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Based on the Boltzmann-Uehling-Uhlenbeck equation, we investigate the effects of the isovector
nucleon effective mass m∗

v,0 and the in-medium nucleon-nucleon cross section σ∗ on the isovector
giant dipole resonance (IVGDR) in 208Pb, employing a set of representative Skyrme energy density
functionals. We find that the energy-weighted sum rule m1 of the IVGDR is highly sensitive to
m∗

v,0 and only mildly dependent on σ∗, while the width Γ of the IVGDR is primarily governed by
σ∗ with a moderate sensitivity to m∗

v,0. From a Bayesian analysis of both m1 and Γ, we infer the

isovector effective mass m∗
v,0/m = 0.731+0.027

−0.023 , where m is the bare nucleon mass. Furthermore,
by incorporating the isoscalar effective mass m∗

s,0/m = 0.820 ± 0.030, extracted from the isoscalar
giant quadrupole resonance in 208Pb, the linear neutron-proton effective mass splitting coefficient
at saturation density ρ0 is determined to be ∆m∗

1(ρ0)/m = 0.200+0.101
−0.094 .

I. INTRODUCTION

The concept of nucleon effective mass m∗, first intro-
duced by Brueckner, characterizes the momentum and/or
energy dependence of the single-nucleon potential in nu-
clear matter [1–3]. It allows one to describe the motion of
a nucleon with bare massm in the momentum-dependent
potential as equivalent to the motion of a nucleon with
effective mass m∗ in a momentum-independent poten-
tial. In isospin-asymmetric nuclear matter, the differ-
ence between neutron (n) and proton (p) potentials may
lead to a neutron-proton effective mass splitting m∗

n−p ≡
m∗

n−m∗
p [4, 5]. The m∗

n−p plays an important role in un-
derstanding various phenomena, including the transport
properties of asymmetric nuclear matter [6–8], the dy-
namical evolution of heavy-ion collisions (HICs) [9–20],
neutrino emission in neutron stars [21], and the primor-
dial nucleosynthesis in the early universe [22]. Accurate
constraints on m∗

n−p are thus essential for a deeper un-
derstanding of the above topics.
Over the past few decades, substantial efforts have

been made to determine m∗
n−p through various ab initio

or microscopic approaches [21, 23], as well as through
phenomenological extractions based on experimental ob-
servables [7, 24]. However, both quantitative and qual-
itative consensus on the behavior of m∗

n−p in isospin-
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asymmetric nuclear matter remains elusive. In particu-
lar, analyses of various observables from nuclear struc-
ture and reaction experiments have led to inconsistent
constraints on m∗

n−p. For example, constraints on the
first-order (linear) neutron-proton effective mass splitting

coefficient ∆m∗
1(ρ0) ≡

∂m∗

n−p(ρ0)

∂δ

∣

∣

∣

δ=0
at nuclear satura-

tion density ρ0 span a wide range from −0.13m to 0.56m,
demonstrating a strong dependence on the specific model
and experimental probe [18–20, 23–29]. Among these
results, studies based on nucleon-nucleus scattering and
nuclear collective motions consistently suggest a positive
∆m∗

1(ρ0) [24–29], while analyses based on HICs yield con-
flicting conclusions [15–20]. Similarly, theoretical predic-
tions from ab initio calculations show significant varia-
tion across different methods and interactions [23]. Un-
der these circumstances, any new and independent con-
straints on m∗

n−p would be valuable for clarifying the de-
bate and advancing toward a definitive conclusion about
its behavior in isospin-asymmetric nuclear matter.

