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We introduce a Basis Adaptive (BA) algorithm for hybrid quantum-classical simulation of cor-
related quantum many-body systems. Starting from a small set of physically motivated bitstrings,
the algorithm iteratively applies a single-step first-order Trotterized circuit on a quantum processor,
filters the sampled configurations by enforcing U(1) spin conservation and lattice reflection sym-
metry, and classically diagonalizes the Hamiltonian in the resulting reduced Hilbert space. This
design avoids the variational optimization overhead of VQE, the deep coherent circuits required by
QPE, and the symmetry-violating subspaces that arise in SKQD. The ground-state energy error is
bounded analytically by

√
8 ∥H∥(1 − √

αDT )
1/2, where αDT is the probability weight captured by

the DT sampled basis states; this bound connects algorithm performance directly to ground-state
sparsity and explains the observed accuracy hierarchy across phases. Benchmarked on the spin- 1

2
Heisenberg XXZ chain (N up to 62 qubits, IBM Heron processor), the algorithm achieves 3.5%
energy error in the gapped Néel phase (∆ = 2.0) and below 0.5% at the ferromagnetic boundary
(∆ = −1.0). Accuracy degrades to 28.7% in the strongly quasi-long-range-ordered regime (∆ = 0.5),
Spin–spin correlation functions are reproduced across all regimes, confirming that symmetry-filtered
real-time sampling offers a practical and noise-resilient pathway to ground-state properties on near-
term quantum hardware.

I. INTRODUCTION

Quantum many-body effects in condensed matter sys-
tems are ubiquitous and play a crucial role in giving
rise to a variety of emergent quantum phases, including
unconventional magnetism [1–3], superconductivity [4–
6], quantum spin liquids [7–9], and entanglement-driven
orders [10, 11]. However, studying the quantum many
body systems remains intractable due to the exponen-
tial growth of the Hilbert-space dimension with system
size. This exponential scaling makes exact solutions in-
feasible for most systems, while exactly solvable small
systems suffer from significant finite-size effects, which
hinder a true understanding of real materials [12–14].
Standard numerical approaches—such as exact diagonal-
ization (ED)[14–16], quantum Monte Carlo [17–22], and
tensor-network methods [23–26]—have provided impor-
tant insights, but each suffers from inherent limitations.
ED is restricted by small system sizes, quantum Monte
Carlo is limited by the fermionic and frustrated sign
problems [27, 28], and tensor-network methods struggle
in regimes with strong entanglement or long correlation
lengths [29].

Quantum computation offers a potential path for-
ward by encoding many-body wavefunctions directly
in quantum hardware. A variety of algorithms have
been proposed for ground-state preparation and Hamilto-
nian simulation. The Variational Quantum Eigensolver
(VQE) [30–34] is attractive for near-term hardware de-

∗ manoranjan.kumar@bose.res.in

vices because it requires shallow circuits, but its per-
formance is limited by optimization landscapes that be-
come highly nonconvex for strongly correlated states [35].
Quantum Phase Estimation (QPE) [36, 37] can achieve
high precision but demands deep, coherent circuits that
are only practical on fault-tolerant quantum processors.
Krylov-subspace methods [38], including Sample-based
Krylov Quantum Diagonalization (SKQD) [39, 40], mit-
igate some depth requirements but often generate noisy
or symmetry-violating subspaces, reducing accuracy.
Imaginary-time evolution schemes [41, 42] involve effec-
tive nonunitary dynamics that can be approximated with
ancilla-based circuits and are sensitive to noise. Real-
time evolution approaches [43, 44] can be implemented
using shallow Trotter circuits, but short-time evolution
may not capture the dominant ground-state structure un-
less basis states are carefully selected and filtered. A com-
plementary class of hybrid quantum-classical approaches
seeks to identify a compact low-energy subspace using
quantum sampling, followed by classical diagonalization
within the sampled subspace. Early work in this direc-
tion introduced Quantum-Selected Configuration Inter-
action (QSCI)[45–47], in which measurement outcomes
from a quantum computer are used to select the most rel-
evant basis configurations for a configuration-interaction
calculation [45]. Subsequently, adaptive variants such as
ADAPT-QSCI [48] were developed to iteratively improve
the sampling state. More recently, time-evolved states
have been employed to enhance the quality of the sam-
pled subspace in TE-QSCI [46], while related develop-
ments include HSB-QSCI [47] and Sample-based Krylov
Quantum Diagonalization (SKQD) [39], which construct
effective subspaces through quantum-generated samples.
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These studies demonstrate the potential of quantum-
assisted subspace construction as a promising route to-
ward solving quantum many-body problems beyond the
reach of ED. Despite these advances, constructing a
compact basis that accurately captures the low-energy
physics remains challenging, particularly as the Hilbert-
space dimension grows with the system size and the sam-
pling efficiency becomes increasingly important [49].

These challenges motivate the need for a systematic
and hardware-efficient framework for constructing com-
pact, physically meaningful basis sets. Here, we intro-
duce a Basis Adaptive (BA) algorithm in which a reduced
Hilbert space is generated through short duration real-
time evolution of physically motivated computational-
basis states on a quantum processor, thereby capturing
the essential low-energy physics while avoiding the ex-
ponential cost of the full Hilbert space. In contrast to
existing QSCI- and Krylov-based approaches, the gen-
erated configurations are explicitly filtered to preserve
the symmetries of the Hamiltonian, including conserva-
tion of total Sz and lattice reflection symmetry, before
the reduced Hamiltonian is diagonalized classically. The
iterative selection of the most probable basis states fur-
ther concentrates the subspace onto the physically rele-
vant low-energy sector. Because the method naturally fo-
cuses on symmetry-allowed low-energy configurations, it
avoids the variational optimization overhead of VQE, the
deep circuits required by QPE, and reduces the sampling
of symmetry-violating states that can arise in generic
Krylov-based constructions.

In this work we study the spin- 12 Heisenberg XXZ chain
to evaluate the performance of the algorithm. The XXZ
model is an interesting model which exhibits a ferromag-
netic phase ∆ < −1 , a critical Tomonaga–Luttinger liq-
uid for −1 < ∆ ≤ 1, and an antiferromagnetic Néel-
ordered phase for ∆ > 1 [50, 51]. These regimes differ
markedly in their entanglement structure and quantum
fluctuation strength, making the model an ideal bench-
mark. We implement the BA algorithm on IBM’s Heron
quantum processor for systems containing up to 62 qubits
and compare the results with those obtained from Den-
sity Matrix Renormalization Group (DMRG) and SKQD.

