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ABSTRACT

The motivation of this paper is to obtain reliable constraints of transition redshift
(22tr) and, in combination with the evolution of the Hubble constant (Hy) that could
alleviate the Hubble tension, discuss the possible origin of the tension. Utilizing the
latest H(z) measurements and different methods (ACDM model, Cosmography, and
Gaussian process method), we investigated the impact of methodology and dataset on
Z»4r constraints, and find that the choice of method has a greater impact on 2z, than
the observations themselves. Through a statistical analysis of the z,¢,. constraints from
2004 to 2024, we find that total z. constraints (2004—2024) can be well described by
a Gaussian function with the mean value 0.65 and the standard deviation 0.16; that
is, Zr(all) = 0.65 £ 0.16. And we confirmed that both dataset and methodology can
indeed significantly affect the final constraints. The screened z;,. constraints with free
Hy gives a new result z;.(free) = 0.64 + 0.16. Coincidentally, the z;,. results overlap
with the initial moment of Hy evolution (Hy value starts to deviate from the Planck
result). This may suggest that the Hubble tension might be closely related to this
particular period in the evolution of the Universe.

Key words: cosmological parameters — cosmology: theory — cosmology: observations
— Cosmology

1 INTRODUCTION ing (Wong et al. 2020) and so on. The so-called ACDM model
is the simplest theoretical model that supports this accel-
b ¢ lerated ion. includine t I eration phase, which consists of a cosmological constant A
phase of accelerated expansion, Inc uding type fa supernovac term (Weinberg 1989; Padmanabhan 2003) and a cold dark
(SNe Ia; Riess et al. 1998, 2007; Scolnic et al. 2018; Brout . Qs
. . matter component (Davis et al. 1985; Silk et al. 2010). In ad-
et al. 2022; Rubin et al. 2023; Abbott et al. 2024), Cosmic .\ .
. dition, there are several other models that can also explain
Microwave Background (CMB; Komatsu et al. 2011; Planck . .
. . ] . the accelerated expansion, such as dark energy fluid (Pee-
Collaboration et al. 2014, 2020a), Baryonic Acoustic Oscil- . . .
. . . ) . bles & Ratra 2003), massive gravity theories (Volkov 2012),
lations (BAOs; Eisenstein et al. 2005; Roos 2012; Eisenstein . . . .
modifications of Newtonian theory (MOND; Milgrom 1983),
et al. 2011; Smee et al. 2013; Adame et al. 2025b), Hubble . . .
f(R) gravity (Capozziello & de Laurentis 2011; Guo & Frolov
parameter (H(z)) measurements (Farooq et al. 2013b; Fa- . s
. 2013), {(T) gravity (Myrzakulov 2011; Cai et al. 2016), brane
rooq & Ratra 2013; Farooq et al. 2017; Sudharani et al. 2024; : )
world models (Cline et al. 1999; Randall & Sundrum 1999),
Koussour et al. 2024), Gamma-ray bursts (GRBs; Wang . . .
string (Damour & Polyakov 1994), Kaluza-Klein theories
et al. 2015; Hu et al. 2021; Cao et al. 2022a; Wang et al. . .
. . . ! (Overduin & Wesson 1997), and so on. Theoretically, the
2022; Liu et al. 2022; Jia et al. 2022; Dainotti et al. 2023), : . .
Dark DES: Abbott ot al. 2019 1 current accelerated expansion of the Universe is a smooth
ark energy survey ( ’ ottt ak. ), quasar lens- transition from a decelerating expansion. A model without
a deceleration-acceleration transition fails on explaining cur-
rent cosmological observations (Jesus et al. 2020).

Most observations indicate that the Universe is currently in a
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the Universe (Riess et al. 2004), there have been many
attempts, using different type observations and methods,
to precisely constrain the parameter that determines such
transition from deceleration to an accelerated phase, that
is transition redshift z; (Firmani et al. 2005; Liang &
Zhang 2005; Guimaraes et al. 2009; Rani et al. 2015; Yu
et al. 2018; Capozziello et al. 2022; Rahman 2023). Var-
ious approaches have been proposed and can be roughly
divided into two categories: (i) model-dependent and (ii)
model-independent. The former (i) gives the constraints
of zi based on commonly cosmological models, for exam-
ple ACDM (Firmani et al. 2005), woCDM (Firmani et al.
2005), oACDM (Moresco et al. 2016), Chevallier-Polarski-
Linder (CPL) model(Krishnan et al. 2021), Chameleon
model (Salehi & Hatami 2022). The latter (ii) usually adopts
a model-independent method to constrain the parameter
ztr, for instance Cosmograhpy (Riess et al. 2004, 2007;
Guimaraes et al. 2009), linear parametrization (Cunha &
Lima 2008; Rani et al. 2015; Jesus et al. 2018; Muccino
et al. 2023), Gaussian process (GP; Seikel et al. 2012; Yu
et al. 2018; Kumar et al. 2023), piecewise linear fit (Moresco
et al. 2016), and Bezier curve (Muccino et al. 2023). In the-
ory, for the given cosmic evolution history, consistent con-
straints should be given on the transition redshift z;, when
using different methods and different type of observations.
For the determination of transition redshift z., it is impor-
tant for understanding the late-time evolution history of the
Universe. Until now, the local observations can not provide
accurate constraints on z:, like the CMB and the their dis-
tribution is relatively scattered, most of which fall within
the redshift range (0.3, 1.0). In order to accurately esti-
mate the transition redshift, much high-quality data at high
enough redshift above the transition redshift are needed. At
the same time, different methods and observations are also
necessary to facilitate cross-verification.

