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We develop a twist-angle transferable continuum model for twisted transition metal dichalcogenide
(tTMD) homobilayers, using tMoTe, and tWSes as examples. All model parameters are extracted
from density functional theory (DFT) calculations at a single twist angle (3.89°) and monolayer data.
Our model captures both lattice relaxation effects and the long-range behavior of piezoelectric and
ferroelectric potentials. Leveraging lattice relaxations obtained via machine learning force fields
(MLFFs), the model can be efficiently transferred to other twist angles without requiring additional
DFT calculations. It accurately reproduces the DFT band dispersions and quantum geometries
across a wide range of twist angles. Furthermore, our model reveals that a second flat Chern
band arises near 2° when the interlayer potential difference becomes comparable to the interlayer
tunneling. This continuum model provides a clear understanding and starting point for engineering

novel electronic phases in moiré TMDs through twist angles and lattice relaxations.

In recent years, substantial experimental progress has
been made in observing novel electronic phases due to
the interplay between topology and correlations in R-
type moiré TMD homobilayers [1-15], including zero-
field fractional Chern insulators [1-4] and superconduc-
tivity [14, 15]. Theoretically, continuum models are
widely used as a single-particle starting point for study-
ing these phases. However, constructing such models re-
mains challenging due to significant lattice relaxation ef-
fects. Unlike twisted bilayer graphene, R-type tTMDs
permit moiré ferroelectricity and piezoelectricity, aris-
ing from local inversion symmetry breaking. Prior DFT
studies have demonstrated that the twist-angle depen-
dent competition between these two polarizations plays
a crucial role in shaping moiré band structures and quan-
tum geometries [16-19]. Notably, multiple flat bands
with Chern number C = 1 were first predicted near 2°
in tMoTe, [16] and signatures of non-Abelian states were
later proposed at half-filling of the second flat band [20-
24]. However, the physical origin of the second flat Chern
band is still unclear based on the current continuum mod-
els.

In developing the continuum model, an initial version
was constructed using first-harmonic intralayer poten-
tials and interlayer tunneling, with parameters obtained
by fitting DFT band structures at various local stack-
ings [25]. However, this model fails to accurately describe
the system due to the absence of moiré-scale lattice re-
laxation [19]. Subsequent approaches have involved pa-
rameterizing the continuum model by fitting large-scale
DFT moiré band structures and incorporating higher
harmonics to account for relaxations [18-20, 22]. Nev-
ertheless, such fitting procedures introduce inconsisten-
cies across twist angles due to the vast parameter space
involved. Alternatively, some efforts have focused on in-
corporating additional terms—such as those accounting

for corrugations and piezoelectric effects—directly into
the model [26, 27]. Yet, the resulting models are still
not accurate due to the incomplete treatment of lattice
relaxation effects and long-range ferroelectric potentials.

More recently, a precise parameterization method has
been developed, which projects the DF'T Hamiltonian di-
rectly onto the continuum model basis without the need
for fitting [28]. Although this approach is exact, it re-
mains computationally expensive, as large-scale DFT cal-
culations are required for each twist angle. Therefore,
striking a balance between efficiency and accuracy re-
mains challenging.

In this work, we develop a twist-angle transferable con-
tinuum model for R-type tWSes and tMoTes. The model
comprehensively captures lattice relaxation effects and
the long-range behavior of piezoelectric and ferroelec-
tric electrostatic potentials, based on spatially varying
interlayer distance d(r) and in-plane atomic displace-
ment field w(r). The model is parameterized at a sin-
gle twist angle (3.89°) by fitting large-scale DFT band
structures, supplemented with monolayer data. With
lattice relaxations provided by MLFFs, the model can
be efficiently transferred to arbitrary twist angles with-
out requiring additional DFT calculations. Its accuracy
is validated by reproducing DFT band dispersions and
quantum geometries across the 2°-5° range. By analyz-
ing the twist-angle dependence of the moiré potentials
generated by the model, we uncover the origin of a sec-
ond flat Chern band emerging near 2° in both systems.
This feature arises because the interlayer potential differ-
ences and interlayer tunneling become comparable as 6
varies. The developed continuum model is generalizable
to other moiré TMD systems and offers a powerful ba-
sis for engineering novel electronic phases through twist
angle tuning, strain, and pressure.

