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From catalogs of gravitational-wave transients, the population-level properties of their sources
and the formation channels of merging compact binaries can be constrained. However, astrophysical
conclusions can be biased by misspecification or misestimation of the population likelihood. Despite
detection thresholds on the false-alarm rate (FAR) or signal-to-noise ratio (SNR), the current catalog
is likely contaminated by noise transients. Further, computing the population likelihood becomes
less accurate as the catalog grows. Current methods to address these challenges often scale poorly
with the number of events and potentially become infeasible for future catalogs. Here, we evaluate a
simple remedy: increasing the significance threshold for including events in population analyses. To
determine the efficacy of this approach, we analyze simulated catalogs of up to 1600 gravitational-
wave signals from black-hole mergers using full Bayesian parameter estimation with current detector
sensitivities. We show that the growth in statistical uncertainty about the black-hole population,
as we analyze fewer events but with higher SNR, depends on the source parameters of interest.
When the SNR threshold is raised from 11 to 15—reducing our catalog size by two–thirds—we
find that statistical uncertainties on the mass distribution only grow by a few 10% and constraints
on the spin distribution are essentially unchanged; meanwhile, uncertainties on the high-redshift
cosmic merger rate more than double. Simultaneously, numerical uncertainty in the estimate of the
population likelihood more than halves, allowing us to ensure unbiased inference without additional
computational expense. Our results demonstrate that focusing on higher-significance events is an
effective way to facilitate robust astrophysical inference with growing gravitational-wave catalogs.

I. INTRODUCTION

Since the first detection of gravitational waves (GWs)
[1], the catalog of observed GW transients has grown
to 90 candidates [2–4] by the end of the third observ-
ing run of the LIGO–Virgo–KAGRA (LVK) [5–7] col-
laboration and 218 candidates through the first part of
the fourth observing run (O4) [8]. All of these events
have been identified as compact-object mergers involv-
ing black holes (BHs) or neutron stars.

Combining multiple events together and analyzing
them jointly can provide more stringent constraints
for astrophysics (e.g., Refs. [9–11]), cosmology (e.g.,
Refs. [12, 13]), and tests of general relativity (e.g.,
Refs. [14, 15]). Typically, a catalog of GW observations
are combined in a hierarchical manner [16–18], where
the inferred properties of each source are compared to a
model for their astrophysical population while account-
ing for selection biases. For the population of binary BHs
(BBHs) in particular, such hierarchical analyses have
identified features and correlations in the distribution of
source properties (see, e.g., Refs. [19–32] and Ref. [33] for
a review).

As GW catalogs continue to grow it will become more
computationally challenging to analyze them. Current
catalogs likely harbor non-astrophysical transients [4];
if future catalogs continue to include low-significance
triggers, unbiased population inference may eventually
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require simultaneously modeling the astrophysical and
noise distributions [34–38]. Further, the computational
cost of accurately estimating the population likelihood
scales with the number of observed events [39, 40] and
may be nearly quadratic in catalog size [41]. If the like-
lihood is misestimated, population inference may be bi-
ased.

Previously suggested methods to efficiently and accu-
rately estimate the population likelihood include: fitting
a density estimator to each set of single-event posterior
samples [42–45]; training conditional density estimators
for the single-event posterior probability directly on GW
data [46]; training density estimators conditioned on GW
catalogs [47]; fitting an approximation to the selection
function [32, 48–53]; or even performing inference on the
detected distribution and reconstructing the astrophys-
ical distribution of BBH in postprocessing [54]. Funda-
mentally, however, each of these approaches introduces
new approximations with systematic biases that may be
difficult to quantify.

In this work, we evaluate a simple and complementary
solution: modestly increasing the detection threshold and
thus analyzing fewer events. This both removes non-
astrophysical transients from the catalog and increases
the accuracy of the population likelihood estimate. In
turn, it reduces the computational cost of GW population
analyses, potentially assisting analyses of future catalogs
of thousands [55] to hundreds of thousands [56] of BBH
mergers.

However, if we are to propose analyzing fewer events,
we must critically evaluate the balance between the as-
trophysical information we could gain from large catalogs
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of GW observations and the associated growth in analy-
sis complexity. Ref. [35] studied this balance in the con-
text of joint analyses of non-astrophysical and astrophys-
ical transients. Using a simplified model for GW detec-
tion and source parameter estimation, they found that
a modest increase in the detection significance thresh-
old may fortify inference of the BH mass distribution
against systematic biases from noise. In the context of
standard-siren cosmology, Ref. [57] used the Fisher ma-
trix formalism [58] to estimate how each observed binary
merger informs our understanding of the redshift distri-
bution of GW sources. For next-generation GW observa-
tories, Ref. [57] predicted that the loudest binary mergers
will provide the majority of the information on the red-
shift distribution. Ref. [59] also employed the Fisher ma-
trix formalism, studying how constraints on the nuclear
equation of state are informed by neutron stars merging
at cosmological distances; there, they found that quieter
sources from a redshift z ∼ 1 are the most informative.
However, the Fisher information is only approximately
correct for relatively loud signals [58] and even then can
over- or under-estimate uncertainties [60–63]. Such in-
accuracies propagate forward when forecasting measure-
ments for population studies.

Here, we study how constraints on the astrophysical
BBH population evolve with increasing detection thresh-
olds, using a large catalog of simulated BBHs with full
parameter estimation. In Sec. II, we describe how we sim-
ulate mock catalogs of observed BBH mergers and infer
the population parameters of their underlying astrophys-
ical distribution. Then, in Sec. III, we describe how our
measurement uncertainty on the population distribution
evolves with the detection threshold. In Sec. IV, we show
that an increased significance threshold can result in re-
duced analysis complexity via more accurate estimation
of the population likelihood. Finally, in Sec. V, we sum-
marize our results and their implications for population
analyses performed on future catalogs of BBH mergers.

II. METHODS

A. GW detection and characterization

Given two time-series a and b of duration T in a GW
interferometer indexed by I, their noise-weighted inner
product is

⟨a, b⟩ = 4Re

(∫ fmax

fmin

df
ã(f)b̃∗(f)

SI(f)

)
, (1)

where SI(f) is the power spectral density characterizing

the detector noise and ã and b̃ are the frequency-domain
representations of a and b. The minimum and maxi-
mum frequencies, fmin and fmax , are chosen based on
the sensitive bandwidth of the detector and the Nyquist
frequency of the data.

GWs from BBH mergers have been detected with
template-based matched filtering (e.g., Refs. [64–74]
among others) outputting the measured signal-to-noise
ratio (SNR). Data dI are observed in each detector; as-
suming there is a GW signal in those data described by
a template BBH signal hI , the matched-filter SNR mea-
sured in that detector is

ρI =
⟨dI , hI(θ)⟩√
⟨hI(θ), hI(θ)⟩

. (2)

Here, the 15 parameters θ include the BH masses, spin
vectors, and relative orientation and location with re-
spect to the detector. For multiple detectors, the net-
work SNR is defined as the quadrature sum of the SNRs
in each detector [75–78]

ρ2 =
∑
I

ρ2I . (3)

Search pipelines also estimate how often noise transients
produce triggers in the absence of astrophysical signals,
thus producing a ranking of candidates according to the
false-alarm rate (FAR).
Confident triggers are defined as passing some prede-

termined threshold in the SNR or FAR. Their source
parameters are inferred using the Whittle likelihood for
single events in Gaussian noise,

p(dI |θ) ∝ exp

[
⟨dI , hI(θ)⟩ − 1

2
⟨hI(θ), hI(θ)⟩

]
. (4)

For coincident data in multiple GW detectors, we multi-
ply together the likelihoods of the data in each detector,
yielding the single-event likelihood p(d|θ) = ∏

I p(d
I |θ).

Using Bayes’ theorem, we can compute the single-event
posterior p(θ|d) ∝ p(d|θ)p(θ) after adopting a prior p(θ).
For an overview of parameter estimation for compact bi-
nary mergers, see Ref. [16].

B. Population inference with selection effects

With Nobs detected BBH mergers, we can assemble a
catalog of their observed data D = {di}Nobs

i=1 , each with a
priori unknown parameters θi. The catalog is subject to
a selection bias, as not all sources are detectable. In the
presence of selection effects, the likelihood of the observed
catalog given an astrophysical population of merging BHs
parameterized by Λ can be written [16–18]

p(D|Λ) ∝ αdet(Λ)
−Nobs

Nobs∏
i=1

p(di|Λ) . (5)

The likelihood of each observation is

p(di|Λ) =
∫

dθi p(di|θi)p(θi|Λ) , (6)
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where the population model p(θ|Λ) is the astrophysi-
cal distribution of source properties as determined by
population-level parameters Λ that we aim to infer from
the data. The fraction αdet(Λ) of sources in the popula-
tion that are detectable is

αdet(Λ) =

∫
dddθΘ(ρ(d) > ρ∗)p(d|θ)p(θ|Λ) , (7)

where ρ(d) is a selection function of the data, ρ∗ is a
threshold for selection, and Θ is the Heaviside function.
For real GW catalogs, ρ(d) may be the matched-filter
SNR between the observed data and best-matching signal
template, the probability that an event is astrophysical
in origin [2, 3, 79–81]1 or the FAR computed by search
pipelines [2–4]. In this work, we will take ρ(d) to be the
network matched-filter SNR (Eq. (3)).

