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QUANTITATIVE STABILITY FOR THE 2D COUETTE FLOW ON THE
INFINITE CHANNEL WITH NON-SLIP BOUNDARY CONDITION

QIONGLEI CHEN, ZHEN LI, AND CHANGXING MIAO

ABSTRACT. In this paper, we investigate the quantitative stability for the 2D Couette flow
on the infinite channel R x [—1, 1] with non-slip boundary condition. Compared to the case
T x [—1, 1], we establish the stability in the context of long wave associated with the frequency
range 0 < |k| < 1 by developing the resolvent estimate argument. The new ingredient is to
discover the key division point at 10v in the frequency interval (0,1) by the sharp Sobolev
constant in Wirtinger’s inequality together with the refined estimates of the Airy function in the
interval (0, 1), and then we establish the space-time estimates on the low-frequency 0 < |k| < 10v
and the intermediate-frequency 10v < |k| < 1, respectively. As an application of the space-time
estimates, we obtain the nonlinear transition threshold to be v < % Meanwhile, we also show
that when the frequencies |k| > v'~, the enhanced dissipation effect occurs for the linearized
Navier-Stokes equations.
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1. INTRODUCTION

We consider the incompressible Navier-Stokes equations on the infinite channel 2 = R x I with
I=[-1,1]
oV + (V- -V)V—-vAV +VP =0,
(1.1) V-V =0,
V(0,2,y) = V™"(z,y),
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2 QUANTITATIVE STABILITY FOR THE 2D COUETTE FLOW

where V (t,z,y) is the velocity field, P is the corresponding pressure and v > 0 is the viscosity.
Understanding the enhanced dissipation and transition threshold in shear flows may be a crucial
step in addressing the transition from laminar to turbulent flow, see [21,27}28].

The Couette flow, among the simplest laminar flows, is a steady solution to the Navier-
Stokes equation , yet it induces several long-standing problems in hydrodynamics. Notably,
the Sommerfeld paradox indicates that theoretical analysis shows that the plane Couette flow
and pipe Poiseuille flow are linearly stable for all Reynolds number Re > 0 [18,[29]; however,
the experiments and numerical simulations [9,[39] have revealed that these flows transition to
turbulence beyond a critical Reynolds number. An increasing amount of effort has been dedicated
to understanding this paradox, including Chapman [9] and references therein. Trefethen et al. [30]
initially reformulated the problem into the study of the transition threshold. Later, Bedrossian-
Germain-Masmoudi [6] presented a mathematical formulation of the transition threshold problem
as described below:

Find a suitable space X with the norm || - |[x and determine a v = v(X) so that

(1.2) [ui|x < 7 => stability,

(1.3) [u™||x > 17 = instability.

The exponent +y is referred to as the transition threshold.

A great deal of work has been devoted to studying the transition threshold problem for the
Couette flow. Romanov [29] first obtained the linear spectrum stability for Couette flow in
three-dimensional domain {z,y,z : |z| < 1,y € R,z € R} with non-slip boundary condition.
In a series of important works [3-8,26], Bedrossian, Germain, Masmoudi et al. studied the
stability issue of the Couette flow and obtained significant achievements. Chen-Li-Wei-Zhang [11]
first investigated the Couette flow on T x [—1,1] with the non-slip boundary condition and
acquired the transition threshold v < % by establishing the resolvent estimates and the space-time
estimates. Arbon-Bedrossian [2] first derived the transition threshold v < %—I— on three unbounded
xz-domains: the whole plane R x R, the half plane R x [0,00) and R x [—1, 1] with Navier-slip
boundary conditions. For more study of Couette flow in different settings, see [14}22,34.|35] and
references therein.

In addition to the Couette flow, the Poiseuille flow and Kolmogorov flow have also attracted the
attention of many researchers, see [10}/13}/15-17,20,24.33,38]. Furthermore, for other mathematical
results concerning the stability of general shear flows, one may refer to [1,|12,|19,25,136,/37,/40,/41]
and references therein.

Although there is a mounts of studies on the stability in the case x € T, there has been
little related mathematical research on x € R. It is an interesting issue to study the long waves
effect on nonlinear stability, which may lead to instability and potentially give rise to turbulence.
Nevertheless, there seems to be no quantitative analysis for Couette flow on R x [—1,1] with
non-slip boundary condition. This motivates us to study the transition threshold and enhanced
dissipation of the Couette flow

UCou = (yv O)
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related to ((1.1)) on the infinite channel 2 = R x I. For this purpose, we consider the perturbation
velocity u = V' — U such that

O+ u - Vu — vAu + (u?,0) + ydyu + Vp = 0,
V-u=0,

(14) u(t,z,£1) =0,

u(0,z,y) = u"(x,y),

and prove the transition threshold v < % so that (|1.2)) is valid for an appropriate space, where
the non-slip boundary condition given in (|1.4)) exhibits the boundary layer effect.
Let w = dyu' — d,u? be the vorticity and 1 be the stream function. Then the vorticity system
can be written as
Oyw — VAW + u - Vw + yOyw = 0,
AY = w,
(1.5)
P(t,x,£1) = 0ytp(t,x,+1) =0,
w(0,z,y) = w™(z,y).

Given a function f(t,x,y), we denote its Fourier transform with respect to the z-variable by
fk(ta y) = / f<t7 Zz, y)eiikxdx'
R
We take the Fourier transform in z-variable for the linearized system of (|1.5):
Oy, — V(@i — k?)wy, + ikywy, = 0,

Wi = (05 - k2)¢k7
¢k(ta k7 :l:l) = ¢;<;(t7 k? :l:l) =0,

wi(0) = wy" (k. y),

(1.6)

where k # 0.
Now, we are in a position to state the main result.

Theorem 1.1. Suppose that u'™ € H N H?(Q) with divu™ = 0 in ([4). Let 0 <1 < 1 and c
be a suitably small constant. Then for 0 < v < vy and ||u™| g2 < CZ/%, the solution u to (1.4))

satisfies
| Bkl gy < Cv2,
where
lwelleora + v llwkllzazs + llwellzerse +v2 uellzoze, 0 < [k| < 10w,
o 11 =yl 2ell oz + v k7T fwll o2 + 3 bl lwrll 2 + Nl e

]2 [k 22 100 < k| < 1,

1 1001 1
I = lyl)2wrllerz + valkl2llwkllr2rz + K[> [Jukllgorge + [Rllukllzoz, [k = 1.

Corollary 1.2. Under the same conditions as Theorem if we additionally have u'™ €
L}E(H&y N Hg), then there holds

1
1Bkl Lo ®) < Cv2.
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As an application of space-time estimates in Theorems and we discover that when the
frequency range |k| > v'~, the solution of (1.6]) exhibits the enhanced dissipation effect.

Theorem 1.3. Let wy be a solution of (L.6) with wi" € H?} Then there exist constants ey > 0
suitably small and 0 < vy < 1 so that for 0 < v < vy, we have

1001 ;
max{1, |k[}|e* ugl| o 1z + max{v2, [k|Z, [kl H|eO urll 2 2 < lwi 1z
where uy, = (0,(02 — k) twy, —ik(0} — k*) " wi) and A, = max{v, (1/]]{:|2)%}

Remark 1.1. Actually, we can obtain the same enhanced dissipation estimates as shown in
Theorem for the Navier-slip boundary condition.

Now, we summarize the key contributions of our results:

e The transition threshold stated in Theorem matches the known optimal result on
T x [—1,1] in [11], in which the authors only require to deal with the space-time estimates
on high-frequency |k| > 1. Compared to T x [—1,1], the domain R x [—1, 1] exists extra
difficulty on frequency range 0 < |k| < 1. More precisely, we are unable to establish a
uniform estimate on the this range. So we will adopt a “divide and conquer” strategy to
address the range 0 < |k| < 1 by the following observations:

— For the low-frequency 0 < |k| < 10v, utilizing the sharp Sobolev constant from
Wirtinger’s inequality and the expansion argument in L?(—1,1), we identify the
key point %3u ~ 10v, which allows us to construct the space-time estimates in
0 < |k| < 10v by the energy method. To some extent, this case can be viewed as
a perturbation result around £ = 0 and hence the range cannot be extended to
0< k<L

— For the intermediate-frequency 10v < |k| < 1, we explore a kind of asymptotic
behavior of Ag(z) produced by the Airy function to achieve the space-time estimates
when |k| < 1. Compared to |k| > 1 in |11}, the new insight is that the maximized gain
of o in Lemma enables us to extend the lower bound of intermediate-frequencies
to 10v.

— We notice that the constant 10v is of inconsequence for the Navier-slip boundary
condition. More precisely, we can use energy method and resolvent estimate to
obtain the space-time estimate on the frequency range 0 < |k| < 10v and v < |k| < 1,
respectively.

e It should be pointed out that the intermediate frequency will disappear on T x [—1, 1] due
to the constraint k£ € Z. For the domain R x [—1, 1], there are nine kinds of interactions
between the low, intermediate and high frequencies of u and w. By employing a class of

bilinear estimates and optimization argument, we detect the expected form on energy

1

functional, and ultimately achieve transition threshold v < 3.

Outline: To investigate the nonlinear stability and enhanced dissipation, a key step is to derive
the space-time estimates for the linearized Navier-Stokes equation

(1.7) Oyw — 1/(8,3 — k*w + ikyw = 0, w(0) = w™(k,y),

where w = (97 — k?)i with ¢(£1) = ¢/(£1) = 0, k € R. In order to understand the linear
stability, the standard method is to seek the solution of (1.7 in the form

wy, = wi(y)e” *,
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where wy, satisfies the following Orr-Sommerfeld equation

(1.8) —u(&g — k) wy, 4+ ik(y — Nwy, = 0.

