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ABSTRACT. We analyze the susceptibility of instant runoff voting (IRV) to a
lesser-studied paradox known as a reinforcement paradox, which occurs when
candidate X wins under IRV in two distinct elections but X loses in the com-
bined election formed by merging the ballots from the two elections. For
three-candidate IRV elections we provide necessary and sufficient conditions
under which there exists a partition of the ballot set into two sets of ballots
such that a given losing candidate wins each of the sub-elections. Applying
these conditions, we use Monte Carlo simulations to estimate the frequency
with which such partitions exist under various models of voter behavior. We
also analyze the frequency with which the paradox occurs in a large dataset of
real-world ranked-choice elections to provide empirical probabilities. Our gen-
eral finding is that IRV is highly susceptible to this paradox in three-candidate
elections.

1. INTRODUCTION

The voting method of instant runoff voting (IRV), also referred to as the alterna-
tive vote, the plurality elimination rule, and colloquially as “ranked-choice voting”
in the United States, is famously susceptible to many classical voting paradoxes
[24, 44, 54]. In this article we analyze the susceptibility of IRV to a lesser-studied
paradox known as a reinforcement paradozx, which occurs when candidate X wins
under TRV in two distinct elections but X loses in the combined election formed
by merging the ballots from the two elections. For three-candidate IRV elections
we provide necessary and sufficient conditions under which there exists a partition
of the ballot set into two subsets of ballots such that a given losing candidate wins
each of the sub-elections. Applying these conditions, we use Monte Carlo simu-
lations to estimate the frequency with which such partitions exist under various
models of voter behavior. We then analyze the frequency of the paradox in a large
dataset of real-world ranked-choice elections to provide empirical probabilities. By
characterizing the three-candidate IRV elections that demonstrate susceptibility to
the reinforcement paradox and estimating its frequency, we view our work as a
contribution to the larger agenda laid out by Felsenthal in [22].

Reinforcement paradoxes have received attention in the social choice literature
due to their interesting and surprising nature, much like other paradoxes to which
IRV is susceptible, such as upward or downward monotonicity paradoxes. However,
unlike monotonicity paradoxes, IRV’s susceptibility to reinforcement paradoxes has
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direct administrative implications: to determine the IRV winner, it is not suffi-
cient to know the winner (either plurality or IRV) at each precinct. Instead, com-
plete information about the numbers of ballots with each different ranking must be
transmitted—either electronically or physically—to a central counting location and
collated before the IRV winner can be determined. By contrast, a voting method
like plurality (or a scoring rule) allows each precinct to simply report the number
of first-place (and possible second-place, etc.) votes for each candidate, and for the
winner to be determined by summing these results across precincts. As a result,
IRV ballot tabulation and the subsequent determination of the winner is of necessity
more complicated than with methods like plurality. Thus, a study of reinforcement
paradoxes is motivated by practical as well as theoretical considerations.

Our work in this paper connects to three previous strands of the literature con-
cerning IRV and voting paradoxes. The first gives conditions on a preference profile
which characterize when an election is susceptible to a given paradox. Examples are
Lepelley et al. [33], Miller [41], and Ornstein and Norman [45], which characterize
the three-candidate profiles which demonstrate an upward or downward monotonic-
ity paradox under IRV. Similarly, Graham-Squire [26] characterizes three-candidate
profiles which demonstrate a no-show paradox under IRV, including profiles which
contain partial ballots. Kamwa et al. [29] study a variety of voting rules, but in par-
ticular provide conditions under which three-candidate profiles produce paradoxes
such as negative participation paradoxes under IRV.

The second strand of literature typically uses the conditions given by the works
cited above to estimate the frequency with which a given paradox occurs under
IRV. For example, Ornstein and Norman [45] estimate the frequency of monotonic-
ity failures in IRV elections when the ballot data is generated using a spatial model.
Similarly, Lepelley et al. [33] and Miller [41] estimate the frequency with which IRV
produces monotonicity paradoxes under various theoretical models of voter behav-
ior. Lepelley and Merlin [34] analyze the frequency with which IRV demonstrates
a no-show paradox in three-candidate elections under the impartial culture and
impartial anonymous culture models. Kamwa et al. [29] analyze the probability
that IRV (among other methods) demonstrates no-show or negative participation
paradoxes on single-peaked domains. McCune and Wilson [40] examine the suscep-
tibility of IRV to negative participation paradoxes.

More broadly, there is a large literature examining the extent to which various
voting rules are susceptible to strategic manipulation. Such work need not rely on
algebraic characterizations involving the vote totals in the preference profile; see
[1, 21, 28, 30] for such examples.

The third strand is the expanding empirical social choice literature on IRV,
enabled by the increasing availability of ranked-choice ballot data from jurisdictions
such as Australia [56], the United States [46], and Scotland [36]. Some of this
literature concerns the empirical probability that IRV produces a particular kind
of paradox. Graham-Squire and Zayatz [25], Graham-Squire and McCune [27],
and McCune and Graham-Squire [36] estimate the frequency with which real-world
IRV elections demonstrate monotonicity and no-show paradoxes. Other empirical
work includes case studies of particularly interesting elections which demonstrate a
range of different paradoxes; see [32, 37], for example. Beyond work on paradoxes,
empirical research on IRV has analyzed rates of ballot errors in IRV elections [12,
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47], the extent of ballot exhaustion [11, 27], the rate at which IRV exhibits the so-
called “spoiler effect” [39], the extent to which ballot truncation can affect the IRV
winner [15, 31, 59], and the frequency with which IRV selects the Condorcet winner
[27, 55, 56]. There is also a growing, related empirical literature concerning the
method of the single transferable vote (STV), a multiwinner version of IRV which
is designed to achieve proportional representation given a set of preference ballots.
This literature also investigates paradoxical and Condorcet-related outcomes [36,
38], as well as STV’s propensity to achieve proportional representation [4, 6, 42].

Of course, there is a much broader literature concerning paradoxes and voting
methods other than IRV, and we do not attempt to survey that literature here.
See [17, 43, 48] for an examination of the susceptibility of Condorcet consistent
methods to various types of no-show paradox, for example.

Previous work on the reinforcement paradox is fairly limited. The notion of a
reinforcement paradox dates to the work of Young [61, 62], who defined the con-
cept and proved essentially that the only reasonable voting methods not susceptible
to the paradox are positional scoring rules. Felsenthal and Nurmi [23] show that
various Condorcet inconsistent voting rules (including IRV) are susceptible to the
paradox even in “tame” profiles in which a Condorcet winner exists and the voting
rule chooses this candidate. Brandt et al. [5] provide some “minimal” examples of
the reinforcement paradox under IRV where the number of candidates and voters
is small. Brandt et al. [9] analyze the frequency of reinforcement paradoxes un-
der various Condorcet consistent voting rules. We are aware of only two previous
papers which attempt to measure the frequency with which IRV produces rein-
forcement paradoxes, both of which focus on the three-candidate case. Plassmann
and Tideman [49] measure this frequency under a spatial model, and Courtin et
al. [13] study the paradox under the impartial culture and impartial anonymous
culture models of voter behavior. Our work differs from these studies in significant
aspects which we explicate more fully below. In brief, the approach taken by these
studies is to generate two elections and then say that the reinforcement paradox
has occurred if the two elections have the same winner, but when the ballots from
the two elections are combined, the winner is different. By contrast, we consider
only one election and say that the paradox has occurred in this election if there
exists a way to partition the ballots into two sub-elections where the winners of
the sub-elections are the same but differ from the winner of the original election.
Our work is complementary to theirs and allows us to focus on one set of ballots
and the characteristics required for it to demonstrate a susceptibility to this kind
of inconsistency.

Another reason for our interest in this approach is that it parallels a well-
established line of research regarding self-consistency in allocation rules. For in-
stance, Aumann and Maschler [2] identify consistency (in which the outcome of
dividing assets among a set of agents doesn’t change when applied to a subset of
agents) as a crucial characteristic of claims methods. Balinski and Young [3] define
an analogous notion of uniformity to characterize divisor methods of apportion-
ment. Converse consistency and other related ideas also appear in the cooperative
game and bargaining literatures; see [58] for a survey.

Consistency in allocation rules is inherently different from consistency in voting
rules: consistency in allocation rules requires that if an allocation is recalculated
after a subset of agents “departs” with their share, the allocation does not change.
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Put another way, if the agents are partitioned into two subsets and their shared
goods are pooled and then reallocated, the results are unchanged. We can adapt
this latter interpretation to the social choice framework: if an election is partitioned
into two subsets and the winner is determined in each of the subsets, the results
should reflect the original winner.

The paper is structured as follows. Section 2 gives preliminaries, including for-
mal definitions of IRV and the reinforcement paradox. In Section 3 we provide
necessary and sufficient conditions for a three-candidate election to demonstrate a
reinforcement paradox and discuss some of the consequences of these conditions.
Proposition 1 gives these conditions assuming all voters provide a complete rank-
ing of the candidates while Proposition 2 gives conditions when some voters cast
partial ballots. Section 4 considers the minimum percentage a losing candidate
can earn and yet the election demonstrates a reinforcement paradox. Section 5
estimates the probability that an election demonstrates a paradox under various
theoretical models of voter behavior. Section 6 analyzes real-world IRV elections
from the United States and Scotland. This section provides empirical probabili-
ties using a large dataset of elections, and provides a probabilistic analysis using
non-parametric bootstrapping. We also provide results concerning geographic par-
titions of the electorate for the elections for which we have geographic information.
Section 7 gives a discussion of our results, and Section 8 concludes.

2. PRELIMINARIES

In this section we define IRV and different types of reinforcement paradoxes,
illustrated with examples.

In an election which uses IRV, voters cast preference ballots with a (possibly
partial) linear ranking of the candidates. After an election, the ballots are aggre-
gated into a preference profile, which shows the number of each type of ballot cast.
For example, Table 1 shows a preference profile involving the three candidates C,
G, and H. The number 2211 denotes that 2211 voters ranked G first, H second,
and C' third. In the real-world IRV elections we analyze in Section 6, voters are
allowed to provide partial rankings. Table 1 has three columns where voters do not
provide a complete ranking—2003 voters rank only GG on their ballots, for example.

An IRV election proceeds in rounds where, in each round, the number of first-
place votes for each candidate is calculated. If a candidate has a majority of the
(remaining) first-place votes, they are declared the winner. If no candidate receives
a majority of votes, the candidate with the fewest first-place votes is eliminated
and the names of the remaining candidates on the affected ballots are moved up.
The process repeats until a candidate is declared the winner. In the case when
partial ballots are allowed, any ballot in which all candidates have been eliminated
is considered “exhausted” and plays no further role in the determination of the
winner.!

When there are only three candidates, at most two rounds are required to de-
termine a winner; in general, several rounds may be required. We focus only on
the three-candidate case and thus do not consider more than two rounds of ballot

n theory there are many ways we could treat exhausted ballots besides removing them from
the election. However, as far as we are aware, any actual election office treats exhausted ballots
in this fashion.
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Num. Voters‘2211 1439 2003 2605 241 2689 2230 418 2873

1st choice G G G H H H C C C
2nd choice H C G C G H
3rd choice C H C G H G

TABLE 1. Vote totals in the 2022 Senate District E election in Alaska.

counting. The following example demonstrates the IRV algorithm using the 2022
Alaska Senate District E election in Alaska.

