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We introduce a hybrid quantum-classical framework for efficiently implementing approximate unitary dila-

tions of non-unitary operators with enhanced noise resilience. The method embeds a target non-unitary operator

into a subblock of a unitary matrix generated by a parameterized quantum circuit with universal expressivity,

while a classical optimizer adjusts circuit parameters under the global unitary constraint. As a representative

application, we consider the non-unitary propagator of a Lindbladian superoperator acting on the vectorized

density matrix, which is relevant for simulating open quantum systems. We further validate the approach exper-

imentally on superconducting devices in the Quafu quantum cloud computing cluster. Compared with standard

dilation protocols, our method significantly reduces quantum resource requirements and improves robustness

against device noise, achieving high-fidelity simulation. Its generality also enables compatibility with non-

Markovian dynamics and Kraus-operator-based evolutions, providing a practical pathway for the noise-resilient

simulation of non-unitary processes on near-term quantum hardware.

Introduction—Quantum computers inherently operate

through unitary transformations, which makes them powerful

tools for simulating closed quantum systems. However,

many processes of fundamental and practical importance,

such as open quantum systems, dissipative dynamics, and

measurement-induced evolution, are governed by non-unitary

dynamics. This discrepancy raises a central question: how

can unitary-based quantum computers faithfully simulate

non-unitary physics?

A rigorous framework to address this problem is provided

by unitary dilation, which embeds a non-unitary operator

(with singular values bounded by unity) into a larger unitary

matrix [1, 2]. The essential idea is that instead of implement-

ing the non-unitary operator directly, one realizes its dynamics

as a subblock of a physically executable unitary. This guar-

antees universal access to non-unitary processes on quantum

hardware. While conceptually powerful, conventional dilation

methods generally require large ancilla spaces or deep circuit

decompositions, making them challenging to implement on

near-term quantum devices [3–12]. The challenge becomes

particularly pressing in the noisy intermediate-scale quantum

(NISQ) era [13–18]. Current platforms, typically consisting

of tens of qubits with modest gate fidelities, have demon-

strated capabilities in quantum simulation and computational

tasks [19–24]. Yet, without error correction, noise accumula-

tion in deep circuits imposes strict limits on realizable algo-

rithms. This motivates the development of hardware-efficient

and noise-resilient strategies for implementing unitary dila-

tion.

In this work, we propose a Variational Quantum Algo-

rithm for Unitary Dilation (VQAUD). In this approach, a

parameterized quantum circuit is optimized so that a des-

ignated subblock encodes the desired non-unitary operator.

This hybrid quantum-classical framework directly connects

the mathematical construction of dilations with their phys-

ical implementation. Crucially, by substantially reducing

the number of single- and two-qubit entangling gates com-

pared to standard dilation schemes, VQAUD makes the sim-

ulation of non-unitary processes experimentally feasible on

noisy intermediate-scale devices. Beyond the computational

efficiency, our approach provides a practical route to study

the physics of open quantum systems, dissipative state en-

gineering, and non-Hermitian dynamics under realistic hard-

ware constraints. This establishes VQAUD as a versatile tool

for probing non-unitary quantum phenomena with near-term

quantum computers.

VQAUD framework—Our VQAUD approach can be di-

vided into two parts: sustained unitarity guarantee and sub-

block approximation, with the main workflow illustrated

in Fig. 1. In general, VQAs represent a class of hybrid

quantum-classical computational frameworks that combine

parameterized quantum circuits with classical optimization

routines [25–27]. The core architecture comprises three fun-

damental elements: (I) a parameterized quantum circuit U(θ)
with universal expressivity based on adjustable parameters

θ = (θ1, . . . , θp), (II) a cost function quantifying computa-
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FIG. 1. The VQAUD allows the parameterized quantum circuit to

achieve universal matrix expressivity for any given dimension. By

leveraging quantum operator properties while preserving global uni-

tary constraints, we define the cost function C(θ) = ‖U (l)(θ) −
αM‖F and employ classical optimization algorithms to minimize it,

such that the upper-left submatrix of the quantum circuit’s unitary

matrix approximates the target non-unitary operator αM . This for-

mally establishes a unitary dilation for the non-unitary operator αM
under the given dimensional constraints.

tional objectives, and (III) a classical optimization algorithm

for parameter tuning. The quantum circuit U(θ) consists

of quantum gates with parameter-dependent operations, typ-

ically expressed as U(θ) =
∏L

k=1 exp(−iθkHk), where Hk

are Hermitian generators and θk represent adjustable rotation

angles. The circuit structure may utilize different ansatz de-

signs depending on the target application. In subsequent it-

erations of the classical optimizer, the operator implemented

by the quantum circuit will always maintain unitarity, regard-

less of parameter variations. This enables its subblocks to

variationally approximate the effective non-unitary evolution

of open quantum systems, thereby bridging the gap between

mathematical dilation and physical implementation.

