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Abstract. We introduce the notion of intersective polynomials having coefficients in
the ring of integers OK of a number field K, and define a notion of upper density of
subsets of OK . We prove that given any intersective polynomial p(x) over OK , every
subset A of OK of positive upper density contains two distinct elements whose difference
is equal to p(x) for some element x in OK . Moreover, we obtain a quantitative version of
this result. The proof is motivated by an argument due to Lucier, and the Fourier-free
proof of the Furstenberg–Sárközy theorem over the integers by Green, Tao and Ziegler.

1. Introduction

1.1. Motivation. A conjecture by Lovász states that every subset A of the integers,
with positive upper density, contains two distinct elements in A such that they differ
by a perfect square. In 1977, Furstenberg [Fur77] proved this conjecture by using er-
godic theoretic methods. Soon after, Sárközy independently proved a quantitative and a
stronger version of this result using Fourier analytic methods.

Theorem 1.1 (Sárközy [Sár78]). Let A be a subset of the integers lying in the interval
[1, N ] such that the set A− A does not contain any nonzero perfect square. Then

|A|
N
≪
(
(log logN)2

logN

)1/3

.

In the subsequent years, improved upper bounds have been obtained for the density
of the subsets A of {1, 2, . . . , N} such that the difference set A − A avoids the nonzero
perfect squares, by Pintz, Steiger, and Szemerédi [PSS88], Lucier [Luc06], Lyall and
Magyar [LM09], Hamel, Lyall, and Rice [HLR13], Rice [Ric19], Bloom and Maynard
[BM22], among others. Recently, Green and Sawhney [GS25] have announced the best
known upper bound, stating that for any subset A of {1, 2, . . . , N}, containing no two
elements whose difference is a nonzero perfect square,

|A|
N
≪ e−c

√
logN

holds, where c is a positive constant. Green, Tao, and Ziegler [GTZ13] obtained a Fourier-
free proof of the Furstenberg–Sárközy theorem, using the Cauchy–Schwarz inequality.

In 1994, Balog, Pelikán, Pintz, and Szemerédi [BPPS94] proved that for any integer
κ ≥ 1, every subset of the integers with positive upper density contains two distinct
elements such that their difference is the κ-th power of an integer. More precisely, they
proved that if A is a subset of {1, 2, . . . , N} such that no two of its elements differ by a
nonzero perfect κ-th power, then

|A|
N
≪κ (logN)−

1
4
log log log logN .
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A work of Kamae and Mendès France [KMF78] shows that if p(x) is an intersective
polynomial over the integers, then every subset of the integers with positive upper density
contains two distinct elements differing by p(n) for some integer n. Lucier proved the
following quantitative result, which implies the above result of Kamae and Mendès France.

Theorem 1.2 (Lucier [Luc06]). Let p(x) ∈ Z[x] be an intersective polynomial of degree
κ ≥ 2, and let A be a subset of {1, 2, . . . , N} such that it does not contain two distinct
elements with difference equal to p(n) for some integer n. Then

|A|
N
≪p

(log logN)µ/(κ−1)

(logN)1/(κ−1)

holds, where µ = 3 when κ = 2, and µ = 2 when κ ≥ 3.

In 2009, Lyall and Magyar [LM09], and in 2013, Hamel, Lyall, and Rice [HLR13]
have obtained better bounds, for the polynomials with constant term zero, and for the
intersective polynomials of degree two, respectively. In 2019, Rice [Ric19] has further
improved the bound for the intersective polynomials of arbitrary degree. Bloom and
Maynard [BM22] proved that any subset A of {1, 2, . . . , N} without square differences
satisfy

|A|
N
≪ (logN)−c log log logN ,

where c is a positive absolute constant. Arala [Ara24] has extended this result to inter-
sective polynomials of arbitrary degree.

1.2. Result obtained. Let K be a number field of degree d over Q, and OK be the ring
of integers of K. Fix a Z-basis {e1, e2, . . . , ed} of OK . For any nonnegative real number
N , let S(N) denote the set {

d∑
i=1

aiei : ai ∈ Z ∩ [−N,N ]

}
,

and for any subset A of OK , define the upper density of A in OK as

δ(A) := lim sup
N→∞

|A ∩ S(N)|
|S(N)|

.

Note that if p(x) ∈ Z[x] is an intersective polynomial over the integers, then by the pi-
geonhole principle, one can show that the Furstenberg–Sárközy theorem over the integers
implies that for every integer 1 ≤ j ≤ d, each subset A of OK of positive upper density
contains two distinct elements such that their difference is ejp(n) for some integer n.
Observe that every nonzero ideal of OK is of positive upper density. If p(x) ∈ OK [x] is

a polynomial for which there exists a nonzero ideal a of OK which does not contain any
nonzero value of p(x), then the difference set a− a does not contain any nonzero value of
the polynomial p(x), although the upper density of a in OK is positive. This leads to the
definition of the intersective polynomials over the ring OK (see Definition 4.1). We obtain
Theorem 1.3, which establishes the Furstenberg–Sárközy theorem for the intersective
polynomials over the ring OK .

Theorem 1.3. Let q(x) ∈ OK [x] be an intersective polynomial of degree κ ≥ 2 and N
be a positive integer. Let A be a subset of S(N) which does not contain two distinct
elements whose difference is q(x) for some element x of OK. Then the density of A in
S(N) satisfies

|A|
|S(N)|

≪q,d,E
1

(log logN)ε
2



where ε = 1
2κ−1+1

.

1.3. Outline of the proof. Our proof is motivated by an argument of Lucier [Luc06]
used in proving the Furstenberg–Sárközy theorem for intersective polynomials, and the
Fourier-free proof of this theorem by Green, Tao, and Ziegler [GTZ13] for the perfect
squares. We provide a brief outline of our proof below.

Let q(x) ∈ OK [x] be an intersective polynomial of degree κ ≥ 2 over OK , and let A
be a subset of S(N) of density δ. Suppose the difference set A− A contains no nonzero
value of q(x). Assume that N ≥ Nδ,q, where Nδ,q is a suitable positive integer, and it is
large in terms of δ, the degree of K, and the polynomial q(x).

In Section 3, we use the strategy of [GTZ13]. Let f denote the balanced function of the
subset A of S(N). First we show that Lemma 3.1 holds, which proves that the correlation
between f and the composition of f and a shift map by q(x) is large in terms of κ and
δ. In Lemma 3.2, we prove a degree lowering result, which can be applied iteratively to
obtain Proposition 3.3, which states that f has a large correlation with the composition
of f and the shift map by a linear polynomial, in terms of κ and δ. Moreover, the
leading coefficient of this linear polynomial, denoted by α, is not “too large”. Applying
the pigeonhole principle, we prove Lemma 3.5, which shows that for a suitable element
n in OK , the density of A in the set n+ αS(N1/2κ) is at least δ + cδC , for some positive
constants c, C, depending only on κ.

