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ASYMPTOTIC NORMALITY OF SUBGRAPH COUNTS IN SPARSE
INHOMOGENEOUS RANDOM GRAPHS

SAYAK CHATTERJEE, ANIRBAN CHATTERJEE, ABHINAV CHAKRABORTY,
AND BHASWAR B. BHATTACHARYA

ABSTRACT. In this paper, we derive the asymptotic distribution of the number of copies of
a fixed graph H in a random graph G, sampled from a sparse graphon model. Specifically,
we provide a refined analysis that separates the contributions of edge randomness and vertex-
label randomness, allowing us to identify distinct sparsity regimes in which each component
dominates or both contribute jointly to the fluctuations. As a result, we establish asymptotic
normality for the count of any fixed graph H in G, across the entire range of sparsity (above
the containment threshold for H in Gr). These results provide a complete description of sub-
graph count fluctuations in sparse inhomogeneous networks, closing several gaps in the existing
literature that were limited to specific motifs or suboptimal sparsity assumptions.

1. INTRODUCTION

A graphon is a symmetric measurable function W : [0,1]? — [0, 1], that is, W (z,y) = W (y, z)
for all z,y € [0, 1]. Graphons arise as limit objects of sequences of large graphs and have attracted
significant attention in recent years. They form a powerful bridge between combinatorics and
analysis and have found applications across a range of disciplines, including statistical physics,
probability, and statistics; see, for example, [4], [13], [15] [19] 20]. For a comprehensive exposition of
the theory of graph limits, we refer to Lovasz [41]. Graphons also provide a natural probabilistic
model for generating inhomogeneous random graphs, which generalize the classical (homoge-
neous) Erdés—Rényi random graph, where edge probabilities vary across vertex pairs according
to the underlying graphon (see [9] 12} 24, [42] among others).

Random graphs generated from a graphon model produces dense graphs, which have O(n?)
edges with high probability. In contrast, many real-world networks, arising from social, biologi-
cal, and technological applications, are observed to be sparse. To model such sparsity, the sparse
graphon model has been proposed, which introduces a sparsity parameter p, for controlling the
edge density (see [7, 8, [36] 43] references therein):

Definition 1.1 (Sparse graphon model). Given a sparsity parameter p, € (0,1) and a graphon
W with S[O’I]Q W(z,y)dzdy > 0, the W-random graph with sparsity p, on the vertex set [n] :=
{1,2,...,n}, hereafter denoted by G(n, p,, W), is obtained by connecting the vertices ¢ and j
with probability p, W (U;,Uj), independently for all 1 < i < j < n, where {U; : 1 <i < n}isa
sequence of i.i.d. U[0, 1] random variables.

The model in Definition encompasses many well-known network models, including the
classical Erdés-Rényi random graph model (where W is a constant function), the stochastic
block model [7, BI] (where W is a block function), latent space models [29], random dot-product
graphs [I [49], and random geometric graphs [47], among others. Over the years, the sparse
graphon model has emerged as a fundamental tool in modern network analysis, with applica-
tions in community detection, subgraph count statistics, and nonparametric estimation of graph
parameters, among others.
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Among the basic features of a network are its subgraph (motif) counts, that is, the frequencies
of particular patterns (subgraphs), such as the number or density of edges, triangles, or stars
within the network. These encode important structural information about the geometry of a
network, and many features of practical interest can be derived from motif counts, such as the
clustering coefficient [55], degree distribution [48], and transitivity [30] (see [50] for others). In the
framework of the graphon model, subgraph counts are often referred to as network moments [8],
14], which provide an important tool for inferring properties of the underlying graphon (see [6l, 27,
38, 43| 45], [54] and references therein). Consequently, understanding the asymptotic properties of
subgraph counts in W-random graphs is a problem of central importance in statistical network
analysis. To this end, given a fixed graph H = (V(H), E(H)) denote by X,,(H, G,) the number
of copies of H in the W-random graph G(n, p,,, W). More formally,

X.(H,Gp) = Z Z H Qigiy (1.1)

IS <<ty ()| Sn H'e9y ({i1,.. v ()| }) (is,i)€E(H')

where, for any set S < [n], 9 (S) denotes the collection of all subgraphs of the complete graph
Ks| on the vertex set .S which are isomorphic to H H Note that

_ )

Ga({1,..., [VH)[}] = TAut(H)|

(1.2)

where Aut(H) is the set of all automorphisms of the graph H, that is, the collection of per-
mutations of the vertex set V(H) such that (z,y) € E(H) if and only if (o(x),0(y)) € E(H).
Hence,

E[X (H,Gy)] = > > [I  PEW UL
1<t < <djy ()| <0 H'€Fp ({i1,-.iv ()| }) (issit)EE(H')

_ (v () |E(H)
|Aut(H)[™"

where (n)y ) :=n(n —1)---(n—|V(H)| + 1) and

‘t(H, W), (1.3)

V()|
t(H,W)zj W(xg,z) [] dag (1.4)

0.1V (5

is the homomorphism density of the graph H in the graphon W.

Classical results of Barbour et al. [3], Janson [33], Nowicki [46], Rucinski [51] provide a com-
plete characterization of the asymptotic normality of X (H, G,,) (after appropriate centering and
scaling) when G,, ~ G(n, p,) is the (homogeneous) Erdés-Rényi model (see [34, Chapter 6] for
comprehensive treatment). For G,, ~ G(n, p,, W) sampled from the sparse random graphon
model, the fluctuation of X (H,G,) was first studied in the seminal paper of Bickel et al. [§].
This result has been refined and extended in many directions (see the discussion Section [2.4)).
However, existing results remain incomplete: they apply only to specific types of subgraphs and
often do not cover the full sparsity regime. Our objective this paper is to fill these missing gaps.
Specifically, we establish the asymptotic normality of Z(H,G,,) for all fixed graphs H in the
entire allowable sparsity regime (that is, whenever p, is above the containment threshold of H
in G(n, pn, W)). In fact, we provide a more fine-grained analysis that decouples the randomness
of the vertex labels from the randomness of the edges and identifies distinct regimes of sparsity

INote that we count unlabelled copies of H. Several other papers count labelled copies, where X (H,G,,) is
multiplied by |Aut(H)]|.
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where the two components contribute, either separately or simultaneously, to the fluctuations
of Z(H,G,). This relies on decomposing the centered subgraph count as follows:

A(H,G,) = X(H,G,) —E[X(H,G))]
(X(H,G,) ~E[X(H,G,) | F(U,)]) + (ELX(H,G,) | F(UL)] - E[X(H,G,)])
::Al(H,Gn)—l-AQ(H,Gn), (15)

where F(U,) is the sigma-algebra generated by the collection U,, = {Uy,Us,...,U,}. Note that,
conditioned on U,,, the randomness in the first term Ay (H,G,,) arises solely from the edges of
Gyn. On the other hand, Ay(H,G,) depends only on vertex labels {Uy,Us,...,U,}, that is,
it is F(U,)-measurable. Contributions of Ay(H,G,) and Ay(H,G,) to the total variance of
X(H,G,) depend on the regime of sparsity and also on a notion of H-regularity of the graphon
W (see Definition . Specifically, we obtain the following results:

o If W is H-regular, the contribution of Ay(H, Gy,) to the variance of X (H, Gy,) is asymp-
totically negligible, and the limiting distribution of X (H,G,) is governed solely by
A1 (H,Gy) (see Theorem [2.6).

o If W is not H-regular, the asymptotic behaviors of A;(H, Gy) and Aq(H, G,,) exhibits
a phase transition. Below a critical threshold, Ay(H, G),) contributes negligibly to the
variance of X(H,G,,), and the fluctuations are driven entirely by A;(H,G,). Above
the threshold, the roles reverse, with A;(H,G,) becoming negligible and As(H, Gy,)
governing the fluctuations. At the threshold, both terms contribute, and the appropri-
ately standardized pair (A1 (H, Gy,), A2(H,G,,)) converges jointly to independent normal
distributions with nontrivial variances (see Theorem [2.11]).

