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Abstract. In this paper, we investigate the quantitative stability for the 2D Couette flow

on the infinite channel R × [−1, 1] with non-slip boundary condition. Compared to the case

T× [−1, 1], we establish the stability in the context of long wave associated with the frequency

range 0 ⩽ |k| < 1 by developing the resolvent estimate argument. The new ingredient is to

discover the key division point at 10ν in the frequency interval (0, 1) by the sharp Sobolev

constant in Wirtinger’s inequality together with the refined estimates of the Airy function in the

interval (0, 1), and then we establish the space-time estimates on the low-frequency 0 ⩽ |k| ⩽ 10ν

and the intermediate-frequency 10ν ⩽ |k| < 1, respectively. As an application of the space-time

estimates, we obtain the nonlinear transition threshold to be γ ⩽ 1
2
. Meanwhile, we also show

that when the frequencies |k| ⩾ ν1−, the enhanced dissipation effect occurs for the linearized

Navier-Stokes equations.
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1. Introduction

We consider the incompressible Navier-Stokes equations on the infinite channel Ω = R× I with

I = [−1, 1]:

(1.1)


∂tV + (V · ∇)V − ν∆V +∇P = 0,

∇ · V = 0,

V (0, x, y) = V in(x, y),

Key words and phrases. Couette flow, Stability, Transition threshold, Resolvent estimate.
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2 QUANTITATIVE STABILITY FOR THE 2D COUETTE FLOW

where V (t, x, y) is the velocity field, P is the corresponding pressure and ν > 0 is the viscosity.

Understanding the enhanced dissipation and transition threshold in shear flows may be a crucial

step in addressing the transition from laminar to turbulent flow, see [21,27,28].

The Couette flow, among the simplest laminar flows, is a steady solution to the Navier-

Stokes equation (1.1), yet it induces several long-standing problems in hydrodynamics. Notably,

the Sommerfeld paradox indicates that theoretical analysis shows that the plane Couette flow

and pipe Poiseuille flow are linearly stable for all Reynolds number Re > 0 [18, 29]; however,

the experiments and numerical simulations [9, 39] have revealed that these flows transition to

turbulence beyond a critical Reynolds number. An increasing amount of effort has been dedicated

to understanding this paradox, including Chapman [9] and references therein. Trefethen et al. [30]

initially reformulated the problem into the study of the transition threshold. Later, Bedrossian-

Germain-Masmoudi [6] presented a mathematical formulation of the transition threshold problem

as described below:

Find a suitable space X with the norm ∥ · ∥X and determine a γ = γ(X) so that

∥uin∥X ⩽ νγ =⇒ stability,(1.2)

∥uin∥X ≫ νγ =⇒ instability.(1.3)

The exponent γ is referred to as the transition threshold.

A great deal of work has been devoted to studying the transition threshold problem for the

Couette flow. Romanov [29] first obtained the linear spectrum stability for Couette flow in

three-dimensional domain {x, y, z : |x| ⩽ 1, y ∈ R, z ∈ R} with non-slip boundary condition.

In a series of important works [3–8, 26], Bedrossian, Germain, Masmoudi et al. studied the

stability issue of the Couette flow and obtained significant achievements. Chen-Li-Wei-Zhang [11]

first investigated the Couette flow on T × [−1, 1] with the non-slip boundary condition and

acquired the transition threshold γ ⩽ 1
2 by establishing the resolvent estimates and the space-time

estimates. Arbon-Bedrossian [2] first derived the transition threshold γ ⩽ 1
2+ on three unbounded

x-domains: the whole plane R× R, the half plane R× [0,∞) and R× [−1, 1] with Navier-slip

boundary conditions. For more study of Couette flow in different settings, see [14, 22, 34, 35] and

references therein.

In addition to the Couette flow, the Poiseuille flow and Kolmogorov flow have also attracted the

attention of many researchers, see [10,13,15–17,20,24,33,38]. Furthermore, for other mathematical

results concerning the stability of general shear flows, one may refer to [1, 12, 19, 25, 36, 37, 40, 41]

and references therein.

Although there is a mounts of studies on the stability in the case x ∈ T, there has been

little related mathematical research on x ∈ R. It is an interesting issue to study the long waves

effect on nonlinear stability, which may lead to instability and potentially give rise to turbulence.

Nevertheless, there seems to be no quantitative analysis for Couette flow on R × [−1, 1] with

non-slip boundary condition. This motivates us to study the transition threshold and enhanced

dissipation of the Couette flow

UCou = (y, 0)
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related to (1.1) on the infinite channel Ω = R× I. For this purpose, we consider the perturbation

velocity u = V − U such that

(1.4)


∂tu+ u · ∇u− ν∆u+ (u2, 0) + y∂xu+∇p = 0,

∇ · u = 0,

u(t, x,±1) = 0,

u(0, x, y) = uin(x, y),

and prove the transition threshold γ ⩽ 1
2 so that (1.2) is valid for an appropriate space, where

the non-slip boundary condition given in (1.4) exhibits the boundary layer effect.

Let ω = ∂yu
1 − ∂xu

2 be the vorticity and ψ be the stream function. Then the vorticity system

can be written as

(1.5)


∂tω − ν∆ω + u · ∇ω + y∂xω = 0,

∆ψ = ω,

ψ(t, x,±1) = ∂yψ(t, x,±1) = 0,

ω(0, x, y) = ωin(x, y).

Given a function f(t, x, y), we denote its Fourier transform with respect to the x-variable by

fk(t, y) =:

∫
R
f(t, x, y)e−ikxdx.

We take the Fourier transform in x-variable for the linearized system of (1.5):

(1.6)



∂tωk − ν(∂2y − k2)ωk + ikyωk = 0,

ωk = (∂2y − k2)ψk,

ψk(t, k,±1) = ψ′
k(t, k,±1) = 0,

ωk(0) = ωin
k (k, y),

where k ̸= 0.

Now, we are in a position to state the main result.

Theorem 1.1. Suppose that uin ∈ H1
0 ∩H2(Ω) with divuin = 0 in (1.4). Let 0 < ν0 ⩽ 1 and c

be a suitably small constant. Then for 0 < ν ⩽ ν0 and ∥uin∥H2 ⩽ cν
1
2 , the solution u to (1.4)

satisfies

∥Ek∥L1
k(R)

⩽ Cν
1
2 ,

where

Ek =



∥ωk∥L∞
t L2

y
+ ν

1
2 ∥ωk∥L2

tL
2
y
+ ∥uk∥L∞

t L∞
y
+ ν

1
2 ∥uk∥L2

tL
2
y
, 0 ⩽ |k| < 10ν,

∥(1− |y|)
1
2ω∥L∞

t L2
y
+ ν

1
4 |k|−

1
4 ∥ωk∥L∞

t L2
y
+ ν

1
4 |k|

1
4 ∥ωk∥L2

tL
2
y
+ ∥uk∥L∞

t L∞
y

+ |k|
1
2 ∥uk∥L2

tL
2
y
, 10ν ⩽ |k| < 1,

∥(1− |y|)
1
2ωk∥L∞

t L2
y
+ ν

1
4 |k|

1
2 ∥ωk∥L2

tL
2
y
+ |k|

1
2 ∥uk∥L∞

t L∞
y
+ |k|∥uk∥L2

tL
2
y
, |k| ⩾ 1.

Corollary 1.2. Under the same conditions as Theorem 1.1, if we additionally have uin ∈
L1
x(H

1
0,y ∩H2

y ), then there holds

∥Ek∥L∞
k (R) ⩽ Cν

1
2 .



4 QUANTITATIVE STABILITY FOR THE 2D COUETTE FLOW

As an application of space-time estimates in Theorems 3.1 and 3.2, we discover that when the

frequency range |k| ⩾ ν1−, the solution of (1.6) exhibits the enhanced dissipation effect.

Theorem 1.3. Let ωk be a solution of (1.6) with ωin
k ∈ H1

y . Then there exist constants ϵ0 > 0

suitably small and 0 < ν0 ⩽ 1 so that for 0 < ν ⩽ ν0, we have

max{1, |k|}∥eϵ0λνtuk∥L∞
t L2

y
+max{ν

1
2 , |k|

1
2 , |k|}∥eϵ0λνtuk∥L2

tL
2
y
⩽ ∥ωin

k ∥H1
y
,

where uk = (∂y(∂
2
y − k2)−1ωk,−ik(∂2y − k2)−1ωk) and λν = max{ν, (ν|k|2)

1
3 }.

Remark 1.1. Actually, we can obtain the same enhanced dissipation estimates as shown in

Theorem 1.3 for the Navier-slip boundary condition.

Now, we summarize the key contributions of our results:

• The transition threshold stated in Theorem 1.1 matches the known optimal result on

T× [−1, 1] in [11], in which the authors only require to deal with the space-time estimates

on high-frequency |k| ⩾ 1. Compared to T× [−1, 1], the domain R× [−1, 1] exists extra

difficulty on frequency range 0 ⩽ |k| < 1. More precisely, we are unable to establish a

uniform estimate on the this range. So we will adopt a “divide and conquer” strategy to

address the range 0 ⩽ |k| ⩽ 1 by the following observations:

– For the low-frequency 0 ⩽ |k| < 10ν, utilizing the sharp Sobolev constant from

Wirtinger’s inequality and the expansion argument in L2(−1, 1), we identify the

key point π3

3 ν ∼ 10ν, which allows us to construct the space-time estimates in

0 ⩽ |k| < 10ν by the energy method. To some extent, this case can be viewed as

a perturbation result around k = 0 and hence the range cannot be extended to

0 ⩽ |k| ⩽ 1.

– For the intermediate-frequency 10ν ⩽ |k| < 1, we explore a kind of asymptotic

behavior of A0(z) produced by the Airy function to achieve the space-time estimates

when |k| ⩽ 1. Compared to |k| ⩾ 1 in [11], the new insight is that the maximized gain

of σ in Lemma B.3 enables us to extend the lower bound of intermediate-frequencies

to 10ν.

– We notice that the constant 10ν is of inconsequence for the Navier-slip boundary

condition. More precisely, we can use energy method and resolvent estimate to

obtain the space-time estimate on the frequency range 0 ⩽ |k| ⩽ 10ν and ν ⩽ |k| < 1,

respectively.

• It should be pointed out that the intermediate frequency will disappear on T× [−1, 1] due

to the constraint k ∈ Z. For the domain R× [−1, 1], there are nine kinds of interactions

between the low, intermediate and high frequencies of u and ω. By employing a class of

bilinear estimates and optimization argument, we detect the expected form on energy

functional, and ultimately achieve transition threshold γ ⩽ 1
2 .

Outline: To investigate the nonlinear stability and enhanced dissipation, a key step is to derive

the space-time estimates for the linearized Navier-Stokes equation

∂tω − ν(∂2y − k2)ω + ikyω = 0, ω(0) = ωin(k, y),(1.7)

where ω = (∂2y − k2)ψ with ψ(±1) = ψ′(±1) = 0, k ∈ R. In order to understand the linear

stability, the standard method is to seek the solution of (1.7) in the form

wk = ωk(y)e
−iktλ,
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where wk satisfies the following Orr-Sommerfeld equation

−ν(∂2y − k2)wk + ik(y − λ)wk = 0.(1.8)

If λ ∈ C , all the nontrivial solutions of (1.8) with the non-slip or Navier-slip boundary conditions

lie in Im kλ < 0. Then, the Couette flow is linearly spectral stable.

Firstly, we investigate the resolvent estimates for the linearized operator

L = −ν(∂2y − k2) + iky,

which is reduced to the study of the inhomogeneous Orr-Sommerfeld (OS) equation

(1.9)


− ν(∂2y − k2)w + ik(y − λ)w = F,

w = (∂2y − k2)ϕ,

ϕ(±1) = 0, ϕ′(±1) = 0.

We decompose the solution w into three parts:

w = wNa + c1w1 + c2w2,

where wNa is the solution of the inhomogeneous OS equation with the Navier-slip boundary

condition and w1, w2 are the solutions of the homogeneous OS equation. The estimate of wNa

are derived based on the resolvent estimates by multiplies methods in [23, 24]. The estimates for

w1 and w2 rely on the refined estimates of the Airy function provided in Section 2.

Secondly, we are devoted to establishing the space-time estimates. We first divide the frequency

k ∈ R into three parts:

• Low-frequency: {k : 0 ⩽ |k| < 10ν},
• Intermediate-frequency: {k : 10ν ⩽ |k| < 1},
• High-frequency: {k : |k| ⩾ 1}.

For the low-frequency, decomposing the stream function through the L2 basis and using the

sharp Sobolev constant from Wirtinger’s inequality, we obtain the space-time estimates for the

maximum frequency range 0 ⩽ |k| < π3

3 ν by the energy method.

For the intermediate-frequency, we reformulate the solution ω in terms of homogeneous and

inhomogeneous equations, and then derive the space-time estimates based on the resolvent

estimates in Section 2. To extend the lower bound of the intermediate-frequency to 10ν, it

requires a series of estimates on the Airy function.

Thirdly, by making use of the space-time estimates together with a delicate analysis on the

interactions between the low, intermediate and high frequencies of u and ω, we establish the

quantitative stability for the 2D Couette flow on the infinite channel R× [−1, 1] with non-slip

boundary condition. As an application of the space-time estimates, we establish the enhanced

dissipation estimates on the frequency range |k| ⩾ ν1−.

Notations. Throughout this paper, C denotes a general constant independent of ν, k, λ, and it

may vary from line to line. The notation A ≲ B means A ⩽ CB. In the following, we will omit

the subscript k for ω,w, ψ, ϕ, F while still keep the dependence on k in the actual estimates.

2. The Resolvent Estimates of the Linear Operator

In this section, we study the linear operator

L = −ν(∂2y − k2) + iky
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and establish the resolvent estimates of L with the Navier-slip boundary condition in Subsection

2.1 and non-slip boundary condition in Subsection 2.2, respectively.

2.1. The resolvent estimates with the Navier-slip boundary condition. Consider the

equation

(2.1)

{
− ν(∂2y − k2)w + ik(y − λ)w − ϵν

1
3 |k|

2
3w = F,

w(±1) = 0,

where λ ∈ R and ϵ ⩾ 0 is sufficiently small and independent of ν, k, λ. We show the following

resolvent estimates under the Navier-slip boundary condition with intermediate-frequency 10ν ⩽
|k| < 1.