Example 1. (2022 Alaska Senate District E.) This election contained the three
candidates Roselynn Cacy (C), Cathy Giessel (G), and Roger Holland (H). The
preference profile is displayed in Table 1.2

Initially, the vote totals for Cacy, Giessel, and Holland are 5521, 5653, and
5535, respectively. Cacy has the fewest votes and is eliminated from the election.
As a result, 2230 votes are transferred to Giessel and 418 to Holland (the 2873
ballots ranking only Cacy are transferred to no one), and Giessel wins in the last
round 7883 votes to 5953.

While Giessel is the winner, this election has the strange property that Cacy can
point to two disjoint groups of voters such that Cacy would win under IRV if we use
only the ballots from each group. Similarly, Holland can also break the electorate
into two disjoint groups such that Holland wins when using the ballots from each
group separately. We illustrate this paradoxical behavior in the next example.

Example 2. In the 2022 Senate District E election in Alaska, suppose we partition
the ballots into two ballot sets By and Bs as shown for Partition 1 in Table 2. If we
use just the ballots from By, H wins under IRV, as C is eliminated first and enough
votes are transferred to H for him to win against G in the final round. Similarly,
if we use only the ballots from By then H also wins under IRV, as in this case G is
eliminated first and enough votes are transferred to H for him to win against C' in
the final round. Thus, Roger Holland is able to point to two disjoint sub-electorates
in which he would win the election using just the ballots from each sub-electorate,
yet when we merge the ballots from the sub-electorates to recover the original ballot
data, Holland loses.

Table 2 provides a second partition of the ballots, Partition 2, in which C wins
under IRV when using only the ballots from By and only the ballots from By, yet
when we merge the ballots to recover the original election data, C' loses. For both
Cacy and Holland, in this election win + win = loss in some sense.

Example 2 demonstrates the notion of a reinforcement paradoz, the subject of
this article. The study of this paradox dates to the work of Young [61]. Young
defined a voting method as a function f which takes as input a set of ranked
ballots and which outputs an election winner (or a set of winners, if there is some
sort of tie). We use a simplified version of Young’s definition which does not address
the issue of tied outcomes because ties almost never arise in the elections we study.
In particular, none of our real-world elections have a tied outcome in any round.

20ur vote totals differ from the officially reported vote totals by up to three votes. This minor
discrepancy could be due to a recount which occurred after the election, or because the Alaska
Division of Elections has not been completely clear about how it processes “edge case” ballots.
Our analysis is unaffected.
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Num. Voters | 2230 418 2873 2211 1439 2003 2605 241 2689

1st choice C C C G G G H H H
2nd choice G H H C G C
3rd choice H G C H C G

By | 111 233 142 355 137 132 146 119 239
Bo | 2119 185 2731 1856 1302 1871 2459 122 2450
By| 60 90 1900 200 1300 500 2580 11 59
By | 2170 328 973 2011 139 1503 25 230 2630
TABLE 2. Two partitions of the ballots in the 2022 Senate District

E election in Alaska with no zero entries. In Partition 1, candidate

H wins both sub-elections; in Partition 2, candidate C' wins both
sub-elections; yet candidate G wins the overall election.

Partition 1

Partition 2

If B is a set of ballots and f(B) is the winner under voting method f, then Young
defined the following notion of consistency [61].

Definition 1. Let By and By be two sets of ballots over the same candidate set.
A wvoting method f is said to be consistent if whenever f(By) = f(Ba) then f(Bi U
By) = f(B1).

A voting method that is not consistent is said to be susceptible to the reinforce-
ment parador. This paradox has other names, such as the “multiple districts para-
dox” [24], and is a social choice analogue of the classical Simpson’s Paradox from
statistics. In [62], Young showed that consistency and a few other uncontroversial
axioms completely characterize positional scoring rules. Thus, any “reasonable”
voting method which is not a scoring rule is not consistent. We analyze only IRV
and the function f represents that voting method throughout the article.

To investigate the frequency with which reinforcement paradoxes occur, we must
first decide what constitutes an “occurrence” or an “instance” of the paradox.
There seem to be two viable approaches. The first, used by Courtin et al. [13]
and Plassman and Tideman [49], focuses on the ballot sets By and Bz. Their work
generates ballot sets By and B2 independently using some probability distribution,
and the paradox is said to occur if the election winner using B; is the election
winner using Bs, but we obtain a different winner for the set B; U Bs. A second
approach, which is the one taken in this paper, is to start with a ballot set B
and determine if it is possible to decompose into two subsets By and By where the
winners of By and By match but differ from the winner of the original election. That
is, we select a single ballot set B using some probability distribution (or drawing
from a set of real-world elections), and say this single election is susceptible to the
reinforcement paradox if B can be partitioned into two sub-elections B; and Bs
such that f(B1) = f(Bz2) but that the winner of the two sub-elections is different
from f(B).

In this analysis, we make no restrictions on the partitions. Indeed, our method-
ology involves finding necessary and sufficient conditions for such a partition to
exist, without explicitly manufacturing one. Thus, if an election is susceptible to
a reinforcement paradox in this sense, we do not know a priori anything about 5
or By. The sub-elections may look “similar” to the original election, or look highly
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manufactured; there could be many possible partitions or few; the partitions may
be more or less “sensitive” to small ballot perturbations.

A consequence of this approach is that there may be many elections (either
simulated or real-world) which are identified as susceptible to the paradox in which
the “paradoxical harm” felt by the losing candidate who wins both sub-elections is
highly theoretical. This is inevitable in the case of simulated elections in which the
models include no information about the voters (demographic, geographical, etc.)
aside from their candidate preferences. It is also natural in the case of actual election
data where preference profiles frequently contain no geographical information. Of
course, instances of the paradox corresponding to partitions in which By and Bs
represent some kind of meaningful split of the electorate may be regarded as more
serious—the losing candidate who wins in these sub-elections might feel a more
coherent sense of harm. We discuss this further at the end of the section.

Overall, we view our approach as complementary to that in Courtin et al. [13]
and Plassman and Tideman [49]. We adopt our methodology for the following
reasons. First, we are motivated by a study of real-world elections (see Section
6). Given a single actual election, if we focus on decomposing one ballot set into a
partition then we can meaningfully ask “Did the 2022 Alaska Special House Election
demonstrate susceptibility to a reinforcement paradox?”. An answer of Yes then
means that a partition of the ballot set exists. For real-world elections in which only
preference profile information is available, aruably the most natural way to search
for reinforcement failures is to consider all possible partitions of the electorate.

Second, this approach is in line with notions of “occurrence” for other paradoxes
such as monotonicity paradoxes. For example, informally an election is said to
demonstrate an upward monotonicity paradox if there exists a set of voters who
could turn the winning candidate into a loser by shifting the winner to higher
rankings on their ballots [25, 27]. That is, given a single election we demonstrate
this paradox by finding a subset of ballots which, when suitably changed, produces
a paradoxical outcome. Our approach with reinforcement paradoxes has a similar
flavor: while we do not change the ballots, we hunt for subsets of ballots which
produce a paradoxical outcome.

Third, much of the interesting work for the approach of Courtin et al. and Plass-
man and Tideman has already been covered in [13, 49], but the second approach has
not been well-studied. Brandt et al. [5] give results about “minimal” reinforcement
paradoxes arguably using the second approach; for example, for a fixed number of
candidates and for various voting methods (including IRV), they give a profile with
a minimal number of voters such that the preference profile can be partitioned into
two ballots sets which demonstrate the paradox. But otherwise we are unaware of
previous results about partitioning a single ballot set. There is much interesting
mathematics to explore in the second approach, such as providing necessary and
sufficient conditions for an election to admit an appropriate partition of the ballot
set. (We do exactly this, for three candidates, in Section 3.) For these reasons,
we adopt the following definition for an election to demonstrate a reinforcement
paradox.

Definition 2. An election with ballot set B is susceptible to (or “demonstrates”)
a reinforcement paradox under a voting method f if there exists a partition of

the ballot set B = By U By such that f(B1) = f(Bz2) and f(B1) # f(B1 U Bz2).
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Under IRV, if an election is susceptible to a reinforcement paradox then the para-
dox’s dynamics are similar to that of Example 2, in the sense that the elimination
order in the two sub-elections are different. It is straightforward to show that if
the IRV election using ballots from B; has the same candidate elimination order
as the IRV election using ballots B then the winner when using B; U Bs is neces-
sarily the winner of the two sub-elections. Thus, when searching for a partition to
demonstrate the paradox with three candidates, we look for sub-elections in which
the two candidates in the final round of the election using B; are not the same as
the two candidates in the final round of the election using Bs.

When there are three candidates, an election can demonstrate a reinforcement
paradox in two different ways, leading to the two definitions below. We refer to the
candidate with the smallest number of first-place votes as the plurality loser. This
candidate can never be the winner in an IRV election since they are eliminated in
the first round. We refer to the remaining losing candidate, (who may receive either
the largest or second-largest number of first-place votes) as the runner-up.

Definition 3. An election is susceptible to a plurality loser reinforcement
paradox if there exists a partition of the ballots B = By U By such that the plurality
loser is the IRV winner when using only the ballots in B1 and when using only the
ballots in Bsy.

Definition 4. An election is susceptible to a runner-up reinforcement paradox
if there exists a partition of the ballots B = By U By such that the runner-up is the
IRV winner when using only the ballots in B1 and when using only the ballots in

Bs.

If an election is susceptible to both a plurality loser and runner-up paradox, we
say the election is susceptible to a double reinforcement paradox. The next
section considers the problem of determining if a ballot set B in a three-candidate
election can be partitioned to produce a runner-up or plurality loser reinforcement
paradox.

To conclude this section, we elaborate further on what factors might make some
instances of the reinforcement paradox arguably more serious than others. When
motivating the study of reinforcement paradoxes, the classic story is as follows.
Suppose candidate A wins when using ballots only from the northern part of a city
and wins using only ballots from the southern part, but A loses when we combine
the ballots. Does this mot seem paradozical or unfair in some way? In this story
the partition of the ballot set is “natural” in the sense that voters associated with
ballots from B; have some salient trait in common (in this case residence in the
north), as do voters associated with ballots from By. If voters can be partitioned
to achieve the paradox via geography or other variables such as education level or
race, then such a paradox is more serious than if voters in these partition subsets
have nothing in common. The candidate who would have won in the sub-elections
might think that having won both the north and the south, or both college-educated
and non college-educated voters, for example, they should have won the election. In
Example 2, by contrast, we do not know if there is a common variable uniting voters
in By or By in Partition 1 or 2. Thus, the paradox demonstrated in that example
is of less concern than if we could definitively partition the voters by geography,
race, education level, etc. Because we consider all possible partitions, many of our
demonstrated demonstrated paradoxes will be of less concern in this sense.



IRV AND THE REINFORCEMENT PARADOX 9

The primary limitation of our study is that in real-world ranked-choice elections,
we often have minimal information about the electorate—usually just a preference
profile. In such cases, we cannot know whether a given partition represents some-
thing meaningful like a north-south split. However, for a subset of real-world elec-
tions, additional geographic information is available, such as the location of voters
by precinct. For these elections, can search for natural geographic partitions of the

electorate. The results, including several interesting examples, are given in Section
6.2.