Recently, there have been some hints that the Hubble
constant Ho(z) might evolve with the redshift of the data
used. They come from a combination of different observa-
tions and methods, and the main observations used include
quasar lens (Wong et al. 2020; Millon et al. 2020), SNe Ia
(Dainotti et al. 2021; Horstmann et al. 2022; Malekjani et al.
2024; O Colgéin et al. 2024; Dainotti et al. 2025), H(z) mea-
surements (Hu & Wang 2022a), and composite observations
(Krishnan et al. 2020; Dainotti et al. 2022; 0O Colgain et al.
2022; Jia et al. 2023; Xu et al. 2024; Jia et al. 2025; Lopez-
Hernandez & De-Santiago 2025). The evolutionary behavior
of Ho(z) is one of the proposed solutions that can allevi-
ate the Hubble tension which is currently one of the most
serious challenge to the standard ACDM model. This ten-
sion arises from the 50 discrepancy between the values of
Hy measured from the local distance ladder (SHOES; Riess
et al. 2022) and the Planck cosmic microwave background
(CMB; Planck Collaboration et al. 2020b). More informa-
tion about the Hubble tension can be obtained from the re-
view literature (Di Valentino et al. 2021; Abdalla et al. 2022;
Perivolaropoulos & Skara 2022; Hu & Wang 2023; Kroupa
et al. 2023; Vagnozzi 2023; Capozziello et al. 2024; Riess &
Breuval 2024; Wang et al. 2024). It is noteworthy that the
evolutionary behavior occurs at redshifts between 0.30 and
0.70 (Hu & Wang 2022a; Jia et al. 2023, 2025), which seems
to coincide with the possible redshift range of the transition
redshift z;,-. This may not be a coincidence. There are rea-

sons to suspect that the Hubble tension might be related to
this special period in the evolution of the Universe (Riess
et al. 2004, 2007; Hu & Wang 2022a). Therefore, accurately
constraining z:» might help us better understand the evolu-
tion of the Hubble constant and explore the nature of the
Hubble tension.

In this present work, our primary goal is to constrain
the transition redshift z: utilizing the different combina-
tions of methods and observations. Afterwards, we collected
the results from studies from 2004 to 2024 and constructed
a statistical analysis. Finally, based the final results and re-
cent research on the evolution behavior of the Hubble con-
stant that can alleviate the Hubble tension, we gave some
comments on the tension. Our research encompasses three
methods (ACDM model, Cosmography and Gaussian pro-
cess (GP) method) and three kinds of H(z) measurements
including cosmic chronometers (CCs), BAOs, and Dark En-
ergy Spectroscopic Instrument (DEST) BAOs (Adame et al.
2025b). The outline of this paper is as follows. Section 2 pro-
vides basic information about the datasets used. Section 3
presents the methods for deriving estimates of z;, in detail.
Section 4 contains the presentation of our principal results.
A comprehensive analysis and discussion can be found in
Sect. 5. Finally, a brief conclusion is presented in Sect. 6.

2 DATA SAMPLE

There are 60 H(z) measurements used in this paper. It cov-
ers redshift range (0.07, 2.40), consists 35 CCs (Moresco
et al. 2012; Borghi et al. 2022; Jiao et al. 2023; Jimenez
et al. 2023; Tomasetti et al. 2023a) and 25 BAOs (Hu et al.
2024c; Yang et al. 2024). The former is derived by compar-
ing relative ages of galaxies at different redshifts (Jimenez
& Loeb 2002). The latter depends on the sound horizon at
the drag epoch rq (Adame et al. 2025b). More detailed in-
formation can be found in Tables Al and A2. These two
datasets have been widely used in cosmological researches,
such as cosmological constraints (Yu et al. 2018; Briffa et al.
2020; Velasquez-Toribio & Magnago 2020; Cao et al. 2022b;
Luongo & Muccino 2024), cosmic anisotropy (Bengaly et al.
2024; Hu et al. 2024b; Sah et al. 2024), calibration of the
GRB correlations (Wang et al. 2015; Hu et al. 2021; Liang
et al. 2022; Wang et al. 2022; Li et al. 2023; Favale et al.
2024), constraints of the transition redshift (Moresco et al.
2016; Jesus et al. 2020), cosmographic constraints (Li et al.
2020; Arjona & Nesseris 2021; Velasquez-Toribio & Fabris
2022) and alleviation of the Hubble tension (Hu & Wang
2022a; De Simone et al. 2024; Hu et al. 2024c; Liu et al.
2024a,b; Xu et al. 2024; Boubel et al. 2025; Lopez-Hernandez
& De-Santiago 2025).

Uncertainty in the H(z) measurements consists of two
components: statistical and systematic errors. The former
will decrease with the advancement of observation technol-
ogy and the increase of sample size, but the latter will not
necessarily decrease accordingly. Systematic error can arise
from a variety of factors, including instrumentation, environ-
ment, and observational methods. For CCs measurements,
the systematic errors primarily stem from the assumption
of stellar population synthesis (SPS) model, error in the CC
star formation history (SFH), error in the CC metallicity
estimate and rejuvenation effect (Moresco et al. 2022). For
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BAOs measurements, the systematic errors primarily stem
from theoretical systematics, modelling choices and observa-
tional systematics (Chen et al. 2024). For the treatments of
systematic of CCs and BAOs, see references Moresco et al.
(2020) and Gémez-Valent et al. (2024), respectively. In this
paper, we not only considered statistical errors in the re-
search process, but also analyzed and discussed the possible
impact of systematic errors with examples.

3 METHODOLOGY

In this section, we will show how to reconstruct the decel-
eration parameter, q(z), from H(z) measurements, and then
find the transition redshift from the condition q(z+) = 0. In
order to perform this reconstruction, we must know how to
obtain q(z) from H(z) measurements utilizing different ap-
proaches including the ACDM model, Cosmography, and GP
method. Assuming a Friedman-Lemaitre-Robertson-Walker
(FLRW) metric, the definition of the deceleration parameter
q(z) and its relation to H(z) can be given by:
1 a 1+4+zdH
Q(Z):—ﬁa— H dz 1)

where a is the scale factor, and H is Hubble parameter H(z).
As one may see, the deceleration parameter q(z) can be ob-
tained from H(z) and from its first derivative, H/(z).

3.1 ACDM model
For the flat ACDM model, H(z) can be given by
H(z) = HoE(2) = Ho/Qm (1 + 2)3 + Qa. (2)

Here Hy is the Hubble constant, which characterizes the
current expansion rate of the Universe. Parameters 2, and
Q represent the matter density and the dark energy density,
respectively. In the flat ACDM model, the sum of these two
parts equals 1.00, that is Q., + Qs = 1. Substituting Eqgs.
(2) into (1), we get

B 30 (14 2)3
2[Qm (14 2)3 + 1 — Q)

Utilizing Eq. (3), we can get the expression of transition
redshift as follows

20— Qm)pss

q(z) = -1 (3)

r = 4
e (4)
and its corresponding lo error is given by

221 —=Qm),_2
e L X
where oq,, represents the 1o error of the best fits of €.