In Section 4, we define the notion of intersective polynomials over OK (see Defini-
tion 4.1). A polynomial with coefficients in OK is said to be intersective if it admits a
root modulo every nonzero element of OK . It follows that every intersective polynomial
has a root in the p-adic completion of OK for every nonzero prime ideal p of OK . For
every nonzero prime ideal p, we choose a root zp of q(x) in the p-adic completion. Using
the Chinese remainder theorem, we show in Proposition 4.1 that for any nonzero element
α in OK , if a denotes the ideal generated by α, then the polynomial q(x) admits a root
rα modulo a, which can be bounded in terms of α. Moreover, rα is congruent to zp
modulo pn for every nonzero prime ideal p and positive integer n such that pn divides a.
Following Lucier, for every nonzero element α of OK , we define an auxiliary polynomial
qα(x) of degree κ, whose coefficients admit an upper bound in terms of those of q(x) and
α. Moreover, the polynomial qα(x) is intersective as proved in Lemma 4.2.

Combining Lemma 3.5 and Lemma 4.2, we prove in Corollary 5.1 that some subset A′

of S(N1/2κ) has density at least δ+ cδC , and the difference set A′−A′ avoids the nonzero
values of the intersective polynomial qα(x). We also show that the coefficients of qα(x)
admit a suitable upper bound, which is not too large in terms of N and the coefficients
of q(x). Next, we provide a proof of Theorem 1.3. We show that under the assumption
N ≥ Nδ,q, the above argument can be iterated enough times to arrive at a subset of a
set with density larger than 1. This implies that N < Nδ,q holds, which yields the bound
stated in Theorem 1.3.

2. Preliminaries

Throughout this article, K denotes a number field having degree d over Q. Its ring of
integers is denoted by OK . Let {e1, e2, . . . , ed} denote a Z-basis of OK .
For a positive real number N , we define the set

S(N) :=

{
d∑

i=1

aiei : ai ∈ Z ∩ [−N,N ]

}
.
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Note that |S(N)| = (2 ⌊N⌋+1)d, and hence, (2N −1)d ≤ |S(N)| ≤ (2N +1)d holds. The
density of a subset A of OK in S(N) is defined as

δN(A) :=
|A ∩ S(N)|
|S(N)|

,

and the upper density of A is defined as

δ(A) := lim sup
N→∞

δN(A).

For a subset A of S(N) of density δ, we denote the balanced function of A by f : OK → R,
which is defined as

f(n) := 1A(n)− δ1S(N)(n).

For any element of α of OK , let Mα denote the smallest nonnegative integer such that
α lies in S(Mα). In other words, if α =

∑d
i=1 aiei, where ai ∈ Z for all 1 ≤ i ≤ d, then

Mα = max
1≤i≤d

|ai|.

Let E denote the integer defined by

E := max
1≤i≤j≤d

Meiej

Note that if x ∈ S(N1) and y ∈ S(N2), then the product xy lies in the set S(d2EN1N2).
In other words,

(1) S(N1) · S(N2) ⊆ S(d2EN1N2)

holds. For any polynomial p(x) = c0 + c1x + · · · + cκx
κ of degree κ in OK [x], let Mp

denote the integer defined by
Mp := max

0≤i≤κ
Mci .

For any nonnegative integer j, some subsets X,H of OK , and elements x ∈ X and
h = (h1, . . . , hj) ∈ Hj, we write

σj(x,h) := x+ h1 + · · ·+ hj.

Note that if k lies in H, then for any element h = (h1, . . . , hj) ∈ Hj, the element
h′ := (h1, . . . , hj, k) lies in Hj+1, and

σj+1(x,h
′) = σj(x,h) + k

holds for every x ∈ X.
Let us set the constants C1 = (κ + 1)(κd2E)κ, C2 = 2(2d2E)κ, C3 = κ2κ(d2E)3κd and

C4 = C4κ2d
2 C3 depending on κ, d and E only.

The following proposition gives some useful properties of the balanced function f of a
subset of S(N).

Proposition 2.1. Let N be a positive integer and A be a subset of S(N) of density δ.
Then the balanced function f of A has the following properties.

(1) The function f is 1-bounded.
(2) En∈S(N) f(n) = 0.

(3) En∈S(N) |f(n)|2 ≤ δ.

Proof. Given any element n in OK , note that f(n) lies in the set {0, 1− δ,−δ}, implying
that f is 1-bounded. Also, observe that

E
n∈S(N)

f(n) =
1

|S(N)|
∑

n∈S(N)

(
1A(n)− δ1S(N)(n)

)
=

1

|S(N)|
(|A| − δ · |S(N)|) = 0

4



holds. This proves the second statement. Note that

E
n∈S(N)

|f(n)|2 = E
n∈S(N)

(
1A(n)− δ1S(N)(n)

)2
= E

n∈S(N)

(
(1A(n))

2 + δ2
(
1S(N)(n)

)2 − 2δ1A(n) · 1S(N)(n)
)

=
1

|S(N)|
(
|A|+ δ2 |S(N)| − 2δ |A|

)
= δ + δ2 − 2δ2

≤ δ

holds, which proves the final statement. □

3. Density increment

In this section, our goal is to prove a density increment result, stated in Lemma 3.5. It
implies that, if for a sufficiently large integer N , a subset A of S(N) has no two distinct
elements which differ by a value of a fixed nonconstant polynomial in OK [x] of degree
κ, then there exists a translation of a dilation of the set S(N1/2κ), which is contained
in S(N), and on which the density of the set A is increased suitably. In the following
lemma, we prove that the correlation between the balanced function f of a subset A of
S(N) and the composition of f with a shift by a polynomial p(x) is large, provided the
difference set A− A does not contain any nonzero value of p(x).

Lemma 3.1. Let p(x) be a nonconstant polynomial of degree κ in OK [x], and δ0 ∈ (0, 1].
Let N be a positive integer and A be a subset of S(N) of density δ ≥ δ0. Suppose the
difference set A− A does not contain the nonzero values of p(x). If

N ≥
(
2d+5C1Mp

δ20

)2

then given any positive integer r the balanced function f of A satisfies∣∣∣∣ E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−1

f(n)f (n+ p (σκ−1(x,h)))

∣∣∣∣ ≥ δ2

2
.

Proof. Let r be a positive integer and N ≥
(

2d+5C1Mp

δ20

)2
holds. The polynomial p(x) can

have at most κ many roots in OK , and for any element n in OK , there exist at most
|S(N1/4κr

)|κ−1 many elements in the set S(N1/2κ) × S(N1/4κr
)κ−1 such that the sum of

its components is equal to n. Therefore, we get that

E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−1

1A(n)1A (n+ p (σκ−1(x,h))) ≤
κ

|S(N1/2κ)|
.