The nuclear giant resonances, especially the isovec-
tor giant dipole resonance (IVGDR) which can either
be photon excited [30–32] or heavy-ion excited as well
as the isoscalar giant quadrupole resonance (ISGQR),
are highly sensitive to nucleon effective masses [26–
29, 33–35]. The ISGQR primarily provides informa-
tion on the isoscalar nucleon effective mass m∗

s, i.e.,
the nucleon effective mass in symmetric nuclear mat-
ter. On the other hand, the IVGDR is commonly
used to probe the isovector nucleon effective mass m∗

v,
corresponding to the neutron (proton) effective mass
in pure proton (neutron) matter. Constraints on m∗

s

and m∗
v from the ISGQR and IVGDR, respectively,
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then enable the extraction of the ∆m∗
1 and the m∗

n−p.
Currently, various methods are employed to calculate
the observables of nuclear giant resonances, including
the (quasi-)RPA approach [26, 29, 33, 34, 36], and
dynamical approaches such as the Boltzmann-Uehling-
Uhlenbeck (BUU) equation [27, 28, 35], the quantum
molecular dynamic model [37, 38], and the macroscopic
Lagnevin equation [39, 40]. Among these models, the
BUU transport equation, which describes the time evolu-
tion of one-body phase-space distribution functions [41–
48], is widely used in studies of HICs and nuclear giant
resonances. It has succeeded in describing various exper-
imental observables such as particle spectra in nucleus
collisions and strength functions of nuclear collective mo-
tions, and thus serves as an effective tool in constraining
m∗

n−p.

In the present work,the BUU equation is employed
to investigate systematically the effects of the m∗

v and
the in-medium nucleon-nucleon (NN) cross sections σ∗

on the IVGDR in 208Pb. The energy-weighted sum rule
m1 and the width Γ of IVGDR are calculated by im-
plementing a set of representative Skyrme energy den-
sity functionals (EDF). Based on these results, we fur-
ther employ the Bayesian inference to extract the value
of m∗

v,0, i.e., the isovector nucleon effective mass at ρ0.
The resulting m∗

n−p, deduced by combining existing con-
straints on m∗

s,0 (the isoscalar nucleon effective mass at
ρ0), is then compared with the values obtained from other
phenomenological analyses and ab initio calculations. In

Sec. II, we introduce the theoretical framework used in
this work, including the treatment of nuclear collective
motions using the BUU equation and nucleon effective
masses within the Skyrme EDF. The results and their
corresponding discussions are presented in Sec. III, fol-
lowed by a summary in Sec. IV.

II. THEORY AND METHOD

A. Boltzmann-Uehling-Uhlenbeck equation and

nuclear collective motions

The BUU equation describes the time evolution of the
Wigner function f(r,p), which can be obtained by ap-
plying a semiclassical approximation to time-dependent
quantum approaches [41, 43, 49, 50]. For describing nu-
clear collective motions, only the Wigner functions for
neutrons and protons are need, and their BUU equations
read,

(∂t +∇pǫτ ·∇r −∇rǫτ ·∇p)fτ = Icollτ , (1)

where τ = n or p. The left-hand side of the above
equation describes the time evolution of fτ (r,p) un-
der the influence of nuclear mean-field potential, where
ǫτ [r,p, fn, fp] denotes the single-particle energy. In the
present work, it is derived based on the standard Skyrme-
Hartree-Fock approach [51–53]. The collision integral on
the right-hand side of Eq. (1) consists of a gain term (K<

τ )
and a loss term (K>

τ ),

Icollτ [fn, fp] = K<
τ [fn, fp](1− fτ )−K>

τ [fn, fp]fτ

= g

∫ 2,3,4
∏

i

dpi

(2π~)3
|M12↔34|

2(2π)4δ4(p+ p2 − p3 − p4)
[

f3f4(1− fτ )(1 − f2)− fτf2(1− f3)(1− f4)
]

,
(2)

where fi with i = 2, 3, 4 in the second line is short for
fτi(r,pi), and the (1 − fi) accounts for the Pauli princi-
ple of nucleons. The g = 2 is the spin degeneracy factor,
and M12↔34 is the in-medium transition matrix element
of two-body elastic NN scatterings. The |M12↔34|

2 is
deduced from the in-medium NN scattering cross section
σ∗, which is approximated by the free-space NN scat-
tering cross section σfree [54] multiplied by a constant
in-medium correction factor k [55].
In this work, we solve the BUU equation utilizing the

test particle ansatz, i.e., mimicking fτ (r,p, t) with a large
number of test particles [56],

fτ (r,p, t) =
1

g

(2π~)3

NE

ANE
∑

i∈τ

S[ri(t)− r]δ[pi(t)− p]. (3)

