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FURSTENBERG-SARKOZY THEOREM OVER NUMBER FIELDS
DEV RANJAN PANDEY AND JYOTI PRAKASH SAHA

ABSTRACT. We introduce the notion of intersective polynomials having coefficients in
the ring of integers Ok of a number field K, and define a notion of upper density of
subsets of Og. We prove that given any intersective polynomial p(x) over Ok, every
subset A of Ok of positive upper density contains two distinct elements whose difference
is equal to p(z) for some element x in Ok . Moreover, we obtain a quantitative version of
this result. The proof is motivated by an argument due to Lucier, and the Fourier-free
proof of the Furstenberg—Sarkozy theorem over the integers by Green, Tao and Ziegler.

1. INTRODUCTION

1.1. Motivation. A conjecture by Lovasz states that every subset A of the integers,
with positive upper density, contains two distinct elements in A such that they differ
by a perfect square. In 1977, Furstenberg [Fur77] proved this conjecture by using er-
godic theoretic methods. Soon after, Sarkozy independently proved a quantitative and a
stronger version of this result using Fourier analytic methods.

Theorem 1.1 (Sarkozy [Sar78|). Let A be a subset of the integers lying in the interval
[1, N such that the set A — A does not contain any nonzero perfect square. Then

ﬂ<< (loglog N)2\ '/
N log N '

In the subsequent years, improved upper bounds have been obtained for the density
of the subsets A of {1,2,..., N} such that the difference set A — A avoids the nonzero
perfect squares, by Pintz, Steiger, and Szemerédi [PSS88], Lucier [Luc06], Lyall and
Magyar [LMO09], Hamel, Lyall, and Rice [HLR13], Rice [Ric19], Bloom and Maynard
[BM22], among others. Recently, Green and Sawhney [GS25] have announced the best
known upper bound, stating that for any subset A of {1,2,..., N}, containing no two
elements whose difference is a nonzero perfect square,

| A —eyIog N
T« cy/log
N e
holds, where c is a positive constant. Green, Tao, and Ziegler [GTZ13] obtained a Fourier-
free proof of the Furstenberg—Sarkozy theorem, using the Cauchy—Schwarz inequality.
In 1994, Balog, Pelikén, Pintz, and Szemerédi [BPPS94| proved that for any integer
k > 1, every subset of the integers with positive upper density contains two distinct
elements such that their difference is the k-th power of an integer. More precisely, they
proved that if A is a subset of {1,2,..., N} such that no two of its elements differ by a
nonzero perfect k-th power, then
|A]

W <k (1Og N)_

% log log log log N
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A work of Kamae and Mendes France [KMFE78] shows that if p(z) is an intersective
polynomial over the integers, then every subset of the integers with positive upper density
contains two distinct elements differing by p(n) for some integer n. Lucier proved the
following quantitative result, which implies the above result of Kamae and Mendes France.

Theorem 1.2 (Lucier [Luc06]). Let p(z) € Z[z] be an intersective polynomial of degree
k> 2, and let A be a subset of {1,2,..., N} such that it does not contain two distinct
elements with difference equal to p(n) for some integer n. Then

4] _ (loglog N)#/=—
N 77 (log N)V/(=1)
holds, where 1 = 3 when k = 2, and p =2 when k > 3.

In 2009, Lyall and Magyar [LMO09], and in 2013, Hamel, Lyall, and Rice [HLR13]
have obtained better bounds, for the polynomials with constant term zero, and for the
intersective polynomials of degree two, respectively. In 2019, Rice [Ric19] has further
improved the bound for the intersective polynomials of arbitrary degree. Bloom and

Maynard [BM22] proved that any subset A of {1,2,..., N} without square differences
satisfy

A _
% < (lOg N) clogloglogN’

where ¢ is a positive absolute constant. Arala [Ara24] has extended this result to inter-
sective polynomials of arbitrary degree.

1.2. Result obtained. Let K be a number field of degree d over Q, and Ok be the ring
of integers of K. Fix a Z-basis {ej, e, ...,e4} of Ok. For any nonnegative real number
N, let S(N) denote the set

{Zaiei:ai EZﬂ[—N,N]},

i=1
and for any subset A of Ok, define the upper density of A in Ok as
SOAY [ANS(N)|
d(A) : hgl_?olip SO
Note that if p(z) € Z[z] is an intersective polynomial over the integers, then by the pi-
geonhole principle, one can show that the Furstenberg—Sarkozy theorem over the integers
implies that for every integer 1 < j < d, each subset A of Ok of positive upper density
contains two distinct elements such that their difference is e;p(n) for some integer n.
Observe that every nonzero ideal of O is of positive upper density. If p(z) € Ok|x] is
a polynomial for which there exists a nonzero ideal a of Ok which does not contain any
nonzero value of p(x), then the difference set a — a does not contain any nonzero value of
the polynomial p(x), although the upper density of a in O is positive. This leads to the
definition of the intersective polynomials over the ring Ok (see Definition 4.1). We obtain
Theorem 1.3, which establishes the Furstenberg—Sarkozy theorem for the intersective
polynomials over the ring Ok.

Theorem 1.3. Let q(z) € Ok[x] be an intersective polynomial of degree k > 2 and N
be a positive integer. Let A be a subset of S(N) which does not contain two distinct
elements whose difference is q(z) for some element x of Ok. Then the density of A in
S(N) satisfies
|A] 1
|S(NV)| Sadp (loglog N)¢
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where € = 2%—1—1+1

1.3. Outline of the proof. Our proof is motivated by an argument of Lucier [Luc06]
used in proving the Furstenberg—Sarkozy theorem for intersective polynomials, and the
Fourier-free proof of this theorem by Green, Tao, and Ziegler [GTZ13] for the perfect
squares. We provide a brief outline of our proof below.

Let ¢(x) € Oklz] be an intersective polynomial of degree k > 2 over O, and let A
be a subset of S(IV) of density . Suppose the difference set A — A contains no nonzero
value of ¢(x). Assume that N > N;,, where N;, is a suitable positive integer, and it is
large in terms of d, the degree of K, and the polynomial ¢(x).