The above result combined show that for any subgraph H = (V(H), E(H)), with |E(H)| > 1,
Z(H,G,) is asymptotically normal whenever p, is above the containment threshold of H in
G(n,W) (see Corollary . This completes the program, initiated Bickel et al. [§], of deriving
the asymptotic distribution of subgraph counts (network moments) in sparse graphon models
in full generality. In particular, it also answers a question posed by Hladky et al. [28] about the
distribution of the number of cliques. As a byproduct of our analysis we obtain a conditional
central limit theorem for Ay (H, Gy) (in the Wasserstein distance) that might be of independent
interest (see Proposition [2.15)).

Asymptotic Notations. Throughout the paper we will use the following asymptotic notations:
For two sequences a, and b, we will write a,, < b, and a, = O(b,) if for all n large enough
an < Ciby, for some constant C; > 0. Similarly, a, = b, will mean a,, > Csb, and a, = b,
will mean Csb,, < a, < C1b,, for n large enough and constants Cy,Cs > 0. Subscripts in the
above notation, for example <., O, 24, and =, denote that the hidden constants may depend
on the subscripted parameters. Moreover, a,, < by, a, > by, and a, ~ b, will mean a, /b, — 0,
an /by — 0, ap/by, — 1, as n — oo.

2. FLUCTUATIONS OF SUBGRAPH COUNTS IN SPARSE W-RANDOM GRAPHS

In this section we will state our main result on the asymptotic distribution Z(H,G,,), where
Gy ~ G(n, pp, W) is a W-random graph with sparsity p,. The section is organized as follows.

2.1. Preliminaries. The preliminary towards deriving the asymptotic distribution is Z(H, G,,)
is to figure out rate at which p, has to diverge such that G,, ~ G(n, p,, W) contains at least
one (or infinitely many) copies of H. For the classical Erdés-Rényi model this is standard fare
in the random graphs literature (see [34, Chapter 3|). In particular, it depends on whether or
not the graph H is balanced:
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FIGURE 1. (a) A graph which is balanced, but not strictly balanced; (b) an unbalanced
graph.

Definition 2.1 (Balanced graph). [34, Equation (3.6)] For a fixed graph H = (V(H), E(H)),
define
[E(F)]

H) = 2.1
m(H) FerVimz1 [V(F)| (21)

where the maximum is taken over all possible non-empty subgraphs of H. If the maximum is

attained by H itself, that is, m(H) = Iggg;", then H said to be a balanced graph. Otherwise, H
said to be an unbalanced graph. Moreover, if the maximum in (2.1)) uniquely attained H, then

H is called a strictly balanced graph.

Examples of strictly balanced graphs include trees, cycles, and complete graphs. Figure
shows examples for the other cases:

e Figure |l| (a) is an example of a graph H which is balanced, but not strictly balanced.
Here, is attained both at the full graph H as well as the subgraph F' marked by
the red dotted circle.

e Figurell| (b) is an example of an unbalanced graph H. Here, for the subgraph F' marked

by the red dotted circle, BB _ 5 5 6 _ B

VR T 275 T v

It is well-known from classical results [10, 25] that for an Erdds-Rényi random G(n, py,), the
threshold for the appearance of a fixed graph H = (V(H), E(H)) is determined by the condition
npnm(H) =1 (see [34, Theorem 3.4]). The proof of this result can be easily adapted to show that
the threshold remains the same for the inhomogeneous random graph model G(n, p, W) as well.
We summarize this result in the following proposition. A proof is included in Section [3| for the
sake of completeness.

Proposition 2.2. Fiz a graph H = (V(H), E(H)) with |E(H)| > 1 and a graphon W such that
t(H,W) > 0. Then for Gy, ~ G(n, pn, W) the following holds:

0 f n,o;n(H)
(H)

« 1,

P
X(H’ Gn) - { > 1

o if npy'

2.2. Statements of the Results. In light of the above proposition, hereafter, we will assume
the following:

Assumption 2.3. Throughout, we will assume the following on p,, H, and W:

1
e p, €(0,1) is such that n= m(®) « p,, « 1.
e H= (V(H),E(H)) is a fixed graph with |E(H)| > 1.
e W is a graphon with ¢t(H, W) > 0.
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Now, define
X(H,G,) - E[X(H,G,)]  A(H Gy)
Var[X(H,G,)]  Var[A(H,G,)]

where A(H,G,) := X(H,G,) — E[X(H,Gy)]. Recalling the the decomposition in (2.11f), note
that

Z(H7Gn) =

(2.2)

Var[A(H,G,)] = E[Var[A(H, G,) | F(Uyp)]] + Var[E[A(H, G,) | F(Uy,)]]
= Var[A(H, G,)] + Var[Aq(H, G,)]. (2.3)
Our objective is to identify the regimes in Aj(H,G,) and Ay(H,G,,) contribute to the total

variance. This depends on the regime of sparsity and also on how H is embedded in W. To this
end, we need the following definition:

Definition 2.4 (H-regularity). A graphon W is said to be H-regular if, for almost every x €
[0, 11,

V(H)|
t(x, H, W) Z (z, HW) = t(H,W), (2.4)

where

talw, W) =E| [][ WU, ) |Us=2],
(s,t)eE(H)
for 1 <a<|V(H).

Note that in (2.4) it suffices assume that ¢(z, H, W) is a constant for almost every x € [0, 1].
This is because

1
J tole, H,W)dz = t(H, W),
0

for all a € V(H). Hence, if t(x, H,W) is a constant almost everywhere, then the constant must
be t(H,W). Hence, in other words, a graphon W is H-regular if the homomorphism density
of H in W when one of the vertices of H is marked, is a constant independent of the value
of the marking. Alternatively, H-regularity is equivalent to the condition that the U-statistic
Ao (H, Gy) is first-order degenerate.

Remark 2.5. Recall that the degree function of a graphon W is defined as

1
)= JO W (. y)dy

Note that when H = K> is the single edge,
1
(e, Ko, W) = E[W (U, Us) | Uy = ] = f W(a,y)dy = du (z).
0

Hence, the notion of Ks- regularlty commdes with the standard notion of degree regularity, where
the degree function dy () := SO (z,y)dy is constant almost everywhere.

In the dense regime (Where pn = 1), [B, 28] showed that H-regularity can lead X (H,G),) to
have non-Gaussian fluctuations. The situation, however, is very different in the sparse regime.
In this case, H-regularity implies that Aq(H,G),) has asymptotically negligible contribution
to the total variance of X(H,G),). Consequently, the asymptotic distribution of X (H,G),) is
determined entirely by the fluctuations of Aj(H, Gy,).



6 CHATTERJEE, CHATTERJEE, CHAKRABORTY, AND BHATTACHARYA

Theorem 2.6. Suppose Assumption holds and W : [0,1]?> — Rxq is a H-regular graphon.
Then,

Boll, Gn) 13 g BiGa) b (2.5)
Var[A(H, G Var[A(H, G,)] C
Consequently,
2(H,.Gy) = —2ULGn) Do gy (2.6)

for Z(H,Gy) as defined in (2.2).

Next, we consider the case where W is not H-regular. In this case, the situation is more
delicate. Specifically, an additional threshold on p,, emerges, which determines whether or not
Ay (H,Gy) contributes to the fluctuations of X (H, G,). To describe this threshold we need the
following definition:

Definition 2.7 (Strongly balanced graph). [34, Equation (3.17)] For a fixed graph H =
(V(H),E(H)) define
|E(F)]
H) .= _ 2.7
)= s V(P - 1 27

where the maximum is taken over all possible subgraphs of H with at least 2 vertices. If the

maximum is attained at H, that is, mi(H) = &?gﬁl, then H is said to be a strongly balanced

graph. Moreover, if the maximum is attained uniquely at H, then H is called a strictly strongly
balanced graph.