If A € C, all the nontrivial solutions of ([1.8)) with the non-slip or Navier-slip boundary conditions
lie in Im kA < 0. Then, the Couette flow is linearly spectral stable.
Firstly, we investigate the resolvent estimates for the linearized operator

L=—v(0] — k*) +iky,
which is reduced to the study of the inhomogeneous Orr-Sommerfeld (OS) equation
— u(@j — k) w + ik(y — N)w = F,
(1.9) w = (95 — k)9,
o(£1) =0, ¢'(£1) = 0.
We decompose the solution w into three parts:
W = WNq + C1W1 + C2w2,

where wpy, is the solution of the inhomogeneous OS equation with the Navier-slip boundary
condition and wj, we are the solutions of the homogeneous OS equation. The estimate of wy,
are derived based on the resolvent estimates by multiplies methods in [23]24]. The estimates for
wy and ws rely on the refined estimates of the Airy function provided in Section

Secondly, we are devoted to establishing the space-time estimates. We first divide the frequency
k € R into three parts:

e Low-frequency: {k:0 < |k| < 10v},
e Intermediate-frequency: {k: 10v < |k| < 1},
e High-frequency: {k : |k| > 1}.

For the low-frequency, decomposing the stream function through the L? basis and using the
sharp Sobolev constant from Wirtinger’s inequality, we obtain the space-time estimates for the
maximum frequency range 0 < |k| < %31/ by the energy method.

For the intermediate-frequency, we reformulate the solution w in terms of homogeneous and
inhomogeneous equations, and then derive the space-time estimates based on the resolvent
estimates in Section [2] To extend the lower bound of the intermediate-frequency to 10v, it
requires a series of estimates on the Airy function.

Thirdly, by making use of the space-time estimates together with a delicate analysis on the
interactions between the low, intermediate and high frequencies of v and w, we establish the
quantitative stability for the 2D Couette flow on the infinite channel R x [—1, 1] with non-slip
boundary condition. As an application of the space-time estimates, we establish the enhanced

dissipation estimates on the frequency range |k| > v1~.

Notations. Throughout this paper, C' denotes a general constant independent of v, k, A, and it
may vary from line to line. The notation A < B means A < CB. In the following, we will omit
the subscript &k for w,w, ¥, ¢, F' while still keep the dependence on k in the actual estimates.

2. THE RESOLVENT ESTIMATES OF THE LINEAR OPERATOR
In this section, we study the linear operator

L=—v(0] — k) +iky
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and establish the resolvent estimates of £ with the Navier-slip boundary condition in Subsection
2.1 and non-slip boundary condition in Subsection [2.2] respectively.

2.1. The resolvent estimates with the Navier-slip boundary condition. Consider the

equation

(2.1) —1/(85—kz)w+ik(y—)\)w—eV%]k]%w:F,
' w(£1) =0,

where A € R and € > 0 is sufficiently small and independent of v, k, \. We show the following

resolvent estimates under the Navier-slip boundary condition with intermediate-frequency 10v <

|k| < 1.

Proposition 2.1. Let w be a solution of (2.1) with A € R, 10v < |k| < 1. Denote u =
(ﬁy(ﬁg — k)~ lw, —ik‘(az — k?)~lw). If F € L?(I), there exists eg < 1 such that for 0 < e < ¢,
we have

v k|3 lull g2 + vs k|8 wll g + 5 k|5 o/ 2
1
+(WlkP) 3 w2 + 1kl (y = Nwll 2 < C||F]| 2.
If F € H-Y(I), there exists e < 1 such that for 0 < € < €1, we have

(2.2)

1 1 2 1
(2.3) v2 k|2 lullpz + vl|w'| g2 + v3 K[ lwl L2 < ClIF | g-1.

Sketch of the proof: The main difficulty in deriving the resolvent estimate stems from the
fact that the operator £ may not be invertible at y = 0. By a scaling analysis with y — A ~ §, we
have

V62w ~ kéw ~ k(y — N)w ~ F,
which yields § ~ (l/k_l)%. Noting that for 10v < |k| < 1, the fact 6 < 1 still holds true. By a
similar proof of Proposition 3.1-Lemma 3.5 in [11], we can obtain
105 2.1 1
valk[s[lwlp + w3 [kls w2 + (vIE?)3 w2 + KllI(y = Nwlze < CIFlLz,
2.1
vl[w'llpz +v3lkl5]lwl e < ClIF|g-1,
The first term in (2.2)) and (2.3) does not share the same scale as the others. Denote
¢ = (873 — k)" .

Thanks to ||ul|p2 = ||0y@|lL2 + [|ké|/L2, it is easy to check that ||0y¢| L2 is the main part of
|lu|lz2 when 10v < |k| < 1. Consequently, in contrast to [11], we can eliminate |k:|%—factor for

the terms including |ul|z2 by employing the inequality [|0,¢[|2(¢[lr2 < |lul/., rather than
10y @l L2 lIk ] 2 < [[ullZ2 used in [11].

In a similar way, we can extend the weak resolvent estimate in [11] to the frequency range
10v < |k| < 1, which plays an important role in deriving the resolvent estimate under the non-slip
boundary condition in Proposition [2.3]

Proposition 2.2. Let w be as in Proposition . For 10v < |k| < 1, f € HY(I) and f(—5) =0
with j € {£1}, there holds

_ _3
[, 1] <CII T NE N1 (672 1l (10006045

+1FGIT = A+ 0507+ fxlm + 67 1 Fxl 2,
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where § = 1/%|k‘]7% and x is a cut-off function defined by
1
y—A

-\ _)\3
2y52 - 54 ) ye (=L1)N(A—=3,A+4).

2.2. Resolvent estimates with non-slip boundary condition. Denote

w = (85 - k2)¢7 U= (ay¢7 —lk(b)

ye (=1, 1)N[(-=1,A=8)U\+4d,1),
(2.4) x() =

The stream function satisfies
25) — V(D5 = K226+ ik(y — N9 — k)¢ — ev3 |k|3 (9} — K)o = F,
' (1) =0,  ¢'(£1)=0,

where A € R and € > 0 is sufficiently small and independent of v, k, \. Define

1, ly| <1-—19,

1 _1
(2.6) pe(y) =9 1— |yl o =vslk|"s.

Now, we give the resolvent estimate with the non-slip boundary condition.

Proposition 2.3. Let ¢ be a solution of (2.5)) with 10v < |k| < 1. If F € L*(I), then we have
L2 .3 1.5 5
(2.7) valk|3|pgwllp2 + v lkfollull L2 + vz k72wl < CF| L2,
If F € H™', then we have
2.1, 3 101 3.1
(2.8) valklsllppwlipe + valk2[lull L2 + vilk[3]lwl 2 < CIF[lg-1.
Reformulation of the problem. We decompose the solution ¢ of (2.5) as follows:
¢ = ONa + 101 + 202,

where ¢y, solves the inhomogeneous OS equation with the Navier-Slip boundary condition

(2.9) { —v(0; — k)’ ¢na + ik(y — N)(0; — k*)dna — v ]k‘%(aﬁ k) ¢na = F,
¢Nna(E£1) =0, o (£1) =0,
and ¢, ¢2 solve the following homogeneous OS equations
(2.10) { — v = )61+ ik(y — )9 — )61 — evS|k]3 (9] — k)1 =0,
¢1(+1) =0, #(1) =1, ¢(-1) =0,
and
(2.11) { — () = k)62 + ik(y — N)(9) — k)2 — evS|k|3 (9] — k)2 = 0,
G2o(£1) =0, dh(=1) =1, (1) =0.
Let wyg = (07 — k*)¢na and w; = (07 — k?)¢; with i € {1,2}. Then we have

W = WnNg + crwy + cowg = (8; - k2)¢.
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Utilizing the boundary conditions in (2.10) and (2.11)), we obtain

L sin
(V) = / s by 1) )y,

_1 sinh2k
(2.12) ! inh k(1 )
B sin —y
() _/_1 sinh 2k wa(y)dy.

The detailed calculations of ¢; and ¢z can be seen in [11, P142-143].

The proof of Proposition [2.3] relies on not only the resolvent estimate under the Navier-
slip boundary condition in Proposition but also the subsequent estimates on w; and the
coefficients ¢; with j = 1,2.