Finally, the estimation of the transition redshift z;. can be
given by combining Eqs. (4) and (5) with the best fitting
results of ,,. Parameter fitting is performed employing the
MCMC method, which introduced in detail in section 3.4.

3.2 Cosmography

Cosmography has been widely used in cosmological data pro-
cessing to stint the state of the kinematics of our Universe in
a model-independent way (Visser 2015; Dunsby & Luongo
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2016; Capozziello et al. 2018; Capozziello & Ruchika 2019;
Capozziello et al. 2019; Lusso et al. 2019; Bargiacchi et al.
2021; Gao et al. 2024; Kalbouneh et al. 2024, 2025; Mishra
et al. 2025; Pourojaghi et al. 2025). It relies only on the
assumption of a homogeneous and isotropy universe as de-
scribed by the FLRW metric (Weinberg 1972). Its method-
ology is essentially based on expanding measurable cosmo-
logical quantities as Taylor series with respect to the current
time. In this framework, the evolution of universe can be de-
scribed by some cosmographic parameters, such as Hubble
parameter H, deceleration g, jerk j, snap s, and lerk [ pa-
rameters. The corresponding definitions of these parameters
can be expressed as follows:
a 1 d . 1 a 1 a 1 a
H= = me = ma ~ma! " wa O
The z-redshift method is the earliest Taylor series used
in Cosmography. The corresponding luminosity distance
can be conveniently expressed as (Cattoén & Visser 2007;
Capozziello et al. 2011)

c 1 1 )
dr(z) = Fo[z + 5(1 — QO)22 — 6(1 —qo — 3q§ —1—]0);;3

Lo o 15¢2 — 15¢5 i 4 10q0 4

+ ﬂ( —2qo — 15¢g5 — 15qn + 570 + 10qojo + s0)z
1 .

+ 15p(~6+ 600+ 81qp + 165¢5 + 105¢5 + 1055

—  27jo — 110qojo — 105¢5 jo — 15goso — 11so — lp)z°

+ 0(z")],

(7)

where Ho, qo, jo, So, and lp represent the current values. The
first two terms above are Weinberg’s version of the Hubble
law which can be found from Equation (14.6.8) in the book
(Weinberg 1972). The third and fourth terms are equivalent
to that obtained by Nakamura & Chiba (1999) and Visser
(2004), respectively. Meanwhile, the corresponding expres-
sion of H(z) can be written as (Capozziello et al. 2020b)

1, 1
H(z) = Ho[l+(1+qo)z+ 5(30 —q0)2” — 6(*3q§ — 3q5
. 5, 1 .
+ Jo(3+4g0) + s0)2" + 57 (—4jo + o — 1245 — 24q;
— 155 + 50(12 + 32q0 + 25¢5) + 8s0 + Tqos0)z"
+ 0= (8)

Substituting Eqs. (8) in (1), we get

_ DL+ 2p22 + (3ps + p2)2”® + (4pa + 2ps)2° + 3paz’
1+ p1z + p22® + psz® + paz?

)

q(2)
9)

where
p1 = 1+qo,
1,.
p2 = 5(30 — ),
I VRN
p3 = _6(_3% —3q0 +]O(3+4q0)+80)7
1 . :
pr = 5y(—4jo+1lo —12g5 — 24¢5 — 1565 + jO(12 + 3240
+  25¢3) + 8s0 + Tqoso)z". (10)

Considering the small amount of data, in order to avoid
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overfitting and high uncertainty, we only give constraints on
first two parameters go and jo (Hu & Wang 2022b). With
the simplified Egs. (8) and (9), we can derive the transition
redshift according to the condition q(z+-) = 0 in the following
form

_2q0

ZtT:—l-F 1+ 5 -
Jo —4qp

(11)

The corresponding 1o error can be given by

1 —2qo —1/2 —2jo — 21]8 2 2
Oz = 14+ -—F= 7 oo /) O
zZt 2( ]O_qu) (JO_q8)2 ) q0
—2qo 2 291/2
i o2 , 12
Gy ™! 1

where o4, and o, are the lo errors corresponding to the
best fits.

3.3 Gaussian process method

Gaussian process has been extensively used for cosmological
applications, such as constraint on cosmological parameters
(Yu et al. 2018; Gémez-Valent & Amendola 2018; Liao et al.
2019; Briffa et al. 2020), calibration of high redshift cosmic
probe (Hu et al. 2021; Wang et al. 2022) and comparison of
cosmological models (Melia & Yennapureddy 2018). Here,
we only give a brief introduction to the GP method. A more
detailed explanation can be discovered from the literature
(Rasmussen & Williams 2006; Schulz et al. 2018). In this
work, the GP regression is implemented by employing the
package GaPP3 ' (Pedregosa et al. 2011) in the Python envi-
ronment. It will reconstruct a continuous function h(z) that
is the best representative of a discrete set of measurements
h(z;) £ 0; at x;, where ¢ = 1,2,..., N and o; is the 1o error.
The GP method assumes that the value of h(z;) at any posi-
tion x; is random that follows a Gaussian distribution with
expectation u(z) and standard deviation o(x). They can be
determined from observations through a defined covariance
function k(z,x;) or kernel function

> k() (MY ih(x;), (13)

wx) = 2
and
N
o) = k(z,x;)— Z k:(a:,xi)(M_l),-]-k(mj,m), (14)

where the matrix M;; = k(z;,x;) + ¢i; and ¢;; is the co-
variance matrix of the observations. For uncorrelated data,
it can be simplified as diag(c?). Equations (13) and (14)
specify the posterior distribution of the extrapolated points.
For given data sets (x;,y:), considering a suitable GP kernel,
it is straightforward to derive the continuous function h(x)
which used to get the value of Ho, that is h(0).

In this work, we consider a common kernel function, the
Radial Basis Function kernel (RBF) kernel, also known as
the Gaussian kernel, which can be written as

k(x, &) = o} exp [—%} (15)

! https://github.com/lighink/GaPP3

where, parameters o5, and [ control the strength of the cor-
relation of the function value and the coherence length of
the correlation in z, respectively. More detailed informa-
tion about covariance functions for the Gaussian process can
be found in chapter 4 of the book (Rasmussen & Williams
2006). Parameters op, and ! are optimized for the observa-
tions, h(x;) £ 0;, by minimizing the log marginal likelihood
function (Seikel et al. 2012)

WL = 3 (b a4y lh(a)  pa)
1 1
— §1n|M|—§N1n27r, (16)

where |M]| is the determinant of M;;.