Proposition 2.1. Let w be a solution of (2.1) with λ ∈ R, 10ν ⩽ |k| < 1. Denote u =

(∂y(∂
2
y − k2)−1w,−ik(∂2y − k2)−1w). If F ∈ L2(I), there exists ϵ0 < 1 such that for 0 ⩽ ϵ ⩽ ϵ0,

we have

(2.2)
ν

1
6 |k|

5
6 ∥u∥L2 + ν

1
6 |k|

5
6 ∥w∥L1 + ν

2
3 |k|

1
3 ∥w′∥L2

+(ν|k|2)
1
3 ∥w∥L2 + |k|∥(y − λ)w∥L2 ⩽ C∥F∥L2 .

If F ∈ H−1(I), there exists ϵ1 < 1 such that for 0 ⩽ ϵ ⩽ ϵ1, we have

ν
1
2 |k|

1
2 ∥u∥L2 + ν∥w′∥L2 + ν

2
3 |k|

1
3 ∥w∥L2 ⩽ C∥F∥H−1 .(2.3)

Sketch of the proof: The main difficulty in deriving the resolvent estimate stems from the

fact that the operator L may not be invertible at y = 0. By a scaling analysis with y− λ ∼ δ, we

have

νδ−2w ∼ kδw ∼ k(y − λ)w ∼ F,

which yields δ ∼ (νk−1)
1
3 . Noting that for 10ν ⩽ |k| < 1, the fact δ < 1 still holds true. By a

similar proof of Proposition 3.1–Lemma 3.5 in [11], we can obtain

ν
1
6 |k|

5
6 ∥w∥L1 + ν

2
3 |k|

1
3 ∥w′∥L2 + (ν|k|2)

1
3 ∥w∥L2 + |k|∥(y − λ)w∥L2 ⩽ C∥F∥L2 ,

ν∥w′∥L2 + ν
2
3 |k|

1
3 ∥w∥L2 ⩽ C∥F∥H−1 ,

The first term in (2.2) and (2.3) does not share the same scale as the others. Denote

ϕ = (∂2y − k2)−1w.

Thanks to ∥u∥L2 = ∥∂yϕ∥L2 + ∥kϕ∥L2 , it is easy to check that ∥∂yϕ∥L2 is the main part of

∥u∥L2 when 10ν ⩽ |k| < 1. Consequently, in contrast to [11], we can eliminate |k|
1
2 -factor for

the terms including ∥u∥L2 by employing the inequality ∥∂yϕ∥L2∥ϕ∥L2 ⩽ ∥u∥2L2 , rather than

∥∂yϕ∥L2∥kϕ∥L2 ⩽ ∥u∥2L2 used in [11].

In a similar way, we can extend the weak resolvent estimate in [11] to the frequency range

10ν ⩽ |k| < 1, which plays an important role in deriving the resolvent estimate under the non-slip

boundary condition in Proposition 2.3.

Proposition 2.2. Let w be as in Proposition 2.1. For 10ν ⩽ |k| < 1, f ∈ H1(I) and f(−j) = 0

with j ∈ {±1}, there holds

|⟨w, f⟩| ⩽C|k|−1∥F∥H−1

(
δ−

3
2 ∥f∥L∞((−1,1)∩(λ−δ,λ+δ))

+ |f(j)|(|j − λ|+ δ)−
3
4 δ−

3
4 + ∥fχ∥H1 + δ−1∥fχ∥L2

)
,
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where δ = ν
1
3 |k|−

1
3 and χ is a cut-off function defined by

(2.4) χ(y) =


1

y − λ
, y ∈ (−1, 1) ∩ [(−1, λ− δ) ∪ (λ+ δ, 1)],

2
y − λ

δ2
− (y − λ)3

δ4
y ∈ (−1, 1) ∩ (λ− δ, λ+ δ).

2.2. Resolvent estimates with non-slip boundary condition. Denote

w = (∂2y − k2)ϕ, u = (∂yϕ,−ikϕ).

The stream function satisfies

(2.5)

{
− ν(∂2y − k2)2ϕ+ ik(y − λ)(∂2y − k2)ϕ− ϵν

1
3 |k|

2
3 (∂2y − k2)ϕ = F,

ϕ(±1) = 0, ϕ′(±1) = 0,

where λ ∈ R and ϵ ⩾ 0 is sufficiently small and independent of ν, k, λ. Define

(2.6) ρk(y) =


1, |y| ⩽ 1− δ,

1− |y|
δ

, 1− δ ⩽ |y| ⩽ 1,
δ = ν

1
3 |k|−

1
3 .

Now, we give the resolvent estimate with the non-slip boundary condition.

Proposition 2.3. Let ϕ be a solution of (2.5) with 10ν ⩽ |k| < 1. If F ∈ L2(I), then we have

ν
1
3 |k|

2
3 ∥ρ

1
2
kw∥L2 + ν

1
6 |k|

5
6 ∥u∥L2 + ν

5
12 |k|

7
12 ∥w∥L2 ⩽ C∥F∥L2 .(2.7)

If F ∈ H−1, then we have

ν
2
3 |k|

1
3 ∥ρ

1
2
kw∥L2 + ν

1
2 |k|

1
2 ∥u∥L2 + ν

3
4 |k|

1
4 ∥w∥L2 ⩽ C∥F∥H−1 .(2.8)

Reformulation of the problem. We decompose the solution ϕ of (2.5) as follows:

ϕ = ϕNa + c1ϕ1 + c2ϕ2,

where ϕNa solves the inhomogeneous OS equation with the Navier-Slip boundary condition

(2.9)

{
− ν(∂2y − k2)2ϕNa + ik(y − λ)(∂2y − k2)ϕNa − ϵν

1
3 |k|

2
3 (∂2y − k2)ϕNa = F,

ϕNa(±1) = 0, ϕ′′Na(±1) = 0,

and ϕ1, ϕ2 solve the following homogeneous OS equations

(2.10)

{
− ν(∂2y − k2)2ϕ1 + ik(y − λ)(∂2y − k2)ϕ1 − ϵν

1
3 |k|

2
3 (∂2y − k2)ϕ1 = 0,

ϕ1(±1) = 0, ϕ′1(1) = 1, ϕ′1(−1) = 0,

and

(2.11)

{
− ν(∂2y − k2)2ϕ2 + ik(y − λ)(∂2y − k2)ϕ2 − ϵν

1
3 |k|

2
3 (∂2y − k2)ϕ2 = 0,

ϕ2(±1) = 0, ϕ′2(−1) = 1, ϕ′2(1) = 0.

Let wNa = (∂2y − k2)ϕNa and wi = (∂2y − k2)ϕi with i ∈ {1, 2}. Then we have

w = wNa + c1w1 + c2w2 = (∂2y − k2)ϕ.
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Utilizing the boundary conditions in (2.10) and (2.11), we obtain

(2.12)

c1(λ) =

∫ 1

−1

sinh k(y + 1)

sinh 2k
wNa(y)dy,

c2(λ) =

∫ 1

−1

sinh k(1− y)

sinh 2k
wNa(y)dy.

The detailed calculations of c1 and c2 can be seen in [11, P142-143].

The proof of Proposition 2.3 relies on not only the resolvent estimate under the Navier-

slip boundary condition in Proposition 2.1, but also the subsequent estimates on wj and the

coefficients cj with j = 1, 2.

Estimates of w1 and w2. It is well known that

W1(y) =Ai(e
iπ
6 (L(y − λ− ikν) + iϵ)),

W2(y) =Ai(e
i 5π

6 (L(y − λ− ikν) + iϵ))

are two linearly independent solutions of the homogeneous OS equation

−ν(w′′ − k2w) + ik(y − λ)w − ϵν
1
3 |k|

2
3w = 0,

where Ai(y) is the Airy function given by a nontrivial solution of f ′′ − yf = 0. In terms of the

boundary conditions, the solutions of (2.10) and (2.11) can be rewritten as

w1 = C11W1 + C12W2, w2 = C21W1 + C22W2,(2.13)

where the coefficients Cij (1 ⩽ i, j ⩽ 2) satisfy

(
C11

C12

)
=

(
A2e

k −B2e
−k

−B1e
k +A1e

−k

)
A1A2 −B1B2

,

(
C21

C22

)
=

(
−A2e

−k +B2e
k

B1e
−k −A1e

k

)
A1A2 −B1B2

with

(2.14)

A1 =

∫ 1

−1
ekyW1(y)dy, A2 =

∫ 1

−1
e−kyW2(y)dy,

B1 =

∫ 1

−1
e−kyW1(y)dy, B2 =

∫ 1

−1
ekyW2(y)dy.

Next, we give the estimates of Cij and Wj with 1 ⩽ i, j ⩽ 2 and 10ν ⩽ |k| < 1. Denote

A0(z) =

∫ ∞

eiπ/6z
Ai(t)dt, d = −1− λ− ikν, d̃ = −1 + λ− ikν, L = (k/ν)

1
3 .

Lemma 2.4. For 10ν ⩽ |k| < 1, there exists ϵ0 such that for ϵ ⩽ ϵ0, it holds

L

|A0(Ld+ iϵ)|
∥W1∥L∞ ⩽ CL(1 + |L(1 + λ)|

1
2 ),(2.15)

L

|A0(Ld̃+ iϵ)|
∥W2∥L∞ ⩽ CL(1 + |L(1− λ)|

1
2 ),(2.16)

L

|A0(Ld+ iϵ)|
∥W1∥L1 +

L

|A0(Ld̃+ iϵ)|
∥W2∥L1 ⩽ C,(2.17)

L

|A0(Ld+ iϵ)|
∥ρ

1
2
kW1∥L2 +

L

|A0(Ld̃+ iϵ)|
∥ρ

1
2
kW2∥L2 ⩽ CL

1
2 .(2.18)
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Proof. Noting that L = (k/ν)1/3 > 1 in the case of 10ν ⩽ |k| < 1, we can obtain the estimates

(2.15)-(2.18) for the frequency range 10ν ⩽ |k| ≤ 1 in exactly same way as in [11, Lemma 5.2]. □

Now we consider the estimates of Cij . Although the proof strategy is close to the one

in [11, Lemma 5.2], we encounter different scenarios and difficulties, so that we require to exploit

more structure, and more employ refined estimates of the Airy function for the frequencies

10ν ⩽ |k| < 1.

Lemma 2.5. For 10ν ⩽ |k| < 1, there exist ϵ0 such that for ϵ ⩽ ϵ0, it holds that

|C11| ⩽
CL

|A0(Ld+ iϵ)|
, |C12| ⩽

CL

|A0(Ld̃+ iϵ)|
,

|C21| ⩽
CL

|A0(Ld+ iϵ)|
, |C22| ⩽

CL

|A0(Ld̃+ iϵ)|
.

Proof. According to the same calculation as in [11, (8.3),(8.4),(8.6),(8.7)], we have

A1 = A0(Ld+ iϵ)
e−k−iπ/6

L

[
1− e2kη(Ld+ iϵ, 2L) +

k

L

∫ 2L

0
e

kt
L η(Ld+ iϵ, t)dt

]
,

A2 = A0(Ld̃+ iϵ)
e−k−iπ/6

L

[
1− e2kη(Ld̃+ iϵ, 2L) +

k

L

∫ 2L

0
e

kt
L η(Ld̃+ iϵ, t)dt

]
,

B1 = A0(Ld+ iϵ)
ek−iπ/6

L

[
1− e−2kη(Ld+ iϵ, 2L)− k

L

∫ 2L

0
e−

kt
L η(Ld+ iϵ, t)dt

]
,

B2 = A0(Ld̃+ iϵ)
ek−iπ/6

L

[
1− e−2kη(Ld̃+ iϵ, 2L)− k

L

∫ 2L

0
e−

kt
L η(Ld̃+ iϵ, t)dt

]
.

For 10ν ⩽ |k| < 1, by (2.14) and Lemma 2.4, we arrive at

|A2e
k −B2e

−k| =
∣∣∣ ∫ 1

−1
(ek(1−y) − e−k(1−y))W2(y)dy

∣∣∣
⩽
∫ 1

−1
C|k|(1− y)|W2(y)|dy ⩽ C|k|L−1|A0(Ld̃+ iϵ)|.

We claim

|A1A2 −B1B2| ⩾ |k|L−2|A0(Ld+ iϵ)||A0(Ld̃+ iϵ)|.(2.19)

This yields

|C11| ⩽
CL

|A0(Ld+ iϵ)|
.

Next, we prove the claim (2.19). It suffice to deal with the case 10ν ⩽ k < 1, as the proof for

the case −1 < k ⩽ −10ν follows a similar argument. Due to

|A1A2 −B1B2| =
∣∣∣∣A1A2

B1B2
− 1

∣∣∣∣ |B1B2|,(2.20)

it remains to give the low bound of |A1A2
B1B2

− 1| and |B1B2|. From Lemma B.3, we deduce that

(2.21)

|B1| ⩾L−1|A0(Ld+ iϵ)|ek
(
1− e−2ke−2aσL − k

L

∫ 2L

0
e−

kt
L
−aσtdt

)
≳ L−1|A0(Ld+ iϵ)|,

|B2| ⩾L−1|A0(Ld̃+ iϵ)|ek
(
1− e−2ke−2aσL − k

L

∫ 2L

0
e−

kt
L
−aσtdt

)
≳ L−1|A0(Ld̃+ iϵ)|.
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In order to estimate |A1A2
B1B2

− 1|, we divide A1, A2, B1, B2 as follows:

A1 =A0(Ld+ iϵ)
e−k−iπ/6

L
(A11 +A12), A2 = A0(Ld̃+ iϵ)

e−k+iπ/6

L
(A21 +A22),

B1 =A0(Ld+ iϵ)
e−k−iπ/6

L
(B11 +B12), B2 = A0(Ld̃+ iϵ)

e−k+iπ/6

L
(B21 +B22),

where

A11 =: 1− e2kη1(2L), A12 =:
k

L

∫ 2L

0
e

kt
L η1(t)dt,

A21 =: 1− e2kη2(2L), A22 =:
k

L

∫ 2L

0
e

kt
L η2(t)dt,

B11 =: e2k − η1(2L), B12 =: −ke
2k

L

∫ 2L

0
e−

kt
L η1(t)dt,

B21 =: e2k − η2(2L), B22 =: −ke
2k

L

∫ 2L

0
e−

kt
L η2(t)dt,

with η1(t) = η(Ld+ iϵ, t) and η2(t) = η(Ld̃+ iϵ, t). It is easy to see that Ai2, Bi2 (1 ⩽ i ⩽ 2) are

error terms. Denote∣∣∣∣A1A2

B1B2
− 1

∣∣∣∣ = ∣∣∣∣(B11 +B12)(B21 +B22)− (A11 +A12)(A21 +A22)

(B11 +B12)(B21 +B22)

∣∣∣∣ =:

∣∣∣∣D1

D2

∣∣∣∣ .
We first give the bound of Aij and Bij with 1 ⩽ i, j ⩽ 2. Thanks to Lemma B.3, we have

|A11|+ |A21| ⩽1 + e2k−2aσL, |A12|+ |A22| ⩽
k

L

∫ 2L

0
e

kt
L eaσtdt ⩽

k(1− e2k−2aσL)

aσL− k
,

|B11|+ |B21| ⩽e2k + e−2aσL, |B12|+ |B22| ⩽
ke2k

L

∫ 2L

0
e−

kt
L eaσtdt ⩽

k(e2k − e−2aσL)

aσL+ k
.