To implement the non-unitary operator M ∈ Cl×l in quan-

tum hardware, we employ the following subblock approxima-

tion strategy. First, to satisfy the mathematical condition for

unitary dilation, we multiply M by a scaling factor α ∈ (0, 1],
ensuring that the maximum singular value of αM does not ex-

ceed 1. It is necessary to check the singular value decomposi-

tion of αM = UΣV †, where (U, V ) ∈ Cl×l are unitary ma-

trices and Σ = diag(σ1, . . . , σl) contain the singular values

σi ≤ 1. The central objective is to approximate the rescaled

operator αM embedded in the subblock of a dilated unitary

operator with minimal dimension 2l. To quantify the approxi-

mation accuracy, we introduce the Frobenius-norm-based cost

function:

C(θ) =
∥

∥

∥
U (l)(θ)− αM

∥

∥

∥

F
,

where U (l)(θ) denotes the l × l top-left subblock of U(θ),
and the Frobenius norm ‖X‖F is defined as ‖X‖F =
(

∑

i,j |Xij |2
)1/2

. In the Supplementary Material (SM) [28],

we also considered the use of a cost function computable

by quantum devices through SWAP-test-based measurements

[29–31] of quantum states. Minimizing this cost function en-

sures that the approximated operator faithfully reproduces the

target operator’s dynamics while preserving the unitary struc-

ture of the entire circuit.

Next, a classical optimizer is employed to find the optimal

parameters that minimize the cost function. In this work, the

Broyden-Fletcher-Goldfarb-Shanno (BFGS) algorithm [32],

a gradient-based method known for its efficiency in high-

dimensional parameter spaces, is employed. The BFGS algo-

rithm iteratively updates the parameter set θ by approximat-

ing the inverse Hessian matrix H−1(θ) using only gradient

information, thus avoiding the computational expense of cal-

culating exact second derivatives. At each optimization step

k, the parameter update follows θk+1 = θk−ηkH−1
k ∇C(θk),

where ∇C(θk) denotes the gradient of the cost function with

respect to the circuit parameters at step k, and ηk is a step size

determined through line search. The inverse Hessian approx-

imation H−1
k is recursively updated by

H−1
k+1 =

(

I − sky
T
k

yT
k sk

)

H−1
k

(

I − yks
T
k

yT
k sk

)

+
sks

T
k

yT
k sk

,

with sk = θk+1 − θk representing the parameter displace-

ment and yk = ∇C(θk+1) − ∇C(θk) the gradient differ-

ence. The algorithm converges to optimized parameters θ∗

that minimize the Frobenius norm difference between the cir-

cuit’s subblock U (l)(θ∗) and the target operator αM , termi-

nating when the optimization progress becomes negligible ac-

cording to predefined convergence thresholds. The resulting

optimal unitary operator U(θ∗) thus provides both the desired

high-quality operator approximation in its subblock and guar-

anteed persistent unitarity preservation, achieving the approx-

imate unitary dilation of the non-unitary operator αM .

Simulation of open quantum systems—One important ap-

plication of our scheme lies in simulating open quantum sys-

tems. In recent years, unitary-circuit-based algorithms for

open-system dynamics, which explicitly account for system-

environment interactions, have been extensively investigated

[3–8, 33–56]. These approaches employ a variety of mathe-

matical frameworks for characterizing open quantum dynam-

ics, including Lindblad master equations, Kraus operators, su-

peroperators, and stochastic Schrödinger equations. Each pro-

vides a distinct representation of the system-environment in-

teraction. Our scheme is applicable to frameworks that can

be expressed as operators acting on vectors, such as the Kraus

operator method and the Lindblad superoperator formalism.

In the following, we focus on the Lindblad superoperator ap-

proach as a representative example, the applicability to the

Kraus method is discussed in the SM [28].

Under the Born-Markov approximation, the dynamics of

an open quantum system are governed by the Lindblad master

equation,

dρ

dt
= −i[Ĥ, ρ] +

∑

k

γk(ĈkρĈ
†
k − 1

2
{Ĉ†

kĈk, ρ}),

where ρ is the system’s density matrix, Ĥ is the Hamil-

tonian, and Ĉk are the collapse operators with associated
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FIG. 2. VQAUD-based simulations of Lindblad dynamics for mul-

tiple two-level systems. (a) Cost functions obtained from BFGS op-

timization at different circuit depths, demonstrating the implemen-

tation accuracy of the non-unitary propagator. (b) Population dy-

namics of a Markovian driven two-level open quantum system with

H = Ω
2
(|0〉〈1| + |1〉〈0|), decay rate γ = Ω/10, and pure de-

phasing rate γdp = Ω/50, starting from the initial state |0〉. (c)

