Following Ref. [12], we repre-
sent the density matrix p4pc as a three-ball whose upper
and lower hemispheres correspond, respectively, to the
ket and bra of the state:

where the factor D = 1/Z(S%) ensures that Tr PABC,i =
1. To obtain M for a Rényi-R quantity, we take R copies
of such balls, one for each replica, and glue their faces

according to the specified permutations. For example,
the face A of the i-th ball is glued to the face A* of
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the 74(¢)-th ball. The edges and vertices from different
replicas are identified accordingly.

By construction, M is a simplicial complex: a space
obtained by gluing tetrahedra on their faces. Its ver-
tices and edges come from the vertices (triple junctions)
v; and the boundaries of the regions A, B, C, A, respec-
tively. Specifically, given two regions I and .J, there are
2R boundaries (each replica contains two: bra and ket)
before gluing. After gluing, each bra edge is identified
with some ket edge, and any two ket edges related by
the action 775 = 7r17r;1 are also identified. Therefore,
the boundary between two regions I.J contributes |m ]|
edges in M, where || is the number of cycles. Sim-
ilarly, The vertex between three regions IJK can give
rise to multiple vertices in M, the number of which is
the number of orbits of the group (7,7 k), denoted
by orsKk.

However, M is generally not a manifold. The obstruc-
tion is that the neighborhood of a vertex may not look
locally like R3. Specifically, consider a single vertex v in
M and its enclosing surface X,. If M is a manifold, then
X, must be topologically S? so that the neighborhood
of v, or equivalently the interior of X, is simply a three-
ball. Otherwise, if X, has genus g > 1, the interior is
topologically the cone C' X, which is not a manifold.

Suppose M is a manifold, and thus X, is a sphere
given any vertex v. The corresponding regularization sur-
face ¥, C Y, obtained by removing small disks from X,
around the defect lines emanating from v, is a punctured
sphere. As a result, 3 is degenerate, i.e., any nontrivial
genus arises only from the long, thin handles connecting
different X,’s, and there are no additional “small” han-
dles localized near the vertices. In this case, the chiral
CFT partition function Z(X) depends on the CFT only
through its central charge [57], a fact which we use in the
main text.

We now determine whether M is a topological mani-
fold, or equivalently, whether X, = S? holds for any v,
by calculating the Euler characteristic xx, of X,. The
Euler characteristic can, in turn, be deduced from the
permutations, as we now demonstrate.

Without loss of generality, we focus on the vertex v,
between the regions A, B,C. We assume that it gives
rise to a single vertex v in the simplicial complex M to
simplify our discussion (that is, oapc = 1). This is true
when the group (mp, mcp) has a single orbit. The num-
ber of faces, edges, and vertices of X, is related to the
number of balls, faces, and edges in each pspc that are
attached to the vertex v, respectively (see Fig. 14 for an
example of the surface X,). The number of such balls
is 2R (each replica gives two balls, one from the bra and
one from the ket). The number of such faces is 3R (each
replica contributes 6 faces, each bra face is identified with
a ket face). Finally, each boundary between two regions
1J contributes |7;s| edges as explained before. There-
fore, X,, = S? requires

xx, = (2R) = BR) + (Iman| +|mBc| +|macl|) = 2. (C2)



A similar calculation holds for other vertices. We con-
clude that M is a manifold if and only if, for any three
regions I, J, K, we have

|7T],]|+|7TJK|+‘7T[K|:2+R. (CS)
Since the RHS obtains its maximal value (as xx > 2),
this is true only if

> |mrs] = 8 + 4R. (C4)
1,JE{A,B,C,A}; I#J

One can check that this is true for all multi-entropy mea-
sures defined in this paper 8. The calculation above can
similarly be carried out using the Riemann-Hurwitz for-
mula, as was used, for example, in [57, 79]. We find that
this derivation presents a clearer connection between the
topology of M and X.

To determine the genus g of 3, we consider the enclosed
handlebody W. The deformation retraction of W is a 1D
complex whose vertices and edges are exactly those of M.
We thus have

Xw = — Z

Imrg] + ZOIJK~ (C5)
1,Je{A,B,C,A};I#J] vi

On the other hand, gluing two copies of W along the
boundary Y, we obtain a closed three-manifold H. Since
any closed odd-dimensional manifold has a vanishing Eu-
ler characteristic, we have

2xw — x= =xu =0. (C6)
This allows us to conclude that
g—1=—-xg/2=
Z [mrg| — Z OIJK- (€7)
v;

1,JE{A,B,C,A};I#]

This result is used for Eq. (35) in the main text.