For D2, in light of Lemma B.3 and 10ν ⩽ k < 1, we obtain

(2.22) |D2| = |(B11 +B12)(B21 +B22)| ⩽ (e2k + e−2aσL)2
(

k

aσL+ k
(e2k − e−2aσL)

)2

⩽ e8.

We divide D1 into

D1 =: I + II + III,

where

I =B11B21 −A11A21,

II =B11B22 +B21B12 −A11A22 −A21A12,

III =B12B22 −A12A22.
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A direct computation shows

|I| =|(e2k − η1(2L))(e
2k − η2(2L))− (1− e2kη1(2L))(1− e2kη2(2L))|

=|(e4k − 1)(1− η1(2L)η2(2L))|

⩾4k(1− e−4aσL),

|II| ⩽2k(e2k + e−2aσL)(e2k − e−2aσL)

aσL+ k
+

2k(1 + e2ke−2aσL)(1− e2k−2aσL)

aσL− k

=
2k(e4k − e−4aσL)

aσL+ k
+

2k(1− e4k−4aσL)

aσL− k

⩽
2k(e4k − 1 + 1− e−4aσL)

aσL+ k
+

2k(1− e−4aσL)

aσL− k
⩽

4k(1− e−4aσL)

aσL− k
+

8k2

aσL+ k
,

and

|III| ⩽e
4kk2(1− e−2aσL−2k)2

(aσL+ k)2
+
k2(1− e2k−2aσL)2

(aσL− k)2
⩽

(e4k + 1)k2

(aσL− k)2
.

Inserting the estimates of I, II, III into D1, we obtain

|D1| ⩾ 4k(1− e−4aσL)

(
1− 1

aσL− k

)
− 28k2

aσL+ k
− (e4k + 1)k2

(aσL− k)2
.

It is clear that the maximum of 1
aσL−k ,

28k2

aσL+k and (e4k+1)k2

(aσL−k)2
are attained at k = 10ν. We choose

aσ = 0.47 such that 1− 1
aσL−k > 0 to ensure

|D1| ⩾ 0.02k.

This inequality together with (2.22) implies∣∣∣∣A1A2

B1B2
− 1

∣∣∣∣ = ∣∣∣∣D1

D2

∣∣∣∣ ⩾ 0.002e−4k.(2.23)

Inserting (2.23) and (2.21) into (2.20), we arrive at

|A1A2 −B1B2| ⩾ 0.002e−4|k||B1B2| ≳ |k|L−2|A0(Ld+ iϵ)||A0(Ld̃+ iϵ)|.

In a similar way, we can obtain the bound of C12, C21 and C22. □

Now, we estimate w1 and w2, which is a direct result of Lemmas 2.4–2.5 and interpolation.

Proposition 2.6. Let w1 and w2 be defined as in (2.13). For 10ν ⩽ |k| < 1, there holds

∥w1∥L1 + ∥w2∥L1 ⩽ C,(2.24)

∥w1∥L∞ ⩽ Cν−
1
2 |k|

1
2 (1 + |1− λ|

1
2 ),(2.25)

∥w2∥L∞ ⩽ Cν−
1
2 |k|

1
2 (1 + |λ+ 1|

1
2 ),(2.26)

∥w1∥L2 ⩽ Cν−
1
4 |k|

1
4 (1 + |1− λ|

1
2 )

1
2 ,(2.27)

∥w2∥L2 ⩽ Cν−
1
4 |k|

1
4 (1 + |1 + λ|

1
2 )

1
2 .(2.28)

We also have the following weighted version, which plays an important role in the proof of

space-time estimates in Propositions 3.3 and 3.4.
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Proposition 2.7. Let ρk be defined by (2.6). Under the same conditions as in Proposition 2.6,

we have

∥ρ
1
2
kw1∥L2 + ∥ρ

1
2
kw2∥L2 ⩽ CL

1
2 ,(2.29)

∥ρ−
1
4

k w1∥L2 ⩽ Cν−
7
24 |k|

7
24 (1 + |1− λ|

1
2 )

3
4 ,(2.30)

∥ρ−
1
4

k w2∥L2 ⩽ Cν−
7
24 |k|

7
24 (1 + |1 + λ|

1
2 )

3
4 .(2.31)

The estimate (2.29) is a direct result of Lemmas 2.4 and 2.5. The proof of (2.30) and

(2.31) is close to that of Proposition 4.4 in [11], with the distinction that we employ δ∗ =

ν
1
2 |k|−

1
2 (1 + |1− λ|

1
2 )−1 instead of ν

1
2 (1 + |1− λ|

1
2 )−1.

Bounds on c1 and c2. We now provide the bounds for c1 and c2 in the intermediate-frequency

10ν ⩽ |k| < 1.

Lemma 2.8. Let c1 and c2 be defined as in (2.12), λ ∈ R, F ∈ L2(I). For 10ν ⩽ |k| < 1, it

holds that

(1 + |λ− 1|)|c1|+ (1 + |λ+ 1|)|c2| ⩽ Cν−
1
6 |k|−

5
6 ∥F∥L2 .

Proof. For |λ− 1| ⩽ 3, by (2.2), we have

|c1| ⩽ C∥wNa∥L1 ⩽ Cν−
1
6 |k|−

5
6 ∥F∥L2 .

For |λ− 1| ⩾ 3, we have

|λ− y| ⩾ 1

3
|λ− 1|, y ∈ (−1, 1).(2.32)

Then, we use (2.2) and (A.1) to get

|c1| =
∣∣∣ ∫ 1

−1

sinh k(1 + y)

sinh 2k
wNady

∣∣∣ ⩽(∫ 1

−1

( sinh k(1 + y)

(y − λ) sinh 2k

)2
dy
) 1

2 ∥(y − λ)wNa∥L2

⩽(λ− 1)−1∥(y − λ)wNa∥L2 ⩽ |k|−1(λ− 1)−1∥F∥L2

⩽ν−
1
6 |k|−

5
6 |λ− 1|−1∥F∥L2 ,

where we have used the condition 10ν ⩽ |k| < 1 in the last inequality.

The estimate of c2 can be obtained by a similar way. Thus, we complete the proof of Lemma

2.8. □

Lemma 2.9. Let c1 and c2 be defined as in (2.12), λ ∈ R, F ∈ H−1(I). For 10ν ⩽ |k| < 1, it

holds

(1 + |(λ− 1)|)
3
4 |c1|+ (1 + |(λ+ 1)|)

3
4 |c2| ⩽ Cν−

1
2 |k|−

1
2 ∥F∥H−1 .

Proof. We divide the proof into two cases.

Case 1. |λ − 1| ⩾ 3. Choosing δ = ν
1
3 |k|−

1
3 , we have (−1, 1) ∩ (λ− δ, λ+ δ) = ∅. Applying

Proposition 2.2 with f(y) = sinh(k(1+y))
sinh(2k) and j = 1, we obtain

(2.33)

|c1| =|⟨wNa, f⟩|

⩽C|k|−1∥F∥H−1

(
(|1− λ|+ δ)−

3
4 δ−

3
4 +

∥∥∥ f(y)
y − λ

∥∥∥
H1

+ δ−1
∥∥∥ f(y)
y − λ

∥∥∥
L2

)
.

It follows from Lemma A.2 that

∥f(y)∥L2 ⩽
∥∥∥sinh(k(1 + y))

sinh(2k)

∥∥∥
L∞

⩽ C, ∥f ′(y)∥L2 =
∥∥∥k cosh(k(1 + y))

sinh(2k)

∥∥∥
L2

⩽ C,
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which together with (2.32) yields

(2.34)

∥∥∥ f(y)
y − λ

∥∥∥
L2

⩽∥f∥L2

∥∥∥ 1

y − λ

∥∥∥
L∞

≲ |1− λ|−1,∥∥∥ f(y)
y − λ

∥∥∥
H1

⩽∥f ′∥L2

∥∥∥ 1

y − λ

∥∥∥
L∞

+ ∥f∥L∞

∥∥∥ 1

(y − λ)2

∥∥∥
L2

+ ∥f∥L2

∥∥∥ 1

y − λ

∥∥∥
L∞

≲|1− λ|−1.

Inserting (2.34) into (2.33), we deduce

|c1| ≲|k|−1∥F∥H−1

(
δ−

3
4 (δ + |1− λ|)−

3
4 + δ−1(1 + |1− λ|)−1

)
≲ν−

1
2 |k|−

1
2 (1 + |λ− 1|)−

3
4 ∥F∥H−1 ,

where we used |1− λ|−1 < 2(1 + |1− λ|)−1.

Case 2. |λ − 1| ⩽ 3. Using Proposition 2.2 with f(y) = sinh(k(1+y))
sinh(2k) and j = 1, we have

|c1| =|⟨wNa, f⟩|

≲|k|−1∥F∥H−1

(
δ−

3
2 ∥f∥L∞(E) + (|1− λ|+ δ)−

3
4 δ−

3
4 + ∥fχ∥H1 + δ−1∥fχ∥L2

)
,

where E = (−1, 1) ∩ (λ− δ, λ+ δ). Thanks to Lemma A.2, we obtain

(2.35)

∥f∥L∞(E) ⩽ C,

∥fχ∥H1 ⩽ ∥f ′∥L2∥χ∥L∞ + ∥f∥L∞∥χ′∥L2 + ∥f∥L∞∥χ∥L2 ⩽ Cδ−
3
2 ,

∥fχ∥L2 ⩽ ∥f∥L∞∥χ∥L2 ⩽ Cδ−
1
2 .

The condition 0 ⩽ |λ− 1| ⩽ 3 gives

1

4
⩽ (1 + |λ− 1|)−1 ⩽ 1.

This fact together with (2.35) implies

|c1| ⩽ C|k|−1∥F∥H−1δ−
3
2 (1 + |(λ− 1)|)−

3
4 = Cν−

1
2 |k|−

1
2 (1 + |λ− 1|)−

3
4 ∥F∥H−1 .

Similarly, we can deduce the estimate of c2 and hence complete the proof of Lemma 2.9. □

Proof of Proposition 2.3. Using (2.2), Propositions 2.6–2.7 and Lemma 2.8, we obtain

∥ρ
1
2
kw∥L2 ⩽ ∥wNa∥L2 + |c1|∥ρ

1
2
kw1∥L2 + |c2|∥ρ

1
2
kw2∥L2 ≲ ν−

1
3 |k|−

2
3 ∥F∥L2 ,

∥u∥L2 ⩽ ∥uNa∥L2 + |c1|∥w1∥L1 + |c2|∥w2∥L1 ≲ ν−
1
6 |k|−

5
6 ∥F∥L2 ,

∥w∥L2 ⩽ ∥wNa∥L2 + |c1|∥w1∥L2 + |c2|∥w2∥L2 ≲ ν−
5
12 |k|−

7
12 ∥F∥L2 ,

which yields (2.7).

For (2.8), using (2.3), (2.27), (2.28) and Lemma 2.9, we deduce

∥w∥L2 ⩽∥wNa∥L2 + |c1|∥w1∥L2 + |c2|∥w2∥L2

≲ν−
2
3 |k|−

1
3 ∥F∥H−1 + ν−

3
4 |k|−

1
4 ∥F∥H−1

≲ν−
3
4 |k|−

1
4 ∥F∥H−1 ,

where we have used that ν
1
12 ⩽ |k|

1
12 . Similarly, by (2.3), (2.29) and Lemma 2.9, we have

∥ρ
1
2
kw∥L2 ⩽∥ρ

1
2
kwNa∥L2 + |c1|∥ρ

1
2
kw1∥L2 + |c2|∥ρ

1
2
kw2∥L2 ≲ ν−

2
3 |k|−

1
3 ∥F∥H−1 .
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Thanks to (A.12), (2.3), (2.24) and Lemma 2.9, we obtain

∥u∥L2 ⩽∥uNa∥L2 + |c1|∥w∥L1 + |c2|∥w2∥L1 ≲ ν−
1
2 |k|−

1
2 ∥F∥H−1 .

Combining the above three estimates, we complete the proof of (2.8). □

3. Space-Time Estimates of the Linearized Navier-Stokes Equations

In order to derive the nonlinear stability and enhanced dissipation, we first set up the space-

time estimates for the linearized Navier-Stokes system based on the resolvent estimate established

in Section 2. Consider

∂tω + Lω = −ikf1 − ∂yf2, ω(0) = ωin(k, y),(3.1)

where ω = (∂2y − k2)ψ with ψ(±1) = ψ′(±1) = 0. Denote

∥f∥LpHs =
∥∥∥f(t, y)∥Hs

y(I)

∥∥
Lp
t (R+)

, ∥f∥LpLq =
∥∥∥f(t, y)∥Lq

y(I)

∥∥
Lp
t (R+)

.

The space-time estimates of the solution to (3.1) will be established separately on the following

three intervals:

• {k : 0 ⩽ |k| < 10ν},
• {k : 10ν ⩽ |k| < 1},
• {k : |k| ⩾ 1}.

For |k| ⩾ 1, the space-time estimates of the solution to (3.1) are proved in [11] as follows:

(3.2)
∥(1− |y|)

1
2ω∥2L∞L2 + (νk2)

1
2 ∥ω∥2L2L2 + |k|2∥u∥2L2L2 + |k|∥u∥2L∞L∞

⩽Cmin{ν−
1
3 |k|

4
3 , ν−1}∥f1∥2L2L2 + Cν−1∥f2∥2L2L2 + ∥ωin∥2L2 + |k|−2∥∂yωin∥2L2 ,

where u = (∂y,−ik)(∂2y − k2)−1ω and f1, f2 ∈ L2L2.