Population dynamics of a non-Markovian detuned damped Jaynes–

Cummings model with λ = γ0/5 and ∆ = 8λ, initialized in

ρ(0) = (2|0〉〈0| + 3|1〉〈1|)/5. The dashed lines and hollow cir-

cles represent numerical simulation results from the master equation

and VQAUD, respectively, while solid circles with plus and cross

markers denote results from VQAUD and the standard Sz.-Nagy di-

lation algorithm implemented on the Baihua superconducting quan-

tum computing platform. Each time-step point is estimated from 215

projective measurement shots.

decay rates γk. Here, {·, ·} denotes the anti-commutator

({A,B} = AB + BA). To implement this dynamics on a

quantum circuit, we adopt the vectorization formalism, map-

ping the density matrix ρ to a column vector |ρ〉〉 ≡ vec(ρ) =
(ρ11, ρ21, . . . , ρnn)

T . This transforms the Lindblad equation

into the superoperator form, d|ρ〉〉/dt = L|ρ〉〉, where the

Lindbladian superoperator L acts on the vectorized density

matrix. The formal solution is |ρ(t)〉〉 = exp(Lt)|ρ(0)〉〉. Ex-

plicitly, L can be expressed using Kronecker products as

L = − i
(

I⊗ Ĥ − ĤT ⊗ I
)

+
∑

k

[

Ĉ∗
k ⊗ Ĉk − 1

2

(

I⊗ Ĉ†
kĈk + ĈT

k Ĉ
∗
k ⊗ I

)

]

,

where ∗, T , and † denote complex conjugation, transpose,

and adjoint, respectively. For an n-dimensional system, the

vectorization enlarges the Hilbert space from n to n2, as L
becomes an n2 × n2 matrix. The non-unitary propagator

exp(Lt) poses a fundamental challenge for quantum-circuit

implementation because quantum gates are inherently uni-

tary. To address this, we set M = exp(Lt) and apply the

unitary dilation procedure described above. The target non-

unitary dynamics is then encoded in the first block column of

U(θ∗) via U(θ∗)(|ρ(0)〉〉 ⊕ |0d〉) = α|ρ(t)〉〉 ⊕ |⋆〉, where

|0d〉 ≡ (0, . . . , 0)T ∈ Cd, and |⋆〉 represent auxiliary compo-

nents in the dilated space that do not encode physical informa-

tion. Any necessary rescaling or renormalization factor α can

be applied via classical post-processing to recover the original

Lindblad evolution.

The procedure is illustrated through a simple two-level sys-

tem with Hamiltonian H = Ω
2 (|0〉〈1|+ |1〉〈0|) , subject to

spontaneous emission C1 =
√
γ |0〉〈1| and pure dephasing

C2 =
√
γdp (|1〉〈1| − |0〉〈0|) . Using the parameterized cir-

cuit ansatz presented in the SM [28], VQAUD approximates

the rescaled dynamical map αM . Figure 2(a) displays the

approximation error as a function of evolution time and cir-

cuit depth. As expected, increasing the depth improves the

fidelity of the approximation. In this parameter regime, a

four-layer circuit already achieves near-optimal performance.

Figure 2(b) compares the time evolution obtained from the

four-layer VQAUD (hollow circles) with the exact Lindblad

solution (dashed lines), showing excellent agreement. The

VQAUD reproduces both the dissipative population decay and

the coherent Rabi oscillations, demonstrating its ability to ac-

curately capture open-system dynamics.

To further examine the versatility of the approach, we apply

it to a more complex, non-Markovian scenario: a detuned,

non-Markovian damped Jaynes–Cummings model governed

by the fourth-order time-convolutionless master equation [57–

60],

dρ

dt
= − i

2
S(t) [σ+σ−, ρ] + γ(t)

(

σ−ρσ+ − 1

2
{σ+σ−, ρ}

)

,

where S(t) and γ(t) denote the time-dependent Lamb shift

and decay rate (explicit forms are given in Ref. [60] and the

SM). In this model, γ(t) can temporarily take negative values,

signaling information backflow and leading to non-Markovian

revivals. Figure 2(c) shows that the four-layer VQAUD (hol-

low circles) accurately captures these revivals and matches the

theoretical predictions (dashed lines) across the entire time

range considered.

Experimental validation was carried out on a supercon-

ducting quantum processor (Baihua) [61], where the optimal

unitary-dilated propagator was implemented at selected times.

For comparison, we also realized the standard Sz.-Nagy dila-

tion by decomposing

Udil =

(

αM −U
√
I− Σ2 U †

V
√
I− Σ2 V † V ΣU †

)

into quantum gates (explicit decompositions are provided in

the SM [28]). Experimental data (solid circles) show small

deviations from ideal simulations (dashed lines) due to hard-

ware noise. Nevertheless, VQAUD consistently outperforms
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FIG. 3. Numerical simulation results of steady states (t → ∞) of

(a) three-level and (b) four-level open systems (γ = Ω/10) from ini-

tial states in uniform superposition via three approaches (VQAUD,

standard Sz.- Nagy dilation algorithm and unitary decomposition al-

gorithm) using quantum devices noise parameters λ = 2×10−3 and

ω = 1 × 10−3. The dashed lines indicate the ideal reference from

the master equation simulation.

the Sz.-Nagy implementation (plus and cross markers), pri-

marily owing to its reduced circuit complexity. Additional

calibration data and implementation details can be found in

the SM [28].