C. Monte Carlo estimation and uncertainty

Evaluating the detection function αdet for one choice
of Λ is extremely computationally expensive; doing so
for many Λ is intractable. Instead, we estimate αdet

first as a Monte Carlo integral over simulated sources

Dinj = {(dm, θm)}Ninj

m=1 drawn from one population, θm ∼
p(θ|Λinj), which are then importance sampled to p(θ|Λ)
for all other Λ [39, 83]. That is,

αdet(Λ) ≈
1

Ninj

Ndet∑
k=1

p(θk|Λ)
p(θk|Λinj)

, (8)

where Ninj is the total number of simulated sources and
Ndet is the number that are detectable, i.e., those with
ρ(dm) > ρ∗. The logarithm lnαdet(Λ) of this Monte
Carlo estimate has an associated variance

vdet ≈
1

Neff
− 1

Ninj
, (9)

where Neff is the effective sample size in the Monte Carlo
integral of Eq. (8) [41, 84]. Here, vdet depends on Λ and
ρ∗ through Neff , and on Dinj through Neff and Ninj.
Similarly, the single-event likelihood is computation-

ally expensive to evaluate. Typically, the parameters of
each event are inferred independently of other events, and
so each confident detection has an associated set of NPE

posterior samples {θij}NPE
j=1 ∼ p(θi|di). We then estimate

Eq. (6) as a Monte Carlo integral over θij , after replacing
p(di|θi) with p(θi|di)/p(θi) via Bayes’ theorem (up to a
normalization constant) and importance sampling from
the single-event prior to the population prior. Our es-
timate of Eq. (6) has a Monte Carlo variance vi with a

1 This probability is conditioned on assumptions about the dis-
tribution of astrophysical source properties; see Ref. [82] for an
overview.

similar form as Eq. (9), where vi is inversely proportional
to the effective sample size in the Monte Carlo integral
of Eq. (6) and NPE.
In total, our estimate of ln p(D|Λ) has a variance [40,

41]

V ≈
Nobs∑
i=1

vi +N2
obsvdet = VPE + Vdet , (10)

where we define VPE =
∑Nobs

i=1 vi and Vdet = N2
obsvdet.

When this variance is large, the estimated population
likelihood may assign high probability to regions of the
parameter space that are inconsistent with the astrophys-
ical distribution implied by the observed catalog. We can
reduce V by increasing Ninj and NPE, although this is
not always feasible due to the computational cost of sim-
ulating many GW signals when estimating αdet or draw-
ing samples from each single-event posterior. In prac-
tice, we can regularize the likelihood during sampling or
post-processing by excluding all Λ that yield a variance
larger than some threshold V [41, 85]. However, this is
a non-trivial modification of the likelihood and should
only be done if necessary, e.g., when the variance corre-
lates strongly with Λ within the posterior support.

D. Mock catalogs

To construct a mock catalog of simulated GW observa-
tions of merging BBHs, we jointly draw sources with pa-
rameters θ ∼ p(θ|Λtrue) and realizations of noise in each
detector. For our astrophysical population p(θ|Λtrue), we
adopt phenomenological models from Ref. [11]: the dis-
tribution of primary BH masses m1 is a tapered power-
law continuum with a secondary Gaussian peak and the
mass ratios q follow a tapered power law [86]; the merger
rate evolves as a power law in 1 + z over redshift z [87];
the dimensionless component spin magnitudes a1,2 are
independently and identically distributed from nonsingu-
lar Beta distributions [42]; and the component spin tilt
angles (relative to the orbital angular momentum) θ1,2
follow a mixture between uniform and Gaussian compo-
nents in cos θ1,2 with a peak at cos θ1,2 = 1 [88, 89].
The exact population parameters Λtrue that we adopt
are the maximum-likelihood values from Ref. [11] and
can be found in App. A. For each source with parame-
ters θ, the GW signal h(θ) is generated with the IMR-
PhenomXP waveform approximant [90]. Finally, these
signals are added to data simulated in the LIGO Han-
ford, LIGO Livingston, and Virgo detectors, for which
we adopt power spectral densities corresponding to their
O4 design sensitivities [91].

In this work, we take the selection function f(d) to
be the network matched-filter SNR ρ from Eq. (3), eval-
uated between the data containing the simulated signal
and the simulated signal itself. This is no longer a purely
data-dependent selection criterion [92] as it depends also
on the true source properties, although we expect the
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induced bias to be minimal even for catalogs of O(103)
events [93, 94]. Events are included in our mock cata-
log if ρ > 11; this threshold is calibrated [77] to roughly
match a FAR threshold of 1 yr−1 used for BBH popu-
lation analyses of the third gravitational-wave transient
catalog (GWTC-3) [11]2. In total, we select 1600 sim-
ulated events that satisfy ρ > 11 to make up our mock
catalog. For each of these, we infer the posterior dis-
tribution of source parameters assuming the same wave-
form model, detector network, and detector sensitivities
as when simulating the strain data. We sample the single-
event posteriors using dynesty [95] and bilby [96]. We
use 4000 live points, yielding ≳ 15000 posterior samples
for each source, allowing us to later reduce the Monte
Carlo variance vi from each mock event. For priors and
waveform settings, see App. B.

To estimate αdet(Λ), we generate and select additional
simulated data realizations in the same manner as we
constructed our mock catalog. However, we instead draw
source properties from a distribution p(θ|Λinj), which
takes the same form as our underlying astrophysical pop-
ulation but with Λinj chosen to ensure supp p(θ|Λ) ⊆
supp p(θ|Λinj) for all Λ of interest; see App. A for the ex-
act values of Λinj. For computational efficiency, we also
interpolate the most optimistic estimate of the SNR as
a function of the source-frame total mass and redshift,
assuming that no noise is present in the data and that
the BBH is otherwise configured to maximize the ob-
served power in the detector network. In particular, we
compute the SNR in each detector ρI assuming that the
BBH is directly overhead and oriented face-on to that
detector, and then add those in quadrature according to
Eq. (3). We also assume the BHs have equal masses, and
maximal and orbit-aligned spins. We immediately reject
sources for which the most-optimistic SNR is < 11, as it
is highly unlikely that their matched-filter SNR will be
scattered by noise above 11. For additional details, see
Ref. [94]. In total, we simulate Ninj ≈ 6.4 × 108 events,
of which Ndet = 1.1× 107 satisfy ρ > 11.

We sample the population posterior p(Λ|D) ∝
p(D|Λ)p(Λ) with dynesty and bilby, using the popula-
tion likelihood p(D|Λ) as implemented in gwpopulation
[97, 98] with JAX [99] to run on GPUs. We repeat popu-
lation inference for catalogs selected under a series of in-
creasingly stringent thresholds, ρ∗ ∈ {11, 12, 13, ..., 40}.
These catalogs are generated by down-selecting events
from our initial catalog of 1600 sources; we similarly
threshold the simulated sources used to estimate selec-
tion effects. In all analyses, we take uniform priors p(Λ)
that are broad enough to encompass the posterior sup-
port for all population analyses in this work; see App. A.
We prevent large uncertainties in the Monte Carlo ap-

2 This calibration is not exact for our study, as Ref. [77] calibrated
the matched-filter SNR to FAR assuming detector sensitivities
from the LVKs third observing run, not the simulated O4 sensi-
tivities we use.

ρ∗ 11 12 13 14 15 20 30
Nobs 1600 1205 904 705 560 221 54

TABLE I. Number of events Nobs in our mock catalog, se-
lected as a function of the matched-filter SNR threshold ρ∗.

proximations of the population likelihood by imposing a
limit on variance V < V = 4 during inference. In prac-
tice, V consistently lies below this limit over the posterior
support in all of our analyses (see Fig. 5, although there
may be spurious modes in the likelihood with V > 4 that
we have excised).
Our mock catalog of parameter estimation, simulations

for sensitivity estimates, and population inference results
can be found at Ref. [100]3.

III. STATISTICAL UNCERTAINTY

Some population parameters may have an explicit as-
trophysical meaning, like the location of the Gaussian
peak in primary masses, which was originally introduced
to capture a predicted pileup of BH masses caused by
pulsational pair-instability supernovae [86] (although this
interpretation may now be disfavored [101–103]). Typi-
cally, however, it is the overall inferred shape of the pop-
ulation distribution that can be compared to theoretical
predictions of the BBH populations produced via particu-
lar formation channels (e.g., Refs. [104–107], among oth-
ers). Therefore, we inspect the posterior population dis-
tributions (PPDs), as opposed to posteriors on the popu-
lation parameters, which we record in App. C. The PPD
is the set of p(θ|Λ) with Λ ∼ p(Λ|D). We quantify the
growth in measurement uncertainty as ρ∗ increases via
the width of the 90% equal-tailed credible interval (CI)
of the PPD relative to the width of the same interval
of the PPD when analyzing all 1600 events. This ratio,
which we denote ζ, only accounts for the relative uncer-
tainty of the posterior distributions, but not their relative
locations. However, the marginal PPDs for each analy-
sis are typically centered on similar densities, allowing us
to meaningfully compare ζ between different analyses at
particular locations in the source parameter space.
For clarity, we highlight only a subset of our analy-

ses performed on catalogs with SNR thresholds ρ∗ ∈
{11, 12, 13, 14, 15, 20, 30} (results for all analyses with
ρ∗ ∈ {11, . . . 40} are included in the data release at
Ref. [100]). These thresholds are chosen to span a range
of catalog sizes, from our largest catalog of 1600 events to
a catalog of only 54 events comparable in size to GWTC-3
[4]. Catalog sizes for selected analyses are listed in Tab. I.
For each analysis, we present results for redshift, primary
mass, mass ratios, spin magnitudes, and spin tilts.