Estimates of w; and ws. It is well known that
Wi(y) =Ai(e's (L(y — X — ikv) + ie)),
Waly) =Ai(e's (L(y — \ — ikv) + ic))
are two linearly independent solutions of the homogeneous OS equation
—v(w” — k*w) 4 ik(y — Nw — eué|k:|§w =0,

where Ai(y) is the Airy function given by a nontrivial solution of f” —yf = 0. In terms of the
boundary conditions, the solutions of (2.10) and (2.11)) can be rewritten as

(2.13) wy = C1iWy + C12Wa,  wy = Coi Wy + CaaWo,

where the coefficients Cj; (1 <4, < 2) satisfy
Agek — Bge_k — AQB_k + Bgek>

<011> ( — Blek + A1€k> <021> (Blek — Alek

Ci2 A1Ay — B1 By Ca2 A1Ay — B1 By
with
1 1
A = / VW )y, A = / eIV, (y)dy,
(2.14) -1 =

1 1
By =/ e MW (y)dy, By =/ Wy (y)dy.
-1 -1

Next, we give the estimates of Cj; and W with 1 < 4,5 < 2 and 10v < |k| < 1. Denote

ol

Ao(z):/ Ai(t)dt, d=—-1—X—ikv, d=—1+X—ikv, L= (k/v)5.

i /6,

Lemma 2.4. For 10v < |k| < 1, there exists €y such that for € < €, it holds

L 1
2.15 Wil < CL(1+|L(1 + N)|?),
(2.15) Ml (14 L1+ )
L 1
(2.16) L e <cna+ 1L = NP,
| Ag(Ld + ic)|
L L
2.17 —_— |- 4+ |W QC,
(217) Azavial It are)
(2.18) L Wil W < OLE
. —. 2 -~ 2 AN .
[Ag(Ld +ie)| "k T A (Lt ey R IE
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Proof. Noting that L = (k/v)'/3 > 1 in the case of 10v < |k| < 1, we can obtain the estimates
- - ) for the frequency range 10v < |k| < 1 in exactly same way as in |11, Lemma 5.2]. O

Now we consider the estimates of C;;. Although the proof strategy is close to the one
in |11, Lemma 5.2], we encounter different scenarios and difficulties, so that we require to exploit
more structure, and more employ refined estimates of the Airy function for the frequencies

100 < |k| < 1.

Lemma 2.5. For 10v < |k| < 1, there exist eg such that for € < €g, it holds that

L L
|C1| < C—., |C12| < #,7
[Ao(Ld + i€)| | Ao(Ld + i€)|

‘021’ < CL CL

T o [Cul< ——=——.
|Ao(Ld + ie)| Gzl |Ag(Ld + ie)|
Proof. According to the same calculation as in |11} (8.3),(8.4),(8.6),(8.7)], we have

L

o—k—im/6 o E o2l .,
A1 = Ao(Ld + ZG)T |:1 — € U(Ld + iE, 2L) + Z / GTT](Ld + iG, t)d :|
0
L . e—k—iw/(ﬁ . . k 2L . _
Ag = Ag(Ld + ZG)T [1 — e*Fn(Ld +i€e,2L) + 7 / el n(Ld+ ie, t)dt] ,
0
h—in/6 k2L,
By = Ao(Ld + ie) [1 — e ?n(Ld +ie,2L) — — / e~ Ln(Ld+ i, t)dt] ,
0

L _ ek /6 - k 2L ot ~
. _ ok . _kt .
By = Ag(Ld + ie) 7 [1 —e “"n(Ld + i€, 2L) — 7 / e~ Ln(Ld + ie, t)dt] :
0
For 10v < |k| < 1, by (2.14) and Lemma. we arrive at

| Age® — Be~™| =\ [ @00 - 0
—1

1 ~
<[ Ca - pIWawldy < CIKL | Ao(Ld + i6)|.
-1

We claim
(2.19) |Ay Ay — BiBs| > |k|L 72| Ag(Ld + i€)|| Ao(Ld + ie€)].
This yields
CL
Cul|l < ——F———.
S gz v io)
Next, we prove the claim . It suffice to deal with the case 10v < k < 1, as the proof for
the case —1 < k < —10v follows a surnllar argument. Due to
A A
(2.20) |A1 Ay — By Bo| = ’Bi 2 _ 1‘ |B1 Bal,
it remains to give the low bound of ]AIAQ — 1] and |B; Bz|. From Lemma we deduce that

k 2L
B1] L7 Ao(Ld + ie)| e (1 — e el - 2 / e~ Eetdr) 2 L7 Ao(Ld + ie)],
(2.21) 0

~ Lk L ~
|Bo| =LY Ao(Ld + ie)|ek<1 — ¢ ke 2a0l _ L/ e—%—%tdt> > LY Ag(Ld + i€)|.
0
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In order to estimate \‘éigg — 1|, we divide A;, Ay, B1, By as follows:

o—k—in /6 Y
Ay :Ao(Ld + iE)T(All + Alg), Ay = Ao(Ld + iG)T<A21 + AQQ),
—k—imw/6 ————p—k+in/6

N~ 5.
By =Ao(Ld + ZG)T(BH + Bi12), Ba=Ao(Ld+ ZE)T(Bm + Ba»),

where

o )
AH =:1- 62k771(2L), A12 =: L/O e Lt?h(t)dt,

k(2L g
Agp =11 —e®Fnp(20), Ay =: L/ 67z772(t)dt7
0
pek 2L
By =:e** —m(2L), By = - e~ L (t)dt,
0
ker 2L &
By =:e®* —ny(2L), By =: — 7 / €7ftn2(t)dt,
0

with 71 (t) = n(Ld + ie, t) and ny(t) = n(Ld + i€, ). It is easy to see that Ay, B (1 <i < 2) are
error terms. Denote

— Dl
=D,

’AIAQ B 1‘ _ '(Bn + Bi12)(Ba21 + Baz) — (A1 + A12) (A1 + Ag)
BB (B11 + Bi2)(Ba1 + Baa)

We first give the bound of A;; and B;; with 1 <4, j < 2. Thanks to Lemma we have

_ e2k—2a0L)

asL —k
ke?k 2L i

|Bi1| + |Bar| <e** + 72, |Byo| + [Bays| < e Le%tdt < J(e2k — o200
L 0 CLO-L + k

ko[ k(1
|Ap1| + [Aor| <1+ €220l Apy| + | Age| < L/ e ettdt < (
0

For Dy, in light of Lemma [B.3] and 10r < k < 1, we obtain

e,

N

_ k _ 2
(2.22) D] = |(Bu1 + Bi2)(Ba1 + Bao)| < (e* + 720 8)? [ ——— (e — e72%F)
asL +k

We divide D, into
Dy =T+ 11+ 111,
where

I =B11B21 — A114a1,
Il =B11Bgg + Bo1B12 — A11A22 — A1 Ao,
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A direct computation shows

1 =[(e** = m(2L))(€** = na(2L)) — (1 — ¥y (2L)) (1 — €**y(21))|

(™ = 1)(1 = m(2L)n2(2L))]

>4k(1 — e 4ol

Qk(e% 4 672(1"1’)(62]“ _ eanaL) N Qk(l 4 eZk anJL)(l _ 62k72ao—L)
as L+ k asL — k

_2k‘(€4k _ 674(15L) N Qk(l _ 64k74agL)

- acL + k acl — k

2k 141 —ertlert) k(1 —emtet) k(1 —elorh) 8k?

asL +k + asL — k = asL — k +a(,L+k’

11| <

~

and

e4kk2(1 _ e—ZaUL—Qk)Q N k‘2(1 _ 62k—2a0L)2 - (e4k + 1)k2
(ag L + k)? (agL — k)? = (agL — k)2’

1| <

Inserting the estimates of I, II, III into D;, we obtain

1 N Gl s
asL — k acL+k (a,L—k)?

D] > 4k(1 — et (1 -

4k 2
It is clear that the maximum of L iz f%kjk and % are attained at k = 10v. We choose

ay = 0.47 such that 1 — m > 0 to ensure

|D1| > 0.02k.
This inequality together with (2.22]) implies

A1As 1 D1
B1 B> " | D,y

Inserting (2.23]) and ( into (2.20), we arrive at
|A1 Ay — By By| > 0.002¢|k|| By Ba| > |k|L™2|Ao(Ld + i€)|| Ao (Ld + ié)|.

> 0.002¢ k.

(2.23)

In a similar way, we can obtain the bound of C19, Co1 and Cos. [l
Now, we estimate wy and ws, which is a direct result of Lemmas and interpolation.

Proposition 2.6. Let wy and ws be defined as in (2.13)). For 10v < |k| < 1, there holds

(2.24) lwill s+ lwsll 2 < C,
(2.25) [yl < Cv 2 |k|2(1+ |1 — A|2),
(2.26) [wa| e < Cv 2 |k|2(1 + A+ 1|2),
(2.27) w2 < Cv=a[E[T(1+ 1 - AJ2)3,
(2.28) lwall2 < Cv7a[K[T(1+ |1+ AJ2)2.

We also have the following weighted version, which plays an important role in the proof of
space-time estimates in Propositions [3.3] and [3.4]
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Proposition 2.7. Let py be defined by (2.6). Under the same conditions as in Proposition
we have

1 1 1

(2.29) lpzwill e + llp2ws > < CL,
_ 1

(2.30) lpg w2 < Cv 2 |k|73 (1 + |1 — A7),
_ 1

(2.31) Hpk“ngLg gCV*ﬂlklﬂ(1+]1+/\|§)Z.

The estimate (2.29) is a direct result of Lemmas and The proof of (2.30) and
(2.31)) is close to that of Proposition 4.4 in [11], with the distinction that we employ 0. =

V§|k’_%(1 +1]1 - )\‘%),1 instead of 1/%(1 +]1 - )\]%)*1

Bounds on ¢; and c;. We now provide the bounds for ¢; and co in the intermediate-frequency
10v < k| < 1.

