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Abstract

A key challenge for the machine learning community is to understand and accelerate
the training dynamics of deep networks that lead to delayed generalisation and
emergent robustness to input perturbations, also known as grokking. Prior work
has associated phenomena like delayed generalisation with the transition of a deep
network from a linear to a feature learning regime, and emergent robustness with
changes to the network’s functional geometry, in particular the arrangement of the
so-called linear regions in deep networks employing continuous piecewise affine
nonlinearities. Here, we explain how grokking is realised in the Jacobian of a deep
network and demonstrate that aligning a network’s Jacobians with the training data
(in the sense of cosine similarity) ensures grokking under a low-rank Jacobian
assumption. Our results provide a strong theoretical motivation for the use of
Jacobian regularisation in optimizing deep networks — a method we introduce as
GrokAlign — which we show empirically to induce grokking much sooner than
more conventional regularizers like weight decay. Moreover, we introduce centroid
alignment as a tractable and interpretable simplification of Jacobian alignment
that effectively identifies and tracks the stages of deep network training dynamics.
Accompanying [webpage and code.

1 Introduction

Deep networks are known to have emergent properties during prolonged training that are essential to
understand to facilitate their reliable and effective training. Delayed generalisation involves the test
accuracy increasing long after train accuracy has saturated, a phenomenon initially termed grokking
[4]. Delayed generalisation spans multiple deep architectures and domains, including transformers on
algorithmic tasks [4] and natural language processing [5]], and fully connected networks performing
image-classification [6]. Subsequently, the grokking concept has been expanded to include delayed
robustness [[1], which involves prolonged training inducing a robustification of the deep network to
input perturbations. Ideally we would accelerate the onset of both generalisation and robustness in
deep networks, though in practice there has been an observed tension between them [8}, 9.

Despite a high-level understanding of grokking, there exists no foundational explanation for why
it occurs nor a practical and interpretable framework for accelerating a deep network’s training
dynamics to reach the grokked state more efficiently.
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Figure 1: For a deep network to grok, its Jacobians should align such that the sum of their rows are cosine-
similar to the point at which they were computed; we dub this condition centroid aligned. We train a ReLU
network on the MNIST dataset [1] using GrokAlign. We take three training data points, left, and observe the
linear regions (using SplineCam [2]) of the deep network along with the centroids [3]] of the three data points
when it has memorized the training data, centre, and when it has generalised, right. We colour the linear regions
according to the norm of the linear operator acting upon them. (Additional figures can be found in Figure .

Prior work in this space attributes delayed generalisation to the transition of a deep network from a
linear to a feature learning regime [[10-12]. Studies have explored this dynamic from the perspective
of the neural tangent kernel [[12, [13]], the adaptive kernel [[11} 14], and mechanistic interpretability
[L5L[16]. On the one hand, these works have arrived at an array of sufficient conditions for inducing
generalisation, including weight-norm at initialisation [6], weight-decay [10} [15]], dataset size [[16],
and output or label scaling [12]]. On the other hand, delayed generalisation and robustness has been
attributed to the evolution of the functional geometry of the network [7], which is a reference to the
arrangement of the so-called linear regions of a continuous piecewise affine network. The Jacobian
matrices of a deep network have also been identified as intimately related to their robustness [[17H21].

In this paper, we prove theoretically and demonstrate empirically that Jacobian norm constraints
induces grokking in deep networks. Moreover, we develop a tractable and interpretable approach for
monitoring and accelerating grokking in practice based on an efficient summarization of the Jacobian
called the centroid.

This paper makes three main contributions. First, we demonstrate that deep networks that have
optimized their loss function have aligned Jacobians at the training data points, in the sense that
the rows of the Jacobians at the training points are simply scalar multiples of those points. Deep
networks with aligned Jacobians have been empirically demonstrated to be robust [20, [21]], and we
prove rigorously that they are optimally robust amongst all rank-one Jacobians. Since deep network
training dynamics tend to bias the Jacobian towards a low-rank matrix [22H26], we conclude that
the the cause of grokking is the alignment of the deep network’s Jacobian matrices. Through this
theory we introduce GrokAlign, which is the use of Jacobian regularisation to ensure and accelerate
grokking.

Second, since working with Jacobian matrices in practice is computationally expensive, and current
strategies to align the Jacobians are cumbersome [21]], we propose to summarize the Jacobian matrices
via the sum of their rows. This vector can be efficiently computed through Jacobian vector products
[27], and it has a strong geometrical interpretation in the spline theory of deep learning [28]], where it
corresponds to the centroid of the linear region containing the data point of interest. Theoretically, the
centroids are connected to the neural tangent kernel, and empirically they offer efficiently computable
metrics for monitoring and detecting the emergence of grokking.

Third, we explore the practical significance of Jacobian and centroid alignment as a framework
through which to consider the dynamics of deep network training. We demonstrate that centroid
alignment can reliably identify key phases in the training dynamics of deep networks and when
additional training could be beneficial. Furthermore, we illustrate the effectiveness of GrokAlign as a
strategy for controlling the training dynamics of deep networks that lead to grokking.

In summary, in Section [2] we theoretically identify Jacobian alignment as the grokked state of a
deep network which can be arrived at by regularising the Jacobian matrices of the deep network
during training — a method we introduce as GrokAlign. In Section [3] we demonstrate how we can



equivalently track Jacobian alignment through centroid alignment. In Section [ we put this into
practice by demonstrating that we can use centroid alignment to identify the key phases of deep
network training and we can use GrokAlign to induce robustness, inhibit or accelerate grokking and
control the learned solutions of deep networks.

