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A Novel Online Pseudospectral Method for
Approximation of Nonlinear Systems Dynamics

Arian Yousefian!, Avimanyu Sahoo!, and Vignesh Narayanan

Abstract—This note presents an online pseudospectral method
for system identification using Chebyshev polynomial basis under
aperiodic sampling. The system dynamics are approximated
piecewise by introducing a sliding time window. The number of
sampling instants (Chebyshev nodes) within each sliding window
is selected dynamically based on a proposed node-selection
criterion that guarantees desired approximation accuracy. The
system states are measured at these aperiodic instants and used
to estimate the coefficients of the basis polynomials using least
squares. An adaptive state estimator is also proposed to recon-
struct the continuous states using the approximated dynamics.
The boundedness of the parameter and state estimation errors
is proven analytically and validated numerically.

Index Terms—Chebyshev polynomial, least squares estimation,
nonlinear system identification, online pseudospectral method.

I. INTRODUCTION

System identification (ID) is fundamental to engineering
systems because of unavailability of precise models due to
complex and uncertain dynamics. It facilitates data-driven
modeling essential for analysis, control, and decision mak-
ing in applications such as robotics, aerospace vehicles, and
power networks [1]. While linear ID is well studied, nonlin-
ear ID remains challenging, especially online, where models
are updated in real time [2]. Recent efforts on system ID
span classical parametric schemes, spectral methods [3] and
pseudospectral (PS) methods [4]. Spectral techniques rely
on eigenfunction decompositions [5], whereas PS methods
employ orthogonal polynomial collocation [6]. Classical or-
thogonal polynomial families (Legendre, Chebyshev, Hermite,
Laguerre) underpin these methods (see, for example, [7]).

The PS methods, particularly those employing Chebyshev
polynomials, are attractive due to minimax uniform approxi-
mation, node clustering that mitigates Runge oscillations, and
efficient coefficient computation [7]-[9]. Most PS ID schemes,
however, assume offline data over a fixed domain [10]. In
parallel, neural networks (NNs) [11] and event-based NN
training approaches [12] for online approximation have been
developed. These approaches typically require higher sampling
during learning [12] and the approximation accuracy depends
on the number of neurons [11].

In our previous work [13], an online Chebyshev-based PS
scheme with a sliding window was proposed where sampling
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time instants were chosen at Chebyshev nodes, and state
measurements at those instants were used to construct the
basis. Because the state measurements were not the roots of
the Chebyshev polynomial (Chebyshev nodes) of the basis,
uniform approximation-error bounds were not guaranteed. To
address this gap, this note introduces an online Chebyshev PS
approach for ID that guarantees a uniform approximation with
a desired accuracy under reduced, aperiodic sampling.

Instead of using states, the Chebyshev basis polynomial
is constructed as a function of time over arbitrary intervals.
The number of Chebyshev nodes (which determines the basis
polynomial order and sampling points) within each sliding
time window is selected adaptively to meet the desired ac-
curacy. The coefficients of the basis function are estimated by
least squares regression from the measured states and their
derivatives at Chebyshev time nodes within each window,
yielding a piecewise approximation of the system dynamics.
The identified dynamics are then used to design an adaptive
state estimator. To ensure continuity across sliding-windows,
the approximation coefficients are recomputed so that the
estimated dynamics match at each window transition point.

Furthermore, a detailed errors analysis and adaptive se-
lection of the number of Chebyshev nodes, establishing a
criterion for approximation order and sampling are presented.
The boundedness of both the parameter and state estimation
errors is proven analytically and, further, substantiated through
simulation using a benchmark nonlinear oscillator system. This
work builds on the preliminary work presented in [14]. The
main contributions of this letter, beyond the preliminary work
in [14], are: i) an online Chebyshev PS ID method; ii) an
adaptive node-selection strategy with a theoretical guarantee
on the desired approximation accuracy; iii) an adaptive PS
state estimator; and iv) the convergence analysis establishing
boundedness parameter and state estimation errors.

This note is organized as follows. Section II reviews offline
PS methods and formulates the problem. Section III introduces
the online PS framework, followed by Section IV, which
discusses adaptive state estimation and node selection. Section
V presents the simulation results to validate the analytical
claims, followed by Conclusions in Section VI.

Notations. R” is the n-dimensional Euclidean space; R
the set of n x m real matrices. || - || denotes the Euclidean
norm. The superscript ()" denotes transpose. For a matrix A,
Sym(A) denotes A+ AT. The ceiling and floor operators and
Kronecker product are denoted by [-], | -], and ®, respectively.
If z(t) : R — R™ is essentially bounded, then it is in the set
L1 = {x(t)]||z]lec 2 supssg||z(t)]] < oo}, the set of all
real-valued functions defined on the interval [a, b] that are N-
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times continuously differentiable is denoted by C¥ ([a, b]).