In the above equation, ri(t) and pi(t) denote the coor-
dinate and momentum of test particle i, respectively. A

is the mass number of the system, and NE is the num-
ber of parallel ensembles (or the number of test parti-
cles in some literature). The summation runs over all
test particles with isospin τ . To reduce numerical fluc-
tuations in the calculation of single-particle energies ǫτ ,
a triangular profile function S for test particles is in-
troduced in coordinate space. We employ the lattice
Hamiltonian method [57, 58] to deal with the mean-field
evolution and the stochastic collision method [59, 60] to
handle the collision integral. A ground-state nucleus at
zero temperature can be described by the static solution
of Eq. (1). The momentum distribution is described by
zero-temperature Fermi distribution, this solution leads
to the radial density distribution ρτ (r) of the nucleus,
which can be obtained using the Thomas-Fermi approach
via the variation of the total energy with respect to
ρτ (r) [43, 58, 61]. The present framework of solving the
BUU equation has been successfully applied to study nu-
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clear collective motions in heavy nuclei [35, 58, 62, 63],
as well as light-nuclei yields [64, 65] and proton collec-
tive flows [66] in heavy-ion collisions. One can find more
detailed descriptions of the present framework of solving
the BUU equation in Ref. [67].
The collective motion of a nucleus can be generated

by applying a perturbation excitation operator Q̂ to its
ground state at the initial time t0, i.e., Ĥ(t) = Ĥ0 +

λQ̂δ(t− t0), where λ is a small excitation parameter. To

initiate the IVGDR, the excitation operator Q̂IVD can be
written as the sum of single-particle operators q̂i, i.e.,

Q̂IVD =

A
∑

i

q̂i, with q̂i =

{

Z
A
ẑi, for neutrons,

N
A
ẑi, for protons,

(4)

where ẑi is z-component of the coordinate operator of
the ith nucleon. The N and Z denote the neutron and
proton numbers in the nucleus, respectively.
In the Wigner representation, the expectation value of

excitation operator 〈Q̂IVD〉 can be expressed as

〈Q̂IVD〉 =

∫

∑

τ=n,p

fτ (~r, ~p)qτ (~r, ~p)d
3~rd3~p, (5)

where the qτ (~r, ~p) is Wigner transform of q̂i for neutrons
or protons. The detailed derivation of relevant equations
can be found in Ref. [35, 58, 62, 63, 68].
Within the framework of the BUU equation, the isovec-

tor dipole excitations can be generated by perturbing the
initial momenta pi of test particles with respect to their
values in the ground state,

pz,i →

{

pz,i − λN
A
, for protons,

pz,i + λZ
A
, for neutrons.

(6)

Following the excitation of the nucleus as described in
the above equation, we can obtain the time evolution of
the expectation 〈Q̂〉(t) for the IVGDR, and subsequently
calculate the strength function S(E) through the Fourier

transform of ∆〈Q̂〉(t) within the framework of line re-
sponse theory [69],

S(E) = −
1

πλ

∫ ∞

0

dt∆〈Q̂〉(t)sin
Et

~
. (7)

The ∆〈Q̂〉(t) = 〈0
′

|Q̂|0
′

〉 − 〈0|Q̂|0〉 denotes the time evo-

lution of the response function of the nucleus to the Q̂.
The |0〉 and |0

′

〉 are the states before and after the per-
turbation, respectively.
Several quantities are defined based on the strength

function S(E), including its full width at half maxi-
mum (FWHM), or simply the width Γ, as well as its
energy moments,

mn =

∫

EnS(E)dE. (8)

In particular, when n = 1, the above equation yields the
first moment m1, commonly referred to as the energy-
weighted sum rule.