3 https://doi.org/10.5281/zenodo.17080422

https://doi.org/10.5281/zenodo.17080422
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FIG. 1. PPDs of the merger rate density R over redshift z
(top) inferred from catalogs with increasing detection thresh-
old on the SNR, ρ∗, indicated by colors from purple to yellow.
Colored lines enclose the 90% CI and the dotted black line in-
dicates the true distribution. In the bottom panel, we plot
the width ζ of the 90% CI inferred in each analysis relative
to our analysis at ρ∗ = 11. We include a gray dashed line at
ζ = 1 (i.e., no growth in statistical uncertainty with increased
ρ∗) for reference.

Finally, in App. D we repeat population inference with
a fixed catalog size at a few SNR thresholds to disentangle
whether catalog size or SNR drives constraints on the
BBH distribution.

A. Redshift

In our analyses, we model the astrophysical merger
rate density R as a power law R(z) = R0(1 + z)λz over
redshift z with index λz. The true merger rate R0 at
z = 0 is determined by the size of our mock catalogs, the
sensitivity of our simulated detectors, and our assumed
observing time. As in Ref. [93], we assume an observing
period of ten years, such that R0 ≈ 15.4Gpc−3 yr−1,
consistent with current constraints on the merger rate
from the LVK [11].

The 90% CI for the posterior of merger rate over red-
shift are shown in the top panel of Fig. 1 for select SNR
thresholds ρ∗. In all analyses, we correctly recover the
true evolution of the merger rate over redshift within at
least 90% credibility. Further, even as the SNR threshold

is raised to ρ∗ = 20, satisfied by only 13% of the sources
in our original mock catalog, the rate distributions al-
lowed at 90% credibility remain qualitatively consistent.
However, by ρ∗ = 30, the uncertainty in rate is suffi-
ciently large as to alter the conclusions we would draw
from these results, in particular that the merger rate in-
creases with increasing redshift.
Beyond qualitative differences in the PPDs for each

analysis, we compare the statistical uncertainty achieved
under each SNR threshold to our analysis of all 1600
events in the bottom panel of Fig. 1. For all analyses,
ζ is smallest at z ∼ 0.1, where our constraints on R are
tightest. At higher redshifts, ζ grows with increasing z
and it grows more quickly with z as ρ∗ increases. When
ρ∗ is raised from 11 to 13 (and Nobs is correspondingly
nearly halved), ζ increases by at most a factor of ∼ 1.5
across all redshifts. Increasing ρ∗ further to 15 doubles
statistical uncertainty beyond z ∼ 0.1. For catalogs se-
lected according to the highest SNR thresholds shown in
Fig. 1, ρ∗ = 20 and 30 (Nobs = 221 and 54), we find
ζ ∼ 8 and ζ ∼ 20 at z ∼ 1.5, respectively. This is be-
cause a higher SNR threshold tends to remove sources
merging at higher z that would otherwise help to con-
strain the evolution of the merger rate; see App. D for
further discussion.

B. Masses

In the top-left panel of Fig. 2, we show the PPDs
and prior population distributions for m1 for select SNR
thresholds ρ∗. All of our analyses successfully recover
the true distribution. Generally, the inferred population
distributions are comparable up to ρ∗ = 15, with similar
measurements and uncertainties on the extrema of the
m1 distribution, the shape of the power-law continuum,
and the location and width of the peaks at m1 ≲ 10M⊙
and m1 ≈ 34M⊙. Meanwhile, by ρ∗ = 30 the measure-
ment uncertainty on all of these features is noticeably
larger.

In the top right panel of Fig. 2, we show the mea-
surement uncertainty achieved in each analysis relative
to our analysis of all 1600 events satisfying ρ∗ = 11. For
m1 ≲ 7M⊙, we observe that ζ is larger when ρ∗ = 20
than when ρ∗ = 30. This is because the location of the
PPD at low primary mass and high SNR threshold is
more susceptible to Poisson fluctuations, as fewer low
mass sources are loud enough to be included in the cat-
alog. For m1 ≳ 87M⊙, the sharp cutoff at high masses
in our population model causes ζ to dip and then di-
verge as the lower and upper bounds of the 90% CI of
the probability density in our analysis with ρ∗ = 11 drop
to zero.

For 7M⊙ ≲ m1 ≲ 87M⊙, ζ is only ∼ 20% larger when
the SNR threshold is raised from 11 to 12 or 13; when
ρ∗ is raised to 15, the 90% CI width typically grows by
∼ 60%, and at most 80% (at m1 ≈ 32M⊙). This is
despite only one third of our sources satisfying ρ > 15.
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FIG. 2. PPDs of the primary mass m1 (top left) inferred from catalogs with increasing detection threshold on the SNR ρ∗.
Colors and lines have the same meaning as Fig. 1. Additionally, the gray region fills in the 90% CI of the prior. In the top
right, we show the width of the 90% CI of the PPDs relative to our analysis at ρ∗ = 11. In the bottom row, we show the
posterior uncertainties on the integrated posterior population distributions over three subdomains of interest in m1. Numbers
on the left of each panel, colored according to SNR threshold, note the 90% CI width, relative to our analysis at ρ∗ = 11, of
the posterior on the fraction of events in each subdomain. Note, for 6M⊙ < m1 < 12M⊙, the PPDs mostly lie above the
prior in density, and so no prior is visible in the bottom left panel. Conversely, the prior on the fraction of events lying in
50M⊙ < m1 < 120M⊙ is strongly peaked at zero due to the sharp cutoff in our assumed population model which sends the
prior population density to zero at high masses.

Measurement uncertainties double when the SNR thresh-
old is raised to ρ∗ = 20 (Nobs = 221); a more dramatic
increase if the threshold to ρ∗ = 30 reduces our catalog
to only 54 events and raises the relative uncertainty by a
factor of ∼5–7.

We can also ask more specific questions of the popula-
tion distribution. For example, Ref. [94] identified that it
may be possible to measure the fraction of sources in par-
ticular domains even if the broad shape of the population
remains somewhat unconstrained. Here, we compute the
posterior on the fraction of sources with primary masses
in [a, b] by integrating the PPDs over those domains,
which we denote PPD(a < m1 < b). In the bottom
row of Fig. 2, we show this between 6–12M⊙, 33–35M⊙,
and 50–120M⊙. We observe a consistent pattern in all
three plots. Raising the SNR threshold from ρ∗ = 11 to
15, our uncertainty (quantified by the 90% CI) on the
fraction of events lying in each domain of m1 grows by
no more than a factor of 1.7. Increasing our threshold to
ρ∗ = 20 roughly doubles our measurement uncertainty;
by ρ∗ = 30, our uncertainties are a factor of 5.5–6.9 times
as large.

We show PPDs for the mass ratio q in the top panel of
Fig. 3 at select SNR thresholds ρ∗. We recover the true

population distribution in q within at least the 90% CI in
all analyses. In the bottom panel of Fig. 3, we compare
the width of the 90% CI at each ρ∗ to that achieved in
our analysis of all 1600 events with ρ∗ = 11. When ρ∗
is raised from 11 to 15, ζ is at most ∼ 1.8 (at q ∼ 0.1–
0.2). When ρ∗ is raised from 11 to 20, the statistical
uncertainty roughly doubles (with the largest ζ of ∼ 2.5
at q ∼ 0.7). When the SNR threshold is raised further
to ρ∗ = 30, ζ is as large as ∼ 6.2 (at q = 1). That
the statistical uncertainty on the mass-ratio distribution
only increases by O(10%) when the SNR threshold is
raised from ρ∗ = 11 to 15 mirrors the same trend in our
constraints on the primary-mass distribution. This is in
part because the mass-ratio distribution is conditioned on
the primary mass—so a well-constrained primary mass
distribution lends itself to tight constraints on the mass-
ratio distribution.

C. Spin magnitudes and tilts

In the top-left panel of Fig. 4, we show PPDs for
the identically-distributed component spin magnitudes,
a1 and a2. Although the truth sometimes lies outside
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FIG. 3. The 90% CI of the PPDs in mass ratio q (top)
and width of the 90% CI of the PPDs relative to our analysis
at ρ∗ = 11 (bottom) at select thresholds ρ∗. Thresholds,
shading, lines, and colors match those in the top row of Fig. 2.

the 90% CI for the analyses shown, they all recover the
truth within the ∼ 99% CI. Among the analyses shown
in Fig. 4, our constraints on the spin magnitude popula-
tion distribution have similar locations and shapes, with
a slight increase in the width of the credible region as we
increase ρ∗ to 20 and 30.

In the middle-left panel of Fig. 4, we quantify the rel-
ative constraining power of each analysis via ζ. Here,
we observe a striking result: our analyses up to ρ∗ = 20
yield essentially the same measurement uncertainty rel-
ative to our analysis at ρ∗ = 11. At ρ∗ = 30, ζ is at
most ∼2–3 (at both a1,2 ∼ 0.15 and a1,2 ∼ 0.6). We
note that, although raising the SNR threshold reduces
the number of analyzed events, ζ sometimes falls below
one. This apparent increase in certainty results from our
choice of population model. Specifically, the nonsingular
beta distribution shifts density from a1,2 > 0 to increase
it near a1,2 ∼ 0. Since our analyses with ρ∗ > 11 prefer
a spin distribution with more support near zero, the 90
CI of the PPD shrinks at higher spin magnitudes.