II. BACKGROUND ON CHEBYSHEV POLYNOMIAL-BASED
APPROXIMATION AND PROBLEM STATEMENT

This section briefly reviews offline PS approximation with
Chebyshev polynomial bases and formulates the problem.

A. Chebyshev Approximation on the Standard Interval

Let g(z) € CN*+1[—1,1] be a scalar function. Using a first-
kind Chebyshev PS basis T;(x), g(z) admits the expansion

o@) =Y aT@) =Y T +ea). M)

where {c{}¥, are the unknown coefficients and e(z) is
the truncation error and {7;(x)}Y, on [—1,1] are defined
recursively as

{To(x) =1, Ti(z)=u,

Ti(z) = 22T (z) — Tj_o(), 2

1=2,3,...,N.
The roots of T;(x), called the Chebyshev nodes, are widely
used in polynomial interpolation. For T (z), the nodes are

xp =cos((k—05)r/N), k=1,2,...,N. 3)

The nodes are non-uniformly spaced and denser near the
interval endpoints [9].

In practice, the domain often differs from [—1, 1]. Therefore,
an affine map can be used to transform « in [—1, 1] to [a, D]
as

2= 2 (a4 )+ (b—a)), a<a<bh @

2

Thus, the Chebyshev basis on [a,b] can be obtained by
applying the change of variable in (4), which map it back
to [—1 1], as

T (2%) = Ti((22° = (a+b))/(b—a)) . )

Similarly, the nodes on [a, b] can be computed as

1
= 5((a+b)+(b—a);ck), k=1,2,...,N. (6)
For brevity, hereafter, we use x for the shifted variable 2% and
use the superscript S to indicate shifted polynomials.

B. Chebyshev Expansion on a Shifted Interval

The function g(x) on [a,b] admits the shifted expansion
g(x) = SN, T8 () + e(z), where {¢"}N, are the
unknown coefficients in the shifted Chebyshev basis, and the
PS approximation is given by

G =" ST, @

where ¢ denotes the estimates of ¢ .

To estimate cis, one can sample y; = g(zx) atm > N +1
shifted Chebyshev nodes z, € [a, b] and employ least squares,
given by [8]

& =(XTX)"1xTy, (8)

where ¢ = [¢§ ¢} c]SV]T, and
Toz(fvl) Ti(fvl) Tjg(fl) v
5 T (:102) T; (:102) TN@Q) v y'g
TOS(xm) Tls(xm) T]%(xm) Ym

From an interpolation error perspective, for each x € [a, b]
there exists a point &, € [a, b] such that [15]

9(N+1)(§:E) N+l
(N +1)! Hk:l

Since Chebyshev nodes minimize the maximum interpola-
tion error, with these nodes, the error is bounded by

g9(x) = g(z) = x—xp). )

op(N1) /o \ N

—9@)| < o | —— 10

iy lo(@ — @] < (N+1)!< 1 > -
where DV+D) — max ‘g(N—H)(fm)"

€z €lab]
The PS methods are typically leveraged for offline learning

using pre-collected data with known [a, b] and order N. How-
ever, online PS approximation introduces several challenges
and are detailed below.

C. Problem Formulation

Consider a continuous-time nonlinear system described by
(t) = F((1)), (11)

where z(t) € RV? is the state vector and F : D — RN»
denotes the unknown nonlinear dynamics. The domain D C
RY? contains the origin, and F(0) = 0. The function F is
locally Lipschitz, and z(¢) € LX?. The system in (11) can be
considered as a closed-loop system or an autonomous system
and the identification scheme can be used for prediction or
control design.

The objective is to approximate F(z(t)) online via the
PS method, using Chebyshev polynomials of the first-kind as
basis functions, with aperiodically sampled data at Chebyshev
nodes to ensure the desired accuracy. Equivalently, we seek
an approximation F'(z(t)) € Qu, the set of degree-M
polynomials, that minimizes the interpolation error

&(x(t)) = |F®) = Few)| . a2

min
#(2(t)) eQu

For x(t) € R™?, the dynamics (11) can be approximated as

Ny
Fat) =n" QT (27(t),j=1,2,....Np, (13)
j=1

for 27 (t) € [a?,b7], where T%,(27(t)) =
(T8 (27(1)), TS (27 (1)), ..., TS (27 ()] is the shifted
Chebyshev basis vector, n € RM+D™"XNs ig the estimated-
coefficient matrix [13], and M is the node count.