In Section 3, we use the strategy of [GTZ13]. Let f denote the balanced function of the
subset A of S(N). First we show that Lemma 3.1 holds, which proves that the correlation
between f and the composition of f and a shift map by ¢(z) is large in terms of x and
0. In Lemma 3.2, we prove a degree lowering result, which can be applied iteratively to
obtain Proposition 3.3, which states that f has a large correlation with the composition
of f and the shift map by a linear polynomial, in terms of x and d. Moreover, the
leading coefficient of this linear polynomial, denoted by «, is not “too large”. Applying
the pigeonhole principle, we prove Lemma 3.5, which shows that for a suitable element
n in O, the density of A in the set n + a.S(N'/?*) is at least § + 6, for some positive
constants ¢, C', depending only on x.

In Section 4, we define the notion of intersective polynomials over Ok (see Defini-
tion 4.1). A polynomial with coefficients in O is said to be intersective if it admits a
root modulo every nonzero element of Og. It follows that every intersective polynomial
has a root in the p-adic completion of Ok for every nonzero prime ideal p of Of. For
every nonzero prime ideal p, we choose a root z, of ¢(z) in the p-adic completion. Using
the Chinese remainder theorem, we show in Proposition 4.1 that for any nonzero element
a in Ok, if a denotes the ideal generated by «, then the polynomial ¢(x) admits a root
ro modulo a, which can be bounded in terms of a. Moreover, r, is congruent to z,
modulo p” for every nonzero prime ideal p and positive integer n such that p” divides a.
Following Lucier, for every nonzero element o of Ok, we define an auxiliary polynomial
¢o(x) of degree k, whose coefficients admit an upper bound in terms of those of ¢(z) and
a. Moreover, the polynomial g, (z) is intersective as proved in Lemma 4.2.

Combining Lemma 3.5 and Lemma 4.2, we prove in Corollary 5.1 that some subset A’
of S(N'/2%) has density at least 6 +c6¢, and the difference set A’ — A’ avoids the nonzero
values of the intersective polynomial g, (z). We also show that the coefficients of ¢, (z)
admit a suitable upper bound, which is not too large in terms of N and the coefficients
of g(x). Next, we provide a proof of Theorem 1.3. We show that under the assumption
N > Nsg4, the above argument can be iterated enough times to arrive at a subset of a
set with density larger than 1. This implies that N < Ns 4 holds, which yields the bound
stated in Theorem 1.3.

2. PRELIMINARIES

Throughout this article, K denotes a number field having degree d over Q. Its ring of
integers is denoted by Ok. Let {ej, e, ..., e4} denote a Z-basis of Ok.
For a positive real number N, we define the set

S(N) = {Zaiei ca; €ZN [—N,N]}.

i=1
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Note that [S(N)| = (2| N] +1)%, and hence, (2N —1)? < |S(N)| < (2N +1)4 holds. The
density of a subset A of O in S(N) is defined as
[ANSIV)|
ON(A) = —F,
" [S(N))]

and the upper density of A is defined as
0(A) == limsup oy (A).
N—oo
For a subset A of S(IV) of density d, we denote the balanced function of Aby f: Ox — R,
which is defined as
f(n) = lA(n) — (515(]\[)(71).

For any element of « of O, let M, denote the smallest nonnegative integer such that

a lies in S(M,). In other words, if a = 2?21 a;e;, where a; € Z for all 1 < ¢ < d, then

M, = max |a;|.
1<i<d

Let E denote the integer defined by
E = max M.,

1<i<j<d

Note that if z € S(N;) and y € S(N,), then the product zy lies in the set S(d>EN;N>).
In other words,

(1) S(N1) - S(N2) € S(d°ENiN,)

holds. For any polynomial p(z) = ¢y + c1z + - -+ + ¢,2" of degree k in Oklx], let M,
denote the integer defined by
M, = max M,,.

0<i<k

For any nonnegative integer j, some subsets X, H of Ok, and elements x € X and

h = (hy,...,h;) € H’, we write
oj(x,h) =x+hy+---+h,.
Note that if k lies in H, then for any element h = (hy,...,h;) € H?, the element
h' = (hy,..., h;, k) lies in H/* and
ojr1(z,h') =oj(z,h) + k

holds for every =z € X.

Let us set the constants C; = (k + 1)(kd?E)", Cy = 2(2d*E)*, C3 = k2%(d*E)3* and
Cy = C4*Cy depending on k, d and E only.

The following proposition gives some useful properties of the balanced function f of a

subset of S(N).

Proposition 2.1. Let N be a positive integer and A be a subset of S(N) of density §.
Then the balanced function f of A has the following properties.

(1) The function f is 1-bounded.

(2) EnES(N) f(n) =0.

(3) Enesv) [F(n)* < 0.
Proof. Given any element n in O, note that f(n) lies in the set {0,1 — 0, —¢}, implying
that f is 1-bounded. Also, observe that

1 1
CE I = i 3 (L) = L) = e (141 =6+ ISV = 0

neS(N)
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holds. This proves the second statement. Note that

E @I = B (i) = olsn(m)°

nes(N) neS(N)
= 2 2 2 .
_ RGEN) ((1A(n)) + 6% (1svy(n))” — 2614(n) - 1 S(N)(n)>
1
= |A| + 0% |S(N)| — 26 |A|
s )
=0 +6° —26°
<9
holds, which proves the final statement. O

3. DENSITY INCREMENT

In this section, our goal is to prove a density increment result, stated in Lemma 3.5. It
implies that, if for a sufficiently large integer N, a subset A of S(N) has no two distinct
elements which differ by a value of a fixed nonconstant polynomial in Ok|z] of degree
K, then there exists a translation of a dilation of the set S(N'/2%), which is contained
in S(N), and on which the density of the set A is increased suitably. In the following
lemma, we prove that the correlation between the balanced function f of a subset A of
S(N) and the composition of f with a shift by a polynomial p(z) is large, provided the
difference set A — A does not contain any nonzero value of p(x).