B. Nucleon effective masses and neutron-proton

effective mass splitting

Within the standard Skyrme EDF [51–53], the nucleon
effective massm∗

τ for isospin state τ (either n or p) can be
expressed in terms of the neutron density ρn and proton
density ρp,

~
2

2m∗
τ (ρ, δ)

=
~
2

2m
+

1

4
t1

[

(1 +
1

2
x1)ρ− (

1

2
+ x1)ρτ

]

+
1

4
t2

[

(1 +
1

2
x2)ρ+ (

1

2
+ x2)ρτ

]

,

(9)

where ρ = ρn + ρp, and x1, t1, x2, and t2 are Skyrme
parameters. By setting ρτ = ρ/2, we obtain the isoscalar
nucleon effective mass, i.e., the nucleon effective mass in
symmetric nuclear matter,

~
2

2m∗
s(ρ)

=
~
2

2m
+

3

16
t1ρ+

1

16
t2(5 + 4x2)ρ. (10)

The isovector nucleon effective mass, corresponding to
the proton (neutron) effective mass in pure neutron (pro-
ton) matter, can be obtained by setting ρτ = 0,

~
2

2m∗
v(ρ)

=
~
2

2m
+

1

8
t1(2 + x1)ρ+

1

8
t2(2 + x2)ρ. (11)

The neutron-proton effective mass splitting can be ob-
tained through Eqs. (10) and (11), i.e.,

m∗
n−p(ρ, δ) ≡ m∗

n −m∗
p = 2m∗

s

∞
∑

n=1

(
m∗

s −m∗
v

m∗
v

δ)2n−1

=

∞
∑

n=1

∆m∗
2n−1(ρ)δ

2n−1,

(12)

where δ = (ρn−ρp)/(ρn+ρp) denote the isospin asymme-
try. Specifically, the first-order (linear) neutron-proton
effective mass splitting coefficient is expressed as,

∆m∗
1(ρ) ≡

∂m∗
n−p(ρ)

∂δ

∣

∣

∣

∣

δ=0

= 2m∗
s(
m∗

s −m∗
v

m∗
v

). (13)

The above expressions indicate that within the Skyrme
EDF framework, the m∗

n−p is directly related to m∗
s and

m∗
v. In isospin-asymmetric nuclear matter, the sign of

m∗
n−p corresponds to that of the difference m∗

s − m∗
v.

The energy-weighted sum rule m1 of the IVGDR is
correlated with the isovector effective mass m∗

v,0/m [26,
52], i.e.,

m1 ≈
9

4π

~
2

2m

NZ

A
(

m

m∗
v,0

). (14)

By comparing observables of IVGDR calculated using the
BUU equation with experimental data [70–72], we can
constrain the m∗

v,0, thereby gaining insight into the char-
acteristics of neutron-proton effective mass splitting.
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FIG. 1. The time evolution of the ∆〈Q̂IVD〉 (left) and the strength function S(E) (right) for IVGDR in 208Pb calculated based
on the BUU equation with three Skyrme interactions (from top to bottom). The black solid line, blue dashed line, and red
dotted line represent the results employing different in-medium NN cross section σ∗ = kσfree with k=0.3, k=0.6, and k=0.9,
respectively. The vertical green dashed line represents the experimental peak energy Ex = 13.4 MeV measured at RCNP [72].

III. RESULTS AND DISCUSSION

In the present study, we solve the BUU equation to ob-
tain the strength function S(E) of the IVGDR of 208Pb.
In order to guarantee the convergence of the obtained re-
sults, we adopt a large number of ensembles with NE =
10000. The perturbation excitation parameter λ is set to
be 0.015 GeV/c, which is small enough to ensure the ap-
plicability of the linear response theory, yet large enough
to suppress numerical fluctuations.