We begin by incorporating lattice relaxation and long-
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FIG. 1. Moiré superlattice, lattice relaxations, and model parameterization a, schematic illustration of the moiré
superlattice and the moiré Brillouin zone. The three high-symmetry stackings—MM, XM, and MX—are indicated. b, interlayer
distance (ILD) distribution (left) and top-layer in-plane atomic displacements (right) for 2.00° tMoTes. Colors represent the
magnitude of in-plane displacements, while arrows indicate their directions. ¢, workflow for model parameterization using DFT

calculations and subsequent model predictions incorporating moiré lattice relaxations obtained from MLFFs.

range polarization effects into our model. In R-type
TMDs, the lack of inversion symmetry in monolayer
TMDs allows intralayer piezoelectric polarizations in-
duced by strain fields in each layer [29]. Because the
two layers have opposite atomic displacements and the
same piezoelectric coeficients, the piezoelectric polariza-
tions can cause a vertical potential drop across the bi-
layer [16, 26, 30]. Moreover, the inversion symmetry
breaking at local stackings in R-type tTMDs permits
moiré ferroelectric polarizations [7, 31, 32]. These polar-
ization charges generate long-range electrostatic poten-
tials. While prior studies have considered the long-range
nature of the piezoelectric potential, the ferroelectric po-
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The spin-down K’-valley Hamiltonian can be obtained
through the time-reversal operation. Here, k; and k¢ de-
note the rotated K point of the bottom and top layer,
respectively. The layer-symmetric potentials V, and fer-
roelectric potential V¢ can be expanded using the first-
harmonic approximation,
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tential has typically been treated as a local stacking-
dependent effect [26]. Here, we first analyze a rigidly
twisted moiré superlattice to capture the long-range fer-
roelectric potential, and then incorporate the effects of
lattice relaxation.

Rigid lattice—In the rigid lattice, the top layer is ro-
tated by 6 relative to the bottom layer and lattice relax-
ations are excluded [Fig. 1(a)]. As a result, the local shift
vector between the two layers is expressed as g = 0Z X r.
In this case, although the piezoelectric polarizations van-
ish, moiré ferroelectric polarizations still exist. To fit the
bands, we begin with the k - p continuum model for the
spin-up K valley [25, 33, 34]:

Vi(r)
2

Ap(r, k)
N Vi(r) ) ) (1)
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Vi(r) = vs(d,0) ) sin(g; 7). 3)
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Here, g; denotes the moiré reciprocal lattice vector (as
defined in Fig. 1(a)) and d is the interlayer distance. The



interlayer tunneling is given by

Ar(r, k) =T,(r) — hvp|k — ky|e'OH0/DT, () / E,
— TwpTye(r)|k — ke|e 7O /B, (4)

Here, Fy and vr denote the band gap and Fermi velocity
of the monolayer TMD, respectively. The three interlayer
tunneling terms, T, T¢,, and T, are all expanded in the
first-harmonic form, i.e.

T, (r) = wy, (d)(14 e~ ?™/3e 7105 4 2T 3ei01m) - (5)

where j = {0,1,2}, n; = {v, cv,vc}, and v/c denote the
valence/conduction band.

Compared to the previous continuum models [25-27],
our formulation in Eq. 1 introduces three improvements.
First, we take into account the long-range nature of the
ferroelectric potential V. Although the ferroelectric po-
tential itself is long-range, it originates from localized
charge transfer around the MX /XM regions. By solving
the Poisson equation, we derive an analytical expression
for the amplitude of V}:

v(0,d) = o7(d)(1 — e79%)/(gd). (6)

Here, g is the modulus of the first-shell moiré recipro-
cal lattice vector. Including this long-range behavior is
crucial for ensuring the model’s transferability across dif-
ferent twist angles. Second, we incorporate intralayer
higher-order kinetic terms, denoted as hZ;;b It Third,
we incorporate high order momentum dependence in the
interlayer tunneling by including tunneling processes be-
tween the conduction and valence bands. Notably, the
second and third terms in Eq. 4 correspond to the layer-
orbit coupling term introduced in Ref. [35].

To ensure the model’s transferability with respect to
0, it is essential to analyze the 6-dependence of various
terms. First, the kinetic energy parameters are assumed
to be independent of 6. Second, the ferroelectric po-
tential amplitude v; exhibits an explicit §-dependence
through the function ¢g(#) in Eq. 6. Third, since the inter-
layer tunneling is short-ranged in real space, we assume
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Here, Ay and A; denote the bottom and top-layer poten-
tials, respectively, i.e.