Our results demonstrate that the proposed approach
achieves sub-percent accuracy in ground-state energies
across a broad range of anisotropy values. It also repro-
duces spin–spin correlation functions with high fidelity
and outperforms SKQD for comparable reduced-space
dimensions. These findings indicate that symmetry-
filtered, real-time sampling provides a robust and effi-
cient pathway for studying correlated quantum systems
on currently accessible quantum hardware.

This paper is organized into six sections. In Section II,
we introduce the model Hamiltonian and the numerical
approaches used to benchmark our results. Section III
presents the BA algorithm employed for the quantum
computations. In Section IV, we discuss the energy error
bounds and ground-state sparsity. Section V contains
the numerical and quantum-computing results. Finally,

in Section VI, we summarize our findings and provide
concluding remarks.

II. MODEL HAMILTONIAN AND NUMERICAL
APPROACH

The spin- 12 XXZ chain is described by the Hamiltonian

H = J

L∑
j=1

(
Sx
j S

x
j+1 + Sy

j S
y
j+1 +∆Sz

j S
z
j+1

)
, (1)

where Sα
j = 1

2σ
α
j are spin-1/2 operators, and J = 1

sets the energy scale and antiferromagnetic nature of ex-
change, ∆ as the anisotropy parameter controlling the
interaction along the z-axis. In this work, we employ
DMRG to benchmark the results obtained from the BA
algorithm for system sizes up to N = 62 [52]. Using
these complementary numerical approaches, we compare
the ground state (gs) energy, spin–spin correlation func-
tions obtained from the BA algorithm and ED method
for system size up to N = 24. These comparisons serve as
benchmarks for assessing the accuracy and performance
of the BA Algorithm.

III. BASIS ADAPTIVE ALGORITHM

For a given quantum system, the ground-state wave-
function can always be expressed as a linear combination
of the computational basis states of the Hilbert space.
If {|b0⟩ , |b1⟩ .. |bk⟩ ...} denotes a complete basis, then the
ground state may be written as

|ϕ0⟩ =
∑
k

ck |bk⟩. (2)

In most physical systems, only a very small fraction of
these basis states contribute significantly to the ground-
state wavefunction, while the majority have negligible
amplitudes i.e, ck ≈ 0. Therefore, we can construct a
trial wavefunction using the most probable basis states
from the ground state,

|ϕtrial⟩ ≈
NSD∑
k∈S

c′k |bk⟩, (3)

where S denotes the subset of basis states with signif-
icant finite amplitudes c′k, and NSD is the subspace di-
mension, i.e., the number of basis states retained in the
truncated subspace. Our final goal is to get the approxi-
mated ground state wavefunction |ϕ̃⟩, therefore, we begin
with a very small set dominant basis states {|bk⟩} and
evolve them through a short time step, ∆t. The short-
time evolution of the approximate state can be written
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as

|ϕ′trial(∆t)⟩ = e−iH∆t
∑
k

c′k |bk⟩. (4)

The time evolution is unitary operator and for small ∆t,
Taylor expansion of the time evolution operator has the
following form,

e−iH∆t ≈ I − i∆tH +
(i∆tH)2

2
+O(∆t3), (5)

After a short-time ∆t approximate state can be written
as

|ϕ′trial(∆t)⟩ ≈
[
I − i∆tH +

(i∆tH)2

2
+ · · ·

]∑
k

c′k |bk⟩.

(6)

The evolved state may also be expanded in the exact
eigenbasis {|ψn⟩} of the Hamiltonian,

|ϕ′trial(∆t)⟩ =
∑
n

an e
−iEn∆t |ψn⟩, (7)

and re-expanding it back in the computational basis
yields

|ϕ′trial(∆t)⟩ =
N1

SD∑
b′k∈S1

a′k |b′k⟩. (8)

The long time evolution naturally generates many ad-
ditional basis states and the evolved wavefunction be-
comes function of various basis states which are generated
through two-, four- or higher order spin flips, expanding
the size of the truncated Hilbert space. To get a flavor of
this we used spin flipped basis states for obtaining accu-
rate ground state of models in Ising limit of the Hamilto-
nian starting with antiferromagnetic Ising basis and the
calculation is presented in the Appendix A. It is shown
that how the transverse anisotropy can be treated pertur-
batively and second and fourth order of contribution are
just two spin flip or four spin flip terms. However, higher
order of spin-flip process may generate all the basis states
and these states may not be specifically relevant to only
low-energy eigen-states of the Hamiltonian.

In this work, we are interested only in the ground state,
thus, we want to generate only those basis states of the
Hilbert space which are relevant to the ground state. We
follow an iterative algorithm [53], where, we start with
only a few basis states which are most relevant for the
ground state of the Hamiltonian and the operation of the
Hamiltonian on these basis states are very similar to the
time evolution which generates many newly configura-
tion. We now construct the Hamiltonian matrix in the
newly expanded reduced Hilbert space and get ground
state wavefunction. The most probable basis states, i.e
states with highest probability, are selected and these ba-
sis states are time evolved to form the expanded Hilbert

space. This process is repeated till the gs energy is con-
verged. The overall workflow of the basis-adaptive algo-
rithm is summarized in Fig. 2.
This method can be efficiently implemented on the

Quantum Computer (QC) and basis states can be evolved
with short time using the QC and the construction of
the Hamiltonian matrix and gs wavefunction calculation
is done on classical computer. In this work we develop
a basis adaptive algorithm which used hybrid quantum
and classical approach to solve the quantum many body
model systems. The steps of the BA algorithm can be
described below:

1. Initialization: We prepare a small set of repre-

sentative bitstrings, {b(0)k }, which encode the domi-
nant spin configurations contributing to the ground
state of the Hamiltonian H. Each bitstring corre-

sponds to a computational-basis state |b(0)k ⟩ within
the Hilbert space of the system H. Unlike con-
ventional wavefunction-based approaches, we treat

each |b(0)k ⟩ as an independent sample wavefunction.
The initial configurations can be chosen from the
ground state of the Ising (axial) part ofH or guided
by the most probable basis states obtained from
solution of small system size. For example, in the
XXZ Hamiltonian (Eq. 1) with J > 0 and ∆ ≥ 1,
the two relevant configurations are

|b(0)1 ⟩ = |↑↓↑↓ · · ·⟩ , |b(0)2 ⟩ = |↓↑↓↑ · · ·⟩ .