Lemma 2.8. Let ¢; and ¢y be defined as in (2.12)), A € R, F € L*(I). For 10v < |k| < 1, it
holds that

(L+ A= 1D)]er] + (1 + A+ 1])ea] < Co7s k|75 |1 F| 2.
Proof. For |A — 1| < 3, by (2.2), we have
e1] < Cllwallr < Cvs k76| Fl 2.
For |\ — 1| > 3, we have
(2.32) A-yl> -1l ye (-1,
Then, we use and - ) to get

smhk‘ 1+ y) L/ sinh k(1 +y) \2, \3
— < e S _
el = ‘/ sinh 2k ady‘ \(/_1 <(y —A) sinth:) dy) I(y = Aywnallz2

A =Dy = Nwnallz < R[THA =1 7P 2
1., _5 -1
<UTE[R[TEA = 1T 2,

N

where we have used the condition 10v < |k| < 1 in the last inequality.
The estimate of co can be obtained by a similar way. Thus, we complete the proof of Lemma

2.8 O

Lemma 2.9. Let ¢; and co be defined as in 2.12), A€ R, F € H™Y(I). For 10v < |k| <1, it
holds

3
(14 [ = DD fea] + (1 + (A + D)) [ea] < Cv 2 [k| 72| P 1.

Proof. We divide the proof into two cases.

Case 1. |A — 1| > 3. Choosing ¢ = % |k|~ 3, we have (L, 1)N(A =6, \+6) = @. Applying
Proposition [2.2] with f(y) = % and j = 1, we obtain

|e1] = (wna, £)]

(2.33)

<O P+ (1= A +0)Fo% 4 | L) sy L2

y—A

w)

Hl
It follows from Lemma [A.2] that

1F ) < ‘M

cosh(k(1+v)) ‘
sinh(2k)

sinh(2k)

| <c 1reie =k

2
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which together with m 2.32) yields

|2, <] =, s -4
(2.34) HmHHI\”f”L H ... ||f||L<>°H(y_1)\)’ + £l H e
<=

Inserting into , we deduce
jex] IR (8758 + 1= A)7T + 671 +]1 = AD7Y)
SYTERTE A A= 1) F s
where we used |1 — A1 <2(1+ |1 - \))~!
Case 2. |\ — 1| < 3. Using Proposition with fly) = % and j = 1, we have
le1] = wna, f)]
SN (8731 ey + (1= A+ 0) 75675 4 Ll + 571l ),
where E = (—1,1) N (A — 6, A + §). Thanks to Lemma[A.2] we obtain
| fll oo () < C,
(2.35) 1z < e oo + 1 F oo lX ez + £l Ixllze < 37,

_1
1 xllLz < fllzeel[xllrz < €672,
The condition 0 < |\ — 1| < 3 gives

1
—<(AF =1t

This fact together with (2.35)) implies
_3 1,1 _3
ler] < Clk[™ 1HF”H W+ (A= D) TE = CrT k|72 (14 A= 1) 7| F 1.
Similarly, we can deduce the estimate of co and hence complete the proof of Lemma

Proof of Proposition 2.5, Using ([2.2), Propositions and Lemma we obtain

1 1 1 1 2
lpgwlire < llwwallre + lerlllpgwillce + lealllpgwellpe S v 3 k73 1F L2,
_1 _5
lullzz < llunallzz + lerlllwrllrr + [ealllwallpr S vTo[k]76[|F] 2,
5,7
HwIIL2 < lwwallrz + [ealllwillpz + lealllwellpz < vz k752 ]| F 12,

which yields
For , using , -, and Lemma we deduce

lwllr2 <llwnallzz + leallwillzz + |eal[Jwa] 22
S S R[Sl 4+ v ] Pl
SR
where we have used that Z/L? ]k|ﬁ Similarly, by , and Lelfnmam7 we have

1 1 1 1 2, ,_1
Hp,iwlle <||p;§wzvaHLz + lealllpgwillpz + [ealllpgwallre < v 3 (k73| Fl g1

13

0
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Thanks to (A.12)), (2.3), (2.24) and Lemma we obtain

_1 _1
[ullze <llunallze + lerlllwlir + lealllwell g S v k2| Fll g1

Combining the above three estimates, we complete the proof of (2.8]. O

3. SPACE-TIME ESTIMATES OF THE LINEARIZED NAVIER-STOKES EQUATIONS

In order to derive the nonlinear stability and enhanced dissipation, we first set up the space-
time estimates for the linearized Navier-Stokes system based on the resolvent estimate established
in Section 2l Consider

(3.1) ow + Lw = —ikfL — Oyf2,  w(0) =w™(k,y),
where w = (97 — k?)¢ with ¢(£1) = ¢'(£1) = 0. Denote
Flzrsze = [ | pey Moz = IFEB gz

The space-time estimates of the solution to (3.1)) will be established separately on the following
three intervals:

o {k:0< |k| <10v},
o {k:10v < |k| <1},
o {k:|k| =1}
For |k| > 1, the space-time estimates of the solution to (3.1)) are proved in [11] as follows:
1 1
1 = lyD2wll7ee 2 + k) 2wl Fape + kP l|ull72p2 + Kll[ullfo poo
P T _ ; _ ;
<Cmin{v75[k[3, v il o2 + Ov ol oo + w™l[72 + K721 0y0™ (172,
where u = (9, —ik)(02 — k*)"'w and f1, fo € L*L*.
Now, we address the remaining cases in Subsections [3.1] and

(3.2)

3.1. Space-time estimates of low frequencies 0 < |k| < 10v. We shall utilize energy method
to obtain the space-time estimates in frequency range 0 < |k| < 10v. Decomposing the stream
function and using the optimal Sobolev constant from Wirtinger’s inequality, we obtain the
maximal frequency range 0 < |k| < %3% In this case, we gain the the space-time estimates
uniformly with respect to k.

Theorem 3.1. Let 0 < |k| < 10v and w be a solution of (3.1)) with w™ € L*(I) and f1, fo € L2L2.
Then there exists a constant C > 0 independent of v, k such that

|l Foc 2 + vllullFars + [lullfe Lo + vlwl 722
<Cv SRS fullfage + Cv I fallfare + ™72,
where u = (0y, —ik)(@; — k)~ lw.
Proof. For k = 0, from [11], we obtain
ol e g2+ w0l + g+ vleolaz < Cv 1 fallZaga + ™22,

For 0 < |k| < 10v, we divide the proof into two steps.
Step 1. The estimates of [|u]|3,,. and [|w||3,,,. Taking L? inner product of (3.1]), we get

(3.3) (0 — v(02 — K?) + iky)w, —) = (—ikf1 — Oy fa, —1)).
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Integrating by parts, we have

1 1 1
(B, u) + v||wl||2 +ik/ ¢’wdy+z‘k/ y\¢|2dy+ik3/ y|y|*dy
-1

=(=ikf1 = Oy f2, =) = (ikf1,9) — (f2, Oyt)).

It follows by taking the real part of the above equality that
34) gl + vl = - Re (i [ v dy) + Rl 1) ~ (2 0,00)

We first deal with the term — Re (zk f_ll w’@dy). Let

(3.5) @i(y) =sin(mj(y +1)/2), j € Zy.

{¢;};>1 forms an orthogonal basis in L?([—1,1]), and so we have

+oo +o0o
U= (pid)p; = > ajp;.
P i=1

We decompose f_ll Yhdy into

/ P'pdy = / (awl+Zaj¢j),(61<p1+zﬁjsoj)dy
6)

i>2 =2
(3.6) e .
/ (Zay%) ZGJ‘PJ (a11) Zaj%‘ + (Zaﬂ’j) ayp1dy,
j=>2 Jj=2 Jj=2

where we have used that

1 1
/_ () @y = / e sin((y +1)/2)cos(ely +1)/2)dy = 0.

Due to
+00 . —+00
1 1
"_ Z <¢//,Sin ) (y2+ )>sin y + Z
Jj=1 =1

it follows from the boundary condition 1(+1) = ¢/(£1) = 0 that

< " Sinwj(y+1)>:¢/SinWj(y+1)‘1 7£j<w/ cosﬂj(y+1)>
’ 2 2 -1 2 ’ 2

TP (1) D)

- () (o)

This equality implies

=5 oo |5

7=1

2

+oo 7Tj 9 9 % .
= (ZIG) o) Wil =Tl
i>2

15



16 QUANTITATIVE STABILITY FOR THE 2D COUETTE FLOW

Using Holder’s inequality, we have

[ <o)

E a5,
>2

1
™ 2
= Tarl (3 layP?)
j>2

.2
)z
1/2 ,,
(3'7) gz (W) wl ||L2 (ZZZ)]) ‘ 9
1/2\° 1, .,
< () (g +3] T ul, ) = v

Integrating by parts, we directly get
1 _ 1 _ 1
(3.8) [ (Zw)ads=- [ Y ws@yay< -
LS —ljz2

Similarly, we derive

[ (Z0) Sha<|(Sun)
22 j=2 j=2

> ajp; Lo
i>2

2
(3.9) —HZ%*CO '(y2+1))’L2<;‘aj‘2>é
(TGl )é(Zlaal)é — Py (")
Jj=2 j=2

Inserting (3.7]), (3.8) and (3.9)) into (3.6)), we obtain
1
— 3
| vy < S

This inequality together with 0 < |k| < 10r and (A.11)) implies

(3.10 we (it [ waan)| < b1z < Bolol
For the term Re((ik f1,v) — (f2,0y1)), we use 0 < |k| < 10v and to get
| Re((ikf1,v) — (f2, 0y1))|
(311)  <CvTSREIAIR + Cr T fallF + 1073 R[Sl 5 + 10707,
<Cv IR Iull7 + vt llFe + 0020w o
Inserting (3.10) and (3.11)) into (3.4), we deduce

(3.12) Clul + vlwlZe < v R IAIZ: + v Al
Integrating with respect to ¢, we further obtain

(3.13) [l 2 + Vllwl32 2 < CoT3IE[E | fall32 2 + OV fall3a e + 1|32
Due to , we arrive at

(3.14) Vllulape + vliwl3age < CvT3(RIS | fill3age + Cv7  fall3ape + w13
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Step 2. The estimates of ||w| focr2 and ||u||feer. Let Fy = O + ikyy. It satisfies
(07 — K*)Fy = 0w + ikyw + 2ikdyp,  Fi(£1) = 9, Fy(£1) = 0.
Integrating by parts, we have
(ikfi, F1) — (f2, 0y F1) = (—ikfi — Oy f2, —F1)
=((0 = (0 = k?) + iky)w, —F1)
=((0} — K*)Fy — 2ikdy — v(0; — k*)w, —FY)
=10y F1ll22 + [k Fyll 2 + (2ik0y0, F1) + v{w, Ouw + ikyw + 2ik0,1).