3. NECESSARY AND SUFFICIENT CONDITIONS

To determine the likelihood that a three-candidate election is susceptible to
a reinforcement paradox, we must be able to characterize when it is possible to
partition B into two sub-elections B; and Bs such that either the runner-up or the
plurality loser wins both sub-elections.

Assume that the preference profiles for complete and partial rankings are as
shown in Tables 3 and 4 where in each case the expressions X;,Y; and Z; indicate
the number of voters with the corresponding ranking. Note that in Table 4 we do
not list ballots of length two, as such ballots convey the same ranking information
as the corresponding complete ballots.

Num. Voters ‘ X1 Xo 7. Y5 Zy Z

1st choice A A B B C C

2nd choice B C A C A B

3rd choice Cc B C A B A
TABLE 3. Preference profile with complete preferences.

Num. Voters ‘ X1 XQ X3 Y1 YQ Yg Zl ZQ Zg
1st choice A A A B B B C C C
2nd choice B C A C A B
3rd choice C B cC A B A

TABLE 4. Preference profile with some partial preferences.

In the complete ballot case, let X = X1+X5,Y =Y1+Y5, and Z = Z1+Z5; in the
partial ballot case, let X' = X1+ X0+ X3, Y =Y +Yo+Y3, and Z/ = Z, + 25+ Z5.
We assume without loss of generality that A is the IRV winner and C'is the plurality
loser.

First, we observe that if A has a majority of first-place votes in the first round
then the election is not susceptible to any kind of reinforcement paradox. That
is, we cannot observe a paradox if X > Y + Z (in the complete ballot case) or
X' >Y'+ 7 (in the partial ballot case). The reason is that if a A has a majority,
then they must earn a majority of first-place votes in either B; or By for any
partition of the ballot set.

Observation 1. If an election contains a majority candidate then the election is
not susceptible to a reinforcement paradoz.
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Thus, since A is the IRV winner, we assume in the complete ballot case that

Z< X, Z<YandVY+2Z,< X+ 7,
and in the partial ballot case that

7' <X, 72 <Y andY' + Zy < X' + Z;.

In addition, as remarked previously, if there is a partition such that either the
runner-up B or the plurality loser C' wins both sub-elections in two rounds, then the
order of elimination in By must be different from that in Bs. (Suppose, for instance,
that B wins both sub-elections in two rounds and that C is the plurality loser in
both sub-elections. Using the notation of Table 1, this implies X'+ 2 < Y'+ Z5 in
both sub-elections, which implies the same inequality holds in the original election.)
This leads to the following.

Observation 2. If there is a partition of the electorate in which either the runner-
up B or the plurality loser C' wins both sub-elections in the second round of counting,
then the plurality loser is different in each sub-election.

As the following Propositions indicate, it is also possible for an election to have
a partition in which the runner-up wins a majority of first-place votes in one sub-
election while winning in round 2 in the other sub-election.

Proposition 1. (Complete Ballots). An election demonstrates a runner-up rein-
forcement paradox if and only if the election satisfies

(1) Y>X—-—Zo+1landY > —-X1+ Xo+ 21 — Zy + 1.

That is, conditions (1) are necessary and sufficient for there to exist a partition of
the election into two sub-elections in both of which the runner-up is the winner. If
in addition,

(2) Y>X+1landY >-X1+Xo+Z+1,

then there is a partition in which the runner-up wins a magjority of first-place votes
in one of the sub-elections and wins in the second round in the other sub-election.
An election demonstrates a plurality loser reinforcement paradox if and only if

Z>X—Yyt1,
Z2>X1 —Xo+Y1 =Yoo +1,

(3) Z>-Xo+Y +1, and
Z>3(X+Y)+1.

In this case, there is a partition in which the plurality loser wins in the second
round in both sub-elections.

Proposition 2. (Partial Ballots). An election demonstrates a runner-up reinforce-
ment paradoz if and only if the election satisfies

Y'> X' —Zy+1,
(4) Yv/>—)(14-)(24-21—Z2'|-].7 and
V'> (=X +2Xo4+2X5+ Z1 — Z3) + 1
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That is, conditions (4) are necessary and sufficient for there to exist a partition
of the election into two sub-elections in both of which the runner-up is the winner.
If in addition,

(5) Y'>X' +1andY > -X1+Xo+ 27 +1,
then there is a partition in which the runner-up wins a majority of first-place votes

in one of the sub-elections and wins in the second round in the other sub-election.
An election demonstrates a plurality loser reinforcement paradoz if and only if

7' >X' -Y,+1,
Z'>X1 —Xo+ Y Yo+ 1,
Z'>-Xo+Y +1, and
Z'> (X' +Y')+ 1.

(6)

In this case, there is a partition in which the plurality loser wins in the second
round in both sub-elections.

In subsequent sections we sometimes consider a “limiting case” where the number
of voters approaches infinity. In this case, the values at the top of a preference profile
can be considered proportions rather than vote counts, in which case the “+1” term
in the above propositions disappears. That is, the above propositions still hold for
the limiting case by eliminating the plus 1 term, which corresponds to dividing 1
by a larger and larger number of voters as we take the limit.

The conditions in Proposition 2 reduce to those in Proposition 1 when X3 = Y3 =
Z3 = 0. The condition Y’ > %(—Xl +2X5 4+ 2X3+ Z; — Z3) + 1 in Proposition
2 reduces to Y > %(—Xl +2X9+ Z1 — Z5) + 1 and does not have an analogue in
Proposition 1 because it is implied by the other conditions. To see this, note that

X1 —2Xo0+3Y —Z1+Z5-3=(X-Y + 2, — Z)
T2~ X+Y+Z - 1)+ (X1 —Xo+Y - Z1 +Z, - 1)+ Xa + (Y - Z).

But - X+Y+2Z—1>0and X; — Xo+Y —Z1 4+ Z5—1 > 0 by the remaining two
conditions in (1), and Y — X >0 and X — Y + Z; — Z3 > 0 by assumption. Hence
X1 —2X,+3Y — Z1 + Z3 — 3 > 0, which implies Y > $(=X1 +2Xo+Z1 — Z3) + 1.

Before sketching the proof of the propositions, we make a few remarks. First,
an election can be susceptible to either a runner-up or plurality loser reinforcement
paradox when the IRV and plurality winners in the original election are distinct or
when they coincide, for the complete ballot or partial ballot case.

Second, condition (2) clearly can only be satisfied if the IRV runner-up is the
plurality winner. In this case, as the proof will demonstrate, if there is a partition
in which the runner-up wins a majority of first-place votes in one sub-election, they
must win in two rounds in the other sub-election with the original IRV winner being
eliminated in round 1.

Third, it is easy to show that it is not possible to have a partition in which the
plurality loser has a majority of first-place votes in one sub-election and wins in two
rounds in the other sub-election. Instead, a plurality loser reinforcement paradox
can only occur when the plurality loser wins in two rounds in both sub-elections.

We prove a portion of Proposition 1, as outlined below. The remaining proofs
are analogous (and considerably longer).
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Proof. (of Proposition 1) We prove that the inequalities in (2) of Proposition 1 are
necessary and sufficient for there to be a partition in which the runner-up wins
a majority of first-place votes in one of the sub-elections and wins in the second
round in the other sub-election.

Suppose the original election has a voter profile as shown in Table 3. Since
candidate B is not eliminated in either sub-election, we can collapse the two columns
in Table 3 that rank B first and simply consider the number of number of voters Y
who rank B first and the remaining candidates in any order. Now suppose 5; and
B, are a partition of the election into two sets of ballots. Let the voter profile of By
be as in Table 3 with x; replacing X1, x5 replacing Xs, y replacing Y, 21 replacing
Z1 and z5 replacing Zs, for some 0 < 1 < X7, 0 <25 < X5, 0 <y <Y, etc. Let
Bs be the same except with Xy — 21, Xo —x2, Y —y, Z1 — 21 and Z3 — 2z5.

Suppose B wins by a majority of first-place votes in Bs. Clearly, it also cannot
win by a majority in By (otherwise B would have a majority of first-place votes in
the original election). So B must win in two rounds in B;. We claim that A must
be the plurality loser in B;.

To see this, suppose C' is the plurality loser in By. After C is eliminated,

r1+ a1+ 21 <Y+ 22
On the other hand, since B wins in a majority in Ba,
(X1 —$1)+(X2—.T2)—|—(Zl —Zl)+(Z2_Z2) <Y—y.

Solving both of these inequalities for z;, and recalling that z; is an integer, we
have

Xi+Xo-Y+2Z1+7Zs—x1 —204+y—220+1<z21 < —x1 —22+y+ 29— 1,
which implies
Xi4+Xo =Y+ 214+ Zy 4+ 2 < 225.
Since zo < Zs, this implies X1 + Xo =Y + 21+ Z> +2 < 2Z5 or
Xi+Xo+ 21 4+2<Y + Zo,

which is a contradiction, since A is the IRV winner in the original election. This
proves the claim.

Thus A must be the plurality loser in B; with B winning in round 2. Let
z = z1 + 29 be the number of voters in B; who first-rank C and let Z — 2z =
(Z1—2z1)+ (Zs — z2) be the number of analogous voters in By. We require (recalling
that X = X1 + XQ)

(7) T1+x2 <Y

(8) 1+ 20 < 2

(9) To+2<y+I
(10) (X =21 —x2)+(Z —2) < (Y —vy).

We simplify these inequalities in a series of steps in which we sequentially eliminate
variables. In the first step, we collect lower and upper bounds for y.

Step 1: Solving (7), (8) and (10) for y and adding the boundary constraints
0 <y <Y, we have

max{x; +zo+1,—z1+20+2z+1} <y <min{Y,-X+Y -Z+z;+a2+2—1}
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Since each lower bound must be bounded above by each upper bound, this implies

T1+20+1<Y >, <Y —21—1
1 +a+ 1< —-X+Y—-Z+4+r1+a9+2—1 =2>2X-Y+27+42
—x1+z2+2+1<Y =z<Y+x1—29—1

1
1+ T+ 2+ 1< -X+Y -Z+x1+ao+2z-1 :>x12§(X—Y+Z+2).

Step 2: Collecting all the bounds (including (8)) on z, along with the boundary
constraint 0 < z < Z, we have

max{z; + 22+ 1, X - Y+ Z+2} <z<min{Z,Y + 1 — a9 — 1}.

Again, since each lower bound must be bounded above by each upper bound, we
have

T +a+1< 272 =>r,< 7 —x21—1
1
1+ a0+ 1<Y +2x1 —29—1 :>£82§§(Y72)
X-Y+7+2<7 =Y >X+2

X-Y+Z+4+2<Y+4+z1—22—-1 >ro < —-X+2Y —-Z+2x,—3

Step 3: Collecting all the bounds on s, we have
1
max{0} <z <min{Xs,Y —21 - 1,7 — 21 — 1, 5(Y—2),—X+2Y—Z+x1 -3}

Hence

0<Y —z;—1 =15 <Y -1
0<Z—-21-1 =5, <7-1

1
ogﬁ(yfz) =Y >2
0<-X+2Y—-Z+x,—3 =1 >X-2Y+Z+3

Step 4: Finally, collecting all the bounds on x1, we have

1
maX{O,i(X7Y+Z+2),X72Y+Z+3}le <min{X;,Z-1,}.
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This implies

0<ZzZ-1 =7Z>1
%(X—Y+Z+2)§X1 =Y > X1+ Xo+Z+2
%(X—Y+Z+2)§Z—1 =Y >X—-Z+4
X-2Y+Z+3<X, :>Y2%(X+Z+3)
X-2Y+Z+3<Z-1 :»Yz%(X+4)

Step 5: Collecting all the inequalities relating X7, X2, Y and Z, these reduce to
(assuming Z > 4):

Y>X+2 and Y2>-X1+Xo+2+2.