2. Time Evolution: In the i-th iteration, each con-

figuration |b(i)k ⟩ is evolved independently under the
unitary operator for short time evolution U(∆t) =
e−iH∆t:

e−iH∆t |b(i)k ⟩ =
∑

|bj⟩∈B(i)′
k

c
(i)
jk |bj⟩ , (9)

where B(i)′
k denotes the set of computational basis

states generated.

For the XXZ Hamiltonian,

H =
∑
j

Hj ,

Hj =
1
2

(
S+
j S

−
j+1 + S−

j S
+
j+1

)
+∆Sz

j S
z
j+1. (10)

Using the first-order Lie–Trotter decomposition,

e−iH∆t ≈
∏
j

e−iHj∆t +O((∆t)2), (11)

each local term Hj acts on two neighboring spins,
allowing the evolution to be implemented through
a sequence of two-qubit unitaries on a quantum cir-
cuit (see Fig. 1). The detailed construction of the
circuit is discussed in the Appendix A. The same
circuit is applied independently to each input bit-
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string |b(i)k ⟩, producing the evolved configurations

|b(i)
′

k ⟩.

FIG. 1. Trotterized quantum circuit for the XXZ Hamil-
tonian in Eq. 1 based on the first-order Lie–Trotter de-
composition. The bond exchange of Hamiltonian Hk =
J(XkXk+1 + YkYk+1) + ∆ZkZk+1 is decomposed into non-
commuting parts HXY and HZZ , whose time evolutions are
implemented sequentially using RXX , RY Y , and ZZ rotation
gates. The single-qubit U3 gates prepare the initial state, and
the layered structure of RXX , RY Y , and ZZ gates realizes
one Trotter step of the evolution.

3. Measurement, Union, and Symmetry Filter-
ing: In the third step, each evolved configuration

|b(i)
′

k ⟩ is measured in the computational basis to ob-

tain a distribution B(i)′

k . The complete set of bit-
strings generated from all evolved configurations is
then combined to form their union,

B(i)′ =
⋃
k

{b(i)
′

k }.

From this unified set B(i)′ , we retain only those
bitstrings that satisfy the required physical con-
straints — specifically, conservation of the total Sz

component and the U(1) symmetry of the Hamil-
tonian. Furthermore, we symmetrize the set by in-
cluding partners of bitstrings representing config-
urations related by the reflection invariably of the
Hamiltonian. The resulting symmetry-adapted set
of bitstrings is denoted as Bsym(i)′ , ensuring that
the reduced subspace preserves both U(1) and re-
flection symmetries.

4. Hilbert-Space Reconstruction and Classical
Diagonalization: In the fourth step, the filtered
and symmetrized bitstrings Bsym(i)′ define the re-
duced Hilbert space for the next iteration. Within
this reduced subspace, we construct the Hamilto-
nian matrix corresponding to H and perform an
ED calculation on a classical computer. The lowest
eigenvalue and the associated eigenvector, denoted
as Ei and |Ψi⟩, respectively, represent the approxi-
mate ground-state energy and wavefunction at the
i-th iteration.

5. In the fifth step, if our ground state energy is con-

verged then we calculate all the relevant quantity
like correlation functions, spin density etc and exit
or we construct updated wavefunction retaining mi

number of basis states which have highest proba-
bility c2i in the ground state wavefunction of the
projected Hamiltonian from ED calculation. These
most probable bases {bi+1

m } work as initial basis set
for the next iteration (i+ 1)th and repeat the step
two-five till the energy is converged. Typically, the
dominant basis states contributing to the ground
state are recovered within two iterations, leading
to rapid convergence of the ground-state energy.

FIG. 2. Schematic workflow of the Basis Adaptive Algorithm.
An initial set of m0 bitstrings is evolved using the Trotterized
time-evolution operator on a quantum device and measured to
generate a new set of sampled bitstrings. These bitstrings are
then expanded by adding symmetry-related configurations,
forming a symmetrized subspace in which the Hamiltonian is
classically diagonalized. The mi+1 most probable bitstrings
from the resulting eigenstate are selected and used to define
the basis set for the next iteration.

IV. ENERGY ERROR BOUNDS AND
GROUND-STATE SPARSITY

A central quantity governing the accuracy of any sub-
space diagonalization method is how well the chosen
reduced Hilbert space captures the true ground state
|ϕ0⟩. We characterize this through the sparsity parame-
ter αDT

, the total probability weight carried by the DT

largest computational-basis coefficients of |ϕ0⟩ [39].
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A. General energy bound

To understand how the number of retained bitstrings
controls the accuracy of the BA method, we derive an
upper bound on the energy error following the analysis
of Refs. [39, 54].

Let the exact ground state be expanded in the compu-
tational basis as

|ϕ0⟩ =
DH∑
j=1

cj |bj⟩, (12)

where the coefficients are sorted in descending order,

|c1| ≥ |c2| ≥ · · · ≥ |cDH |. (13)

Here DH denotes the full Hilbert-space dimension. Re-
taining a number of largest-amplitude basis states DT ,
we define the cumulative retained weight

αDT
=

DT∑
j=1

|cj |2. (14)

The BA approximation to the ground state is then

|ϕ̃⟩ = C−1
DT∑
j=1

cj |bj⟩, (15)

with normalization

C =

DT∑
j=1

|cj |2
1/2

=
√
αDT

. (16)

Defining

|ϕ′⟩ = |ϕ̃⟩ − |ϕ0⟩, (17)

and applying the Cauchy–Schwarz inequality (see Ap-
pendix B), the energy error is bounded by

∆E ≤
√
8 ∥H∥

(
1−√

αDT

)1/2
(18)

where ∥H∥ is the spectral norm of the Hamiltonian.
The bound depends entirely on the retained probabil-

ity weight αDT
. Consequently, the convergence of the

BA method is determined by how rapidly the sorted co-
efficient distribution |cj |2 decays with the rank index j.
We now analyze this behavior for the different phases of
the XXZ chain.

B. Short-range / gapped regime (∆ > 1)

In the Néel phase (∆ > 1), the ground-state wave-
function is strongly localized in the computational basis.
Numerically, we find that the sorted probabilities are well
described by an exponential form,

|cj |2 ≃ c0e
−j/j0 , (19)

where j0 is a characteristic decay scale.
As shown in Appendix C, this exponential form implies

1−√
αDT

≃ 1

2
e−DT /j0 . (20)

Substituting into Eq. (18) yields

∆E
∣∣
∆>1

≲
√
2 ∥H∥e−DT /(2j0). (21)

Therefore, the BA energy error decreases exponentially
with the retained subspace dimension DT . This pre-
diction is consistent with the small errors observed at
∆ = 2.0 in Table III, despite retaining only a tiny frac-
tion of the full Hilbert space.