A. Sensitivity of the energy-weighted sum rule and

width of IVGDR to isovector nucleon effective mass

In order to illustrate the characteristics of the IVGDR
obtained by solving the BUU equation, we first present
examples of the response function ∆〈Q̂IVD〉 and the
strength function S(E) obtained using three Skyrme in-
teractions with distinctm∗

v,0. In the left window of Fig. 1,

we show the time evolution of the ∆〈Q̂IVD〉 for 208Pb,

obtained by solving the BUU equation employing three
Skyrme interactions, namely, Skyrme 1′, SQMC650, and
LNS5 (information of these Skyrmes interactions can be
found in Ref. [73–75]), corresponding to m∗

v,0/m = 0.79,
0.65, and 0.51, respectively. The black solid, blue dashed,
and red dotted lines represent the results obtained us-
ing constant in-medium correction factors of k = 0.3,
0.6, and 0.9, respectively. It is seen from the figure that
all the obtained ∆〈Q̂IVD〉(t) exhibit damped oscillations
and eventually diminish to their ground-state value of
zero. In particular, since two-body dissipation caused by
NN scatterings plays a prominent role in the damping of
IVGDR, the oscillation amplitude decreases more rapidly
in the case with larger k.

In the right window of Fig. 1, we present the cor-
responding strength function S(E), obtained via the

Fourier transform of the ∆〈Q̂IVD〉(t) shown in the left
window. The peak energies Ex of the strength functions
for the three Skyrme interactions and various k are pro-
vided in the figure. It is evident that Ex increases as
m∗

v,0/m decreases, while remaining relatively insensitive
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to the value of k. In particular, among the three Skyrme
interactions, the Ex associated with Skyrme 1′ (m∗

v,0/m
= 0.79) is in the closest agreement with the experimental
value Ex = 13.4 MeV (vertical green dashed line) mea-
sured at RCNP [72]. Similar dependence of the Ex of
ISGQR on the isoscalar effective mass m∗

s,0/m and σ∗

have been reported in Ref. [35].
In contrast to its effect on Ex, increasing the in-

medium correction factor k leads to a pronounced in-
crease in the FWHM Γ of S(E). To systemically present
the impact of k on Γ, we show in Fig. 2 the Γ as functions
of k obtained from the BUU equation employing various
Skyrme interactions, with m∗

v,0/m ranging from 0.51 to
1.05 [73–77]. The constant in-medium correction factor
k is varied from 0.2 to 1.0, representing a transition from
a strongly suppressed in-medium NN cross section to the
free-space cross section. The brown hatched band de-
notes the experimental Γ of 208Pb, extracted from the
total photoneutron cross section σ(γ, sn) [78]. We note
from the figure, focusing on the results of a particular
Skyrme interaction, the positive dependence of the Γ of
S(E) on the value of k, reflecting the rapidity of the
damping exhibited in the left window of Fig. 1, is clearly
observed. Furthermore, for a given value of k, Skyrme in-
teractions with smaller m∗

v,0/m tend to result in a larger
Γ. This inverse dependence of Γ on m∗

v,0/m is relatively
weak at small values of k, but becomes more pronounced
as k increases.

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

3

6

9

12

208Pb-IVGDR
 s* = ksfree

LNS5         m*
v,0 /m = 0.51  SLyIII0.7 m*

v,0 /m = 0.61
SQMC650 m*

v,0 /m = 0.65  MSL1       m*
v,0 /m = 0.70

Skyrme1'   m*
v,0 /m = 0.79  BSk4        m*

v,0 /m = 0.85
BSk1         m*

v,0 /m = 1.05 

G 
  (

M
eV

)

k

Gexp = 4.08±0.09 MeV

FIG. 2. The Γ of IVGDR in 208Pb calculated using the
BUU equation with different constant in-medium correction
factors k. The various symbols correspond to Γ values for
different m∗

v,0/m, and the brown hatched band represents the
experimental value of Γ = 4.08± 0.09 MeV [78].

We now turn to the sensitivities of the m1 to m∗
v,0.