Appendix D: Dependence of Z(X) on the
regularization

As shown in Sec. III, the cutting map is implemented
via a Euclidean path integral that imposes boundary con-
ditions on the tubular neighborhoods surrounding the re-
gion boundaries. There is no canonical choice for these
conditions, which is an inherent ambiguity in the regular-
ization scheme. However, the value of the edge partition
function Z(X) is sensitive to the details of this choice.

8 It does not hold, for example, when 74 is a cyclic permutation
and 7w, o are trivial. This is because, in that case, the vertex
v2 has R copies in M, violating the assumption used in deriving
this equation. In that case, M is still a manifold despite the
violation of (C4).
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FIG. 14. The neighborhood of the vertex v in M, illustrated
for the vertex v; and the permutation operators of ®3. The
gray surfaces and dark lines correspond to the faces and edges
of papc,;- The surface X, surrounding the vertex is drawn
here in purple. It has 8 faces, 12 edges, and 6 vertices, giving
xx, = 2. It is thus topologically S?, and its interior is B®.

In this appendix, we discuss this dependence and jus-
tify that the universal information about the chirality ex-
tracted from the measure is independent of these choices.
Specifically, we show that changes in the regularization
scheme give only local, real-valued contributions that do
not affect the phase arg(Z(%)).

For concreteness and simplicity, we consider the U(1)
Chern-Simons theory as an example. The bulk action
reads

k 3
== AdA D1
S 47T/dxd, (D1)

where A is the dynamical gauge field. To define the cut-
ting map, we assign a boundary condition for the gauge
field A at the neighborhood of region boundaries, e.g.,
along the blue arc drawn in Eq. (21). It follows from
the method in Sec. III that the edge contribution Z(X)
is given by the Chern-Simons path integral inside a solid
handlebody with the boundary 3. The boundary condi-
tion on X is not arbitrary; it is inherited from the one we
use in the definition of the cutting map, a property we
implicitly use below.

Specifically, the regularization scheme first imposes a
metric on ¥ to specify its geometry, such as the lin-
ear size L of the region boundary and the cutoff scale
€. This choice is not unique. Given such a metric,
there is a unique complex structure locally satisfying
ds? = e®dwdw, where w is a complex coordinate, lo-
cally defined as w = z + iy for some real coordinates
xz,y °. With this coordinate defined, we define the
boundary condition Ay = Az + ¢4, = 0. Since, this
condition is invariant under conformal transformations

9 Our convention is to use w for the complex coordinates in ¥, and
z for the complex coordinates in Y.



w — f(w), the resulting partition function depends only
on the given complex structure, not the full metric data.
In this way, we regard the choice of boundary condition
and the choice of complex structure as physically equiv-
alent, using the terms interchangeably below.

We consider the bipartite entanglement to gain some
intuition about the above definition. In this case, X is
topologically a torus, and we use o € [0, L] to param-
eterize its longitudinal direction and 7 € [0, ne] for the
orthogonal direction. To obtain the result in Sec. III,
we make the most natural choice: a uniform boundary
condition A, + tA, = 0, or equivalently, a flat metric
ds? = dwdw and uniform complex structure w = o + i.
A more general choice is of the form A, +iv(o,7)A; =0
for any complex function v € C, which amounts to local
deformations of the complex structure. The multipar-
tition case involves higher-genus surfaces, for which it
is harder to explicitly define the complex structure and
write down a global description for it. Instead, we turn to
a local perspective and describe the effect of infinitesimal
changes of the structure.

Our goal is to determine how local variations in the
boundary condition, as a consequence, the complex struc-
ture, affect the final result. Below, we show that under an
arbitrary local infinitesimal deformation of the complex
structure, the change of the edge partition function Z(X)
is a real number. Consequently, the phase arg(Z (X)) is
intact, confirming that it is a universal quantity robust
against the microscopic details of regularization.

Let us consider an infinitesimal deformation of the
complex structure on the surface X, given by

dw' = dw + p(w, w)dw, (D2)
for some complex function p. This deformation is equiv-
alent to replacing the boundary condition A; = 0 with
Az = 0. As explained in [80], the change in the complex
structure alters the partition function as

1

Sulog 2(5) = o / (T(w))s, po(w, B)dwd,  (D3)

where T is the chiral stress tensor (for simplicity, we con-
sider only the chiral sector). This confirms our earlier
assertion: changes in the regularization contribute only
locally to the edge partition function.