2 Jacobian Regularisation Explains Grokking

Let f : R? — R be a deep network. Here we focus on the classification setting so that the prediction
of the deep network at a point x is taken to be argmax(f(x)). In this setting, the deep network is
trained on a data set {(x,, yp)};”:1 — where x,, € R? and y,, € R is its corresponding class — under

some loss function £ = -1 Zg;l C(f (xp),yp). Let Jx(f) be the Jacobian of f at x.

Definition 1. A deep network is Jacobian-aligned at x ¢ R? if J.(f) = cx' for some vector

c € R%

A deep network is said to have generalised when it learns
to extrapolate beyond the training set and perform well on

unseen inputs, and it is said to be robust when applying 1.0 1
perturbations to inputs does not change the behaviour of 0.9
the deep network drastically. The emergence of general- 08
isation is typically formalised under the feature learning 074
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cluding ReLU feedforward networks, recurrent networks, Step
convolutional neural networks, and residual networks with
piecewise linear activation functions [28]. Such a deep net- Figure 2: Under weight-decay and

GrokAlign, the effective rank of the Jaco-
bian matrices evaluated at the training data
tends towards rank one. Here we trained
ReLU networks on the MNIST classifica-
tion task [1] under the mean-squared error
and cross-entropy loss functions using the

work has a representation of the form f(x) = A, x+B.,,
where A, € R*? and B, € RY. More specifically,
A, and B, are the parameters for the affine transfor-
mation operating on the linear region wx encompassing x.
The functional geometry of f is the disjoint union of these
linear regions, which is a finite-partition of the input space

into a collection of convex polytopes [3]]. Note that in this
setting Jx(f) = A,

Theorem 2. Let L be the cross-entropy or mean-squared
error loss function. Then the continuous piecewise affine
deep network f minimising L under the constraints that
HJXp(f)va < aand B,, = 0foreveryp=1,...,m,
is Jacobian-aligned. (Proof in Appendix|E).

AdamW optimizer [29]]. Throughout training,
we recorded the average explained variance
of the first principal component of the Ja-
cobians evaluated at the training data (PC1),

2
Z"Ul — where o are the singular val-
i=1 "1
ues of the Jacobian. When this normalized
value equals one, the Jacobian matrix is rank

one.

namely

Theorem [2] demonstrates that Jacobian-aligned deep networks are optimal in the sense of optimising
the training objective. Combined with prior works [20, [21]], we can also infer that Jacobian-aligned
deep networks are robustE] We support this with the following.

Theorem 3. If A,,, is a rank-one matrix and B, = 0, then the local mapping on the linear region
wy is optimally robust with respect to 5 perturbations when A,,_ = cx ', where the maximum entry
of ¢ is at the index of the class of x. (Proof in Appendix[E).

In practice, the dynamics of deep network training biases toward low rank weight matrices [22H26]],
and thus low rank Jacobians (see Figure[2). Hence, from Theorem [3] we determine that delayed
robustness ought to necessarily involve the Jacobian alignment of deep networks.

3 Although, in these prior works, the notion of alignment considers only the row of the Jacobian matrix
corresponding to the class of the input.



By explicitly enforcing the Jacobian norm constraint of Theorem [2] — a method we introduce as
GrokAlign — we can guarantee that optimising the training objective will lead to a grokked network.
More specifically, GrokAlign involves appending the average Frobenius norwﬁ of the Jacobian
matrices at the training data to the loss function with some weighting coefficient, Aj,.

Reassuringly, this form of Jacobian regularisation has been demonstrated to improve the robustness of
deep networks in prior work [17H19} 30]. Moreover, forcing the network to maintain a low Lipschitz
constant, which is equivalent to having a low Jacobian norm, has been identified to balance the
observed trade-off between generalisation and robustness [31]].

Weight-decay could also be a viable strategy of enforcing the constraint of Theorem [2} however,
it is less direct. Indeed, in some cases weight-decay has proven effective for inducing grokking
[4) 11511161 132]], while in other cases it has shown to be insufficient for grokking [12].

In summary, we have identified that grokking requires the alignment of a deep network’s Jacobian
which, due to Theorem 2} only arises during training if the deep network’s Jacobians are regularised
to remain bounded. Thus we proposed GrokAlign as a method for doing this.

3 The Centroid Alignment Perspective

Centroids. Recall that the functional geometry of a continuous piecewise affine deep network refers
to the arrangement of its linear regions. That is, the disjoint union of {wy }, cpa o where ~ denotes the
equivalence class x; ~ xg if and only if x5 € wy, and vice-versa. Of importance is the fact that the
functional geometry can be parametrised with a collection of parameters { (fix, Tx) } xcpe - R4 xR,
termed the centroids and radii, according to a power diagram subdivision [3]].

Theorem 4. For a continuous piecewise affine deep network, ux = (Jx(f ))T 1. (Proof in Appendix

[E).

Theorem[4]tells us that centroids provide a summarisation mechanism for the Jacobian matrices of any
deep network in way that has an elegant geometrical interpretation when the network is continuous
piecewise affine. Importantly, the centroid can be computed through a Jacobian vector product, which
is more computationally efficient than directly computing the Jacobian [27]].

Definition 5. A deep network is centroid-aligned at x € R? if ji, = cx for some constant ¢ € R.

The geometrical consequences of centroid alignment can be visualised vividly in Figure[T} An aligned
centroid can be linked to the region migration phenomenon observed in Humayun et al. [7], which
was used as an explanation for delayed robustness. Region migration describes the process of a deep
network migrating its linear regions from the data points to the decision boundary. Therefore, we can
already observe that considering centroid alignment will be useful from the perspective of trying to
understand the dynamics of deep network training.