Lemma 3.1. Let p(z) be a nonconstant polynomial of degree k in Ok|x], and dy € (0,1].
Let N be a positive integer and A be a subset of S(N) of density § > dy. Suppose the
difference set A — A does not contain the nonzero values of p(x). If

N> 2d+501Mp 2

then given any positive integer r the balanced function f of A satisfies

E E E f(n)f(ner(aﬁ_l(m,h)))‘25—2.

neS(N) mES(Nl/Q"”") hGS(Nl/élnr)m—l 2

d
Proof. Let r be a positive integer and N > (%
0

have at most x many roots in Ok, and for any element n in Ok, there exist at most

S(NY4™V5=1 many elements in the set S(NY/2%) x S(NY4")5~1 guch that the sum of
y

its components is equal to n. Therefore, we get that

2
> holds. The polynomial p(x) can

K
E E E 1a(n)1 o h) < ——
TZES(N) xES(Nl/QW) hES(Nl/‘L"T)H*l A(n) A (n+p(0 l(x ))) |S<N1/2'L€>|
Note that N > (2‘—3)21{ holds, which yields that
52
p E E E 14(n)1 oz h)) < &
( ) neS(N) zeS(N1/2x) he S(N1/4" )r—1 A(n) A (TL +p (0' 1(1' ))) 4
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Consider the balanced function f of the subset A of S(N) and observe that
E E E +p(0k_1(x,h
b s o) s e f(n)f (n+p(oe1(z,h)))

= E E E 14(n)ls(n+ w_1(z, h
e s s 4(m)1a(n+p(o.-1(z, h)))

(3) - E E E 14(n)é1lsny (n 4+ p (0k—1(z, h)))

neS(N) mES(NlﬂN) hES(Nl/‘mT)“*l

- E E E (515(]\[)(”)1,4 (n+p(0n—1(x7h)))

neS(N) CEES(Nl/ZN) heS(N1/4m7”)n—1

E E E 01 n)ol n+p(oe_1(x,h))).
RESN) 2ES(NL/2%) heS(NART y—1 S(N)() S(N)( p( 1 ( )

Note that

4 E E E 51 51 +p(0x_1(z,h))) < 52
(4) n€S(N) zeS(N1/2%) heS(N1/4s")n=1 s (oL [+ plowale b)) <
holds. For every nonnegative integer j < k — 1 and (z,h) in S(N'/2%) x S(N'/4")J the
polynomial p(x) satisfies

p(o;(z,h)) € S(CLM,N'?),
and consequently, the set S (N — C;M,N'/?) is contained in the sets S(N)+p (o;(z, h))
and S(N) —p(oj(x,h)). Therefore,

E E E 1.4(n)d1 - 1(z,h
R N A A(n)d1snvy (n+p(0x-1(z,h)))

0
> E E 1 _
T |S(IN)| zes(N1/2%) hes(N1/4n yr—1 neSZ(N) ANS(N-C1MpN1/2) (n)

)
> E 1) Al —|S(N)\ S (N — C;M,N*/?
T|S(N)| zes(N1/25) heS(N1/48T yr=1 (1A= ]SS ( M NTE))
g (1S0V1= |8 (¥ —cog )

|S(N)]

holds. Note that N > (%) implies that

7

5 E E E 14(n)é1 +p(0x_1(z,h))) > =52
(5) e w3 mes v e e ()05 (n+p (o-a(@, b)) 2 ¢
holds. Similarly, we deduce that
E E E 51 14(n+p(osi(z,h
nES(N) zeS(N1/2%) heS(NL/A="ye-1 san(p1a s+ p{0us(z, 1))
)
E E > 14 (n)
ISV sesvi/zs) nesqvi/ant e nES(N)+p(or_1(z,h))
)
© = E sy 2. al
|S(N)| zes(N1/2x) nes(N1/4n7) neS(N—Cr M, N1/2)
)
> E E Al-|S S (N - C,M,N"?
_‘S(N”zES(Nl/%)hES(Nl/‘MT)'ﬁ—l <| | ‘ ( \ ( ! )|)
7
>_ 42,
—8



Using Eq. (3), and Inequalities (2), (4), (5), and (6), we obtain that

52
E E E + w_1(z,h))) < ——
b s ) s e f(n)f (n+p(oe1(z,h))) 5
holds, which implies that
52
E E ]E + K— 7h Z o
VRN s 20y e (e et fn)f (n+p(ox-1(z,h))) 5
holds. This proves Lemma 3.1. U

3.1. Degree reduction. In the following lemma, we assume for a subset of S(N) that
the correlation between the balanced function f and the composition of f with a shift
map by a polynomial p(z) is large. With this assumption, we obtain that there is a
polynomial of degree one less than that of p(x), such that the correlation between f and
its composition with a shift map by this derived polynomial is also large. The coefficients
of the obtained polynomial are bounded in terms of the considered polynomial, and the
lower bound of the correlation is analogous to that of the prior correlation.