To evaluate Eq. (D3), we begin by analyzing the sim-
pler case of the embedded wavefunction (i.9|ic1)). The
corresponding edge contribution Z(Y') is on the regu-
larization surface Y, e.g., the genus-3 surface in Fig. 2.
Deforming the boundary condition changes Z(Y') in the
same way as in Eq. (D3) with the right-hand side in-
volving (T'(z)),- and p(z,Z) on Y. Using the POP de-
composition of Y, we can reduce the integral over Y to
local computations on the vertex surfaces Y,. In the limit
¢/L — 0, operator insertions at the punctures of Y, are
exponentially suppressed in its conformal weight. Conse-
quently, the vacuum sector dominates, and the variation
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decomposes as:

dulog Z(Y) =~ % Z/(T(z)>y w(z,z)dzdz.  (D4)

where (). is the expectation value on Y, with boundary
conditions in the vacuum sector. Effectively, we evaluate
T(z) on a sphere obtained by closing the punctures of
Y,. We parametrize each Y, as the complex plane C
with punctures located at 0,1, co.

We must verify that §,log Z(Y) yields a real-valued
result to be consistent the reality of the norm (i.1|iv).
The physical constraint ensuring this is time-reversal
symmetry. Since Y represents the overlap between the
bra and the ket, the surface Y, must be symmetric un-
der z — Z. Accordingly, the stress tensor and any
physical deformation of the complex structure and must
also respect this symmetry, satisfying (T'(z)) = (T(2)),
w(z,z) = u(z, z), where T'(Z) means the chiral stress ten-
sor at the time-reversal conjugate position of z. These
conditions ensure that the integral is real, consistent with
the requirement.

The analysis of Eq. (D3) proceeds analogously. We use
the POP decomposition of X to localize the computation
of the integral onto vertex surfaces 3, each of which is
a covering over the corresponding base surface Y,. In
the limit ¢/L — 0, we assume vacuum dominance and
evaluate T'(w) on the capped vertex surface ,. We can
reduce the computation from the cover to the base by
using the holomorphic covering map f : ¥, = Y, f(w) =
z in Sec. IV. According to the conformal transformation
law, we have

c
(T(w))s;, = (0w2)* (T (2))y, + 5 {z 0}, (D5)
where c is the chiral central charge and
6w 83 _ 3 82 2
(oow) = fouf —5(0uf) (D6)

(0w f)?

is the Schwarzian derivative [49]. The change of the par-
tition function Z(X) localized to each capped vertex sur-
face X, becomes

L 0w, plw)dwdn =

21 Js
%/ Z (<T(2)>y - Té(@wz)”{z,w})u(z)dzdz,
Yo wef-1(z)

(D7)
where we used the fact that u transforms as
Owz
p(2) = 2 u(w) (DS)
w?

The first term in Eq. (D7) is the same as what we get in
the analysis of Z(Y'), and thus is real. In the rest of this
section, we show that the second term is also real and
complete our argument.



To establish the reality of the Schwarzian contribution,
we impose an additional condition on the permutation
operators, which we call local time-reversal symmetry.
Let m;; = 7r[7rjl denote the relative permutation. Given
a vertex v and its three surrounding regions I, J, K, we
demand that there exists a v-dependent permutation 7,
satisfying 72 = 1 and

T JTy = 71';]1 . ToTMIKTy = 7'(';]1<. (D9)
This condition follows from the assumptions in (A2). It
ensures that ¥, is time-reversal symmetric in the follow-
ing sense: generally, the cover map corresponding to the
opposite permutations in the ramification points (wl_}) is

just z — f(2). As a result, if w; are the R preimages of
z under f, then (D9) ensures that

f_l(wi) = f_l(wr(i))a (DlO)
or, in terms of the derivatives
O, 2 = 03 2 (D11)

Essentially, this condition means that while ¥ is not time
reversal symmetric, each of ¥, is (with a different time
reversal operation corresponding to 7,). As a result, the
imaginary part of the second term in (D7) cancels be-
tween w; and w,, (;), ensuring that 6, log Z(X) is real up
to corrections that are exponentially small in L.

For concreteness, consider the example of J; and the
vertex vy as visualized in Fig. 4. The permutation 7, ex-
changes 1 <> 3, and corresponds to a 7 rotation of ¥ in
the drawing. This symmetry ensures that the contribu-
tion from p will cancel between a point in region 1 and
the corresponding point in 3*.