Note that N ≥
(
4κ
δ2

)2κ
holds, which yields that

(2) E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−1

1A(n)1A (n+ p (σκ−1(x,h))) ≤
δ2

4
.
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Consider the balanced function f of the subset A of S(N) and observe that

(3)

E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−1

f(n)f (n+ p (σκ−1(x,h)))

= E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−1

1A(n)1A (n+ p (σκ−1(x,h)))

− E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−1

1A(n)δ1S(N) (n+ p (σκ−1(x,h)))

− E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−1

δ1S(N)(n)1A (n+ p (σκ−1(x,h)))

+ E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−1

δ1S(N)(n)δ1S(N) (n+ p (σκ−1(x,h))) .

Note that

(4) E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−1

δ1S(N)(n)δ1S(N) (n+ p (σκ−1(x,h))) ≤ δ2

holds. For every nonnegative integer j ≤ κ− 1 and (x,h) in S(N1/2κ)× S(N1/4κr
)j, the

polynomial p(x) satisfies

p (σj(x,h)) ∈ S(C1MpN
1/2),

and consequently, the set S
(
N − C1MpN

1/2
)
is contained in the sets S(N)+ p (σj(x,h))

and S(N)− p (σj(x,h)). Therefore,

E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−1

1A(n)δ1S(N) (n+ p (σκ−1(x,h)))

≥ δ

|S(N)|
E

x∈S(N1/2κ)
E

h∈S(N1/4κr )κ−1

∑
n∈S(N)

1A∩S(N−C1MpN1/2) (n)

≥ δ

|S(N)|
E

x∈S(N1/2κ)
E

h∈S(N1/4κr )κ−1

(
|A| −

∣∣S(N) \ S
(
N − C1MpN

1/2
)∣∣)

≥δ2 −

(
|S(N)| −

∣∣S (N − C1MpN
1/2
)∣∣

|S(N)|

)

holds. Note that N ≥
(

2d+5C1Mp

δ2

)2
implies that

(5) E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−1

1A(n)δ1S(N) (n+ p (σκ−1(x,h))) ≥
7

8
δ2

holds. Similarly, we deduce that

(6)

E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−1

δ1S(N)(n)1A (n+ p (σκ−1(x,h)))

=
δ

|S(N)|
E

x∈S(N1/2κ)
E

h∈S(N1/4κr )κ−1

∑
n∈S(N)+p(σκ−1(x,h))

1A (n)

≥ δ

|S(N)|
E

x∈S(N1/2κ)
E

h∈S(N1/4κr )κ−1

∑
n∈S(N−C1MpN1/2)

1A (n)

≥ δ

|S(N)|
E

x∈S(N1/2κ)
E

h∈S(N1/4κr )κ−1

(
|A| −

∣∣S(N) \ S
(
N − C1MpN

1/2
)∣∣)

≥7

8
δ2.

6



Using Eq. (3), and Inequalities (2), (4), (5), and (6), we obtain that

E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−1

f(n)f (n+ p (σκ−1(x,h))) ≤ −
δ2

2

holds, which implies that∣∣∣∣ E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−1

f(n)f (n+ p (σκ−1(x,h)))

∣∣∣∣ ≥ δ2

2

holds. This proves Lemma 3.1. □

3.1. Degree reduction. In the following lemma, we assume for a subset of S(N) that
the correlation between the balanced function f and the composition of f with a shift
map by a polynomial p(x) is large. With this assumption, we obtain that there is a
polynomial of degree one less than that of p(x), such that the correlation between f and
its composition with a shift map by this derived polynomial is also large. The coefficients
of the obtained polynomial are bounded in terms of the considered polynomial, and the
lower bound of the correlation is analogous to that of the prior correlation.

Lemma 3.2 (Degree lowering). Let κ, r be positive integers with κ ≥ 2, and δ0 ∈ (0, 1].
Let 1 ≤ m ≤ κ− 1 be an integer and p(x) ∈ OK [x] be a polynomial of degree κ−m+ 1.
Let N be a positive integer and A be a subset of S(N) of density δ ≥ δ0. Assume that the
balanced function f of A satisfies∣∣∣∣ E

n∈S(N)
E

x∈S(N1/2κ)
E

h∈S(N1/4κr )κ−m
f(n)f (n+ p (σκ−m(x,h)))

∣∣∣∣ ≥ δ2
m−1+1

23·2m−1−2
.

If N ≥ Nm+1 holds where

Nm+1 =


(
23·2

κ−1+dC1

δ2
κ−1+1

0

)4κr
M2

p ,

then there exists a polynomial p′(x) ∈ OK [x] of degree κ−m with

Mp′ ≤ C2MpN
1/4κr−1

,

and the balanced function f of A satisfies∣∣∣∣ E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−m−1

f(n)f (n+ p′ (σκ−m−1(x,h)))

∣∣∣∣ ≥ δ2
m+1

23·2m−2
.

Proof. Let the polynomial p(x) be given by c0 + c1x+ · · ·+ cκ−m+1x
κ−m+1. Assume that

N ≥ Nm+1. We have∣∣∣∣ E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−m

f(n)f (n+ p (σκ−m(x,h)))

∣∣∣∣ ≥ δ2
m−1+1

23·2m−1−2
.

Denoting En∈S(N) Ex∈S(N1/2κ) by En,x, and using the triangle inequality, we get that

E
n,x

(
|f(n)| ·

∣∣∣∣ E
h∈S(N1/4κr )κ−m

f (n+ p (σκ−m(x,h)))

∣∣∣∣) ≥ δ2
m−1+1

23·2m−1−2
.

Applying the Cauchy–Schwarz inequality and using Proposition 2.1, the above inequality
gives that

E
n,x

∣∣∣∣ E
h∈S(N1/4κr )κ−m

f (n+ p (σκ−m(x,h)))

∣∣∣∣2 ≥ δ2
m+1

23·2m−4
,

7



which implies that

(7)

δ2
m+1

23·2m−4
≤ E

n,x

∣∣∣∣ E
h∈S(N1/4κr )κ−m

f (n+ p (σκ−m(x,h)))

∣∣∣∣2
= E

n,x

∣∣∣∣ E
h∈S(N1/4κr )κ−m−1

E
k∈S(N1/4κr )

f (n+ p (σκ−m−1(x,h) + k))

∣∣∣∣2
≤ E

n,x
E

h∈S(N1/4κr )κ−m−1

∣∣∣∣ E
k∈S(N1/4κr )

f (n+ p (σκ−m−1(x,h) + k))

∣∣∣∣2 .
Note that given any n ∈ S(N), x ∈ S(N1/2κ) and h ∈ S(N1/4κr

)κ−m−1, we have∣∣∣∣∣∣
∑

k∈S(N1/4κr )

f (n+ p (σκ−m−1(x,h) + k))

∣∣∣∣∣∣
2

=

 ∑
k∈S(N1/4κr )

f (n+ p (σκ−m−1(x,h) + k))

 ∑
k′∈S(N1/4κr )

f (n+ p (σκ−m−1(x,h) + k′))


=

∑
k ̸=k′

k,k′∈S(N1/4κr )

f (n+ p (σκ−m−1(x,h) + k)) f (n+ p (σκ−m−1(x,h) + k′))

+
∑

k∈S(N1/4κr )

(f (n+ p (σκ−m−1(x,h) + k)))2

≤
∑
k ̸=k′

k,k′∈S(N1/4κr )

f (n+ p (σκ−m−1(x,h) + k)) f (n+ p (σκ−m−1(x,h) + k′)) +
∑

k∈S(N1/4κr )

1

=
∑
k ̸=k′

k,k′∈S(N1/4κr )

f (n+ p (σκ−m−1(x,h) + k)) f (n+ p (σκ−m−1(x,h) + k′)) + |S(N1/4κr

)|.