We calculate the S(E) of IVGDR in 208Pb using the
BUU equation employing 55 representative Skyrme in-
teractions. These selected interactions (BSk1, BSk4,
BSk5, BSk7, BSk8, BSk9, BSk11, BSk14, BSk15, BSk17,
FPLyon, KDE0v, LNS5, MSk5*, MSk7, MSL1, RATP,

SIII, SK272, SKa, Ska35s15, Ska35s25, Ska45s20, SkM,
SkM*, SkS1, SkS3, SkS4, SkSC14, SkT1, SkT2, SkT3,
SkT8, SkT9, SKXce, SKXm, Skχm*, Skxs15, Skxs20,
Skyrme 1′, SLy0, SLy1, SLy2, SLy4, SLy5, SLy7, SLy10,
SLyIII.0.7, SQMC650, SQMC700, SV-bas, SV-K226,
SV-kap02, SV-min, T, details of these interactions can
be found in Refs. [73–77, 79]) can reproduce relatively
well the empirical values of the characteristic quantities
of the nuclear equation of state [80], while with the value
of m∗

v,0/m ranging from 0.51 to 1.05. The m1 of IVGDR
is then obtained through Eq. (8).

8 10 12 14 16

0.5

0.6

0.7

0.8

0.9

1.0

  y = a2 + b2x
a2 = -0.182 ± 0.029
b2 =  0.076 ± 0.002
r2  =  0.955

 Linear Fit
  y = a1 + b1x

a1 = -0.154 ± 0.026
b1 =  0.078 ± 0.002
r1 =  0.962

m
* v,

0 
/m

104/m1  (fm
-2×MeV-1)

  208Pb-IVGDR
   s* = ksfree

 k = 0.3
 k = 0.9

104/m1 = 11.32 ± 0.35 fm-2×MeV-1

FIG. 3. The correlation between m∗
v,0/m and 104/m1 of

IVGDR in 208Pb. The purple circles and blue squares show
results for k = 0.3 and k = 0.9, respectively. The red and
blue shaded regions indicate the 68.3% prediction bands of
the linear regression. The brown hatched band represent the
experimental value of 104/m1 [70–72].

Figure 3 provides the scatter plot of the m∗
v,0/m and

104/m1 obtained using the BUU equation employing the
above Skyrme interactions. The purple circles and blue
squares represent the results calculated adopting two dif-
ferent σ∗, namely, k = 0.3 and 0.9, respectively. A clear
linear correlation between m∗

v,0/m and 104/m1, as indi-
cated in Eq. (14), is observed in the figure. The Pearson
coefficients of the correlation in this two k value cases
are as high as 0.962 and 0.955, respectively, highlight-
ing the strong correlation between m∗

v,0/m and m1. The
linear fits to the results with k = 0.3 and k = 0.9 are
shown by the red solid and blue dashed lines, respectively,
with the shaded regions indicating the corresponding 1σ
uncertainties. The fluctuations of the scatterings plot
with respect to the linear fits reflect mild sensitivities of
m1 to other quantities such as nuclear equation of states
associated with those Skyrme interactions. The brown
hatched band represents the value 104/m1 = 11.32± 0.35
fm−2 · MeV−1, deduced from the experimental centroid
energy E−1 ≡

√

m1/m−1 and inverse energy weighted
sum rule m−1. Here, the E−1 = 13.46 MeV is extracted
from the photo-absorption measurements [70], while the
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m−1 is obtained from the corrected value of the electric
dipole polarizability αD = 19.6 ± 0.6 fm3 [71, 72]. We
conclude from the figure that, despite the mild influence
from the in-medium correction factor k, m∗

v,0 can still
be relatively well constrained by the the energy-weighted
sum rule m1.

B. Bayesian inference of isovector effective mass

Given the sensitivity of the IVGDR width Γ and m1

to both m∗
v,0 and k, we further perform a Bayesian anal-

ysis based on a Gaussian process emulator of solving
the BUU equation to extract m∗

v,0，using the surmise

package [29, 81–85]. Specifically, we first calculate Γ
and m1 using 20 Skyrme interactions (i.e., BSk1, BSk4,
BSk14, BSk15, BSk17, LNS5, MSL1, SIII, SIII*, Skyrme
1’, SLy0, SLy1, SLy2, SLy4, SLy5, SLy7, SLyIII.0.7,
SQMC650, SV-mas07, SV-sym34) [73–77], with various k
values ranging from 0.0 to 1.0 in steps of 0.1. The values
of m∗