Proposition 6. A Jacobian-aligned deep network is centroid-aligned. (Proof in Appendix|[E).

From Proposition [f]it follows that we can consider centroid alignment as an alternative to Jacobian
alignment. Although centroid alignment is a weaker property than Jacobian alignment, we will
demonstrate that it has explicit connections to feature learning through the neural tangent kernel.

Neural Tangent Kernel. Suppose a deep network has parameters . Then the neural tangent

kernel [[13] between x, x’ € R is taken to be © (x,x') = Vg fo(x) (Vo fo (x'))" . The linear and
feature learning regimes of deep network training are characterised by having relatively constant or
dynamic neural tangent kernels, respectively [33H35]]. The former identifies when the deep network
approximates a linear function, whereas the latter involves the deep network’s nonlinearitiesE]

The Dynamics of Centroids. For simplicity we will explore the centroid dynamics of a two-layer
network of the form fy(x) = W® (o (WVx)), where W) € REPxd (1) ¢ RAVxd gpd o
is a piecewise affine nonlinearity (e.g. ReLU). We omit bias terms to ensure the zero bias assumption

*The Frobenius norm of a matrix is equal to the square root of the sum of the squares of its components.
3Lazy and rich are also commonly used terms to refer to these two regimes.



of Theorem 2] We will suppose the deep network is being trained using full-batch gradient descent
with a learning rate of 7.

Lemma 7. In the setting outlined above, we have |y = (W(Q)QXVV(U)T 1, where Qyx =
diag (0' (W(I)X)). (Proof in Appendix @)

To make the connection to feature learning explicit, we will consider the deep network to have a scalar
output. However, we provide a treatment of vector-output deep networks in Appendix |Al where we

make an analogous connection between centroids dynamics and feature learning. In the scalar-output
setting we suppose that the deep network is being trained with the cross-entropy loss function.

Lemma 8. In the setting described above, with d®) = 1, the neural tangent kernel of fy between
x,x’ € R? is given by
T T
O(x,x)=0 (W(l)x) o (W(l)x’) + (x"x) (W(Q)QXQX/ (W(2)) ) .
(Proof in Appendix|[E).
Theorem 9. In the setting of Lemma (8} we have 0y ((X, jix)) = £ >
Mx, = Yp — m. (Proof in Appendix@.

m

p=1 © (X,%p) mx,, where

Theorem [J]says that the inner product between some point in the input space, x, and its corresponding
centroid, (i, is a weighted sum of the neural tangent kernel of the point with the points in the
training data. In particular, a changing inner product implies a dynamic neural tangent kernel, which
corresponds to the feature learning regime of training.

More specifically, if the inner product (x, i) changes by ¢, then the alignment will change by
m. When optimizing a deep network with GrokAlign, we would expect the centroid norm to

be low as the centroid is equal to the sum of the rows of the Jacobian (see Theorem E[) Thus, the
feature learning regime will be identified by centroid alignment.

Consequently, since Jacobian-aligned deep networks are centroid-aligned and centroid alignment is
an indicator of feature learning, we have determined that we can use the degree of centroid alignment
as a metric for effectively monitoring the emergence of generalisation and robustness in deep network
training dynamics. We will now explore this further via a range of numerical experiments.

4 Experiments

To compute the centroid alignment of a deep network, we compute the centroid for an input point
using Theorem 4 and then compute the cosine similarity between this and the input point. Likewise,
we can obtain the centroid inner product. Due to the zero bias assumption of Theorem[2]and Theorem
E], we will, unless stated otherwise, omit bias terms in the deep networks we consider.

4.1 Centroid Alignment Identifies the Feature Learning Regime

First, we verify Theorem [J] and the conclusions stemming from it in an MNIST [1]] two-class
classification setting using a two-layer scalar-output ReLU network. Figure [3|demonstrates that the
inner product between a point and its linear region’s centroid changes in accordance with the neural
tangent kernel, meaning that centroid alignment identifies the feature learning regime.

Due to the fact that the norms of the centroids increase during training, eventually the increasing
centroid inner product experienced during the feature learning regime no longer translates to centroid
alignment. This supports the observation that standard training techniques do not maintain a bounded
Jacobian norm [31]], which highlights the necessity of a method such as GrokAlign to ensure the
realisation of a Jacobian-aligned deep network in practice. Without using a method like GrokAlign
during training, the initialisation of the network significantly influences its subsequent dynamics. In
Appendix |B|we use centroid alignment to explore this.

4.2 Centroid Alignment Identifies Delayed Robustness

Having demonstrated that centroid alignment identifies the feature learning regime, we now demon-
strate that it can be used to identify the onset of robustness.
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Figure 3: Theorem@holds in practice: we observe that a changing inner product indeed corresponds to a
feature learning regime. Here we train a two-layer scalar-output ReLU network using the binary-cross-entropy
loss function to distinguish between the zero and one class of the MNIST dataset [1]. We train the model using
full-batch gradient descent for 4000 steps at a learning rate of 0.01. At the beginning of training we fix a point
from the training set and compute the average value of the neural tangent kernel between itself and the other
points from the training set, left. We then compute the centroid of the point using Theorem@to then obtain the
inner product, centre, and its alignment, right. In the right plot we record the norm of the centroid and encode it
in the colours of the markers. In the left and centre plots, we identify the feature learning regime using a green
shaded area, determined by the neural tangent kernel changing value.
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Figure 4: Centroid alignment of a point from the training set identifies the generalisation and robustness of
a deep network. We study a two-layer network of width 2048 learning the XOR classification task described
in Section[d.2} In the top row we train the network using full-batch gradient descent under the mean-squared
error loss function with a learning rate of 0.1, weight-decay of 0.1 and for 1000 steps. We monitor both the
alignment of a training point to its centroid as well as the robustness of the network. To measure robustness,
we take the entries from the test set and apply Gaussian perturbations of varying standard deviations to the last
39998 components. In the bottom row we additionally apply GrokAlign with Aj.c equal to 1.0. In the left plots
we are illustrating the centroid norms with the colours of the markers.