Appendix E: Example calculation of the angle 7

All calculations of the twist angles 7 between two
POPs in this paper follow a similar pattern. Here we
work out one example in details: the angle between vy, vo
for the measure J;. In Fig. 15a we draw the surfaces
Y15 Lo,- The punctures without ramification (drawn in
Fig. 4) are ignored, as we expect that they do not con-
tribute any twists. Fig. 15b visualizes the gluing of the
two POPs. To calculate the angle, we consider the seams
connecting the two POPS, chosen according to the pre-
scription in Sec. IV. We first deform the seams so that,
inside the POPs, they coincide with the orthogeodesics
of the POP (the RHS of Fig. 15a). By symmetry, these
orthogeodesics lie on the real (horizontal) line. The angle
then obtains a contribution from the two POPs, and we
write

Tio = T1 + T2 (El)

where 7 is the angle traversed by the seam in the drawing
in ¥,,. Since each region covers an equal angle at infinity,

~ g
deform seams

V1

U1

FIG. 15. (a) The POPs X, , used to calculate J;. The
seams (blue and pink dashed lines) are deformed such that
they coincide with the orthogeodesics (the horizontal line)
inside each POP. We draw only the seams connecting v; and
va. (b) Visualization of the gluing of the two POPs with a
twist angle.

we have

2

- (B2)

T — T9 = —
where the sign was chosen following the convention that
the sign is positive if the deformed seam turns right. This

gives 712 = —27/3, matching the value for general n in
(37).

Appendix F: Definition and calculation of the
measures K,

Here we consider an additional set of entanglement
measures, defined using the permutations on R = 2n +1
replicas given by

TA (2,4,--- ,2n,2n+1,2n —1,2n — 3,--- 1)
Koidms =(1,2)(3,4)- (2n — 1,2n)
me = (2,3)(4,5) - (2n,2n + 1)

(F1)



We see that w4 is a cycle of length 2n + 1, while wg, ¢
are comprised of n transpositions each. We can therefore
write the covering map f as

fl(w) = Clw—wr) - (w—wp)(w=A1) -+ (w=An), (F2)

where f(w;) = f(0) =0, f(\) = f(1) = 1 and we re-
quire f(0), f/(1) # 0. These requirements can be solved
numerically for a given n. The pattern that emerges is
that the points \;,w; are on the real line, with

O0< A\ <w <A <wg <--- <L (F3)

Similar to the calculation of the measures in the main
text, we draw the vertex surfaces 3,, and choose a POP
decomposition. We can choose the POP decomposition
such that it preserves the reflection symmetries of %,
along the real and imaginary lines. The surfaces are
drawn in Fig. 16. We find

2mn
Tvive = Tvgvy = 5 1
1V2 304 m+1 (F4)
™
Ta = —73»
2

where 7, are the angles of the punctures with ramifica-
tion 2. There are 4n such punctures, so we find

(F5)

K, o eXp(?mc n(2n — 1)>

24 2n+1

Appendix G: Ground-state momentum in a
U(1)-twisted sector

Here we obtain (43) based on an explicit calculation
for the chiral boson theory. For simplicity, we assume
that the bulk theory is given as a 1/m Laughlin state.
The action on the edge is given by

m

5= [ otosone— 007 (G

T 4m

where ¢ is a bosonic field. We consider the theory on a
circle of circumference 2w. The boundary condition on
the u-twisted sector is given by

keZ (G2)
The allowed integer values of k allow for the state to
be in any of the sectors corresponding to quasiparticle
excitations on the boundary. The shift in the vacuum
energy and momentum is then given by the shift of the
energy and momentum of the “zero modes” in the twisted
sectors, which are given by

Wkt 27k o
T om 21

¢(o) (G3)

22

1
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6 | 6" 4|47 2|2

FIG. 16. The vertex surfaces 3., for calculating K, drawn
for n = 3. The dashed purple lines are a POP decomposition,
chosen to preserve the symmetries x — —x,y — —y in each
POP.

The energy and momentum shifts (compared to the un-
twisted states) are then

2
SE =P =" <“+2”k) = 22 (4 + 2nk)2. (G4)

2 2rm  Arx

Let us now consider the contribution to the partition
function from the multiple zero modes. We focus on
imaginary defect, and replace u — iu below. We obtain

oayn? .
Zpn = Y esarm (COHM2mh) o (S (5im)
k

(G5)

where the approximation holds for ur < [, otherwise
we obtain additional contributions from k£ # 0. For our
application, this means u < L/¢.