Now, we address the remaining cases in Subsections 3.1 and 3.2.

3.1. Space-time estimates of low frequencies 0 ⩽ |k| < 10ν. We shall utilize energy method

to obtain the space-time estimates in frequency range 0 ⩽ |k| < 10ν. Decomposing the stream

function and using the optimal Sobolev constant from Wirtinger’s inequality, we obtain the

maximal frequency range 0 ⩽ |k| < π3

3 ν. In this case, we gain the the space-time estimates

uniformly with respect to k.

Theorem 3.1. Let 0 ⩽ |k| < 10ν and ω be a solution of (3.1) with ωin ∈ L2(I) and f1, f2 ∈ L2L2.

Then there exists a constant C > 0 independent of ν, k such that

∥ω∥2L∞L2 + ν∥u∥2L2L2 + ∥u∥2L∞L∞ + ν∥ω∥2L2L2

⩽Cν−
1
3 |k|

4
3 ∥f1∥2L2L2 + Cν−1∥f2∥2L2L2 + ∥ωin∥2L2 ,

where u = (∂y,−ik)(∂2y − k2)−1ω.

Proof. For k = 0, from [11], we obtain

∥ω∥2L∞L2 + ν∥u∥2L2L2 + ∥u∥2L∞L∞ + ν∥ω∥2L2L2 ⩽ Cν−1∥f2∥2L2L2 + ∥ωin∥2L2 .

For 0 < |k| < 10ν, we divide the proof into two steps.

Step 1. The estimates of ∥u∥2L2L2 and ∥ω∥2L2L2 . Taking L
2 inner product of (3.1), we get

⟨(∂t − ν(∂2y − k2) + iky)ω,−ψ⟩ = ⟨−ikf1 − ∂yf2,−ψ⟩.(3.3)
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Integrating by parts, we have

⟨∂tu, u⟩+ ν∥ω∥2L2 + ik

∫ 1

−1
ψ′ψdy + ik

∫ 1

−1
y|ψ|2dy + ik3

∫ 1

−1
y|ψ|2dy

=⟨−ikf1 − ∂yf2,−ψ⟩ = ⟨ikf1, ψ⟩ − ⟨f2, ∂yψ⟩.

It follows by taking the real part of the above equality that

(3.4)
1

2

d

dt
∥u∥2L2 + ν∥ω∥2L2 = −Re

(
ik

∫ 1

−1
ψ′ψdy

)
+Re(⟨ikf1, ψ⟩ − ⟨f2, ∂yψ⟩).

We first deal with the term −Re
(
ik
∫ 1
−1 ψ

′ψdy
)
. Let

φj(y) = sin(πj(y + 1)/2), j ∈ Z+.(3.5)

{φj}j⩾1 forms an orthogonal basis in L2([−1, 1]), and so we have

ψ =
+∞∑
j=1

⟨φj , ψ⟩φj =:
+∞∑
j=1

ajφj .

We decompose
∫ 1
−1 ψ

′ψdy into

(3.6)

∫ 1

−1
ψ′ψdy =

∫ 1

−1

(
a1φ1 +

∑
j⩾2

ajφj

)′(
a1φ1 +

∑
j⩾2

ajφj

)
dy

=

∫ 1

−1

(∑
j⩾2

ajφj

)′∑
j⩾2

ajφj + (a1φ1)
′
∑
j⩾2

ajφj +
(∑

j⩾2

ajφj

)′
a1φ1dy,

where we have used that∫ 1

−1
(a1φ1)

′a1φ1dy =

∫ 1

−1
|a1|2 sin(π(y + 1)/2) cos(π(y + 1)/2)dy = 0.

Due to

ψ′′ =

+∞∑
j=1

〈
ψ′′, sin

πj(y + 1)

2

〉
sin

πj(y + 1)

2
=:

+∞∑
j=1

ψ′′
j ,

it follows from the boundary condition ψ(±1) = ψ′(±1) = 0 that〈
ψ′′, sin

πj(y + 1)

2

〉
=ψ′ sin

πj(y + 1)

2

∣∣∣1
−1

− πj

2

〈
ψ′, cos

πj(y + 1)

2

〉
=− πj

2
ψ cos

πj(y + 1)

2

∣∣∣1
−1

−
(πj
2

)2〈
ψ, sin

πj(y + 1)

2

〉
=−

(πj
2

)2〈
ψ, sin

πj(y + 1)

2

〉
.

This equality implies

ψ′′ = −
+∞∑
j=1

(πj
2

)2
ajφj ,

∥∥∥∑
j⩾2

ψ′′
j

∥∥∥
L2

=
( +∞∑

j⩾2

∣∣∣(πj
2

)2
aj

∣∣∣2) 1
2
, ∥ψ′′

1∥L2 =
π2

4
|a1|.
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Using Hölder’s inequality, we have

(3.7)

∫ 1

−1
ψ′
1

∑
j⩾2

ψjdy ⩽
∥∥∥π
2
a1 cos

π(y + 1)

2

∥∥∥
L2

∥∥∥∑
j⩾2

ajφj

∥∥∥
L2

=
π

2
|a1|
(∑

j⩾2

|aj |2
) 1

2

⩽
1

4

(
2

π

)3

∥(ψ1)
′′∥L2

∥∥∥(∑
j⩾2

ψj

)′′∥∥∥
L2

⩽
1

4

(
2

π

)3
1

2
∥ψ′′

1∥2L2 +
1

2

∥∥∥∑
j⩾2

ψ′′
j

∥∥∥2
L2

 =
1

π3
∥ψ′′∥2L2 .

Integrating by parts, we directly get

(3.8)

∫ 1

−1

(∑
j⩾2

ψj

)′
ψ1dy = −

∫ 1

−1

∑
j⩾2

ψj(ψ1)
′dy ⩽

1

π3
∥ψ′′∥2L2 .

Similarly, we derive

(3.9)

∫ 1

−1

(∑
j⩾2

ψj

)′∑
j⩾2

ψjdy ⩽
∥∥∥(∑

j⩾2

ajφj

)′∥∥∥
L2

∥∥∥∑
j⩾2

ajφj

∥∥∥
L2

=
∥∥∥∑

j⩾2

aj
πj

2
cos(

πj(y + 1)

2
)
∥∥∥
L2

(∑
j⩾2

|aj |2
) 1

2

⩽
(∑

j⩾2

|πj
2
aj |2

) 1
2
(∑

j⩾2

|aj |2
) 1

2
⩽

1

π3
∥P y

j⩾2(ψ
′′)∥2L2 .

Inserting (3.7), (3.8) and (3.9) into (3.6), we obtain∫ 1

−1
ψ′ψdy ⩽

3

π3
∥ψ′′∥2L2 .

This inequality together with 0 < |k| < 10ν and (A.11) implies∣∣∣∣Re(ik ∫ 1

−1
ψ′ψdy

)∣∣∣∣ ⩽ 3

π3
|k|∥ψ′′∥2L2 ⩽

30

π3
ν∥ω∥2L2 .(3.10)

For the term Re(⟨ikf1, ψ⟩ − ⟨f2, ∂yψ⟩), we use 0 < |k| < 10ν and (A.12) to get

(3.11)

|Re(⟨ikf1, ψ⟩ − ⟨f2, ∂yψ⟩)|

⩽Cν−
1
3 |k|

4
3 ∥f1∥2L2 + Cν−1∥f2∥2L2 + 10−3ν

1
3 |k|

2
3 ∥ψ∥2L2 + 10−3ν∥ψ′∥2L2

⩽Cν−
1
3 |k|

4
3 ∥f1∥2L2 + Cν−1∥f2∥2L2 + 0.02ν∥ω∥2L2 .

Inserting (3.10) and (3.11) into (3.4), we deduce

d

dt
∥u∥2L2 + ν∥ω∥2L2 ≲ ν−

1
3 |k|

4
3 ∥f1∥2L2 + ν−1∥f2∥2L2 .(3.12)

Integrating with respect to t, we further obtain

∥u∥2L∞L2 + ν∥ω∥2L2L2 ⩽ Cν−
1
3 |k|

4
3 ∥f1∥2L2L2 + Cν−1∥f2∥2L2L2 + ∥uin∥2L2 .(3.13)

Due to (A.12), we arrive at

ν∥u∥2L2L2 + ν∥ω∥2L2L2 ⩽ Cν−
1
3 |k|

4
3 ∥f1∥2L2L2 + Cν−1∥f2∥2L2L2 + ∥uin∥2L2 .(3.14)
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Step 2. The estimates of ∥ω∥L∞L2 and ∥u∥L∞L∞ . Let F1 = ∂tψ + ikyψ. It satisfies

(∂2y − k2)F1 = ∂tω + ikyω + 2ik∂yψ, F1(±1) = ∂yF1(±1) = 0.

Integrating by parts, we have

⟨ikf1, F1⟩ − ⟨f2, ∂yF1⟩ = ⟨−ikf1 − ∂yf2,−F1⟩

=⟨(∂t − ν(∂2y − k2) + iky)ω,−F1⟩

=⟨(∂2y − k2)F1 − 2ik∂yψ − ν(∂2y − k2)ω,−F1⟩

=∥∂yF1∥2L2 + |k|2∥F1∥L2 + ⟨2ik∂yψ,F1⟩+ ν⟨ω, ∂tω + ikyω + 2ik∂yψ⟩.

Taking the real part and then using the Cauchy-Schwarz inequality, we obtain

(3.15)

ν

2

d

dt
∥ω∥2L2 + ∥∂yF1∥2L2 + |k|2∥F1∥2L2

⩽2ν|k||⟨ω, ∂yψ⟩|+ 2|k||⟨∂yψ, F1⟩|+ |⟨ikf1, F1⟩|+ |⟨f2, ∂yF1⟩|

⩽ν|k|∥ω∥2L2 + νk∥∂yψ∥2L2 + 4|k|2∥∂yψ∥2L2 +
1

4
∥F1∥2L2

+ |k|2∥f1∥2L2 +
1

4
∥F1∥2L2 +

1

2
∥f2∥2L2 +

1

2
∥∂yF1∥2L2 .

Noting that F1(±1) = 0, we get by Wirtinger’s inequality

∥F1∥2L2 ⩽
4

π2
∥∂yF1∥2L2 .

Inserting this inequality into (3.15) and using (A.12), we deduce

ν
d

dt
∥ω∥2L2 ⩽ |k|2∥f1∥2L2 + ∥f2∥2L2 + 32(νk + |k|2)∥ω∥2L2 ,

which, together with 0 ⩽ |k| < 10ν, further implies

∥ω∥2L∞L2 ≲ ν−1|k|2∥f1∥2L2L2 + ν−1∥f2∥2L2L2 + Cν∥ω∥2L2L2 + ∥ωin∥2L2 .

By appealing to (3.13), we immediately get

∥ω∥2L∞L2 ≲ν−
1
3 |k|

4
3 ∥f1∥2L2L2 + ν−1∥f2∥2L2L2 + ∥ωin∥2L2 .

Using (A.13), we have

∥ω∥2L∞L2 + ∥u∥2L∞L∞ ≲ν−
1
3 |k|

4
3 ∥f1∥2L2L2 + ν−1∥f2∥2L2L2 + ∥ωin∥2L2 .

This together with (3.14) completes the proof of Theorem 3.1. □

3.2. Space-time estimates of intermediate frequencies 10ν ⩽ |k| < 1. Compared to the

case |k| ⩾ 1, in the energy functional, the terms including ∥u∥L∞L∞ , ∥u∥L2L2 ,∥ω∥L2L2 and the

term ∥ω∥L∞L2 eliminate factor |k|
1
2 and factor |k|

3
4 , respectively, so it leads to the space-time

estimates more available for 10ν ⩽ |k| < 1.

Theorem 3.2. Let 10ν ⩽ |k| < 1 and ω be a solution of (3.1) with ωin ∈ H1 and f1, f2 ∈ L2L2.

It holds that

∥(1− |y|)1/2ω∥L∞L2 + ν
1
2 |k|−

1
2 ∥ω∥2L∞L2 + ∥u∥2L∞L∞ + |k|∥u∥2L2L2 + ν

1
2k

1
2 ∥ω∥2L2L2

≲∥ωin∥2L2 + ν
2
3 |k|−

2
3 ∥∂yωin∥2L2 + ν−

1
3 |k|

4
3 ∥f1∥2L2L2 + ν−1∥f2∥2L2L2 ,

where u = (∂y,−ik)(∂2y − k2)−1ω.
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Roughly speaking, we can seek a cut-off function ϱ to substitute (1−|y|)
1
2 such that supp(1−ϱ)

is small since (1− |y|)
1
2ω and ω are equivalent in regions far from the boundary ±1. In fact, it

suffices to ensure the measure of the region {y : ϱ ⩽ (1− |y|)
1
2 } does not exceed the coefficient

of ∥ω∥L∞L2 . A similar analysis as in [11, P167], we obtain

∥(1− |y|)
1
2ω∥2L∞L2 ⩽ ν

1
2 |k|−

1
2 ∥ω∥2L∞L2 + ∥ρ

3
2
k ω∥

2
L∞L2 ,

∥u∥2L∞L∞ ≲ ν
1
2 |k|−

1
2 ∥ω∥2L∞L2 + ∥ρ

3
2
k ω∥

2
L∞L2 .

Due to L = (k/ν)
1
3 > 1 for 10ν ⩽ |k| < 1, by a similar argument as in [11, Proposition 6.7], we

deduce

∥ρ
3
2
k ω∥

2
L∞L2 ⩽∥ωin∥2L2 + ν

2
3 |k|−

2
3 ∥∂yωin∥2L2

+ ν
1
3 |k|

2
3 ∥ρ

1
2
k ω∥

2
L2L2 + ν−

1
3 |k|

4
3 ∥f1∥2L2L2 + ν−1∥f2∥2L2L2 .

Therefore, the proof of Theorem 3.2 can be reduce to estimate

(3.16)
ν

1
3 |k|

2
3 ∥ρ

1
2
k ω∥

2
L2L2 + |k|∥u∥2L2L2 + ν

1
2 |k|

1
2 ∥ω∥2L2L2 + ν

1
2 |k|−

1
2 ∥ω∥2L∞L2

≲∥ωin∥2L2 + ν
2
3 |k|−

2
3 ∥∂yωin∥2L2 + ν−

1
3 |k|

4
3 ∥f1∥2L2L2 + ν−1∥f2∥2L2L2 .