Since Y is an integer, these conditions are equivalent to the conditions ¥ > X + 1
and Y > —X; 4+ X2+ Z + 1 in (2) of Proposition 1. O

Propositions 1 and 2 identify the necessary conditions on the original election for
a runner-up or plurality loser reinforcement paradox to occur but do not identify
any partitions. However, the inequalities that arise at each step of the propositions’
proofs can be used to identify election partitions leading to the paradoxes.

For instance, from the proof above of the necessity of (2) of Proposition 1, we
have

(1) max{z1+zo+1, —z1+xo+2z+1} <y <min{Y,—-X+Y —-Z+4z1+x2+2—1}
(2) max{z1 + 22+ 1, X -Y + 27242} <z<min{Z)Y +z; —x2 — 1}

(3) max{0} <z < min{X,,Y—z1—1,Z-21—1, (Y -2), - X+2Y —Z+z,-3}
(4) max{0,3(X - Y +Z+2),X —2Y + Z+3} <2y <min{X;,Z -1, }.

Thus, if X7 = 50, Xo = 50, Y = 102, Z; = 50 and Z, = 45, we can select
(among other possibilities), a partition in which the first sub-election is

x1 = 48,9 = 40,y = 89 and z = 95,
and the second partition is
X1 — X :2,X27£Z?2 == IO,Y—y: 13,272’:0

It is easily seen that A wins the original election, but in B; candidate B wins in
two rounds after A is eliminated and in By, candidate B has a majority.

3.1. Consequences of the Algebraic Conditions. The inequalities identified
in Propositions 1 and 2 allow us to identify further anomalies. For instance, Table
5 demonstrates that it is possible for a candidate to be the IRV winner, a Condorcet
winner and a plurality winner and yet the profile still satisfies the requirements in
Propositions 1 for both a runner-up and plurality loser paradox.

The next example shows that reinforcement paradoxes can be nested: an election
may exhibit a runner-up or plurality loser paradox and each sub-election demon-
strate an additional reinforcement paradoxes.
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Num. Voters | 1001 | 50 | 521 | 480 | 561 | 439

1st AJ|A B|B|C|C
2nd B |C|A|C| A | B
3rd ¢ |B|C| A| B | A

TABLE 5. (Top) A profile with the IRV, plurality, and Condorcet
winners coinciding that demonstrates both runner-up and plurality
loser paradoxes.

Num. Voters | 100 100 50 130 100
1st choice A A B B
2nd choice B cC A C
3rd choice C B C A

ay Qg

C
A
B

By | 40 62 5 51 1 48

By| 60 38 45 79 99 2

TABLE 6. A profile that demonstrates a runner-up paradox with
sub-elections that demonstrate additional reinforcement para-
doxes.

Partition

Num. Voters | 1000 | 999 | 560 | 438

1st choice A B C C
2nd choice C C A B
3rd choice B A B A

TABLE 7. A profile that demonstrates a plurality loser, but not a
runner-up, reinforcement paradox.

Example 3. Consider the profile in Table 6 where A is the IRV winner. The elec-
tion demonstrates a runner-up paradoz and B wins in both sub-elections By and Bs.
However each of these sub-elections themselves satisfies the conditions for a runner-
up paradoz. This means that sub-election By, in which C is the plurality loser and A
is the runner-up, can be further subdivided into two smaller sub-elections in which
A is the IRV winner. (One such partition is By which corresponds to X1 = 12,
Xo =31, =0,Y, =25, Zy =0 and Zy = 17 and Bys which corresponds to
X1 =28, X0 =31, =5Y, =26, Z; =1 and Zy = 31.) And sub-election Ba,
in which A is the plurality loser and C is the runner-up, can be further subdivided
into two smaller sub-elections in which C is the IRV winner. (One such partition is
Bo1 which corresponds to X1 =50, Xo =0, Y, =4, Yo =25, Z; =30 and Z5 =0
and Boo which corresponds to X1 = 10, Xo = 38, Y1 =41, Yo = 54, Z; = 69 and
Zy=2.)

Additional instances of the paradox may occur in which an election can be di-
vided into three or more sub-elections in which either the runner-up or plurality
loser wins.

Finally, we note that elections may be susceptible to a plurality loser paradox
but not a runner-up paradox, as demonstrated by the profile in Table 7 where
neither Condition (1) nor (2) of Proposition 1 is satisfied, but the plurality loser
inequalities are satisfied. Such preference profiles can arise when voter preferences
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are “single-peaked.” In this case, candidate C is like a “centrist” candidate in a
spatial model, as if A, B, and C have been arranged on a left-to-right line, with C
in the middle.

Of course, real-world elections typically do not return ballot data resembling the
profile in Table 7. In real elections, the IRV runner-up tends to be a much stronger
candidate than the plurality loser. Thus, we expect that if a real-world election is
susceptible to a plurality loser reinforcement paradox then it will also be susceptible
to a runner-up paradox. Our results in Section 6 bear out this expectation.

4. THRESHOLD RESULTS

In this section we examine the minimal percentage each candidate can earn
while the election still demonstrates a reinforcement paradox. For some classical
paradoxes such as upward and downward monotonicity paradoxes, an election can
exhibit such a paradox only if each of the three candidates is not “weak.” We show
this is not the case for a general reinforcement paradox in Proposition 3, where the
plurality loser can have an arbitrarily low percentage of the first-places votes and
yet an election is susceptible to a (runner-up) reinforcement paradox. We show in
Proposition 4 that for an election to be susceptible to a runner-up (respectively
plurality loser) paradox, the IRV runner-up (respectively plurality loser) must earn
at least 25% of the first-place votes.

In this section, we assume that the number of voters approaches infinity, so that
we use proportions of votes rather than integers. We also assume that each voter
provides a complete ranking as this does not affect the logic of the proofs. Since
the number of voters approaches infinity, we ignore the “41” which appears in the
Propositions in Section 3, as this term limits to zero.

Proposition 3. For any € > 0, there is an election which is susceptible to the
reinforcement paradox and the first-place vote share for the plurality loser is less
than e.

Proof. Consider the profile in Table 8, where p4 is the proportion of voters who
cast the ballot A = B > C and also the proportion of voters who cast the ballot
A = C = B, and 8 and ¢ are positive and very small. Furthermore, assume
2pa + B < 0.5 and 4ps + S+ 5 = 1 (which implies § > 3). Note that A is the IRV
winner and C' is the plurality loser.

This profile satisfies condition (2) of Proposition 1 and thus the election demon-
strates a runner-up reinforcement paradox. Since ¢ is arbitrary, we can make ¢ < €
and the proposition is proven. For completeness, we include a partition of the elec-
torate into two sub-electorates, as shown in the table. Let dp and d4 be positive
small parameters such that 0 < dp < 4 < 6/2. Then B wins when using the
ballots of both sub-electorates separately. O

Thus, for a large enough electorate the plurality loser can control an arbitrarily
small amount of first-place votes and the election can demonstrate a reinforce-
ment paradox. This proposition distinguishes reinforcement paradoxes from other
classical paradoxes such as upward or downward monotonicity paradoxes. For a
three-candidate election to demonstrate an upward (resp. downward) paradox,
each candidate must earn at least 25% (respectively 162%) of the first-place votes
[41]. That is, for some classical paradoxes none of the candidates can have an ex-
tremely weak first-place showing; each candidate must be “viable” in some sense.
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Prop. Voters PA DA 2pa + 8 g
1st choice A A B C
2nd choice B C A A
3rd choice C B C B

0—04 0 0—90p 0

Partition

1
Bs | pa—0+da pa 2pa+pB—0+0p 0
TABLE 8. A profile in which the plurality loser earns a small pro-
portion of first-place votes and the election demonstrates a (runner-
up) reinforcement paradox.

Num. Voters ‘ 0.50 — €4 ‘ 0.25 +€p ‘ €1 ‘ 0.25 — €9

1st choice A B C C
2nd choice B A A B
3rd choice C C B A

TABLE 9. Minimum profile for runner-up reinforcement paradox

Num. Voters | 0.375 — € | 0.375 — 2¢ | 0.25 + 3¢

1st choice A B C
2nd choice C C A
3rd choice B A B

TABLE 10. Minimum profile for plurality loser reinforcement paradox

Proposition 3 shows this is not the case for the reinforcement paradox. However,
in the next proposition we show that for a runner-up (resp. plurality) reinforce-
ment paradox, the runner-up (resp. plurality loser) must earn at least 25% of the
first-place votes.

Proposition 4. If an election is susceptible to a runner-up (resp. plurality loser)
reinforcement paradox then the runner-up (resp. plurality loser) must earn at least
25% of the first-place votes in round 1. This bound is tight in the limit as the
number of voters approaches oo.

Proof. Runner-up case. Recall that in order for an election to demonstrate a re-
inforcement paradox, no candidate can earn an initial majority, and thus candidate
A must earn less than 50% of the first-place votes. This implies B must earn at
least 25% of the first-place vote.

To see that that bounds are tight, consider the profile in Table 9 where €4, €p, €1
and €5 > 0 are small parameters satisfying eg = €4 — €1 + €3. If eg > €3 — €4 then
this profile satisfies the conditions in (2) of Proposition 1.

Plurality loser case. From Proposition 1, Z > %(X +Y') and thus the plurality
loser must have at least 25% of the first-place vote. On the other hand, consider
the profile in Table 10 in which the plurality loser has just over 25% of the vote
and yet, for some suitably small € > 0, satisfies the plurality loser inequalities from
Proposition 1. (I
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We conclude this section by noting that among elections susceptible to a rein-
forcement paradox there is no lower bound on how small one of the sub-elections
can be, as a percentage of the whole.

Example 4. Let m € N be a large even number. Consider an election B with
3m — 1 ballots (complete or partial) in which the first and second preferences are
distributed as follows: m ballots of the form A = B; m + 1 ballots of the form
B > A; m/2 ballots of the form C > A; and m/2 — 2 ballots of the form C - B.
Candidate A wins this election in two rounds after the C is eliminated in round 1.
Let By consist of the sub-election with 9 ballots: 2 ballots of the form A = B; 3
ballots of the form B = A; and 4 ballots of the form C = A. Let By consist of the
sub-election with 3m — 10 ballots: m — 2 ballots of the form A = B; m — 2 ballots
of the form B = A; m/2 — 4 ballots of the form C = A; and m/2 — 2 ballots of the
form C = B. Then By and By form a partition of B, and candidate B wins both
of these sub-elections. Since m can be arbitrarily large, this implies there exists an
election demonstrating a reinforcement paradoz in which one of the sub-elections
consists of an arbitrarily small fraction of the ballots in the original election.

Example 4 is interesting as it suggests that B was “close” to being a winner in
the original election. In fact, B might feel it particularly unfair that the addition of
a handful of ballots (from B;, where B was a winner) caused B to go from winner
(in Ba) to loser (in By U Ba).