Extension to multilevel open quantum systems—We next

investigate the performance of VQAUD in more complex

settings involving three- and four-level open quantum sys-

tems. In current superconducting platforms, qubit connectiv-

ity is typically limited, making it challenging to implement

fully connected entangling circuits required by theoretical di-

lation schemes. To address this constraint and emulate re-

alistic hardware conditions, here we adopt a numerical ap-

proach that incorporates composite noise channels into all log-

ical gates, effectively simulating quantum circuit execution

on noisy processors. Specifically, for each qubit j partici-

pating in a logical gate, we apply a phase-damping channel

N (j)
dep [ρ] = (1 − λ)ρ + λZjρZj and an amplitude-damping

channel N (j)
amp[ρ] = K0(ω) ρK

†
0(ω) + K1(ω) ρK

†
1(ω), with

Kraus operators

K0(ω) =

(

1 0
0

√
1− ω

)

, K1(ω) =

(

0
√
ω

0 0

)

.

The parameters λ and ω quantify the strengths of dephasing

and amplitude-damping noise, respectively, and characterize

the detrimental effects of gate errors.

VQAUD for these systems is implemented using a five-

qubit parameterized circuit. We adopt a single-layer, paral-

lel architecture in which each single-qubit gate carries two

rotation parameters and is followed by enriched non-nearest-

neighbor entangling operations (see SM [28]). This ansatz

offers a favorable trade-off between expressivity and train-

ability, enhancing the circuit’s representational power while

mitigating the onset of barren plateaus [62].

For benchmarking, we compare VQAUD with two alterna-

tive schemes. In addition to the standard Sz.-Nagy dilation,

we consider a unitary-decomposition approach [4], which

separates the target operator M into its Hermitian and anti-

Hermitian components, M = Ŝ + Â. The operator can then

be expressed as a linear combination of unitaries,

M = lim
ǫ→0

1

2ǫ

(

ie−iǫŜ − ieiǫŜ + eǫÂ − e−ǫÂ
)

,

allowing direct implementation on quantum processors, since

each exponential term corresponds to a unitary operation.

Building on the above noise models, we simulate the

steady-state dynamics by evaluating M = limt→∞ exp(Lt)
in a V-type three-level system and in a four-level configu-

ration where a single ground state couples to three excited

states. Figure 3 summarizes the results obtained using the

three methods. Under ideal, noiseless conditions, all meth-

ods yield comparable performance. However, when realis-

tic gate errors are included, both the standard Sz.-Nagy and

unitary-decomposition approaches exhibit significant perfor-

mance degradation, whereas VQAUD maintains high accu-

racy. This demonstrates the superior robustness of VQAUD

against gate imperfections, underscoring its practical utility

for noisy quantum hardware.

Table I presents a comparison of the quantum resources re-

quired to implement M = exp(Lt) for two- to four-level sys-

tems. VQAUD achieves dramatic reductions in both single-

and two-qubit gate counts relative to standard dilation and

unitary-decomposition methods. The savings become more

pronounced as system dimensions increase, while the total

qubit overhead remains minimal and comparable to reference

methods. These results demonstrate that VQAUD provides

a highly efficient and scalable approach for simulating open-

system dynamics, reducing circuit depth and entangling oper-

ations without sacrificing fidelity.

Single optimization for time-independent dynamics—For

time-independent master equations, the VQAUD protocol is

optimized for a small initial time step δt, after which the dy-

namics at later times are efficiently obtained by repeatedly ap-

plying the same optimized circuit for integer multiples of δt.
The corresponding quantum circuits are shown in the SM [28].

This single-optimization strategy avoids re-optimizing at each

time step and already yields accurate results, as demonstrated

by the dashed lines in Fig. 4, where the evolution of the previ-

ously discussed two-level system matches the master equa-

tion simulation in Fig. 2(b). Furthermore, the Liouvillian

propagator can be approximated using a short-time Taylor

expansion exp(Lδt) =
∑N

n=0(Lδt)n/n! + RN (δt), where

the operator 2-norm of the remainder satisfies ‖RN (δt)‖2 ≤
[‖Lδt‖N+1

2 /(N+1)!] exp(‖Lδt‖2). The inset of Fig. 4 shows

how this upper bound depends on Ωδt for second- and third-

order expansions. For Ωt = 0.1, the second-order, single-

optimization VQAUD results (hollow circles) closely follow
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TABLE I. Quantum resource comparison for implementing M = exp(Lt) in Figs 2–3. VQAUD significantly reduces gate counts compared

to previous methods. Reduction percentages are shown relative to Ref. [4] and Ref. [8].