Lemma 3.2 (Degree lowering). Letl k, r be positive integers with k > 2, and dy € (0, 1].
Let 1 <m <k —1 be an integer and p(x) € Ok[z] be a polynomial of degree k —m + 1.
Let N be a positive integer and A be a subset of S(N) of density 6 > dy. Assume that the
balanced function f of A satisfies

2m=141
BTSN S {0V CR R TR )| B =
If N > N,,+1 holds where
o A"
o= | (Fra) |
0
then there ezists a polynomial p'(x) € Oklz] of degree k —m with
My < CoM, N4
and the balanced function f of A satisfies
§2H
B BB SO @ )| >

Proof. Let the polynomial p(z) be given by ¢y + c12 + « - + 12" ™ L. Assume that
N > N,,11. We have
52+l

E E E fF)f (n+p(0r-m(z,h)))

neS(N) zeS(N1/28) heS(N1/4x" yr—m

> =
— 93.2m=1-2

Denoting E,cs(v) Epeg(ni/esy by Ep ey and using the triangle inequality, we get that

52m—1+1

. S0 o)) 2 s

hES(Nl/Alnr)n—m

= (17

Applying the Cauchy—Schwarz inequality and using Proposition 2.1, the above inequality
gives that

2 52"+l

ZW’

E

n,x

E f(n+p(0n-m(z,h))

hES(N1/4NT)H7m

7



which implies that

52m+1 2
i < BB S 0O )
2
7 = E E E n + Or—m—1\T, h =+ k
( ) n,xr heS(N1/4HT)m—m—1 kGS(N1/4”T) f ( p( 1( ) ))

2
< E E

E f(n+p(<fn—m—1(x>h)+k))
thS(Nl/élfiT)n—m—l

keS(N1/4T)
Note that given any n € S(N), z € S(N'/?%) and h € S(N'/4")*=m=1 we have

2

Z fn+p(osm-1(z,h)+k))

keS(N1/4sT)

= 3 Ftp@ema(eh) + k) S F+p(Oemo(ah) + )

keS(N1/4kT) k'€ S(N1/4rT)

= Z fn+p(@sma(z,h)+Ek))f(n+plomalz, h)"’k/))
k,k’egzi\l;l/‘m’”)

+ Y (4 p(@em(e,h) +K))

kES(N1/4xT)
< Y ftpomal@h) + k) f(n+p(oemalmh) +K)+ > 1
k#k' keS(N1/4kT)

k,k'€S(N1/4s")

= > [+ p(Oemaa(@ ) + k) f (04 p(Oammoi(z,h) + K)) + [S(NVT)].
kK
k,k'€S(N/4=")

Therefore, we obtain that
1
|S(N1/4s7) ]2 Z F(n+p(osma(x,h) + k) f(n+p(0s—m(z,h)+E))
kK
k,k'€S(N1/4E")
? 1

> E (@) + B - ——
= k:eS(Nl/‘lK’")f(n—i_p(o- 1(ZE )+ )) |S(N1/4H )|

232 -3

Note that N > <62m—+1)4ﬁr/d implies that
1 52m+1
|S(N1/4s7)
Therefore, taking expectations over n,z and h in their respective ranges, Inequality (7)
implies

> E E fn+p(0n-m1(z,h) + k) f(n+p(opm-i(z,h) + &)
k#k ", heS(N1/4")r—m—1

kK €S(NL/4x")

= 93.2m-3"

52m+1

> —|S<N1/4HT)|2.

- 23-2”—3



The pigeonhole principle implies that there exist distinct elements k and &’ in the set
S(N/4"Y satisfying
52m+1

E E f+p(oema(z,h)+k) f(n+p(oema(r,h) +£)) > o

n,T hES(Nl/‘WT yr—m—1 2
Note that for every nonnegative integer j < x — 1 and (z, h) in S(NV/2%) x S(N/4")7,
the polynomial p(z) satisfies

p(o;(z,h)) € S(C,M,N'?),
and consequently, the sets S(N) and S(N) + p (0;(z,h)) are contained in the set
Ty = S(N + C1 M,N'/?).

Note that the function f vanishes outside S(N). Thus, for any element (x,h) of the set
S(N/2r) x S(NVA")d=m=1 "we observe that

E f(n)f(n+p(osm(x,h)+k)—p(oem_i(z,h)+k))

neS(N)
1 N—plo x
1S(N))| neSZ(N)f(n)f (n+p(@k—m1(z,h) + &) = p(0x—m-1(r,h) + k))
1 /
:m neZT f(n>f (n +p(an—m—1(5€7 h) +k ) -D (05—m—1<x’ h) + k))
=ﬁ( S 0t p (ol h) )~ p (el b) + )
( ) €S(N)+p(ok—m—1(z,h)+k)
+ > f)f (n+p(ox—m-1(2,h) + &) — p(0p—m-1(z,h) + k)))
nETN\(S(N)+p(0r—m—1(x,h)+k))
1 '
Zm nESZ(N) f(n+p(osmi(z,h)+ k) f(n+p(oemi(z,h)+k))
SN + CIMNY?)| — [S(N))]

[S(N))]

om 2
Note that N > <%) , implies that

[S(N + CLMNY2)[ = [S(N)| _ o*"
[S(N)] i
Thus, taking expectations over x and h in their respective ranges, the above inequality
yields

8
(8) .
/
rEhES(Nl/IE")d—m—l F)f (n+p(Os-m-1(z,0) + &) = p(05-m-1(z,h) + ) > 932m 2"

Using the binomial theorem, we observe that

p(0hm1(z,h) + k) —p(0x_m_1(x, h) + k)
= > (O (@ B) + ) = (i, h) + £))

=0
9



-3 (Z () = =k it h))j)

§:<aﬁm1<x,h>v (fj o) @ ki‘”)) -

For every 0 < j < k —m, let us denote

K—m+1 .
bj o Z ¢ (Z) (k/z‘—j _ ki—j) ,

i=j+1 J
and note that b,_,, is nonzero. Note that forevery 1 <i1<kx—m+1land0<j < k—m,
we have ¢; € S(M,) and k=7 — k=7 € §(2d**~D EF"INY/4"Y) Hence, for every 0 <
7 < d — m, we obtain that

bj € S(OQMPNI/ZMT_l).

Let us set the polynomial p/(z) :== by + b1z + - - - + bz ™, and observe that p/(z) €

Ok|z] is a polynomial of degree x — m, such that if N > N,,,1, then we have

My < CoM,NY4""

and Inequality (8) implies that

5241

E E E " (O h >

(9) nES(N) zeS(N1/25) he S(N1/4KTyp—m—1 f(n>f (n TP <0 1<I’ ))) — 932m-2
holds. This proves Lemma 3.2. U

Applying the above result iteratively x —m times to a polynomial of degree kK —m + 1
gives the following result.