C. Quasi-long-range ordered regime (−1 < ∆ ≤ 1)

For −1 < ∆ ≤ 1, the XXZ chain is in a gapless
Tomonaga–Luttinger-liquid phase characterized by alge-
braically decaying correlations.
Numerically, we find that the sorted computational-

basis probabilities are well described by a power-law
form,

|cj |2 ≃ c̃0
jγ
, (22)

where γ is obtained from fitting the coefficient distri-
bution. The slower decay compared to Eq. (19) indicates
a less sparse ground state and consequently a slower con-
vergence of the BA method.
As shown in Appendix C, the retained weight satisfies

αDT
=

1−D 1−γ
T

1−D 1−γ
H

. (23)

The resulting convergence behavior depends on the
value of the coefficient exponent γ.
For γ > 1,

(
1−√

αDT

)1/2 ≃ 1√
2
D

−(γ−1)/2
T , (24)
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which yields

∆E ≲
√
2 ∥H∥D−(γ−1)/2

T . (25)

The marginal case γ = 1 separates the two regimes. In
this case,

αDT
=

lnDT

lnDH
, (26)

which gives

∆E ≲ 2∥H∥

[
1−

√
lnDT

lnDH

]1/2
. (27)

The convergence is therefore logarithmically slow in
the retained subspace dimension DT .
For γ < 1,

αDT
≃
(
DT

DH

)1−γ

, (28)

leading to

∆E ≲ 2∥H∥

[
1−

(
DT

DH

)(1−γ)/2
]1/2

. (29)

Thus, irrespective of the precise value of γ, the conver-
gence in the critical regime is substantially slower than
the exponential behavior observed in the gapped Néel
phase. The slower decay of the sorted coefficient distri-
bution implies that significantly larger subspaces are re-
quired to achieve a given target accuracy, consistent with
the larger BA errors observed near the critical region in
Table III.

a. XY / ferromagnetic boundary (∆ → −1). As
∆ → −1+, the fitted coefficient exponent approaches the
marginal value γ → 1+. The ground state becomes in-
creasingly dominated by a small number of nearly polar-
ized configurations, causing αDT

→ 1 rapidly even for
modest values of DT . This explains the low errors (0.2–
0.5%) observed at ∆ = −1.0 despite the system being
formally within the quasi-long-range ordered phase.

D. Scaling summary

Table I summarizes the scaling of the retained weight
and the corresponding BA energy-error bounds in the
different regimes considered in this work. The expo-
nential convergence in the gapped Néel phase reflects
the strong sparsity of the ground-state wavefunction,
whereas the algebraic or logarithmic convergence in the

critical phase originates from the slower decay of the
sorted computational-basis coefficients. Consequently,
significantly larger subspaces are required near criticality
to achieve the same target accuracy.

TABLE I. Scaling of the retained weight and corresponding
BA energy-error bounds for the XXZ chain. Here DT denotes
the retained subspace dimension, DH the full Hilbert-space di-
mension, and γ the exponent obtained from fitting the sorted
computational-basis coefficients, |cj |2 ∝ j−γ .

Regime 1−√
αDT

∆E bound

Gapped (∆ > 1) e−DT /j0
√
2 ∥H∥ e−DT /(2j0)

Critical (γ > 1) D 1−γ
T

√
2 ∥H∥D−(γ−1)/2

T

Critical (γ = 1) 1−
√

lnDT

lnDH
2∥H∥

[
1−

√
lnDT

lnDH

]1/2

Critical (γ < 1) 1−
(
DT

DH

) 1−γ
2

2∥H∥

[
1−

(
DT

DH

)(1−γ)/2
]1/2

XY / ferromagnetic boundary (∆ → −1) αDT
→ 1 ∆E → 0

V. RESULTS

In this section we present a detailed analysis of the
performance of the proposed quantum-classical hybrid
BA algorithm applied to a antiferromagnetic spin- 12 XXZ
Heisenberg Hamiltonian on a chain. The initial basis
states used to initialize the BA algorithm for different
values of the anisotropy parameter ∆ are summarized in
Table II.

TABLE II. Initial basis states used to initialize the BA al-
gorithm for different values of the anisotropy parameter ∆.
Here, m0 denotes the number of initial basis states.

∆ m0 Initial basis states
1.0, 2.0 2 |b01⟩ = |↑↓↑↓ · · ·⟩,

|b02⟩ = |↓↑↓↑ · · ·⟩.
0.5 5 |b01⟩ = |↑↓↑↓ · · ·⟩,

|b02⟩ = |↓↑↓↑ · · ·⟩,
|b03⟩ = |↑N/2↓N/2⟩,
|b04⟩ = |↓N/2↑N/2⟩,

|b05⟩ =
N/2⊗
i=1

1√
2
(|↑↓⟩ − |↓↑⟩)2i−1, 2i.

−1.0 2 |b01⟩ = |↑N/2↓N/2⟩,
|b02⟩ = |↓N/2↑N/2⟩.

The time evolution of these basis states or bitstrings
are done using IBM quantum hardware (Heron) for sys-
tem sizes up to N = 62 qubits and we follow all the steps
of the BA algorithm. We notice that even for the second
iteration of the BA algorithm the error of the gs energy
is reduced significantly. Therefore, all results are shown
for the second iteration of algorithm and at the end of
first iteration which start choosing only m1 most proba-
ble basis obtained at the end of first iteration. We bench-
mark hybrid algorithm results against the density matrix
renormalization group (DMRG) to evaluate the accuracy
of ground state energies, and the reliability of spin-spin
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correlation functions. We also compare the energies with
the Sampling Krylov Quantum Diagonalization (SKQD)
method.

A. Analysis of the gs energy

To generate the time-evolved state, we implemented a
single-step first-order Trotterized evolution with a time
step ∆t = 0.15 for N = 48 and ∆t = 0.12 for N = 62
[see Fig.1]. The evolved state was repeatedly measured
in the computational basis, and the collected bitstrings
were post-selected to enforce two symmetries inherent
to the XXZ Hamiltonian: first, conservation of the
z-component of the total spin Sz and second, reflection
symmetry of the spin chain. Enforcing symmetry at
the sampling stage significantly stabilizes the recon-
struction of the reduced Hilbert space and suppresses
noise-induced leakage into symmetry-forbidden sectors.