Computing Chebyshev nodes using (6) requires prior knowl-
edge of the interval [a?, b’] and the node count M7 for each
state 27 (¢). Since the dynamics are unknown, the bounds a’, b’
and the required M7 cannot be specified apriori, and the
nodes cannot be precomputed. Further, to measure the states
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at the nodes, i.e., {x] }1_

_ , requires the corresponding times
{ti ,]C\ij 1+ !, Since there is no one-to-one map from state values
to time, the sampling times cannot be determined for sampling
and state measurement at nodes.

Therefore, for online Chebyshev PS approximation, the
problem is fourfold: (i) to develop an online method that does
not require sampling at state-space Chebyshev nodes; (ii) to
determine suitable approximation intervals during operation to
enable data collection; (iii) to select the polynomial degree
or node count to meet a desired approximation accuracy;
and (iv) to reconstruct the continuous state from aperiodic
measurements. The next sections present a detailed solution.

III. PROPOSED ONLINE PS FRAMEWORK

In this section, an online approximation framework based on
the PS method is proposed using a sliding time window and the
minimum number of nodes to guarantee desired approximation
accuracy, as illustrated in Fig. 1.

Adaptive Chebyshev Node Selector

and Sampler
2% _
u(t) System Smart S%[lsor {z(t¥)} £i1
o(t) = F(x(t), u(t)) {2t}
Aperiodic measurement packets w
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Fig. 1. Schematic of proposed approach.

Within each window, a smart sensor samples the system
states at time nodes determined by the adaptive selector,
packages the data, and transmits it to the identifier at the end
of each window. The identifier performs batch least squares
estimation to obtain coefficients (parameters) of the basis
function. These identified parameters are then used to construct
the adaptive state estimator that can estimate the system states
from aperiodic sampling for the next window. The number
and location of nodes, which determine both the sampling
instants and the polynomial approximation order, are updated
adaptively to ensure the desired approximation accuracy while
minimizing computational effort.

A. Online PS Method for System Identification

The dynamics in (11) are an implicit function of time. Each
component F7(z(t)), j = 1,..., Np, can be approximated by
the first-kind Chebyshev polynomial basis with time as the
argument [10], given by

Fi) =Y o Tule) + 5 (0) (14)

where 7;; € R are the unknown coefficients, €;(t) € R is the
truncation error, and M is approximation order (node count).
The approximation of the function can be expressed as

By = 3" (o)

where 7;; € R are the estimates of the target coefficients 7.
Remark 1: Constructing the Chebyshev basis as a function
of time avoids using a high-dimensional state basis for Nop-
dimensional functions in (13). This also allows online approx-
imation and determining sampling points at time nodes.

To enable online approximation of the dynamics F(t),
define a sliding window (t*~1 t%] w = 1,2,---, where
t" denotes the transition between consecutive windows and
TW = ¥ — t¥~1 ig the window width. Using (6), the
M,, + 1 time nodes (sampling instants) within (£*~1,#“] can
be computed as

5)

Z}—%(tw1+tw)+%TMCOS<k_O'5

M:f» (16)

for k=1,2,...,M, + 1.

Remark 2: For ease of exposition, in this paper, we con-
sidered constant window width, i.e., 7% = 7, where 7 is a
constant. A variable 7% can also be designed with the use of
event-triggered or self-triggered control strategies [16], where
the sampling intervals are adaptively determined based on
stability and performance criteria in a controlled system.

With time nodes as in (16), the sensor samples x(¢}’) at
each Chebyshev node ¢} in window w and also z(t} — At)
with At > 0 to estimate #(¢) at the nodes. In addition, the
state is measured at the start of each window to reset the
identifier (discussed later in Sec. IV). All samples from the
w-th window are used to estimate the coefficients at window
transition instants.

Remark 3: For simplicity, state derivatives are approximated
by a backward difference, which is known to amplify noise. To
address this challenge, one can use adaptive or sliding mode
state derivative estimators [7], [17].

From (14), the piecewise representation of the j-th system
dynamics for j = 1,2,---, N, within w-th window is

. My, *
Fi(t) = Zi:o ne T () +er (), <t <t (7)

where TiSw (t) is the shifted Chebyshev polynomial on the
window t*~1 <t < %, Defining the basis vector as

TS (6) = [T9 (1) TS () TS, (8

the augmented system dynamics F*(t) € RN* in (17) can be
expressed as

Fo(t)y=n"" Toe(t) +e¥, "l <t<tv, (19

Wh*ere =gt oy 77]“\],;] € RMwt1)xNy with
n?” € RMwtl) s the parameter matrix for the truncated
Chebyshev polynomial. The approximation of (19) on w-th

window can be expressed as
Fogt) =0 TS (1), 7' <t <t (20)

where 7% € RIMwt+D XNy i the estimated coefficients.