Ap(r) = Ve(r) = Vi(r) /2 + Vop(r) + Vap(r) - (9)
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the corresponding amplitudes w,,, we,, and w,,. are inde-
pendent of 6. Lastly, the term V. represents an average
potential between the layers arising from local stacking
variations, and we likewise assume the parameter ¢ is in-
dependent of . Further details regarding Eq. 1 can be
found in the Supplementary Note 3.

Relazxed lattice.— We next incorporate lattice relax-
ation effects into the continuum model. Figure 1(b) il-
lustrates the interlayer distance distribution and in-plane
atomic displacements for 2.00° tMoTes. Consistent with
previous studies [13, 16], triangular domain formations
are observed. These significant corrugations render the
parameters €, w,, and w,, spatially dependent through
substitution with the spatially varying interlayer distance
d(r). However, for the parameter 9, the spatial variation
of d(r) complicates the solution of the Poisson equation.
To retain analytical tractability, we introduce an effective
interlayer distance, d*, obtained as the spatial average of
d(r). Details regarding the determination of d* are pro-
vided in Supplementary Note 2.

The in-plane relaxations introduce three distinct ef-
fects. First, the local shift vector rg is modified as follows

ro = 0% X P+ uy — up, (7)

where u; and wu; denote the atomic displacements of
the top and bottom layers, respectively [36]. Second,
the strain field induces scalar and pseudo-vector po-
tentials, given by Vi(r) = (i(uze + uyy) and A(r) =
—(h¢2)/(ea)(Uugs — Uyy, —2ugy) [37, 38]. Here, a is the
lattice constant of the monolayer TMD, e is the ele-
mentary charge, and (; and (; are k - p parameters for
a strained monolayer TMD. Third, the strain gradient
induces piezoelectric charge densities in each layer, ex-
pressed as ppiczo = €11[203Ugy + Oy(Uzz — Uyy)], which
generate piezoelectric potentials V4 ,(7) [26, 30]. Simi-
lar to Vy, the long-range nature of V, ;/;, is captured by
solving the Poisson equation, with the expressions pro-
vided in Supplementary Note 2. To account for screening
effects from the TMD layers themselves, we introduce a
spatially uniform screening factor p,.

The total Hamiltonian incorporating lattice relaxation
effects can now be written as

AT(”'v k)
+ o 4 Ad(r) .

2m*

(

and
Ai(r) = Vo(r) + Vi(r) /2 + Vi (r) + Vis(r).  (10)

Note that the formulations of V., Vf, and Ar slightly
differ from their definitions in Egs. 2—4 due to the modi-



5.09°

Energy (meV)
|
g 8

L
=
=]

—120

Y

FIG. 2. Moiré band structures. Comparison of band dispersions between the continuum model and DFT for 5.08°, 3.89°,
3.15°, and 2.00° tMoTe,. Black dots correspond to the DFT results, and red (blue) lines denote the spin-up (spin-down) bands
at the K (K’) valley obtained from the continuum model. All continuum model parameters are fitted at 3.89°.
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FIG. 3. Distributions of Berry curvature and quantum metric of 2.00° tMoTe,. a, Berry curvature (Q2) distributions
in the first mBZ for the first three K-valley moiré bands, obtained from the continuum model (left), DFT-based Wannier
interpolations (middle), and their differences (right). b, similar to a, but shows the distribution of the trace of the quantum
metric, Tr(g), in the mBZ. ©Q and Tr(g) are multiplied by the mBZ area and divided by 2. The black hexagon outlines the

first mBZ.

fications of local shift vector as shown in Eq. 7 (see Sup-
plementary Note 3). Since all model parameters can be
extracted from a single twist angle (in practice, 3.89° is
selected for its computational efficiency and experimen-
tal relevance) along with monolayer TMD inputs, the
continuum model at arbitrary twist angles can be con-
structed directly from the moiré structural information
obtained through MLFFs, without requiring additional

large-scale DFT calculations. Equation 8 represents the
central result of this work.