5. RESULTS UNDER VARIOUS MODELS

In this section we use different models of voter behavior to generate millions of
synthetic elections. Among the many possible models we could use, we choose mod-
els which have been used extensively in prior social choice research. For each model,
we generate 100,000 profiles and check whether a generated election is susceptible to
a reinforcement paradox. Thus, our primary tool for providing (estimated) prob-
abilities is Monte Carlo simulation, although we can provide exact probabilities
using other means for the impartial anonymous culture (IAC) model.

We are interested in probabilities for relatively large electorates, as the real-world
elections we analyze in the next section have electorate sizes ranging from a few
hundred to almost one million (although most of the elections contain 20,000 or
fewer voters). Thus, our simulations use an electorate size of V' = 1001 voters. We
also ran simulations with V' € {601,2003,3901}, but the estimated probabilities
were not markedly different for these other choices of V. With the exception of the
TAC model, in this section we consider probabilities only for the complete ballot
case.

5.1. Descriptions of the Models. We use two different types of models: one-
dimensional spatial models and models which sample over the ballot simplex. In
the spatial framework, we consider three different models. The first model, which
we denote 1D Spatial, places three candidates and V' = 1001 voters on the real
line using the standard normal distribution, and a voter’s preference ranking is
determined by their Euclidean distance from each candidate. For example, if the
three candidates A, B, and C' are positioned by the normal distribution at —1.2,
—0.1, and 1.1 respectively, then a voter positioned at 0.3 would cast a ballot with
B ranked first, C ranked second, and A ranked third. Such one-dimensional spatial
models have been widely used in the social choice literature [18, 19, 31, 53].
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Because of the increased political polarization in the United States and else-
where, we also use two bimodal spatial models to investigate the potential effects
of polarization on the probability of the reinforcement paradox. Under the second
spatial model, which we denote 1D Bimodal, we create a bimodal distribution from
an equally weighted combination of the normal distribution centered at —2 and
the normal distribution centered at 2, both with standard deviation 1. See Figure
1 (top) for a visualization of this bimodal distribution. We then place candidates
and voters along the line using the generated (normalized) bimodal distribution as
a probability distribution, similar to 1D Spatial. Under the third spatial model,
which we denote 1D Bimodal Weighted, we use the same two normal distributions
to generate the bimodal distribution but give 50% more weight to the left distribu-
tion, resulting in a bimodal distribution as shown Figure 1(bottom). We use this
model to capture polarization when one side of the political spectrum is stronger
than the other. (We do not investigate the effect of changing the variance.)

For the ballot simplex models we use Dirichlet distributions with parameter «,
denoted Dir(«), and we use the implementation of these models provided by the
software package VoteKit [16]. (See also [7] for applications of the Dir(«) distri-
bution to voting.) In a ballot simplex model, we place a probability distribution
on the discrete ballot 5-simplex, which is the set of 6-tuples (X7, X2, Y1, Ya, Z1, Z5)
such that each number is non-negative and the six numbers sum to V. Under a
Dirichlet model with a € (0,00), as & — 0 the generated profile tends to weigh
heavily in favor of a single candidate, so that the resulting election is a landslide
victory for one of the candidates. For example, when « is close to zero, if V = 1001
then a 6-tuple (X1, Xs,Y1,Ys, Z1,Z3) where X7 + X5 > 800 is much more likely
to be generated than a 6-tuple where each of the six numbers is approximately
equal. When o = 1 the model places a uniform distribution on the simplex, so that
any 6-tuple of ranking numbers is as likely as any other. Dir(1) is referred to as
the impartial, anonymous culture (IAC) model in social choice. As « increases the
sampled 6-tuples tend to cluster in the center of the simplex, so that it becomes
increasingly unlikely that a candidate earns a majority of first-place votes. In the
limit @ — oo, the model is the classical impartial culture (IC) model. Under the
IC model, each voter independently chooses one of the six preference rankings with
uniform probability, leading to elections that, with high probability, are closely
tied. Thus, as « increases, a typical generated election becomes highly competitive
between the three candidates.

If we fix an «, we can consider the limiting probability of observing a paradox
where we let V' — oco. In this limit, the discrete ballot simplex becomes the con-
tinuous 5-simplex determined by X; + Xo + Y7 + Yo + Z1 + Z5 = 1, where each
term in the sum is represents a (non-negative) proportion of votes. By using large
electorates in our simulations, we estimate limiting probabilities under each model.

5.2. Results. Throughout this section and the next, in our analysis we identify four
probabilities: the probability that a runner-up (RU) paradox occurs; the probability
that a plurality loser (PL) paradox occurs; the probability that at least one of these
(RU or PL) paradoxes occurs; and the probability that both (RU and PL) paradoxes
occur.

We begin by providing exact probabilities under Dir(1), or IAC model. Because
of its simplicity and prevalence in the social choice literature, researchers have ded-
icated significant effort to developing tools for calculating probabilities under this
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FIGURE 1. Visualizations of the two bimodal spatial models.

model. One of the fruits of these labors is the software package Normaliz [10], which
can provide limiting probabilities under IAC in three-candidate elections given a
set of linear constraints. In the complete ballot case, Normaliz determines the pro-
portion of integer values of X1, Xo,Y1,Ys, Z; and Z; that satisfy the inequalities in
Proposition 1 given a fixed number of voters V, as V' — oco. In the partial ballot
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case, Normaliz, does the same thing for X, Xo, X3,Y7,Y5,Y3, 21, Z> and Z3 that
satisfy the inequalities in Proposition 2.

The probabilities in the following proposition are thus exact (rather than approx-
imated through simulation) and are obtained directly from Normaliz by inputting
the appropriate sets of inequalities. The conditional probabilities are obtained by
adding an additional requirement to limit the number of elections to those without
a majority candidate.

Proposition 5. The limiting probabilities that an election is susceptible to a rein-
forcement paradox under the Dir(1) model (the IAC model) are as shown in Table
11 for complete and partial ballots. The “Cond. Prob.” probabilities are conditioned
on the absence of a majority candidate.

PL or RU RU PL PL and RU
Prob. Dl ~249% | L ~225% | 155 ~69% | 2L ~4.0%
Cond. Prob. | 1 ~56.8% | 21 ~472% | & ~157% | 2L ~92%
Prob. AL 2 25.3%, | oo ~ 22.9% | Tioess A 6.4% | Zaek ~ 4.0%
Cond. Prob. | 334250 ~ 44.6% | 220 ~ 40.4% | S5k ~11.2% | 29439 ~ 7.0%

TABLE 11. Probabilities under the Dir(1) (IAC) model. The top
two rows correspond to the complete ballot case; the bottom two
rows correspond to the partial ballot case.

The probabilities of one or more paradoxes occurring are similar in the complete
and partial ballots cases. When conditioned on the absence of a majority candidate,
the probabilities are significantly lower in the partial ballot case. This is because
the probability an election does not contain a majority candidate is 145/256 =
56.64% in the 8-simplex but is only 7/16 = 43.75% in the 5-simplex. Overall, the
probabilities are fairly high. This is largely because they indicate the percentage
of elections in which there exists a partition into two sub-elections demonstrating
a reinforcement paradox; the numbers do not indicate anything about the number
of such partitions in any given election.

For finite @ # 1 we are unaware of analytical techniques such as those that
underlie Normaliz to calculate exact probabilities for distributions of the simplex
other than IAC. Therefore, we use Monte Carlo simulations. Figure 2 illustrates the
probabilities obtained from simulations for Dir(«) where a € {0.1,0.2,0.3,...,4.0}.
The top image indicates unconditioned probabilities and the bottom image indicates
probabilities conditioned on the absence of a majority candidate. The blue squares
give the probability that an election is susceptible to a reinforcement paradox (of
either type), the red disks give the probability an election is susceptible to a runner-
up paradox, the black diamonds give the probability an election is susceptible to
a plurality loser paradox, and the green pluses give the probability an election is
susceptible to a double paradox.

As a increases, all four probabilities also increase; this is unsurprising because as
« increases, a typical generated election becomes “closer” or “more competitive.”
When « is small, many generated elections represent landslide victories where one
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FIGURE 2. Estimated probabilities that an election demonstrates
a reinforcement paradox under the model Dir(«). The top figure
shows unconditioned probabilities while the bottom figure shows
probabilities conditioned on the absence of a majority candidate.
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o} PL or RU RU PL PL and RU | No Maj. Cand.
0.1 1257 1033 242 18 3500
0.5 12419 10737 | 2730 1048 24024
1.0 24745 21852 | 6825 3932 43590
1.5 34319 31065 | 11082 7828 56455
2.0 42038 38548 | 15426 11936 65795
2.5 48079 44538 | 19721 16180 72663
3.0 53702 50123 | 23732 20153 78324
10.0 85618 83538 | 62924 60844 98498
20.0 96383 95392 | 86120 85219 99948
30.0 98814 98442 | 94367 93955 99997

oo (IC) | 100000 | 100000 | 100000 100000 100000

TABLE 12. Simulation results for some choices of «. For each o
we generated 100,000 profiles.

candidate has a strong majority of first-place votes. When « is large, the generated
elections tend to cluster in the center of the simplex where there is no majority
candidate. This also explains why we see a large increase in probabilities when
moving from the top of Figure 2 to the bottom when « is small (when there are
few elections without a majority candidate) but not when « is large (when almost
all elections have no majority).

Table 12 provides specific results from the simulations for a few choices of a.
Recall that 100,000 simulations were run for each choice of a, so that when a = 0.1,
for instance, only 3.5% of generated elections contained no majority candidate.
Note that we include simulations for a = 1 even though we have exact probabilities
from Proposition 5.

Table 12 also displays information for three large a values which are not shown
in Figure 2. Recall that as a — oo the distribution resembles the IC model, in
which each voter independently chooses one of the six possible rankings at random.
For comparison, we also conducted simulations using the IC model with V' = 1001,
which returned an estimated probability of 1.0 for the runner-up, plurality, or both
(RU, PL, and RU and PL) paradoxes occurring. Intuitively, this is clear since when
every voter chooses a ranking at random, X; =~ Xs =~ Y; = Yo = 77 = Z5. Thus,
in the limit, Condition (2) and the plurality loser inequalities of Proposition 1 will
always be satisfied. It is unsurprising, therefore, that the probabilities in Figure 2
appear to be trending toward 1 and the values at the bottom of Table 12 indicate
convergence to 1 in all cases.

The 1D spatial models provide another way to estimate the probabilities of a
reinforcement paradox, in part because the preferences they represent are single-
peaked. Thus, in simulations in which the positions of the candidates A, B and C
are ordered left to right, for instance, Xy = Z; = 0 since B must be either first or
second-ranked by all voters.

The results under all spatial models are shown in Table 13. The first row gives
unconditioned probabilities; the second row gives probabilities conditioned on the
absence of a majority candidate for 1D spatial. The middle (respectively last)
two rows give the corresponding probabilities under 1D Bimodal (respectively 1D
Bimodal Weighted).
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PL or RU RU PL PL and RU
Unconditioned Probability | 16.63% | 12.17% | 4.47% 0.01%
Given No Majority Cand. 40.07% | 29.32% | 10.76% 0.01%

Unconditioned Probability | 16.68% | 12.52% | 4.18% 0.02%
Given No Majority Cand. 34.05% | 25.55% | 8.53% 0.03%

Unconditioned Probability 11.46 5.05 6.46 0.05

Given No Majority Cand. 26.48 11.67 14.92 0.12
TABLE 13. Estimated probabilities, reported as percentages, un-
der our three spatial models. The top two rows give probabilities
for 1D Spatial, the middle two rows for 1D Bimodal, and the last
two for 1D Bimodal Weighted.