Simulated

systems

Single-qubit gate count Two-qubit gate count Qubit count

VQAUD Ref. [4] Ref. [8] Reduction (%↓) VQAUD Ref. [4] Ref. [8] Reduction (%↓) VQAUD Ref. [4] Ref. [8]

2-level 36 287 74 (87.5% / 51.4%) 8 84 20 (90.5% / 60.0%) 3 4 3

3-level 110 5490 1378 (98.0% / 92.0%) 25 1789 444 (98.6% / 94.4%) 5 6 5

4-level 206 5479 1377 (96.2% / 85.0%) 49 1779 444 (97.2% / 89.0%) 5 6 5
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2nd-order approx.

3rd-order approx.

FIG. 4. Single-optimization VQAUD simulation of time-

independent Lindblad dynamics for a driven two-level Markovian

open quantum system. The inset shows the upper bound of the 2-

norm of the remainder in the Taylor expansion of the Liouvillian

propagator at different approximation orders.

the exact evolution, confirming both the validity of the ap-

proximation and the efficiency of the protocol. At larger time

steps (e.g., Ωt = 0.5), the second-order expansion fails (plus

markers), whereas higher-order expansions (square markers)

remain accurate. Importantly, in higher-dimensional systems

where classical computation of the Liouvillian propagator is

intractable, this approach enables quantum computers to di-

rectly simulate the master equation without explicitly con-

structing the full propagator or relying on the auxiliary quan-

tum devices described in the SM [28], thereby extending its

applicability to large-scale open quantum systems.

Conclusions—We have proposed a noise-robust VQAUD

that implements non-unitary operators via optimized quantum

circuit synthesis. By recasting the non-unitary propagator of

Lindbladian dynamics as a rescaled subblock of a dilated uni-

tary, our framework enables accurate and efficient simulation

of open quantum systems. The hybrid quantum-classical ar-

chitecture uses variational optimization to synthesize compact

unitary representations that approximate target non-unitary

maps while substantially reducing quantum-resource over-

head.

We demonstrate VQAUD across two- to four-level open

quantum systems and identify two principal advantages.

First, VQAUD markedly reduces single- and two-qubit gate

counts relative to standard dilation protocols—an effect

that becomes more pronounced for higher-dimensional sys-

tems. Second, the variationally optimized circuits exhibit

enhanced robustness to realistic NISQ noise, improving fi-

delity when gate errors and decoherence are present. More-

over, VQAUD is broadly extensible: it naturally accommo-

dates non-Markovian dynamics and Kraus-operator simula-

tions and can be generalized to many-body platforms such as

spin chains and cavity arrays.

The choice of parameterized circuit (ansatz) is critical for

practical performance. Different ansätze may offer compa-

rable expressivity yet differ substantially in noise resilience,

so careful circuit design is essential. Promising future di-

rections include automated circuit-architecture search [63] to

optimize ansätze without increasing depth, and the incorpo-

ration of Schrödinger-Heisenberg quantum circuits [64] that

interleave real and virtual layers within a hybrid operational

scheme. We expect that, as hardware advances toward higher-

fidelity multi-qubit gates, improved connectivity, and more

effective error-mitigation/correction, VQAUD will provide a

practical pathway for realizing high-accuracy simulations of

non-unitary processes on near- and mid-term quantum de-

vices.

Note added—We recently became aware of Ref. [65],

which develops a stochastic Magnus expansion method for

robust variational quantum simulation of Lindblad dynam-

ics. Their approach reformulates non-unitary evolution into

a stochastic framework, whereas our method relies on a di-

rect unitary dilation to encode the Lindblad dynamics. These

two approaches are complementary and highlight the growing

interest in variational strategies for simulating open quantum

systems.
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SI. QUANTUM STATE MEASUREMENT-BASED COST FUNCTION

In the main text, we used the non-unitary propagator M = exp(Lt) of the open quantum system under investigation as

an example to discuss the unitary dilation process of M and its applications. However, for larger-scale problems, storing

the information of the matrix M classically becomes costly, since M ∈ Cd×d with d = 2n, meaning its dimension grows

exponentially with the number of qubits. This makes it difficult to perform estimation using the original cost function. To

amortize this burden and enhance scalability, we propose three potential strategies, which leverage quantum state measurement-

based cost functions and the device-in-the-loop method to avoid classical simulation of quantum circuits, as illustrated in Fig. S1.