The contribution of the chiral central charge in (43)
is more subtle and is obtained from the Casimir energy
of the ground state [49]. Note that for multiple bosonic
modes, we will obtain (G4) as a sum of all modes, so the
relation (43) holds beyond the simple model we consid-
ered here (in the simplest generalization, for a multicom-
ponent Luttinger liquid with general K and V matrices).



Appendix H: Free-fermion numerical calculations

Here we describe the free-fermion calculations on the
Kitaev model [22]. We begin by reviewing the model,
then describe our numerical procedure. The calculations
are carried out on N X N sites with periodic boundary
conditions and regions as defined in Fig. 17.

FIG. 17. The geomtry used for the free-fermion numerical
calculations. The sizes of the regions B, C' is set as ?Ns

1. Review of the Kitaev model

The model is defined on the hexagonal lattice, with a
spin-1/2 degree of freedom at each vertex. The Hamilto-
nian is given by

— T T Y,y z_z
H = Ja;§ 0,0 Jyg 0,0 JZE 0;0;

z—link y—link z—link
(H1)

where the x,y, z links correspond to the three different
directions of edges on the Honeycomb lattice. The model
can be solved exactly by mapping it to free Majorana
fermions. One defines

O’ia = chb;x (H2)
The mapping preserves the commutation relation of the
operators, but one has to impose an additional gauge
constraint on the Hilbert space, namely

G; =bPb/bic; = 1.

71

(H3)
Using this transformation, the Hamiltonian becomes
i R
H = Z %: AijCiCj

Aij = 2J ;Ui

(H4)

Uij =b;"b;"

3

where the sum is carried over all adjacent pairs ij, and
we have @;; = —1;;. The operators @;; (the gauge field)

23

commute with the Hamiltonian, so the ground state is
found by fixing a certain configuration of the u;;, then
imposing the gauge constraint by summing over all con-
figurations related by the action of G;. We choose u;; = 1
when ¢ belongs to the even sublattice and j belongs to
the odd sublattice. This fixes the Hamiltonian for the ¢
fermions as

)
H = 1 ; Aijcicja

Aij = :l:?Jaij Uiy,

(H5)

where the + sign depends on whether ¢ is in the odd or
even sublattice. The ground state of the model is given
by summing over all equivalent gauge configurations for
the ground state of (H5), that is,

9) = }V<H<1 v GZ—>> o)

(H6)

(2

To obtain the Ising phase of the model, we need to
break time reversal symmetry by adding a “magnetic
field” term. This is most simply achieved by adding next-
nearest-neighbor interactions in the fermionic Hamilto-
nian. That is, we add

i
Hmag = —5 Z ﬂ:KCiCj (H?)

17 nnn

where the gauge has been fixed as described above, and
the sign convention is as depicted in Eq. (48) in [22].

2. Implementation of the multi-entropy measures

We want to measure operators of the form (1) on the
ground state of the Kitaev model. This can be achieved
by representing the wavefunction as a sum over gauge
configurations using (H6) and by implementing the per-
mutation operators as fermionic operators. To do so, we
first consider the operator that exchanges two spins. It
is given by

1
P12=§(1+0'1'02)~ (H8)
In terms of the fermion operators, we have
T T
P12 = exXp (46102 + Z Z b?b%) . (Hg)
e

Since any permutation operator can be written as a
product of exchanges of two spins, we can use (H9) to
write the operator momp7e as a product of exponents of
fermionic bilinears. We can further commute the projec-
tion operators through the permutations to obtain

M = (v (HZET 1+§1'T)7TA7TB7TCW§’R>
(ol (T, 26 Y1)

(H10)




where R is the number of replicas, and the gauge trans-
formations are labeled by the site and replica indices 7, r.
Importantly, gauge configurations in which G; acts only
on some of the sites inside a region, but not on others,
do not contribute. We can then define for a region

Gr = HGi,

icl

(H11)

such that (H10) becomes, after canceling the denomina-
tor,

M= R T+ Gra) | mampmc|v§™).

Ir

(H12)

The evaluation of M becomes then a sum of gaussian
terms, such that the number of summands depends on
R, but not on the system size. This allows us to carry
out the calculation in time polynomial in the system size.
The calculation of (H12) is still exponential in R, as we
need to consider 2*® summands. We can reduce this
number by applying the following considerations:

1. Since GAGpGcGy |9) = |¢), we can ignore sum-
mands where G , are applied, since any such con-
figuration is equivalent to one where G , are not
applied. This immediately reduces the number of
summands to evaluate to 23%.