Therefore, we obtain that

1

|S(N1/4κr)|2
∑
k ̸=k′

k,k′∈S(N1/4κr )

f (n+ p (σκ−m−1(x,h) + k)) f (n+ p (σκ−m−1(x,h) + k′))

≥
∣∣∣∣ E
k∈S(N1/4κr )

f (n+ p (σκ−m−1(x,h) + k))

∣∣∣∣2 − 1

|S(N1/4κr)|
.

Note that N ≥
(

23·2
m−3

δ2m+1

)4κr/d

implies that

1

|S(N1/4κr)|
≤ δ2

m+1

23·2m−3
.

Therefore, taking expectations over n, x and h in their respective ranges, Inequality (7)
implies∑

k ̸=k′

k,k′∈S(N1/4κr )

E
n,x

E
h∈S(N1/4κr )κ−m−1

f (n+ p (σκ−m−1(x,h) + k)) f (n+ p (σκ−m−1(x,h) + k′))

≥ δ2
m+1

23·2m−3
|S(N1/4κr

)|2.
8



The pigeonhole principle implies that there exist distinct elements k and k′ in the set
S(N1/4κr

) satisfying

E
n,x

E
h∈S(N1/4κr )κ−m−1

f (n+ p (σκ−m−1(x,h) + k)) f (n+ p (σκ−m−1(x,h) + k′)) ≥ δ2
m+1

23·2m−3
.

Note that for every nonnegative integer j ≤ κ − 1 and (x,h) in S(N1/2κ) × S(N1/4κr
)j,

the polynomial p(x) satisfies

p (σj(x,h)) ∈ S(C1MpN
1/2),

and consequently, the sets S(N) and S(N) + p (σj(x,h)) are contained in the set

TN := S(N + C1MpN
1/2).

Note that the function f vanishes outside S(N). Thus, for any element (x,h) of the set
S(N1/2κ)× S(N1/4κr

)d−m−1, we observe that

E
n∈S(N)

f(n)f (n+ p (σκ−m−1(x,h) + k′)− p (σκ−m−1(x,h) + k))

=
1

|S(N)|
∑

n∈S(N)

f(n)f (n+ p (σκ−m−1(x,h) + k′)− p (σκ−m−1(x,h) + k))

=
1

|S(N)|
∑
n∈TN

f(n)f (n+ p (σκ−m−1(x,h) + k′)− p (σκ−m−1(x,h) + k))

=
1

|S(N)|

( ∑
n∈S(N)+p(σκ−m−1(x,h)+k)

f(n)f (n+ p (σκ−m−1(x,h) + k′)− p (σκ−m−1(x,h) + k))

+
∑

n∈TN\(S(N)+p(σκ−m−1(x,h)+k))

f(n)f (n+ p (σκ−m−1(x,h) + k′)− p (σκ−m−1(x,h) + k))

)

≥ 1

|S(N)|
∑

n∈S(N)

f (n+ p (σκ−m−1(x,h) + k)) f (n+ p (σκ−m−1(x,h) + k′))

− |S(N + C1MpN
1/2)| − |S(N)|

|S(N)|
.

Note that N ≥
(

23·2
m+dC1Mp

δ2m+1

)2
, implies that

|S(N + C1MpN
1/2)| − |S(N)|

|S(N)|
≤ δ2

m+1

23·2m−2
.

Thus, taking expectations over x and h in their respective ranges, the above inequality
yields
(8)

E
n,x

E
h∈S(N1/4κr )d−m−1

f(n)f (n+ p (σκ−m−1(x,h) + k′)− p (σκ−m−1(x,h) + k)) ≥ δ2
m+1

23·2m−2
.

Using the binomial theorem, we observe that

p (σκ−m−1(x,h) + k′)− p (σκ−m−1(x,h) + k)

=
κ−m+1∑

i=0

ci

(
(σκ−m−1(x,h) + k′)

i − (σκ−m−1(x,h) + k)i
)

9



=
κ−m+1∑

i=1

ci

(
i−1∑
j=0

(
i

j

)(
k′i−j − ki−j

)
(σκ−m−1(x,h))

j

)

=
κ−m∑
j=0

(σκ−m−1(x,h))
j

(
κ−m+1∑
i=j+1

ci

(
i

j

)(
k′i−j − ki−j

))
.

For every 0 ≤ j ≤ κ−m, let us denote

bj :=
κ−m+1∑
i=j+1

ci

(
i

j

)(
k′i−j − ki−j

)
,

and note that bκ−m is nonzero. Note that for every 1 ≤ i ≤ κ−m+1 and 0 ≤ j ≤ κ−m,
we have ci ∈ S(Mp) and k′i−j − ki−j ∈ S(2d2(κ−1)Eκ−1N1/4κr−1

). Hence, for every 0 ≤
j ≤ d−m, we obtain that

bj ∈ S(C2MpN
1/4κr−1

).

Let us set the polynomial p′(x) := b0 + b1x+ · · ·+ bκ−mx
κ−m, and observe that p′(x) ∈

OK [x] is a polynomial of degree κ−m, such that if N ≥ Nm+1, then we have

Mp′ ≤ C2MpN
1/4κr−1

,

and Inequality (8) implies that

(9)

∣∣∣∣ E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−m−1

f(n)f (n+ p′ (σκ−m−1(x,h)))

∣∣∣∣ ≥ δ2
m+1

23·2m−2

holds. This proves Lemma 3.2. □

Applying the above result iteratively κ−m times to a polynomial of degree κ−m+1
gives the following result.

Proposition 3.3 (Linearization). Let κ, r be positive integers with r ≥ 2, and δ0 ∈ (0, 1].
Let 1 ≤ m ≤ κ be an integer and pm(x) ∈ OK [x] be a polynomial of degree κ −m + 1.
Let N be positive integer and A be a subset of S(N) of density δ ≥ δ0. Assume that the
balanced function f of A satisfies∣∣∣∣ E

n∈S(N)
E

x∈S(N1/2κ)
E

h∈S(N1/4κr )κ−m
f(n)f (n+ pm (σκ−m(x,h)))

∣∣∣∣ ≥ δ2
m−1+1

23·2m−1−2
.

If N ≥ N0 holds where

N0 =


(
23·2

κ−1+d+1C1C2

δ2
κ−1+1

0

)8κr
M4

pm ,

then there exists a linear polynomial pκ(x) with

Mpκ ≤ Cκ
2MpmN

1/4κr−2

,

and the balanced function f of A satisfies∣∣∣∣ E
n∈S(N)

E
x∈S(N1/2κ)

f(n)f (n+ pκ(x))

∣∣∣∣ ≥ δ2
κ−1+1

23·2κ−1−2
.