The GP method, as performed by GaPP3, furnish not
only the H(z) reconstruction from H(z) measurements, but
also its derivatives up to fourth order and their estimated un-
certainties and covariances. More details can be found from
Seikel et al. (2012). Therefore, it just remains to estimate
the uncertainty of q(z), oq, via the error propagating Eq.
(1). We get

142z
= H —1 1
ax) = 20 -, (7)
and
Oq \2 OH' \2 OH\2 204y
= ZHy2 1
({50 = (G + Gy - T (18)

where, H ' represents the derivative of H(z) with respect to
redshift z.

3.4 MCMC method

Constraints of free parameters P; (including Q,,, Ho, go and
jo) for a fixed cosmological model can be given by minimiz-
ing the chi-square (x?) function. When only statistical error
is considered, the corresponding format of x? is as follows:

X2 _ z (AE)Q . (19)

ag

Here, o; is the corresponding 1o statistical error. AH rep-
resents the difference between the observational Hubble pa-
rameter Hops(2) and the theoretical prediction Hen (P;, 2:):

AH = Hobs(2) — Hin (P, 2i). (20)

Equations (2) and (8) can provide the Hn (P, 2;) for the
flat ACDM model and the Cosmography method, respec-
tively. When both statistical error (Csiat) and systematic
error (Csyst) are considered, the corresponding format of x?
is as follows:
2 -1 T

X = AIicvstaﬂ»systAI—I : (21)
At this time, the statistical (Csiqt) and systematic (Csyst)
covariance matrices are combined and adopted to constrain
the cosmological parameters:

Cstat+syst - Csyst + Cstat- (22)

In this work, the minimization is performed employing a
Bayesian Markov chain Monte Carlo (MCMC) (Foreman-
Mackey et al. 2013) method with the emcee package®. All

2 https://emcee.readthedocs.io/en/stable/
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Figure 1. Cosmological constraints of the flat ACDM model from
a diverse combination of observations which consists CCs, BAOs
and DESI BAOs.

the fittings in this paper are obtained adopting this python
package.

4 RESULTS

First, we gave the cosmological constraints of the ACDM
model from a diverse combination of observations which in-
cluding CCs, BAOs and DESI BAOs. For the CCs + BAOs
+ DESI BAOs combination, the corresponding constraints
are ,, = 0.28 +0.01 and Hy = 69.63 = 0.94 km/s/Mpc.
They are in line with ones obtained from other combina-
tions within 1o level. All the marginalized likelihood distri-
butions are shown in Fig. 1 and the corresponding best fits
are summarized in Table 1. According to the cosmological
constraints, we derived the corresponding z;. estimations
utilizing the Egs. (4) and (5). Results derived from vari-
ous combinations are 0.604+0.13 (CCs), 0.67+0.08 (CCs +
DESI BAOs), 0.791+0.05 (BAOs), 0.76+£0.03 (BAOs + DESI
BAOs) and 0.73+0.03 (CCs + BAOs + DESI BAOs).

For the estimation of z;, based on the Cosmography, we
still need to first give the cosmographic constraints on differ-
ent observational combinations. Subsequently, by inserting
the best fits into Eqgs. (11) and (12), the estimations of z,
can be achieved. Individual CCs or BAOs measurements do
not give tight constraints here. Thus, we only considered
three combination scenarios: (1) CCs + DESI BAOs, (2)
BAOs + DESI BAOs and (3) CCs + BAOs + DESI BAOs.
The best fitting results are (Ho = 69.11733% km/s/Mpc, qo
= -0.481013, jo =0.691013), (Ho = 64.037333 km/s/Mpc,
qo = -0.287012 jo = 0.407513) and (Hy = 64.6142.08
km/s/Mpc, go = -0.3040.10, jo = 0.42712) for the obser-
vational combinations CCs + DESI BAOs, BAOs + DESI
BAOs and CCs + BAOs + DESI BAOs, respectively. The
corresponding confidence contours and best fits are shown

MNRAS 000, 1-13 (2025)
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—— CCs + DESI BAOs
—— BAOs + DESI BAOs
—— CCs + BAOs + DESI BAOs
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Figure 2. Confidence contours (lo and 20) for the parameters
space (Ho, qo, jo) utilizing the Cosmography method.

in Fig. 2 and Table 1, respectively. According the Cosmo-
graphic constraints, we gave the final estimations of z:: (1)
0.45+0.38, (2) 0.3240.38 and (3) 0.35+0.33.

For the GP method, we first drew the reconstructed
H(z) function with 1o error based on the different observa-
tional combinations, as shown in Fig. 3. Utilizing the recon-
struction function of H(z), it is convenient to obtain the esti-
mates of Hy. The Hy constraints are overall biased towards
Planck results (Planck Collaboration et al. 2020a). The nu-
merical results are summarized in Table 1. Combining the
reconstructed functions of H(z) and H (z) with Egs. (17) and
(18), we can reconstruct the q(z) function. From the recon-
structed results in Fig. 4, it is easy to get the transition red-
shift employing the condition q(z¢-) = 0, and the estimation
of go. The estimations of go from CCs, CCs 4+ DESI BAOs,
BAOs, BAOs + DESI BAOs, CCs + BAOs + DESI BAOs
datasets are -0.49£0.44, -0.55£0.26, -0.25£0.12, -0.34+0.13,
and -0.39+0.14, respectively. These qo values are consistent
with the result of standard ACDM model with €,, = 0.30.
The results of the transition redshift 2, are 0.5710 3% (CCs),
0.72+9-07 (CCs + DESI BAOs), 0.58+9:1% (BAOs), 0.637993
(BAOs + DESI BAOs) and 0.65597 (CCs + BAOs 4 DESI
BAOs).