2. A less trivial property is that the summand van-
ishes under the following condition: denoting 7;; =
7T[7T;1 for the “boundary permutation” between
the regions I, J, and considering the orbits oy, ()
to be the orbit of replica r under 7. If, for any
orbits, we have

Z 6G1)T/ is applied + 6GJ7T/ is applied 7é 0 mod 2a
7' €omy 4 (1)

(H13)
then the summand vanishes. We found that em-
ploying this condition significantly reduces the eval-
uation time of (H12). We prove this property at the
end of this section.

3. Evaluation of fermionic gaussian operators

To evaluate the summands in (H12), we use two proper-
ties of fermionic states. The first is that the product of
a fermionic gaussian operator satisfies

1 TAC 1 TBc

1T
e eiC — ei€ Mc7 A_B M )

ee” =e (H14)
To show this, we use the fact that, for any anti-symmetric
matrices A, B,

|:16TAC, 1CTB6:| = 1CT[A,B]C.

1 1 1 (H15)
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Applying the Baker-Campbell-Hausdorff formula to the
left hand side of (H14) and using Eq. (H15) for the result-
ing repeated commutators, we obtain Eq. (H14). This
allows us to write each summand of (H12) in the form
<e%CTM C> for some matrix M. The second property is
that if vy is the ground state of H = izij H;jcicy, we
have (see derivation below)

(Wleie M) = [det(UteMT) ]V (H16)
where U diagonalizes H, and the subscript (*);; indi-
cates that we only take the block of the matrix that cor-
responds to the negative eigenvalues of H.

We note that Eq. (H16) contains an ambiguity, since
the sign on the RHS is undetermined. In some cases, the
sign ambiguity can be fixed using the methods of Ref.
[81]. However, we found that the operators we evaluate
here violate the assumptions of [81]. Namely, the authors
assumed that all the gaussian fermionic operators have
non-vanishing trace, an assumption that is violated by
the gauge operators G;. Instead, here we fix the sign by
carrying out every calculation in the limit J, = J, =
1,J, < 1, where the system is in the toric code phase
and the answer is known, and adiabatically moving to
the point of interest. Practically, we found that, since the
phase factors we are interested in are small, the default
numerical choice of sign was always correct.

Proof of (H16) We begin with the following result on
Majorana operators
Tr(e%cTMc) = det (1 + M), (H17)

The value C = <eiCTM c> can then be evaluated as

Tr(e%CTMCegcTHC)
C= Blim o
— 00 T\r( TC C)
“ (H18)
B det(l + eMe’*BH)l/2
det(1 + e*BH)l/2
To evaluate the numerator we diagonalize H as
H =UDUT,
. (H19)
D = diag(—Er,...,—En,E1,...,EN)

with F; > 0. In the limit 8 — oo we have

det(1+eMe ™ PH) = det (1 + (UTeMU)e P)
(14 (UTeMU)q1e PP 0
T\ (UTeMU)ge P 1

where the index ()17 denotes the block of the first N
eigenvalues of H (the negative ones). We then find

det(1+eMe ™ PH) = det(UTeMU) det (e #P11).  (H20)



The second determinant cancels with the denominator,
and we obtain (H16).

4. Vanishing of summands satisfying (H13)

We finish by proving that summands in (H12) satis-
fying (H13). We simplify the problem by assuming that
my = id, this is because we can multiply the wavefunction
by w}l acting on all regions. We can further assume that
no gauge transformations are applied on region J, using
the fact that GAGpGcGy |to) = |[to). Finally, we can
consider the case in which the permutation 7y is a cyclic
permutation on R replicas, since the condition (H13) can
be checked for each cycle of 7 separately.