In order to estimate (3.16), we decompose the solution of (3.1) as ω = ωI + ωH , where ωI

solves

(3.17)


(∂t − ν(∂2y − k2) + iky)ωI = −ikf1 − ∂yf2,

ωI = (∂2y − k2)ψI , ψI(±1) = ψ′
I(±1) = 0,

ωI(0, k, y) = 0,

and ωH solves

(3.18)


(∂t − ν(∂2y − k2) + iky)ωH = 0,

ωH = (∂2y − k2)ψH , ψH(±1) = ψ′
H(±1) = 0,

ωH(0, k, y) = ωin(k, y).

We consider the equation (3.17) in Fourier space
− ν(∂2y − k2)wI(λ, k, y) + ik(y + λ/k)wI(λ, k, y) = −ikF1(λ, k, y)− ∂yF2(λ, k, y),

⟨wI(λ, k, y), e
±ky⟩ = 0,

∫ +∞

−∞
wI(λ, k, y)dy = 0.

where

wI(λ, k, y) =:

∫ +∞

0
ωI(t, k, y)e

−itλdt, Fj(λ, k, y) =:

∫ +∞

0
fj(t, k, y)e

−itλdt, j = 1, 2.

Let ϕ1, ϕ2 solve (2.10) and (2.11) with ϵ = 0, λ replaced by λ′ = −λ/k. We define wj =

(∂2y − k2)ϕj (j = 1, 2). Then, wI can be decomposed into

wI(λ, k, y) = w
(1)
Na + w

(2)
Na + (c

(1)
1 (λ) + c

(2)
1 (λ))w1 + (c

(1)
2 (λ) + c

(2)
2 (λ))w2,

where

(iλ− ν(∂2y − k2) + iky)w
(1)
Na(λ, k, y) = −ikF1(λ, k, y), w

(1)
Na(±1) = 0,(3.19)

(iλ− ν(∂2y − k2) + iky)w
(2)
Na(λ, k, y) = −∂yF2(λ, k, y), w

(2)
Na(±1) = 0,(3.20)
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and

c
(j)
l (λ) =−

∫ 1

−1

sinh k(1 + (−1)l+1y)

sinh 2k
w

(j)
Na(λ, k, y)dy, l = 1, 2.

Let ωNa be the solution of

(3.21)

{
(∂t − ν(∂2y − k2) + iky)ωNa = −ikf1 − ∂yf2,

ωNa

∣∣
t=0

= 0, ωNa

∣∣
y=±1

= 0.

Thus, we can rewrite

ωI = ωNa + ω
(1)
1 + ω

(2)
1 + ω

(1)
2 + ω

(2)
2 ,

where

ω
(j)
l (t, k, y) =

1

2π

∫
R
c
(j)
l (λ)wl(λ, k, y)e

itλdλ, t > 0, j, l ∈ {1, 2}.

Now, we first give the space-time estimates of ωI .

Proposition 3.3. Let 10ν ⩽ |k| < 1. Assume that ρk is defined by (2.6) and ωI is a solution of

(3.17) with f1, f2 ∈ L2L2. Then there exists a constant C > 0 independent of ν and k, such that

(3.22)
ν

1
3 |k|

2
3 ∥ρ

1
2
k ωI∥2L2L2 + |k|∥uI∥2L2L2 + ν

1
2 |k|

1
2 ∥ωI∥2L2L2 + ν

1
2 |k|−

1
2 ∥ωI∥2L∞L2

⩽C(ν−
1
3 |k|

4
3 ∥f1∥2L2L2 + ν−1∥f2∥2L2L2).

Proof. Define

w
(1)
I =: w

(1)
Na + c

(1)
1 (λ)w1 + c

(1)
2 (λ)w2, w

(2)
I =: w

(2)
Na + c

(2)
1 (λ)w1 + c

(2)
2 (λ)w2,

which satisfy

−ν(∂2y − k2)w
(1)
I + ik(y + λ/k)w

(1)
I (λ, k, y) = −ikF1(λ, k, y), ⟨w(1)

I (λ, k, y), e±ky⟩ = 0,

−ν(∂2y − k2)w
(2)
I + ik(y + λ/k)w

(2)
I (λ, k, y) = −∂yF2(λ, k, y), ⟨w(2)

I (λ, k, y), e±ky⟩ = 0.

Let u
(1)
I = (∂y, ik)(∂

2
y − k2)w

(1)
I , u

(2)
I = (∂y, ik)(∂

2
y − k2)w

(2)
I . By Plancherel’s formula and

Proposition 2.3, we deduce

ν
1
3 |k|

2
3 ∥ρ

1
2
k ωI∥2L2L2 + |k|∥uI∥2L2L2 + ν

1
2 |k|

1
2 ∥ωI∥2L2L2

∼ν
1
3 |k|

2
3

∥∥∥ρ 1
2
kw

(1)
I ∥2L2

y

∥∥2
L2
λ
+ |k|

∥∥∥u(1)I ∥2L2
y

∥∥2
L2
λ
+ ν

1
2 |k|

1
2

∥∥∥w(1)
I ∥2L2

y

∥∥2
L2
λ

+ ν
1
3 |k|

2
3

∥∥∥ρ 1
2
kw

(2)
I ∥2L2

y

∥∥2
L2
λ
+ |k|

∥∥∥u(2)I ∥2L2
y

∥∥2
L2
λ
+ ν

1
2 |k|

1
2

∥∥∥w(2)
I ∥2L2

y

∥∥2
L2
λ

≲ν−
1
3 |k|−

2
3 ∥kF1∥2L2

λL
2
y
+ ν−1∥F2∥2L2

λL
2
y

∼ν−
1
3 |k|

4
3 ∥f1∥2L2L2 + ν−1∥f2∥2L2L2 .

It remains to bound ∥ωI∥L∞L2 . By Plancherel’s theorem and Proposition 2.1, we obtain

(3.23)

(νk2)
1
3 ∥ωNa∥2L2L2 ⩽(νk2)

1
3
(∥∥∥w(1)

Na(λ)∥
2
L2
y

∥∥2
L2
λ
+
∥∥∥w(2)

Na(λ)∥
2
L2
y

∥∥2
L2
λ

)
≲ν−

1
3 |k|

4
3 ∥F1(λ)∥2L2

λL
2
y
+ ν−1∥F2(λ)∥2L2

λL
2
y

∼ν−
1
3 |k|

4
3 ∥f1∥2L2L2 + ν−1∥f2∥2L2L2 .
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For ∥ωNa∥L∞L2 , we use the energy method for (3.21) to deduce

∂t∥ωNa∥2L2 + ν∥∂yωNa∥2L2 + 2νk2∥ωNa∥2L2

⩽ν−
1
3 |k|

4
3 ∥f1∥2L2 + ν−1∥f2∥2L2 + (νk2)

1
3 ∥ωNa∥2L2 .

Integrating with respect to time, we further use (3.23) to obtain

(3.24)
∥ωNa∥2L∞L2 ≲ν−

1
3 |k|

4
3 ∥f1∥2L2L2 + ν−1∥f2∥2L2L2 + (νk2)

1
3 ∥ωNa∥2L2L2

≲ν−
1
3 |k|

4
3 ∥f1∥2L2L2 + ν−1∥f2∥2L2L2 .

Let λ′ = −λ/k. The equation (3.19) can be rewritten as

(−ν(∂2y − k2) + ik(y − λ′))w
(1)
Na(λ, k, y) = −ikF1(λ, k, y), w

(1)
Na|y=±1 = 0.

By Proposition 2.6 and Lemma 2.8, we conclude that

(1 + |(−λ/k − 1)|)
3
4 |c(1)1 (λ)|∥w1∥L2 ⩽ Cν−

5
12 |k|−

7
12 ∥kF1(λ)∥L2 .

In light of ∥(1 + |λ/k + 1|)−
3
4 ∥L2 ⩽ C|k|

1
2 , we have

∥ω(1)
1 (t)∥L2

y
⩽

1

2π

∫
R
|c(1)1 (λ)|∥w1(λ)∥L2

y
dλ

⩽C
∥∥(1 + |λ/k + 1|)−

3
4 ν−

5
12 |k|−

7
12 ∥kF1(λ)∥L2

∥∥
L1
λ

⩽Cν−
5
12 |k|

5
12 ∥(1 + |λ/k + 1|)−

3
4 ∥L2

λ
∥F1(λ)∥L2

λL
2
y

⩽Cν−
5
12 |k|

11
12 ∥f1∥L2L2 .

This inequality yields

ν
1
4 |k|−

1
4 ∥ω(1)

1 ∥L∞L2 ⩽ Cν−
1
6 |k|

2
3 ∥f1∥L2L2 .(3.25)

Similarly, we obtain

ν
1
4 |k|−

1
4 ∥ω(1)

2 ∥L∞L2 ⩽ Cν−
1
6 |k|

2
3 ∥f1∥L2L2 .(3.26)

By Proposition 2.7 and Lemma 2.9, we have

(1 + |(−λ/k − 1)|)
3
4 |c(2)1 (λ)|∥ρ

1
2
kw1∥L2

y
⩽ Cν−

2
3 |k|−

1
3 ∥F2(λ)∥L2

y
,

(1 + |(−λ/k − 1)|)
3
8 |c(2)1 (λ)|∥ρ−

1
4

k w1∥L2
y
⩽ Cν−

19
24 |k|−

5
24 ∥F2(λ)∥L2

y
,

which give

|λ+ k|
3
2 |c(2)1 (λ)|2∥ρ

1
2
kw1∥2L2 + ν

1
4 |k|

1
2 |λ+ k|

3
4 |c(2)1 (λ)|2∥ρ−

1
4

k w1∥2L2 ⩽ Cν−
4
3 |k|

5
6 ∥F2∥2L2 .(3.27)

Furthermore, we use Hölder’s inequality to get

(3.28)

|ω(2)
1 (t, k, y)|2 ⩽

∣∣∣ ∫
R
|c(2)1 (λ)w1(λ, k, y)|dλ

∣∣∣2
⩽
∫
R
|λ+ k|

3
2 |c(2)1 (λ)|2ρk(y)|w1(λ, k, y)|2

+ ν
1
4 |k|

1
2 |λ+ k|

3
4 |c(2)1 (λ)|2ρ−

1
2

k (y)|w1(λ, k, y)|2dλ

×
∫
R

(
|λ+ k|

3
2 ρk(y) + (νk2)

1
4 |λ+ k|

3
4 ρ

− 1
2

k (y)
)−1

dλ.
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It is known from [11, P159] that for 10ν ⩽ |k| < 1, there still holds∫
R
(|λ+ k|

3
2 ρk(y) + (νk2)

1
4 |λ+ k|

3
4 ρ

− 1
2

k (y))−1dλ = Cν−
1
6 |k|−

1
3 .

In terms of (3.28) and (3.27), we have

∥ω(2)
1 (t)∥2L2

y
⩽Cν−

1
6 |k|−

1
3

∫
R

∫ 1

−1
|λ+ k|

3
2 |c(2)1 (λ)|2ρk(y)|w1(λ, k, y)|2

+ ν
1
4 |k|

1
2 |λ+ k|

3
4 |c(2)1 (λ)|2ρ−

1
2

k (y)|w1(λ, k, y)|2dydλ

=Cν−
1
6 |k|−

1
3

∫
R
|λ+ k|

3
2 |c(2)1 (λ)|2∥ρ

1
2
kw1∥2L2 + ν

1
4 |k|

1
2 |λ+ k|

3
4 |c(2)1 (λ)|2∥ρ−

1
4

k w1∥2L2dλ

⩽Cν−
1
6 |k|−

1
3

∫
R
ν−

4
3 |k|

5
6 ∥F2(λ)∥2L2dλ ∼ ν−

3
2 |k|

1
2 ∥f2∥2L2L2 .

This inequality gives

ν
1
2 |k|−

1
2 ∥ω(2)

1 ∥2L∞L2 ⩽ Cν
1
2 |k|−

1
2 ν−

3
2 |k|

1
2 ∥f2∥2L2L2 = Cν−1∥f2∥2L2L2 .(3.29)

Similarly, we have

ν
1
2 |k|−

1
2 ∥ω(2)

2 ∥2L∞L2 ⩽ Cν−1∥f2∥2L2L2 .(3.30)

Combining (3.24)–(3.26), (3.29) and (3.30), we finally obtain

ν
1
2 |k|−

1
2 ∥ω∥2L∞L2 ⩽∥ωNa∥2L∞L2 +

∑
1⩽j,l⩽2

ν
1
2 |k|−

1
2 ∥ω(j)

l ∥2L∞L2 ≲ ν−
1
3 |k|

4
3 ∥f1∥2L2L2 + ν−1∥f2∥2L2L2 .

This completes the proof of Proposition 3.3. □

Next, we establish the space-time estimates for the homogeneous problem.

Proposition 3.4. Let 10ν ⩽ |k| < 1 and ωH be a solution of (3.18) with ωin ∈ H1(I) and

⟨ωin, e±ky⟩ = 0. Then there exists a constant C > 0 independent of ν, k such that

(3.31)
ν

1
3 |k|

2
3 ∥ρ

1
2
k ωH∥2L2L2 + |k|∥uH∥2L2L2 + ν

1
2 |k|

1
2 ∥ωH∥2L2L2 + ν

1
2 |k|−

1
2 ∥ωH∥2L∞L2

⩽C∥ωin∥2L2 + Cν
2
3 |k|−

2
3 ∥∂yωin∥2L2 .

Proof. It is easy to see that

ω
(1)
H (t, k, y) = e−(νk2)1/3te−itkyωin(k, y), t > 0

satisfies

(∂t − ν(∂2y − k2) + iky)ω
(1)
H = (νk2 − (νk2)

1
3 )ω

(1)
H − ν∂2yω

(1)
H , ω

(1)
H (0) = ωin(k, y).(3.32)

Let ω = ωH − ω
(1)
H . The following system arises from (3.18) and (3.32)∂tω − ν(∂2y − k2)ω + ikyω = −(νk2 − (νk2)

1
3 )ω

(1)
H + ν∂2yω

(1)
H ,

ω
∣∣
t=0

= 0, ⟨ω, e±ky⟩ = −⟨ω(1)
H , e±ky⟩.