Proposition 3.3 (Linearization). Let k, r be positive integers with r > 2, and éy € (0, 1].
Let 1 < m < k be an integer and p,(x) € Ok[z] be a polynomial of degree k —m + 1.
Let N be positive integer and A be a subset of S(N) of density 6 > &y. Assume that the
balanced function f of A satisfies

52m71+1

E E E + Pm K—m 7h 2 a3.0m—1_o°*
nES(N) 2eS(N1/2%) neS(NL/ARTye—m f(n)f (Tl p (U (37 )))‘ 932 1_o

If N > Ny holds where

8Kk"
23~2”‘*1+d+10102 A
ND - < Mpm’

26—141
50

then there ezists a linear polynomial p,(x) with
Mpn S C;MpmN1/4n7.727

and the balanced function f of A satisfies

52"’"*1—&-1

> .
— 932r~1-2

E E 1,
neS(N) zeS(N1/2x) f(n)f (n p (l’))

Proof. Note that if m = &, in particular, if K = 1, then we are done. Let us take xk > 2
and 1 <m < k — 1. Assume that N > N, holds. Then

52+

(10)

B E  fn)f (n+pm <aﬁ_m<x,h>>>\ >

neS(N) &S (N1/25) he S(N1/4xT yr—m — 932m71-2
10



holds.
Since N > (

a.ok—1
252 +dcl

ok—141
%

4K"
2 . . .
) M holds, applying Lemma 3.2, we obtain a polynomial

Pm+1(x) € Ok|x] of degree k —m such that

Mpm+1 S C2MpmN1/4nT71
holds and the balanced function f of A satisfies
52m+1
E E E m K—m— 7h Z a3.9m_9°
n€S(N) zeS(N1/2%) heS(N1/4r")r—m~1 J) ] (0t P (0 17, ) 23:2m =2

We claim that Lemma 3.2 can be applied k — m times iteratively. To prove it, let us
assume that Lemma 3.2 can be applied ¢ times iteratively, for some 1 < i < kK — m.
Therefore, for every 1 < j <14, we have N > N,,; where

4Kk"
3287144
Ny = | [ M?
m+y T 5211 Pmj—17
0

and there exists a polynomial p,,;;(x) of degree (k —m + 1) — j with

Mpm+]’ < CQMPm+j—1N1/4Kr717
and the balanced function f of the subset A of S(N) satisfies
524
E E E m-+j K—m—]j 7h Z a2.0omti—1_o°
TLGS(N) :L‘GS(NI/QN) hES(Nl/‘l“r)"*m*j f(n)f (n + p +7 (J ](I )))‘ 23.2m+] 1_9

We claim that N > N,,.,.1 where
4r"
23~2~—1+dcl
Nmyiv1 = (W Mz?mﬂ"
0

Mpm+i
holds, which yields that

4Kk" 4"
23~2“*1+d01 23~2"*1+d01 ; -
<— M <25 | CFM. NV

Note that
. . r—1 r—2
<5 MpmN’/A‘” <Cy MpmN1/4“

26—141 Pm+i 2r—141
50 50

r

< ) M2 NS

23-2“‘1+d+10102
5814—1_;’_1

< NP2
<N

holds. This gives N > N,,1i11, and hence, the claim that Lemma 3.2 can be applied
iteratively k — m times follows. This yields a linear polynomial p.(z) = ax +  with
a # 0 and
Mp,{ < C;Mple/Alm—z?
such that the balanced function f of the subset A of S(IV) satisfies
52 1

E E  f(n)f(n+ax+p)

>
neS(N) zeS(N1/2x) T 322

11



Hence, Proposition 3.3 is proved. U

The above result for m = 1 gives the following result, which is more convenient to use
in the proof of Lemma 3.5. In particular, the following corollary provides the conclusion
after applying Lemma 3.2 iteratively, xk — 1 times.

Corollary 3.4. Letr > 2 be an integer and &y € (0,1]. Let p(z) € Ok|x] be a nonconstant
polynomial of degree k. Let N be a positive integer and A be a subset of S(N) of density
0 > &g. Assume that the balanced function f of A satisfies

52
E E E + - 1(z.,h >
nes(N) mGS(Nl/Q")hGS(Nl/‘MT)”_lf(n)f(n P (on-1(2 )))| 5

If N > Ny where

8K”
23-2“‘1+d+10102 A
NO = ( 58K_1+1 Mp7

then there exist elements o, 3 in S(C;Mle/"‘“PQ) satisfying o # 0 and
§52° 1

> .
— 93.2r~1-2

E E f(n)f(n—l—oz:z:—i—ﬂ)’

nES(N) zeS(N1/2%)

3.2. Density increment lemma. We establish the following density increment lemma
using the above results. In this lemma, we consider a set such that its difference set avoids
the nonzero values of a polynomial of degree k. We apply Lemma 3.1 and Corollary 3.4,
to obtain a lower bound for the correlation between the balanced function f and its
composition with a shift by a linear polynomial. By an application of the pigeonhole
principle, we obtain the desired result.

Lemma 3.5 (Density increment). Let r > 2 be an integer, p(x) be a nonconstant polyno-
mial of degree k in Ok|x], and 6y € (0,1]. Let N be a positive integer and A be a subset
of S(N) of density § > dy. Suppose the difference set A— A does not contain the nonzero
values of p(x). If N > Ns, where

8K"
or—1
N 23 2 +d+501 02 M4
do — 52n—1+1 po

0

then there exist elements a in S(C'Q‘Mle/‘l’*Tﬂ) and n in Ok such that the set L =
n + aS(NY?%) is contained in S(N) and the density of A in L is at least § + cd¢, where
c=1/2%2"42 gpnd O =271 4 1.