For all the calculation presented in this work is done
by constructing the Hamiltonian matrix in reduced di-
mension of Hilbert space at the end of second iteration
of the BA algorithm. Then the ground state energies and
wavefunctions are calculated. In Fig. 3 (b) the percent-
age error in the gs energy is shown as a function of the
number of the percentage of the total Hilbert space di-
mension. The percentage error in gs energy is defined as,

∆Egs =
Egs(BA)−Egs(DMRG)

Egs(DMRG) × 100 where Egs(BA) and

Egs(DMRG) are total gs energy calculated from the BA
algorithm and DMRG method respectively. ∆Egs de-
creases rapidly as the number of basis states increases.

There are two factors that affect the generation of new
basis set, first the number of initial basis set at the begin-
ning of (i+1)th iteration mi and the number of measure-
ment shots Ms. The larger number of mi helps to gener-
ate the larger amount of basis states faster, whereas the
higher number of shots will generate new basis states,
but these states may include spin flips of higher order
from the original basis state.

TABLE III. Subspace dimensions, referring to the basis gen-
erated after the second iteration, and percentage error in
the ground-state energy (∆Egs) for different system sizes
(N = 48, 62) and anisotropy values ∆ with Ms = 60k and
m1 = 96.

N = 48 N = 62

∆ SD ∆Egs SD ∆Egs

-1.0 160326 0.2% 201454 0.5%

0.5 3469058 20.6% 3274338 28.7%

1.0 3317688 10.7% 3182796 15.6%

2.0 3913142 1.7% 3329260 3.5%

B. Dependence on anisotropy parameter ∆

To examine the performance of the algorithm for var-
ious parameter regimes, we computed the ground-state
energy for several values of the anisotropy parameter ∆.
Fig. 3 (a) displays the percentage recovery of the total
Hilbert space for different values of m1 ranging from 16
to 96, with Ms = 60k. On the other hand, Fig. 3 (b)
displays the percentage deviation of gs energy from the
DMRG energy for ∆ = −1.0, 0.5, 1.0, 2.0, as a function
of the percentage of the total Hilbert space dimension,
with Ms = 60k shots.
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FIG. 3. (a) Percentage recovery of the Hilbert Space with
the maximum number of retained basis states (m1), shown
for different values of ∆ and N = 48, N = 62. (b) Percentage
error in GS Energy as a function of m1 for several values of
∆, computed using Ms = 60k shots. The results highlight
how enlarging the basis enhances the ground-state accuracy.

For the antiferromagnetic isotropic Heisenberg limit,
∆ = 1.0, strong quantum fluctuations lead to a broad
distribution of basis states, and the ground state energy
error is around 10% for m1 = 96 and N = 48, while it
increases to 20% for N = 62 as shown in Fig. 3 (b). In-
creasing the values of ∆ the system gradually enters the
Ising-dominated regime, where the longitudinal interac-
tion term ∆Sz

i S
z
i+1 dominates and the transverse fluctua-

tion decreases. In this regime, the ground state becomes
increasingly classical and spin configuration is close to
antiferromagnet. Consequently, the sampling-based re-
construction becomes more efficient, and the error in the
ground-state energy systematically decreases. We also
notice that m1 = 64 is sufficient to get the energy error
less than 2% for N = 48.

C. Spin-Spin Correlation Functions

Generally, error in global quantities like total energy
tend to cancel out and give very good accuracy in the
approximate method but local correlation accuracy are
generally poor. Therefore we calculate the spin-spin cor-
relation function correlation function C(r) between two
spins separated by a distance r, which provides valuable
insight into the nature of magnetic ordering in the sys-
tem. The correlation function is defined as

C(r) = ⟨S⃗i · S⃗i+r⟩. (30)
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FIG. 4. For different ∆ (= 0.5, 1.0 and 2.0) values correlation
function is shown for 24 number of qubits with Ms = 40k.

Fig. 7 shows C(r) for a system size N = 24 and sev-
eral values of the anisotropy parameter ∆, computed us-
ing Ms = 40k and m1 = 96. In Fig. 7, the results ob-
tained from ED (shown as circles) are compared with
those from BA algorithm (shown as lines). For all values
of ∆, the correlation functions exhibit excellent agree-
ment with the ED benchmarks. The reliable reproduc-
tion of C(r) over long distances indicates that the algo-
rithm not only captures global energetic properties but
also accurately reconstructs non-local correlations, which
are sensitive probes of the wavefunction structure.

D. Comparison with SKQD

To benchmark the efficiency and accuracy of the
BA algorithm, we compare its performance with the
Sample-Based Krylov Quantum Diagonalization (SKQD)
method, one of the leading quantum-assisted subspace
diagonalization approaches currently available [55]. We
focus on the most challenging regime of the XXZ chain,
namely the isotropic point (∆ = 1) at zero longitudinal
field (hz = 0), where the ground state is highly entangled
and exhibits the weakest computational-basis sparsity.

The SKQD benchmark employs a Krylov subspace of
dimension d = 5 generated using real-time evolution
with time step ∆t = 0.06. Each Krylov vector is imple-
mented using a second-order Trotter decomposition with
three Trotter repetitions. For the largest one-dimensional
benchmark reported in Ref. [55], 60k shots were used per
Krylov vector, corresponding to a total sampling cost
of approximately 300k shots. Despite this substantial
sampling effort, the relative ground-state energy error
remains significant in the low-field isotropic regime.

Table IV compares the ground-state energy errors ob-
tained by SKQD and the BA algorithm. For N = 24,
the SKQD error extracted from Fig. 5 of Ref. [55] is ap-
proximately 2.5%, whereas the BA algorithm achieves an
error of only 0.87%. For larger systems, SKQD exhibits

an error of approximately 35% for N = 50, while the BA
algorithm yields a substantially smaller error of 10.70%
for the closely comparable system size N = 48.
The superior performance of the BA algorithm orig-

inates from its adaptive construction of a symmetry-
preserving reduced Hilbert space. Unlike SKQD, which
generates a Krylov basis through repeated time evolution
and relies on extensive sampling to recover the relevant
configurations, the BA algorithm directly identifies the
most probable basis states generated during time evolu-
tion and enforces both U(1) and lattice-reflection sym-
metries at every iteration. Consequently, the reduced
Hamiltonian is constructed within a compact and physi-
cally relevant subspace, leading to a more stable classical
diagonalization procedure and improved accuracy.