We reformulate the goal as follows. Given a non-unitary operator M , we seek a unitary operator USE(θ) ∈ U(2n+1) acting

on an n-qubit system and ancilla qubits, such that the upper-left block approximates αM :

M̃(θ) :=
〈

0a
∣

∣USE(θ)
∣

∣0a
〉

≈ αM. (S1)

This constitutes a block-encoding of M that can be executed on near-term hardware via shallow, native-gate parameterized

circuits and single-qubit measurements on the ancilla. Throughout, all measurements are single-copy Pauli measurements unless

stated otherwise.

The first potential strategy uses fidelity of the corresponding Choi states as the cost function,

LChoi = 1− F (Φθ,ΦM ). (S2)

Here, let ΦM be the target Choi state induced by the non-unitary operator M and Φθ the Choi state induced by the variational

block M̃(θ), which are sketched in Fig. S1(a). Specifically, the preparation of Φθ for the quantum circuit R2S2E proceeds

as follows. We initialize two registers R2S2 (each consisting of n qubits) and an ancillary register E. On R2S2, we prepare

the maximally initial entangled state |Φ+〉 = 1√
d

∑

j |j〉R2
|j〉S2

, apply the parameterized unitary operator USE(θ) to S2E, and

finally post-select on the ancillary register E being in state |0〉 to obtain Φθ .

Next, the cost function based on Choi states can be measured using direct fidelity estimation (DFE) [S1]. DFE estimates

F (Φθ,ΦM ) by sampling Pauli strings P ∈ P2n with importance weights,

F =
∑

P∈P2n

wP µP , wP =
Tr(ΦMP )

2

∑

Q Tr(ΦMQ)2
, µP =

Tr(ΦθP )

Tr(ΦMP )
.
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(a)
R1 /

S1 /

H

X M

R2 /

S2

H

/
E /

X USE(θ)

(b)
|0〉

R1S1 /

/R2S2

×

×

H H

(c)
|ψk〉

S
E

/

/
/

M ×

× U †(θ)

FIG. S1. Circuit diagrams for the hardware-native estimators of the cost functions. (a) Preparation of the variational Choi state Φθ . The state

is prepared by creating a maximally entangled state |Φ+〉 on registers R2S2, applying the parameterized unitary operator USE(θ) on S2E,

and post-selecting the ancilla E on the state |0〉. (b) SWAP test for estimating the fidelity F (Φθ,ΦM ) between the variational and target Choi

states. A control qubit in the |+〉 state is used to apply controlled-SWAP gates between the registers (R1↔R2, S1↔S2); the overlap is given

by measuring σx on the control. (c) Circuit for measuring the cross-term 〈ψk|M̃
†αM |ψk〉 for the regression cost function Lreg. An ancilla

qubit is used to control the application of the target operation αM and the variational block M̃† on the probe state |ψk〉; the desired matrix

element is obtained by measuring σx on the ancilla.

Thus, the strategy can formulate as follows. Using a small shot budget, prepare ΦM repeatedly and estimate a sketch of

|Tr(ΦMP )| over a random subset of Pauli strings. Perform importance sampling with w̃P and use a self-normalized or control-

variate estimator to correct residual bias. This approach retains the hardware simplicity, only preparations and Pauli measure-

ments of ΦM , while recovering much of the variance reduction of ideal DFE. Notably, if ΦM is low-weight in Pauli basis, the

DFE protocol becomes particularly resource-efficient.

The second potential strategy relies on being able to prepare both Choi states on hardware. A SWAP-based overlap estimator

provides a simple, fully coherent objective [Fig. S1(b)] [S2]. Attach a control qubit in |+〉, apply parallel controlled-SWAP gates

between corresponding pairs (R1↔R2) and (S1↔S2), then measure σx on the control. The expectation gives

1/2 + Tr(ΦθΦA)/2.

Remarkably, Choi states are required to be normalized to unit trace before the SWAP test. We ignore an normalization factor

which can be estimated in an additional experiment.

To circumvent the need for controlled gates in the SWAP test, we mention two strategies that offer shallower circuit implemen-

tations while providing unbiased estimates of the overlap Tr(ΦθΦA). One approach is a destructive SWAP test performed via

Bell-basis measurements on each corresponding pair of qubits from the two Choi states, followed by classical parity processing.

This method replaces coherent controlled-SWAP gates with local Bell measurements and classical post-processing, significantly

reducing circuit depth. Another strategy uses two-copy randomized measurements: applying the same random local Clifford gate

to both copies, measuring in the computational basis, and employing a standard overlap estimator for Tr(ρσ). Both techniques

yield unbiased estimates of Tr(ΦθΦA) while requiring only shallow circuits, making them suitable for near-term hardware with

limited coherence times.

If Choi states are unavailable, we bring with the third potential strategy with Lreg as our cost function. We minimize

Lreg(θ) =
1

K

K
∑

k=1

∥

∥M̃(θ)|ψk〉 − αM |ψk〉
∥

∥

2

2
, (S3)

over a set of probe states {|ψ1〉, |ψ2〉, ..., |ψK〉}, which may consist of computational basis states, product states, or states

generated via Haar scrambling. Expanding the norm leads to matrix elements of the form 〈ψj |M̃ †M̃ |ψj〉, 〈ψj |αM †αM |ψj〉
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which are either classically known or estimated once, and cross terms 〈ψj |M̃ †αM |ψj〉. The latter are accessible experimentally

by quantum circuit shown in Fig. S1(c) [S3].