Proof. Let Nj, be a positive integer as mentioned above and N > Ns, holds. Note that
2
N > (M) holds. Therefore, Lemma 3.1 yields that

5

52
E E E n)f(n+ w—1(z,h > —.
B BB 00 0 po >>>] i

(11)

Since

1 8k”
. (23-2*“ +d+10102> rd

2r—141 P
0o

12



holds, Corollary 3.4 implies that we get a linear polynomial ax + 5 in Og[z] with a # 0,
and «, 8 lying in the set S(CgMle/‘l”r_Q), and satisfying

§2F 1
ne}gm xES(IgW) f)f(n+az+B)| 2 s
The triangle inequality implies that
52 1
(12) BB (1t 02 4 B)| 2 Gy

Observe that the set ,
Uy = S(N + C5 M,N"*"")
contains the sets S(N) and S(N) — 3, and this shows that

E

n€S(N) |zeS(N1/2x)

E f(n+ozx+ﬁ)‘

E1/2 f(n+ax+ ﬁ)’
nES(V) zeS(N )

E n + ax +
B )

f(n+azr+ ﬁ)’
neS()—p |PESINI)

B f(n+ azx+ 5)‘
neUN\S(N)—p) | TETVET)

1 1
< > E  fn4+ax)|+ = > 1
|S<N)‘ neS(N) zES(N1/2K) ‘S<N)‘ neUn\(S(N)—B)
[S(N + CEM,N'*")| — |S(NV)]
< E E n+aoxr)l +
~ neS(N) |zes(N1/2m) a ) [S(N)]

holds. Note that

K— K 2
. (23.2 1+d+102 Mp)

52r 141

holds, and hence, combining the above estimate with (12), we obtain that
521

13 E
( ) neS(N)

E n -+ ax
x€S(N1/2r) f( )

2 S5l
holds. Also, observe that given any element z in S(N'/2%); the element ax lies in the set
S(d>?EC§M,N3/*). As a consequence, the set
Vv == S(N + d*EC5 M, N*/*)
contains the sets S(N) and S(N) — ax. This yields that

HEEN)f(n+ax)
:|S(1N)| Zf(n—l—ozx)— Z f(n+ax)

neVy neVy\S(N)
13



1
=I5 nes%wf (n+ ax) + Z f(n+ax) — Z f(n+azx)

neEVn\(S(N)—az) neVy\S(N)

Using Proposition 2.1, the above yields that
2|V \ S(V)|
- SV

. (23.2~1+d+3d2EC§ch) 4

E f(n+ax)

neS(N

Since

52141

therefore, taking expectation over x, we obtain that
521 52 1
- E E <
23.2N71 — TZES(N) xES(Nl/m“) f(n + O{.I) — 23.2N71
Combining this with (13) yields that
52" 141
PR negEEN) max {wes(%l/%) f(n+ azx), O} .
Consider the set
Wy == S(N — d*EC5 M,N*/*),

and observe that given any n € Wy and z € S(N/2%); the element n + az lies in S(N).
Thus, it follows that

E max{ E f(n+0¢x),0}
zeS(

nES(N) Nl/Zrc)
1
< Z max{ E f(n—i—ozx),()}—l— Z 1
|S(N)| e zeS(N1/2x) neS(N)\W
[S(V) \ Wil
max fn+azx ,O} + )
N)| neZwN {wes sz T ) [S(NV))
We have 4
N> (23.2”_1+d+4d2EC§Mp>
i (52,‘»@714,1 ’
and this yields
521
S0 Z max {xes . f(n+ ax),O} Z 3 iia

neWn

holds. By the pigeonhole principle, we obtain an element n in Wy such that

521
s HOT) 2 apeTa
holds. Consider the set
L={n+azx:zec SNV} =n+aS(NY?),

and observe that L C S(N). The above inequality yields that the density of A in L is at

least § + ¢6¢. This completes the proof of Lemma 3.5. O
14



4. INTERSECTIVE POLYNOMIALS

In this section, we define intersective polynomials over the ring Og. For a given
intersective polynomial ¢(z) and a nonzero element « of Ok, we define an auxiliary
polynomial ¢, (x) and show that it is an intersective polynomial in Og[z]. In Lemma 4.3,
we show that if A is a subset of Ok and A — A avoids the nonzero values of ¢(z), then
there exists a subset A’ of O, defined in terms of A and «, such that the difference set
A" — A’ avoids the nonzero values of the auxiliary polynomial g, (z).

Definition 4.1. A polynomial g(z) € O[] is said to be intersective if for every nonzero
element a of Ok, there exists an element z in O such that a divides ¢(z).

Note that a polynomial in Z[z] is called an intersective polynomial if it admits a root
modulo every positive integer. Moreover, a polynomial in Z[x] is intersective if and
only if it has a root in the ring of p-adic integers Z, for every nonzero prime p (see
[Neu99, p. 105], for instance). Similar to the case of the intersective polynomials over Z,
it can be proved by a repeated application of the pigeonhole principle that a polygomial
over Ok is intersective if and only if it admits a root in the p-adic completion Ok, of
Ok for every nonzero prime ideal p of Ok.

Definition 4.2. For a nonzero prime ideal p of Ok, the p-adic completion of Ok is
denoted by O, and is defined to be

A . Ok
OK,P = I&H n)
n P
where the transition maps are the projection maps.

In the following, ¢(x) denotes an intersective polynomial of degree k over the ring O,
a denotes a nonzero element of Ok, and a denotes the ideal of Ok generated by a. For
every nonzero prime ideal p of Ok, we fix a root z, = {syn },>1 of ¢(z) in (’3[(7,,.

Write a = aje1 + - - - 4+ aqeq, and for every 1 < i < d and 1 < j < d, write

d
€i€j = Z CijkC€k,
k=1

where a; and ¢;j; are integers. Consider the map T, : Ox — Of defined as T, (z) = ax
for every x in Ok, and note that T, is a Z-linear endomorphism on Q. The matrix

corresponding to T, with respect to the basis {ej,...,e4} is given by
d
A= lai]; > where aj, = Z AiCikj-
i=1

Let us consider the characteristic polynomial x 4(x) of the matrix A given by
xa(x) =det(z — A).