TABLE IV. Comparison between SKQD and the BA algo-
rithm at the isotropic point (∆ = 1, hz = 0). The SKQD
errors are estimated from Fig. 5 of Ref. [55].

System size SKQD error BA error
N = 24 ∼ 2.5% 0.87%

N = 48 (N = 50 for SKQD) ∼ 35% 10.70%

Furthermore, the BA algorithm employs significantly
shallower circuits than SKQD. Time evolution is used
solely to generate relevant configurations rather than to
construct and sample multiple Krylov vectors. This sub-
stantially reduces circuit depth and measurement over-
head while retaining the physically important low-energy
sector.

VI. SUMMARY & FUTURE WORK

The challenge of simulating correlated quantum many-
body systems stems from the exponential scaling of the
Hilbert space. While quantum computation offers a path
forward, existing algorithms like VQE are limited by
complex optimization landscapes, and QPE requires pro-
hibitive circuit depth. We introduce an hybrid quantum-
classical algorithm ,the BA algorithm’ which overcomes
above limitations by utilizing shallow Trotterized circuits
for short and one step real-time evolution on a quan-
tum processor and choosing the most relevant basis for
the selected energy state. The resulting relevant basis of
the reduced Hilbert space are then rigorously symmetry-
filtered to enforce symmetry like conservation of longitu-
dinal component of total spin and lattice reflection sym-
metry of the model Hamiltonian. Thereafter, classical
computer diagonalizes the Hamiltonian within reduced
Hilbert space to find the gs properties.
Benchmarking of the gs results for the spin-1/2 XXZ

chain up to N = 62 qubits (on IBM’s Heron) demon-
strates the algorithm achieves good accuracy in ground-
state energies across anisotropy values −1 ≤ ∆ ≤ 2. At
the isotropic Heisenberg point, the proposed algorithm
achieves an error of 10.70% for N = 48, while the SKQD
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algorithm reports a substantially larger error of approx-
imately 35% for N = 50 [55]. For N = 62 the BAA
algorithm yields errors of 0.5% and 15.6% at ∆ = −1.0
and ∆ = 1.0, respectively. The algorithm exhibits the
maximum error of 28.7% at ∆ = 0.5 (see Table III),
owing to the quasi-long-range nature of the system in
this parameter regime. In this case, the chosen subspace
dimension is insufficient to fully capture all the correla-
tions. The method also accurately reproduces spin-spin
correlation functions and outperforms Sampling Krylov
Quantum Diagonalization (SKQD). This validates that
symmetry-filtered, real-time quantum sampling offers a
robust and efficient pathway for high-accuracy ground-
state simulations on current near-term hardware.

The BA algorithm can be extended to more challenging
quantum many-body systems, including two-dimensional
frustrated spin lattices, strongly correlated fermionic
models such as the Hubbard model, and ab initio molec-
ular Hamiltonians. Its adaptive, symmetry-filtered basis
construction provides a scalable framework for investi-

gating larger quantum systems on near-term quantum
hardware and can be further generalized to study excited
states and quantum dynamics.
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In the Basis-Adaptive (BA) algorithm described in the
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plements U(∆t) for the XXZ Hamiltonian. A represen-
tative circuit is shown in Fig. 5.

FIG. 5. Trotterized quantum circuit implementing one Trot-
ter step of the XXZ Hamiltonian (Eq. (1)) using the first-order
Lie–Trotter decomposition. The RXX , RY Y , and ZZ rotation
gates implement the XY -exchange and Ising interactions on
each bond. Initial single-qubit U3 rotations prepare the input
computational-basis configuration.

A1. Decomposition of the XXZ Hamiltonian

The nearest-neighbour XXZ Hamiltonian is

H =
∑
j

Hj , Hj = J(Sx
j S

x
j+1+S

y
j S

y
j+1)+∆Sz

j S
z
j+1.

Each local term naturally separates into two non-
commuting pieces:

Hj = H
(j)
XY +H

(j)
ZZ ,

where

H
(j)
XY = J(XjXj+1 + YjYj+1), H

(j)
ZZ = ∆ZjZj+1.

Because the two parts do not commute, [H
(j)
XY , H

(j)
ZZ ] ̸=

0, the exact evolution operator is approximated using the
first-order Lie–Trotter formula:

e−iH∆t ≈
∏
j

e−iH
(j)
XY ∆t e−iH

(j)
ZZ∆t +O((∆t)2). (A1)

This factorization directly determines the layered
structure of the quantum circuit.

A2. Implementation Using Entangling Gates

(a) XY exchange: RXX and RY Y gates

For each bond (j, j + 1), the XY part evolves under

e−iH
(j)
XY ∆t = e−iJ∆tXjXj+1 e−iJ∆t YjYj+1 .

The corresponding two-qubit rotations are imple-

mented using

RXX(θ) = e−i θ
2X⊗X , RY Y (θ) = e−i θ

2Y⊗Y ,

with rotation angle

θ

2
= J∆t.

Sequential application of RXX and RY Y realizes the
complete XY exchange for one Trotter slice.

(b) Ising term: ZZ rotation

The longitudinal interaction contributes

e−iH
(j)
ZZ∆t = e−iJ∆∆t ZjZj+1 ≡ ZZ(ϕ),

with

ϕ

2
= J∆∆t.

Most hardware platforms support ZZ(θ) natively, or
via a controlled-phase gate decomposition.

(d) Trotter Layer: Gate Decomposition

Their decompositions into basis gates are:
a. Decomposition of RZZ(θ):

RZZ(θ) =
Rz(θ)

b. Decomposition of RXX(θ):

RXX(θ) = (H ⊗H)RZZ(θ) (H ⊗H)

c. Decomposition of RY Y (θ):

RY Y (θ) = (Rx(
π
2 )⊗Rx(

π
2 ))RZZ(θ) (Rx(−π

2 )⊗Rx(−π
2 ))

(c) Full Trotter layer

One complete Trotter layer thus consists of:

• RXX rotations on all even bonds,

• RY Y rotations on all even bonds,

• ZZ rotations on all even bonds,

• followed by the same three gates on odd bonds.
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A3. Role of the Circuit in the Basis-Adaptive
Algorithm

Each computational-basis configuration |b(i)k ⟩ is treated
as an independent sample wavefunction. For each such
sample, the Trotter circuit implements

|b(i)
′

k ⟩ = U(∆t) |b(i)k ⟩ .

The measurements from all samples are collected to
form the union set of bitstrings. Crucially:

• The full wavefunction is never reconstructed on
hardware.