We adopt a set-up similar to that of Xu et al. [36] entailing a scalar-output two-layer fully connected
network grokking on XOR cluster data. Note that this network trivially has rank-one Jacobians at
every point in the input space. The XOR cluster data contains 40000-dimensional vectors of the

form x = (21, 22, ch)T € R40090 where 21,25 € {£1} and X € R3%998_ The 400 samples used
to train the network are constructed by sampling entries 21, 22 uniformly from {£1} and entries
of X uniformly from {+e}, here we take ¢ = 0.05. The corresponding label of such a sample is
x129 € {£1}. A similar sample is generated as a test set. Therefore, by construction our training
data only has signal in the first two components, whereas all the other components contain noise.
Hence, generalisation would require recognising the pattern of how the first two components lead
to the corresponding label, whilst robustness would require the network to not condition its pattern
recognition on the last 39998 components.
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Figure 5: GrokAlign capitalises on the low rank implicit bias of deep network training to induce robustness by
aligning the Jacobians of the deep network. Here we train a convolutional neural network with six convolutional
layers and two linear layers, with no bias terms, on a 1024 subset of the CIFAR10 dataset [37] under the
mean-squared error loss function. We use the AdamW optimizer [29] with a learning of 0.001 and a batch
size of 256 to train the network across 36000 steps. In one instance we apply weight-decay at 0.001, and in
another instance we apply GrokAlign with Ay, equal to 0.001. In the left plot we compute the average explained
variance of the first principal component of the Jacobians as in Figure[2] and in the centre plot we record the
average centroid alignment on the training set. In the right column we record the test accuracy of the model and
the accuracy of the model when /., perturbations of amplitude % are applied to the test set using Autoattack
[38].

Throughout training we track the centroid alignment of a point in the training set to obtain Figure 4]
In the top row of Figure ] we observe that as the network memorises, the centroid alignment does
not increase significantly. However, during generalisation, the centroid alignment increases. After
a slight plateau in centroid alignment, a further increase correlates with the onset of robustness. In
this instance, the rank of the Jacobian of the network at the point under consideration is one, and
thus from Theorem [3| robustness can only be achieved through alignment. Critically, we observe
the indirectness of weight-decay at imposing the Jacobian norm constraint of Theorem[2] Early on
in training, the norms of the centroids increase and eventually inhibit centroid alignment. Since
alignment is an optimum of the training objective (recall Theorem[2), it is only at this stage that under
weight-decay the network is incentivised to reduce the norms of the Jacobian resulting in the onset of
robustness.

In the bottom row of Figure[d we instead see that by applying GrokAlign we directly mitigate this
delay and achieve robustness much sooner.

4.3 GrokAlign’s Influence on Grokking

Thus far we have shown that centroid alignment provides a valuable perspective on the training
dynamics of a deep network, as it identifies stages of generalisation (see Figure [3)) and robustification
(see Figure ). We have also shown that standard deep network training, including weight-decay,
cannot maintain a Jacobian norm constraint and thus is limited in its ability to Jacobian-align deep
networks.

The most direct approach for enforcing the Jacobian norm constraint is through GrokAlign, and
here we will explore how this can used to control the deep network’s training dynamics that lead
to grokking. Recall that GrokAlign regularises the Frobenius norm of the Jacobian matrices of
the deep network computed at the training data by appending its value to the loss function. To be
computationally efficient, GrokAlign uses an approximation of the Frobenius norm of the Jacobian
matrices [19]E]

Inducing Delayed Robustness. We train convolutional neural networks on the CIFAR10 dataset
[37]. From Figure [5] we observe that, by using GrokAlign we can induce Jacobian alignment,
as evidenced by the increasing centroid alignment, which translates into improved robustness by
capitalising on the diminishing ranks of the Jacobian matrices. With only weight-decay, Jacobian
alignment does not manifest, as evidenced by the low centroid alignment, and thus we observe a

5We provide code for our implementation of GrokAlign here!
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decline in robustness as training progresses. Crucially, by monitoring centroid alignment we can
determine that prolonging training is unlikely to improve the properties of the GrokAligned model
significantly, since the effective rank of the Jacobians is close to one and the centroid alignments are
relatively high and have started plateauing.

Therefore, we have demonstrated that GrokAlign provides a direct strategy for inducing robustness for
it aligns the Jacobian’s of the deep networks which we can observe by monitoring centroid alignment.
Just like Figure[I] we can vividly visualise the consequences of centroid alignment in Figure 6]

Input Centroid Unaligned Centroid Aligned

Figure 6: The geometry of the function of a centroid aligned deep network is more resemblant of the geometry of
the training data, indicating that the transformation its applies to local regions of data points is more representative
of their features. We compare the two convolutional neural networks from Figure 5] by taking training points,
left, and computing their centroid. In the centre we depict the centroids for the network trained without using
GrokAlign, and on the right we depict the centroids for the network trained with GrokAlign.