Of particular astrophysical relevance is the propor-
tion of events with large spins, which may be indicative
of, e.g., hierarchical mergers [108]. For the purpose of
demonstration, we compute the posterior on the fraction
of sources with a1,2 > 0.5, shown in the bottom-left panel
of Fig. 4. There, we see that we correctly recover the true
fraction with all analyses. Further, other than slight scat-
ter about the truth, the inferred fractions of sources with

spins > 0.5 is consistent within measurement error up
to ρ∗ = 15. Our uncertainty grows slightly when ρ∗ is
increased to 20 and moreso by ρ∗ = 30, with 90% CIs a
factor of 1.6 and 2.9 larger than at ρ∗ = 11, respectively.
Overall, we observe that reducing our catalog size from

1600 to 560 or even 221 events—by increasing ρ∗ to 15
or 20 (cf. Tab. I)—does not meaningfully change the
conclusions we draw about the distribution of spin mag-
nitudes.
We note that the agreement in population-level mea-

surement uncertainties at high spins may be driven in
part by the population model itself. In order to match
the relatively high density of sources with small spins
implied by our mock catalogs, the non-singular beta dis-
tribution must remove density from the region of high
spins. Using a flexible model for the spin-magnitude dis-
tribution (e.g., Refs. [22, 109, 110]) would likely increase
the uncertainty on the shape, as is the case for all of
our models (see similar comparisons of truncated Gaus-
sians versus flexible models for the spin distribution in
the LVK population analysis of GWTC-4 [111]).
We show PPDs on the component spin tilts in the top-

right panel of Fig. 4. Here, we observe that all of our
analyses correctly recover the true distribution; further,
the location and width of the 90% credible region is es-
sentially the same up to ρ∗ = 15. We show the uncer-
tainty relative to our analysis of all 1600 sources in the
middle-right panel of Fig. 4; we find that ζ only dou-
bles at most spin tilts when the SNR threshold is raised
to ρ∗ = 20. Following Ref. [94], we compute posteri-
ors on the fraction of sources with tilt angles ≲ 10◦ as
small (large) tilt angles may be indicative of field (dy-
namical) formation environments [112, 113]4. We show
posteriors on the fraction of sources with cos θ1,2 > 0.98
(corresponding to θ1,2 ≲ 10◦) in the bottom-right panel
of Fig. 4. Here, we recover the true fraction in all of our
analyses. Since the PPDs (top-right) agree well up to
ρ∗ = 15 near cos θ1,2 = 1, we also observe that the pos-
terior on the fraction of sources with cos θ1,2 > 0.98 is
essentially the same up to ρ∗ = 15; meanwhile, the pos-
teriors at ρ∗ = 20 and ρ∗ = 30 are somewhat broader,
with 90% CIs that are a factor of 2.1 and 3.3 larger than
at ρ∗ = 11, respectively. We note that ζ falls below one at
ρ∗ = 15 for cos θ1,2 ∼ 0.1. This is because the analysis at
ρ∗ = 15 yields slightly tighter constraints on the fraction
ξcos θ of sources in the peak at cos θ1,2 = 1 than analy-
ses at lower SNR threshold, with less support at small
values of ξcos θ (cf. Fig. 9). In turn, tighter constraints
on ξcos θ imply a more confident measurement of the tilt
distribution around the peak, cos θ1,2 ≳ 0. That ξcos θ is
slightly better measured at ρ∗ = 15 than at lower thresh-
olds (with larger Nobs) is possibly due to randomness in

4 Note, however, that BBH formed in the field could be born with
large tilt angles depending on the details of supernova kicks and
fallback (e.g., Refs. [114, 115]) as well as three-body interactions
(e.g., Refs. [116, 117]).
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FIG. 4. PPDs (top row), width of the 90% CI of the PPDs relative to our analysis at ρ∗ = 11 (middle row), and PPDs
integrated over select domains (bottom row) for spin magnitudes a1,2 (left column) and tilts (right column). Thresholds,
shading, lines, and colors match those in Fig. 2.

catalog membership as the SNR threshold is raised.

Like primary mass and spin magnitudes, the astro-
physical conclusions we might draw from the distribution
of cosine-spin tilts are unchanged whether we analyze all
1600 events satisfying ρ∗ = 11, or only 560 events satis-
fying ρ∗ = 15. However, we must caution that—like with
spin magnitudes—our model for the spin tilt distribution
is relatively strong. Refs. [94, 118] relax the assumption
that the location parameter of the Gaussian component
is pinned at cos θ1,2 = 1 and recover the location of the
Gaussian with large uncertainty, even for mock catalogs
of up to 1500 events. Therefore, if we repeated our study
with a more flexible population model for cos θ1,2, we
expect our statistical uncertainty on the structure of the
cosine-tilt distribution to grow more quickly with increas-
ing threshold and decreasing catalog size than found here.

Our results may also indicate that spin population in-
ference is most informed by high SNR sources; see App. D
for additional discussion.

IV. SYSTEMATIC UNCERTAINTY

For computational efficiency in our analyses, we esti-
mated the population likelihood via Monte Carlo inte-
gration, which has an associated statistical uncertainty
quantified by the variance of the estimator, V; see
Eq. (10). Population inference may be biased if V is large,
as the estimated likelihood may be far from the true like-
lihood. This variance can be reduced by increasing the
number of samples used for Monte Carlo integration; see
Eq. (9) and Fig. 5 in Ref. [41]. However, while tractable
for our largest catalog size of 1600 simulated sources, in-
creasing NPE or Ninj could quickly become intractable for
catalogs of thousands or tens of thousands of events, as
expected from next-generation GW detectors [56].

The variance of our estimate of the population like-
lihood can also be reduced by decreasing catalog size,
which we accomplish in this work by increasing the SNR
threshold for inclusion in the catalog. In this section,
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we first evaluate the tradeoff between the measurement
uncertainty of population inference and the Monte Carlo
uncertainty in the estimate of the likelihood as we in-
crease the SNR threshold. The selection variance domi-
nates V for the analyses we considered (see App. E), so
we then compute the minimum number of simulations re-
quired to accurately estimate the detection efficiency αdet

as a function of SNR threshold, alongside an estimate for
the associated computational cost.

A. Trading systematic for statistical uncertainty

Particularly for BBH masses and spins, we have found
that raising the selection threshold as high as ρ∗ ∼ 15
does not dramatically change the uncertainty on the
measured population distribution. Simultaneously, un-
certainty in the likelihood estimator is lower for smaller
catalogs; further, higher detection thresholds will typi-
cally exclude more noise transients, increasing the purity
of the catalog.

We note that V itself does not quantify a systematic
uncertainty in a population analysis, although it does in-
duce systematic uncertainty. Precisely how uncertain our
estimate of the population likelihood can become before
biasing our results depends in detail on the true astro-
physical population and the population model used to fit
the data. Ref. [41] originally noted that inference may be
noticeably biased when the variance of the log-likelihood
estimator is greater than one; Ref. [85] further showed
that V < 1 across the posterior support is a sufficient
(though not necessary) condition for unbiased popula-
tion inference. Therefore, we adopt V ≈ 1 as a bench-
mark when evaluating the tradeoff between uncertainty
in the likelihood estimator and population measurement
uncertainty.

In Fig. 5, we directly compare the increase in statisti-
cal uncertainty and coincident decrease in log-likelihood
estimator variance with decreasing catalog size as we in-
crease the detection threshold ρ∗. For a fixed catalog,
set of single-event posterior samples, and detectable sim-
ulated sources, the variance V is a function of the popu-
lation parameters. In the rightmost panel of Fig. 5, we
show the distribution of V over each posterior on Λ at
each SNR threshold. When we raise the SNR threshold
to at least ρ∗ = 20, as satisfied by 221 events, we find
that V ≤ 1 for all posterior samples. In all other panels of
Fig. 5, we show 90% confidence regions for joint posteri-
ors on the log-likelihood estimator variance and fraction
of sources in select domains of primary mass, spin mag-
nitude, and spin tilt. Here, we reproduce the evolution in
statistical uncertainties noted in Sec. III; our constraints
on the structure of the primary mass, spin magnitude,
and spin tilt distributions only weaken by O(1 − 10%)
up to ρ∗ ∼ 15 − 20. Crucially, we could ensure unbi-
ased population inference by raising the SNR threshold
to ρ∗ = 20, while our statistical uncertainty on the pop-
ulation distribution of masses and spins at most doubles.

In Fig. 5, we also note that V negatively correlates with
the fraction of sources with a1,2 > 0.5, and positively
with the fraction of sources with cos θ1,2 > 0.98. This
follows from our choice of a uniform draw distribution
in spin magnitudes and cosine spin tilts when estimating
αdet, which are relatively poor proposal distributions for
population models with narrow regions of high density
like the beta distribution at small spin magnitudes or the
Gaussian component at orbit-aligned spin tilts. We still
recover the true fractions within the 90% credible regions,
indicating that our results at all SNR thresholds are not
biased by the Monte Carlo integration in the estimate of
the population likelihood. However, we simulated an op-
timistic scenario where the form of the population model
employed during inference was the same as the form of
the true astrophysical population. If we employed a more
flexible, higher-dimensional population model, V would
be larger and our results might become noticeably bi-
ased. This is because weaker models can potentially fit
distributions that are highly dissimilar to our choice of
draw distribution, reducing the effective sample size.
Finally, in App. F, we compute the posterior error

statistic recently derived by Ref. [85] and confirm that
our analyses do not suffer systematic bias due to Monte
Carlo estimation of the population likelihood; further, we
confirm that the information loss due to misestimation of
the likelihood decreases as the SNR threshold is raised.