Taking the real part and then using the Cauchy-Schwarz inequality, we obtain

vd
5%1100!\%2 + 10y |72 + kP Fu)1Za

S|k [(w, y)| + 2[k[[(Oy, Fu)| + [(ik fr, Fi)| + [{f2, Oy F1)]|

(3.15) 1
<vlklllwlZz + vE10yw T2 + 4k 10y l72 + ;I F1 72

1 1 1
PR + IR + A2l + 510, F1 .
Noting that Fj(+1) = 0, we get by Wirtinger’s inequality
4
IFE: < 10,3
Inserting this inequality into (3.15)) and using (A.12), we deduce
d
v lwlie <IEPIANL: + 151172 + 32k + k) w72,
which, together with 0 < |k| < 10v, further implies
2 —1(1.12 2 —1 2 2 in |2
[wlizoere S v RN Nz + 07 I f2llf2re + CVwllzope + [l (|72
By appealing to (3.13]), we immediately get
1,4 _ ;
ol Sv73 IR fill e + v I follZoge + 0™ (122
Using (A.13)), we have
1.4 _ ;
|wollZoo e + lullFoopoe v IEIS(fi 722 + v I 202 + 0™ 122
This together with (3.14) completes the proof of Theorem O

3.2. Space-time estimates of intermediate frequencies 10v < |k| < 1. Compared to the
case |k| > 1, in the energy functional, the terms including ||u||fecre, ||| f22,]|w| 122 and the
term ||w|| 72 eliminate factor ]k\% and factor ]k]%, respectively, so it leads to the space-time
estimates more available for 10v < |k| < 1.

Theorem 3.2. Let 10v < |k| < 1 and w be a solution of (3.1) with w™ € H' and f1, fo € L?L>.
It holds that

1 _1 1.1
1 — [y) ! 2ell o 2 + 2 k|2 |l 2+l oo oo + Rll[ullFape + 22 k2 o] 72y
i 2 _2 i _1 4 _
Slle™ 72 + v3 1k 510,072 + 73 k5 |1l 72re + v I f2lT2re,

where u = (0y, —ik)(8§ — k).
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Roughly speaking, we can seek a cut-off function g to substitute (1 — |y\)% such that supp(1— p)
is small since (1 — ]y|)%w and w are equivalent in regions far from the boundary +1. In fact, it
. 1 .
suffices to ensure the measure of the region {y: o < (1 —|y|)2} does not exceed the coefficient
of ||w||feor2. A similar analysis as in [11, P167], we obtain

1 1.1 2
(L= [yD2wllFee 2 < v2 k72wl Fo0 12 + 107 @Il oo 12
11 2
[l oo S V2K Wl ooz + 197wl 700 p2-
Due to L = (k/y)% > 1 for 10v < |k| < 1, by a similar argument as in |11, Proposition 6.7], we
deduce
3 . 2 2 .
lpgwllF o2 <Iw™ (172 + 5[k 75]|0y0™ 172
1.2, 1 _1,, .4 _
+us k3| pgwlFare + v 3 kI3 | fill7ere + v I 2l 7o
Therefore, the proof of Theorem [3.2] can be reduce to estimate

12, 1 1,1 1,1
(3.16) va k3 |pgwlZope + [kll[ulZ2pe + v2 K2 ||wl|72p2 + v2 k72 [w]|]w £
: . 2 2 . 1 4
Slw™ 122 + v k|73 |0yw™ 72 + v 5[k[3 | fillFape + v I fall T2 e

In order to estimate (3.16)), we decompose the solution of (3.1)) as w = w; + wy, where wy
solves

(0r — v(0; — k) + iky)wy = —ikf1 — Oy fa,
(3.17) wr = (0 — K*)r,  wr(£1) = ¢i(£1) =0,
wr(0,k,y) =0,
and wpy solves
(0 — V((?; — k2) + iky)wy = 0,
(3.18) wi = (07 = K)m,  Yu(+l) =Py (£1) =0,
wrr (0, k,y) = w™ (k, y).
We consider the equation (3.17]) in Fourier space

—v(0] — Kwi(\ k,y) + ik(y + M k)wr(\ k,y) = —ikFi(\ k,y) — 0,F> (A k,y),

—+o00
(wr(h b y), =Ry = 0, / wr (A by y)dy = 0.

—00

where
t+oo ) t+oo )
w[()‘akay) = / WI(t, k‘)vy)e_zw\dt’ FJ(Aakay) = / fj(tvkay)e_ltkdta ] = 1a2
0 0

Let ¢1, ¢2 solve (2.10) and (2.11) with e = 0, A replaced by X = —\/k. We define w; =
(82 — k*)¢; (j = 1,2). Then, w; can be decomposed into

wr\kyy) = wiy) + w4 (V) + P )wr + (57 (N) + (0w,

(3.19) (iX — (02 — k2) + iky)wi() (A, kyy) = —ikFy (A b y), wij)(£1) =0,
(3.20) (ix — (02 — k2) + iky)wgh (A k) = —0, Fa(\, k. y), wigh(£1) =0,
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and

1 o I+1
Gy — [ sihk(+ (DY) ) _
Cl (A) - /1 sinh Qk’ wNa()‘7k7y)dya l - 1,2

Let wpy, be the solution of
(3:21) {(8t (33— k) + iky)ona = —ikfi — 0, fa,
CL)Na‘t:O =0, wNa‘y::tl —0.

Thus, we can rewrite

Wf = WNg + w%l) + w§2) + wél) + wéz),

where

: 1 , :
w9t k,y) = %/chﬁ(A)wl(A,k,y)e“*dA, £>0, j.le{1,2).

Now, we first give the space-time estimates of wy.

Proposition 3.3. Let 10v < |k| < 1. Assume that py, is defined by (2.6) and wr is a solution of
(3.17) with f1, fo € L2L?. Then there exists a constant C > 0 independent of v and k, such that

1 2 1 1 1 1,1
valkl5 | pfwilZape + Klllurllgzge + v2 k2 [wrlZape + v K72 |wrllFe 2
_1 4 _
SO s[k|5]| Aillfege + v I f2ll72L2)-

Proof. Define

(3.22)

w?) =: w](\}()l + cgl)()\)wl + cgl)()\)wg, w?) =: wg\?) + c§2)()\)w1 + céZ)(/\)wg,

a

which satisfy
(02 = k) w +ik(y + MR w A k) = —ikFi(\ Ky y), (0 k,y), e ) =0,
(02 = k) w? +ik(y + MEwP (A k) = =0, Fa(Mkyy), (WP (A &, y), ) = 0.

Let ugl) = (%,z’k)(ﬁj — kQ)wgl), u?) = (8y,ik)(8§ — k2)w§2). By Plancherel’s formula and
Proposition we deduce

1,.,2, % 1,.,1
valkl3 |l ppwillzepe + [Klllurll7zre + v2 k|2 llwr|72g
Lo2nn 5 (1 2 1 2 101 1 2
L 1 [ R e e P e o el Y
L2 3 (2 2 2 2 1.1 2 2
+ v k[ |[lpA i 13, 175 + el S 175172 + 22 1K1 [[lwf 17,17
1.2 2 -1 2
SvTs kT RE s 2 + v B2l
14 _
~v 3 K3 | fallTo 2 + v 2l o e
It remains to bound ||wr| fez2. By Plancherel’s theorem and Proposition we obtain
1 1 1 2 2 2
(vh?)5 [wnalFage <R ([l Iz [1 72 + wa 172 172)
1 4
(3.23) SR IR T 2 + v IR 12

_1 4 _
~v 3RS Aalle 2 + v a7 o
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For ||wng|zecr2, we use the energy method for (3.21f) to deduce
atHwNa”%? + V”awaaH%2 + 2Vk2HwNa||%2
USRS Al + v ISl 2e + (R lwval 2
Integrating with respect to time, we further use (3.23)) to obtain
_1., .4 _ 1
lwnallfeere SYT3IKBIflZ2pe + v follf2pe + (VA3 |wnallFare
_1., .4 _
STk fillFope + v ol Fo e
Let N = —\/k. The equation (3.19) can be rewritten as
(092 = k) + ik(y = X))wiia (A b, y) = =ikFi (A k), w{ih]y=s = 0,
By Proposition and Lemma we conclude that
3. (1 -
(L [(=A/k = DDH et w2 < Cv™ 3 k]2 KR ()] 2.