Interestingly, the corresponding probabilities under 1D Spatial and 1D Bimodal
are approximately equal, perhaps because both models are symmetric about zero.
When we unbalance the distribution under 1D Bimodal Weighted, the probabilities
change significantly. In particular, 1D Bimodal Weighted is the only model in this
study under which it is more likely to observe a plurality loser paradox than a
runner-up paradox. We do not know with certainty the reason for this, but we
speculate that it is due to different responses to the so-called “center squeeze” [51],
where the centrist candidate is the Condorcet winner but is not the IRV winner. In
one-dimensional three-candidate spatial models, the central candidate will often be
the plurality loser even if they are closest to the median voter. Using the notation
of Section 3, if C is the central candidate then X; = Y; = 0 since C must be
second-ranked by all voters. Hence the conditions in Case (1) of Proposition (1)
cannot be satisfied (since they imply B has the majority of the first-place vote).
The conditions in Case (2) reduce to

Y>X—-2, and Y > Xo+ 21 —Zy =X+ 21— Zs.

If the distribution of voters is symmetric, Z; and Z; are likely to be similarly-
sized, and so the rightmost inequality will be satisfied whenever Y > X. Thus, a
runner-up (RU) paradox will occur often when the IRV and plurality winners are
distinct.

If the distribution of voters is not symmetric, as with the 1D Bimodal Weighted
model, the left and right-wing candidates are likely to be near the left and right
peaks of the distribution respectively, with the centrist in between but on the
“upward slope” of the larger peak (the left one in Figure 1). Thus, the quantity
Z1 — Zo is more likely to be larger than in the symmetric case, decreasing the
likelihood of Case (2) occurring. A similar argument holds if A or B is the central
candidate.

For the plurality loser (PL) paradox to occur, it is easily seen that C' must be
the central candidate. In this case, C is again likely to be on the upward slope of
the larger peak in the 1D Bimodal Weighted model (and hence Z is likely to be
larger) than in the 1D Bimodal model. So the probability of the plurality loser
(PL) paradox occurring is greater in the nonsymmetric case than the symmetric.

Under all three 1D spatial models, the probability of a double paradox (both RU
and PL) is extremely small as it is rare for both Y and Z to be sufficiently large
simultaneously.
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6. EMPIRICAL RESULTS

In this section we provide empirical results using a large database of real-world
IRV elections. Our data comes from three sources. First, we use single-winner po-
litical elections from the United States with at least three (not write-in) candidates.
This data is available at the FairVote data repository [46], and contains ballot data
from municipal elections in cities such as San Francisco, CA and Minneapolis, MN.
The repository also has ballot data for federal elections in the states of Alaska and
Maine. Second, we use single-winner elections from the American Psychological
Association (APA), which generally is willing to share ballot data for ranked-choice
APA presidential elections and elections for the Board of Directors. Some of this
data is available on preflib.org [35], and some was shared directly with the first
author. Third, we use single-winner political elections from a database of Scottish
local government elections. The ballot data for many of these elections is available
at https://github.com/mggg/scot-elex. The Scottish elections at this reposi-
tory occurred in 2022 or before. We have separately collected preference profiles for
several off-cycle IRV by-elections which have occurred since 2022. These profiles
are available by request.

In total, we accessed the preference profiles for 416 single-winner IRV elections
with at least three candidates.®> Many of these elections contain more than three
candidates; because we are interested in the three-candidate case, for each election
we “reduce” the number of candidates by running the IRV algorithm until only
three candidates remain and then analyze the resulting profile. Note that the
relationship between the original election and the resulting three-candidate election
is not clear with respect to the susceptibility to reinforcement paradoxes. It is a
priori possible that the original election demonstrates a paradox while the reduced
three-candidate election does not, and vice versa. We use this methodology because
we are interested in three-candidate elections and analyzing the elections with more
than three candidates using the IRV algorithm in this way allows us to expand the
size of our three-candidate election dataset. Moreover, in some cases if the resulting
three-candidate is susceptible to a paradox then we can gain insight into how the
original election might be susceptible to a paradox; this is how a reinforcement
paradox in a five-candidate Minneapolis city council election was found, for example
[37].

Jurisdiction USA APA Scotland Total
Elections 331 27 58 416
3-Cand. Elections 121 10 1 132
3-Cand. Elections, no Maj. Cand. 57 6 1 64

3-Cand. Reduced Elections, no Maj. | 206 20 48 274
Cand.

TABLE 14. A summary of our data sources.

3Any reference to the number of candidates in an election does not include write-ins. In our
dataset, write-in candidates receive an insignificant amount of votes and ignoring them does not
affect the analysis.
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PL or RU RU PL PL and RU
3-Cand. Elections 19, 14.4% | 19, 14.4% | 7, 5.3% 7, 5.3%
3-Cand. Reduced Elections 103, 24.8% | 103, 24.8% | 30, 7.2% | 30, 7.2%
3-Cand.  Elections, no Maj. 29.7% 29.7% 10.9% 10.9%
Cand.
3-Cand Reduced Elections, no 37.6% 37.6% 10.9% 10.9%
Maj. Cand.

TABLE 15. Reinforcement paradox results for the 132 real-world
three-candidate elections and for all 416 “reduced” elections.

Num. Voters‘1440 1217 1212 1473 611 1726 185 68 37

1st C C C G G G F F F
2nd G F C F c G
3rd F G F G G C

TABLE 16. The preference profile for the 2023 city council ward 7
election in Minneapolis.

6.1. Results. Table 15 provides the results for elections having three candidates
in the original election and for all 416 elections. We use the same abbreviations
RU and PL as in Section 5. The first row indicates the number and percentage
of elections exhibiting one or more paradoxes among the three-candidate elections.
For example, of the 132 elections which originally contained three candidates, 19 of
them (14.4%) exhibit a reinforcement paradox. The second row indicates the same
information but for all the elections including the reduced elections. The third
and fourth rows indicate the percentage of elections that exhibit the given type of
paradox, conditioned on the absence of a majority candidate.

Unlike the simulated elections in Section 5, all the elections in the database
that demonstrate a plurality loser paradox also demonstrates a runner-up paradox.
(Note that the two rightmost columns of Table 15 are identical.) The most likely
explanation is that in real elections runner-up candidates tend to be much stronger
than plurality losers.

In Section 4, we showed in Proposition 4 that if an election demonstrates a
runner-up reinforcement paradox then the runner-up could receive as little as 25%
of the first-place votes and the plurality loser could receive an arbitrarily small
percentage of the first-place votes. Similarly, if an election demonstrates a plurality
loser paradox then the plurality loser can receive as little as 25% of the first-place
votes. How close to these minima do we come in real-world elections? The lowest
percentage of first-place support earned by the plurality loser in an election which
demonstrated a reinforcement paradox is 3.6%, which occurred in the 2023 city
council ward 7 election in Minneapolis. Table 16 shows the preference profile for
this election, which originally contained three (not write-in) candidates; that is, the
profile displayed is not obtained from eliminating previous official candidates. The
three candidates were Cashman (C'), Graham (G), and Foxworth (F). Foxworth
earns only 280 (3.6%) first-place votes of the 7969 ballots cast, yet the runner-up
inequalities in Condition (2) of Proposition 2 are satisfied.
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This 2023 Minneapolis city council election is an interesting example of a rein-
forcement paradox, even though it initially appears unremarkable if we are hunting
for voting paradoxes. In this election the plurality, Condorcet, and IRV winners
are identical, ruling out the possibility of classic issues like a monotonicity para-
dox, spoiler effect, or similar pathology. While the election is close—Cashman and
Graham receive a comparable number of first-place votes—Cashman is the clear
winner. From a social choice perspective, this election typically warrants no fur-
ther analysis. However, the presence of a reinforcement paradox makes this election
more compelling than it might appear at first glance.

The lowest first-place vote percentage earned by the IRV runner-up in an election
which demonstrates a runner-up paradox is 28.9%, achieved in the 2018 mayoral
election in San Francisco. This election had 9 official candidates, and thus the
28.9% represents the vote share of the runner-up after eliminating six candidates.
The lowest percentage for a plurality loser in an election which demonstrates a
plurality loser election is 26.9%, achieved in the 2008 County Executive election
in Pierce County, Washington. This election had four official candidates, and the
plurality loser earned 26.9% of the voter after eliminating one candidate.

6.2. Precinct and District Partitions. As discussed in Section 2, some instances
of a reinforcement paradox are more serious than others. Our approach thus far
has been to allow for arbitrary partitions of the electorate, including partitions in
which the two subsets of voters share no meaningful characteristics. We take this
approach because in many cases the only available data is a preference profile, which
provides no information beyond aggregate preference rankings. Ideally, we would
search for partitions defined by meaningful variables; for example, we could attempt
to find instances where candidate A wins among voters with a college degree and
among voters without a college degree, but loses overall. However, our data does
not contain such information. Some of our data does include limited geographic
information, such as the precinct at which a voter cast their ballot. Some data files
also include district information, where a “district” is a collection of precincts. For
example, election files from Alaska indicate a voter’s precinct and their state House
district. In this section, we restrict attention to partitions of the electorate that
respect precinct or district boundaries.

In the 416 real-world elections comprising our dataset, none of the APA or
Scottish elections contain any information beyond the preference profile. Of the
American political elections, 304 contain precinct information and 84 indicate a
voter’s precinct and district. Thus, for 304 elections we can search for precinct
partitions and for 84 we can search for district partitions.

If an election contained 16 or fewer precincts then we exhaustively searched
through all precinct partitions and checked for a paradox. Of course, this brute
force approach is not feasible for a large number of precincts, and some of our
elections contained hundreds of precincts. Thus, we instead formulate the search
for reinforcement paradoxes as a binary integer linear feasibility problem.

Our methodology is as follows. First, we reduce the cast vote record® to three
candidates, as we did in previous sections. We then construct a precinct-level sum-
mary of the reduced election. For each precinct, we record the number of first-place

4A cast vote record, in contrast to a preference profile, is a record of each voter’s preference
ranking of the candidates. We use this object for our computations in this section because the
preference profile might combine voters across precincts, potentially losing geographic information.
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PL or RU RU PL PL and RU
Precinct | 9, 3.0% |8, 2.6% | 1, 0.3% 0
District 1, 1.2% 0 1, 1.2% 0

TABLE 17. The number of elections demonstrating a reinforce-
ment paradox when using a partition of precincts or districts. The
corresponding percentage uses a denominator of 304 for the first
row and 84 for the second.

votes received by each of the three candidates, as well as the number of ballots that
would transfer from one candidate to another upon elimination. These quantities
are sufficient to determine the outcome of any two-round elimination process among
the three candidates within any subset of precincts. Next, we reduce the search for
an aggregation paradox to a feasibility problem. Specifically, we construct a binary
integer linear program (ILP) in which each decision variable indicates whether a
given precinct is assigned to one of two subsets. Linear constraints are imposed to
ensure that both subsets are nonempty and that, within each subset, the induced
vote totals satisfy the inequalities corresponding to a prescribed IRV elimination
order. These constraints encode both the identification of the first-round loser and
the outcome of the final round after vote transfers.