B. Accuracy requirements

For the mock catalogs studied in this work, the overall
variance V of the log-likelihood estimator is dominated
by the selection effects term Vdet = N2

obsvdet (cf. Fig 12).
However, as we explore in App. E, the relative contribu-
tion of selection effects versus the per-event likelihoods to
the overall variance scales non-trivially with SNR thresh-
old, and Vdet dominates, in part, because we drew a large
number of samples from each single-event posterior when
generating our mock catalog.

We also emphasize that we are only considering Monte
Carlo variance of the log-likelihood estimator, not covari-
ance over Λ (as in Ref. [41]), nor covariance of the popula-
tion posterior estimator (as in Refs. [40, 85]), which may
scale differently than V with Nobs. While these statis-
tics may provide a better indicator for possible bias due
to Monte Carlo integration in population analyses, they
have not yet been widely adopted. Therefore, here we
focus on the minimal total number of simulated sources
(including detectable and non-detectable) such that the
contribution Vdet to the overall Monte Carlo variance V
from estimating the detection efficiency is smaller than a
threshold V .
Note that vdet may vary with the choice of draw distri-

bution p(θ|Λinj) and the particular set of sources drawn
from that distribution—not just their number. Here, we
reuse the set of simulated sources described in Sec. IID
and so our choice of draw distribution remains fixed. We
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maximize the selection variance over 104 bootstrapped
samples (with replacement) of size Ninj from Dinj to ob-
tain the dependence of the selection variance (at fixed
threshold ρ∗) vdet(Λ, Ninj) with Ninj. We define the min-
imum number of simulated sources required as

Nmin
inj (Λ, Nobs, V ) = min {Ninj : Vdet ≤ V } . (11)

In words, Nmin
inj is the fewest number of sources we need

to simulate and process with the selection function to
keep the variance contribution below V , accounting for
variability in Dinj. We compute Nmin

inj by numerically

minimizing (Vdet − V )
2
at fixed Λ. This optimization is

computationally expensive, so we only compute Nmin
inj at

the true population parameters Λtrue.

In Fig. 6, we show Nmin
inj under two different variance

thresholds, V = 1 (blue; our benchmark) and V = 4 (or-
ange; as adopted in this work). We fit Nmin

inj as a function

of ρ∗ with a power law, finding that Nmin
inj ∝ ρ−3.46

∗ un-

der V = 1 and ∝ ρ−3.30
∗ under V = 4 (these powers are

consistent within uncertainty due to the finite number
of ρ∗). In black, we compare Nmin

inj to the total number
of simulated sources we used to estimate selection effects
in our analysis (≈ 6.4 × 108). At each ρ∗ we find that
we simulated enough sources to fall below the variance
threshold of V = 4, in agreement with Fig. 5 (recall that
Fig. 5 shows the variance distributed over each poste-
rior, but in Fig. 6 we only compute vdet—and in turn
Nmin

inj —at the true population parameters). However,

more simulations—possibly O(109)—would be required
to keep for vdet < 1 when analyzing our largest cata-
logs selected under ρ∗ = 11, 12. While it may be possi-
ble to generate and process the required simulations (as
we explore in Sec. IVC), we can immediately ensure the
accuracy of the population likelihood estimator without
additional effort by raising the SNR threshold. We derive
an estimate for this scaling relation against which these
empirical results can be compared in App. G.

C. Computation time

In Secs. IVA and IVB, we found that at least O(108)
simulated sources are required to estimate the detec-
tion efficiency αdet with sufficient accuracy, depending
on SNR threshold and tolerance for Monte Carlo vari-
ance. To evaluate whether sensitivity estimates will re-
main tractable for catalogs of thousands of events, we
provide an order-of-magnitude estimate for the realistic
computational cost of analyzing the required simulated
signals.
Estimating αdet is typically accomplished by drawing

many sources θ ∼ p(θ|Λinj), simulating the GW signal
from those sources, and adding those signals into detec-
tor data where no real signals have been observed [119].
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These data are then filtered by search pipelines, which as-
sign a detection statistic to each simulated source. To ap-
proximate the computational cost of estimating αdet, we
first compute the total duration of data to be processed.
Following the procedure defined for the LVKs most re-
cent sensitivity estimation campaign [120], we assume
that signals are generated with a minimum duration of
Tsignal = 16 s and those signals are added into detector
data spaced by ∆T = 24 s. We need only filter a fraction
γ of sources that pass a “hopeless cut” in the optimal
SNR (cf. Sec. IID in our study and Refs. [77, 119, 120]
for analysis of real data): if the optimal SNR is low,
there is very little probability that noise will scatter the
observed power above the threshold for detection. For
the choice of Λinj and optimal SNR threshold used in our
study, γ ∼ 40%. This yields a total length of data to be
processed of roughly,

Ttot = (Tsignal +∆T )γNinj ∼ 16Ninj s. (12)

Data is processed by search pipelines in fixed-duration
files and filtered with a waveform template bank to re-
cover the simulated sources. When filtering is restricted
to times and templates near each simulated source—
using only O(103) templates—the search pipeline Gst-
LAL requires O(1)min to process a 4096 s duration file
[121]. Taking GstLAL as a reference, the CPU-time
required to process γNinj simulated sources is approxi-
mately

TCPU ∼
(

Ttot

4096 s

)
× 1min ∼ 4× 10−3 Ninj min . (13)

For our least stringent SNR threshold, we found that
we required Ninj ∼ 109 simulated sources to achieve
Vdet ∼ 1. This translates to ∼ 7.6 yrs of CPU-time. For-
tunately, this procedure can be parallelized over files and
templates; with O(103) CPUs, the wall time is O(days).5

Note, however, that filtering each file against a full bank
of O(106) templates would require a factor of O(103)
more CPU-time and wall time, which may be compu-
tationally prohibitive when analyzing ∼ 109 simulated
sources.

Further, we designed Λinj for a simulated population
of BBHs only, with component masses ≥ 3M⊙. GW
signals from lower-mass sources tend to be quieter, re-
ducing γ and requiring us to simulate additional sources
(as vdet scales inversely with the number of detectable
sources, see App. G). They are also longer in duration,
up to hundreds of seconds in current-generation GW de-
tectors. Thus, accounting for binaries with component
masses down to 1M⊙ or lower as in Refs. [119, 120, 122]
would increase TCPU.

5 Our calculation does not include the cost of generating the wave-
form, only analyzing the data. Waveform generation takes up to
∼ 1 s depending on the waveform model (see Ref. [90], Tab. 1).
This is comparable to the analysis time per-signal if each 4096 s
file has ∼ 100 signals and requires ∼ 1min to analyze.

V. CONCLUSIONS

Population inference can be biased by misspecification
or misestimation of the population likelihood. We es-
timate the likelihood with Monte Carlo integrals, each
of which carry associated variance; when the sum of
these variances is large, the population likelihood may
incorrectly be large in regions of the population pa-
rameter space otherwise unsupported by observed GW
events. Accurately estimating the likelihood is compu-
tationally expensive, and the accuracy requirements will
grow quickly with future GW catalogs. In this work, we
evaluated a simple solution to ameliorate these issues:
raising the detection threshold. In particular, we stud-
ied the tradeoffs of analyzing catalogs containing fewer
events but with higher SNRs in terms of statistical uncer-
tainty, systematic uncertainty, and computational cost.
We summarize our key results in Tab. II.

ρ∗

ζ
Sec. III

V
Sec. IVA

Nmin
inj [×108]

Sec. IVB

z m1 a1,2 cos θ1,2 V < 1 V < 4

11 – – – – 2–3 > 6.4 2

13 1.5 1.2 ≳ 1 ≳ 1 1–2 6.4 1.5

15 2 1.6 ≳ 1 ≳ 1 ∼ 1 4 1

TABLE II. Summary of analyses performed under SNR
thresholds ρ∗ of 11, 13, and 15. From left to right, we show
characteristic values for: the growth in 90% CI width ζ on the
population distribution relative to our analysis at ρ∗ = 11 for
redshift z, primary mass m1, and spin magnitudes a1,2 and
tilts cos θ1,2; the variance of the likelihood estimator V; and
the minimum number Nmin

inj of simulations required to bound
the selection variance below thresholds of 1 or 4.

To study how measurement uncertainty and popula-
tion likelihood accuracy evolve with the choice of detec-
tion threshold, we performed parameter estimation for
large catalogs of up to 1600 simulated GW signals from
BBH mergers observed in a network of the LIGO Han-
ford, LIGO Livingston, and Virgo detectors with current
sensitivities. Detection was determined using the net-
work matched-filter SNR evaluated between the noisy
simulated data and true GW strain. Source parame-
ters were drawn from a phenomenological distribution
without correlations, and the astrophysical distribution
of source parameters was fit with that same model in a
hierarchical Bayesian manner.

The growth in statistical uncertainty with re-
duced catalog size depends on the source param-
eters of interest. As one might have expected, con-
straints on the redshift-evolving BBH merger rate density
were the most sensitive to SNR threshold—e.g., increas-
ing the SNR threshold from 11 to 13 (in turn reducing
Nobs from 1600 to 904) increased statistical uncertainty
in the merger rate by at most ∼ 50%—owing to the in-
verse relationship between source distance and signal am-
plitude. We found that the inferred mass distribution was
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more robust to increases in SNR threshold. Specifically,
the statistical uncertainty in the primary mass distribu-
tion increased by ∼ 60% when raising the SNR threshold
from 11 to 15 (correspondingly reducing Nobs to 560).
Uncertainties in the component spin magnitudes and tilt
angles remained nearly unchanged even with a tenfold
reduction in catalog size.