Cycles, trees and complete graphs are strongly balanced. Figure [2[(b) is an example of graph
H which is not strongly balanced. In this case, for the subgraph F' marked by the red dotted
circle

|E(F)]
V(F)| -1

4 |B()
37 W) -1

3
=_>
2

Remark 2.8. The notion of a strongly balanced graph was introduced by [53], where it is shown

that n,o;nl(H) = 1 is the threshold for the containment of a rooted copy of H in the Erdos-
Rényi model G(n,p,). Recently, Maugis [44] showed that for the sparse graphon model the
number of rooted copies of H (appropriately standardized) has Gaussian fluctuations, whenever

npnml(H) » 1. In Theorem we prove that when W is not H-regular, then npnml(H) = 1 marks
the threshold where the asymptotic behavior of Ay(H,G,,) and Ay(H, G,,) undergoes a phase

transition:

— when np?l(H) « 1, A1(H,G,) is asymptotically Gaussian and As(H, G),) is asymptoti-

cally negligible;
— when an”(H) » 1, Ao(H, G,,) is asymptotically Gaussian and Aq(H, G),) is asymptoti-
cally negligible; and
— when np,nfl(H) =1, (A1(H,Gy),As(H,G,)) are asymptotically jointly Gaussian.
In the following proposition we collect a few basic implications of being strongly balanced.
The proof is given in Appendix

Proposition 2.9. For any graph H with |E(H)| > 1, m(H) < my(H). Further, if H is strongly
balanced, then H is strictly balanced.
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________

FIGURE 2. (a) A strictly balanced graph that is not strongly balanced; and (b) a
balanced (but not strictly balanced) graph, which is not strongly balanced.

Remark 2.10. Proposition [2.9] shows that strongly balanced implies strictly balanced. The

converse, however, is not true. Specifically, Figure [2[ (a) shows a strictly balanced graph that is

not strongly balanced. In this case, the subgraph F' marked by the red dotted rectangle satisfies
|E(F)| 3_7_ |EH)

V-1 275 [VH) -1

Further Figure |2 (b) is another example of graph that is balanced (but not strictly balanced),
which is not strongly balanced.

The following result provides a complete characterization of the fluctuations of Ay (H,Gy,)
and Aq(H,G,,) and, as a result, that of A(H,G,,), when the graphon W is not H-regular.

Theorem 2.11. Suppose Assumption[2.3 holds and the graphon W is not H-regular. Then the
following hold:

(1) I1f npm )« 1, then

Ao(H, G, AL(H, G,
2L Gn) L3y g W Gn) B o, 1), (2.8)
Var[A(H, G,,)] Var[A(H, Gy)]
(2) If np,nfl(H) > 1, then
Bl Gn) 134 4y B2 G0 Doy (2.9)
Var[A(H, G,,)] Var[A(H, G,,)]
(3) If np?l(H) — c € (0, ), then there exists a constant k € (0, 1) (defined in (6.9)) such
that
Ay (H,Gp)
A/ Var[A(H,Gp)] | D 0 K 0
Ao (H,Gp) - N ((0) ) <0 1— H)) . (210)
A/ Var[A(H,Gr)]
Consequently, in all three cases,
A(H
2(H.Gy) = —2UGn) Dy ), (2.11)

S
whenever n ™H) L p, « 1.

In words, Theorem shows that when W is not H-regular, then there are 3 possibilities
depending on the strictly balanced coefficient m (H):
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. annl(H) « 1: In this case, Aq9(H,G),) has asymptotically negligible contribution to the
total variance of X (H,G,) and the asymptotic distribution of X (H, G,,) is determined
entirely by the fluctuations of A;(H, G,).

. npnml(H) » 1: In this case, Ai(H,G,,) has asymptotically negligible contribution to the
total variance of X(H,G,) and the asymptotic distribution of X (H, G,,) is determined
entirely by the fluctuations of Aq(H, G,,).

. npnml(H) — ¢ € (0,00): In this case, both A;(H,G,) and As(H,Gy) contribute to
the fluctuations of X (H,Gy,). In particular, (A1(H, G,), A2(H,Gy)) (after appropriate
standardization) converges jointly independent normals with non-trivial variances.

Remark 2.12. Recall that Theorem is under the standing assumption that npzl(H) < 1.
By Proposition [2.9m(H) < mi(H) for every subgraph H with |E(H)| > 1. Hence, all the above
three regimes in Theorem [2.11] are relevant.

Another common consequence Theorem in all the three cases, is that Z(H, G,,) is asymp-
totically normal. We know from Theorem that the same is also true when W is H-regular
(recall (2.6))). Hence, we have the following corollary:

Corollary 2.13. Suppose Assumption[2.3 holds. Then the following hold:
A(H,Gy)
Var[A(H, G,)]

Z(H,Gp) = B N(0, 1),

where Z(H, Gy,) is as defined in (2.2)).

This shows that Z(H, G,,) is asymptotically normal (irrespective of whether or not W is H-
regular), for any p, « 1 above the containment threshold. In previous works, this result has
been established for either certain types of graph H or in certain sub-regimes of sparsity above
the containment threshold. Our result closes all the gaps in both these directions by showing
that asymptotic normality of Z(H,G,,) holds for all fixed graph H and for the full range of
the sparsity parameter above the containment threshold. A detailed comparison with existing
results is given in Section [2.4.2]

2.3. A General Conditional CLT and Proof Outline. The proofs of Theorem [2.6] and
Theorem rely on a result about the conditional fluctuations of Ay (H, Gy,), which might be
of independent interest. To state the result we need the following definition:

Definition 2.14. Given two real-valued random variables X and Z and a o-algebra F, the
Wasserstein distance between X | F (the conditional law of X given the o-algebra F) and Z is
defined as

dwass (X | F, Z) := ?elﬁpl]E[g(X) | 1= Elg(2)],

where L is the collection of 1-Lipschitz functions from R — R.

We are now ready to state our result on the conditional convergence of Aj(H, G,) (ap-
propriately normalized). Recall that F(U,) is the sigma-algebra generated by the collection
U, ={U1,Us,...,Uy,}.

Proposition 2.15. Suppose Assumption holds and % — K for some constant

k> 0. Then, for Z ~ N(0,1),

Al(H, Gn) P
dWass <\/Var[A1(H’ G | F O] |f(Un),Z> 0. (2.12)
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The proof of Proposition [2.15]is given in Section 4l The proof uses on Stein’s method based
on dependency graphs, which bounds the distance to normality in the Wasserstein distance.
Note that the Wasserstein distance in the LHS of (2.12)) is itself random (since it is defined
conditional on F(U,)), hence the convergence in (2.12)) is shown to hold in probability. An
important feature of result in Proposition [2.15] is that it holds regardless of whether or not
the graphon W is H-irregular, whenever A;(H,G),) has a non-trivial contribution to the total
variance. Hence, Proposition [2.15| can used to prove the assertions of Theorem and Theorem
2.11] as follows:

e W is H-regular (Theorem [2.6)): This is proved in Section [5} The first step is a variance
computation to show that

Var[Aqo(H, G,,)] « Var[A(H,Gy,)] — 0.
Then, by invoking Proposition the result in (2.5)) follows.
m 2.11)

e W is is not H-regular (Theore : This is proved in Section @ There are three
cases:
m1
— npy
that

(H) « 1. This is similar to the regular regime. A variance computation shows

Var[As(H, Gp)] « Var[A(H, Gy)] — 0.

Then, by invoking Proposition the result in ([2.8)) follows.

— npnml(H) » 1: In this case, a variance computation shows that

Var[A(H, G,)] « Var[A(H, Gy,)] — 0.

Hence, only Ay(H, G,,) contributes to the fluctuations of A(H,G,). In this case,
Aq(H, Gy,) is U-statistic of order |E(H )| which is not first-order degenerate W is
is not H-irregular (since W is is not H-regular). Hence, invoking standard results
about the asymptotic normality of U-statistics the result in follows.

- np;nl(H) — c € (0,00): In this case, A;(H, G,) and A(H, Gy,) both contribute
to the fluctuations of A(H,Gy). In particular, by combining Proposition (for
A1 (H, Gy)), the asymptotic normality of non-degenerate U-statistics (for Ay(H, Gy)),
and Lemma [A7]] gives,

Al(Hv G’n)

Var[A1(H,Gn)] | D, N 0 10
As(H,Gp) 0/°\o0 1 :
Var[A2(H,Gp)]

Then by a direct computation of the limit of %, the result in (2.11])

follows.

2.4. Prior Work. In this section, we summarize prior work on the fluctuations of subgraph
counts in inhomogeneous random graph models. For clarity, we organize the discussion into
three subsections, focusing separately on the (homogeneous) Erdds-Rényi model, the sparse
graphon model, and the dense graphon model.