In addition, we also gave the results considering the sys-
tematic error to discuss the influence of the systematic error
on the z;. constraints. Taking CCs + DESI BAOs sample
as an example, we gave the constraints obtained by different
methods when considering the CCs systematic and statis-
tical errors, as shown in Table 2. For the ACDM model,
Cosmography and GP method, the estimations of z; are
0.6940.08, 0.50+0.44 and 0.777307 respectively. In here,
the system covariance matrix of CCs is calculated utiliz-
ing the method proposed by Moresco et al. (2020), which
combines statistical and systematic errors. These covariance
matrices have been widely used in cosmological researches
(Gémez-Valent et al. 2024; O. Colgéin et al. 2025).



6  Jian-Ping, Hu et al.

Table 1. Cosmological constraints (Q,, Ho, go and jo) and derived estimations (z¢r) utilizing different combinations of methods and

datasets. Parameter Hy in units of km s~ Mpc™1.

Method Parameter  Dataset (A)  Dataset (B) Dataset (C) Dataset (D) Dataset (E)
flat ACDM Hy 67.76735¢  69.44721% 70297102 69.7279:05  69.63+0.94
Qm 0.3375:58 0.3040.03 0.2675:52 0.2740.01  0.28+0.01
Ztr 0.60£0.13 0.67+£0.08 0.79+£0.05 0.76+0.03 0.73£0.03
Cosmography Hy - 69.1175-31 - 64.037293  64.61+2.08
0 - -0.48t3;1}§ - -0.28t8;1ﬁ -0.3010.1(;1
Jo - 0.6970 17 - 0.4070 17 0.4277 13
Ztr - 0.45+0.38 - 0.32£0.38 0.3540.33
GP Hyp 67.48 £+ 4.58 70.194£3.58 63.17+3.11 64.97+2.68 67.794+4.48
qo0 -0.4940.44 -0.55£0.26 -0.254+0.12 -0.34£0.13 -0.3940.14
+0.13 40.07 +0.15 +0.09 +0.07
Ztr 0577913 0.721+9:97 05813 0.637399 0657997
Note: Dataset combination: (A) CCs; (B) CCs + DESI BAOs; (C) BAOs; (D) BAOs + DESI BAOs; (E) CCs + BAOs + DESI BAOs.
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Figure 3. Reconstruction of the Hubble parameter H(z) adopting
the GP method with different combinations of CCs, BAOs, DESI
BAOs datasets.

Table 2. Cosmological constraints (., Ho, go and jo) and de-
rived estimations (z¢r) obtained from CCs + DESI BAOs utiliz-
ing different methods, taking into account both CCs systematic
and statistical errors. Parameter Hg in units of km s~ Mpc~1!.

Method Parameter  Dataset (B)
flat ACDM Hy 70.3173:2%
Qm 0.2940.03
Ztr 0.6940.08
+4.06
Cosmography Hg 70.98761{)2;
o -0.53%12103
jo 0.7579 79
Ztr 0.50£0.44
GP Hy 72.54+4.56
qo -0.6140.35
o ol
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Figure 4. Reconstruction of the deceleration parameter q(z) adopt-

ing the GP method with different combinations of CCs, BAOs,
DESI BAOs datasets.

5 ANALYSIS AND DISCUSSION

Full numerical results from our analysis are displayed in Ta-
ble 1 and Fig. 5. The left panel of Fig. 5 is classified ac-
cording to methodology, which helps to understand the dis-
crepancy between different methods. The right panel shows
the classification according to used samples. From Fig. 5,
we can find that the z¢. constraints obtained from different
datasets employing the same approach are consistent with
each other within 1o level. Afterwards, we calculated the
mean values Z; of the same method. For the flat ACDM,
the result is Z;» = 0.71 £ 0.06 (62,,.). The ones from the Cos-
mography and GP method are 0.37 + 0.36 and 0.637013 re-
spectively. It can be found that Z:(Cosmography) < Z:(GP
method) < Z;(ACDM model) and 6., (ACDM model) <
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Figure 5. Estimations of the transition redshift z:. adopting the
different methods with diverse combinations of of CCs, BAOs,
DESI BAOs datasets. Left panel shows all the results classified
by the approaches used. Dotted lines and shadow regions repre-
sent the mean value and corresponding 1o range calculated by the
results from different methods. For the flat ACDM model, Cos-
mography and GP method, the calculations are Z¢» = 0.7140.06,
0.3740.36 and 0.63t81}2, respectively. Right panel shows all the
results classified according to the dataset used. Labels (a), (b)
and (c) represent the GP method, the flat ACDM model, and
the Cosmography method, respectively. Dotted line and shadow
regions represent the mean value and corresponding 1o range cal-
culated by all our results, that is Z¢ = 0.60 4= 0.16.

G2, (GP method) < &;,,(Cosmography). The results ob-
tained by the model-independent method are significantly
smaller than those of the ACDM model. Different methods
have different abilities to constrain the transition redshift
Ztr. The flat ACDM model and GP method give smaller 1o
error of z:; constraints than that from the Cosmography
method. Cosmography method has more free parameters,
which will make the constraints worse and increase the lo
error of z:. From the right panel of Fig. 5, we can see that
the impact of the dataset on the results is weaker than that
of the methodology. Afterwards, we calculated the statisti-
cal mean of our results and its 1o error; that is Z;. = 0.60
and &, = 0.16. At the same time, we also investigated the
impact of systematic errors on the results using CCs + DESI
BAOs as an example. By comparing the results before and
after considering the systematic error, as shown in Tables
1 and 2, we find that considering the systematic error can
cause the best fits of the cosmological parameters (2, Ho,
go and jo) to change insignificantly (less than 1o), and the
corresponding 1o error increases slightly. Changes in con-
straints on cosmological parameters (., o and jo) lead
to a slight increase (less than 1o) in the estimated value of
ztr. It is worth noting that the Hubble constant Hy is the
most affected, with a maximum increase of 2.35 km/s/Mpc,
but it is not directly related to the estimation of 2. This
finding shows that systematic errors can significantly affect
the value of Hp, suggesting that the current Hubble ten-
sion might also be caused by unknown systematic errors.
We should be cautious about systematic errors.