Inhibiting Delayed Generalisation. Using our reasoning, we would expect that if we were to main-
tain the Jacobian norms at a high-level, then we ought to prevent alignment and thus generalisation.
To explore this, we consider a fully connected network and scale up its weights at initialisation to
increase the Jacobian norms, much like Liu et al. [6], and apply GrokAlign in different ways.

We observe in Figure[7]that our prediction is correct: minimising the Frobenius norms of the Jacobians
leads to generalisation, whilst keeping their value relatively high prevents it. We are able to monitor
this by tracking the norms of the centroids, which demonstrates how the centroids provide an effective
mechanism to monitor network dynamics.
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Figure 7: By maintaining the Frobenius norm of the Jacobians at the training data relatively high we can keep
the norms of the centroids relatively high which prevents grokking. We take the MNIST grokking set up of Liu
et al. [6]. In the minimising case we impose GrokAlign with Ay, equal to 0.001 during training to minimise the
Frobenius norm of the Jacobians at the training data. In the constrained case we apply GrokAlign to maintain
the Frobenius norm of the Jacobians computed at the training data at a relatively high level. More specifically,
using a regularisation coefficient of 0.001, we append the difference between five and the average Frobenius
norm of the training data to the loss function. In the left plot we visualise the train and test accuracy with solid
and dashed lines respectively. In the centre plot we visualise the average norm of the centroids computed at the
training data. In the right plot we visualise the average centroid alignment.



Accelerating Grokking. Just as we used GrokAlign to inhibit grokking, we can also use it to
accelerate grokking. For this we consider the standard MNIST grokking set up of Liu et al. [6] which
involves applying weight-decay to a deep network initialised with a large initial weight-norm. From
our perspective this results in Jacobians with large norm, inhibiting their alignment.

We compare the effectiveness of GrokAlign to two other known methods of inducing grokking.
Grokfast [32]] works to improve the rate of grokking by manipulating the gradients during training to
amplify certain signals. Tan and Huang [39] motivated adversarial training for accelerating grokking
by establishing a connection between robustness and generalisation. The method of adversarial
training involves perturbing the inputs during training with noise proportional to the training accuracy
of the deep network. In each method we do not manipulate the weight-decay of the training procedure.

From Table[I] we observe that GrokAlign is extremely effective at inducing the grokked state of the
deep network in this setting; it arrives at the grokked state in 7.56 times fewer steps and 6.31 times
faster than the baseline in the case of the cross-entropy loss function. In contrast, Grokfast provides a
relatively lower improvement in the mean-squared error case and is ineffective in the cross-entropy
case. Adversarial training does not improve the rate of grokking over the baseline. In particular,
adversarial training does not improve the robustness of the model by way of aligning the Jacobian,
unlike GrokAlign (see Appendix [C).

Table 1: GrokAlign significantly speeds up the rate of grokking. In the top table we assume the MNIST set up
of Liu et al. [6] with the cross-entropy loss function, and in the bottom table we assume it with mean-squared
error loss function as the baselines. We repeat the training across ten different random initialisations, where
for the cross-entropy loss function we apply GrokAlign with Ay, equal to 0.001 and with Aj,c equal to 0.0001
for the mean-squared error models. For each run we measure the number of steps and the absolute time, in
seconds, taken for the networks to reach 85% test accuracy. In the case of the mean-squared error loss function,
we additionally measure the time, in seconds, for the models to go from 20% to 85% test accuracy. We provide
the average acceleration (or deceleration) of each method compared to the baseline along with the corresponding
standard deviation.

Cross Entropy Loss Function

Regularisation Number of Steps Absolute Time (s)
Baseline - -

GrokAlign 4 7.56 x (£0.82) | 6.41 x (+0.69)
Grokfast 171.01 x (£0.04) 1 1.03 x (£0.04)

Adversarial Training | 1.32 x (£0.18) 1 1.92 x (£0.29)

Mean Squared Error Loss Function

Regularisation Number of Steps Absolute Time (s)  Grokking Phase Time (s)
Baseline - - -
GrokAlign 4 1.69 x (£0.31) | 1.46 x (£0.30) 3 1.77 X (£0.53)
Grokfast 1 1.08 x (£0.17) | 1.05 x (£0.23) 1 1.05 x (£0.27)
Adversarial Training | 1.23 x (£0.26) 1 1.92 x (£0.29) 1 2.02 x (£0.37)

Controlling the Learned Solutions of Deep Networks. The computations of centroids is valid
without the continuous piecewise affine assumption; it is only their interpretation as characterising a
functional geometry that requires the assumption. Therefore, we can examine the centroid alignment
of more elaborate models like transformers [40]].

Nanda et al. [15] observed that a single layer transformer learning modular addition [4] grokked
by learning how to implement an algorithm. An equally viable solution to this problem would be
through classification. Since our framework is largely motivated in the classification setting, we can
explore the tension between these solutions through centroid alignment.

In Figure|8| we consider the centroid alignment of the transformer model under the standard training
pipeline of Nanda et al. [15] with the added utilisation of GrokAlign. As with our previous experi-
ments, we observe that centroid alignment changes in accordance with test accuracy. However, it is



not as salient as in previous cases, and applying GrokAlign does not accelerate the rate of grokking.
This is perhaps due to the model learning the algorithmic solution to the task, which is not entirely
compatible with the Jacobian and centroid aligned perspective.