Proof. Note that if m = κ, in particular, if κ = 1, then we are done. Let us take κ ≥ 2
and 1 ≤ m ≤ κ− 1. Assume that N ≥ N0 holds. Then

(10)

∣∣∣∣ E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−m

f(n)f (n+ pm (σκ−m(x,h)))

∣∣∣∣ ≥ δ2
m−1+1

23·2m−1−2

10



holds.

SinceN ≥

⌈(
23·2

κ−1+dC1

δ2
κ−1+1

0

)4κr
⌉
M2

pm holds, applying Lemma 3.2, we obtain a polynomial

pm+1(x) ∈ OK [x] of degree κ−m such that

Mpm+1 ≤ C2MpmN
1/4κr−1

holds and the balanced function f of A satisfies∣∣∣∣ E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−m−1

f(n)f (n+ pm+1 (σκ−m−1(x,h)))

∣∣∣∣ ≥ δ2
m+1

23·2m−2
.

We claim that Lemma 3.2 can be applied κ − m times iteratively. To prove it, let us
assume that Lemma 3.2 can be applied i times iteratively, for some 1 ≤ i < κ − m.
Therefore, for every 1 ≤ j ≤ i, we have N ≥ Nm+j where

Nm+j :=


(
23·2

κ−1+dC1

δ2
κ−1+1

0

)4κr
M2

pm+j−1
,

and there exists a polynomial pm+j(x) of degree (κ−m+ 1)− j with

Mpm+j
≤ C2Mpm+j−1

N1/4κr−1

,

and the balanced function f of the subset A of S(N) satisfies∣∣∣∣ E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−m−j

f(n)f (n+ pm+j (σκ−m−j(x,h)))

∣∣∣∣ ≥ δ2
m+j−1+1

23·2m+j−1−2
.

We claim that N ≥ Nm+i+1 where

Nm+i+1 :=


(
23·2

κ−1+dC1

δ2
κ−1+1

0

)4κr
M2

pm+i
.

Note that
Mpm+i

≤ Ci
2MpmN

i/4κr−1 ≤ Cκ
2MpmN

1/4κr−2

holds, which yields that
(
23·2

κ−1+dC1

δ2
κ−1+1

0

)4κr
M2

pm+i
≤ 2

(
23·2

κ−1+dC1

δ2
κ−1+1

0

)4κr

C2κ
2 M2

pmN
1/2κr−2

≤

(
23·2

κ−1+d+1C1C2

δ2
κ−1+1

0

)4κr

M2
pmN

1/2κr−2

≤ N
1/2
0 N1/2

≤ N

holds. This gives N ≥ Nm+i+1, and hence, the claim that Lemma 3.2 can be applied
iteratively κ − m times follows. This yields a linear polynomial pκ(x) = αx + β with
α ̸= 0 and

Mpκ ≤ Cκ
2MpmN

1/4κr−2

,

such that the balanced function f of the subset A of S(N) satisfies∣∣∣∣ E
n∈S(N)

E
x∈S(N1/2κ)

f(n)f (n+ αx+ β)

∣∣∣∣ ≥ δ2
κ−1+1

23·2κ−1−2
.

11



Hence, Proposition 3.3 is proved. □

The above result for m = 1 gives the following result, which is more convenient to use
in the proof of Lemma 3.5. In particular, the following corollary provides the conclusion
after applying Lemma 3.2 iteratively, κ− 1 times.

Corollary 3.4. Let r ≥ 2 be an integer and δ0 ∈ (0, 1]. Let p(x) ∈ OK [x] be a nonconstant
polynomial of degree κ. Let N be a positive integer and A be a subset of S(N) of density
δ ≥ δ0. Assume that the balanced function f of A satisfies∣∣∣∣ E

n∈S(N)
E

x∈S(N1/2κ)
E

h∈S(N1/4κr )κ−1
f(n)f (n+ p (σκ−1(x,h)))

∣∣∣∣ ≥ δ2

2
.

If N ≥ N0 where

N0 =


(
23·2

κ−1+d+1C1C2

δ2
κ−1+1

0

)8κr
M4

p ,

then there exist elements α, β in S(Cκ
2MpN

1/4κr−2
) satisfying α ̸= 0 and∣∣∣∣ E

n∈S(N)
E

x∈S(N1/2κ)
f(n)f (n+ αx+ β)

∣∣∣∣ ≥ δ2
κ−1+1

23·2κ−1−2
.

3.2. Density increment lemma. We establish the following density increment lemma
using the above results. In this lemma, we consider a set such that its difference set avoids
the nonzero values of a polynomial of degree κ. We apply Lemma 3.1 and Corollary 3.4,
to obtain a lower bound for the correlation between the balanced function f and its
composition with a shift by a linear polynomial. By an application of the pigeonhole
principle, we obtain the desired result.

Lemma 3.5 (Density increment). Let r ≥ 2 be an integer, p(x) be a nonconstant polyno-
mial of degree κ in OK [x], and δ0 ∈ (0, 1]. Let N be a positive integer and A be a subset
of S(N) of density δ ≥ δ0. Suppose the difference set A−A does not contain the nonzero
values of p(x). If N ≥ Nδ0 where

Nδ0 =


(
23·2

κ−1+d+5C1C2

δ2
κ−1+1

0

)8κr
M4

p ,

then there exist elements α in S(Cκ
2MpN

1/4κr−2
) and n in OK such that the set L :=

n+ αS(N1/2κ) is contained in S(N) and the density of A in L is at least δ + cδC, where

c = 1/23·2
κ−1+2 and C = 2κ−1 + 1.

Proof. Let Nδ0 be a positive integer as mentioned above and N ≥ Nδ0 holds. Note that

N ≥
(

2d+5C1Mp

δ20

)2
holds. Therefore, Lemma 3.1 yields that

(11)

∣∣∣∣ E
n∈S(N)

E
x∈S(N1/2κ)

E
h∈S(N1/4κr )κ−1

f(n)f (n+ p (σκ−1(x,h)))

∣∣∣∣ ≥ δ2

2
.

Since

N ≥


(
23·2

κ−1+d+1C1C2

δ2
κ−1+1

0

)8κr
M4

p

12



holds, Corollary 3.4 implies that we get a linear polynomial αx+ β in OK [x] with α ̸= 0,

and α, β lying in the set S(Cκ
2MpN

1/4κr−2
), and satisfying∣∣∣∣ E

n∈S(N)
E

x∈S(N1/2κ)
f(n)f(n+ αx+ β)

∣∣∣∣ ≥ δ2
κ−1+1

23·2κ−1−2
.