We now briefly outline the parameterization workflow
of the continuum model, as illustrated in Fig. 1(c). First,
we compute the k - p coefficients, piezoelectric coefficient
€11, and electron-strain coupling coefficients £; and &5 for
monolayer TMDs. Next, we extract e(d), 9¢(d), wy(d),
and we, (d) in Eqs. 2-5 by fitting DFT moiré bands over
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FIG. 4. Twist-angle dependence of moiré potentials in tMoTe,. a-b, real-space distributions of A (r) and |T,(r)],at
3.89% and 2.00°. The black parallelogram outlines a moiré unit cell. c—d, twist-angle dependence of the modulus of the Fourier
components for A, (r) and T, (7). §; and t;, denote the ith-shell harmonic contribution for A, (r) and T, (r), respectively.

a series of interlayer distances at 3.89°. The effective
interlayer distance d* for V; is then determined by fit-
ting DF'T bands computed with out-of-plane relaxations
only. Subsequently, with both in-plane and out-of-plane
relaxations included, we determine the screening factor
po for the piezoelectric potential V,, ;/, by further fitting
to DFT moiré bands at 3.89°. Additional details of the
parameterization are provided in Supplementary Note 2,
where all the model parameters are tabulated.

Model wvalidation and transferability—Next, we vali-
date the continuum model by comparing its predictions
with DFT results. As shown in Fig. 2, moiré band struc-
tures from the model are benchmarked against DF'T cal-
culations across a range of twist angles from 2.00° to
5.08°. At 3.89°, where the model parameters are fit-
ted, excellent agreement is observed for at least the top
three valence moiré bands in each valley. In addition,
the model accurately captures the valley splittings along
the v—m path for the top bands, primarily due to T,
(Tye) and trigonal warping. Notably, the model main-
tains good agreement with DFT across the full twist an-
gle range. The generalizability of the continuum model
is further demonstrated for tWSes, as shown in Supple-
mentary Note 2.

To further assess the model, we compare its quan-
tum geometries with those obtained from Wannier-
interpolated DFT calculations. In Fig. 3(a) and (b), we
show the distributions of Berry curvature 2 and the trace
of the quantum metric Tr(g) for the first three K-valley
moiré bands at 2.00° for tMoTe;. The model successfully
reproduces the momentum dependence of both quanti-
ties, as evidenced by the overall small differences shown

in the right columns of 3(a) and (b). Integration over
the moiré Brillouin zone yields identical Chern numbers
(+1,+1,41) for both the continuum model and DFT re-
sults. Furthermore, the integrated values of Tr(g) from
the model—(1.04, 3.13, 5.26)—closely match those from
the DFT—(1.04, 3.09, 5.11) [24].

Origin of second flat Chern band— The twist-angle
transferability of the continuum model enables us to in-
vestigate the physical origin of the second flat Chern
band emerging around 2.00°, a feature first predicted by
DFT calculations for tMoTes and tWSey [16] (also see
Supplementary Note 1). Through a pertubative analysis
of the energy and Cj eigenvales at the v and x points,
we find that the main reason lies in the twist-angle de-
pendence of T, (r) and the interlayer potential difference
A, which is defined as

Ap(r) — At(r)-

ALr) = 2

(11)
Thus, in Fig. 4(a), we present the spatial distribution
of A,(r) at 3.89° and 2.00°. The primary contributions
to A, come from the ferroelectric potential f/f and the
piezoelectric potential V), ;/,, which exhibit significant
twist-angle-dependent competition [16], as detailed in
Supplementary Note 3. This evolution is clearly reflected
in the Fourier components of A, shown in Fig. 4(c). As
6 decreases, the first harmonic |§1| drops rapidly and ap-
proaches zero near 1.5°, before rising again at smaller an-
gles. This non-monotonic behavior arises from a reversal
in the dominant contribution—from V,,; 5, to f/f—in the
MX/XM regions, resulting in a sign flip of A,. Mean-
while, the third harmonic |63| increases with decreasing
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FIG. 5. Perturbed band energies of tMoTe,. a, twist-angle dependence of the six perturbed eigenvalues at the v point.

The eigenvalues are labeled according to their spinful Cs eigenvalues: £ = 6iﬂ/37 & =e

* ~im/3 and 1 = —1. b, twist-angle

dependence of the four perturbed eigenvalues at the k point. c, twist-angle dependence of the second eigenvalue difference

between the v and k points, defined as AE; = E 2 — Eo.

f above 2.00° and then decreases at smaller angles. In
particular, |02| vanishes due to the preserved symmetry
C’gyT of Eq. 8, where T' denotes time-reversal symmetry
and égy is the twofold rotation about the y axis.