2.4.1. Erdés-Rényi Model. In the Erds-Rényi model G(n, p,,) (which corresponds to W = 1), it

is well-known that Z(H, G,,) is asymptotically normal if and only if np;n(H) » 1and n?(1—p,) »
1. This result was established independently by Rucinski [51] (using the method of moments),
Barbour [3] (using Stein’s method), Nowicki [46] (using U-statistics), and Janson [33] (using
martingales), among others (see [34, Chapter 6] for a comprehensive treatment). Note that in
the sparse regime p, « 1, the condition n?(1 — p,) » 1 is always satisfied, ensuring asymptotic
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normality for all subgraph counts X (H,G,) whenever an"(H) » 1. Corollary shows that
the same result hold for the sparse W-random model as well.

2.4.2. Sparse Graphon Model. Central limit theorem for the subgraph counts in the sparse
graphon model was first derived by Bickel et al. [8]. The sparsity conditions in their result
depends on whether H is acyclic (that is, H does not contain a cycle) or whether it contains a
cycle. Specifically, they showed the following results. Throughout, suppose G, ~ G(n, pn, W).

e H is acyclic: In this case, [8, Theorem 1] shows that X (H, G,,) (appropriately standard-
ized) is asymptotically normal, whenever np, » 1E| Note that for any acyclic graph
m(H) = 1. Hence, [8, Theorem 1] covers the full sparsity regime when H is acyclic.

e H is acyclic: In this case, [8, Theorem 1] shows that X (H, G,) is asymptotically normal,

[V (H)]|

whenever np, 2 > 1. Recalling (2.1]) note that

|E(F)] (V) v -1 |v(H)
H) = < < .
m{H) Fer V()1 [V (F)| S rerVir)s1 [V(E)] 2 S

Hence, there is a gap between the sparsity regime covered by [8, Theorem 1] and the full

(H)

sparsity regime (npn > 1), when H contains a cycle.

Later, Zhang and Xia [56] strengthened above the results by proving Edgeworth expansions
and Berry-Essen bounds, under stronger sparsity conditions. Very recently, using the method
of cumulants Liu and Privault [40] derived normal approximation bounds in the Kolmogorov
distance for Z(H,G,,), when H is strongly balanced. Notably, the rate of convergence in [40,

Corollary 7.8] depends on whether npnml(H) «1or inl(H) » 1, which, interestingly, coincides
with the threshold identified in Theorem where the dominant contribution to the total

variance shifts from A;(H,G,) and As(H,G,). The results in [40], however, do not consider

the case where H is not strongly balanced, or when npnml(H) = 1. In comparison, our results

apply to all fixed subgraphs (not necessarily strongly balanced) and cover the entire sparsity
regime, albeit without explicit rates of convergence.

2.4.3. Dense Graphon Model. Throughout this paper we have considered the sparse graphon
model (where p, « 1). In the dense regime (when p, = 1), the asymptotic normality of
X (H,Gy,) for all graphs H was established by Féray et al. [26] (see also [2, 23] 35, 57] for
alternate proofs, extensions, and related results). However, the limiting normal distribution
of X(H,G,) as derived in [26], can be degenerate depending on the structure of W. This
degeneracy phenomenon was investigated by Hladky et al. [28] when H = K, is the r-clique
(the complete graph on r vertices), for general graphs H by Bhattacharya et al. [5], and for joint
distributions by Chatterjee et al. [I§]. Specifically, these results show that when W is not H-
regular (recall Definition , then X (H,G,,) is asymptotically Gaussian, with a normalization

factor of V(I3 However, when W is H-regular, then the normalization factor becomes
nlVEI=1 and the limiting distribution of X (H,G)) has, in general, a Gaussian component
and another independent (non-Gaussian) component which is a (possibly) infinite weighted sum
of centered chi-squared random variables. This degeneracy phenomenon also appears in the
subsequent work of Chatterjee and Huang [I7] on the fluctuations of the largest eigenvalue.
Recently, Huang et al. [32] established an invariance principle for X (H,G),) that encompasses
higher-order degeneracies.

2Technically, Bickel et al. [§] considers the number of induced copies, but their proof can be easily adapted for
X(H,Gr).
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3. PROOF OF PROPOSITION

The proof of Proposition [2.2]is a standard application of the first and second moment methods.
Specifically, it relies on the following lemma, which derives the asymptotic orders of the mean
and variance of X (H,G,,).

Lemma 3.1. Suppose Assumption holds. Then for Gy, ~ G(n, pn, W),
E[X (H,Gp)] =g nlV DIl (3.1)
Moreover, for p, <1,

n2|V(H)|p$l|E(H)|

Var| X (H,G,)| = . 3.2
ar[ X (H,G,)] HW FQHT‘%(}%N?l n\V(F)|p‘f(F)| (3.2)

The proof of Lemma [3.1]is given in Section 3.1l Here, using this result, we complete the proof
of Proposition First, suppose anI(H) « 1. Then there are two cases:
e H is balanced: In this case, m(H) = ;egggi and np?(H) « 1 implies n'V(H”plf(H)l « 1,
that is, E[X (H, G,)] — 0 (recall (3.1))). Therefore, by Markov’s inequality,
P(X(H,G,)>0)=P(X(H,Gy) =21) <E[X(H,G,)] — 0.

e H is unbalanced: Let F' < H be a subgraph of H such that m(H) = }‘E/Eg; Then
np;"(H) « 1 implies n‘V(F”pLE(F)' — 0, that is, E[X(F, G,)] — 0. This implies,
P(X(H, G,) >0) <P(X(F, G,) >0) <E[X(F, G,)] — 0.

The above two cases combined establish the 0-statement in Proposition
Next, suppose npnm(H) » 1. Then by Lemma
Var[ X (H, G,)] - s 1 (3.3)

(E[X(H, Gp)])? SV o V() =1 n\V(F)|p\nE(F)|'

(H) (F)]

Note that the condition np, > 1 implies n|V(F)|p|nE » 1, for all F' € H such that |[V(F)| >
1. Hence, the RHS of (3.3]) tends to 0 whenever npnm(H) » 1. This means,

X(H,Ga) P P
EX(H, Gy L — XG>
(H)

» 1. This completes the proof of Proposition O

3.1. Proof of Lemma The result in is an immediate consequence of t(H,W) >
0 (recall Assumption [2.3)).

We now proceed with the proof of . To this end, let H,, = {Hy, Ha, ..., Hys} be the
collection of all copies of H in the complete graph K,,. Here, M = X(H, K,,) the number of
copies of H in K,. Now, define I, := 1{H, € G}, for 1 < s < M. Then E[I,] = pl" e, W),
for all 1 < s < M. Furthermore,

Var[X (H, Gy)]

M

M

s=1

= > Cov[Is, I]

H37 HtEHn
|V (H)AV (Hy)|=1

since E[X (H, G,)] — o0, whenever npy,’

= Var
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> > Cov[I, L]

FSH:|V(F)|>1 s, it

SﬁHt:F

Y Mo [ EUEHE (H, O Hy, W) = (plFUl(H, W) (3.4)
FCH:|V(F)|=1 Hs, HieHn
HinHi~F

where Hy v Hy = (V(Hs) v V(H), E(Hs) u E(Hy)). The second last line follows since for any
two copies Hg, H; € Hp, the graph H; n Hy = (V(Hs) n V(H), E(Hs) n E(Hy)) is isomorphic
to some subgraph F' € H E|

Now, assume that p, « 1. Fix a subgraph F' € H such that |V(F')| > 1. By Lemma and fix
copies Hy, H; € H,, so that Hy; n H; is isomorphic to F. Then

Cov[Is, I}] < E[L ;] = plFHHOly(H O Hy, W)

< pilE(H)\—IE(F)I||W||§|)E(H)\—IE(F)I <mw pi\E(H)|—|E(F)|‘ (3.5)

Also, note that for a fixed subgraph F' € H, the number of ordered pairs (Hs, Hy) with Hyn Hy ~
Fis Oy (n?VIEDI=IVI  Hence, (3.4) can be expressed as

Var[X (H,Gyn)] <uw Z n2|V(H)|—|V(F)|pi|E(H)\—|E(F)|
FSH:|V(F)|=1
nz\V(anilE(H)\
< . 3.6
W peHV()z1 VE) EE) (3.6)
This proves the upper bound in (3.2))
To show the lower bound, we need the following lemma. The proof is given in Appendix

Lemma 3.2. Let H be a subgraph with |E(H)| = 1 and t(H, W) > 0. Let F < H be a
subgraph of H with |V(F)| = 1. Then there exist copies Hs, Hy € H,, of H in K, such that
HynHy ~F and t(Hs u Hy, W) = (t(H, W))? > 0. Moreover, the number of such pairs Hy, H;
is O (n2IVEI=IV ],