We support the idea that GrokAlign biases toward the classification style solution by tracking the
Gini coefficient of the embedding and unembedding matrices [[15]. A key aspect that allows the
transformer to implement its algorithmic solution is the ability to manipulate the embedding and
unembedding matrices [[15]. In particular, the Gini coefficient of these embedding matrices should
be relatively higher when implementing the algorithmic solution. We observe that when applying
GrokAlign, these Gini coefficient remain low, indicating that GrokAlign encourages the model to
learn the classification style solution which is not the natural solution solution in this particular
training regime (see the right plot of Figure [§). Consequently, we observe its ineffectiveness in
accelerating grokking.

—— Embedding Matrix /
0.2+ ---- Unembedding Matrix N
| 5
i
i

Accuracy
Centroid Alignment
Gini Coefficients

—— Weight-Decay
| —— GrokAlign

T T T T T T T T T T
10° 10t 102 103 104 10° 10t 102 10% 104
Step Step

Figure 8: GrokAlign biases a single layer transformer model to learn a classification style solution. Here we
obtain the centroid alignment statistics for a single layer transformer trained on modular addition [4]. We use the
same training pipeline as in Nanda et al. [15]], with the added utilisation of GrokAlign with Aj,c equal to 0.001.
In the left plot we record the accuracies of the transformer model on the train and test set. In the centre plot we
record the centroid alignment of the transformer model from the continuous embeddings of the discrete input
tokens to the output of the model; the shaded region illustrates the maximum and minimum alignment observed
with the solid line corresponding to the mean. In the right plot we record the Gini coefficients of the embedding
and unembedding matrices of the model as proposed in Nanda et al. [[15].

If we instead fix the embedding matrix during training, we a priori bias the the model to learn the
classification style solution. Under this set up (see Figure[J), we observe that the transformer groks
earlier with GrokAlign than with weight-decay.

0.2
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—-- Test = 01+
g
0.8 4 g o004
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£ 0.6 =z 0.1
9] ©
2 024
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$ -0.34
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044 GrokAlign
0.0 T T T T T T T T T T
10° 10! 102 103 104 10° 10! 102 103 104
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Figure 9: Without the ability to manipulate its embedding matrices, a single layer transformer learns the
classification style solution for performing modular addition and thus benefits from being trained with GrokAlign.
We adopt the same configurations as in Figure[8] except we fix the embedding and unembedding matrices of the
model during training.

5 Discussion

Impacts. We have identified that Jacobian alignment is the cause for grokking, by demonstrating
theoretically and empirically that Jacobian-aligned deep networks optimise the loss function under
a Jacobian norm constraint and are optimally robust under the low rank bias of training dynamics.
Consequently, we identified regularising the norms of the Jacobians of a deep network as an effective
strategy for controlling the dynamics of deep networks to instil particular properties — a method we

10



introduce as GrokAlign. In particular, we showed that using GrokAlign we can induce robustness,
inhibit or accelerate grokking and dictate the learned solutions of deep networks.

Since Jacobian matrices are difficult to interpret and costly work with in practice, we constructed the
centroid alignment perspective as an alternative strategy to monitor the dynamics of deep networks.
This perspective is interpretable due to its relationship with the functional geometry of a deep
network and is theoretically meaningful due to its connection to the neural tangent kernel. Using this
perspective we were able to identify the onset of generalisation and robustness during deep network
training, as well as reason about when prolonging training would improve these important properties.

Limitations. We have developed our theory in the context of continuous piecewise affine networks
for convenience, although its implications extend to any deep network architecture, including trans-
formers. Our experiments have mainly considered continuous piecewise networks. Understanding
how our perspective holds outside this setting is perhaps warranted. We provide initial results on a
transformer in Section

Furthermore, some of our reasoning is dependent on the assumption that deep network training
dynamics minimise the rank of the weight matrices. Although this has been theoretically demon-
strated in particular settings and observed empirically in practice, a deeper characterisation of this
phenomenon is necessary.
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A Centroid Dynamics of Vector-Output Deep Networks

Consider the case of a general vector output, namely d(®) > 2, with £ being the cross-entropy loss
function or the mean-squared error loss function. Namely, we consider

exp (If ()], )
>4 exp ([f (xp)],)

¢ (f (XP) 7yp) = —log

for the cross-entropy loss function, or

COF (%) 2 9p) = lle, — £ )]

for the mean-squared error loss function.

Proposition 10. In the setting described above, we have

ACYSIEEDS < (L, w20s, 0 (W) 1) )

m

FxT (W0) Qe (W00, m;pl)
where
e ()], )
S yexp ([fo (%,)1,)

in the case of the cross-entropy loss function and

my, =2 (e, — fo(xp)).

Corollary 11. In the setting of Proposition[I0] under the cross entropy loss function, we have

O = 25 (md 00,0 (W) 1) )

p

—1
N~ L
::EZ =P (%, %)
p=1

%51l

That is, in the context of the cross-entropy loss function, the centroids are aligned in a manner that is
proportional to the alignment of their encompassing points with the training data. More specifically,
with the intuition that the role of W (2) in fy is to be a collection of filters facilitating the classification

of each class, the quantity W(2)pr (W(2) Q,,) "1 canbe thought of as identifying how each feature
of x,, correlates with the features of the region w,,. Since m [x,] is positive on the correct class
and negative for the incorrect classes, the term ¢,/ ;, is largest when wy has identified features that
correlate with the features of x,, that indicate the class it belongs too. In such a case, the centroid fix/
moves in the direction of x,, to further maximize this correlation. Showing how regions w, are being
optimized to capture the features of classes that help it distinguish it from the other classes. Therefore,
we can see neural network training more as a process of allocating linear regions to different features
that best distinguishes themselves from the other classes. This would suggest that when we observe
the centroids of a layer of a neural network aligning with the data it encompasses, the neural network
is performing feature extraction. In particular, the centroid of a training point is incentivised to
positively align with itself.