Raising the SNR threshold reduces systematic
uncertainties. We found that increasing the SNR
threshold from 11 to 15 reduced the Monte Carlo vari-
ance of the log-likelihood estimator from V ∼ 3 to
∼ 1. Further increasing the SNR threshold to 20 (with
Nobs = 221) reduced the likelihood variance below one—
ensuring unbiased population inference—while still yield-
ing qualitatively similar conclusions about the astrophys-
ical distributions of BH mass and spin. For large catalogs
of BBHs that we expect to accumulate in the future, the
accuracy in the estimate of the population likelihood may
be dominated by the selection effects term. We found
that the minimum number of simulated sources needed to
ensure accurate estimates of the population log-likelihood
scales with the SNR threshold ρ∗ steeper than ρ−3

∗ for our
choice of astrophysical population and model. Estimat-
ing selection effects with sufficient accuracy requires pro-
cessing O(109) simulated signals for catalogs of O(103)
events; when selecting based on the response of template-
based searches, this procedure should remain tractable
with reasonable computational resources when filtering is
restricted to templates similar to the simulated signals.

There are additional computational burdens we did not
focus on which are influenced by catalog size; namely,
the requirement to draw a large number of samples from
each single-event posterior. Drawing single-event poste-
rior samples with nested sampling scales linearly in the
number of live points, and in turn, the computational
cost per event scales linearly in the desired number of
samples [123] (we note, however, that the wall time per
event can be reduced by combining the outputs of multi-
ple nested sampling routines in parallel). For each source
in our mock catalogs, we spent ≳ 1CPU-day to produce
> 15000 posterior samples for accurate Monte Carlo in-
tegration in the population likelihood; significantly more
compute time—or resources if parallelizing—could be re-
quired, per event, when using more computationally ex-
pensive waveform families (see Ref. [90]). By raising the
SNR threshold and increasing the accuracy of the likeli-
hood estimator, we reduce the sampling requirements on
single-event parameter estimation.

Our results depend on the astrophysical population
and model used to perform population inference. Our
statistical uncertainties—particularly for the spin magni-
tude and cosine-tilt distributions—are model dependent
and would likely broaden if inferred using more flexible
population models (see, e.g., Refs. [21, 22, 109, 110, 118,
124, 125] for studies exploring more flexible spin mod-
els). The estimate of the population log-likelihood es-
timator would similarly be more uncertain. Addition-
ally, source properties were not correlated in the astro-

physical population we simulated; however, current GW
datasets suggest that BH masses and spins may be cor-
related [19, 20, 24–29, 31, 32, 38]. We also knew the
true astrophysical distribution and could thus tailor our
simulations when estimating selection effects to achieve a
high effective sample size and reduce the overall number
of simulated sources we needed to process to reduce the
uncertainty of the likelihood estimator. With real data,
we do not have this benefit, limiting the degree to which
tailoring alone can significantly increase the accuracy of
our likelihood estimator. Finally, our mock catalogs were
limited to current-generation sensitivity, whereas next-
generation detectors will be an order-of-magnitude more
sensitive [126, 127] and their data may come with com-
plications that we ignored, such as overlapping signals
[128]. Further evaluating the balance between the as-
trophysical fidelity provided by large catalogs and atten-
dant computational complexity with flexible population
models in realistic next-generation observing scenarios is
critical future work.
Although our numerical experiments are based on rel-

atively uncomplicated population models and simulated
data, our results indicate that GW populations can be
precisely measured even when analyzing only higher-
significance events. Further, that smaller catalogs of
high-significance events are less susceptible to systematic
biases—from Monte Carlo variance, as studied here, to
noise artifacts like glitches—which can be otherwise com-
putationally costly to remedy. Thus, increasing the de-
tection threshold is a simple and practical remedy for sys-
tematic biases and computational expense in GW popu-
lation inference.
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Appendix A: Population parameter values

In Tab. III, we record the parameters Λtrue specifying
the true astrophysical distribution that we drew sources
from to construct our mock catalog; see Sec. IID for the
form of the distribution. We also record priors, which are
the same for all analyses in this work.

When drawing sources to estimate selection effects we
use the same phenomenological form for the redshift,
primary-mass, and mass-ratio distributions as the true
astrophysical population. For the mass parameters in
Λinj, we take mmin = 2.4M⊙, mmax = 150M⊙, and
δm = 10M⊙ to ensure that supp p(θ|Λ) ⊂ supp p(θ|Λinj)
for all Λ in the support of the prior. Otherwise, we adopt
the true parameters of the mass distribution when draw-
ing sources to estimate selection effects. Similarly, we
adopt the same λz as in the true population. We draw
spin magnitudes and cosine spin tilts from uniform dis-
tributions on their physical domains of [0, 1] and [−1, 1],
respectively. We draw sky locations from a uniform dis-
tribution on the sky and draw the relative orientation of
each source from an isotropic distribution. The coales-
cence time at geocenter is drawn from a discrete uniform
distribution of times within a 24-hour period.

Parameter Symbol Value Prior
m1 power law index λm 3.4 [−1, 15]
q power law index β 1.1 [−2, 7]

Peak mean µm 34M⊙ [20, 50]M⊙
Peak standard deviation σm 3.6M⊙ [1, 15]M⊙
Peak mixing fraction ξm 0.04 [0, 1]
Minimum BH mass mmin 5M⊙ [3, 10]M⊙
Maximum BH mass mmax 87M⊙ [70, 150]M⊙

Low-mass smoothing scale δm 4.8M⊙ [0, 20]M⊙
Mean µχ 0.3 [0, 1]

Squared standard deviation σ2
χ 0.04 [0.005, 0.1]

Peak standard deviation σcos θ 1.18 [0.4, 5]
Peak mixing fraction ξcos θ 0.97 [0, 1]
z power law index λz 2.73 [−10, 10]

TABLE III. Population parameters Λtrue specifying the as-
trophysical distribution of masses (top), spin magnitudes (sec-
ond from top), spin tilts (second from bottom), and redshifts
(bottom). The beta distribution we adopt for spin magni-
tudes is nonsingular, so the alpha and beta parameters of
that distribution are greater than one. We also show priors
on each parameter used during population inference; these are
the same for all mock catalog analyses. We denote a uniform
prior between a and b as [a, b].

Appendix B: Setup for waveform generation &
single-event parameter inference

Throughout our work, we use the same settings to
simulate signals from sources in our mock catalog and
when simulating signals to estimate selection effects.
We simulate signals using the frequency-domain wave-

form approximant IMRPhenomXP [90] between a min-
imum frequency fmin = 20Hz and maximum frequency
fmax = 1024Hz. We define the component BH spin vec-
tors and binary angular momentum at a reference fre-
quency of 20Hz. We set PhenomXPrecVersion to ‘104’
(Ref. [90], Tab. III). To set the duration of the simulated
signal, we use a post-Newtonian approximation to the
inspiral duration and round that value up to the nearest
power of 2 that is at least 16 s. We heterodyne the single-
event likelihood using the true GW strain as the reference
waveform to speed up parameter estimation [129–132].
We set the maximum dephasing between frequency bins
to be ϵ = 0.025 (see Ref. [132]).

We summarize the single-event priors adopted for pa-
rameter estimation on each simulated source in our mock
catalog in Tab. IV. Most of these are standard choices;
however, since we know the true values of our mock
sources, we can tailor our priors to speed up parameter
estimation. First, we center our prior on the detector-
frame chirp mass M at the true value Mtrue for each
event. We determine the width ∆M of this prior as
a function of the true chirp mass. Heuristically, sources
with smaller chirp masses may be observed for longer and
have relatively well-measured chirp masses by accumulat-
ing observed phase evolution in the signal. We select ∆M
as a function of Mtrue by eye using the events simulated

in Ref. [94], adopting ∆M = 10−2 (Mtrue)
5/2

. We also
enforce that the minimum of the prior on M does not go
below 1M⊙ and that the maximum does not go above
200M⊙. Similarly, we choose prior bounds in luminosity
distance DL based on the true luminosity distance Dtrue

L
and enforce that the minimum of the prior does not go
below 1Mpc. The scaling of the minimum and maximum
DL prior bounds shown in Tab. IV is the same as used in

Parameter Prior
Chirp mass M [Mtrue − 1

2
∆M, Mtrue + 1

2
∆M]

Mass ratio [0.125, 1]
Spin magnitudes Uniform
Spin orientations Isotropic
Luminosity distance DL [ 1

4
Dtrue

L , 4.2Dtrue
L ]

Right ascension Uniform
Declination Cosine
Inclination angle Isotropic
Polarization angle Uniform
Coalescence phase Uniform
Coalescence time tc [ttruec − 0.1 s, ttruec + 0.1 s]

TABLE IV. Priors used during parameter estimation for
sources in our mock catalog, organized between intrinsic (top)
and extrinsic (bottom) parameters. “Uniform” distributions
are uniform over the relevant physical domain. Otherwise,
we denote a uniform prior between a and b as [a, b]. True
parameter values of the simulated source are denoted with a
superscript “true”. We take ∆M = 10−2(Mtrue)5/2. The
chirp mass M is defined in the detector frame and the coales-
cence time tc is geocenteric. For reference on typical priors,
see App. B of Ref. [133].
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Ref. [94]. We manually inspect the marginal posteriors
on M and DL obtained for each event, widening the pri-
ors and rerunning parameter estimation for those with
noticeable prior railing.