To obtain the condition (H13), we consider two gauge
degrees of freedom that are cut between the regions I, J

ury1 = tbrabya (H21)
urg2 = by b2

We assume that [¢o) satisfies uyjo = +1 (we will con-
sider |1g) to be a state only on these degrees of freedom;
this is sufficient to give the required condition). Follow-
ing [58], we consider the “hybridized” degrees of freedom
wr,wy, given by

wr = ’I:b[7lb]72 (H22>
and similar for w;. In terms of the eigenstates of wy, w,
we have

1
V2

In addition, the gauge transformation G acts as

o) = —Z=(I+1,+1) +[-1,-1)). (H23)

G] \wl,wJ> = (—l)wI |w1,wJ> . (H24)

We then have

R
(™| <H D?,;>m|w5®R>
:%((1, 1L, 1) + (=1)Zr o (=1, —1|-1, _1>) (H25)

1
T9R-1 627‘ ar

where the indices o, indicate whether Gy, is applied,
and the delta requires that ) o, = 0 mod 2. This
completes the argument.

Appendix I: Spurious contributions to J,

Here we use the toy model in Ref. [72] to assess the spu-
rious contribution to J,. There, the authors constructed
a model by decorating a two-dimensional model with a
one-dimensional modified cluster state on the edge of the
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FIG. 18. The geometry used for the calculation of the LeSME
&, in 1+1D CFT

region ABC. They showed that the model can be con-
structed such that its reduced density matrices are given
by

1

INaB
PAB = 5N (1+aPpc) (I1)
1 .
PABC = W(l + aPap + BPpc + iyPapPac)

where Pap,Pac are Pauli operators supported on
AB,AC and satisfying {Pap,Pac} = 0 and a,f,7v
are constants which, in their construction, are given by
o = B = ’y = %.

Defining

A(@) = 5((1+a)" + (1~ a)")
1 (12
pn(0) = (1 +a)" — (1 - a)"),

we obtain

1
Pip = m()\n(a)l + tin(@)Pag), (13)

and similarly for Psac. In particular, we see that the
construction of [72] gives a nontrivial contribution to the
phase of J,,:

tan(arg(J,)) =

Yhin (@) kn (B) (14)
An(@)An(B) + adn(B)kn () + BAn(a)kn(B)

Interestingly, the spurious contribution has a different
functional form than that in (6).

Appendix J: LeSME in 14+1D

Here we consider the analog of the LeSME (7) for the
ground state of a conformal field theory in 1+1D. We
consider the geometry outlined in Fig. 18 on the infinite
line, we consider a slight generalization of the permuta-
tions defined in (7), where m4 p ¢ are given by

ma(l,t) = (1,t=1); 7a(2,t) =(2,t+1),
O, (7p(s,t) = (s+1,1), ,
mo(l,t) = (2, —=1); 7wc(2,t) = (1, t+1)
(J1)



The general scheme for calculating such quantities was
presented in [82]: we consider the vacuum expectation
value of the theory defined on R = 2r replicas of the
twist operators that exchange the replicas, located at the
points z;. For any [ =0,...,7 — 1 we have

Or (71,2, 73, 74) = (01(21)02(22)03(73)04(74)) (J2)

where the permutation operators on the twists are de-
fined as

01 = T(B)s
—1
09 = W(a)ﬂ(ﬁ),
02 = l -1 _ _I+1 (J3)
3= T)TBT () = T(a) T(B)

—1
04 = 71-(5)71-(04)'

We note for later that each of o; is composed of r dis-
joint cycles of length 2. The general scheme for calcu-
lating such correlators was presented in [57]. We should
first find the Riemann surface ¥ that is obtained as a
branched cover of the sphere with ramification points at
x; corresponding to the permutation operators (J3). A
point p of the sphere other than x; has 2r pre-images p;
on Y. The cover should be defined such that a curve that
circles z; on the sphere, starting and ending in p has a
pre-image in ¥ that starts at p; and ends in p,,(;). The
genus of ¥ can be obtained using the Riemann—Hurwitz
formula as [57, 79]

g:Z(ep—l)—R+1 (J4)

pEX

where R is the covering number (2r in our case), and
ep is the ramification index at p. That is, the number
such that the mapping from ¥ looks like (z — p)¢ lo-
cally around p. In our case, since all of ¢; are comprised
of r disjoint 2-cycles, we have 47 points with e, = 2.
This gives g = 1, so X is a torus, making the calculation
tractable for general values of z;.