B Initialising for Centroid Alignment

When regularisation is not used to train a deep network, the initialisation of the deep network
parameters plays a significant role in determining the extent to which is centroids align. In particular,
there is a tension between increasing the rate of change of the centroid inner product and maintaining
a low centroid norm to translate the increasing inner product to an increase in alignment.
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For example, increasing the rate of change of inner product can be done by increasing the neural
tangent kernel, say through scaling the weights or output of the network. However, these will also
increase the norm of the centroid. Moreover, such scaling is known to increase the propensity of
the network maintaining a linear learning regime [33]], along with increasing the width of the neural
network [41]] and label rescaling [42]. We explore this trade-off by repeating the experiment of Figure
Bl but with various scaling of the weights or output of the network.

In Figure [I0] we observe that controlling the norm of the centroid is a more effective strategy for
translating the feature learning of the deep network into centroid alignment. However, a priori,
knowing how to initialise the deep network for favourable alignment dynamics is challenging, hence,
in practice some sort of regularisation is necessary.
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Figure 10: When no regularisation is used, minimising the centroid norm at initialisation is essential for
ensuring the alignment of the centroid during training, and output scaling ensures this more effectively than
scaling the weights at initialisation. Here we repeat the experiment of Figure[3] but with varying scaling of the
weights and output of the network. On the left we plot the correlation between the initial rate of change of inner
product, as computed by Theorem and the average reciprocal of the norm of the centroids of the training
points. We additionally colour the scatter points according to the maximum alignment of the centroid observed
during training. On the right we observe how the maximum alignment of the centroid observed during training
correlates with the different scaling mechanisms.

C Alignment Induced by Adversarial Training

Although both GrokAlign and adversarial training are motivated to induce grokking by improving
the model’s robustness, the former does this though aligning the functional geometry of the model,
whereas the latter does not. We determine this by measuring the cosine similarity between training
points and the rows of the Jacobian of the model at those points (see Table 2).

D The Geometry of Centroid Alignment

Centroids have a known connection to the functional geometry of deep networks through the spline
theory of deep learning [28]. They form part of the parameter of a region in the power diagram
subdivision formulation of deep network’s functional geometry [3]]. In Figure[I|we demonstrated the
implications of centroid alignment on this geometry. More specifically, we showed that it corresponds
to the linear regions flattening around inputs of the same class, in a similar way to the region migration
phenomenon identified in Humayun et al. [[7]. Here we support that claim be illustrating it beyond
the input points considered in Figure|[T}
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Table 2: We compare adversarial training to the baseline and GrokAlign grokking set ups of Tablein terms of
inducing the alignment of the Jacobian at the training data.

Regularisation Test Accuracy Jacobian Row Alignment (max/min)
Baseline 88.9% —0.254/0.283
GrokAlign 91.8% —0.509/0.478
Adversarial Training 88.0% —0.253/0.274
Regularisation Test Accuracy Jacobian Row Alignment (max/min)
Baseline 86.8% —0.170/0.272
GrokAlign 88.2% —0.638/0.709
Adversarial Training 87.8% —0.263/0.376
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Figure 11: Here we corroborate the right plot of Figureby replicating it on other samples in the input space.

E Proofs of Main Results

Proof of Theorem 2l

1. In the instance of the cross-entropy loss function,

exp (£ ()],
S e (If (x,)],)

by = L(f (xp),yp) = —log

Under the assumptions, the output of the neural network at x,, is wa,, Xp. The cross entropy
loss of the deep network on D is

Lo = %Zzp
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where

o (f, )

£ e ([Au, %))

== {lae], oo (S (], =)

which is convex on a convex set. Thus we can consider the sufficient Karush-Kuhn-Tucker
conditions with Lagrange multiplier,
2
A } —al.
o] |

In particular, the Karush-Kuhn-Tucker conditions have the form

o we (([4s], %)) _
5 [wap}c’. = l{yp:c}xp + Zgzl exp << |:wa”:|0/7_ ’Xp>) 2\ [wap}
, (D

£, = —log

c

£:£CE+>\<Z

c=1

)

C,

=0. 2)




Using this back in (I)) we obtain

Y RS 18]

0|4,
C
e e ([a], ) [n],
([4s],,, o) [,

)

= (_1{yp:c} +0c) Xp + o - (1 - Qyp)
o 2] ) [ e
' #yp '
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e ] o) [ )

[e%

B é <[A“”‘PL, ’Xp> [A“xp}c‘ (1 - Qyp)

= (~Liy,=c) +0c) Xy

A (] (] )

where ¢ is just some incorrect class for x,, namely ¢ # y,. When ¢ = y,, this reduces to

3{/32] = (1- 0y, (—x,, + & <[wap]yp’_ - [wa,,]i’. ’Xp> [wap}yp,) :

C,*

and when ¢ # y,, it reduces to

a[ji} —(1-g,) (Cllxp + é <{A“”‘PLP,~ - 4o, ], vxp> [wapL) .