Appendix C: Population parameter uncertainties

In this work, we used a simple phenomenological model
with 13 parameters to fit the population of BBH im-
plied by our mock observations; we chose to use the
same form of the astrophysical population model that
our mock sources were drawn from. Here, we record the
posteriors on each population parameter for our analy-
sis of each mock catalog selected under SNR thresholds
ρ∗ ∈ {11, . . . , 40}.

1. Mass population parameters

In Figs. 7 and 8, we show marginal posteriors on the
population parameters (offset by their true values) for the
mass distribution. In particular, we show the 50%, 90%,
and 99% CIs. First, we correctly recover the true mass
population parameters within at least the 99% credible
regions in all analyses. Next, we recall from Sec. III B
that our constraints on the mass distributions—at all
masses as well as integrating over particular domains of
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FIG. 7. Marginal posteriors on four parameters of the
primary-mass distribution with respect to their true values:
index −λm of the power-law continuum (top left), fraction ξm
of sources in the Gaussian peak (top right), which is centered
at µm (bottom left) and has standard deviation σm (bot-
tom right). White circles denote medians, while shades from
darker to lighter denote the 99%, 90%, and 50% CIs. A black
line denotes the truth. Prior boundaries are shown with gray
dashed lines.
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FIG. 8. Marginal posteriors on four parameters of the
primary-mass and mass-ratio distributions with respect to
their true parameters: index β of the mass-ratio power law
(top left), low-mass smoothing scale δm (top right), minimum
BH mass mmin (bottom left), and the maximum BH mass
mmax. Format matches Fig. 7. Note that δm rails on the
lower prior boundary at zero for ρ∗ ≥ 23.

primary mass m1—were only moderately relaxed even
when the catalog size was reduced by a factor of three or
more when increasing ρ∗ from 11 to 15 or 20. The evolu-
tion of our constraints on the m1 distribution with cat-
alog size (via changing SNR threshold) reflects the mod-
erate increase in statistical uncertainty in the mass pop-
ulation parameters as ρ∗ increases. For example, when
ρ∗ is increased from 11 to 15—and in turn the catalog
size of 1600 is reduced by a factor of nearly three—the
90% CI on λm grows by a factor of ∼ 1.6. When ρ∗ is
further increased to 20, as satisfied by only 221 events,
our uncertainty on λm is a factor of 2.7 larger than at
ρ∗ = 11 (cf. top-left panel of Fig. 7).

Similarly, fluctuations in the low-mass behavior of
the mass distribution reflect Poisson noise in mmin and
δm, the minimum BH mass and the smoothing scale of
the low-mass tail of the mass distribution, respectively.
These parameters (plus the index of the power-law con-
tinuum λm, although this is constrained by BBH at many
masses) most directly control the shape of the population
distribution at low masses ≲ 7M⊙. In the top-right and
bottom-left panels of Fig. 8, the inferred values and con-
straints on mmin and δm appear to change sharply when
ρ∗ is increased from ρ∗ = 20 to ρ∗ = 21. This is the re-
sult of Poisson noise in catalog membership, as the tails
of the mass distribution are most strongly determined
by the extremal draws and there are relatively few de-
tectable sources (at all SNR thresholds) with component
masses ∼ 3M⊙ in our astrophysical population.
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FIG. 9. Marginal posteriors on the mean µχ and standard
deviation σχ of the spin-magnitude distribution, and the stan-
dard deviation σcos θ and mixing fraction ξcos θ of the Gaus-
sian component of the spin-tilt distribution. Format matches
Fig. 7.

2. Spin population parameters

In Fig. 9, we show posterior CIs for marginal posteri-
ors on the parameters of the spin-magnitude and spin-tilt
distributions. The true values of the mean µχ and stan-
dard deviation σχ of the spin-magnitude distribution, as
well as the true mixing fraction ξcos θ of the Gaussian
component of the spin-tilt distribution, are all recovered
within, at most, the 90–99% CIs in all analyses. The
standard deviation of the Gaussian component of the
spin-tilt distribution σcos θ is only recovered within the
99.9% CI in our analyses at ρ∗ = 18, 19, but we found no
cause for this apparent bias. Generally, our constraints
on the spin population parameters are essentially un-
changed up to ρ∗ ∼ 25, apart from some scatter due
to catalog membership.

3. Redshift Power-law Index

In Fig. 10 we show CIs for the marginal posterior on the
power-law index of the redshift distribution, λz. Here,
we note that our statistical uncertainty on λz grows more
quickly with increasing SNR threshold ρ∗ than our uncer-
tainty in the mass or spin population parameters. This is
because higher redshift sources have lower SNRs, the dis-
tribution of which strongly peaks at the SNR threshold.
When ρ∗ increases from 11 to 15, our uncertainty on λz

grows by a factor of ≈ 2.2; when ρ∗ is further increased
to ρ∗ = 20, our uncertainty is a factor of ≈ 4.4 larger
than when analyzing all 1600 events with ρ > 11.
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FIG. 10. Marginal posteriors on the power-law index of
the redshift distribution λz . Format matches Fig. 7. We
note that λz rails on the upper prior boundary at 10 for most
analyses with ρ∗ ≳ 30.

Appendix D: Catalog size versus composition

In Sec. III, we observed that constraints on the
marginal population-level distribution of BBH redshifts
were more sensitive to the SNR threshold than was the
case for primary mass. We also found that constraints
on the spin magnitude and tilt distributions only notice-
ably weakened when the SNR threshold was raised to
ρ∗ ∼ 20. These results indicate that population infer-
ence under our choice of population model is driven—at
least in part—by the particular events composing our
mock catalog, and not only the size of the catalog. Here,
we directly assess whether catalog size or composition
informs the population distribution by repeating popula-
tion inference on many catalogs of fixed size while varying
SNR threshold.

First, we perform hierarchical inference on mock cata-
logs of fixed size and increasing SNR threshold. We take
unique subsets of Nobs = 69 from our mock catalog of
1600 events at four thresholds ρ∗ ∈ {11, 15, 20, 27} (cho-
sen from among the thresholds highlighted in the previ-
ous section, replacing ρ∗ = 30 with ρ∗ = 27, the highest
threshold satisfied by at least 69 events). We note that
we have only one catalog of 69 events with ρ > 27, and
so cannot test how our results vary with different catalog
realizations selected with ρ∗ = 27.

We summarize our results in Fig. 11, where we show
posterior CIs of some of the parameters characterizing
the distributions of redshift, primary mass, spin mag-
nitude, and spin tilt, relative to their true values. Be-
ginning from the top, we find that catalogs of 69 events
with ρ > 11 typically yield the best measurement of the
power-law index λz of the redshift distribution, with a
trend of increasing statistical uncertainty as ρ∗ increases.
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FIG. 11. Marginal posteriors from analyses of unique sub-
sets of 69 events from our mock catalog. Rows from top to
bottom show the results for the power-law index λz of the
redshift distribution, power-law index −λm of the continuum
in primary mass, location µm of the Gaussian peak in primary
mass, standard deviation σχ of the spin-magnitude distribu-
tion, and standard deviation σcos θ of the Gaussian compo-
nent of the spin-tilt distribution. Colors indicate different
SNR thresholds and shades from darker to lighter denote the
99%, 90%, and 50% CIs. At each ρ∗, posteriors are sorted by
decreasing width of the 90% CI.

The smallest 90% CI width for λz achieved among the
catalogs selected under ρ∗ = 11, 15, 20 and 27 are 3.2,
4.3, 5.5, and 7.3, respectively. Therefore, the redshift
distribution is better informed by including events with
lower SNR. Events with lower SNR tend to lie at further
distances, thus providing a crucial lever arm to constrain
the evolution of the merger rate over redshift.
In the next row, we turn to the index λm of the power-

law continuum in primary mass m1. Here, the small-
est 90% CI widths among catalogs at each ρ∗ are 1.1,
1.1, 1.3, and 1.2. These results indicate that the broad
shape of the mass distribution is not affected by the SNR
threshold. Conversely, the location µm of the Gaussian
peak in m1 is best measured with a catalog of relatively
high SNR events; among catalogs selected with ρ∗ = 11,
15, 20, and 27, the smallest 90% CI widths are 4.4M⊙,
4.8M⊙, 4.5M⊙, and 3.6M⊙, respectively.
Finally, we turn to the standard deviation of the spin

magnitude distribution, σχ, and the standard deviation
of the Gaussian component in spin tilts, σcos θ. Both
marginals show a trend of decreasing uncertainty as ρ∗
is raised. Among catalogs selected with SNR thresholds
ρ∗ = 11, 15, 20 and 27, the smallest 90% CIs respec-
tively are 0.070, 0.063, 0.052, and 0.055 for σχ and 0.9,
0.6, 0.73, and 0.63 for σcos θ. These results indicate that
spin population inference is driven by events with higher
SNR. Additionally striking is the variation in statisti-
cal uncertainty under different catalog realizations when
measuring σcos θ; up to ρ∗ = 20, many catalogs yield sta-
tistical uncertainty on σcos θ comparable to the width of
the prior. This variability suggests that additional char-
acteristics of the sources in our mock catalogs—beyond
SNR—determine how well the spin tilt distribution can
be constrained.
While population inference is ultimately determined

by the data in a GW catalog, these results indicate that
we can crudely dissect the information content of our
catalogs based on size and event SNRs. In a future study,
we will further dissect the overall information content of
our mock catalogs in terms of the information content in
each event and the (inferred) parameters of each BBH.