(3.24)

In light of ||(1 + [A\/k + 1))~ 1|| 2 < C|k|2, we have

1
Ol <5 [l )llzn
<O+ Nk + 1) 75078 k]2 [REL () 22
<OV K| (14 M+ 1) 73 2 [F ) 2 e
<OV K2 | fil g2 2.
This inequality yields
1 _1 1 _1 2
(3.25) vk ol | g2 < CUTSIRIE || f1 22
Similarly, we obtain
1 _1 _1 2
(3.26) v |k w§ | pere < CrTSIRIE || f1 ) p2re.
By Proposition 2.7 and Lemma we have
3 1 _2,, 1
(14 |(=Mk = DDA N lpfwill s < Cv5 [k 73| (V) 2,
; _1
(L+ (=M= DDF P W) log “will s < Cv™ 38 k|72 (V)| 2
which give
3 L 1.1 3. (2 -1 _4,..5
(3.27) A+ K2 W Pllpp w22 + vi kI A + K1 (V) Pl “wi 22 < Cv 5 [k || Fal ..
Furthermore, we use Holder’s inequality to get
2
ek <| [ 1 (uan kgl
< [ INHEEEP O Ak y)?
< [ AR Pl k)|
Liels 81D\ 2,72 2
+ o [KIE A+ KT (V) 2oy ? () w1 (A, ) PdA

3 1 3 1 _
x /R (IA+ K3 o) + A2 A+ k|, 2 () A,

(3.28)
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It is known from [11, P159] that for 10r < |k| < 1, there still holds

_1
LN+ HEE pela) + G2 A+ R ) = ool 3.

In terms of (3.28) and (3.27)), we have

20l <t [ [ KR OOk )
AR+ k1P ) Py ? () (A, b, ) Pdyd
=Co S [ A+ R ) Rllok s + 0 1A+ R ) Pl 2
<Cr 8 [ SO s ~ v ol
This inequality gives
(3.29) w3 |72 w2 12 < CVE R0 3 K2 | fal 220 = Cv Y fal| 220

Similarly, we have

1 1
(3.30) VaLE| "2 |ws 2 e < OV foll 2 g

Combining (3.24)—(3.26)), (3.29) and (3.30]), we finally obtain

11 Lo 1. (5 _1l,,4 -
vak| 2wl 2 SllwnalRoerz + Y vERTE w0 e e S TR Al + v ollFe e
1<y,1<2

This completes the proof of Proposition O
Next, we establish the space-time estimates for the homogeneous problem.

Proposition 3.4. Let 10v < |k| < 1 and wy be a solution of (3.18) with w™™ € H(I) and
(w'n, eiky) = 0. Then there exists a constant C > 0 independent of v, k such that
IAIREIT 2 2 AL 2 1i,-1 2
(3.31) vslk[sllpgwrllzepe + klllumlz2p2 +v2 K2 lwm 722 + v2 K72 [wi [z L2
° . 2 2 .
<O|w™ (172 + Cvi|k| ™3 [[9y,w™ |72

Proof. It is easy to see that
wp (k) = e R P emithugin g y) 1> 0
satisfies

(332) (9 —v(D2 — k) +iky)wly) = (Wh? — (k)5 )l —vd2l), Wi (0) = Wk, y).

Let w = wy — wg). The following system arises from (3.18]) and (3.32))
Opw — V(az — k)w + ikyw = —(vk? — (VkQ)%)wg) + yang),
Wlyog =0, (w, M) = —(uip), =),

We decompose w into

w :wg) —i—wg),



22 QUANTITATIVE STABILITY FOR THE 2D COUETTE FLOW

where wg) and wg) solve

(3.33) (O — 1/(85 — kY + iky)wg) = —(vk? — (sz)%)wg) + ua%;}),

WPl =0, (W2 ethvy — 0,
and
(3.34) (0 — V(02 — k?) + iky)wy) =0,

respectively. Denote

W) = (8, —ik)l, W9 = (@2 - k)W, =0,1,2,3.

We divide the proof into two steps as follows.
Step 1. Estimates of wg), j=1,2. By Proposition we have for 10v < |k| < 1,

1,2, 1 (o 2 1,1 2 1,1 2
Vs [k|3 | pRwi 12 e + kIS 2o + 02 K| Z w5 |20 2 + vE K] 3|20 12
_1 _2
(335)  <C(va k| E(k? — (k) 3w |22 e + V|02 2)
<C((Vk2) HWH HL2L2 + VHay‘*’H HL2L2)

Hence, it suffices to estimate wl(q) It follows from [11, P161-162] that

—(vk2)1/3 in

(3.36) P (@)l = e~ @R s,

1 1 in
(3.37) (k)3 [|wip [22re = w™|22/2,

1 2 —2 in in
(3.38) V)0, 220 < V3T 0yw™ |20 + 2w 22
and

27 ||wm||L2 27

3.39 dt < —< Wi
(3.3 JACLCH Zw oL <l

Inserting (i3.37)) and (3.38)) into (3.35)), we obtain

1.2
U R A R L A e
suwmuia + mwm 10, .

By , and (| , we have

1

(3.41) (vk?)3s ||,0ka I22p2 + |k‘|HuH 17212 + v \k‘| HwH 7202 + % k|72 ||WH)||LooL2
1

S(vk?)s HWH [F2r2 + HWH 7oz < Cllw™ |72

Step 2. Estimate of wg’). Let

(3.42) w (A k,y) = /0 W (t, k,y)e M.
It is easy to verify that
(A — (D2 — k) + iky)w\Y (A, k, ) = 0.
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Define
1 . I+1
_ sinh k(1 + (—1)"*1y)
(3.4 a0 = - [ LTI ks, =1,
Then, we have
wip = —a(Nwig) — BN,
where wg)l = ((‘32 k2)q§1, wH2 =( 5 k%)¢2, and ¢1, ¢ are the solutions of homogeneous OS
equations ([2.10]) and ( with € = 0.

By Proposmon we 1nfer
lwiy O k. 9)llze <G wih llzs + @) w22
<Cvalk[T (I + Ak + 1)T + (22N +] = Mk +1))7).
It follows from and that
Ik, 8,002 — k)1 O, k)l e <@y oy + 22wl
<S(a MW + 2]

(3.44)

(3.45)

By ([2.29) and L = (k/v)3, we have
2,3 3, (3) ~ 3, (3)
logwir Ak, )iz <ler(Mllpgwiryllzz + [e2(Mllpg wiy ol 2
1, .. ~
<OV [k[5 ([ (V)] + [22(N))-
Using Plancherel’s theorem and summing up -7-, we arrive at

(3.46)

25 o 3age + IRl [Bags + w3 K12 w3210
k) [ lF P s 12 + KLk, 8,002 — B2 w2 12 + w3 k1% w13, 12
<CIRI (1L + 1Mk + 1335 + 10+ Mk = 1)5@l135).-
Thanks to wg’) =5 [awy (3) )eAdX and (3.44), we get
21 % @\kraHuw;?)u)rugug
Svak v R ([ + 0k + 1) 5@l + 10+ k= 1)3E]3,)
=(I(+ Ak +1D3al3, + 10+ k=153, )
IR+ IR+ 1)@ 55 + 11+ MK = 1213 )-
By and the boundary condition

(i) e51) = (i) ),
we have
Lsinh k(1 + (=1)"*1y) (1)
. a(\) = AN E,y)d l=1,2.
(3.47) a0 = [ LD D kg, 1= 1

Choosing g = w™ in Lemma we arrive at

1. % (3 3 11 (3 1.1, (3
(k)3 || pR w12 e e + KIS 122 2 + 02 KIZ w5 1202 + 02 k|72 [ |2 1
CIRIOIL+ M + 1)E 125 + (1 + M = 1% %) < Cllw™ |3
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This together with (3.40)) and (3.41]) completes the proof of (3.31)). O

4. BILINEAR ESTIMATES AND NONLINEAR TRANSITION THRESHOLD

In this section, we shall apply the space-time estimates and a delicate analysis on the interactions
between the low, intermediate and high frequencies of u and w to prove Theorem which is
the transition threshold of the Couette flow on R x [—1, 1] with non-slip boundary condition.

Recall

( 1 1
lwrllLgerz + v2 llwrllpze + llunllsperge + 2 lurllp2rz, 0 <[k[ < 10w,
1 11 11
11 = [yD)2wllpgorz + valk| ™ |lwkll Leerz + v3[k[3 ”wkHLng + [lurll L ge

B = 1
+ ’k‘§|’uk|’L%L§7 10v < |k| < 1,

1 1 1 1
(= [y 2 wrllzeerz +valk2 lwnllpzrz + [BIZ unll Lo rge + [Flllukl 2z, [k =1

Proof of Theorem [1.1] Tt follows from (3.2]) and Theorem [3.2] that

. _1 2 1 _1 ;
@n B < i b AW+ R0y + 1 ey
We claim
. _1 2 1 _1 _1
@2 i {ome S A0 R < O IBE,

Inserting (4.2)) into (4.1)), we arrive at

1Blley <v 31kl Al zece +v 2 I fll s szne + il oy

<Cv™ QIIEkHLHrIIu Izt a2

Due to the condition ||ui"|| ;2 < cyﬁ, we deduce

. 1 .
m g 1 k - kg wm <
o gz < 04 I iy ey 28 < e ey <

N

Choosing c suitably small, we obtain by the continuation argument
1Bl < Cv3,

which completes the proof of Theorem
Next, we prove the claim (4.2). From the definition of Ej, the estimates ||lu;] || r2rz < Ep and

|(1— \y|)%wk—lHL§°Lg < Ej_; hold true for [ € R and k£ € R. Then, in terms of Hardy’s inequality
and the condition divu = 0, we deduce that

_1 _1
v gy < [ /

_1 1
<t | / 192l 202 1L = lyl) il e ik

D=

(X = [y])2wk—ill g r2 dldk

% L2Loo

_1 1
o [ el 10 = el ey

_1
< B Bl | Eull .
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For the estimate of f,%, we first analyze the two components u; and wg_; in f,%. Decompose R
into I + Is + I3, where

I ={x:0<|z| < 10v},
Iy ={x:10v < |z| < 1},
Is ={x:|x| > 1}.