• Only the sampled computational-basis outputs are
retained.

• Symmetry filtering enforces conservation of total
Sz (U(1) symmetry) and reflection invariance.

The filtered set defines the reduced Hilbert subspace
for the next iteration, in which we perform an ED calcu-
lation to obtain the approximate ground state.

A4. XXZ Hamiltonian in weak perturbation limit

To understand the underlying mechanism, we consider
the Hamiltonian H given in Eq. 1 of the main text. For
large values of ∆, the model reduces to the pure Ising
limit, and the transverse exchange terms can be treated
as a small perturbation. The Hamiltonian can therefore
be written as

H =
∑
i

Sz
i S

z
i+1 + γ

∑
i

1

2

(
S+
i S

−
i+1 + S−

i S
+
i+1

)
,

where γ = 1/∆. In the Ising limit (γ → 0), the ground
state |α⟩ and one of the two–spin–flip excited states |α′⟩
are

|α⟩ = | ↑↓↑↓ · · · ⟩, |α′⟩ = | ↑↓↑↑↓↓ · · · ⟩.

The energy of the Ising ground state is

E0 = −N
4
,

while the two–spin–flip excitation has energy

Eα′

0 = −N
4

+ 1 = −1

4
(N − 4).

The second–order correction to the ground–state en-
ergy arises from these two–spin–flip states:

∆E(2) = −
∑
α′

|⟨α′|H ′|α⟩|2

Eα′ − Eα
.

Since there are N such states, this simplifies to

∆E(2) = −N
(
1

2
γ

)2

= −N
4
γ2.

At fourth order, contributions come from states in-
volving four spin flips. On a periodic chain, there are
N(N − 1)/2 such configurations, giving

∆E(4) ∝ (N − 1)N

2
γ4.

Thus, for small γ, only the two–spin–flip and four–
spin–flip sectors contribute significantly to the perturba-
tive energy, while higher–order flip processes are negligi-
ble. This implies that during time evolution, the irrel-
evant high–order spin–flip sectors may be discarded at
each step to retain only the physically relevant degrees
of freedom. The percentage error in gs energy is defined

as, ∆Egs =
|Egs(Perturbative)−Egs(ED)|

Egs(ED) × 100.

TABLE V. Comparison of exact ground-state energy and per-
turbative energy for different γ values

∆ Exact EGS(ED) Perturbative EGS ∆Egs

0.1 -6.05985 -6.06 0.0025
0.05 -6.0149 -6.015 0.0016

A5. Summary

The Trotterized circuit in Fig. 5 efficiently encodes the
XY and ZZ interactions of the XXZ Hamiltonian using
native RXX , RY Y , and ZZ gates. This circuit forms
the core quantum subroutine of the basis-adaptive hy-
brid algorithm, allowing us to sample physically relevant
configurations while avoiding the exponential complexity
of a full wavefunction representation.

Appendix B: Derivation of the General Energy
Bound

We derive Eq. (18) from first principles.
Let H act on an DH = 2n dimensional Hilbert space.

Expand the true ground state in the computational basis
with coefficients ordered by decreasing magnitude:

|ϕ0⟩ =
DH∑
j=1

cj |bj⟩, |c1| ≥ |c2| ≥ · · · ≥ |cDH |. (B1)

The sparsity parameters (αDT
, βDT

) are defined by

αDT
=

DT∑
j=1

|cj |2 ≥ αDT
, (B2)

|cj |2 ≥ βDT
∀ j = 1, . . . , DT . (B3)
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The approximate state formed from the L identified bit-
strings is

|ϕ̃⟩ = 1

C

DT∑
j=1

cj |bj⟩, C =
(DT∑
j=1

|cj |2
)1/2

≥ √
αDT

. (B4)

No let us define the difference vector |ϕ′⟩ = |ϕ̃⟩ − |ϕ0⟩.
Writing |ϕ̃⟩ = |ϕ0⟩+ |ϕ′⟩ and expanding:

∆E = ⟨ϕ̃|H|ϕ̃⟩ − ⟨ϕ0|H|ϕ0⟩
= ⟨ϕ̃|H|ϕ′⟩+ ⟨ϕ′|H|ϕ0⟩. (B5)

We can write the Cauchy–Schwarz equations for |ϕ̃⟩
and |ϕ0⟩ which are both normalized then

∆E ≤ 2∥H∥ ∥|ϕ′⟩∥. (B6)

and using the above equations we can expand |ϕ′⟩ ex-
plicitly in the full basis:

|ϕ′⟩ =
L∑

j=1

cj

(
1

C
− 1

)
|bj⟩ −

DH∑
j=L+1

cj |bj⟩. (B7)

Since the two sums run over orthogonal subspaces:

∥|ϕ′⟩∥2 =

(
1

C
− 1

)2
C2 + (1− C2)

= (1− C)2 + (1− C2) = 2− 2C. (B8)

Hence ∥|ϕ′⟩∥ =
√
2
√
1− C.

Now using C ≥ √
αDT

, we can write

∥|ϕ′⟩∥ ≤
√
2
(
1−√

αDT

)1/2
. (B9)

Substituting into (B6) and noting 2
√
2 =

√
8:

∆E ≤
√
8 ∥H∥

(
1−√

αDT

)1/2
. (B10)

This completes the derivation of Eq. (18).

This proof follows closely Lemma 5 (Appendix B.1)
of Ref. [56] and the analogous result in Ref. [54], both
of which build on the Krylov subspace framework of
Ref. [57].

B1. Monotonicity note

The function f(α) = (1 −
√
α)1/2 satisfies df/dα =

−1/(4
√
α
√
1−

√
α) < 0 for α ∈ (0, 1), so any lower

bound αDT
≥ αmin immediately yields an upper bound

on ∆E. This justifies using phase-specific estimates for
αL derived below.

Appendix C: Ground-State Sparsity Derivations for
the XXZ Chain

C1. Gapped phase (∆ > 1): exponential decay

In the Néel phase (∆ > 1), the system possesses a fi-
nite spectral gap and obeys an area law for entanglement
entropy [58, 59]. Let DH denote the full Hilbert-space
dimension and DT the number of retained basis states
in the BA truncation. After sorting the computational-
basis probabilities in descending order,

|c0|2 ≥ |c1|2 ≥ |c2|2 ≥ · · · , (C1)

the retained weight is defined as

αDT
=

DT∑
j=0

|cj |2. (C2)

FIG. 6. For N=24 and ∆ = 5.0, the computational-basis
probabilities |cj |2 varies exponentially with the Hilbert space
j.