Since the discovery of the accelerated expansion of the
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Universe, there have been many researches on the transition
redshift z;-. Many z- related researches (2004-2024) which
utilizing different types of observations and approaches are
showed in Table A3. According to the type of dataset and the
methodology, we categorized the collected results, as shown
in Fig. 6. The left panel shows the classification results ac-
cording to the dataset, and the right panel shows the clas-
sification results according to the methodology. From Fig.
6, it is easy to find that our results are in line with with
most of the results, with only a few being inconsistent (Rani
et al. 2015; Jesus et al. 2018; Capozziello et al. 2022). Over-
all, current constraints on z;. are quite diffuse, covering a
wide redshift range (0.25, 1.02). It can be seen that both
the dataset and methodology can both affect the final re-
sult, with the latter having a stronger impact. Therefore, the
current results of the constraints of 2. are still inconclusive.
Through statistical analysis, we find that all z¢, constraints
(2004—2024) can be well described by a Gaussian function
with the mean value 0.65 (Z:-(all)) and the standard devia-
tion 0.16 (oz,, (all)), as shown in Fig. 7.

From the left panel of Fig. 6, taking Zz;-(all) = 0.65
as reference, we can find that z; constraints obtained
from different type datasets have different preferences. Some
datasets prefer smaller value, such as SNe Ia (Riess et al.
2004, 2007; Cunha & Lima 2008; Guimaraes et al. 2009;
Capozziello et al. 2015), CCs (Yu et al. 2018), CCs + two
lya (Yu et al. 2018). Some prefer larger value, for instant,
GRBs (Liang & Zhang 2005; Wang & Dai 2006; Muccino
et al. 2023), H(z) + SNe Ia (Jesus et al. 2018; Velasquez-
Toribio & Magnago 2020), CCs + SNe Ia + ISW (Rahman
2023), BAOs (Busca et al. 2013). The rest show no clear
preference (Firmani et al. 2005; Wang & Dai 2006; Cunha
& Lima 2008; Xu et al. 2009; Planck Collaboration et al.
2020a). Compared with the dataset type, the preferences
for different methods are more obvious. From right panel
of Fig. 6, we can see the tendencies of different methods.
The 2 constraints utilizing the flat ACDM model (Fir-
mani et al. 2005; Liang & Zhang 2005; Wang & Dai 2006;
Guimaraes et al. 2009; Farooq et al. 2017; Planck Collab-
oration et al. 2020a; Velasquez-Toribio & Magnago 2020;
Rahman 2023), f(R) gravity (Capozziello et al. 2014), lin-
ear parametrization (Cunha & Lima 2008; Rani et al. 2015;
Jesus et al. 2018; Capozziello et al. 2022; Muccino et al.
2023), and statistical analysis (Farooq & Ratra 2013; Fa-
rooq et al. 2013a, 2017) favor a larger value. Ones from the
woCDM model (Firmani et al. 2005), w.CDM model (Fir-
mani et al. 2005), Chameleon model (Salehi & Hatami 2022),
f(T) gravity (Capozziello et al. 2015), GP method (Yu et al.
2018; Haridasu et al. 2018; Jesus et al. 2020), and Piecewise
linear fit (Moresco et al. 2016) prefer a smaller value. In
general, there are certain preferences for the z;, constraints
given by different methods and different datasets. In addi-
tion to methods and observations, different treatments of
nuisance parameter (Hp) can also affect the constraints of
z¢r. In past studies, there are three common treatments: (a)
fixed (Firmani et al. 2005; Liang & Zhang 2005; Wang &
Dai 2006; Farooq & Ratra 2013; Farooq et al. 2013a, 2017),
(b) marginalized (Cunha & Lima 2008; Moresco et al. 2016;
Kumar et al. 2023), and (c) free (Riess et al. 2004; Xu et al.
2009; Jesus et al. 2018; Yu et al. 2018; Haridasu et al. 2018;
Jesus et al. 2020; Muccino et al. 2023; Myrzakulov et al.
2024). Specifically, category (a) usually fixes Hy to the mea-
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Figure 7. Statistical result of transition redshift z¢, which obtained
between 2004 and 2024. The zi, distribution well described by a
Gaussian function with the mean value 0.65 (solid line) and the
standard deviation 0.16 (dotted line).

surements of SHOES (Riess et al. 2022) or CMB (Planck
Collaboration et al. 2020a); category (b) typically assumes
a Gaussian prior on Ho based on the SHOES (Riess et al.
2022) or CMB (Planck Collaboration et al. 2020a) results;
and category (c) treats Ho as a free parameter. Categories
(a) and (c) are relatively easy to understand. For category
(b), we give an example to help readers understand, for in-
stance, Moresco et al. (2016) assumed a gaussian prior on
the Hubble constant Ho = 734+2.4 km/s/Mpc (Riess et al.
2011) to obtain the z:r constraints. When Hy is fixed, z:r is
positively correlated with it, and the larger Hy is, the larger

0.21

=1

/

o
0

Proportion

02 04 06 08 1.0
Transition redshift

Figure 8. Statistical result of transition redshift z¢, which obtained
between 2004 and 2024 with free Hg. The z4- distribution well
described by a Gaussian function with the mean value 0.64 (solid
line) and the standard deviation 0.16 (dotted line).

the z¢, is (Farooq & Ratra 2013; Farooq et al. 2017). Consid-
ering that the value of the nuisance parameter Hy can affect
the estimation of z:., we screened out z:- with Hy as a free
parameter from the total z: set (2004 — 2024), and then
show it in Fig. 8. For convenience, we defined the z; con-
straints selected by the free parameter Hy as the screening
condition as "screened z¢, constraints”. From Fig. 8, it can be
found that the screened z:, constraints can be well described
by a Gaussian function with the mean value 0.64 (Z¢(free))
and the standard deviation 0.16 (o, (free)). Compared with
the previous results (Z(free) = 0.65 £ 0.16), there is no
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significant change. All in all, the z:. constraints are closely
related to many factors, such as data type, research method,
redshift range and assumption. To clarify the details, more
precisely measurements are needed for further research.