From the definition of F}, it is clear that

N[

v 2 Ey, keI,
. _1

(44) bl S min {11173} B, lllzzey S Qv ikl i B, ke b,

vilk| 2By, keI

1 1
By (A.14), we have ”UllHLgL;o < Hule?L%leHZ%L%, which implies

V2 E, lel,
1.3
(4.5) ||Ul1||L§L5<> Sy slITsE, Lel, lwillrgerz S {
vs[I|T1E, e,

E; kel
vilk|iEy, ke .

Since u and w exhibit distinct space-time estimates across different frequencies, we divide the
estimate of f,% into the following nine parts:

Hmin{y_%]k\%,u_%} f,%‘ :// min{l/_%\kﬂ%,l/_%} |ufwr—_q|| 2 2dldk
LyL7L2 R2 £y

(4.6) _// min {y‘é\k—i—l\%,y_%} Hu}wkHLngdldk
' R2 1
3
. _1 2 _1 1
= Z // mln{y 6|k +1|3,v 2} ufws || 22 dldk,
ij=1" 7 1ij £y

where I; ; = {(I,k) : l € I,k € I;}. For clarity, we divide the proof into three cases, as shown in
the following table:

Case I: 1171 = Il X Il 12,1 = IQ X Il 13’1 = 13 X Il

Case II: 1172 = Il X IQ I272 = [2 X IQ 1372 = [3 X IQ

Case III: 1173 = Il X I3 12,3 = [2 X I3 1373 = [3 X 13

Case I: I1; Ul 1 U3 1. Thanks to Holder’s inequality, we have

’ . _1 2 1 1
Z mln{y 6lk+13,v 2}||ulwk||L§L§dldk:
i=1 7 /i1

3
1 2
SZD) //I |+ U5 |ug || 2 oo okl Lo 2 dldh =2 Avy + Aoy + Asy.
=1 1,1
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We use (4.5)) to obtain

2
k415 k+1|3

A11+A21+A31<z/_// [k + 117 ElEkdldk+u_6// [k + LSElEkdldk:
Ill vz Is 1 V§|l|§

/ / : ElEkdldk
131 y§ 1

_ T _1
<v 24HEAthE%HL;:SV B Bl

[un

@\»—‘

where we have used that

2

k+105 <vs, (k) €Ly,
\k:+l| % +]l|
G : G v

— + ‘1‘24 < 1 (l,k‘) < 1271,

OO\C/J W\I\J

and

2 2 2 2
k415 k5 £+ ]1]5 SVng@

[T Ik

S} 17 (l7k) € I3,1-

Case II: I15U I35 U I35. It is easy to see that
3
E min U_é‘k‘—l—”% v | uf
s U WkHLngdldk
, Lio

<§ZV6// b+ 03 lufeonl g2 padidk = Ava + As + Aso.
=1

For Aj 2, we use . ) for (I,k) € I1 2 to obtain

1
A12<u6// e 15 lub g e ool .3 i

// ; ; ' BBk < v 3| Eill 2 |1 Bl s,
Iy 2 V4 4

where we have used that

2 2 2 2
k005 _ JlS - p5 [R5+ (kIS

KT T kT k|4

<kl <1, (k) € La.
It is clear that A3 2 can be bounded by
22 vé// (k13 + 1013 o 3 ik
For the term |k!§||ullwk||LgL§ with (1, k) € Iz 2, we have by that

2
|k[5

B E, =v" i |]{3|12E5Ek IJ_%EZE]C.
y4| |4

ca\»—-

102
V_6|k|3HUzlwk”L§L§ v
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For the term |l|§\|ullwkHLgL§, we use both and to obtain
_12 0 _1o2 0 1.1 1
voollsflupwrllpzre <vTE U5 (gl g nge llwrll z2p2) > (lug | 22 poe lwonll Lger2) 2
v U3 (v k| By ER) 2 (v S (IS Kl B2
—v 8|8 EE, < v 2EE),.
The above two estimates imply that
Ao SV Byl gy |1 Bl

For As o, we have
1 2 2
Agp <V // (|k]3 + |l|§)||ullwk||L§L§dldk.
13,2
Applying (4.4) to \k\%HullwkHLng, and (4.4)-(4.5) to \l\gﬂu}wkHL%Lg, we arrive at

Asy <v7 6 / / & ElEkdld/-c
132 I/Z

// |z|§<f%rkr%rzr%EzEkﬁ(f%NI%WiEZEk)%dldk

= [ (vl o ) BBtk S v L Bl

I32

where we have used |k| < 1 for k € Is.
Case III: I; 3 U I3 U I33. Due to min{y_é\k: + l]%,u_%} < V_%‘k‘ + l\%, we have

’ . _1 2 1 1
Z mln{u 6|lk+1|3,v Q}HUZWIQHL?L%dldk
i=17 /13
> _1 1.9
< vk + 12 |ufwpll 2 2 dldk =: Az + Ags + Ass.
— ILB tLy ) )

We use (4.4) to obtain

A1z +Ax3 = // Vﬁivf + ”% [ uj wi|| 22 dldk
I 3Ul2 3 e

k412 1
<[ B b
I

l
1,3Ul2 3 1/2 2

where we have used
k+12|kl"2 <2, (k1) €sUls.
For Az 3, thanks to (4.4) and |I||k| 2 |k + 1| for (I, k) € I3 3, we deduce

A3,3:// V_%“f+l|%||ul1Wk||L?L§dldk’
I3,3

<[] ”’ L g Bt S v 1Bl Il
]33V2’l’

27
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Inserting the estimates of A; ; into (4.6)), we arrive at

. 12 1)
Hmm{l/ 6|k|3,v 2}fk

_1
<Cv B,

LyL7L2
This inequality, together with (4.3]), completes the proof of (4.2)). O

5. ENHANCED DISSIPATION ESTIMATES

In this section, we show that the linearized Navier-Stokes equation has the enhanced dissipation

effect when the frequencies |k| > v!~.

We first point out that the solution of the linear equation
Orwna + V(02 — k*)wna + ikywne = 0,
{wNa(t,k, +1) =0, wna(0,k,9) = w™(k,y)
has the enhanced dissipation effect on frequencies |k| > v'~. Actually, together with |11, Lemma

6.3], Proposition and the Gearhart-Priiss type lemma in [32] can imply that the solution wy,
has the following estimate:

2 1 3
e o oy < Iz, K] > 10w,

where € is a small constant.
Now, we prove Theorem [1.3] which presents the enhanced dissipation estimates with non-slip
boundary condition. Recall the linearized equation

Opw — V(@fl — k) w + ikyw = 0,

w= (05 — k),

Pt k, 1) = (t,k, £1) =0,

w(0) = w™(k,y).

Denote u = (9, —ik)(9; — k*)"'w. According to the range of k: 0 < [k < 10, 10v < |k| < 1

and |k| > 1, we establish the enhanced dissipation estimates in each range.
For |k| > 1, it follows |13, Proposition 6.2-6.3] that

(5.1)

1 1 ,
(5.2) R ] e + 1€ ] 31 < CLRIT [ 72
For 0 < |k| < 10v, by the energy estimate method, we easily obtain

1 .
(5-3) le®"ullpgerz + v2lle™ ull 22 < Cllw™ |2
For the frequency range 10v < |k| < 1, we have

Proposition 5.1. Let 10v < |k| < 1 and w be a solution of (5.1) with w™ € L*(I) and
(wo, eiky> = 0. Then there exists a constant C > 0 independent of v, k such that

2l l 2l l _l . .
e R )l oo+ [R]2 e | oy < Cs [R5 [0y |2 + [lw0™12)-

Combining ([5.2)), (5.3]) with Proposition we complete the proof of Theorem In order
to prove Proposition 5.1} we first give the following lemma.

Lemma 5.2. Let wy be a solution of (3.17) with f1, fo € L?. Then there exists a constant € > 0
independent of v, k such that for 10v < |k| < 1, we have

) 1 2 11 2)3 -1 2)3
”eeyk tuI”LtooLg + |k’2 Heeuk tuIHL%Lg S v 6|]{;’3H€€(V’€ )gthHL%LZ + v ZHeG(Vk )gtf2HL?L5'
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Proof. Using energy method, we easily obtain

1d 12 -
L urle + vlkorlZe < v SRR + 0 Lol + CIMIO, e
Thanks to
d 2) 1 i, d 1 2\ 4
e g [Fa < O g+ e(vk?)se D u |7,
1 1
we can reduce the estimate of [|ecF)3t UI||L°°L2 to ((l/k2)3 + |k|)||ecA) 3t UIHL2L2. For 10v <
Yy

|k| <1, due to

=

(Vk2)1/3H66(1/k2 )3t |ee(yk2)?1§t

UIHL2L2 < |k uf”%ngv

1

3

it remains to bound |k|||ec***) UIHLng- Therefore, we introduce

+oo .
wr(A k,y) = / w[(t,k,y)eG(’/k2)3t*Zt/\dt7
0

~ +00 1
Fika) = [ g ke ar, = 1,2
which satisfy
— (02 — K2 + zk:(y + 2) @p — (k)3 @, = —ikF) — 0,Fy,
(02 — k*)or = iy,
G1(1) = 0yr(£1) = 0.
Let u; = (Gy%, —ik:qNSI). In light of Proposition we obtain
(5.4) il 2 < 78 k|75 || Fall e + v 2 k|72 B e
Due to Plancherel’s theorem, we arrive at
e 3t | a < w3 RE Ry s+ 03 R [
O

Proof of Proposztzon . Similar analysis as in the proof of Lemma, we can reduce the bound

e(vh?) UHLOOLZ to estimate |k|||ec**) 5

of ”6 u||L2L2
We decompose w = w +w® 4w as in Proposmon where w®, w?) | W) satisfy (13.32),
(3.33) and (3.34)), respectively. Then, we divide the proof into two steps.