Appendix E: Scaling of Monte Carlo variance with
NPE and SNR threshold

In Sec. IV, we describe how the total Monte Carlo vari-
ance V of the population log-likelihood estimator evolves
with SNR threshold. We then focus on the number and
computational cost of simulations required to accurately
estimate lnαdet. Here, we inspect the Monte Carlo vari-
ance VPE carried by our estimate of the per-event likeli-
hoods in Eq. (6) relative to the variance Vdet carried by
our estimate of lnαdet.
While previous work (e.g., Ref. [41]) indicates that se-

lection effects may dominate Monte Carlo uncertainty
for large catalogs, this trend may not hold when Nobs

increases because the SNR threshold decreases, as in our
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work. As shown in App. G, Vdet scales quadratically with
N2

obs and inversely with the number Ndet of detectable
sources in the draw population when estimating selec-
tion effects; cf. Eq. (G8). This implies Vdet ∝ ρb−2a

∗
assuming Nobs ∝ ρ−a

∗ and Ndet ∝ ρ−b
∗ for some powers

a and b [134, 135]. Meanwhile, if each per-event like-
lihood estimate carries comparable variance, then VPE

may scale like VPE ∝ Nobs ∝ ρ−a
∗ . Thus, we might ex-

pect that VPE/Vdet ∝ ρa−b
∗ , and for the astrophysical

and draw distributions considered in this work we find
a− b ≈ −0.04.

In Fig. 12 we show the CIs of VPE/Vdet over the pos-
terior support obtained with each mock catalog selected
with increasing SNR thresholds ρ∗ ∈ {11, . . . 40}. At all
thresholds, Vdet dominates the Monte Carlo uncertainty
of the log-likelihood estimator. Further, VPE contributes
a larger share of the Monte Carlo uncertainty as the SNR
threshold is lowered and the size of the catalog increases.
However, as ρ∗ increases, VPE/Vdet decreases much faster
than ρ−0.04

∗ , with the median scaling approximately as
ρ−0.5
∗ . This points to non-trivial dependence of both Vdet

and VPE on SNR threshold. For example, Vdet falls as
the efficiency of importance sampling from p(θ|Λinj) to
p(θ|Λtrue) rises; cf. Eq. (G8). Since the population pos-
terior density converges towards the true population with
more data (i.e., lower SNR threshold), we find that the
median importance sampling efficiency improves (albeit
with some scatter) as ρ∗ declines, reducing the contri-
bution of the selection term to the total variance in our
largest mock catalogs.

Similarly, VPE depends on both the number NPE and
distribution of single-event posterior samples; in this
work, we drew > 15000 posterior samples per event. Al-
though VPE < Vdet for all of the analyses considered
in this work, this is not guaranteed for lower NPE. In
Fig. 13, we show the distribution of VPE/Vdet over the
posterior support at ρ∗ = 11 if we used a factor of three
fewer single-event posterior samples—corresponding to a
factor of three fewer nested sampling live points when an-
alyzing each event and a threefold decrease in compute
time [123]. With NPE = 5000, the single-event variances
dominate the total Monte Carlo variance of the popula-
tion likelihood estimator for our largest mock catalog.

Appendix F: Posterior error induced by Monte
Carlo approximations

In this study we used the Monte Carlo variance of the
likelihood estimator as a proxy for systematic bias in pop-
ulation inference. However, Ref. [85] recently derived an
estimator of the error in the posterior induced by Monte
Carlo approximation of the likelihood. In Fig. 14, we
show the posterior error estimate Ê, plus the dominant
contributions to Ê, Π̂PE and Π̂det, coming from Monte
Carlo estimation of the per-event likelihoods and selec-
tion effects, respectively. We find that all analyses satisfy
a threshold of Ê ≤ 0.2 bits recommended by Ref. [85], in-
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FIG. 12. Monte Carlo variance VPE from the sum of the
variances when estimating the per-event likelihoods relative to
the variance when estimating selection effects. White circles
denote medians, while shades from darker to lighter denote
the 99%, 90%, and 50% CIs.
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FIG. 13. Distribution of VPE/Vdet over the posterior support
when analyzing our largest mock catalog, at ρ∗ = 11, using
NPE = 5000 single-event posterior samples. For comparison,
using NPE ≳ 15000 samples per-event (as in the analyses
presented in this work) yields VPE/Vdet = 0.39+0.05

−0.04 (median
and 90% CI) at ρ∗ = 11 (cf. Fig. 12).

dicating that no bias is present even in our analysis of all
1600 mock events. Further, Ê decreases with increasing
SNR threshold, supporting our conclusion in Sec. IV that
population analyses performed with higher significance
threshold are less subject to systematic uncertainty due
to misestimation of the population likelihood. Finally,
we note that uncertainty in the per-event likelihood es-
timates contributes a larger fraction of the total infor-
mation loss at smaller SNR thresholds, consistent with
Fig. 12.
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Appendix G: Scaling of number of simulations with
SNR threshold

In Sec. IVB we found an empirical scaling of the num-
ber of simulations Nmin

inj required for accurate estimation
of αdet with SNR threshold ρ∗. Here, we check our results
by deriving a scaling relationship between Nmin

inj and ρ∗,
starting from the effective sample size Neff appearing in
the Monte Carlo variance of lnαdet (cf. Eq. (8)).

The effective number of samples [84] drawn from p(θ|Λ)
when estimating the detection efficiency αdet using sam-
ples drawn from p(θ|Λinj) is

Neff =

(∑Ninj

i=1 wi

)2
∑Ninj

i=1 w2
i

=
1∑Ninj

i=1 w̄2
i

, (G1)

where the weights wi are

wi(Λ) =
p(θi|Λ)

p(θi|Λdraw)
Θ(ρ(di) > ρ∗) (G2)

and w̄i are the normalized weights

w̄i =
wi∑Ninj

i=1 wi

. (G3)

Note, however, that a portion of our weights are exactly
zero—in particular, those with ρ(di) ≤ ρ∗. These weights

do not contribute to the normalization
∑Ninj

i=1 wi, nor to∑Ninj

i=1 w̄2
i . Using k to index only the Ndet weights with

ρ(dk) > ρ∗, we can write

Neff =
1∑Ndet

k=1 w̄2
k

, w̄k =
wk∑Ndet

k=1 wk

. (G4)

These expressions are equivalent to Eqs. (G1) and (G3),
respectively. Importantly, we still have that w̄k are nor-

malized, with
∑Ndet

k=1 w̄k = 1.
We recall the Cauchy–Schwarz inequality in a Eu-

clidean Rn vector space (equipped with the standard
inner product). For two vectors [u1, u2, . . . , un]

⊺ and
[r1, r2, . . . , rn]

⊺, we have(
n∑

k=1

ukrk

)2

≤
(

n∑
k=1

u2
k

)(
n∑

k=1

r2k

)
. (G5)

With n = Ndet, uk = w̄k, and rk = 1, this implies(
Ndet∑
k=1

w̄k

)2

≤ Ndet

Ndet∑
k=1

w̄2
k . (G6)

Recall that w̄k are normalized, so we have

1

Ndet
≤

Ndet∑
k=1

w̄2
k , (G7)

which implies that Neff ≤ Ndet. Therefore, we can
write Neff = εNdet, where 0 ≤ ε ≤ 1 and Eq. (9) can be
written

vdet =
1

εNdet
− 1

Ninj
. (G8)

By definition, Ndet = αdet(Λ
inj)Ninj, so (suppressing the

dependence of αdet on Λinj),

vdet =
1

Ninj

(
1

εαdet
− 1

)
. (G9)

If a small fraction of sources from the draw population are
detectable (which is true even under our least stringent
SNR threshold of 11, where αdet ≈ 1.6 × 10−2), then
vdet ≈ 1/ (εαdetNinj). With the definition of Nmin

inj in

Eq. (11), we have V ≈ N2
obs/

(
εαdetN

min
inj

)
.

Now, we assume that Λinj are chosen to describe a
distribution of BBHs reasonably similar to that described
by Λtrue, such that ε ≈ 1. Further, assuming that the
number of detected sources that we expect in the true
universe will scale with SNR threshold like ∝ ρ−a

∗ for
some power a [134, 135], and similarly that the number
of detected sources in the Λinj universe scales like ∝ ρ−b

∗
for some power b, we have that

Nmin
inj ∝ N2

obsα
−1
det ∝ ρb−2a

∗ . (G10)

In the most idealized case that Λinj = Λtrue and further
that Λtrue describes a flat universe with a merger rate
constant in luminosity distance and uncorrelated with
other source properties, a = b = 3 [134, 135] and so
Nmin

inj ∝ ρ−3
∗ . In this work, we estimate that a ≈ 3.21 for

the true astrophysical distribution and b ≈ 3.25 for the
Λinj distribution, yielding Nmin

inj ∝ ρ−3.17
∗ (which differs
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from ρ−3
∗ because we simulated a non-flat universe with a

merger rate that increases with distance). This predicted
scaling differs slightly from the scaling relationships we

numerically measured in Fig. 6, likely reflecting a non-
trivial scaling of the importance sampling efficiency from
p(θ|Λinj) to p(θ|Λtrue) with SNR threshold.
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