Recently, a possible correlation between the lens red-
shift and the inferred of Ho(z) was found using time-delay
cosmography of lensed quasars by the HOLICOW collabo-
ration (Wong et al. 2020). The statistical significance was
approximately 1.90. Subsequently, the addition of a new
HOLiCOW lens (DES J0408-5354) by Millon et al. (2020)
slightly weakened the trend to 1.7¢. Inspired by this, Krish-
nan et al. (2020) obtained Ho constraints for different red-
shift ranges (z < 0.7) by binning a joint dataset consisting
of megamasers, CCs, SNe Ia and BAO according to redshift.
They also found a similar Hy descending trend with low sig-
nificance in different cosmological models (Krishnan et al.
2020). To date, the same Hy descending trend has been ver-
ified by multiple methods and datasets (Dainotti et al. 2021;
Horstmann et al. 2022; Hu & Wang 2022a; Wu et al. 2022;
0 Colgéin et al. 2022; Jia et al. 2023, 2025; Montani et al.
2025a; Gao et al. 2025; Dilsiz et al. 2025). These researches
hint that the Hubble constant Hy might evolve with redshift.
What caused the evolution is still unclear. There are many
speculations about the possible reasons for the evolution of
Hy, for instance the local void (Enqvist 2008; Garcia-Bellido
& Haugbglle 2008; Keenan et al. 2013; Wang & Dai 2013;
Mazurenko et al. 2025; Banik & Kalaitzidis 2025), cosmic
anisotropy (Yadav 2023; Hu et al. 2024a; Yadav et al. 2024;
Hu et al. 2024c), modified gravity (Capozziello et al. 2020a,
Benetti et al. 2021; Escamilla et al. 2024), dynamic dark
energy (Colgédin & Sheikh-Jabbari 2024; Giare et al. 2024;
Adame et al. 2025b; Montani et al. 2025a; Park & Ratra
2025), dark energy - dark matter interaction (Wang et al.
2016; Montani et al. 2025b) and so on. But there is no con-
clusion yet.

According to the research on Hy redshift evolution, we
know that starting from a certain moment in the late uni-
verse, the Hy constraint began to deviate from the CMB
result (Planck Collaboration et al. 2020a), gradually evolv-
ing into the current Hubble tension (Krishnan et al. 2020;
Hu & Wang 2022a; Jia et al. 2023, 2025; Mazurenko et al.
2025). From the study of Krishnan et al. (2020), it can be
found that the divergence of Hy begins around redshift 0.50.
Hu & Wang (2022a) reported a late-time transition of Ho;
that is, Ho changes from a low value to a high one from
early to late cosmic time by combining the GP method and
H(z) measurements. The Hy transition occurs around red-
shift 0.49, which is also where the divergence of Hy begins. In
addition, some studies have shown that the divergence of Hy
begins around 0.70 (Jia et al. 2023, 2025). Thus, these find-
ings suggest that the Hubble tension might begin near the
redshift interval of 0.49 to 0.70. Coincidentally, we find that
the transition redshift (Z(all) = 0.65+ 0.16 and Z:(free) =
0.64+ 0.16) obtained based on the statistical analysis from
2004 to 2024 are exactly within this range. Therefore, we
suspect that Hubble tension might be related to this spe-
cial period of cosmic evolution, when the Universe smoothly
transitions from a decelerating expansion to an accelerat-
ing expansion. Previously, we have always believed that the
Hubble tension was just a contradiction between the early-
time and late-time universe. But the redshift evolution of
the Hubble constant seems to tell us that the Hubble ten-
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sion may also be a contradiction between different redshift
intervals in the late-time universe. And combined with the
history of cosmic evolution, we suspect that the Hubble ten-
sion might be closely related to this special period of cosmic
evolution. Near the transition redshift z¢,, the proportion of
dark energy increases slightly, causing the Hubble constant
to evolve with redshift. There are many physical mecha-
nisms that cause the increase in the dark energy percentage,
such as dynamical dark energy (Colgdin & Sheikh-Jabbari
2024; Giare et al. 2024; Adame et al. 2025b; Montani et al.
2025a; Park & Ratra 2025; Scherer et al. 2025) and dark
energy - dark matter interaction (Wang et al. 2016; Mon-
tani et al. 2025b). From Planck + DR2 + DESY5 dataset,
Scherer et al. (2025) found a transition from a phantom-like
regime (w < -1) at early times to a quintessence-like regime
(w > -1) today, driven by the negative values of the de-
viation parameter A. The transition occurs at around red-
shift 0.50. Detailed information can be found in Figure 5
in literature (Scherer et al. 2025). In addition, an unknown
physical mechanism might have occurred during the special
period, exacerbating the accelerated expansion of the Uni-
verse and causing the current Hubble tension. The unknown
mechanism might also be related to the special properties of
dark matter and dark energy. Further research not only re-
quires more precise observations to accurately constrain the
transition redshift z;,. and the redshift evolution behavior of
Hubble constant, but also requires a deeper understanding
of dark matter and dark energy. In summary, precise posi-
tioning of 2 might help to find the physical nature of the
redshift evolution of the Hubble constant and the Hubble
tension.

6 CONCLUSION

Transition redshift z: is a special period in the history of
cosmic evolution, when the Universe smoothly transitions
from decelerating expansion to accelerating expansion. De-
termining the exact moment in which accelerated phase be-
gan is an interesting question. In the present paper, we con-
strain the transition redshift z; utilizing the latest H(z)
measurements (35 CCs, 20 BAOs and 5 DESI BAOs) and
three kinds of methods (ACDM model, Cosmography, and
GP method). By comparing the constraints given by differ-
ent methods and datasets, we find that dataset and method-
ology can both affect the final constraints, with the latter
having a stronger impact. Compared with the other two
model-independent methods, the ACDM model prefers a
larger z:. constraint. Different methods have different abili-
ties to constrain the transition redshift z:,.. Through statis-
tical analyses of the research results from 2004 to 2024, we
find that all z;, constraints and the screened z:- constraints
with free Hp can be well described by Gaussian functions;
that is Z-(all) = 0.65 &+ 0.16 and Z-(free) = 0.64 £ 0.16.
Coincidentally, these results overlap with the initial position
of the redshift evolution of the Hubble constant. Therefore,
we speculate that the origin of the Hubble tension might be
associated with the special period. However, a reasonable
physical mechanism to explain this coincidence and firmly
link the two is lacking. In future research, we will pay more
attention to studying the late-time evolution of the Uni-
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verse, especially around redshift range (0.50, 0.70), to find a
suitable physical explanation.