Step 1. Estimates of u(9), j=12. By Lemma we have
!
Hee(yk )Btu(Q)HLfL%
55 < R ek It 12 2y (1) 1 e(vk?) 3t (1)
(5.5) Svoolk[z e (k™ = (Wk7)3)w V| 2z + v 2 le vOyw | p22

1 1
<o Rllle I WO g 402 e DM .

We use (3.36) and (3.38)) to get

2 in
(1—6)(Vk2)1 ’k‘3||w ||L?2;

1 2 1 _
VG““’HGE(V]C )gtw(l)HLng =vi |kl|le BTtHIﬁ(o,oo)HWWHH = ﬂ
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and
VA e R M) oy <ub (K 9,02 + 2w 2
Y LILZ Y L2 Ly
Inserting the above two estimates into ([5.5)), we deduce
2 1 1 1 . .
e U@ o e < O3 [R5 10,0 |13 + llw™]|2)-
1
Using v = e~ (k) 31,(0) and (3.39), we get
1 1 )
AP M| oy = (e~ O| 0 < O] =2 | .
Step 2. Estimates of u(®). Let
~ o) _itAte(wk?) St
Te) = [ WOy ey
0

~ T 3) itarewh?) bt
u()‘7 y) = ue dt’
0

+oo . !
G\ = / a;(t)e TR a j =12,
0
Then, we have

(i — v(0; — k) + iky)w (A, k, y) = 0,

_ Usinh k(14 (=1)*1y) -
Cl()\) /_1 Slnh 2k w<)\7 k7y)dy? l bt

which imply
U= —a (N — G\
By and (2.24) (A.3), (A.4), we deduce
|El()‘)|||771“L§HL§ + H|52(>\)|||172HL§HL§
<C(leallzz + lleallzz ) (lwl py + llwzlzy)

<Clk| 7% [|w™ | .

lull 212 <]

This inequality yields
1 k2)3 1 ;
el 2 ([ eCR P | o <JJ2 [T 22 < ™2
Then, combining the estimate of u(?) (1 <i<3), we arrive at
1
ol 2[R b o
1 1 1
(5:6) <[zl U D | o + k]2 e D o 4 |2 [l D
<CWa R[5 0yw™ 113 + ™ 2)-
This completes the proof of Proposition O
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APPENDIX A. SOME BASIC ESTIMATES

Lemma A.1 (Wirtinger’s Inequality). If f € C'[a,b] and f(a) = f(b) =0, then

[ 1w < (b;a>2 [ 1r@ra.

Lemma A.2. Let 10v < |k| < 1. We have

(A-1) ’ W“Lw(l,n <G HWHLO@(LQ <G
I e I e L

Proof. Due to
Slnh(l{}(l + y)) ek(1+y) _ o—k(1+y) ek(yfl)(l . 672k(y+1)>

sinh 2k - e2k — e—2k - 1 —e 4k ’

for 10v < |k| < 1, we obtain

’ sinh('k(l +y)) H < ||26(1 +y) <C
sinh 2k Le(-1,1) "~ 4k Loo(—1,1)
For %, thanks to 10v < |k| < 1, we get
o)y W ey et ey
sinh 2k L2(-11) |e2k — e—2k| = k||t — e—2k] T '
In a similar way, we can obtain the estimates in (A.l) and (A.2) including the factors
sinh(k(1 — y)) and cosh(k(1 —y)). O

Lemma A.3. For |k| > 0, define

+o00 )
a0\ = / a(B)e= "t
0

with

L ginh k(1 —1)H+1 1, .
() = [ SRECECI bty gy, - 1,2,

) sinh 2k

If g € Lz, then we have
(A.3) 1L+ MK+ 1D)ell7s < CleHigls,
(A.4) 1L+ Ak = 1])eall7; < ClE[lgllZs-
Proof. 1t is clear that
I+ MK+ 1)a (V)7 = (k] /R(l +AD?[er (k(A = 1))[2dX

and

G k(N — 1)) = / ay (t)etth=itAk gy,
0
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Using Plancherel’s formula, we deduce that
[kller (k= D)7 < lle™ ar®)l7,, KNG EX = D)7 < K720 ar)|[7,-
Thus, (A.3]) can be reduced to prove

(A.5) le™ ar(®)l72 < KM gllFz,  10:(e™ a1 ()72 < Clklllgl7.
Denote
sinh k(y + 1) ikut

A. bi(t) = —————¢ "Yyg(k,y)dy.
(A6) )= [ D ity )y
Then, we have

i ikt—(vk2)1/3
(A7) le®ar (8)I[75 = lle™ =R by (8)17,
and

. c 2
Gikt—(vk?)1/3t <8tbl (t) + kb1 (t) — (’/k2)1/3b1(t))‘ L2

10e(e™ ar (t))II75 =

. 1
<01 (8) + ikbu (1)[2 + (kD) 5ba (D] 2.
It follows from Plancherel’s formula that
27 sinhk(y + 1) 2 27 9
A. by (t)|%dt = ‘7 k)| dy < ZZ gl
(A9) [ mtereae =25 [ [ D )| dy < ol
By (A.6]), we obtain
1
. , sinh k(y + 1)
by (t kby(t) = k(1 —y)—————=
oubi (1) + k() = [ k(1= TR
By Plancherel’s formula and (A.1]), we obtain

(A.8)

—ztkygdy‘

, or (1. sinh k(y +1) |2
(A.10) / |atb1<t>+mb1<t>|2dt=m /] zk(l—w#g] dy < 2 lk]lg]%

sinh 2k
Putting (A.9] , into ( and ( -, we dlrectly obtain and hence completes the
proof of (A.3] - In a sumlar Way, we can obtain O
Lemma A.4. Let (8 — k%) = w, ¥(£1) =0. For 0 < |k| < 1, we have
(A.11) 1971172 + 2162191172 + kI el72 = lwlz.,
(A.12) 191172 + 191172 < Cllwl?s < CllwlZe,
(A.13) 19"l Lo + 1]l zee < Cllwllpr < Cllwllz2,
(A.14) [/l < /115" ool

where ' = 0y1p and " = Oyy1).
Proof. Taking the L? inner produce with w, we obtain
19"\ + 20k N7 + kP01 = (95 = k), (9] = K*)i) = (w,w) = [Jw]7..
For (A.12)), using Wirtinger’s inequality, we have
2
[Pl < =19l 2.
T

Then, it suffices to prove

10yl L2 < Cllwl| s
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Due to

(A15) il =| [ @i <+ D s
we have
[0/ [172 + kP91 72 = (—w,9) < wll 9]z < 2fwllz 9] 2,
which implies
19"l < 2[|wll s
For (A.13)), by interpolation and (A.12]), we infer that

/2 11/2
[l < 19121112 < iz
For y € [0, 1], there exists y1 € (y — 1,y) N (—1,1) so that |[¢'(y1)| < ||¢'|| 2. Then we have

W) <@l + | 1 (=)dz

At

Y
<l + [ IKP9(2) + w(z)|dz
Y1

<[ llze + P9 ]| oo + wlpr < Cllw 1.

This inequality yields [|¢/|| g~ < Cllw||1-
By making use of interpolation and m, we have

19/ oo < 0 1BE2 10" 156 < [l 152 w12

APPENDIX B. AIrRy FUNCTION
Let Ai(z) be the classical Airy function which satisfies
D2 Ai(z) — zAi(z) = 0.
As presented in [11,[29,[31], for |argz| < m — ¢, € > 0, Ai(z) has the following asymptotic formula

3

e 5% (1+ R(2), R(z)=0(z"3).

NI

1
Ai(5) — _
i(z) 2ﬁ2
Define
+oo . +o0 .
Ag(z) = / Ai(t)dt = e™/6 / Ai(e™5¢t)dt.

i /6 5
Here, we show some properties for Ag(z).
Lemma B.1. [29] There holds that

1. There exists o > 0 such that Ag(z) has no zeros in the half plane Imz < dy.

2. Let a(d) = sup {Re( g ;) Imz < 5}. There exists 5o > 0 so that a(d) € C([0,d0]) and

a(0) = —0.4843 - - - .
3. For |arg(ze%r)| <7 —¢g, e >0, we have the asymptotic formula

A{)(z) i )6(,, im/6Y)% -1
— "2 - O(z7).
o2) ( ) (z7)
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Lemma B.2. [11] Let &y be as in Lemma [B.1] there exists ¢ > 0 so that for Imz < dy,

/ /
0(2) 1 Ap(2) 1
<1 , < —c(1 .
\AO(Z)( el RGOS < el 12fH)
Define
_ Ao(zta) _ " Ay(z+1)
77(2755) - AO(Z) - eXP (/0 Ao(z + t) dt)v
we have

Lemma B.3. [11] For 0 < 0 < —a(0), there exists d; > 0 so that for Imz < §; and = > 0,

—a5T
)

In(z,z)| <e

with a, = —a(0) — 0.

1]
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