Fix a subgraph F' € H such that |[V(F)| > 1. By Lemma there are Qg (n2lVUDI=IVE
pairs Hy, H; € H,, such that Hy n Hy ~ F and t(Hs u Hy, W) = (t(H, W))? > 0. This means,
when |E(F)| > 1,

Cov([ly, I] = E[L 1] — (plFle(H, W))?
= REMIEEN(F O Hy, WY — p P ((H, W))? 2w p2 EED-IEE)]

since py, « 1. Also, when |E(F)| = 0, by Lemma we have t(Hy U Hy, W) = (t(H, W))?. and,
hence,

Cov[ls, I] = E[I1] — (plFlt(H, W))?
= p2AEE(H(H, U Hy, W) — (H(H, W))2) 2w p2EEIIEE)
Thus, (3.4) leads to
Var[X(H,G) zgw Y, n?lVEEVE2EEIEE)]
FCH:|V(F)|=1

n2lV(H)| (H)]

9\
Pn
= . 3.7
W peH V)1 v ()] JEE] (37)

3For two graphs G1 and G2, the notation G; ~ G2 will mean that G; and G2 are isomorphic.
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Combining (3.6)) and (3.7, the result in (3.2]) follows. O

4. PROOF OF PROPOSITION [2.15l

The proof of Proposition will use Stein’s method based on dependency graphs. We begin
by defining the notion of a conditional dependency graph, given a sigma-algebra.

Definition 4.1 (Conditional dependency graph). Let {X,},ey be a family of random variables
(defined on some common probability space) indexed by a finite set V and F be a o-algebra.
Then a graph G with vertex set V is said to be a conditional dependency graph for the collection
{X,} given F if the following holds: For any two subsets of vertices A, B € V such that there
is no edge from in G from any vertex in A to any vertex in B, then the colelctions {X,},c4 and
{X,}vep are conditionally independent given F.

For a dependency graph G and u € V/, denote by Ng(u) the set neighbors of u in G and u
itself. Also, denote Ng(u, v) := Ng(u) u Ng(v). We will use the following version of Stein’s
method based on dependency graph.

Proposition 4.2 ([34, Theorem 6.33]). Suppose {X,},ev be a family of random variables with
conditional dependency graph G given F. Assume E(X,|F) = 0 almost surely, for allve V. Let

1
W = XU)
o(F) 1;/

where (o(F))? = Var[Y, o Xo | F] is the conditional variance. Assume, for all u, v €V,

D E[X )| FISRF) and ), E[|Xo| | Xu Xy, F] < Q(F), (4.1)

eV weNg (u,v)

almost surely. Then, for Z ~ N(0,1),

dWass(W ’ ‘/T.', Z) S

almost surely.

Remark 4.3. Technically, [34, Theorem 6.33] establishes the above result in the unconditional
setting. The conditional result stated above follows by repeating the proof verbatim (with
expectations replaced by conditional expectations).

With the above preparations we can now proceed with the proof of Proposition [2.15] To begin
with, let H,, = {H1, Ha, ..., Hys} be the collection of copies of all H in the complete graph K.
For 1 < s < M, define I, := 1{H; < G, } and

Xy =L —E(I | F(Uy)) = I, = P T]T  W(Ua, Up).
(a,b)eE(Hs)

Clearly, E[X, | F] =0, for all 1 < s < M. Recalling the definition from A;(H, G,) (1.5)), note
that

M
A(H, Gn) = ). X,
s=1

Construct a conditional dependency graph G of the collection of random variables { X : Hs € H,,}
given o(U,) on the vertex set {1, 2, ..., M} as follows: Connect the edge (s, t), for 1 < s < M
in G, if and only if |E(Hs) n E(H;)| = 1.

With this dependency graph, we now bound the terms appearing in Proposition We
begin the first term in .
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Lemma 4.4. We have

]E[’Xs| | ]:(Un)] SH,W E[X(H> Gn)]a (4'2)

M=

»
Il
—

almost surely.
Proof. For 1 <s< M,
E[Xs| | F(Un)] = 2E[Is | F(Un)](1 = E[L | F(Un)])

=2 T WU, U) [ 1=plFHT T WU, W)

(a,b)eE(H,) (a,b)eE(Hs)
s AP WIE S ol (4.3)
almost surely. Further, with M = |H,| = (| " )|) ‘Xl(f)‘;| <g,w nlVUEL
M
D E[X| | FUL] a,w 0l DPIEI = BIX (H, Gy (4.4)
where the last step uses (3.1). Thus, Lemma follows. O

Next, we consider the second term in (4.1).
Lemma 4.5. Foralll <s<t< M

E[X(H,G,
S Bl | X X FO)] S oG] (4.5)
S H
weNg (s, )
almost surely, where
Oy :=min{E[X(F, G,)]: F< H, |V(F)| =21} = i nlVE HIE(E)]
o= min{BX(F, G)] s F € B V(F) > 1h= | min ol (6]

Proof. Fix Hs, Hy € Hy, for 1 < s <t < M. For every Hy, € Hy, define H,, (s,8) = Huw 0 (Hs v
Hy). Now, observe that H,, (, is isomorphic to some subgraph F' © H, since H,, is a copy of
H. Then, almost surely,
E[|Xw| | Xy Xt ]:(Un)] < E[Iw | Is, 1, f(Un)] + P‘?F(H” H W(Um Ub)
(a,b)eE(Hw)
= plEHE)I=|E(F)] H W (Uy, Up)
(a,b)eE(Hw)\E(Hy, (s, 1})

+ p‘ (H) H W (U, Uy)
(a,b)eE(Hw)

E(H)|—|E(F E(H
< plEE)I-IE( F)|||WH\ )I=IE(F)] pllE(H)|||WHLC( )|
<m, Wp‘ (H)[=IE(F)] (4.6)
since p, « 1. If we fix a subgraph F' < H, then the number of choices of w € {1, 2, ..., M} such

that H,, (s 4 is isomorphic to F is Og (n!VUEI=IVE )|) Furthermore, note that w € Ng(s, t) if
and only if |[E(H,, (5 4)|] > 0. Hence, due to (4.6)), (4.5) can be bounded as:

> B[ Xl | Xs, Xy, F(UR)] Saw S plVEDEVE BB
weNg (s,t) FCH:|E(F)|=1
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<Hw max n|V(H)|*\V(F)|p\TF(H)I*\E(F)\
T FCH:|V(F)|=1
_E[X(H, Gn)]
7W (pH M
almost surely due to (3.1]). Thus Lemma follows. 0

Finally, to apply Proposition We need a lower bound on the conditional variance o (F(U,,))
where

(o0(F(UL)))? = Var[A1(H, G,)|F(U,)] = Z Cov[ls, It | F(Uy,)], (4.7)

Hs: HtEHn
|E(H.)nE(Hy)|>1

since the conditional covariance is 0 when |E(Hs) n E(H)| = 0.

Lemma 4.6. Suppose % — Kk for some constant k > 0. Then

(E[X (H,Gy)])?

(O(FU)? 2w =g

almost surely.
Proof. Note that if |E(H;) n E(Hy)| = 1, then

Covl[ly, I | F(U,)] = plEH)VE(H:)] 11 W (Us, Up) — p2 BN A, (s,1)
(a,b)eE(Hs)UE(Hy)

where
Au(s,t) =[] WU [] WO, Ug).
(a,b)eE(Hs) (¢,d)eE(H¢)
Note that Hy n H; = (V(Hs) n V(Hy), E(Hs) n E(Hy)) is isomorphic to a subgraph F of H.
This means, from ,
(0(F(Un)))* = > Covl[ls, It | o(Un)]

Hs» HtGHn
|E(Hs)nE(Ht)|=1

N P-COEECT I WU Uy) — 2500 S Ay(s,0)
FCH Hg, HieHn (a,b)GE(HS)UE(Ht) Hg, HieHn
|E(F)|=1 HsnHy~F HsnHi~F
X {7, ) - R2ECDLA, ()}, (49)
FcH
B(|>1

almost surely, where

Zn(F) = )] 11 W (Ua,Up) and A (F):= > An(s,t). (4.10)
Hgs, HieHn (a,b)eE(Hs)UE(H:) Hs, HieHn
HsnHi~F HsnHy~F
Observe that Z,(F) and A, (F') are U-statistics with kernels of order 2|V (H)| — |V(F)|. Hence,

from the strong law for U-statistics (see [16, Theorem 6.3.1]) it follows that IE[ZZ"T(?)] — 1 and

]Ef‘#((l;))] — 1 almost surely. Thus,

o(F(Un))?  _ o(F(Un))
Var[A1(H, Gn)]  E[Var[A1(H, Gy) | F(Uy)]]

(since E[A1(H, Gy))|F(U,)] = 0)
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YiFCH|B(F)|>1 {P2|E(H)| #z, (F)—PilE(H)IAn(F)}
B E(H)|-|E(F
Srcaisyst {on P OELZ, ()] - oA, (F)] |

a.s.