We decompose ω into

ω = ω
(2)
H + ω

(3)
H ,
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where ω
(2)
H and ω

(3)
H solve

(3.33)

(∂t − ν(∂2y − k2) + iky)ω
(2)
H = −(νk2 − (νk2)

1
3 )ω

(1)
H + ν∂2yω

(1)
H ,

ω
(2)
H |t=0 = 0, ⟨ω(2)

H , e±ky⟩ = 0,

and

(3.34)

(∂t − ν(∂2y − k2) + iky)ω
(3)
H = 0,

ω
(3)
H |t=0 = 0, ⟨ω(3)

H , e±ky⟩ = −⟨ω(1)
H , e±ky⟩,

respectively. Denote

u
(j)
H = (∂y,−ik)ψj

H , ψ
(j)
H = (∂2y − k2)−1ω

(j)
H , j = 0, 1, 2, 3.

We divide the proof into two steps as follows.

Step 1. Estimates of ω
(j)
H , j = 1, 2. By Proposition 3.3, we have for 10ν ⩽ |k| < 1,

(3.35)

ν
1
3 |k|

2
3 ∥ρ

1
2
k ω

(2)
H ∥2L2L2 + |k|∥u(2)H ∥2L2L2 + ν

1
2 |k|

1
2 ∥ω(2)

H ∥2L2L2 + ν
1
2 |k|−

1
2 ∥ω(2)

H ∥2L∞L2

⩽C
(
ν−

1
3 |k|−

2
3 ∥(νk2 − (νk2)

1
3 )ω

(1)
H ∥2L2L2 + ν∥∂yω(1)

H ∥2L2L2

)
⩽C((νk2)

1
3 ∥ω(1)

H ∥2L2L2 + ν∥∂yω(1)
H ∥2L2L2).

Hence, it suffices to estimate ω
(1)
H . It follows from [11, P161-162] that

∥ω(1)
H (t)∥L2 = e−(νk2)1/3t∥ωin∥L2 ,(3.36)

(νk2)
1
3 ∥ω(1)

H ∥2L2L2 = ∥ωin∥2L2/2,(3.37)

ν∥∂yω(1)
H ∥2L2L2 ⩽ ν

2
3 |k|−

2
3 ∥∂yωin∥2L2 + 2∥ωin∥2L2(3.38)

and

(3.39)

∫
R
∥u(1)H (t)∥2L2dt ⩽

+∞∑
j=1

2π

|k|
∥ωin∥2L2

(πj/2)2 + |k|2
⩽

2π

|k|
∥ωin∥2L2 .

Inserting (3.37) and (3.38) into (3.35), we obtain

(3.40)
ν

1
3 |k|

2
3 ∥ρ

1
2
k ω

(2)
H ∥2L2L2 + |k|∥u(2)H ∥2L2L2 + ν

1
2 |k|

1
2 ∥ω(2)

H ∥2L2L2 + ν
1
2 |k|−

1
2 ∥ω(2)

H ∥2L∞L2

≲∥ωin∥2L2 + ν
2
3 |k|−

2
3 ∥∂yωin∥2L2 .

By (3.36), (3.37) and (3.39), we have

(3.41)
(νk2)

1
3 ∥ρ

1
2
k ω

(1)
H ∥2L2L2 + |k|∥u(1)H ∥2L2L2 + ν

1
2 |k|

1
2 ∥ω(1)

H ∥2L2L2 + ν
1
2 |k|−

1
2 ∥ω(1)

H ∥2L∞L2

≲(νk2)
1
3 ∥ω(1)

H ∥2L2L2 + ∥ω(1)
H ∥2L∞L2 ⩽ C∥ωin∥2L2 .

Step 2. Estimate of ω
(3)
H . Let

w
(3)
H (λ, k, y) :=

∫ +∞

0
ω
(3)
H (t, k, y)e−itλdt.(3.42)

It is easy to verify that

(iλ− ν(∂2y − k2) + iky)w
(3)
H (λ, k, y) = 0.
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Define

c̃l(λ) = −
∫ 1

−1

sinh k(1 + (−1)l+1y)

sinh 2k
w

(3)
H (λ, k, y)dy, l = 1, 2.(3.43)

Then, we have

w
(3)
H = −c̃1(λ)w(3)

H,1 − c̃2(λ)w
(3)
H,2,

where w
(3)
H,1 = (∂2y − k2)ϕ1, w

(3)
H,2 = (∂2y − k2)ϕ2, and ϕ1, ϕ2 are the solutions of homogeneous OS

equations (2.10) and (2.11) with ϵ = 0.

By Proposition 2.6, we infer

(3.44)
∥w(3)

H (λ, k, y)∥L2
y
⩽|c̃1(λ)|∥w(3)

H,1∥L2
y
+ |c̃2(λ)|∥w(3)

H,2∥L2
y

⩽Cν−
1
4 |k|

1
4
(
|c̃1(λ)|(1 + |λ/k + 1|)

1
4 + |c̃2(λ)|(1 + | − λ/k + 1|)

1
4
)
.

It follows from (A.12) and (2.24) that

(3.45)
∥(k, ∂y)(∂2y − k2)−1w

(3)
H (λ, k, y)∥L2

y
⩽|c̃1(λ)|∥w(3)

H,1∥L1
y
+ |c̃2(λ)|∥w(3)

H,2∥L1
y

≲(|c̃1(λ)|+ |c̃2(λ)|).

By (2.29) and L = (k/ν)
1
3 , we have

(3.46)
∥ρ

1
2
kw

(3)
H (λ, k, y)∥L2

y
⩽|c̃1(λ)|∥ρ

1
2
kw

(3)
H,1∥L2 + |c̃2(λ)|∥ρ

1
2
kw

(3)
H,2∥L2

⩽Cν−
1
6 |k|

1
6 (|c̃1(λ)|+ |c̃2(λ)|).

Using Plancherel’s theorem and summing up (3.44)–(3.46), we arrive at

(νk2)
1
3 ∥ρ

1
2
k ω

(3)
H ∥2L2L2 + |k|∥u(3)H ∥2L2L2 + ν

1
2 |k|

1
2 ∥ω(3)

H ∥2L2L2

∼(νk2)
1
3

∥∥∥ρ 1
2
kw

(3)
H ∥2L2

y

∥∥2
L2
λ
+ |k|

∥∥∥(k, ∂y)(∂2y − k2)−1w
(3)
H ∥2L2

y

∥∥2
L2
λ
+ ν

1
2 |k|

1
2

∥∥∥w(3)
H ∥2L2

y

∥∥2
L2
λ

⩽C|k|
(
∥(1 + |λ/k + 1|)

1
4 c̃1∥2L2

λ
+ ∥(1 + |λ/k − 1|)

1
4 c̃2∥2L2

λ

)
.

Thanks to ω
(3)
H (t) = 1

2π

∫
Rw

(3)
H (λ)eitλdλ and (3.44), we get

ν
1
2 |k|−

1
2 ∥ω(3)

H ∥2L∞L2 ⩽ν
1
2 |k|−

1
2

∥∥∥w(3)
H (λ)∥L2

y

∥∥2
L1
λ

≲ν
1
2k−

1
2 ν−

1
2 |k|

1
2
(
∥(1 + |λ/k + 1|)

1
4 c̃1∥2L1

λ
+ ∥(1 + |λ/k − 1|)

1
4 c̃2∥2L1

λ

)
=
(
∥(1 + |λ/k + 1|)

1
4 c̃1∥2L1

λ
+ ∥(1 + |λ/k − 1|)

1
4 c̃2∥2L1

λ

)
≲|k|

(
∥(1 + |λ/k + 1|)c̃1∥2L2

λ
+ ∥(1 + |λ/k − 1|)c̃2∥2L2

λ

)
.

By (3.43) and the boundary condition

⟨ω(3)
H , e±ky⟩ = −⟨ω(1)

H , e±ky⟩,

we have

c̃l(λ) =

∫ 1

−1

sinh k(1 + (−1)l+1y)

sinh 2k
w

(1)
H (λ, k, y)dy, l = 1, 2.(3.47)

Choosing g = ωin in Lemma A.3, we arrive at

(νk2)
1
3 ∥ρ

1
2
k ω

(3)
H ∥2L2L2 + |k|∥u(3)H ∥2L2L2 + ν

1
2 |k|

1
2 ∥ω(3)

H ∥2L2L2 + ν
1
2 |k|−

1
2 ∥ω(3)

H ∥2L∞L2

⩽C|k|(∥(1 + |λ/k + 1|)c̃1∥2L2
λ
+ ∥(1 + |λ/k − 1|)c̃2∥2L2

λ
) ⩽ C∥ωin∥2L2 .
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This together with (3.40) and (3.41) completes the proof of (3.31). □

4. Bilinear Estimates and Nonlinear Transition Threshold

In this section, we shall apply the space-time estimates and a delicate analysis on the interactions

between the low, intermediate and high frequencies of u and ω to prove Theorem 1.1, which is

the transition threshold of the Couette flow on R× [−1, 1] with non-slip boundary condition.

Recall

Ek =



∥ωk∥L∞
t L2

y
+ ν

1
2 ∥ωk∥L2

tL
2
y
+ ∥uk∥L∞

t L∞
y
+ ν

1
2 ∥uk∥L2

tL
2
y
, 0 < |k| < 10ν,

∥(1− |y|)
1
2ω∥L∞

t L2
y
+ ν

1
4 |k|−

1
4 ∥ωk∥L∞

t L2
y
+ ν

1
4 |k|

1
4 ∥ωk∥L2

tL
2
y
+ ∥uk∥L∞

t L∞
y

+ |k|
1
2 ∥uk∥L2

tL
2
y
, 10ν ⩽ |k| < 1,

∥(1− |y|)
1
2ωk∥L∞

t L2
y
+ ν

1
4 |k|

1
2 ∥ωk∥L2

tL
2
y
+ |k|

1
2 ∥uk∥L∞

t L∞
y
+ |k|∥uk∥L2

tL
2
y
, |k| ⩾ 1.

Proof of Theorem 1.1. It follows from (3.2) and Theorem 3.2 that

(4.1) ∥Ek∥L1
k
⩽
∥∥∥min

{
ν−

1
6 |k|

2
3 , ν−

1
2

}
f1(k)

∥∥∥
L1
kL

2
tL

2
y

+ ν−
1
2 ∥f2(k)∥L1

kL
2
tL

2
y
+ ∥uink ∥L1

kH
2
y
.

We claim ∥∥∥min
{
ν−

1
6 |k|

2
3 , ν−

1
2

}
f1(k)

∥∥∥
L1
kL

2
tL

2
y

+ ν−
1
2 ∥f2(k)∥L1

kL
2
tL

2
y
⩽ Cν−

1
2 ∥Ek∥2L1

k
.(4.2)

Inserting (4.2) into (4.1), we arrive at

∥Ek∥L1
k
⩽ν−

1
4 ∥|k|

1
2 f1∥L1

kL
2
tL

2
y
+ ν−

1
2 ∥f2∥L1

kL
2
tL

2
y
+ ∥uink ∥L1

kH
2
y

⩽Cν−
1
2 ∥Ek∥2L1

k
+ ∥uink ∥L1

kH
2
y
.

Due to the condition ∥uin∥H2 ⩽ cν
1
2 , we deduce

∥uink ∥L1
kH

2
y
⩽
∫
R
(1 + |k|2)∥uink ∥H2

y

1

(1 + |k|2)
dk ⩽ ∥uin∥H2(R×I) ⩽ cν

1
2 .

Choosing c suitably small, we obtain by the continuation argument

∥Ek∥L1
k
⩽ Cν

1
2 ,

which completes the proof of Theorem 1.1.

Next, we prove the claim (4.2). From the definition of Ek, the estimates ∥lu1l ∥L2
tL

2
y
⩽ El and

∥(1−|y|)
1
2ωk−l∥L∞

t L2
y
⩽ Ek−l hold true for l ∈ R and k ∈ R. Then, in terms of Hardy’s inequality

and the condition divu = 0, we deduce that

(4.3)

ν−
1
2 ∥f2∥L1

kL
2
tL

2
y
⩽ν−

1
2

∫∫
l,k

∥∥∥ u2l

(1− y)
1
2

∥∥∥
L2
tL

∞
y

∥(1− |y|)
1
2ωk−l∥L∞

t L2
y
dldk

⩽ν−
1
2

∫∫
l,k

∥∂yu2l ∥L2
tL

2
y
∥(1− |y|)

1
2ωk−l∥L∞

t L2
y
dldk

=ν−
1
2

∫∫
l,k

∥lu1l ∥L2
tL

2
y
∥(1− |y|)

1
2ωk−l∥L∞

t L2
y
dldk

⩽ν−
1
2 ∥Ek∥L1

k
∥El∥L1

l
.
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For the estimate of f1k , we first analyze the two components ul and wk−l in f
1
k . Decompose R

into I1 + I2 + I3, where

I1 = {x : 0 ⩽ |x| ⩽ 10ν} ,
I2 = {x : 10ν < |x| ⩽ 1} ,
I3 = {x : |x| > 1} .

From the definition of Ek, it is clear that

∥u1l ∥L∞
t L∞

y
≲ min

{
1, |l|−

1
2

}
El, ∥ωk∥L2

tL
2
y
≲


ν−

1
2Ek, k ∈ I1,

ν−
1
4 |k|−

1
4Ek, k ∈ I2,

ν−
1
4 |k|−

1
2Ek, k ∈ I3.

(4.4)

By (A.14), we have ∥u1l ∥L2
tL

∞
y

⩽ ∥ul∥
1
2

L2
tL

2
y
∥ωl∥

1
2

L2
tL

2
y
, which implies

∥u1l ∥L2
tL

∞
y

≲


ν−

1
2El, l ∈ I1,

ν−
1
8 |l|−

3
8El, l ∈ I2,

ν−
1
8 |l|−

3
4El, l ∈ I3,

∥ωk∥L∞
t L2

y
≲

{
Ek k ∈ I1,

ν−
1
4 |k|

1
4Ek, k ∈ I2.