A feasible solution to this ILP therefore corresponds to a partition of precincts
into two subsets such that each subset yields a specified elimination order, poten-
tially differing from the outcome of the election as a whole. We solve this feasibility
problem using a standard branch-and-bound algorithm. If a feasible solution ex-
ists, we conclude that the election exhibits an aggregation paradox of the specified
type. We independently verified the precinct partition results produced by this
methodology that are presented in the article. See [8, 60] for more details about
the implementation of ILPs.

Table 17 provides our precinct and district results. The percentages of paradoxes
are much smaller than when we look for arbitrary partitions, suggesting that the
more serious kind of reinforcement paradox is much less common than instances in
which we can choose an arbitrary partition. For several of the elections demonstrat-
ing a precinct or district-level paradox, we were unable to find a “nice” partition
of precincts or districts corresponding to a north-south kind of outcome. However,
we identified several elections with relatively clean geographic partitions which we
discuss below.

To streamline notation, we write 31 as a collection of precincts and let By be the
precincts not in By, which we will denote as a complement By = B{. Two of the
four examples below come from reduced elections which originally had more than
three candidates. In these cases, we also determine whether the partition produces
a paradox with all candidates still present. We indicate if keeping all candidates
does not produce a paradox.

In the first three examples, the number of precincts was small enough to manually
check all possible precinct partitions. In each case, there were multiple precinct
partitions that resulted in a runner up paradox but none that resulted in a plurality
loser paradox.

Example 5. 2021 Portland, ME At-Large Seat 1 Commissioner Election.
This election is an outlier in our dataset as it was a multi-winner election using a
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Num. Voters | 723 1260 636 1076 141 1191 1475 126 1778
1st choice C C C D D D Sy Sy SY
2nd choice D SY Cc Sy C D
3rd choice SY D sy «C D C

11372 589 340 573 65 723 633 50 641
By | 351 671 296 503 76 468 842 76 1137
TABLE 18. Three-candidate reduced preference profile for the 2021
Portland, ME At-Large Seat 1 Commissioner election. Bj repre-
sents voters from precincts {Absentee, 4-2, 5-1, 5-2} and By rep-
resents voters from all other precincts. Sheikh-Yousef (SY) wins

using ballots from By or from By but loses the overall election to
Chann (C).

Partition

voting method called “sequential ranked choice voting” or “sequential IRV” to elect
four winners from an initial pool of eleven candidates. Under this method, the first
seat is allocated using IRV, and the winner is then removed from the preference
profile. The second seat is then allocated to the IRV winner using the modified
profile, after which this second winner is also removed. The process continues until
all seats are filled. (See [38] for an in-depth analysis of this voting method.)

Although the election involved multiple winners, we include the election for the
first seat in our dataset because the winner was chosen using IRV, and there is
arguably some psychological or other non-tangible benefit to winning the first seat.
In the election for the first seat, Marpheen Chann was the IRV winner and Nasreen
Sheikh-Yousef was the runner-up.

Portland has eleven precincts (see Figure 4 in the Appendiz). In addition, the
City of Portland also groups all absentee ballots into their own precinct with no
obvious geographic identification. Aside from this ambiguity, the two most geo-
graphically interesting partitions are

o By = {Absentee, 4-2, 5-1, 5-2}, By = BY. This partition is described in
Table 18.
o By = {Absentee, 1-1, 1-2, 1-3, 2-1}, By = BY.

If we count Absentee ballots as coming from the northwest then in the first par-
tition, Sheikh-Yousef won the northwest part of Portland and she won the non-
northwest part, yet she lost the first seat. Similarly, if we count Absentee ballots as
coming from the east then in the second partition, Sheikh- Yousef won the east and
she won the west, yet again she loses overall.

Example 6. 2022 Oakland District 4 School Direction FElection. This
election contained the candidates Mike Hutchison (IRV winner), Nick Resnick (IRV
runner-up), and Pecolia Manigo (plurality loser). Figure 5 in the Appendiz shows
the precinct map of District 4, which contains sixteen precincts. The four most
geographically interesting partitions generating a runner up paradox are

By = {213100, 213500}, By = BY
By = {213500}, B, = BY
Bi = {245300}, By = BY
By = {345900}, B, = B .
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Num. Voters | 27070 15478 11262 34078 3659 21237 47419 4647 23733
1st choice B B B Pa Pa Pa Pe Pe Pe
2nd choice Pa Pe B Pe B Pa
3rd choice Pe Pa Pe B Pa B

Partition By | 6148 3328 2977 9506 1116 7025 7895 830 3712

Bo | 20922 12150 8285 24572 2543 14212 39524 3817 20021

TABLE 19. An example of a state House district partition demon-
strating a plurality loser paradox in the 2022 Alaska Special House
election.

In the first partition, By consists of the two northernmost precincts. Thus, this
partition represents a runner-up paradox with a clear north-south split in which
Resnick wins the northern voters and separately wins the non-northern voters, yet
loses the overall election. Similarly, the other three partitions represent instances
when Resnick wins in an individual precinct, as well as winning outside the precinct,
yet loses the overall election.

The next example was analyzed in [37]. Reinforcement paradoxes are not the
focus of that article, but the authors point out a reinforcement paradox can be
achieved using the precinct partition By = {2-1, 2-5}, By = B{. The two partitions
given below are more geographically interesting.

Example 7. 2021 Minneapolis Ward 2 City Council Election. This election
contained the candidates Tom Anderson, Yusra Arab, Cam Gordon, Guy Gaskin,
and Robin Worlobah. Anderson and Gaskin received relatively few first-place votes
and were eliminated in the first two rounds. With three candidates remaining, the
IRV winner is Worlobah, the runner-up is Arab, and the plurality loser is Gordon.

Figure 6 in the Appendix shows the precinct map of Ward 2 which contains eleven
precincts. The two most geographically interesting partitions generating a runner
up paradox are

o By ={2-3, 2-4, 2-8, 2-11},B, = BY
o By ={2-1, 2-2, 2-3, 2-5, 2-6}, By = BY.

The first partition produces a Tunner-up paradox in the reduced three-candidate
election and in the original election with all five candidates. In that partition, By
represents a coalition of northernmost and southernmost precincts with Bs repre-
senting the second reamining voters. Thus, in this election we can say that Arab
wins the northernmost and southernmost voters, and wins separately with all other
voters, but she loses the actual election. The second partition produces a paradox
only in the reduced three-candidate election.

We found one election demonstrating a plurality loser (but not runner-up) para-
dox at the precinct and district level: the 2022 Special House election in Alaska.
We analyze this election in our final example.

Example 8. 2022 Alaska Special House Election. This election contained
the three candidates Mary Peltola (IRV winner), Sarah Palin (IRV runner-up), and
Nick Begich (plurality loser). Since the voter preference file contains state House
district data as well as precinct information, we searched for partitions involving
both of these geographic units.
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Alaska has 40 state House districts as well as a 41st “district” consisting of
overseas ballots. There are hundreds of partitions of the House districts demon-
strating a paradox where Begich wins each sub-election, but none where Palin does.
(The same result holds for precinct partitions.) A likely explanation is that Begich
was the election’s Condorcet winner and thus the election’s “strongest candidate”
in some sense, while Palin was the Condorcet loser.

We could not find a clean north-south type of partition of the House districts
demonstrating the plurality loser paradox. An example of an aesthetically pleasing
partition can be found in the top of Figure 7 in the Appendix, corresponding to
the partition detailed in Table 19. The black region corresponds to the district
partition By = {Overseas, 1, 7, 8, 18, 22, 26, 30, 32, 33, 37, 38, 40}. The gray
region corresponds to By = BY. We could not find a partition in which the two
sub-electorates both represented contiguous regions, mainly because House district
1 in the southeast corner of Alaska tended to be paired with regions very far away,
such as districts around Fairbanks or the far-north Arctic district, creating a gap
between District 1 and the rest of the districts in its partition subset. The partition
we found which comes closest to producing two contiguous regions is shown in the
bottom of Figure 7, where Begich wins the black districts and also wins the gray
districts grouped with the overseas ballots.

This Alaska election is one of only two single-seat elections in our American
dataset in which the Condorcet winner is not the IRV winner, perhaps explaining
why there are geography-based plurality loser paradoxes but none for the runner-up
(who is the Condorcet loser). The other American election in our dataset in which
the Condorcet winner is the plurality loser (the 2009 mayoral election in Burlington,
VT) does not have precinct or district information. This election does demonstrate
runner-up and plurality loser paradoxes but we cannot check for “natural” or par-
titions of the electorate.

6.3. Bootstrapping Results. In Section 5 we ran simulations based on sampling
using theoretical models such as the IAC model. Since we have access to a large
dataset of real-world elections, we can also sample from these elections and run
simulations using nonparametric bootstrap analysis. Such sampling from real-world
elections allows for an empirically-grounded version of the sampling methodology
in 5.

Bootstrapping allows us to generate random samples from each election profile
to create a set of “pseudoprofiles.” Analysis of these pseudoprofiles can give a
sense of how robust the presence or absence of a paradox is under perturbations
of the election profile. For instance, if we sample from an election profile that
does not demonstrate a reinforcement paradox and determine that none of the
sampled pseudoprofiles demonstrates a paradox, then the original election is not
close to an election that demonstrates a paradox. On the other hand, if an election
demonstrates a paradox but relatively few of its pseudoprofiles do, this indicates
that the paradox is sensitive to small perturbations and is unlikely to persist under
resampling. This is the case, for example, in the 2023 city council ward 7 election
in Minneapolis (Table 16). The election demonstrates a reinforcement paradox
but only 337 of 1000 generated pseudoprofiles do. Thus, very similar elections are
unlikely to demonstrate a paradox.

To perform this analysis, we follow techniques used in the classical papers [50]
and [52]. For each of the 416 three-candidate profiles from our real-world dataset,
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we created 1,000 pseudoprofiles by sampling ballots with replacement from the
actual three-candidate profile. This sampling allowed us to generate 416,000 three-
candidate elections which we can check for reinforcement paradoxes.

To keep the computation time reasonable and to match the analysis in Section
5, if the actual profile contained more than 1,001 voters then for each generated
pseudoprofile we sampled only 1,001 ballots; otherwise each pseudoprofile contained
the same number of voters as the original election. Most of the elections in the
dataset contain more than 1,001 voters and thus most of the generated elections
contain 1,001 voters.

Table 20 shows the probability of each type of reinforcement paradox across the
416,000 pseudoprofiles. The results are similar to the “3-Cand Reduced Elections”
probabilities in Table 15, and thus the bootstrapping results do not meaningfully
affect how frequently we expect such paradoxes to occur in real-world elections.

A more nuanced summary of the bootstrapping results can be seen in Figure
3. Each histogram illustrates the frequency of the proportion of pseudoprofiles
generated by each original election that resulted in a “paradoxical” election. The
top image is based on the 103 original elections that demonstrate the paradox.
Thus, for example, the right-most bar on the top histogram indicates that in 41
of these elections, between 95% and 100% of the associated pseudoprofiles were
susceptible to the paradox. Similarly, the second-to-the-right bar indicates that in
13 of these elections, between 90 and 95% of the associated pseudoprofiles were
susceptible to the paradox. The bottom histogram is constructed the same way for
the 313 original three-candidate elections which were not susceptible to the paradox
with the exception that elections that generated zero “paradoxical” pseudoprofiles
are omitted for clarity (since the left bar would be out-sized).