23, (4.11)

since there are finitely many terms in the sums in both numerator and denominator and for every

fixed F, ﬁ — 1 and ]E[’LX‘% — 1, almost surely. Since we assumed that %
1-)

— K

for some constant k > 0, using (3.2 gives,

Var[Ay(H, Gy,)] =g.w Var[A(H, G)] =gw max 2\V(H)|—|V(F)|pi|E(H)\—\E(F)|

FcH:|V(F)|=1
(E[X(H,Gn)])?
= 4.12
. (4.12)
due to Lemma [3.1] Combining (4.11)) and (4.12)), the result in (4.8) follows. O

Now, applying in the bounds (4.2), (4.5)), and (4.8)), in Proposition gives
_1
dWass ((U(-F(Un)))ilAl(Ha Gn)|f(Un)7 Z) SHW o7,

where Z ~ N(0, 1). Note that & » 1 when np?(H) » 1. This completes the proof of Proposi-
tion [2.15] ]

5. PROOF OF THEOREM [2.6]
Recalling the definition of Ay(H, G,,) from (1.5 note that

= E[A(}L Gn|Un)] - E[A(H’ G”)]
- ¥ 2 [T oW, Us) = pEDlt(a, w)
It <..<tjy )| <n H'e¥y ({i1, iy ) }) \s, i)eE(H')
_ p\nE( )] Z h(Uila Ui2’ SR Ui\V(H)I)’
1<i1<...<i‘v(H)|<n
where
h(wi17 xi27 ey {L‘Z‘V(H)‘) = Z H W(wisa xit) - t(Ha W)

H’EgH({i1,...,i|v(H>|}) (’is,it)EE(H/)

Hence, defining

1
T(H, Gn):( " > h(Uiys Uigs -+ Uiy ) (5.1)
|V (H)| I<ii <. <ijy ()| <n
we get
Ao(H, Gp) = (" ) plEEID(H, G) (5.2)
S v '

Note that T'(H, G,,) is a centered U-statistics of order |V (H)| with kernel h. In the next lemma

we show that the variance of T'(H, G),) scales as - When the graphon W is H-regular. The proof
is deferred to Appendix
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Lemma 5.1. T(H, Gy,) is first-order degenerate if and only if the graphon W is H-regular.
Consequently, when W is H-regular, Var[T(H, Gp)] <z,w 73-

Theorem assumes that W is H-regular. Now recalling (5.2)), and using Lemma
Var[Ao(H, Gp)] <gw p2V D=2 2 EH)|
This means, recalling (3.2]),

Var[Aq(H, G,)] . \V(F)|-2 |E(F)|
< — 0. 5.3
Var[A(H, Gn)] 0 pemivimz1 Pn (5:3)

This proves the first assertion in ((2.5). Next, using (2.3)), % =1- % —

1. This means, from (4.11)), Var[é;ﬁ&(%éﬁ(]Un)] — 1. Hence, applying Proposition [2.15| and

Slutsky’s theorem it follows that

A (H, Gy)
Var[A(H, G)]

unconditionally. This proves the second assertion in (2.5). The result is (2.6)) is an immediate
consequence of ([1.5) and ([2.5)). ]

B N(0, 1),

6. PROOF OF THEOREM [2.11]

In this section, we prove Theorem which considers the case where W is H-regular. We
begin by showing that Ay(H, G,) (respectively, Aj(H, Gy,)) has negligible contribution to the

(H) () 5 1),

total variance when np, '’ « 1 (respectively, np,

Proposition 6.1. Suppose W is not H-reqular. Then the following holds:
1) If np™ ™) « 1, then Var[As(H, Gy)] « Var[A(H, Gy)].
@) I npp* ™) > 1, then Var[A1(H, G,)] « Var[A(H, Gy)].
Proof of Proposition [6.1. Recall the definition of T'(H, G,,) from (5.1]). Since W is not H-regular,

by Lemma T(H,G,) is an U-statistic of order |V (H)| which is non-degenerate. Hence, by
[37, Section 1.3 Theorem 3], Var[T(H, Gy)] <gw %, and recalling (5.2)),

Var[As(H, Gp)] S n2VEDI=1 2B

Also, recalling (3.2)),

Var[A(H, G)] = oAV ()| V (F)| 2 B(H)| | E(F)| 61
ar[ ( s )] HW FgHr:I‘l‘ii()%)'Zln s ( )

(1) « 1, the maximum in (6.1]) is obtained for some subgraph F' < H

1) « 1, there exists subgraph F' < H with |V(F)| > 2
2|V(H)|71p721|E(H)| 2|V(H)\f\V(F)\pi\E(H)|—|E(F)\.

We claim that when npy, "
with |[V(F)| = 2. Indeed, when npy,"

such that nW(F)‘*lplF(F)| « 1 or equivalently, n
Thus,

Ln

Var[Ay(H, Gn)] _ : PV EI=1 BB,

min

Var[A(H, Gn)] W pen,|vir)s2

since npn ' « 1. This proves Proposition (1).
Next, for the second part, from [37), Section 1.3, Theorem 3] we know that

lim nVar[T(H, Gn)] = |V (H) %1,

(H)
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where & is defined in Appendix Note that & > 0, as W is not H-regular. Thus, recalling

(©-2),
V(H)]? n 2 _
Var[As(H, G)] = | (n )| (V(H)!> PB4 o(n2VE)I=1 2B (6.2)

Now, continuing from (3.4), we have
Var[A(H, G,)] = > > Cov[l,, I] + > > Cov[l,, I], (6.3)

FgH:‘V(F”:l Hg, HieHn FgH:‘V(F)‘ZQ Hg, HieHn
H_;(\thF SﬁHtZF

where F' is the subgraph of H isomorphic to Hs n H; = (V(Hs) nV (Hy), E(Hs) n E(Hy)). Note
that for a fixed subgraph F' € H, the number of pairs (Hg, H;) having Hy n H; isomorphic to
Fis O (n2|V(H I=IVEF )‘). Hence, recalling (3.5)), the second term in (6.3) can be bounded as

> S Cov[ly, I smw Y n2VUDIIVE) 2EH)- )
FCH:|V(F)|22 Hs, HieHn FCH:|V(F)|>2
HinH~F

— o(n2VUDI=1 2B

since npnml(H) » 1 is equivalent to the condition that for all subgraph F' € H with |V (F)| = 2,

we have TL2|V(H)|*W(F)|pi'E(H)l_lE(F)| & n2|V(H)|*1p%|E(H)|. To compute the first term in ,
first choose the vertex sets of the two copies of H sharing a single vertex. This is equivalent to
finding the number of ordered pairs of subsets (A1, A2) of [n] such that |A; N As| = 1. Observe
that the number of such ordered pairs is |V (H)| (|V(”H)|) (T‘; (%(Ili )1|) Once we have fixed the vertex
sets of the two copies, we can trace the steps of the proof of Lemma to obtain

Var[A<H,Gn>]=|v<H>|( " )(”'V(H)')p;i'E(H)'sl+o<n2V<H>lpi’f“”'). (6.4)

V(H)[)\IV(H)| -1
from (6.3). Taking the ratio of (6.2]) and (6.4)) it follows that % — 1. Hence, recalling
(2.3) the result in Proposition (2) follows. O

Using the above result, we now complete the proof of Theorem To begin with suppose,
npnml(H) & 1. The first assertion in (2.8 follows from Proposition (1). This means, using
A n A ,Gn A ,Gn n
2-3), % =1- m# — 1. Hence, from (4.11)), Var v;r[li(%,gf)(]lj 1, 1 almost
surely. Hence, applying Proposition and Slutsky’s theorem it follows that
Al(Ha Gn)
Var[A(H, G)]
unconditionally. This proves the second assertion in (2.8]).