We assume that all gate parameters in the parameterized quantum circuits support analytic parameter-shift derivatives on the

hardware. Consequently, we can employ a hybrid approach that combines the two previously proposed schemes, to find the

unitary dilation USE(θ), where parameterized quantum circuits are implemented on quantum devices.

SII. DETAILS OF QUANTUM CIRCUITS

In this section, we present the details of the quantum circuits used in the main text. Figures S2 and S3 show the different

quantum circuits containing 3 qubits to simulate two-level open quantum systems under specified time conditions using the

VQA for Unitary Dilation (VQAUD) and the standard Sz.-Nagy dilation approaches, respectively. As visually evidenced, the

VQAUD protocol reduces the quantum circuit complexity in unitary dilation implementation.

In the main text, we have simulated a non-Markovian detuned damped Jaynes–Cummings. Here, we provide the complex

expressions of the Lamb shift S(t) and decay rate γ(t) used in the implementation:

S(t) =
γ0λ∆

λ2 +∆2

[

1− e−λt

(

cos(∆t) +
λ

∆
sin(∆t)

)]

−γ
2
0λ

2∆3e−λt

2(λ2 +∆2)3

{[

1− 3

(

λ

∆

)2
]

(

e−λt − e−λt cos(2∆t)
)

− 2

[

1−
(

λ

∆

)4
]

∆t sin(∆t)

+4

[

1 +

(

λ

∆

)2
]

λt cos(∆t)− λ

∆

[

3−
(

λ

∆

)2
]

e−λt sin(2∆t)

}

, (S4)

γ(t) =
γ0λ

2

λ2 +∆2

[

1− e−λt

(

cos(∆t)− ∆

λ
sin(∆t)

)]

+
γ20λ

5e−λt

2(λ2 +∆2)3

{[

1− 3

(

∆

λ

)2
]

(

e−λt − e−λt cos(2∆t)
)

−2

[

1−
(

∆

λ

)4
]

λt cos(∆t) + 4

[

1 +

(

∆

λ

)2
]

∆t sin(∆t)

+
∆

λ

[

3−
(

∆

λ

)2
]

e−λt sin(2∆t)

}

, (S5)

where γ0, λ, and ∆ represent the Markovian decay rate, the spectral width, and the detuning between the center frequency of the

cavity and the atomic transition frequency, respectively.

Furthermore, 5-qubit parameterized quantum circuits used to compute and implement the unitary dilation of operators at

three-levels and four-levels M = eLt (t → ∞) are presented in Figs. S4 and S5. Additionally, we have computed the

finite-time evolution simulations of the corresponding systems, with the results shown in Fig. S6. The quantum computational

resources required for these simulations are presented in Table S1. Figure S7 shows the quantum circuit for implementing

single-optimization VQAUD.
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(b)

(a)

FIG. S2. Variational quantum circuit for simulating two-level quantum open systems. The four-layer VQA-constructed algorithm com-

bines parameterized R(θi) rotations and CNOT entangling gates, optimized to approximate the (a) Markovian and (b) non-Markovian prop-

agator with Ωt = 6π and γ0t = 6π (α = 0.9), respectively. Circuit parameters are trained through the Frobenius norm minimization

minθ ‖U (2)(θ)− αM‖F , achieving final approximation error (a) 2.6× 10−3 and (b) 3.3× 10−6.
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FIG. S3. Sz.-Nagy dilation simulation of two-level open systems in a quantum circuit. The unitary dilated propagator with Ωt = 6π (α = 0.9)

is decomposed into a quantum circuit comprising of single-qubit gates and two-qubit gates.
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FIG. S4. Variational quantum circuit for steady-state simulation of three-level open systems. The VQA-constructed architecture combines

parameterized R(θi) rotations and CZ entangling gates, optimized to approximate the propagator exp(Lt) with t → ∞ (α = 0.5). Circuit

parameters are trained through Frobenius norm minimization minθ ‖U
(9)(θ)− αM‖F , achieving final approximation error 5.0× 10−4.
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FIG. S5. Variational quantum circuit for steady-state simulation of four-level open systems. The VQA-constructed architecture combines

parameterized R(θi) rotations and CZ entangling gates, optimized to approximate the propagator exp(Lt) with t → ∞ (α = 0.5). Circuit

parameters are trained through Frobenius norm minimization minθ ‖U
(16)(θ)− αM‖F , achieving final approximation error 9.0× 10−5.
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FIG. S6. Numerical simulation results of finite-time evolutions of (a) three-level open system (Ωt = 5) from the initial state |0〉 and (b) four-

level open system (Ωt = 1) from initial states in uniform superposition via three approaches (VQAUD, standard Sz.- Nagy dilation algorithm,

and unitary decomposition algorithm) using the quantum devices noise parameters λ = 1×10−3 and ω = 1×10−3. The dashed lines indicate

the ideal reference from the master equation simulation.
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FIG. S7. Variational quantum circuit for simulating time-independent two-level quantum open systems within single optimization of time step

(a) Ωt = 0.1 (2nd-order approximation), (b) Ωt = 0.5 (2nd-order approximation) and (c) Ωt = 0.5 (3rd-order approximation).