(4.5)

Since u and ω exhibit distinct space-time estimates across different frequencies, we divide the

estimate of f1k into the following nine parts:

(4.6)

∥∥∥min
{
ν−

1
6 |k|

2
3 , ν−

1
2

}
f1k

∥∥∥
L1
kL

2
tL

2
y

=

∫∫
R2

min
{
ν−

1
6 |k|

2
3 , ν−

1
2

}
∥u1l ωk−l∥L2

tL
2
y
dldk

=

∫∫
R2

min
{
ν−

1
6 |k + l|

2
3 , ν−

1
2

}
∥u1l ωk∥L2

tL
2
y
dldk

=
3∑

i,j=1

∫∫
Ii,j

min
{
ν−

1
6 |k + l|

2
3 , ν−

1
2

}
∥u1l ωk∥L2

tL
2
y
dldk,

where Ii,j = {(l, k) : l ∈ Ii, k ∈ Ij}. For clarity, we divide the proof into three cases, as shown in

the following table:

Case I: I1,1 = I1 × I1 I2,1 = I2 × I1 I3,1 = I3 × I1

Case II: I1,2 = I1 × I2 I2,2 = I2 × I2 I3,2 = I3 × I2

Case III: I1,3 = I1 × I3 I2,3 = I2 × I3 I3,3 = I3 × I3

Case I: I1,1 ∪ I2,1 ∪ I3,1. Thanks to Hölder’s inequality, we have

3∑
i=1

∫∫
Ii,1

min
{
ν−

1
6 |k + l|

2
3 , ν−

1
2

}
∥u1l ωk∥L2

tL
2
y
dldk

⩽ν−
1
6

3∑
i=1

∫∫
Ii,1

|k + l|
2
3 ∥u1l ∥L2

tL
∞
y
∥ωk∥L∞

t L2
y
dldk =: A1,1 +A2,1 +A3,1.
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We use (4.5) to obtain

A1,1 +A2,1 +A3,1 ≲ν
− 1

6

∫∫
I1,1

|k + l|
2
3

ν
1
2

ElEkdldk + ν−
1
6

∫∫
I2,1

|k + l|
2
3

ν
1
8 |l|

3
8

ElEkdldk

+ ν−
1
6

∫∫
I3,1

|k + l|
2
3

ν
1
8 |l|

3
4

ElEkdldk

≲ν−
7
24 ∥El∥L1

l
∥Ek∥L1

k
≲ ν−

1
2 ∥El∥L1

l
∥Ek∥L1

k
,

where we have used that

|k + l|
2
3 ⩽ ν

2
3 , (l, k) ∈ I1,1,

|k + l|
2
3

|l|
3
8

≲
ν

2
3 + |l|

2
3

|l|
3
8

≲
ν

2
3

ν
3
8

+ |l|
7
24 ≲ 1, (l, k) ∈ I2,1,

and

|k + l|
2
3

|l|
3
4

≲
|k|

2
3 + |l|

2
3

|l|
3
4

≲ ν
2
3 +

|l|
2
3

|l|
3
4

≲ 1, (l, k) ∈ I3,1.

Case II: I1,2 ∪ I2,2 ∪ I3,2. It is easy to see that

3∑
i=1

∫∫
Ii,2

min
{
ν−

1
6 |k + l|

2
3 , ν−

1
2

}
∥u1l ωk∥L2

tL
2
y
dldk

⩽
3∑

i=1

ν−
1
6

∫∫
Ii,2

|k + l|
2
3 ∥u1l ωk∥L2

tL
2
y
dldk =: A1,2 +A2,2 +A3,2.

For A1,2, we use (4.4) for (l, k) ∈ I1,2 to obtain

A1,2 ⩽ν
− 1

6

∫∫
I1,2

|k + l|
2
3 ∥u1l ∥L∞

t L∞
y
∥ωk∥L2

tL
2
y
dldk

≲ν−
1
6

∫∫
I1,2

|k + l|
2
3

ν
1
4 |k|

1
4

ElEkdldk ≲ ν−
1
2 ∥El∥L1

l
∥Ek∥L1

k
,

where we have used that

|k + l|
2
3

|k|
1
4

≲
|k|

2
3 + |l|

2
3

|k|
1
4

≲
|k|

2
3 + |k|

2
3

|k|
1
4

≲ |k|
5
12 ≲ 1, (l, k) ∈ I1,2.

It is clear that A2,2 can be bounded by

A2,2 ⩽ν
− 1

6

∫∫
I2,2

(|k|
2
3 + |l|

2
3 )∥u1l ωk∥L2

tL
2
y
dldk.

For the term |k|
2
3 ∥u1l ωk∥L2

tL
2
y
with (l, k) ∈ I2,2, we have by (4.4) that

ν−
1
6 |k|

2
3 ∥u1l ωk∥L2

tL
2
y
⩽ ν−

1
6

|k|
2
3

ν
1
4 |k|

1
4

ElEk = ν−
5
12 |k|

5
12ElEk ⩽ ν−

1
2ElEk.
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For the term |l|
2
3 ∥u1l ωk∥L2

tL
2
y
, we use both (4.4) and (4.5) to obtain

ν−
1
6 |l|

2
3 ∥u1l ωk∥L2

tL
2
y
⩽ν−

1
6 |l|

2
3 (∥u1l ∥L∞

t L∞
y
∥ωk∥L2

tL
2
y
)
1
2 (∥u1l ∥L2

tL
∞
y
∥ωk∥L∞

t L2
y
)
1
2

⩽ν−
1
6 |l|

2
3 (ν−

1
4 |k|−

1
4ElEk)

1
2 (ν−

3
8 |l|−

3
8 |k|

1
4ElEk)

1
2

=ν−
23
48 |l|

23
48ElEk ⩽ ν−

1
2ElEk.

The above two estimates imply that

A2,2 ≲ ν−
1
2 ∥El∥L1

l
∥Ek∥L1

k
.

For A3,2, we have

A3,2 ⩽ν
− 1

6

∫∫
I3,2

(|k|
2
3 + |l|

2
3 )∥u1l ωk∥L2

tL
2
y
dldk.

Applying (4.4) to |k|
2
3 ∥u1l ωk∥L2

tL
2
y
, and (4.4)–(4.5) to |l|

2
3 ∥u1l ωk∥L2

tL
2
y
, we arrive at

A3,2 ⩽ν
− 1

6

∫∫
I3,2

|k|
2
3

ν
1
4 |k|

1
4

ElEkdldk

+ ν−
1
6

∫∫
I3,2

|l|
2
3 (ν−

1
4 |k|−

1
4 |l|−

1
2ElEk)

1
3 (ν−

3
8 |l|−

3
4 |k|

1
4ElEk)

2
3dldk

=

∫∫
I3,2

(
ν−

5
12 |k|

5
12 + ν−

1
2 |k|

1
6

)
ElEkdldk ≲ ν−

1
2 ∥El∥L1

l
∥Ek∥L1

k
,

where we have used |k| ⩽ 1 for k ∈ I2.

Case III: I1,3 ∪ I2,3 ∪ I3,3. Due to min{ν−
1
6 |k + l|

2
3 , ν−

1
2 } ⩽ ν−

1
4 |k + l|

1
2 , we have

3∑
i=1

∫∫
Ii,3

min
{
ν−

1
6 |k + l|

2
3 , ν−

1
2

}
∥u1l ωk∥L2

tL
2
y
dldk

⩽
3∑

i=1

∫∫
Ii,3

ν−
1
4 |k + l|

1
2 ∥u1l ωk∥L2

tL
2
y
dldk =: A1,3 +A2,3 +A3,3.

We use (4.4) to obtain

A1,3 +A2,3 =

∫∫
I1,3∪I2,3

ν−
1
4 |k + l|

1
2 ∥u1l ωk∥L2

tL
2
y
dldk

⩽
∫∫

I1,3∪I2,3

|k + l|
1
2

ν
1
2 |k|

1
2

ElEkdldk ≲ ν−
1
2 ∥El∥L1

l
∥Ek∥L1

k
,

where we have used

|k + l|
1
2 |k|−

1
2 ⩽ 2, (k, l) ∈ I1,3 ∪ I2,3.

For A3,3, thanks to (4.4) and |l||k| ≳ |k + l| for (l, k) ∈ I3,3, we deduce

A3,3 =

∫∫
I3,3

ν−
1
4 |k + l|

1
2 ∥u1l ωk∥L2

tL
2
y
dldk

≲
∫∫

I3,3

|k + l|
1
2

ν
1
2 |l|

1
2 |k|

1
2

ElEkdldk ≲ ν−
1
2 ∥El∥L1

l
∥Ek∥L1

k
.



28 QUANTITATIVE STABILITY FOR THE 2D COUETTE FLOW

Inserting the estimates of Ai,j into (4.6), we arrive at∥∥∥min
{
ν−

1
6 |k|

2
3 , ν−

1
2

}
f1k

∥∥∥
L1
kL

2
tL

2
y

⩽ Cν−
1
2 ∥Ek∥2L1

k
.

This inequality, together with (4.3), completes the proof of (4.2). □

5. Enhanced Dissipation Estimates

In this section, we show that the linearized Navier-Stokes equation has the enhanced dissipation

effect when the frequencies |k| ⩾ ν1−.

We first point out that the solution of the linear equation{
∂tωNa + ν(∂2y − k2)ωNa + ikyωNa = 0,

ωNa(t, k,±1) = 0, ωNa(0, k, y) = ωin(k, y)

has the enhanced dissipation effect on frequencies |k| ⩾ ν1−. Actually, together with [11, Lemma

6.3], Proposition 2.1 and the Gearhart-Prüss type lemma in [32] can imply that the solution ωNa

has the following estimate:

∥eϵ(ν|k|2)
1
3 tωNa∥L∞

t L2
y
⩽ ∥ωin∥L2

y
, |k| ⩾ 10ν,

where ϵ is a small constant.

Now, we prove Theorem 1.3, which presents the enhanced dissipation estimates with non-slip

boundary condition. Recall the linearized equation

(5.1)



∂tω − ν(∂2y − k2)ω + ikyω = 0,

ω = (∂2y − k2)ψ,

ψ(t, k,±1) = ψ′(t, k,±1) = 0,

ω(0) = ωin(k, y).

Denote u = (∂y,−ik)(∂2y − k2)−1ω. According to the range of k: 0 ⩽ |k| < 10ν, 10ν ⩽ |k| < 1

and |k| ⩾ 1, we establish the enhanced dissipation estimates in each range.

For |k| ⩾ 1, it follows [13, Proposition 6.2-6.3] that

∥eϵ(νk2)
1
3 tu∥L∞

t L2
y
+ ∥eϵ(νk2)

1
3 tu∥L2

tL
2
y
⩽ C|k|−1∥ωin∥2L2

y
.(5.2)

For 0 ⩽ |k| < 10ν, by the energy estimate method, we easily obtain

∥eϵνtu∥L∞
t L2

y
+ ν

1
2 ∥eϵνtu∥L2

tL
2
y
⩽ C∥ωin∥L2

y
.(5.3)

For the frequency range 10ν ⩽ |k| < 1, we have

Proposition 5.1. Let 10ν ⩽ |k| < 1 and ω be a solution of (5.1) with ωin ∈ L2(I) and

⟨ω0, e
±ky⟩ = 0. Then there exists a constant C > 0 independent of ν, k such that

∥eϵ(νk2)
1
3 tu∥L∞

t L2
y
+ |k|

1
2 ∥eϵ(νk2)

1
3 tu∥L2

tL
2
y
⩽ C(ν

1
3 |k|−

1
3 ∥∂yωin∥L2

y
+ ∥ωin∥L2

y
).

Combining (5.2), (5.3) with Proposition 5.1, we complete the proof of Theorem 1.3. In order

to prove Proposition 5.1, we first give the following lemma.

Lemma 5.2. Let ωI be a solution of (3.17) with f1, f2 ∈ L2. Then there exists a constant ϵ > 0

independent of ν, k such that for 10ν ⩽ |k| < 1, we have

∥eϵνk2tuI∥L∞
t L2

y
+ |k|

1
2 ∥eϵνk2tuI∥L2

tL
2
y
≲ ν−

1
6 |k|

1
3 ∥eϵ(νk2)

1
3 tf1∥L2

tL
2
y
+ ν−

1
2 ∥eϵ(νk2)

1
3 tf2∥L2

tL
2
y
.
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Proof. Using energy method, we easily obtain

1

2

d

dt
∥uI∥2L2 + ν∥ωI∥2L2 ⩽ ν−

1
3 |k|

2
3 ∥f1∥2L2 + ν−1∥f2∥2L2 + C|k|∥∂yψI∥2L2 .

Thanks to

d

dt
∥eϵ(νk2)

1
3 tuI∥2L2 ⩽ eϵ(νk

2)
1
3 t d

dt
∥uI∥2L2 + ϵ(νk2)

1
3 eϵ(νk

2)
1
3 t∥uI∥2L2 ,

we can reduce the estimate of ∥eϵ(νk2)
1
3 tuI∥L∞

t L2
y
to ((νk2)

1
3 + |k|)∥eϵ(νk2)

1
3 tuI∥2L2

tL
2
y
. For 10ν ⩽

|k| < 1, due to

(νk2)1/3∥eϵ(νk2)
1
3 tuI∥2L2

tL
2
y
⩽ |k|∥eϵ(νk2)

1
3 tuI∥2L2

tL
2
y
,

it remains to bound |k|∥eϵ(νk2)
1
3 tuI∥2L2

tL
2
y
. Therefore, we introduce

w̃I(λ, k, y) =

∫ +∞

0
ωI(t, k, y)e

ϵ(νk2)
1
3 t−itλdt,

F̃j(λ, k, y) =

∫ +∞

0
fj(t, k, y)e

ϵ(νk2)
1
3 t−itλdt, j = 1, 2,

which satisfy 
− ν(∂2y − k2)w̃I + ik

(
y +

λ

k

)
w̃I − ϵ(νk2)

1
3 w̃I = −ikF̃1 − ∂yF̃2,

(∂2y − k2)ϕ̃I = w̃I ,

ϕ̃I(±1) = ∂yϕ̃I(±1) = 0.

Let ũI = (∂yϕ̃I ,−ikϕ̃I). In light of Proposition 2.3, we obtain

∥ũI∥L2 ⩽ ν−
1
6 |k|−

1
6 ∥F̃1∥L2 + ν−

1
2 |k|−

1
2 ∥F̃2∥L2 .(5.4)

Due to Plancherel’s theorem, we arrive at

∥eϵ(νk2)
1
3 tuI∥L2

tL
2
y
⩽ ν−

1
6 |k|−

1
6 ∥eϵ(νk2)

1
3 tf1∥L2

tL
2
y
+ ν−

1
2 |k|−

1
2 ∥eϵ(νk2)

1
3 tf2∥L2

tL
2
y
.

□

Proof of Proposition 5.1. Similar analysis as in the proof of Lemma 5.2, we can reduce the bound

of ∥eϵ(νk2)
1
3 tu∥L∞

t L2
y
to estimate |k|∥eϵ(νk2)

1
3 tu∥2

L2
tL

2
y
.