Next, suppose anll(H) » 1. The first assertion in (2.9) follows from Proposition 2).
Also, since W is not H-regular, by Lemmal[5.1] Ao (H, Gy,) is a scaled U-statistic of order |V (H)|
which is non-degenerate. Hence, by [37, Chapter 3, Theorem 1],

AQ(Hv Gn)
v/ Var[Aq(H, Gy)]

B N(0, 1),

B N0, 1). (6.5)

Then by Slutsky’s lemma
A2 (H7 n) D

G
= N(0,1).
VVar[A(H, G,)]
This proves the second assertion in ({2.9)).
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Next, consider the case anLl(H) — ¢, for some ¢ € (0, c0). We have, from (6.2)),
Var[Aq(H, G)] = n2\V(H)\f1ng\E(H)IM& + o(n2lVEDI-1 2AEH)]),
(IV(H)[')?
Also, we know from (4.9)),
Var[Ai(H, G,)] = E[Var[A1(H, G,)|F(U,)]]
= Y {APDIEOIRZ, (F)] - pAPUIE A, (F)]}

FcH

|E(F)|=1
where Z,,(F) and A, (F) are defined in (4.10]). Note that under Assumption [2.3|and Lemma [3.2]
E[p2 EEDI-IEE) 7 (F))] =g w 2!V EDIZIVE) 2 EEH)[=E(F)]

and pi‘E(H”IE[An(F)] _ O(n2|V(H)|—\V(F)\pi\E(H)|—|E(F)|)' Hence,
Var[A(H, G,)] = Z {pg\E(H)I—IE(F)\E[Zn(F)] +O(n2\V(H)|—|V(F)|pi|E(H)I—\E(F)|)} (6.6)
FCH
|E(F)|=1
(H)

— ce (0, 0), for any F' < H with |V (F)| > 2, we have n'V(F”_lp‘TF(F)‘ 2w 1,
2\V(H)\7|V(F)|pi|E(H)|—\E(F) n2\V(H)|71p721|E(H)

When npp "

or, equivalently, n

7

| <H W 3 Thus, continuing from
VarlAi(H, Go) = Y pPUDEOIg[ 7, ()] + o(nV DI 2107
FcH

|E(F)|=1
To find the dominating term in above sum, define the following set:

|E(F)|
S (H) = {Fg H:|E(F)|z21land mi(H) = ——-— -
V() -1
This is the collection of subgraphs F' of H where the maximum in (2.7) is attained. (Note that
if H is strictly strongly balanced . (H) = {H}.)

Lemma 6.2. Suppose npflnl(H) — c€ (0,0). If F < H is a subgraph with |E(F)| = 1 and

Proof. Fix a subgraph F < H with |E(F)| > 1 and F ¢ .7 (H). Then lislls < my (H). Since

mH) _, ce (0, 00), we must have nlV (P)|=1 B

2V |1V (E)| 2B =|E(P)] 21V (H)I=1 21 B(H)]. (6.7)

np » 1, or equivalently,

There are OH(nZ‘V(H)‘_W(F)') copies Hy, H; € H,, of H such that H; u H; ~ F. Thus, according
to the definition of Z,,(F) in (4.10)), we have
E[pi‘E(H”"E(F)‘Zn(F)] <uw nQ\V(H)\*IV(F)IP%IE(H)I*\E(F)I”WH%E(H)\—W(F”

2\V(H)\—IV(F)IPELIE(H)I—\E(F) 2|V(H)|—1p721\E(H)|7

SHW™N l«n

where the last line follows from (6.7)). This completes the proof of the lemma. ([

The above lemma implies,
Var[Aq9(H, G,)]
Var[A(H, G,)]
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_ Var[Aq(H, G,)]
Var[A1(H, G,,)] + Var[Aq(H, G,)]

H _ H
n2lV(H)|-1 Q\E( )|(‘\V( |'2§ |+ o(n2V ) 1pi\E( )l)

n2\V(H)\71p?L|E( )I(||‘\//(g))|||22§1+ZFey E[p?JE( )=E(F )IZn(F)]+0(n2|V(H)|71ngIE(H)I>'

(6.8)

Hence, to compute the limit of (6.8] . we need to consider graphs which are in .(H). Fix graphs
H and F < H, and define

J(H, F):={R:Hsu H; ~ R, where Hy, H, ~ H with H, n H;, ~ F}.

Also, define n(H, F, R) to be the number of ways two copies of H can be joined on the vertex
set {1, 2, ..., 2|[V(H)|—|V(F)|} such that their intersection is isomorphic to F' and their union
is isomorphic to R. Formally, given F < H and Re . (H, F), we have

7’](H, F, R) = |{(H1, H2) : H1 ~ HQ ~ H, H1 ﬂHQ ~ F, H1 U H2 ~ R}|

Lemma 6.3. Suppose np?l(H) —ce (0, 0). If Fe S(H), then

B[ PO, ()] . >
2V (H)—1 2B VIRV (H)| = |[V(F)))!

n(H, F, R)t(R, W) + o(1).
ReJ (H,F)

Proof. As F € (H), we have n'V(F”*lp‘nE(F)‘ — V=1 Then,
E(pi|E(H)\—|E(F)|Zn(F))
n2\V(H)|—1p3L|E(H)\
p2\E(H)|*IE(F)\

2|V (H)|-1 2|E (2|V( )| - |V(F)|> Reyz(}q,p)n(H, F, R)t(R, W)

n2VIDI=IV(F)] 2\E(H)|—|E(F)\
~ e n(H, F, R)t(R, W)
n2V D=1 2P o)y ()| — [V (F))! e £ 1)

~ L H, F, R)t(R, W).
TGV~ VO 2, "0 7 1 W)
This completes the proof of Lemma ]
Applying Lemma and Lemma to gives,
IV H) i
zfl
Kki=1-— VP . (6.9)

e T Zres (1) aVETTEy DSV 2res (1, F) 1, Fy R)ER, W)
Clearly, x € (0,1). This shows (recall (2.3)),

Var[A1(H, G,,)] ok and Var[Ay(H, Gy)]
Var[A(H, G)] Var[A(H, G)]

Now, using Proposition (6.5) (which also holds when n,oZ“(H)
arguments), and Lemma we have

A1(H,Gr)
Var[A1(H,Gn)] | B, 0 10
As(H,Gp) 0/’\0 1 :

Var[Az(H,Gr)]

—1—k. (6.10)

— ¢ € (0, 00) by the same
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Then applying Slutsky’s theorem with (6.10) proves the result in (2.10)). O

Remark 6.4. Note that when H is strictly strongly balanced, that is, .(H) = {H}, then
expression of k in simplifies to:

V()
S

(““//((g))"f)z 51 + C\V(H)\—lllv(H)“ ‘gH‘t(Ha W)
t(H, W)/|Aut(H)]
~UH, W)/JAu(H)] + Ve (V(H)] - 12
recalling (L.2). Here, || is the number of copies of H in the complete graph K|y (g on |V (H)|
vertices, and & is defined in Appendix |Al This shows that under anLl(H) — ce (0, o0),

Var[A;(H, Gn)]_) od Var[Aq(H, Gy)]
Var[A(H,Gn)] 7 ™ Var[A(H, G)]

where x € (0, 1) is a constant depending on ¢, H and W.

K=1-—

— 11—k,

7. CONCLUSIONS

In this paper, we show that X(H,G,), with G), ~ G(n, p,, W), is asymptotically normal
(H)

whenever npy,’ » 1, that is, when the sparsity level is above the containment threshold for

H. We do not consider the critical regime np?(H) = 1. For the classical Erdés—Rényi model,
it is known that at the threshold, X (H,G,) converges to a Poisson distribution when H is
strictly balanced [10]. If H is unbalanced, the problem reduces to a balanced subgraph via an
appropriate normalization [52, Section 4]. When H is balanced but not strictly balanced, the
limiting distribution is more intricate and depends on the structure and multiplicity of subgraphs
maximizing m(H ), with no universal closed form [111 [34].