C,

To obtain the optimal A, it suffices to find wap satisfying these conditions. To do so we

consider the ansatz
(A, ] ={0% cZw
Ple,. bx, c# yp.
Substituting this into our conditions we obtain the equations

—1+ ta—b)axl; =0
2
oo tala—bblxll, =0
(a® + (C = 1)b?) [|x, ][5 = a.
Solving these systems of equations we arrive at

1 a(C-1)
C

__a
oCc-n-
. In the instance of the mean-squared error,

= L(f (%) 0p) = ||F (%0) — ey, |I5

where we use e; € R? to denote the i standard basis vector. Under the assumptions, the
output of the deep network at x,, is wap x,. The mean squared error loss of the deep

network on D is
1 m
L = — E Y4
MSE m 2 P

a =
b=

[E
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where

L, = <wapxp —€y,, wapxp — eyp> = i << [wap:|c,- ,Xp> — 1{yp_c}>2 ,

c=1
which is a convex function on a convex set. Thus we can consider the sufficient Karush-
Kuhn-Tucker conditions with Langrange multiplier,
2
- ) |
2

C
Ao
In particular, the Karush-Kuhn-Tucker conditions have the form

L= Lysg — A (Z ,
T

c=1
,

c.-

forc=1,...,C and
c

g:; [wapL’ —a=o. o
From (3, we have
s oL
= 2{ll i)
g 5 c 5
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Then, in conjunction with @), it follows that

1 1 C 2
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Using this back in (3) we obtain,
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To obtain the optimal A, it suffices to find wap satisfying these conditions. To do so we

consider the ansatz
ax, c=1y
A } _ p p
[ P {bxp c# Yp.

)

Ja

lIxpll "

Substituting this into our conditions it follows that b = 0 and a =

O

Proof of Theorem Without loss of generality, we can assume A, to be of the form cv ' for
some v € R4, In particular, we assume that the vector v is of the same norm as x. Then, locally in
wx, We have

folx+e€) = cv' (x+e).

Therefore, x will only be misclassified by the neural network when v' (x + €) < 0. From the
Cauchy-Schwartz inequality we have that

—[Ivll2llella < ve < —vTx.

.
lellz > ~—=,
vIl2

the right-hand side of which is maximized when v is x. O
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Proof of Theorem[d Using Theorem [12]and Theorem 13] it follows that
= (A A %
= (a1, - 'A(1<)1>)T (AgiH)T !
(A(la) A(lm) 1
(A“(lil?))T 1.
Extending this to the L' yields the desired result.

Proof of Proposmon@ Using Theorem l the centroid of an aligned Jacobian is y, = xc'1 =
where ¢ = ¢ ' 1.

Proof of Lemma(7} This follows immediately from the application of Theorem 4]

Proof of Lemma[8} Observe that in this setting we have

O (x,x") = (Ve fo(x), Vv fo (X)) + (Vg fo(x), Vg fo (X)) -
Therefore, noting that
Ty o) = (W)
and
Vo fo(x) = WOQx|x "
the result follows.

Proof of Theorem[9} In a similar way to Proposition[I0] one can show that

atungfj(( T WQ 0k (W) 1),

+ (W(l))T Q[x]o (W(l)xp) m [xp]—r 1).

Using Lemmalg] this simplifies to

3\3

O (X', 1)) =

Z (x',xp) m[x,)] .

Proof of Proposition[I0} From Lemmal[7] observe that

Oupix = (at (W@)) QW + WA Q[x]a, (W<1>))T 1,

where

o; (WW) = VoL

for i = 1, 2. One can show that

VW(l) E = —

i( (2)Q )Tm[xp]x;,r

p=1
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Therefore,

Outiz = > ( (m ) WOQ ) Q] (W) 1) X

+ (W<1>)T Qlx]o (W<1>xp) m[x,] " 1) .

In particular,

S exp ([fo (xp)].)

m[xp]lel— =0,

ZS:l €xp ([fH (Xp)]c')

i (b WOQI Q] (W) 1),

Therefore, the result follows since J; (X, px) = (x, 0¢ (11 ))- O

meaning

a1‘/,le -

S\d

F Supporting Results

Note that, for a continuous piecewise affine network f = (f(X) o--.0 f(), each f) and sub-
component f1) = (fo... 0 f(1)) are also continuous piecewise affine networks. Let A(l()l),

B(l(),), w(l) u( <)L) and A“(;Q), B(l(i_lg), w,(:(_l) p(lf;l)e) be analogous notation for the layer and

sub -component "networks to that of the continuous p1ecew1se affine networks we introduced in Section

2

Theorem 12 (Balestriero et al.[3). The I" layer of a deep network partitions its input space according
to a power diagram with centroids

Theorem 13 (Balestriero et al.[3). The continuous piecewise operation of a deep network from the
input to the output of the I layer partitions its input space according to a power diagram with

centroids -
1) 1— l 1— 1
,U(l(Tez) = (A( « 12) : 'Ail,(c)l)) M( ()z> = (A‘(li(::—lfll))) Ni,()cz)-

G Compute Resources
Our experiments were computed on a range of NVIDIA GPUs, including GTX TITAN Xs, RTX

2080Tis, and RTX 8000s. In Table [3| we indicate roughly how long each of our main experiments
took to run.
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Table 3: The computational resources utilised to perform the experiments of this work.

Experiment Hardware Time
Figure[2] GTX TITAN X 4 hours
Figure GTX TITAN X Less than 1 hour
Figureﬂ GTX TITAN X Less than 1 hour
Figures [5|and 6] GTX 1080 Ti 6 hours
Figure(7] GTX TITAN X 4 hours
Figures andEl GTX 1080 Ti 5 hours
Figure/10] GTX TITAN X 1 day
Tables[l]and2] ~ GTX 1080 Ti, RTX 8000 5 days
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