For simplicity, we use conformal invariance to write

Ori(n) = (01(0)o2(1)o3(n)o4(0)) , (J5)
(z3 — 1) (74 — T2)
(x4 — 23) (22 — 21)

. (J6)

The general value is obtained by conformal transforma-
tions, and 1 < 1 < oo. Locally around the preimages of
the points 0,1, 7, the map f from ¥ to the sphere looks
like (z — p)?. This means that f satisfies a differential
equation of the form

[2(2) = Cf()(f(2) = D(f(2) —n) (J7)

where C' is some proportionality constant that we can
set to 1 by rescaling z. This differential equation has a
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unique solution (up to rescaling of z) given by

[+1
f(z):@(2|92ag3)+?7
4
92=§(772—n+1)7 (J8)
4
=—(2n* -3 - 2
g3 27(n 3n° —3n+2),

where p is the Weierstrass elliptic function specified
by the invariants g¢s, g3, which can be written in terms
of wy,ws. The map f is doubly-periodic on a lattice
with lattice vectors wi,ws, and therefore maps the torus
C/(Zwy 4+ Zws) to the sphere. The lattice can be cho-
sen such that w; is real and wsy is purely imaginary. The
modulus 7 satisfies [83]

(n* —n+1)>°

) = S e

(J9)

where J is the Klein absolute invariant, as defined in [84].
In particular, 79 can be chosen to be pure imaginary for
1 > 1. We mention the following asymptotic behavior of
the above result. We have

% log(256n2) n — 00,

—7;7'0 = 27 n— 1. (JIO)

Note that the surface ¥ is mot the torus given by
C/(Zwy + Zw,), since that is only a double cover of the
sphere under the map f. Instead, we need to have

> = C/A,

J11
A =Z(awy + bws) + Z(cwy + dws), (J11)

where ad — bc = r. The choice of a,b,c,d should be
such that the twist operators behave as in (J3). The
expectation value (J5) will be proportional to the CFT
partition function on the torus with modulus 7 = (a7 +
b)/(cto + d). To determine 7, we need to consider the
preimages in X of paths surrounding the twist defects x;.

1. Determining the modulus

As the next step, we need to obtain the lattice A in
(J11). To do so, we must consider how paths on C that
surround the defects lift under f~! to paths on C/A. For
small ¢ > 0, we have

H=€) mwp/2 Fie +nwy + kwy, nkeZ, (J12)
where € x V/¢/. The permutations 7y act on the points
in (J12) as follows: We consider a path I' that starts in
one point p, goes through the branch cuts A, B or C, and
returns to p, then set 7(;) to be the end point of YD),
We must eventually identify each replica (s, t) with a set
of points in (J12), such that the actions of the replica
permutation match the action via the lifting of paths.
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FIG. 19. Lifting of paths surrounding the defects o; under
the mapping f~*. Each point on the Riemann sphere has 2r
pre-images on the torus C/A. Paths that surround o; permute
the 27 copies, via the actions (J13), obtained by the lifting of

paths.
wo — l/

FIG. 20. The cover of the Riemann sphere obtained by gluing
A, B, C along the permutation defects.

TW1

The action of the permutation operators can be
checked to be (see Fig. 19)

mp(we/2 +i€) = (wa/2 F ie),
ma(we/2 tie) = (wo/2 + i€ Fwy),
el

wa/2 £ i€) = (w2 /2 F ie Fwa). (J13)

™

We see that to satisfy the algebra of 7;, we must identify

Z+rwy ~z,
! (J14)
Z 4wy ~ z+ lw;.

27

This means that the lattice is given by (see Fig. 20)

A =Zrw; + Z(QJQ — lwl). (J15)
This determines the modulus of ¥ as
T0 l
= — — - J16
4 T T (J16)

2. Final result

Following [57] (see also [85]), the final result is obtained
by combining the partition function on the torus with
modulus 7 and the terms arising from the Weyl anomaly.
Since the torus with modulus 7y is covered r times, we

get
28’[7 2 T0 l
O, = Z{——-1,
+) [n—l} (7“ 7‘)

where Z(7) is the partition function of the CFT on the
torus with modulus 7, and c¢ is the central charge of the
chiral sector of the theory (we have implicitly assumed
that ¢ = 0). Notice that the | dependence enters only
through the contribution to Z. This is because it does not
modify the conformal weights of the defects nor the OPE
coefficients. By conformal transformation, we obtain the
general result

(J17)

rc

4
_4, _re
Or,l($1»$2a$37$4) =273 ($12$13$14$233?24$34) 12

xXZ (TO — l).
roor

(J18)
where x;; = x; — x; and 79 are obtained from the cross-
ratio (J6). Note that (J18) depends on a choice of nor-
malization of the operators o;. When comparing to nu-
merical calculations, the result will be corrected by a
constant (real and positive) multiplicative factor, which
is nonuniversal. The functional dependence on z; will,
however, remain the same.
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