Using the w-th window measurements at {t}"}7 ", the

least-squares estimator in (8) provides n" at t* as
w a0 _ST w\~ L pw,_ w7 <
n" = (Tap, OTap, O+RY)  (Ryng+T3;, (X (1)), @D

where T3y (t) € RIMutDx(Mutl) gpd X e ROMutD)x Ny
with - - -

Tor, () = [T, () Th (#8) -+ T (Hig, 40))] and
Xw o= [d() @(ty) o @ty )] for 1 <t <
t*. Matrices Ry and 7§’ are user-defined to ensure the first-
term inverse in (21) exists [18].

B. Minimum Nodes for Desired Approximation Accuracy

The key advantage of piecewise approximation with a
moving window is the ability to dynamically choose the degree
of the polynomial M, to keep the approximation accuracy
within a desired bound in each window. The following theorem
provides the criteria for selecting the minimum node count
using the maximum error per-window. Before introducing the
node selection criteria, the following lemma is necessary.

Lemma I: Define £¥, = max,w—1 cocqu |[F*(t)—F(t)]].
For the dynamics (19) and its piecewise Chebyshev approxi-
mation (20) on (t*~1 ¢*], it holds that

— My
8lrflax S Cw am,w ’ (22)

2D Mw+1) My+1
where 0 < C, < WT(i) , My > 2, and Am,w =

with Euler’s number e ~ 2.718.
Proof: The proof is given in the Appendix.

Theorem 1: Let F™(t) in (19) be piecewise continuous on
(tv=1,¢*], where the window length satisfies 7 < 4. Given a
desired approximation error €}, and an initial node count M.,
and using the approximation Fw (t) in (20), the minimum node

count that keeps the £¥_. within [keyn, €] can be computed

My+1
e

as
Mw + (piu ln(g’ﬁ;ax/eth)—' ) S’lrflax > €th,
M’w = Mw; Kéth < Szjlax < €th, (23)
M, + U)g} ln(glrgax/lieth” ’ EIUIJIaX < K€th,
where 0 < kK < 1, p} = m, Cmw = MweH, py =

M, +1

e bl

In(a,, )’ L =

EY ax > KEth.
Proof: The proof is given in the Appendix.

Remark 4: Given a tolerance ey, € R, an error band
[Kem, em] With 0 < k < 1 is employed to create a dead zone.
When the error lies within this band, the node count is held
constant.

Remark 5: The node count in (23) uses a conservative error
bound C,, a,Mw (see (A.10) in the Appendix), which is below
the threshold e,. Therefore, (23) is a sufficient condition only
and the actual node count needed to meet €}, may be less than

or equal to the node count M,,.

and M, is the node count satisfying

IV. ADAPTIVE STATE ESTIMATOR AND NODE DESIGN

This section presents the design of an adaptive state estima-
tor that leverages approximated system dynamics and a node
selection criterion to ensure accurate state estimation.

A. Adaptive State Estimator Design

Unlike traditional ID, the proposed online PS approach
approximates the dynamics piecewise as in (20). Therefore,
the state estimator dynamics can only be defined piecewise for
each window w. However, the coefficients " for w-th window
are computed at the end of the window at time t“ using
(21) from the data collected between (¢!, ¢*]. Hence, the
estimated coefficients are not be available for implementation
in the w-th window. Using the available information, i.e.,
previous window’s coefficients n~! and number of Cheby-
shev nodes M,,_i, the state estimator dynamics for the w-th
window can be defined as

Bty =t T (1) — K (x(t"7Y) — #(1)),

for t*~1 < t < t*, where K € RN»*Nv represents the
gain matrix for window w. Note that nw_lTT;f{fUil(t) is
the dynamics computed using available estimated parameters
n%~! from (w — 1)-th window and shifted basis for w-th
window (super script S,,) of order M,,_.

Although, the state estimator in (24) is implementable,
guaranteeing stability for all ¢ € R>o may be challenging
due to the use of a piecewise approximated dynamics, which
may lack sufficient smoothness at the window transitions.
In addition, since the shifted Chebyshev polynomials from
any window map their domains to [—1,1], the dynamics
nw_lfﬁzil(t) in (24) is a delayed version of the approxi-

(24)

mated dynamics in the previous window (nw’lfﬂz: (t)), as
demonstrated in the following proposition, which can further
introduce errors in state estimation.

Proposition 1: Consider the piecewise approximation of
the system dynamics in (20) on (t¥~2,t*~1], given by
Fo=l(t) = v~ Ty~ (t), and on (°~, %] by F¥(t) =
nwflTT;afuil(t). For equal-width windows 7, it holds that
Fw=l(t) = F(t + 7).