TABLE S1. Quantum resource comparison for implementing M = exp(Lt) with finite time in Fig S6. VQAUD significantly reduces gate

counts compared to previous methods. Reduction percentages are shown relative to Ref. [S4] and Ref. [S5].

Simulated

systems

Single-qubit gate count Two-qubit gate count Qubit count

VQAUD Ref. [S4] Ref. [S5] Reduction (%↓) VQAUD Ref. [S4] Ref. [S5] Reduction (%↓) VQAUD Ref. [S4] Ref. [S5]

2-level 36 287 74 (87.5% / 51.4%) 8 84 20 (90.5% / 60.0%) 3 4 3

3-level 174 5488 1347 (96.8% / 87.1%) 41 1791 431 (97.7% / 90.5%) 5 6 5

4-level 238 5414 1381 (95.6% / 82.8%) 57 1773 444 (96.8% / 87.2%) 5 6 5

SIII. EXPERIMENTAL PARAMETERS OF SUPERCONDUCTING QUANTUM COMPUTING PLATFORM

In this section, we provide additional details about the experimental platform used in the main text. The Baihua supercon-

ducting quantum computing platform consists of more than one hundred superconducting qubits, with the qubit information and

connectivity for two-qubit entangling gates shown in Fig. S8. Table S2 presents the most recent calibration data for the qubits

used in our experiments.

SIV. KRAUS METHOD SIMULATION

In the main text, we have discussed in detail the application of VQAUD in implementing the vectorized Lindblad master

equation for simulating open quantum systems. However, because of the extensive and complex nature of quantum open sys-

tems, alternative mathematical descriptions are sometimes required. Our approach is equally applicable to the Kraus operators

approach. The dynamics of open quantum systems can be described through Kraus operators:

ρ(t) =
∑

k

MkρM
†
k . (S6)
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FIG. S8. Used superconducting quantum computing platform Baihua, where blue dots/lines denote available qubits/connections and gray

dots/lines indicate unavailable qubits/connections. Baihua is developed and maintained by Superconducting Quantum Computing Group from

Beijing Academy of Quantum Information Sciences.

TABLE S2. Calibration data for Baihua. The calibration date was 05/29/25.

Qubit

Parameter 21 22 23

T2 (µs) 40.05 40.27 50.34

f (GHz) 3.99 4.43 4.06

T1 (µs) 59.18 69.02 84.98

Gate error (×10
−4) 5.8 10 4.9

Readout error (×10
−2) 1.85 2.12 2.73

Multiqubit errors (×10
−3):

(21,22) 7.6

(22,23) 8.9

where {Mk} satisfies the completeness condition
∑

kM
†
kMk = I . An initial ρ is expressed as a sum of different pure quantum

states weighted by the associated probabilities:

ρ =
∑

i

Pi|φi〉〈φi|. (S7)

This implies that by setting M =Mk (α = 1), we can employ the VQAUD method to find an approximate unitary dilation U
of Mk, thereby allowing the simulation of the following equation in quantum circuits.

U(θ∗)(|φi〉 ⊕ |0〉) = (Mk|φi〉)⊕ |⋆〉. (S8)
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FIG. S9. Ideal VQAUD-based numerical simulation for the populations of the ground and excited states in a two-level open model (γ =
1.52 × 109 s−2) with Kraus method.

EachMk|φi〉 term corresponds to an independent quantum circuit. After obtaining the measurement outcomeMk|φi〉 from each

circuit, the complete ρ(t) can be reconstructed through classical post-processing: ρ(t) =
∑

k

∑

i PiMk|φi〉〈φi|M †
k .

We now concretely demonstrate the universal applicability of our approach for the Kraus operator method in the context of an

open two-level model. In the operator sum representation:

ρ(t) =M0ρM
†
0 +M1ρM

†
1 , (S9)

where M0 =

(

1 0

0
√
e−γt2

)

, and M1 =

(

0
√
1− e−γt2

0 0

)

.

Consider now an arbitrary initial ρ = 1
4

(

1 1
1 3

)

for an example that can be decomposed into ρ = (|1〉〈1| + |+〉〈+|)/2, then

the simulation result for the population of each basis is shown in Fig. S9.
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