Note that y4(z) has integer coefficients, which have absolute value at most (d?EM,)%.
Let f(x) denote the polynomial with integer coefficients satisfying

xa(z) =z f(2) + (=1)" det(A).
Note that x 4(«) = 0, and this yields that

(14> 1 (_1)d—1 f(Oé)




Proposition 4.1. There exists an element r, in the set S ((d2EMa)d) such that the
element q(ry) lies in a, and for any prime power ideal p™ of Ok containing a, the element
To goes to syn under the projection map from O to Ok /p™.

Proof. Let pi*...pY denote the factorization of a into the product of powers of distinct
prime ideals. By the Chinese remainder theorem, there exists an element 7, in Ok which
goes to s, under the projection map from Ok to Ok /p]* for every 1 <i < s. It follows

k3

that q(7,) lies in a. Since sym = s;m+1 (mod pj*) holds for every m > 1, we get that

p
To = Spr (mod p;')

holds for every 1 <n <wv; and 1 <17 < s.

Note that det(.A) is a nonzero integer. Using A - adj(A) = det(A)I,, it follows that
given any vector v in Z2, there exists a vector u = (uy, ..., uy)" in Z¢ satisfying 0 < u; <
| det(A)| for every 1 < i < d, such that u + AZ? = v + AZ? holds. This implies that
there exists an element r, in Ok such that r, = 7, (mod «) and 7, lies in S(det(.A)).
This completes the proof. U

We follow the strategy of Lucier discussed in [Luc06], to construct an auxiliary poly-
nomial. We state the analogous properties for this auxiliary polynomial and give a proof
for the sake of completeness.

Let 7, be an element of S((d*EM,)?) satisfying the properties as in Proposition 4.1.
It follows that ¢(r, + ax) is a polynomial with coefficients in a. Define the polynomial
qo(7) € Oklz] as

q(re +ox
QQ(:C) — g
Q@
Lemma 4.2. The polynomial q,(x) is an intersective polynomial of degree k, and satisfies
Mg, < CsMy™ M,.

Proof. Let p be a nonzero prime ideal of O . Denote the localization of Ok at p by Ok,
and let @ be a uniformizer for pOf . First, let us consider the case when o does not lie
in p. Note that p" +a = Ok holds for every positive integer n. It follows that « is a unit
of Ok . Hence, for some element o in O ,, we have aa’ = 1. Note that o/(z, —1,) is a
root of g, () in (’3K7p.

Now, consider the case when « lies in p. Let m denote the nonnegative integer such
that

QOKm - meKm
holds. Hence, there exists a unit 3 in Ok, such that
a=w"p.

Let {sk}x>1 be a sequence in Ok such that s goes to spr under the projection map from
Ok to Of/p* for all k > 1. We claim that there exists a sequence {z,} -, in O,
satisfying

To + Oy = Spin, Tn =Tpp1  (mod p"Okp)
for all n > 1. To prove it, let us fix a positive integer n. Note that s,,1, = r, (mod p™),
and hence, S;,4n = 7o (mod p"Of ), which shows that there exists an element v, in
Og p such that s,,4, = r4 + v,@w™. Taking x, = 5~ 'v,, we obtain

(15) Ta + Ly, =To + V0" = Spgn.
This yields a sequence {7}, in Ok, satisfying

Ta + Oy = Smin
16



for all n > 1. The congruence
Sm4n = Smint1  (mod PmMOK,p),
implies ax, = ar,y1 (mod p" " Ok, ), which gives that
@By, = @ Prns1  (mod POk ).

It follows that z,, = z,,4+1 (mod p"Ok ). This completes the proof of the Claim.

For any n > 1, let Z,, denote the image of x,, under the composition of the projection
map Ok, = Ok, /P" Ok, and the isomorphism O, /p" Ok, =~ O /p™. Put z = (Tp,)n>1-
Since z,, = 41 (mod p"Of ) holds, it follows that 7,1 goes to Z,, under the projection
map from O /p"*! to O /p™, for all n > 1, and hence, z is an element of @K,p- Note that
4o (1) = ¢(Spmin) holds in Ok . Since ¢(sym+n) is equal to 0 in O /p™+", it follows that
4o (Ty) is equal to 0 in Ok /p™. This shows that z is a root of g, (z) in (7)\;@. Consequently,
the polynomial ¢, (x) is an intersective polynomial.

Write g(z) = ¢ + c1x + - - - + ¢,x", and hence,

Ga(z) = éi (i ¢ (;) ré‘%ﬂ) .

i=j
£ AN A
Zq(_)rfx_]oﬂ 7.

J

=7

Using Eq. (14), we obtain that
GO
qa(x) - det(A) ]z:; (

Note that the coefficients of the polynomial f(z) are integers and have absolute value
at most (d?EM,)?. Using o € S(M,,) and Eq. (1), we obtain

of € S(PUVEITIMI) € S(@PFVERTIME) for all 1 < j < &,
which implies that
fla)e s (KdZ(H—&-d—l)Eﬁ-i-d—lM(f;—i-d) '
Similarly, for 0 < j < i < k, using
ro € S((*EM,)%),
and applying Eq. (1), we obtain
pici @ §(d2tnd=D) prrd=1 ) rd)
and combining it with the above yields that
cricial € § (d2(2n+nd)E2H+ndM§d+qu)

For any 0 < j < &, it follows that

<_11)e(1_(i£<a) (; o (;) r(i)—jaj) cs (%25d2(3n+nd+d)E35+nd+dM§d+2n+dMq) '
We conclude that the coefficients of ¢, lie in S(CsM24%M.). O

A consequence of [Luc06, Lemma 23] is mentioned in [Ric08, Proposition 6.3]. An
analog of that for the ring O is as follows.

Lemma 4.3. Let A be a subset of Ok and assume that (A — A) N q(Ok) C {0}. Let
n € Ok and A’ be a subset of {x € Og: n+ax € A}. Then (A — A')Nq.(Ok) C {0}
holds.