Proof: The proof is given in the Appendix.

To address these challenges, the continuity of the approxi-
mated dynamics and their derivatives must be enforced at the
transition between adjacent windows. This requires updating
the coefficients ' ~! corresponding to the w-th window.

Let the new approximated dynamics for w-the window of
the state estimator using M,,_; nodes are given by

Epy=0" Toe (1), t"L<t<t, (25

where 6% € RMw-1+1 are the updated coefficients. For
continuity of the dynamics and its derivatives up to order
M,,—1 at t*~1 it must hold that

dv dr w T Sy

- (0" Ty, ((B) . (26)

=g AP t=tw—1
forp=0,..., M,_1. Since the left side of (26) is known, 8
can be computed by solving the simultaneous equations.
Lemma 2: Given the continuity condition stated in (26), the
solution 6% exists and is unique.
Proof: The proof is given in the Appendix.
With (25), the adaptive state estimator dynamics in (24) on
(w1, ¢*] can be expressed as

B(t) = 6v Tor (1) — KU (x(t"~) — &(1)),

w1 TS
by (1)

27)



where
t=twt

vl < p <, (28)

Z(t)
At the start of each window, the state estimates in (27) are
reset to the measured values via (28).

While the using coefficient vector " enables online state
estimation, it inevitably introduces additional approximation
error, as demonstrated in the following theorem.

Theorem 2: Consider the dynamics (11), approximated by
the Chebyshev expansion (25). Let 8* be computed according
to (26). Then the function approximation error £} (t) =
F(t)—E(t) for t € (#*~1, %] is bounded above as

op(Mu-1+1)

A4w71+1
w | < w—1 (Z) LY
g5 0] < == (3 + LT

+ 2/ My + 1)10"],

where L™ is the Lipschitz constant on the w-th time window.
Proof: The proof is given in the Appendix.

From Theorem 2, the approximation error splits into three
parts. The first is the same as the offline Chebyshev bound
(10). The second and third terms quantify the effect of window
length and online parameter estimation errors. To minimize the
&y (t) from available data, we define its windowed average and
then redefine the node-selection criterion.

i(t) = {‘”(tw )

(29)

B. Adaptive Node Selection Approach

The error £} (t) is not computable for all ¢, since F™(t)
is unknown. With the available information at nodes ¢}/, the
average approximation error on (t*~1 ] can be defined as

w 1 Moy +1 w [ pw W (W
TR T DO L CORS RGOl

Remark 6: The approximation error at node points is zero
when F%(t) is obtained from (20), i.e., F*(t¥') = F*(t¥).
Since the state estimator utilizes (25), the error in (30) is
nonzero unless the approximation is exact.

The average approximation error E;avg in (30) can be
compared with a desired approximation error e, at each
window to dynamically adjust the node count for the next
window. Recalling Theorem 1, the adaptive update law for
the node count that keeps the &}, . within [kegn, €:n] can be

6,avg
expressed as

(30)

M+ |80 (Efg/em) |+ g >

Myi1 =< My, Keth < EF g < €ty
My, + %ﬁ” In (87(;’favg/meth)] €4 e < K€D,
(3D

where, to account for the system nonlinearity, parameters 0 <
v1’, v’ < 10 are set per the proof of Theorem 1.

Remark 7: According to Remark 5, (31) swaps the rounding
operators in (23). This also prevents round-off errors from
adding an unnecessary node. Constants p{’, p5 are replaced
with adaptive gains 7", v3’, which provide additional degrees
of freedom to account for the rapid change in slope of the
nonlinear dynamics.

The next lemma and theorem present the boundedness
analysis for the parameter and state estimation errors.

Lemma 3: Consider the dynamics (11) on (#*~!,t*] and
their approximation in (25). Let 6" is computed using (26).
Then the parameter estimation error v = v — v is
ultimately bounded (UB).

Proof: The proof is given in the Appendix.

Theorem 3: Consider the dynamics (11) on (t*~1 %], ap-
proximated by the Chebyshev expansion (25), and the adaptive
state estimator (27). Let §* be updated according to (26). Then
the state-estimation error & and the parameter-estimation error
0¥ are UB, provided that the gain matrix K satisfies the
Lyapunov equation

ZUKY + Kv 7% = —Qv, (32)

where Z%, Qv are symmetric positive definite matrices, pro-
vided that A\pin (Q%) > 3 and [|Z]|2 > T¥/(Amin(QY) — 3),
where T% is a constant defined in (A.39).

Proof: The proof is given in the Appendix.