v,0/m of the above interactions range from 0.51 to
1.05. The above results on Γ and m1 provide a represen-
tative sampling of the BUU calculation in the parameter
space spanned by m∗

v,0/m and k. They are then used
to train a Gaussian process emulator, which enables effi-
cient Markov Chain Monte Carlo (MCMC) sampling in
the m∗

v,0/m–k space. In the Bayesian analysis, we as-
sume uniform priors for m∗

v,0/m and k ranging from 0.6–
0.9 and 0.1–0.6, respectively. The likelihood function is
assumed to be the commonly used Gaussian form con-
structed using the experimental values of Γ = 4.08±0.09
MeV [78] and m1 = 883.05± 27.03 MeV fm2 [70–72]. A
total of 5×106 samples in the m∗

v,0/m–k space are gener-
ated from MCMC sampling. The posterior distributions
of m∗

v,0/m and k are then estimated using these samples
which are shown in Fig. 4. The bivariate scatter his-
tograms of the MCMC samples are exhibited in Fig. 4 (b)
along with the 68.3% and 90% confidence regions en-
closed by the solid lines. The corresponding marginal
posterior distributions of m∗

v,0/m and k are displayed in
Fig.4 (a) and Fig.4 (c), respectively.
Quantitatively, at 68.3% confidence level we infer

k = 0.341+0.077
−0.074,

m∗
v,0/m = 0.731+0.027

−0.023.
(15)

Combining the inferred m∗
v,0/m and the constraint on

the isocalar effective mass m∗
s,0/m = 0.82 ±0.03 from the

BUU analysis of ISGQR of 208Pb reported in Ref. [35].
The linear neutron-proton effective mass splitting coeffi-
cient ∆m∗

1(ρ0) is derived to be,

∆m∗
1(ρ0)/m = 0.200+0.101

−0.094. (16)

The uncertainties of ∆m∗
1(ρ0) are propagated from the

uncertainties of m∗
v,0/m and m∗

s,0/m.
Finally, in Fig. 5, we compare the ∆m∗

1(ρ0) ob-
tained in the present work (BUU+Bayes., red solid star)

0.60 0.65 0.70 0.75 0.80 0.85 0.90

m�
v,0/m

0.1

0.2

0.3

0.4

0.5

0.6

k

(b)

(a)

(c)

FIG. 4. Posterior univariate [(a) and (c)] and bivariate (b) dis-
tributions of the constant in-medium correction and m∗

v,0/m.
The shaded regions in panel (b) represent the 68.3% and 90%
confidence intervals.

with constraints from other experimental analyses and
theoretical calculations. The solid light blue square
in Fig. 5 represents the result based on the Hugen-
holtzVan Hove theorem (HVH), derived from the sys-
tematics of nuclear symmetry energy and its slope [24].
The half-filled yellow circle denotes the constraint ob-
tained from the optical potential model (OPM) analy-
sis based on nucleon-nucleus scattering data [25]. The
half-filled blue square, solid pink hexagon, solid peach
diamond, and half-filled brown hexagon represent re-
sults extracted from experimental observables of nuclear
giant resonance (GR) using the RPA theory [26], the
isospin-dependent BoltzmannUehling-Uhlenbeck trans-
port model (IBUU) [27, 28], and the Bayesian analy-
sis based on RPA theory (RPA+Bayes.) [29], respec-
tively. The half-filled green triangle represents con-
straints from IBUU model analyses of the empirical
optical potential (EOP) [27]. Additionally, the solid
gray triangle, black asterisk, and half-filled fulvous
diamond, are constraints extracted from experimen-
tal observables of HICs through the Bayesian analy-
sis based on the improved quantum molecular dynam-
ics model (ImQMD+Bayes.) [18], the ultra-relativistic
quantum molecular dynamics model (UrQMD) [19], and
the Bayesian analysis based on the improved quantum
molecular dynamics-Skyrme transport model (ImQMD-
Sky+Bayes.) [20], respectively. Notably, all the three
analyses favor negative ∆m∗