Fig. 4(b) and (d) show the distributions and Fourier
components of the interlayer tunneling Tv(r), respec-
tively. T, is primarily localized around the MM regions,
while it vanishes near the MX/XM regions. As 6 de-
creases from 3.89° to 2.00°, the MM region shrinks, lead-
ing to a reduction in the first harmonic |t}|. Meanwhile,
the higher harmonics remain relatively small compared
to [tL].

Next, we examine how the moiré potential terms influ-
ence the band energies. Since the topological phase tran-
sition and band flattening are mainly governed by A, and

T, we neglect the vector potentials A,, , /b as well as the
interlayer tunneling terms T., and Tvc, whose effects are
discussed in Supplementary Note 4. Figure 5(a) shows
the # dependence of the perturbed K-valley eigenvalues
at the ~ point, labeled by their spinful Cs eigenvalues.
As 0 decreases, we observe an inversion between E.» and
E,3 near 2.5°, while F,; remains the highest in energy
down to 1.5°. Within the range of 1.5° to 2.5°, E,; and
E.5 carry (5 eigenvalues of (€,£*). Figure 5(b) presents
the 6-dependence of the perturbed eigenvalues at the s
point. Here, E,; remains non-inverted with respect to
the other eigenvalues as 6 decreases, whereas F,5 and
E..3 undergo an inversion below 1.5°. Above 1.5°, E,
and F,; carry Cs eigenvalues of (£*, 1), respectively. Fur-
ther, in the range of 1.6°-2.5°, the first and second bands
carry Chern numbers of (41, +1), as inferred from their
Cs eigenvalues. These trends are consistent with both
the continuum model and DFT results.

We then define AE; = E,5 — E,» to measure the flat-
ness of the second band. As shown in Fig. 5(c), at large
angles, AF5 is negative, while at small angles, it becomes

positive, crossing zero near 1.7°. This behavior can be
understood by using the following expressions of F.2 and
ERQa

E,o = Eyin + 200 + |2t + 12|,

Evo = Eiin — 6 — V/3Im[0}], (12)
where FEj;, denotes the kinetic energy. The strong 6
dependence of AF5 is dominated by the competition be-
tween |tl| and |81], as both |6}| and |t2| exhibit only weak
dependence on 6 (see Fig. 4 and Supplementary Note 3).
Notably, due to the éQyT symmetry, §! is purely imagi-
nary, with Im[§!] remaining negative for 6;1.5°. At large
twist angles, |61]¢|tL|; conversely, at small angles, |6}]j|t}]
(see Fig. 4). As a result, AF, crosses zero at an interme-
diate 0. A similar trend is observed in tWSes, as illus-
trated in Supplementary Note 4, where AFE5 crosses zero
at a slightly larger 6—consistent with DFT results. This
resemblance stems from the similar #-dependent lattice
relaxations and moiré potentials in tMoTey and tWSes.

In summary, we have developed a twist-angle transfer-
able continuum model that comprehensively incorporates
lattice relaxation effects as well as long-range ferroelectric
and piezoelectric potentials in tMoTey and tWSey. All
model parameters are extracted from DFT band struc-
tures at a single twist angle (3.89°) and from monolayer
TMD inputs. The model can be efficiently transferred
to other twist angles using only moiré structural data
obtained from MLFFs, eliminating the need for addi-
tional large-scale DFT calculations. Its transferability is
demonstrated over the 2°-5° range, showing good agree-
ment with DFT results in predicting both band disper-
sions and quantum geometries.

In previous continuum models, A, and T, have been
used to define the Skyrmion lattice [16, 25, 39, 40]. How-
ever, as illustrated in Fig. 4, both A, and T, diminish
near the MX/XM stacking regions at 2.00°, leading to a



vanishing Skyrmion exchange field in those areas. This
suggests that the adiabatic Skyrmion model may fail to
capture the electronic behavior near this twist angle.

Using twist-angle-dependent moiré potentials, we iden-
tify the origin of the second flat Chern band near 2°,
arising when the interlayer potential difference becomes
comparable to the interlayer tunneling. This finding pro-
vides a basis for searching for multiple flat Chern bands
in other systems. As the model is structure-based, it
also opens the possibility of exploring novel band geo-
metric properties by designing specific lattice relaxation
patterns [41-43]. The proposed framework is generaliz-
able to other TMDs and can be extended to multilayer
supermoiré structures. Looking ahead, the continuum
model offers a promising basis for engineering novel elec-
tronic phases through strain, pressure, and twist angle,
etc.
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