V. SIMULATION RESULTS

This section presents numerical results using the the Stuart—
Landau oscillator, given by
iy = (a— (2} +23)) 21 — wao, (33)
iy = (a — (2} + 23)) 22 + wan,
with @ = 0.5 and w = 1.5. The system exhibits a stable
limit cycle of radius y/a. The simulation parameters were
selected as follows: windows length 7 = 0.2s, desired ap-
proximation error ey, = 1073, time horizon 12's, and sampling
period 0.001s. The initial approximation order was chosen as
M,, = 2 and updated using (30) and (31) with 7{* = 0.2,
vy = 0.9, and K = 0.1. The system and identifier states
were initialized as [0.5 0.5]" and [2 2] T, respectively, and
the identifier was reset in each window using (28). The gains
K" followed (32) with Z¥ = 10] and Q¥ = diag(5,4.5).
Initial coefficients for the first window were chosen as n' =
[0.0513x; —0.0513x1] where 1357 =[1 1 1]T.
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Fig. 2. Convergence of the Chebyshev approximation F (t) to the true
dynamics F'(z(t)).

Fig. 2 shows that the approximated dynamics converge to
the true dynamics by 0.4 s (window 2). The first window
shows a large error due to the initial condition and an insuffi-
cient node count (two), which is inadequate to approximate the
dynamics. As the node count gets updated in later windows,
the error decreases.
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Fig. 3 shows the adaptive adjustment of node count across
moving time windows. Starting from arbitrary initial con-
ditions, the algorithm increases the count to match local
complexity, reaching 3 by the second window and driving
the error to 1073, As the function behavior tends to become
nearly linear within each window, the error falls below 103,
In concave regions it increases again near 10~3. With x = 0.1,
since the error remains within [kem,en], the node count
stays constant, demonstrating the method’s effectiveness in
guaranteeing the desired approximation accuracy. Therefore,
compared to neural network—based approximations that rely
on periodic sampling (total 12,000 samples), the proposed
aperiodic approach offers a significant reduction in sampling
frequency (only 35 samples) and, therefore, computational
effort.

Figures 4 and 5 depict, respectively, the true state with its
estimate #(t) and the estimation error Z(t). As shown, the
estimates converge to the true states within three windows. The
adaptive estimator meets the desired accuracy under aperiodic
sampling, which validates the gain design in (32) and the
parameter convergence.
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Fig. 4. Convergence of Chebyshev approximation Z(t) to system state x.
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Fig. 5. Convergence of the state estimation error Z(t).

VI. CONCLUSIONS

This note, presented an online PS method for system ID.
The results demonstrate that the proposed online ID framework
using first-kind Chebyshev polynomials can accurately approx-
imate nonlinear system dynamics with only a few aperiodic

samples per window. The adaptive estimator effectively recon-
structed continuous states, and the extended Lyapunov analysis
confirmed convergence and boundedness of the parameter and
state estimation errors. Numerical studies further validated the
analytical findings. This approach can be employed to design
controller by jointly approximating the drift and input vector
fields and is included in our future work.

APPENDIX

Proof of Lemma 1: In (10), the factorial term obeys the
extended Stirling double inequality [19], so it holds that

Mw Mw% Mw Mw;
2r My | —| eTPMeFT< M <N/ 27 My, | —) eTMuw .
e e
(A1)
Taking reciprocals in (A.1) for M,, + 1 yields

My, +1
1 1 e _ 1
< e 2(My+D)+1 |
(My +1)! 20 (M, +1) \My + 1

(A2)
From (A.2), for M,, > 2, the following inequalities hold
! < 1 e TOmADT < 1,
2w (M, + 1) VA s
My, +1 A3
o~ Mutl) < of(Mw), for a > 1.

From (10), with cvy, ., = sup o = 2tl and using (A.3), the
maximum approximation-error is bounded by

&l < Cuan i, 7 <t <tV (A.4)
where M,, > 2, and C,, satisfying
2D(Mw+1) T
0<Cp< =2 (=) (Mutl), A5
This completes the proof. ]

Proof of Theorem 1: Based on (23), the proof is carried
out in three cases.

Case I: For the case EY

max > €th. To reduce the error below

€th, an increment AM,, = M, — M,, > 0 in w-th window is
required such that

(My+AM)

Cuw ay < em, YT <t <Y, (A.6)

where M, is the minimum number of nodes, and C,, satisfies

_ o DMwtAMutL) (M4 AM,+1)

Defining &, = (M, + 1)/e and since M,, > M,, it holds
that

Om,w > Olmw- (A.8)
From (A.6) and (A.8) it can be verified that
Cow M < G Mt AM) (A.9)

Using (A.9) and (A.4), and denoting g%ax
maximum error after node increment, leads to

éw

max

as the updated

< Co a0 < Etn. (A.10)



Since €Y., > €n, by (A4) and (A.10) one can get
Cp ap Mt AM) < O Mo (A.11)
Since Cy, Mw > Cly Mw+AM“’) , two sub-cases arise.