17



Proof. If there were two distinct elements a1, as of A’ satisfying
a; — ag = qu(v)
for some element v € Ok, then it would follow that
(n+ aay) — (n + aaz) = ala; — as)
= aqqa(v)
= q(ro + aw),

which contradicts the assumption. Hence, the result is proved. U

5. PROOF OF THE MAIN RESULT

In this section, we give a proof of Theorem 1.3. For a given nonconstant polynomial
p(z) of degree k, an integer r > 2, and € (0, 1], consider the integer N,.(d, M,) given by

8k
23~2"’1+d+50102
NT((S’ Mp) = ( 52ﬁ71+1 M;)JL

Note that for a given polynomial p(z), if 6 > ¢’ then N,.(6, M,) < N,(¢', M,).
Considering this, and combining Lemma 3.5 with Lemma 4.3, we can state the following
result for intersective polynomials over Of.

Corollary 5.1. Let q(x) be a nonconstant intersective polynomial of degree r in Og|[z],
and 6y € (0,1]. Let N be a positive integer and A be a nonempty subset of S(N) of
density 6 > &g, such that

(A—A4)Nq(Ok) € {0}.

If for some integer r > 2, we have N > N,(bo, M,), then there exist an intersective
polynomial ¢'(x) of degree k, satisfying
M, < C, qued N2
and a subset A" of S(NY/?%) of density at least § + cd€, such that
(A= A)Nd(0k) C {0}
holds, where ¢, C' denote the constants as in Lemma 3.5.

Proof. Let r > 2 be an integer and assume that N > N,(dy, M,) holds. Applying
Lemma 3.5 gives that there exist elements n and « in Ok with

K kT2
(16) M, < CyM N4

such that the set L := n + aS(N'/?%) is contained in S(N) and the density of A in
L is at least d + cd¢, for some constants ¢,C' > 0 depending only on . Let us take
A" = {z € S(N'*): n+ax € A}, and note that the density of A" in S(N'/?%) is at
least § + c¢6¢. Moreover, Lemma 4.3 implies that

(A" = A') N ga(Ok) € {0}

Write ¢/(z) = qo(z). By Lemma 4.2, the polynomial ¢'(z) is an intersective polynomial
of degree k, and it satisfies
My < C3M¥ M,
Using Eq. (16) in above, we obtain that
K2 K kT3
My < CyC MmN

Hence, Corollary 5.1 is proved. O
18



Multiple application of the above corollary proves our main result. We start by assum-
ing that V is larger than a quantity depending on the density of the considered set, and
reach to a contradiction by obtaining a subset of density larger than 1. This yields that
N is not very large, and consequently, we get the desired bound for the density of the
set.

Proof of Theorem 1.3. Let ¢, C' denote the constants as in Lemma 3.5. Let § denote the
density of A. Write y = 6, and consider the sequence {J;};>o satisfying 6;11 = 6; + céic
for all ¢+ > 0. Let t denote the smallest positive integer such that 6; > 1. Let us put
qo(z) = q(x), r = [log,. (8t(10d)")] + 2t + 2 and

e 8t(5kd)T 2t
N (23-2 1+d+GClcQC4Mq)
0= )

52r 141

We claim that N < Ny holds. Let us assume on the contrary that N > N,. Since
Ny > N, (69, M,,), consequently, N > N,(6y, M,,). Applying Corollary 5.1 yields an
intersective polynomial ¢;(z) of degree x satisfying

]\4(]1 S C4M§)l£de/;.gT—37
and a subset A; of S(N'/2%) having density at least &, such that
(A1 — A1) Nq1(Oxk) € {0}

holds. Next, we show by induction that using the assumption N > N,, Corollary 5.1 can
be applied ¢ times, to produce a subset of a suitable set, having density larger than 1,
and as a consequence, N < N follows.

Let 1 <i <t—1 be an integer, and assume that Corollary 5.1 can be applied iteratively
i times. Therefore, for every 1 < j < i, we have NV > N,(§,_,, M,,_,), and there
exist an intersective polynomial ¢;(z) of degree x satisfying

% NT_B K J—1
(17) My, < Cy Mg N0
and a subset A; of the set S(N'/?%) of density at least §; with
(4; = A45) N¢;(Ok) < {0}
We claim that
(18) NYCY> N, (8, My,)
holds. Using (17), we obtain that

1+5kd-++(5rd) 1 3 r(5rd)t N ores (T T iz Hh (Brd) !
M, < Cy MPN (= + @ )
t(5d)*

< Cz(5nd)tM(§5nd)tNKT,t,2 _

Using N > N, the above bound and r = [log,, (8¢t(10d)")| + 2t + 2, we obtain

3_2n—1+d+5 8K (2/@)1
<2 01(12> et

H2rt+1

IN

8k"
3-28714d 45 !
5 (2 1 C1Cy Cit(5nd)tM4(5nd)tN::(fi)2
52n— +1 q
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<

e 4t(5kd)T 2
<23.2 1+d+6010204Mq> N 1(10a)"
525141 ;
§N5/2N1/2
<N.

This proves the claim that (18) holds. By induction, it follows that Corollary 5.1 can be
applied ¢ times, and this yields a subset A, of [N/ (2””)t] of density greater than 1, which
is impossible. This shows that

e 8t(5kd)" 2t
v < (232 1+d+60102c4Mq)

H2r 41

holds. Let us denote ¢ = 1/2%2" 2 ¢ = 257! 4 1 and note that if n > 1/¢6¢, then
0n > 1. This implies that

t < !
~ ¢
Using r = [log,, (8¢(10d)")] + 2t + 2, we obtain
10d + 15
A< —.
rss co¢
This yields that
loglog N < M

5C
holds, where C,, 4 g is a constant depending on the polynomial ¢(x), d and E only. Hence,
we obtain that

1
)< ——=
bt (loglog N)"/¢

holds. This proves Theorem 1.3. O
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