Recently, there has been growing interest in deriving analogous results for inhomogeneous
random graph models. In this direction, Coulson et al. [21] derived Poisson approximation results
for X(H,G,), when G, is sampled from a stochastic block model and H is strictly balanced
(see also [22]). Recently, Liu and Privault [39] obtained an analogous Poisson approximation
result in the random connection model. Extending these results to the sparse graphon model,
as well as addressing the case where H is not strictly balanced, are interesting directions for
future research.

Acknowledgement. BBB and SC were supported in part by NSF CAREER grant DMS 2046393 and
a Sloan Research Fellowship.
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APPENDIX A. PROOFS OF TECHNICAL LEMMAS

In this section we collect the proofs of some technical lemmas. We begin with the proof of
Proposition [2.9] in Appendlx [A] Lemma is proved in Appendix Then, in Appendix
[A:3] we prove Lemma Finally, in Appendix we prove a result about establishing joint
convergence from marginal convergence.

A.1. Proof of Proposition Since |E(H)| = 1, the maximum in the definition of m(H) is
not attained at a single isolated vertex. Thus,
|E(F)] |E(F)| [E(F)|

H) = = R b Sl B H
M) = o1 V(B ~ rertiise V)~ redeise WE) -1 D)

which proves the first part of the proposition.
Next, suppose H is strongly balanced, that is, for all subgraphs F' = (V(F), E(F)) of H,

I\L?Ig;)ll < Hl/j(E[({I;‘)_‘l This means, for all ' such that |V (F)| < |V(H)|,
(V-1 _ |EH) <|V(H)|(W(F)| —1))
| )|
)|

(B _ [EWIVE) -1) _ |EH)|
VE)] (VO =DIVE)] ~ (VD)= 1IV(E)] ~ [VED]\ VOV (H) - 1)
\E(H

< .
[V (H)]
Moreover, if |V(F)| = |V(H)|, then for any subgraph F which is not the whole graph H,

|E(E)| _ |E(H)]|
V() = [V(H)

since |E(H)| = 1. This shows strongly balanced graphs are strictly balanced. []

A.2. Proof of Lemma Fix a subgraph F' < H with |V (F)| = 1. Consider two copies
H,, H; € H, of H in K, such that

V(Hy) = {i1, i2, - iy (@), 4V (F)+15 -- Z'\V(H 1}

V(Hy) = {i1, i, -5 Sy (R YV E) 415 - - -5 2V (H)| |V (F)]
where the first |V (F')| vertices are common. The edge sets of Hy, H; are determined by maps ¢, :
V(H) — V(Hs) and ¢ : V(H) — V(Hy), such that (a, b) € E(H) if and only if (¢s(a), ¢s(b)) €
E(H;) and (¢¢(a), ¢1(b)) € E(H,). In particular, we consider the following maps
iq if 1 <a<|V(F),
barlvn-vp) A VF)+1<a<|V(H)
Then it is easy to see that the first |V (F')| vertices of Hs and H; constitute a copy of F, that is,

H, n Hy ~ F, and the remaining part of the copy of H is extended in a similar fashion for both
H, and H;. Then

ps(a) =iq, 1 <a<|V(H)|, and ¢t(a):{

t(HS o Ht, W) =

[ WU, ) []  dea

(a,b)eE(H,)OE(Hy) aeV (Hs) OV (Hy)

_ f t%/(F)(xlv L2y vy x‘V(F”’ H’ W) H dz
[0, 1]V H(a,b)EE(F) W(.%'a, IIZb) aeV (F) ’

ﬁo 1)1V Hs) oV (Hy)l

where

tV(F)(xla'r%"'7$|V(F)\;Ha W):]E H W(U(lv Ub) ’Uaj = Tj, fOI‘l<]<|V(F)| )
(a,b)eE(H)
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is the |V (F)|-point conditional homomorphism density of H in W (see [0, Definition 2.1]). Then,
by the Cauchy-Schwarz inequality,

2
1

w5
> t(H, W)? > 0.

t(Hsu H, W) = J t T1, X2, ..., T s H W dx,
( t, W) oV v(r) (21, T2 IV (F)| ) 1

aeV(F)

Furthermore, note that to create pairs Hs, H; as above, we may first choose the common |V (F)|
vertices in at most (‘V?F”) ways. The rest of the vertices of Hs; and H; can be chosen in at most

( n—|V(F)| >( n—|V(H)| >

(VH)| = [V(F)|)\|[V(H)| = [V(F)]

ways. Hence, the number of such pairs is OH(nQW(H)'_‘V(F)'). This completes the proof of the
lemma. ]

A.3. Proof of Lemma We begin by recalling the expression of T'(H, G,) from (5.1)) and
noting that T'(H, G,,) is degenerate if and only if
fl = COV[h(U@l, Ui2, ...,Ui >7h(Uz”lu Ui’27 ...,U

!
Y ()

)] =0,
with [{i1, 2, ..., qjym)} 0 {1, 15, - -, i"V(H)|}| = 1. We will show that & = 0 if and only if the
graphon W is H-regular. To prove this, observe that
&1 = Cov(h(Ur, Us, ..., Uymy)s ROy s Uyt - - - Uz n)-1))
=E((U1, Uz, .., Uy )MUy s U ny+1s - - Uapvy-1))

[V (H)]

= > El [[ W, U)WU, ) |- tH, W)
H'e9y ({1,2, .., [V(H)|}) (i, j)EE(H")
H"edy ({[V(H)], [V(H)[+1,.... 2|V (H)|-1}) (k,)eE(H")
To further simplify the expression we recall [5, Definition 2.7]: For a,b e {1,2,...,|V(H)|} the

(a,b)-vertex join of two copies of H is the graph obtained by identifying the a-th vertex of first
copy of H with the b-th vertex of the second copy of H. The resulting graph is denoted by
H (—BH . Now, applying [5, Lemma 5.2] gives,

a,b

2
G-rE| Xt (H@H, W> — VDR, W)
(H)]

1<a, b<|V a,b

Finally, invoking [5, Lemma 5.4] we conclude that & = 0 if and only if W is H-regular. Thus,
when W is H-regular, T(H,G,) is a first order degenerate U-statistics. Hence by [37, Section
1.3, Theorem 3|, Var[T'(H, G,)| <u,w % This completes the proof of Lemma O

A.4. Joint Convergence from Marginal Convergence. In this section we formulate a gen-
eral result about bivariate convergence given the convergence of one of the marginals and the
conditional convergence of the other marginal. This has been used in the proof of ([2.10)).

Lemma A.1. Suppose {(Xp,Y,)}n=1 be a collection of random variables and {Fp}n=1 a collec-
tion of sigma algebras such Y, is F,-measurable. Assume the following holds:

o dwass(Xn | Fn, Z) 50, where Z ~ N(0, 1).

e Y, B N(0, 1).



26 CHATTERJEE, CHATTERJEE, CHAKRABORTY, AND BHATTACHARYA

(32) 2 ()0 %)

Proof. Note that it is enough to show,

Then

s24t

E[eian+itYn] e T2
for all s, t € (—1, 1). Notice that Y,, is F,-measurable. This implies,
E[eian+itYn] _ E[eitYnE[eian | fn]]

2

9

»

s

. , ‘ 2
= B[ (E[e®X | Fo] —e™2)] + e 2 E[eY"]. (A1)
. 2
Since Y, 3 N(0, 1), we have E[e®Y"] — e7, forall t e (=1, 1). Thus, it is enough to show
that the first term in (A.1]) converges to 0. To this end, note that,

. . s2 . s
‘E[e”y" (]E[e’SX" | Fnl — 6_2) E[e"*n | Fol —e™ =

l

<E[[E[e"*" | F,] — E[e"7][] . (A.2)

< E [‘eitYn’

To complete the proof note that,
E[eian ‘ an] . E[eisZ]}
< |E[cos(sXy) | Fn] — E[cos(s2)]| + |E[sin(sX,,) | Fn] — E[sin(sZ)]|

< 2dWass(Xn | fna Z) _P’ 0.

The above convergence follows from Definition since x — cos(sz) and = — sin(sx) are both
1-Lipschitz functions for |s| < 1. Also, as the conditional characteristic functions E[e?*X" | F,]
is uniformly bounded by 1, we have L; convergence, that is,

E[|E[e"**" | F] — E[e"*7]|] — 0.
This completes the proof by recalling (A.1]) and (A.2)). O
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