1) Sub- case I 1: For the case

Cp i Mut&Mw) < 0, oy (Mt AMw) (A.12)

Given (A.5) and (A.7), the condition % )Mw+1
and (Z)M“’Jr1 very small, making Cw and C,,
So, from (A.9) and (A.12) one can write

Cwa

< 1 makes (T

tend to zero.

(Mw-i—AMw) < Cyar, Mw-',-AMw

) <em.  (A13)

Using (A.13), (A.10) satisfies Smax
taking logarithms both sides yield

In(Cy/em) —

< Cy a;l{‘zjw < €. Then

AM,, My In(m.w)] . (A.14)

1
= Wam)
From (A.4), d1v1d1ng by €, and taking logarithm, it holds
In (€Y, /€tn) <In(Cy/en) — My In(Qmuw)- (A.15)

Thus, rearranging (A.15) and substituting to (A.14) leads to

AM,, > (A.16)

1
—1 w .
ln(amw) n (Smax/eth)

Since My > 2, amw < 2 and 0 < ﬁ < 10.15. So,

%, the number of integer nodes can be
n(m,w)

denoting p}’ =
give as -
My = My + [pY In(EF . /em)] - (A.17)
2) Sub-case 12: For this sub-case, it holds that
Cu _;(¥”+AMw > Cyw m (M“’JFAMw . So, using (A.8), the
following inequality holds
C’w 7_(Mw+AMw) > C O{ ]Ww'f‘AMw) > C ]Ww"FA]Ww)
- (A.18)
From (A.18), C,, > C,,. Hence, (A.4) satisfies

&Y < Cupap e v-

max m,w

From (A.9) and (A.10), €%, < C\, a;Me
logarithm of the right-hand side yields

[111 (C’w/eth)

Lo <pv. (A.19)

< €. Taking the

AM,, > — My In(am,w)] - (A20)

1
In(ovm,w)
From (A.19), dividing by €}, and taking logarithm, we have

In (€Y, /€n) <In (C’w/eth) — My In(otm,w)- (A.21)

From (A20) and (A.21), we can obtain AM, >
m In (E¥,./€mn) . Therefore, the minimum number of
nodes is same as in (A.17).

Case II: For this case reg, < €2, < €n . This case is
trivial since the maximum error is within the desired error

bound and the number of nodes M, is the minimum.

Case III: For this case &, < kem. In this case, nodes
are reduced until keqn. Denote by M, the node count on the
last interval with €Y, > Kegh. When EY « < Kewn, applying

(A.16), the change in node count satisfies

AM,, > py In (ke /€ (A.22)

max) k)

M, 41

where pY = ﬁ and o = .In (A.22), AM,, is the

minimum node-count decrement to bring .. to ke, So,
the minimum number of nodes M,, = M,, — AM,, is

My = My, + [p¥ In (€Y, /Kewm)] - (A.23)
This completes the proof. |

Proof of Proposition 1: Define t on (t*~2,¢t*~1] and £ on
(tw—1,¢*]. With equal interval length 7, we have t = — 7.
From (20), the approximation on (t“~! #*] using n*~!
(estimated on (t¥~2,t*~1]) is
nw 1" TS

Fw@ = My — 1 E),

Using (18) and (5), on (t¥~2,¢*~1] the basis for window
w — 1 can be expressed as

T << v, (A.24)

2t — (12 4t

= TMW71( tw—1 _

Ty (1) ). (A25)
Similarly, for the interval (tw_l, t*], i.e., window w, the basis

2t — (tv=L + )
tw — twfl )

tw72

Typ  (8) =Tar,_, ( (A.26)

Using t =t +7, 7=tV 1—t¥=2 ¥ =¢""24 27, (A.26) leads

to
_ 2t — (tWT2 gt
(&) =T, ( ( )). (A.27)
T
From (A.27) and (A.25), Ty (£) = wjl (t). Left-

multiplying by (n*~!)T and invokmg (A.24) gives

Fo@) = Fv(t47) ="V Tyr =t () = FY7Y(1). (A28)

This completes the proof. |
Proof of Lemma 2: Stacking (26) for p=0, ..., M,,_1 gives
TS (t) TS (1) Ty () ”
dTSw(t) dT ‘1””7 (t) w7
0 —a . T @ 0
de*lT‘zs\/It,l(t) 91]1\)411171]-
0 0 0 dtMw—1 t=tw—1
w=1T ASw_
Uk ! TMw 11(t)
w_1T 9Ta; Sw—1 | (®)
= J ' i . j=1,2,..., Nyp.
woT AT (0
J dtMw—1 t=tw—1
(A.29)