1(ρ0). All these constraints
on ∆m∗

1(ρ0) range from -0.13m to 0.56m, exhibiting a
certain model dependence. Despite the values extracted
from experimental observations exhibit quantitative—
even qualitative—uncertainties, all results fall within the
predicted range of various nuclear ab initio many-body
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calculations, shown as blue shaded regions in Fig. 5.
More details on these ab initio calculations can be found
in Ref. [21, 23]. The average of all the presented exper-
imental constraints is 0.12m, which is indicated by the
horizontal dashed line in Fig. 5. We would like to men-
tion that over the past few decades, significant efforts,
both in theory and experiment, have been devoted to
determining the neutron-proton effective mass splitting,
and those shown in Fig. 5 represent only a subset of the
related results.

 ab initio calculations

RPA
(GR)

ImQMD
 +Bayes.
  (HICs)

  BUU
+Bayes.
  (GR)

HVH

D
m

* 1(r
0) 

 (m
)

UrQMD
  (HICs)

FIG. 5. The ∆m∗
1(ρ0) obtained using the BUU equa-

tion (red solid star), is compared with constraints derived
from the nuclear structure and nuclear reaction experiment
observables (other symbols, see text for details) [18–20, 24–
29], as well as theoretical results from several ab initio calcu-
lations (blue shaded regions) [23].

It is worth noting that the analyses based on nu-
clear collective motions tend to favor a positive ∆m∗

1(ρ0),
while those based on HIC observables suggest neg-
ative values. This discrepancy appears to imply a
momentum-dependent effective mass splitting, i.e., for
low-momentum nucleons—which dominate the dynam-
ics in nuclear collective motions and in HICs with lower
incident energies—one has m∗

n > m∗
p, whereas for high-

momentum nucleons—which play a more significant role
in HICs at higher incident energies—the relation reverses,
with m∗

n < m∗
p. Due to the limitation of the standard

Skyrme EDF, the effective mass obtained with Skyrme
interactions shows no momentum dependence. The
momentum-independent ∆m∗

1(ρ0) can be regarded as an
overall estimate of the momentum-dependent effective
mass splitting averaged over the dominant momentum
region relevant to a given process. A more sophisticated

constraint should be imposed directly on the momen-
tum dependence of the effective mass splitting, or equiv-
alently, on the first-order symmetry potential defined

as Usym,1(p, ρ) ≡ ∂ǫn(p,ρ,δ)
∂δ

∣

∣

∣

δ=0
= −

∂ǫp(p,ρ,δ)
∂δ

∣

∣

∣

δ=0
. This

could be explored by employing, for example, the Skyrme
interactions extended to include higher-order derivative
terms (i.e., relative-momentum terms) [16, 66, 86–90].

IV. SUMMARY

In the present work, we employ the BUU equation to
obtain the strength function S(E) of IVGDR of 208Pb.
The careful numerical treatments of the adoption of a
large number of ensembles when solving the BUU equa-
tion enable an accurate description of the properties of
nuclear collective motions based on the semi-classical ap-
proximation to the Wigner representation of the time-
dependent quantum approach. The sensitivities of the
IVGDR observables, i.e., the full width at half maximum
Γ of its strength function S(E) and the energy-weighted
sum rule m1, to isovector effective mass m∗

v,0/m and in-
medium NN cross section σ∗ are investigated. Based on
the Bayesian inference using the BUU-calculated values
of m1 and Γ as training data, we constrain constant in-
medium correction factor k = 0.341+0.077

−0.074 and m∗
v,0/m =

0.731+0.028
−0.023. By incorporating a previously constrained

value of the isoscalar effective mass m∗
s,0/m = 0.820 ±

0.030, we deduce the linear neutron-proton effective mass
splitting coefficient ∆m∗

1(ρ0)/m = 0.200+0.101
−0.094. This re-

sult is compared with constraints obtained from other
phenomenological approaches and ab initio calculations.
The constraint obtained from the BUU equation shows
good agreement with values extracted from experimen-
tal observations, which might help understand the un-
derlying characteristics of m∗

n−p in neutron-rich nuclear
matter, particularly its behavior for low-momentum nu-
cleons.
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