To characterize the sparsity of the ground state in the
gapped Néel phase, we numerically examined the sorted
computational-basis probabilities |cj |2. For N = 24 and
∆ = 5, the distribution is well fitted by

|cj |2 ≃ c0e
−j/j0 , (C3)

with j denoting the rank of a basis state after sorting
in descending order of weight. We observe qualitatively
similar behavior for other values of ∆ > 1. Assuming this
exponential form, the retained probability weight αDT

can be estimated analytically as follows.
The cumulative retained weight of the largest DT basis

states is

αDT
=

DT∑
j=0

|cj |2 ≈
∫ DT

0

c0e
−j/j0 dj. (C4)
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Evaluating the integral gives

αDT
= c0j0

(
1− e−DT /j0

)
. (C5)

The normalization condition

DH∑
j=0

|cj |2 = 1 (C6)

yields

1 =

∫ DH

0

c0e
−j/j0 dj = c0j0

(
1− e−DH/j0

)
, (C7)

so that

c0j0 =
1

1− e−DH/j0
. (C8)

Substituting into αDT
gives

αDT
=

1− e−DT /j0

1− e−DH/j0
. (B1)

For large Hilbert-space dimension DH ≫ j0,
e−DH/j0 ≪ 1, and therefore

αDT
≃ 1− e−DT /j0 . (C9)

Expanding for αDT
close to unity,

√
αDT

=
√
1− e−DT /j0 ≃ 1− 1

2
e−DT /j0 , (C10)

which implies

1−√
αDT

≃ 1

2
e−DT /j0 . (C11)

Hence, (
1−√

αDT

)1/2 ≃ 1√
2
e−DT /(2j0). (B2)

Therefore the BA truncation error decreases exponen-
tially with the retained basis size DT ,

ϵBA ∝ e−DT /(2j0), (C12)

establishing exponentially fast convergence in the gapped
Néel phase.

C2. Critical TLL (−1 < ∆ ≤ 1): logarithmic
convergence

Let DH denote the full Hilbert-space dimension and
DT the number of basis states retained in the BA sub-
space. After sorting the computational-basis probabili-

FIG. 7. For N=24 and ∆ = 0.5, the computational-basis
probabilities |cj |2 decay is powerlaw with the Hilbert space j.

ties in descending order,

|c1|2 ≥ |c2|2 ≥ · · · , (C13)

we define the retained probability weight

αDT
=

DT∑
j=1

|cj |2. (C14)

In the critical Tomonaga–Luttinger liquid regime
(−1 < ∆ ≤ 1), the sorted probabilities are found nu-
merically to follow a power-law form,

|cj |2 ≃ c̃0
jγ
, (C15)

where γ is obtained from fits to the coefficient distribu-
tion.
For large DT , the sum may be approximated by an

integral:

αDT
≈
∫ DT

1

c̃0
jγ
dj. (C16)

For γ ̸= 1,

αDT
=

c̃0
1− γ

(
D 1−γ

T − 1
)
. (C17)

The normalization condition

DH∑
j=1

|cj |2 = 1 (C18)

gives

1 =

∫ DH

1

c̃0
jγ
dj =

c̃0
1− γ

(
D 1−γ

H − 1
)
, (C19)
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hence

c̃0
1− γ

=
1

D 1−γ
H − 1

. (C20)

Substituting into αDT
yields

αDT
=
D 1−γ

T − 1

D 1−γ
H − 1

=
1−D 1−γ

T

1−D 1−γ
H

. (B3)

a. Case I: γ > 1. For γ > 1, the retained weight is

αDT
=

1−D 1−γ
T

1−D 1−γ
H

. (B4)

Since DT ≫ 1 and DH ≫ 1, both D 1−γ
T and D 1−γ

H are
small. Using the binomial expansions

(1− x)1/2 = 1− x

2
+O(x2), (C21)

and

(1− y)−1/2 = 1 +
y

2
+O(y2), (C22)

with x = D 1−γ
T and y = D 1−γ

H , we obtain

√
αDT

=

(
1−D 1−γ

T

1−D 1−γ
H

)1/2

≃
(
1− 1

2
D 1−γ

T

)(
1 +

1

2
D 1−γ

H

)
≃ 1− 1

2
D 1−γ

T +
1

2
D 1−γ

H . (C23)

Therefore,

1−√
αDT

≃ 1

2

(
D 1−γ

T −D 1−γ
H

)
, (C24)

and hence

(
1−√

αDT

)1/2 ≃ 1√
2

(
D 1−γ

T −D 1−γ
H

)1/2
. (B5)

In the physically relevant limit DH ≫ DT ,

D 1−γ
H ≪ D 1−γ

T , (C25)

so Eq. (B5) simplifies to

(
1−√

αDT

)1/2 ≃ 1√
2
D

−(γ−1)/2
T . (B6)

Substituting into Eq. (18) yields

∆E ≲
√
2 ∥H∥D−(γ−1)/2

T , (B7)

showing that the BA energy error decreases alge-
braically with the retained subspace dimension DT in
the critical phase.
b. Case II: γ < 1. For γ < 1, Eq. (B4) may be

rewritten as

αDT
=

1−D 1−γ
T

1−D 1−γ
H

=

(
DT

DH

)1−γ
1−D γ−1

T

1−D γ−1
H

. (C26)

Since DH ≫ DT ≫ 1 and γ < 1, the exponents γ − 1
are negative, implying

D γ−1
T ≪ 1, D γ−1

H ≪ 1. (C27)

Hence,

αDT
≃
(
DT

DH

)1−γ

. (B8)

Taking the square root gives

√
αDT

≃
(
DT

DH

)(1−γ)/2

. (C28)

Therefore,

(
1−√

αDT

)1/2
=

[
1−

(
DT

DH

)(1−γ)/2
]1/2

. (B9)

Substituting into Eq. (18) yields

∆E ≲ 2∥H∥

[
1−

(
DT

DH

)(1−γ)/2
]1/2

. (B10)

Thus, for γ < 1, the convergence of the BA energy
error is controlled by the ratio DT /DH rather than by a
simple power law in DT alone.
c. Marginal case: γ = 1. When γ = 1, the integral

becomes logarithmic,

αDT
=

lnDT

lnDH
. (B6)

Consequently,

(
1−√

αDT

)1/2
=

[
1−

√
lnDT

lnDH

]1/2
, (C29)
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leading to a logarithmically slow convergence of the BA error.
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