With (5) and T (t*~1)=

can be expressed as
2 p
t=tw—1

P (t)
dtp

By [20, Eq. (3.35)], the p-th derivative of T;(¢) at t = —1

admits a non zero closed-form expression. So from (A.30), it

holds & dtp it i) » # 0. Hence the upper triangular matrix

in (A.29) has a nonzero diagonal and is invertible, so a unique
0" exists. This completes the proof. |

T;(—1), each derivative in (A.29)

dPTi (%)
dtp

(A.30)

t=—1



Proof of Theorem 2: Recalling (25), the function approxi-
mation error can be written as

g () =F"(t)—Fg ()= (F"(t) = F* (") + (F (™)
— )+ (Fr e —Fp(t), e i< t <t (A3])
With |t —

satisfies
[F ()= Fe@ | <Lt —

From (26) for p = 0, we have F“=1(tw=1) = Fg(tw=1),
and trivially F*~1(¢t*~1) = F*(¢*w~1). Thus, using (10), the
second term in (A.31) is given by

tv=l <71 on (t¥~1 t¥], the first term in (A.31)

vl <Lvr. (A.32)

(My—1+1)
_ P (1 — 2Dw7 T My—1+1
[(F = B )<= —=—(F) (A3
and D(M“’ ) - ma,Xge[tw—2_’tw—1]HF(Mw71+1)(§)H is a

bounded scalar.
Finally, using (25), the third term in (A.31) is given by

n — Frw w ' S w— w ' S
Fr=h) — F(t) = 0" Typ (871 — v Typ (1)
(A.34)
Recall that || Ty2  (t*7Y)| = My—1+1 and
HTS L@ < VMy—1+ 1. Using the inequality

[|A— BH < ||A|l + || B]|, (A.34) can be written as
||F$“_1(fw71) —F ) §|\9w|\(|lfﬁﬁ,1(tw71)|\

+IT5, (1)) < 2/ M1 6]

By combining (A.32), (A.33), and (A.35), the error bound in
(29) can be reached. This completes the proof. ]

Proof of Lemma 3: By the Chebyshev property, all entries
of Ty (t) lie in [—1,1] for ¢t € (*~1, ¢*]. Hence, (26) gives

(A.35)

RY < TSy () TSy () + RY < (My + 1) Iar, 1) + RY.
(A.36)

It can be verified from that

(T, 0TS w+Ry) < (B
in (21) is bounded. From stability of (11), X “(t) is bounded.
Hence n“~! from (21) and 6* from (26) are bounded.
Since the actual coefficients #*  is bounded. Therefore
6" = 6" — 0 is also bounded. This completes the proof. B

Proof of Theorem 3: The state measurement error due to
aperiodic availability of the state at the identifier can be defined
as eV = x¥~1 — x. Since the system states are bounded, e¥
is also bounded, i.e., |[e¥|| < es,a,, . It holds that

B(t) = 6% Tor  (8)+ KO (x(t"Y) — &) +&v
— TS () + K (e

(A.36)

. Thus, the inverse

) el it <t (A-3D

Consider the Lyapunov function candidate over tV =1 < ¢ < t%
as V¥ =3 ZWE+ 16w gv.
Recall that 6 and g® are constant on (£~ %], hence 6*

is constant and 6% = 0. Thus, the Lyapunov first derivative is
VO =Sym(z 296" Tgr (1)) + Sym(z" ZV K" e?)
+Sym(i" Zvev) + &' (Z“’Kw + KwTZw):i: (A.38)

By Young’s inequality, Sym(X 'Y) < X "X 4+ Y TY; hence

-, whw ' ASw 2
) <lIzl* + || 26 Ty @I,
Sym(@'ZvKvey) < ||7)* + |ZvKve|®, and
Sym(zTZe(t) < [P+ 27 Recall
]l < e, I Ty, (8)]l < 1 and by Lemma 3, [[6*]| < ey
So with (32), the Lyapunov first derivative is bounded by

Vw < - ()‘min(Qw) - 3) Hj”2 + 71, (A.39)

where TV = [ ZV€l||? + | 2%y ||? + [|ZV K ey’ ||*. From
(A.39), V¥ < 0 as long as A\pin(Q™) > 3 and ||Z||?
Therefore, # is UB with the bound |[|Z|?
Further, since the estimated state is reset to the

Sym(z 296" T

1

S S
)‘min(Qw)73.
S
)\min(Qw)_?’.
true state at each window transition, we have Z(t"') = 0 at
all window transition times, and it is bounded. Therefore, it

follows that Z(t) is UB. This completes the proof. |
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