The triangle inequality implies that

(12) E
n∈S(N)

∣∣∣∣ E
x∈S(N1/2κ)

f(n)f(n+ αx+ β)

∣∣∣∣ ≥ δ2
κ−1+1

23·2κ−1−2
,

Observe that the set
UN := S(N + Cκ

2MpN
1/4κr−2

)

contains the sets S(N) and S(N)− β, and this shows that

E
n∈S(N)

∣∣∣∣ E
x∈S(N1/2κ)

f (n+ αx+ β)

∣∣∣∣
=

1

|S(N)|
∑

n∈S(N)

∣∣∣∣ E
x∈S(N1/2κ)

f(n+ αx+ β)

∣∣∣∣
≤ 1

|S(N)|
∑
n∈UN

∣∣∣∣ E
x∈S(N1/2κ)

f(n+ αx+ β)

∣∣∣∣
=

1

|S(N)|
∑

n∈S(N)−β

∣∣∣∣ E
x∈S(N1/2κ)

f(n+ αx+ β)

∣∣∣∣
+

1

|S(N)|
∑

n∈UN\(S(N)−β)

∣∣∣∣ E
x∈S(N1/2κ)

f(n+ αx+ β)

∣∣∣∣
≤ 1

|S(N)|
∑

n∈S(N)

∣∣∣∣ E
x∈S(N1/2κ)

f(n+ αx)

∣∣∣∣+ 1

|S(N)|
∑

n∈UN\(S(N)−β)

1

≤ E
n∈S(N)

∣∣∣∣ E
x∈S(N1/2κ)

f (n+ αx)

∣∣∣∣+ |S(N + Cκ
2MpN

1/4κr−2
)| − |S(N)|

|S(N)|
holds. Note that

N ≥

(
23·2

κ−1+d+1Cκ
2Mp

δ2κ−1+1

)2

holds, and hence, combining the above estimate with (12), we obtain that

(13) E
n∈S(N)

∣∣∣∣ E
x∈S(N1/2κ)

f(n+ αx)

∣∣∣∣ ≥ δ2
κ−1+1

23·2κ−1−1

holds. Also, observe that given any element x in S(N1/2κ), the element αx lies in the set
S(d2ECκ

2MpN
3/4). As a consequence, the set

VN := S(N + d2ECκ
2MpN

3/4)

contains the sets S(N) and S(N)− αx. This yields that

E
n∈S(N)

f (n+ αx)

=
1

|S(N)|

∑
n∈VN

f (n+ αx)−
∑

n∈VN\S(N)

f (n+ αx)


13



=
1

|S(N)|

 ∑
n∈S(N)−αx

f (n+ αx) +
∑

n∈VN\(S(N)−αx)

f (n+ αx)−
∑

n∈VN\S(N)

f (n+ αx)

 .

Using Proposition 2.1, the above yields that∣∣∣∣ E
n∈S(N)

f (n+ αx)

∣∣∣∣ ≤ 2 |VN \ S(N)|
|S(N)|

.

Since

N ≥

(
23·2

κ−1+d+3d2ECκ
2Mp

δ2κ−1+1

)4

,

therefore, taking expectation over x, we obtain that

−δ2
κ−1+1

23·2κ−1 ≤ E
n∈S(N)

E
x∈S(N1/2κ)

f(n+ αx) ≤ δ2
κ−1+1

23·2κ−1 .

Combining this with (13) yields that

δ2
κ−1+1

23·2κ−1+1
≤ E

n∈S(N)
max

{
E

x∈S(N1/2κ)
f(n+ αx), 0

}
.

Consider the set

WN := S(N − d2ECκ
2MpN

3/4),

and observe that given any n ∈WN and x ∈ S(N1/2κ), the element n+ αx lies in S(N).
Thus, it follows that

E
n∈S(N)

max

{
E

x∈S(N1/2κ)
f(n+ αx), 0

}

≤ 1

|S(N)|

 ∑
n∈WN

max

{
E

x∈S(N1/2κ)
f(n+ αx), 0

}
+

∑
n∈S(N)\WN

1


≤ 1

|S(N)|
∑

n∈WN

max

{
E

x∈S(N1/2κ)
f(n+ αx), 0

}
+
|S(N) \WN |
|S(N)|

.

We have

N ≥

(
23·2

κ−1+d+4d2ECκ
2Mp

δ2κ−1+1

)4

,

and this yields

1

|S(N)|
∑

n∈WN

max

{
E

x∈S(N1/2κ)
f(n+ αx), 0

}
≥ δ2

κ−1+1

23·2κ−1+2

holds. By the pigeonhole principle, we obtain an element n in WN such that

E
x∈S(N1/2κ)

f(n+ αx) ≥ δ2
κ−1+1

23·2κ−1+2

holds. Consider the set

L := {n+ αx : x ∈ S(N1/2κ)} = n+ αS(N1/2κ),

and observe that L ⊆ S(N). The above inequality yields that the density of A in L is at
least δ + cδC . This completes the proof of Lemma 3.5. □
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4. Intersective polynomials

In this section, we define intersective polynomials over the ring OK . For a given
intersective polynomial q(x) and a nonzero element α of OK , we define an auxiliary
polynomial qα(x) and show that it is an intersective polynomial in OK [x]. In Lemma 4.3,
we show that if A is a subset of OK and A − A avoids the nonzero values of q(x), then
there exists a subset A′ of OK , defined in terms of A and α, such that the difference set
A′ − A′ avoids the nonzero values of the auxiliary polynomial qα(x).

Definition 4.1. A polynomial q(x) ∈ OK [x] is said to be intersective if for every nonzero
element α of OK , there exists an element z in OK such that α divides q(z).

Note that a polynomial in Z[x] is called an intersective polynomial if it admits a root
modulo every positive integer. Moreover, a polynomial in Z[x] is intersective if and
only if it has a root in the ring of p-adic integers Zp for every nonzero prime p (see
[Neu99, p. 105], for instance). Similar to the case of the intersective polynomials over Z,
it can be proved by a repeated application of the pigeonhole principle that a polynomial

over OK is intersective if and only if it admits a root in the p-adic completion ÔK,p of
OK for every nonzero prime ideal p of OK .

Definition 4.2. For a nonzero prime ideal p of OK , the p-adic completion of OK is

denoted by ÔK,p, and is defined to be

ÔK,p := lim←−
n

OK

pn
,

where the transition maps are the projection maps.

In the following, q(x) denotes an intersective polynomial of degree κ over the ring OK ,
α denotes a nonzero element of OK , and a denotes the ideal of OK generated by α. For

every nonzero prime ideal p of OK , we fix a root zp := {spn}n≥1 of q(x) in ÔK,p.
Write α = a1e1 + · · ·+ aded, and for every 1 ≤ i ≤ d and 1 ≤ j ≤ d, write

eiej =
d∑

k=1

cijkek,

where ai and cijk are integers. Consider the map Tα : OK → OK defined as Tα(x) = αx
for every x in OK , and note that Tα is a Z-linear endomorphism on OK . The matrix
corresponding to Tα with respect to the basis {e1, . . . , ed} is given by

A = [ajk]d×d , where ajk =
d∑

i=1

aicikj.