We decompose ω = ω(1)+ω(2)+ω(3) as in Proposition 3.4, where ω(1), ω(2), ω(3) satisfy (3.32),

(3.33) and (3.34), respectively. Then, we divide the proof into two steps.

Step 1. Estimates of u(j), j = 1, 2. By Lemma 5.2, we have

(5.5)

∥eϵ(νk2)
1
3 tu(2)∥L2

tL
2
y

≲ν−
1
6 |k|

1
3 ∥eϵ(νk2)

1
3 t(νk2 − (νk2)

1
3 )ω(1)∥L2

tL
2
y
+ ν−

1
2 ∥eϵ(νk2)

1
3 tν∂yω

(1)∥L2
tL

2
y

≲ν
1
6 |k|∥eϵ(νk2)

1
3 tω(1)∥L2

tL
2
y
+ ν

1
2 ∥eϵ(νk2)

1
3 t∂yω

(1)∥L2
tL

2
y
.

We use (3.36) and (3.38) to get

ν
1
6 |k|∥eϵ(νk2)

1
3 tω(1)∥L2

tL
2
y
=ν

1
6 |k|∥e−(1−ϵ)(νk2)

1
3 t∥L2(0,∞)∥ωin∥L2 =

|k|
2
3 ∥ωin∥L2

y

2(1− ϵ)
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and

ν
1
2 ∥eϵ(νk2)

1
3 t∂yω

(1)∥L2
tL

2
y
⩽ν

1
3 |k|−

1
3 ∥∂yωin∥2L2

y
+ 2∥ωin∥L2

y
.

Inserting the above two estimates into (5.5), we deduce

∥eϵ(νk2)
1
3 tu(2)∥L2

tL
2
y
⩽ C(ν

1
3 |k|−

1
3 ∥∂yωin∥L2

y
+ ∥ωin∥L2

y
).

Using u(1) = e−(νk2)
1
3 tu(0) and (3.39), we get

∥eϵ(νk2)
1
3 tu(1)∥L2

tL
2
y
= ∥e−(1−ϵ)(νk2)

1
3 tu(0)∥L2

tL
2
y
⩽ C|k|−

1
2 ∥ωin∥L2

y
.

Step 2. Estimates of u(3). Let

w̃(λ, ξ, y) =

∫ +∞

0
ω(3)(t, ξ, y)e−itλ+ϵ(νk2)

1
3 tdt,

ũ(λ, y) =

∫ +∞

0
u(3)e−itλ+ϵ(νk2)

1
3 tdt,

c̃j(λ) =

∫ +∞

0
aj(t)e

−itλ+ϵ(νk2)
1
3 tdt, j = 1, 2.

Then, we have

(iλ− ν(∂2y − k2) + iky)w̃(λ, k, y) = 0,

c̃l(λ) = −
∫ 1

−1

sinh k(1 + (−1)l+1y)

sinh 2k
w̃(λ, k, y)dy, l = 1, 2,

which imply

ũ = −c̃1(λ)ũ1 − c̃2(λ)ũ2.

By (A.12) and (2.24) (A.3), (A.4), we deduce

∥u∥L2
tL

2
y
⩽
∥∥|c̃1(λ)|∥ũ1∥L2

y

∥∥
L2
λ
+
∥∥|c̃2(λ)|∥ũ2∥L2

y

∥∥
L2
λ

⩽C(∥c̃1∥L2
λ
+ ∥c̃2∥L2

λ
)(∥w̃1∥L1

y
+ ∥w̃2∥L1

y
)

⩽C|k|−
1
2 ∥ωin∥L2

y
.

This inequality yields

|k|
1
2 ∥eϵ(νk2)

1
3 tu(3)∥L2

tL
2
y
⩽|k|

1
2 ∥ũ(λ)∥L2

λL
2
y
⩽ ∥ωin∥L2

y
.

Then, combining the estimate of u(i) (1 ⩽ i ⩽ 3), we arrive at

(5.6)

|k|
1
2 ∥eϵ(νk2)

1
3 tu∥L2

tL
2
y

⩽|k|
1
2 ∥eϵ(νk2)

1
3 tu(1)∥L2

tL
2
y
+ |k|

1
2 ∥eϵ(νk2)

1
3 tu(2)∥L2

tL
2
y
+ |k|

1
2 ∥eϵ(νk2)

1
3 tu(3)∥L2

tL
2
y

⩽C(ν
1
3 |k|−

1
3 ∥∂yωin∥L2

y
+ ∥ωin∥L2

y
).

This completes the proof of Proposition 5.1. □
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Appendix A. Some Basic Estimates

Lemma A.1 (Wirtinger’s Inequality). If f ∈ C1[a, b] and f(a) = f(b) = 0, then∫ b

a
|f(x)|2dx ⩽

(
b− a

π

)2 ∫ b

a
|f ′(x)|2dx.

Lemma A.2. Let 10ν ⩽ |k| < 1. We have∥∥∥sinh(k(1 + y))

sinh 2k

∥∥∥
L∞(−1,1)

⩽ C,
∥∥∥sinh(k(1− y))

sinh 2k

∥∥∥
L∞(−1,1)

⩽ C,(A.1) ∥∥∥cosh(k(1 + y))

sinh 2k

∥∥∥
L2(−1,1)

⩽ |k|−1,
∥∥∥cosh(k(1− y))

sinh 2k

∥∥∥
L2(−1,1)

⩽ |k|−1.(A.2)

Proof. Due to

sinh(k(1 + y))

sinh 2k
=
ek(1+y) − e−k(1+y)

e2k − e−2k
=
ek(y−1)(1− e−2k(y+1))

1− e−4k
,

for 10ν ⩽ |k| < 1, we obtain∥∥∥sinh(k(1 + y))

sinh 2k

∥∥∥
L∞(−1,1)

≲

∥∥∥∥2k(1 + y)

4k

∥∥∥∥
L∞(−1,1)

⩽ C.

For cosh(k(1+y))
sinh 2k , thanks to 10ν ⩽ |k| < 1, we get∥∥∥cosh(k(1 + y))

sinh 2k

∥∥∥
L2(−1,1)

=
∥ek(1+y) + e−k(1+y)∥L2(−1,1)

|e2k − e−2k|
⩽

|e4k − e−4k|

|k||e2k − e−2k|
⩽ C|k|−1.

In a similar way, we can obtain the estimates in (A.1) and (A.2) including the factors

sinh(k(1− y)) and cosh(k(1− y)). □

Lemma A.3. For |k| > 0, define

c̃l(λ) =

∫ +∞

0
al(t)e

−itλdt

with

al(t) =

∫ 1

−1

sinh k(1 + (−1)l+1y)

sinh 2k
e−(νk2)

1
3 t−ikytg(k, y)dy, l = 1, 2.

If g ∈ L2
y, then we have

∥(1 + |λ/k + 1|)c̃1∥2L2
λ
⩽ C|k|−1∥g∥2L2

y
,(A.3)

∥(1 + |λ/k − 1|)c̃2∥2L2
λ
⩽ C|k|−1∥g∥2L2

y
.(A.4)

Proof. It is clear that

∥(1 + |λ/k + 1|)c̃1(λ)∥2L2
λ
= |k|

∫
R
(1 + |λ|)2|c̃1(k(λ− 1))|2dλ

and

c̃1(k(λ− 1)) =

∫ +∞

0
a1(t)e

itk−itλkdt.
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Using Plancherel’s formula, we deduce that

|k|∥c̃1(k(λ− 1))∥2L2
λ
⩽ ∥eitka1(t)∥2L2

t
, |k|∥|λ|c̃1(k(λ− 1))∥2L2

λ
⩽ |k|−2∥∂t(eitka1)∥2L2

t
.

Thus, (A.3) can be reduced to prove

∥eitka1(t)∥2L2
t
⩽ |k|−1∥g∥2L2 , ∥∂t(eitka1(t))∥2L2

t
⩽ C|k|∥g∥2L2 .(A.5)

Denote

b1(t) =

∫ 1

−1

sinh k(y + 1)

sinh 2k
e−ikytg(k, y)dy.(A.6)

Then, we have

∥eikta1(t)∥2L2
t
= ∥eikt−(νk2)1/3tb1(t)∥2L2

t
(A.7)

and

(A.8)
∥∂t(eikta1(t))∥2L2

t
=
∥∥∥eikt−(νk2)1/3t

(
∂tb1(t) + ikb1(t)− (νk2)1/3b1(t)

)∥∥∥2
L2
t

⩽∥∂tb1(t) + ikb1(t)∥2L2
t
+ ∥(νk2)

1
3 b1(t)∥2L2

t
.

It follows from Plancherel’s formula that∫
R
|b1(t)|2dt =

2π

|k|

∫ 1

−1

∣∣∣sinh k(y + 1)

sinh 2k
g(k, y)

∣∣∣2dy ⩽
2π

|k|
∥g∥2L2 .(A.9)

By (A.6), we obtain

∂tb1(t) + ikb1(t) =

∫ 1

−1
ik(1− y)

sinh k(y + 1)

sinh 2k
e−itkygdy.

By Plancherel’s formula and (A.1), we obtain

(A.10)

∫
R
|∂tb1(t) + ikb1(t)|2dt =

2π

|k|

∫ 1

−1

∣∣∣ik(1− y)
sinh k(y + 1)

sinh 2k
g
∣∣∣2dy ⩽ 2π|k|∥g∥2L2 .

Putting (A.9), (A.10) into (A.7) and (A.8), we directly obtain (A.5) and hence completes the

proof of (A.3). In a similar way, we can obtain (A.4). □

Lemma A.4. Let (∂2y − k2)ψ = w, ψ(±1) = 0. For 0 ⩽ |k| ⩽ 1, we have

∥ψ′′∥2L2 + 2|k|2∥ψ′∥2L2 + |k|4∥ψ∥2L2 = ∥w∥2L2 ,(A.11)

∥ψ′∥2L2 + ∥ψ∥2L2 ⩽ C∥w∥2L1 ⩽ C∥w∥2L2 ,(A.12)

∥ψ′∥L∞ + ∥ψ∥L∞ ⩽ C∥w∥L1 ⩽ C∥w∥L2 ,(A.13)

∥ψ′∥L∞ ⩽ ∥ψ′∥1/2
L2 ∥w∥

1/2
L2 ,(A.14)

where ψ′ = ∂yψ and ψ′′ = ∂yyψ.

Proof. Taking the L2 inner produce with w, we obtain

∥ψ′′∥2L2 + 2|k|2∥ψ′∥2L2 + |k|2∥ψ∥2L2 = ⟨(∂2y − k2)ψ, (∂2y − k2)ψ⟩ = ⟨w,w⟩ = ∥w∥2L2 .

For (A.12), using Wirtinger’s inequality, we have

∥ψ∥L2 ⩽
2

π
∥ψ′∥L2 .

Then, it suffices to prove

∥∂yψ∥L2 ⩽ C∥w∥L1 .
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Due to

|ψ(y)| =
∣∣∣∣∫ y

−1
ψ′(ỹ)dỹ

∣∣∣∣ ⩽ (y + 1)
1
2 ∥ψ′∥L2 ,(A.15)

we have

∥ψ′∥2L2 + |k|2∥ψ∥2L2 = ⟨−w,ψ⟩ ⩽ ∥w∥L1∥ψ∥L∞ ⩽ 2∥w∥L1∥ψ′∥L2 ,

which implies

∥ψ′∥L2 ⩽ 2∥w∥L1 .

For (A.13), by interpolation and (A.12), we infer that

∥ψ∥L∞ ⩽ ∥ψ′∥1/2
L2 ∥ψ∥

1/2
L2 ⩽ ∥w∥L1 .

For y ∈ [0, 1], there exists y1 ∈ (y − 1, y) ∩ (−1, 1) so that |ψ′(y1)| ⩽ ∥ψ′∥L2 . Then we have

|ψ′(y)| ⩽|ψ′(y1)|+
∫ y

y1

|ψ′′(z)|dz

⩽∥ψ′∥L2 +

∫ y

y1

|k2ψ(z) + w(z)|dz

⩽∥ψ′∥L2 + |k|2∥ψ∥L∞ + ∥w∥L1 ⩽ C∥w∥L1 .

This inequality yields ∥ψ′∥L∞ ⩽ C∥w∥L1 .

By making use of interpolation and (A.11), we have

∥ψ′∥L∞ ⩽ ∥ψ′∥1/2
L2 ∥ψ′′∥1/2

L2 ⩽ ∥ψ′∥1/2
L2 ∥w∥

1/2
L2 .

□

Appendix B. Airy Function

Let Ai(z) be the classical Airy function which satisfies

∂2zAi(z)− zAi(z) = 0.

As presented in [11, 29, 31], for |argz| ⩽ π − ε, ε > 0, Ai(z) has the following asymptotic formula

Ai(z) =
1

2
√
π
z−

1
4 e−

2
3
z
3
2 (1 +R(z)), R(z) = O(z−

3
2 ).

Define

A0(z) =

∫ +∞

eiπ/6z
Ai(t)dt = eiπ/6

∫ +∞

z
Ai(eiπ/6t)dt.

Here, we show some properties for A0(z).

Lemma B.1. [29] There holds that

1. There exists δ0 > 0 such that A0(z) has no zeros in the half plane Imz ⩽ δ0.

2. Let a(δ) = sup
{
Re
(
A′

0(z)
A0(z)

)
: Imz ⩽ δ

}
. There exists δ0 > 0 so that a(δ) ∈ C([0, δ0]) and

a(0) = −0.4843 · · · .

3. For |arg(ze
iπ
6 )| ⩽ π − ε, ε > 0, we have the asymptotic formula

A′
0(z)

A0(z)
− eiπ/6(zeiπ/6)

1
2 +O(z−1).
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Lemma B.2. [11] Let δ0 be as in Lemma B.1. there exists c > 0 so that for Imz ⩽ δ0,∣∣∣A′
0(z)

A0(z)

∣∣∣ ⩽ 1 + |z|
1
2 , Re

A′
0(z)

A0(z)
⩽ −c(1 + |z|

1
2 ).

Define

η(z, x) =
A0(z + x)

A0(z)
= exp

(∫ x

0

A′
0(z + t)

A0(z + t)
dt
)
,

we have

Lemma B.3. [11] For 0 < σ < −a(0), there exists δ1 > 0 so that for Imz ⩽ δ1 and x ⩾ 0,

|η(z, x)| ⩽ e−aσx,

with aσ = −a(0)− σ.
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