From Figure 3 (top), we can observe that roughly half of the original elections
that were susceptible to a paradox were extremely likely to exhibit that paradox in
the sense that more than 90% of their associated pseudoprofiles also did so. Most
of the remaining elections in this category also generated pseudoprofiles that more
often than not were susceptible to a reinforcement paradox. The reverse is true
in Figure 3 (bottom): the large majority of the original elections that were not
susceptible to the paradox generated few pseudoprofiles that were susceptible to a
reinforcement paradox.

Noteworthy, however, is the fact that across all 416 original elections, 241 gen-
erated at least one pseudoprofile which was susceptible to a reinforcement para-
dox. While the presence of a single such pseudoprofile should be interpreted with
caution—since rare events may arise in large bootstrap samples—this neverthe-
less indicates that paradoxical outcomes can occur under perturbations of many
of the observed elections. If we restrict the analysis to elections that did not con-
tain a majority candidate, 224 of the 254 original elections generated at least one
pseudoprofile that is susceptible to a reinforcement paradox. These results suggest
that, although such outcomes may occur with low frequency in some cases, many
three-candidate real-world elections without a majority candidate admit generated
pseudoprofiles under which a reinforcement paradox can arise. We note that such
a high percentage is not achieved under bootstrapping for other paradoxes. For
example, in [39] the same type of analysis was performed for the spoiler effect using
a smaller dataset of American IRV elections (with 10,000 pseudoprofiles per elec-
tion), and only five elections generated at least one pseudoprofile demonstrating a
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|[PLor RU| RU | PL |PLand RU
Unconditioned Prob. 25.0% 24.8% | 6.8% 6.5%

Conditioned Prob. 42.3% | 41.8% | 11.5% 11.0%
TABLE 20. Probability, expressed as a percentage, of observing
a reinforcement paradox in the 416,000 generated pseudoprofiles.
The second row gives probabilities conditioned on the absence of
a majority candidate.

spoiler effect under IRV. Thus, it is not the case that performing bootstrap analysis
guarantees that rare paradoxical outcomes will appear broadly across elections.
Finally, recall that in the 416 actual elections, any election that was susceptible
to a plurality loser paradox was also susceptible to a runner-up paradox. This is not
the case for pseudoprofiles: 1,277 generated elections are susceptible to a plurality
loser but not to a runner-up paradox. Thus, while such outcomes are relatively
rare, the bootstrapping analysis shows that they can arise under perturbations of
real-world elections, even though they are not observed in the original data.

7. DISCUSSION

In this section we discuss our results, starting with a comparison between the
theoretical and empirical results, then placing our results into context by comparing
them to previous results on the reinforcement paradox.

7.1. Theoretical Versus Empirical Results. As is often the case in social
choice, none of the theoretical models give probabilities which closely match what
we observe in real-world elections across all four paradox types. Interestingly, if we
focus on the 416 three-candidate reduced elections (lines two and four of Table 15),
the TAC complete-ballot model (Table 11) provides a decent approximation of the
empirical results. Furthermore, even though the real-world elections contain many
partial ballots, generally the complete-ballot IAC model more accurately reflects the
empirical probabilities across the 416 reduced elections than the partial-ballot TAC
model. For other voting paradoxes such as monotonicity paradoxes or the spoiler
effect, the ITAC model typically gives probabilities much higher than what we ob-
serve in real elections. If we focus only on the 132 actual three-candidate elections,
a model like Dir(0.6) gives the best approximation of the empirical unconditioned
results (with the exception of “PL and RU”), which makes sense because in these
elections, the winner is stronger overall than in the Dir(1) (IAC) model, consistent
with the election data. Overall, the 1D-spatial models, both normal and bimodal,
underestimate the probabilities of one or more types of paradox occurring.

What none of the models capture is that in actual elections, it is extremely rare
to observe a plurality loser paradox without also observing a runner-up paradox.
Under spatial models this difference is especially pronounced, as under those models
if a plurality loser paradox is exhibited then we almost never also observe a runner-
up paradox. This is generally true across all models, even though the runner-up
(RU) paradox is roughly three times as likely to occur as the plurality loser (PL)
paradox.

All theoretical models predict that if an election is somewhat “competitive” then
the probability of demonstrating a reinforcement paradox is large (although usually



34 DAVID MCCUNE AND JENNIFER WILSON

Original Election Demonstrates Paradox

40+

351

Frequency
N N
o [0,

[y
w

10

30 35 40 45 50 55 60 65 70 75 80 85 90 95 100
Percentage

Original Election Does Not Demonstrate Paradox

60

50 A

N
o

Frequency
w
o

204

101

10 15 20 25 30 35 40 45 50
Non-Zero Percentage

FIGURE 3. (Top) Bootstrapping frequency results for elections
that are susceptible to a reinforcement paradox. (Bottom) Boot-
strapping frequency results for elections that are are not susceptible
to a reinforcement paradox but generated at least one pseudopro-
file that is.

not larger than 50%). The empirical results also bear this out, with empirical prob-
abilities sometimes being larger than theoretical ones, even when using theoretical
models which often produce close elections. Of course, the empirical probabilities
come nowhere close to the probability of 1 predicted by IC, the model which tends
to produce extremely competitive elections.
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7.2. Comparison to Previous Reinforcement Paradox Results. As men-
tioned in the Introduction, we are aware of only two previous papers [13, 49] which
estimate the probability with which an election demonstrates a reinforcement para-
dox. Our work differs from theirs in several significant ways. Most importantly, in
most cases the analysis in these earlier papers was based on simulating two separate
elections, checking whether the elections had the same winner, and then indicating
a reinforcement paradox had occurred if the winner obtained from the combined
election was different from the winner in the two generated elections. That is, the
authors did not start with one election and look for a partition of the ballots as
we do. As Plassmann and Tideman state in [49], “We determine the frequencies
of the reinforcement paradox by sampling ballots for two separate elections, which
we then combine to determine whether the paradox occurred for any voting rule. In
contrast, we determine the frequencies of all other paradoxes from a single sample
of ballots.” Plassmann and Tideman do not try to decompose one set of ballots
into a partition as we do, stating “There is no obvious way in which to divide the
ballots from a single election into two distinct sets that would yield the appropriate
distribution of rankings in the two new sets and would permit us to examine rein-
forcement.” Courtin et al. [13] generally take a similar approach, simulating two
ballot sets and then combining them. We have contributed to the investigation of
this paradox by identifying a method in the 3-candidate case, through Propositions
1 and 2, to determine if such a division is possible, without having to separately
test each possible partition of a ballot set into two sub-elections. We feel our ap-
proach is equally valid since we are interested in the “paradoxical harm” felt by a
candidate (and perhaps their supporters) in an election exhibiting the paradox: if
there exists a partition of the electorate such that one of the losing candidates can
point to each sub-electorate and claim victory, that candidate can reasonably claim
some sort of harm when they ultimately lose the overall election.

A second way our work differs from previous studies is that we use a much
larger set of theoretical models as well as empirical data to conduct our analysis.
Neither of the previous papers uses any real-world ranked-choice ballot data.’ Our
use of multiple spatial models, multiple Dirichlet models, and a large dataset of
real-world elections (combined with nonparametric bootstrapping analysis) greatly
expands previous work.

Thirdly, ours is the first work to provide any analysis of partial ballots in the
context of reinforcement paradoxes. Previous work was not concerned with partial
ballots, presumably because such work did not analyze any real-world IRV elections.

Finally, both previous papers report extremely small probabilities for observing
a reinforcement paradox under IRV. Plassmann and Tideman give a probability of
approximately 0.02% when using an electorate of at least 1,000 voters. Courtin
et al. report similarly small probabilities. Using the term “Young’s reinforcement
axiom” (YRA) synonymously with Young’s notion of consistency (Definition 1),
Courtin et al. state, “Our results show that ... cases of violations of YRA are rather
rare... [Allthough all these [iterative scoring] rules violate YRA, the frequencies of
violation are very rare. Then, since the violation of this axiom is not so frequent,
one should not be unduly worried about its theoretical possibility.” By contrast, we

5The paper by Courtin et al. does have a section where they apply their results to parliamentary
(or House) elections in France, Germany, and the United States, but the authors do not have access
to candidate preference rankings.
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tend to report large reinforcement paradox probabilities, which are generally much
greater than the probabilities of observing other classical paradoxes. The reason for
this discrepancy is our difference in approach, as outlined above. We would most
likely obtain similarly small probabilities if, for example, we were to look at each
real election and search for a reinforcement paradox by choosing a partition of the
ballots at random. Our probabilities are higher because we consider all possible
partitions.

8. CONCLUSION

Both theoretical and empirical analysis suggests that three-candidate IRV elec-
tions are highly susceptible to the reinforcement paradox if we allow for arbitrary
partitions. If we require the two sub-elections to be similarly-sized, for instance,
there will likely be fewer instances of the paradox; the same is true if we restrict the
sub-elections so that one sub-election is a small perturbation of the original elec-
tion. For elections where we have additional geographic information, the frequency
of paradoxes drops significantly. Future work could examine how the probability
of a reinforcement paradox changes under restrictions of this kind, or to instances
involving a larger number of sub-elections. Since reinforcement paradoxes are most
serious when the electorate can be partitioned according to some natural variable
(geography, race, education level, etc.), focus on this kind of reinforcement paradox
is a natural next step. Any real-world investigation of this kind is likely to be
limited by a lack of data, however.

Future work could also investigate the structure of the partitions which demon-
strate a paradox. When an election is susceptible to a paradox, it can typically
be demonstrated using many different partitions. The structure of the space of
paradox-producing partitions is therefore worth exploring. For example, how “sim-
ilar” can B; and B be made to each other, or how similar can B; be made to B?
Courtin et al. [13] and Plassmann and Tideman [49] generate B; and Bs using the
same probability distribution; do the two ballot sets in real-world partitions seem
to come from the same distribution? We could use notions of similarity adapted
from [20, 57] to study where By and Bs lie in a “map of elections,” either relative
to each other or to B. At the very least, our results highlight how non-convex this
landscape can be.

Finally, we focus on IRV in this article because of its use in real-world political
elections, but it would be interesting to repeat our analysis for other voting meth-
ods which are not positional scoring rules. For example, many researchers in the
social choice space feel that Condorcet consistent methods are superior to IRV (see
Chapter 2 of [14], for example), and thus we would welcome an examination of the
susceptibility of Condorcet consistent methods to the reinforcement paradox.
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APPENDIX: DISTRICT AND PRECINCT MAPS

FIGURE 4. A map of the precincts used for the 2021 at-large
commissioner election in Portland, ME. Map available at https:
//www.portlandmaine.gov/292/PDF-Maps. Accessed 4/1/2026.
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FIGURE 7. (Top) A map showing a partition of state House
districts in Alaska, corresponding to the partition in Table 19
demonstrating a plurality loser paradox. Plurality loser Nick Be-
gich wins when using ballots from the black districts plus over-
seas ballots, and also wins when using ballots from grey dis-
tricts. The shapefile used to create this map is provided by the
Alaska Division of Elections at https://www.akredistrict.org/
2022-may-interim-proclamation/. Accessed 4/9/26. (Bottom)
The “cleanest” geographic partition we could find. Begich wins the
black districts and also wins the gray districts, where we include
overseas ballots in the gray.