Let us consider the characteristic polynomial χA(x) of the matrix A given by

χA(x) = det(xI −A).
Note that χA(x) has integer coefficients, which have absolute value at most (d2EMα)

d.
Let f(x) denote the polynomial with integer coefficients satisfying

χA(x) = xf(x) + (−1)d det(A).
Note that χA(α) = 0, and this yields that

(14)
1

α
= (−1)d−1 f(α)

det(A)
.
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Proposition 4.1. There exists an element rα in the set S
(
(d2EMα)

d
)
such that the

element q(rα) lies in a, and for any prime power ideal pn of OK containing a, the element
rα goes to spn under the projection map from OK to OK/p

n.

Proof. Let pv11 . . . pvss denote the factorization of a into the product of powers of distinct
prime ideals. By the Chinese remainder theorem, there exists an element r̃α in OK which
goes to spvii under the projection map from OK to OK/p

vi
i for every 1 ≤ i ≤ s. It follows

that q(r̃α) lies in a. Since spmi ≡ spm+1
i

(mod pmi ) holds for every m ≥ 1, we get that

r̃α ≡ spni (mod pni )

holds for every 1 ≤ n ≤ vi and 1 ≤ i ≤ s.
Note that det(A) is a nonzero integer. Using A · adj(A) = det(A)Id, it follows that

given any vector v in Zd, there exists a vector u = (u1, . . . , ud)
t in Zd satisfying 0 ≤ ui <

| det(A)| for every 1 ≤ i ≤ d, such that u + AZd = v + AZd holds. This implies that
there exists an element rα in OK such that rα ≡ r̃α (mod α) and rα lies in S(det(A)).
This completes the proof. □

We follow the strategy of Lucier discussed in [Luc06], to construct an auxiliary poly-
nomial. We state the analogous properties for this auxiliary polynomial and give a proof
for the sake of completeness.

Let rα be an element of S((d2EMα)
d) satisfying the properties as in Proposition 4.1.

It follows that q(rα + αx) is a polynomial with coefficients in a. Define the polynomial
qα(x) ∈ OK [x] as

qα(x) =
q(rα + αx)

α
.

Lemma 4.2. The polynomial qα(x) is an intersective polynomial of degree κ, and satisfies

Mqα ≤ C3M
4dκ
α Mq.

Proof. Let p be a nonzero prime ideal of OK . Denote the localization of OK at p by OK,p,
and let ϖ be a uniformizer for pOK,p. First, let us consider the case when α does not lie
in p. Note that pn+ a = OK holds for every positive integer n. It follows that α is a unit

of ÔK,p. Hence, for some element α′ in ÔK,p, we have αα
′ = 1. Note that α′(zp− rα) is a

root of qα(x) in ÔK,p.
Now, consider the case when α lies in p. Let m denote the nonnegative integer such

that
αOK,p = pmOK,p

holds. Hence, there exists a unit β in OK,p such that

α = ϖmβ.

Let {sk}k≥1 be a sequence in OK such that sk goes to spk under the projection map from
OK to OK/p

k for all k ≥ 1. We claim that there exists a sequence {xn}n≥1 in OK,p

satisfying
rα + αxn = sm+n, xn ≡ xn+1 (mod pnOK,p)

for all n ≥ 1. To prove it, let us fix a positive integer n. Note that sm+n ≡ rα (mod pm),
and hence, sm+n ≡ rα (mod pmOK,p), which shows that there exists an element vn in
OK,p such that sm+n = rα + vnϖ

m. Taking xn = β−1vn, we obtain

(15) rα + αxn = rα + vnϖ
m = sm+n.

This yields a sequence {xn}n≥1 in OK,p satisfying

rα + αxn = sm+n
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for all n ≥ 1. The congruence

sm+n ≡ sm+n+1 (mod pm+nOK,p),

implies αxn ≡ αxn+1 (mod pm+nOK,p), which gives that

ϖmβxn ≡ ϖmβxn+1 (mod pm+nOK,p).

It follows that xn ≡ xn+1 (mod pnOK,p). This completes the proof of the Claim.
For any n ≥ 1, let xn denote the image of xn under the composition of the projection

mapOK,p → OK,p/p
nOK,p and the isomorphismOK,p/p

nOK,p ≃ OK/p
n. Put z = (xn)n≥1.

Since xn ≡ xn+1 (mod pnOK,p) holds, it follows that xn+1 goes to xn under the projection

map from OK/p
n+1 to OK/p

n, for all n ≥ 1, and hence, z is an element of ÔK,p. Note that
αqα(xn) = q(sm+n) holds in OK,p. Since q(spm+n) is equal to 0 in OK/p

m+n, it follows that

qα(xn) is equal to 0 in OK/p
n. This shows that z is a root of qα(x) in ÔK,p. Consequently,

the polynomial qα(x) is an intersective polynomial.
Write q(x) = c0 + c1x+ · · ·+ cκx

κ, and hence,

qα(x) =
1

α

κ∑
j=0

(
κ∑

i=j

ci

(
i

j

)
ri−j
α αj

)
xj.

Using Eq. (14), we obtain that

qα(x) =
(−1)d−1f(α)

det(A)

κ∑
j=0

(
κ∑

i=j

ci

(
i

j

)
ri−j
α αj

)
xj.

Note that the coefficients of the polynomial f(x) are integers and have absolute value
at most (d2EMα)

d. Using α ∈ S(Mα) and Eq. (1), we obtain

αj ∈ S(d2(j−1)Ej−1M j
α) ⊆ S(d2(κ−1)Eκ−1Mκ

α) for all 1 ≤ j ≤ κ,

which implies that

f(α) ∈ S
(
κd2(κ+d−1)Eκ+d−1Mκ+d

α

)
.

Similarly, for 0 ≤ j ≤ i ≤ κ, using

rα ∈ S((d2EMα)
d),

and applying Eq. (1), we obtain

ri−j
α ∈ S(d2(κ+κd−1)Eκ+κd−1Mκd

α ),

and combining it with the above yields that

cir
i−j
α αj ∈ S

(
d2(2κ+κd)E2κ+κdMκd+κ

α Mq

)
For any 0 ≤ j ≤ κ, it follows that

(−1)d−1f(α)

det(A)

(
κ∑

i=j

ci

(
i

j

)
ri−j
α αj

)
∈ S

(
κ2κd2(3κ+κd+d)E3κ+κd+dMκd+2κ+d

α Mq

)
.

We conclude that the coefficients of qα lie in S(C3M
4dκ
α Mq). □

A consequence of [Luc06, Lemma 23] is mentioned in [Ric08, Proposition 6.3]. An
analog of that for the ring OK is as follows.

Lemma 4.3. Let A be a subset of OK and assume that (A − A) ∩ q(OK) ⊆ {0}. Let
n ∈ OK and A′ be a subset of {x ∈ OK : n + αx ∈ A}. Then (A′ − A′) ∩ qα(OK) ⊆ {0}
holds.

17



Proof. If there were two distinct elements a1, a2 of A′ satisfying

a1 − a2 = qα(v)

for some element v ∈ OK , then it would follow that

(n+ αa1)− (n+ αa2) = α(a1 − a2)

= αqα(v)

= q(rα + αv),

which contradicts the assumption. Hence, the result is proved. □

5. Proof of the main result

In this section, we give a proof of Theorem 1.3. For a given nonconstant polynomial
p(x) of degree κ, an integer r ≥ 2, and δ ∈ (0, 1], consider the integer Nr(δ,Mp) given by

Nr(δ,Mp) =


(
23·2

κ−1+d+5C1C2

δ2κ−1+1

)8κr
M4

p .

Note that for a given polynomial p(x), if δ ≥ δ′ then Nr(δ,Mp) ≤ Nr(δ
′,Mp).

Considering this, and combining Lemma 3.5 with Lemma 4.3, we can state the following
result for intersective polynomials over OK .

Corollary 5.1. Let q(x) be a nonconstant intersective polynomial of degree κ in OK [x],
and δ0 ∈ (0, 1]. Let N be a positive integer and A be a nonempty subset of S(N) of
density δ ≥ δ0, such that

(A− A) ∩ q(OK) ⊆ {0}.
If for some integer r ≥ 2, we have N ≥ Nr(δ0,Mq), then there exist an intersective
polynomial q′(x) of degree κ, satisfying

Mq′ ≤ C4M
5κd
q Nd/κr−3

,

and a subset A′ of S(N1/2κ) of density at least δ + cδC, such that

(A′ − A′) ∩ q′(OK) ⊆ {0}
holds, where c, C denote the constants as in Lemma 3.5.

Proof. Let r ≥ 2 be an integer and assume that N ≥ Nr(δ0,Mq) holds. Applying
Lemma 3.5 gives that there exist elements n and α in OK with

(16) Mα ≤ Cκ
2MqN

1/4κr−2

,

such that the set L := n + αS(N1/2κ) is contained in S(N) and the density of A in
L is at least δ + cδC , for some constants c, C > 0 depending only on κ. Let us take
A′ =

{
x ∈ S(N1/2κ) : n+ αx ∈ A

}
, and note that the density of A′ in S(N1/2κ) is at

least δ + cδC . Moreover, Lemma 4.3 implies that

(A′ − A′) ∩ qα(OK) ⊆ {0}.
Write q′(x) := qα(x). By Lemma 4.2, the polynomial q′(x) is an intersective polynomial

of degree κ, and it satisfies
Mq′ ≤ C3M

4κd
α Mq.

Using Eq. (16) in above, we obtain that

Mq′ ≤ C4κ2d
2 C3M

5κd
q Nd/κr−3

.

Hence, Corollary 5.1 is proved. □
18



Multiple application of the above corollary proves our main result. We start by assum-
ing that N is larger than a quantity depending on the density of the considered set, and
reach to a contradiction by obtaining a subset of density larger than 1. This yields that
N is not very large, and consequently, we get the desired bound for the density of the
set.

Proof of Theorem 1.3. Let c, C denote the constants as in Lemma 3.5. Let δ denote the
density of A. Write δ0 = δ, and consider the sequence {δi}i≥0 satisfying δi+1 = δi + cδCi
for all i ≥ 0. Let t denote the smallest positive integer such that δt > 1. Let us put
q0(x) = q(x), r = ⌈logκ (8t(10d)t)⌉+ 2t+ 2 and

N0 =

(
23·2

κ−1+d+6C1C2C4Mq

δ2κ−1+1

)8t(5κd)r+2t

.

We claim that N < N0 holds. Let us assume on the contrary that N ≥ N0. Since
N0 ≥ Nr(δ0,Mq0), consequently, N ≥ Nr(δ0,Mq0). Applying Corollary 5.1 yields an
intersective polynomial q1(x) of degree κ satisfying

Mq1 ≤ C4M
5κd
q Nd/κr−3

,

and a subset A1 of S(N1/2κ) having density at least δ1 such that

(A1 − A1) ∩ q1(OK) ⊆ {0}

holds. Next, we show by induction that using the assumption N ≥ N0, Corollary 5.1 can
be applied t times, to produce a subset of a suitable set, having density larger than 1,
and as a consequence, N < N0 follows.

Let 1 ≤ i ≤ t−1 be an integer, and assume that Corollary 5.1 can be applied iteratively
i times. Therefore, for every 1 ≤ j ≤ i, we have N1/(2κ)j−1 ≥ Nr(δj−1,Mqj−1

), and there
exist an intersective polynomial qj(x) of degree κ satisfying

(17) Mqj ≤ C4M
5κd
qj−1

Nd/κr−3(2κ)j−1

,

and a subset Aj of the set S(N1/(2κ)j) of density at least δj with

(Aj − Aj) ∩ qj(OK) ⊆ {0}.

We claim that

(18) N1/(2κ)i ≥ Nr(δi,Mqi)

holds. Using (17), we obtain that

Mqi ≤ C
1+5κd+···+(5κd)i−1

4 M (5κd)i

q N
d

κr−3

(
1

(2κ)i−1+
5κd

(2κ)i−2+···+(5κd)i−1
)

≤ C
t(5κd)t

4 M (5κd)t

q N
t(5d)t

κr−t−2 .

Using N ≥ N0, the above bound and r = ⌈logκ (8t(10d)t)⌉+ 2t+ 2, we obtain
(
23·2

κ−1+d+5C1C2

δ2κ−1+1

)8κr
M4

qi

(2κ)i

≤

2

(
23·2

κ−1+d+5C1C2

δ2κ−1+1

)8κr

C
4t(5κd)t

4 M4(5κd)t

q N
4t(5d)t

κr−t−2

(2κ)t
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≤

(
23·2

κ−1+d+6C1C2C4Mq

δ2κ−1+1

)4t(5κd)r+2t

N
4t(10d)t

κr−2t−2

≤N1/2
0 N1/2

≤N.

This proves the claim that (18) holds. By induction, it follows that Corollary 5.1 can be
applied t times, and this yields a subset At of [N

1/(2κ)t ] of density greater than 1, which
is impossible. This shows that

N ≤

(
23·2

κ−1+d+6C1C2C4Mq

δ2κ−1+1

)8t(5κd)r+2t

holds. Let us denote c = 1/23·2
κ−1+2, C = 2κ−1 + 1 and note that if n ≥ 1/cδC , then

δn > 1. This implies that

t ≤ 1

cδC
.

Using r = ⌈logκ (8t(10d)t)⌉+ 2t+ 2, we obtain

r + 2t ≤ 10d+ 15

cδC
.

This yields that

log logN ≤ Cq,d,E

δC

holds, where Cq,d,E is a constant depending on the polynomial q(x), d and E only. Hence,
we obtain that

δ ≪q,d,E
1

(log logN)1/C

holds. This proves Theorem 1.3. □
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