In summary, the determination of the transition red-
shift z¢r is similar importance in modern cosmology as the
Hubble constant Hp, deceleration parameter qo, and cosmic
constant A. Accurately constraining the redshift is crucial
to understanding the evolutionary history of the late-time
Universe and will provide new perspectives for exploring the
redshift evolution of the Hubble constant and the physical
nature of the Hubble tension.
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Table Al. H(z) measurements from Cosmic Chronometer (in units of km s~'Mpc™1).

No. z H(z) Ref. No. z H(z) Ref.

(1) 007  69.0+19.6 Zhang et al. (2014) (2) 009  69.0+12.0 Simon et al. (2005)

(3) 012  68.6+26.2 Zhang et al. (2014) (4) 017  83.0+8.0 Simon et al. (2005)

(5) 0.179 75.0£4.0 Moresco et al. (2012) (6) 0.199 75.0£5.0 Moresco et al. (2012)
(1) 02  72.9+206 Zhang et al. (2014) (8) 027  77.0+£14.0 Simon et al. (2005)

9) 0.28 88.8 £ 36.6 Zhang et al. (2014) (10)  0.352 83.0+14.0 Moresco et al. (2012)
(11)  0.3802 83.0£13.5 Moresco et al. (2016) (12) 0.4 95.0+£17.0 Simon et al. (2005)
(13) 0.4004 77.0+10.2 Moresco et al. (2016) (14) 0.4247 87.1+11.2 Moresco et al. (2016)
(15) 0.4497  92.8+12.9 Moresco et al. (2016) (16) 0.47 89.0 + 50 Ratsimbazafy et al. (2017)
(17)  0.4783 80.9+9.0 Moresco et al. (2016) (18) 0.48 97.0+62.0  Ratsimbazafy et al. (2017)
(19) 0.593 104.0 +£13.0 Moresco et al. (2012) (20) 0.68 92.0+£8.0 Moresco et al. (2012)
(21) 0.75 98.8 £+ 33.6 Borghi et al. (2022) (22) 0.75 105.0 £ 7.9 Jimenez et al. (2023)
(23) 0.781 105.0 +£12.0 Moresco et al. (2012) (24) 0.80 113.1+15.1 Jiao et al. (2023)

(25) 0.875 125.0+17.0 Moresco et al. (2012) (26) 0.88 90.0+40.0  Ratsimbazafy et al. (2017)
(27) 0.9  117.0£23.0  Simon et al. (2005) (28)  1.037  154.0+20.0 Moresco et al. (2012)
(29)  1.26 1350465  Tomasetti et al. (2023b) (30) 1.3 168.0+17.0 Simon et al. (2005)
(31) 1.363 160.0 £+ 33.6 Moresco (2015) (32) 1.43 177.0 £ 18.0 Simon et al. (2005)
(33)  1.53  140.0+ 14.0 Simon et al. (2005) (34) 175 202.0 4+ 40.0 Simon et al. (2005)
(35) 1.965 186.5 £ 50.4 Moresco (2015)

Table A2. H(z) measurements from the BAO measurements including 5 DESI BAOs (in units of km s~ Mpc™1).

13

No. z H(z) Ref. No. z H(z) Ref.

DESI:
(1) 0.51  97.21+2.83 Adame et al. (2025c¢) (2) 071 101.57+3.04 Adame et al. (2025c¢)
(3) 0.93 114.07£2.24 Adame et al. (2025c¢) (4) 1.32  147.58 £4.49 Adame et al. (2025c¢)
(5) 2.33  239.38 +4.80 Adame et al. (2025a)

Other:
(1) 024 79.69+2.99  Gaztafiaga et al. (2009)  (2) 0.36  79.93 +3.39 Wang et al. (2017)
(3) 038 81.50+1.90 Alam et al. (2017) (4) 040  82.04+2.03 Wang et al. (2017)
(5) 043 86.45+3.68  Gaztaiaga et al. (2009)  (6) 0.44  84.81+ 1.83 Wang et al. (2017)
(7) 048  87.79+2.03 Wang et al. (2017) (8)  0.51  90.40 & 1.90 Alam et al. (2017)
(9) 056  93.33+2.32 Wang et al. (2017) (10) 057  87.60 £ 7.80 Chuang et al. (2013)
(11) 0.57  96.80 + 3.40 Anderson et al. (2014) (12) 0.59 98.48 +£3.19 Wang et al. (2017)
(13)  0.60 87.90 +6.10 Blake et al. (2012) (14) 0.61  97.30+2.10 Alam et al. (2017)
(15) 0.64 98.82+2.99 Wang et al. (2017) (16) 1.48 153.81£6.39 Neveux et al. (2020)
17) 2.30 224.0 £8.0 Busca et al. (2013) (18) 2.34 223.0£7.0 Delubac et al. (2015)
(19) 2.36 226.0 + 8.0 Font-Ribera et al. (2014) (20) 2.40 227.8+5.61 du Mas des Bourboux et al. (2017)

APPENDIX A: ADDITIONAL MATERIALS

Tables Al and A2 show the H(z) measurements used in this paper. Table A3 shows the z¢, constraints collected from 2004 to 2024.
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Table A3. Constraints of the transition redshift z+. obtained by different methods and different datasets.
Year Zip method Ref. Year Zipr method Ref.
2004 0.4670:18 SNe Ia (a) Riess et al. (2004) 2018 0.8117059 H(z) + SNe Ia (e) Jesus et al. (2018)
2005 0.7375-09 GRBs + SNe Ia (b) Firmani et al. (2005) 2018 0.87+0-6¢ H(z) + SNe Ia (e) Jesus et al. (2018)
2005 0.40 GRBs + SNe Ia (c) Firmani et al. (2005) 2018 0.97F3-6¢ H(z) + SNe Ia (e) Jesus et al. (2018)
2005 0.55 GRBs + SNe Ia (d) Firmani et al. (2005) 2018 0.5710 37 CCs + two lya (j) Yu et al. (2018)
2005 0.7870-32 GRBs (b) Liang & Zhang (2005) 2018 0.46+0-32 H(z) (j) Yu et al. (2018)
2006 0.697013 GRBs (b) Wang & Dai (2006) 2018 0.55102% acs (j) Yu et al. (2018)
2006 0.61170:95 GRBs + SNe Ia (b) Wang & Dai (2006) 2018 0.4410-5¢ H(z) (j) Yu et al. (2018)
2007 0.4370-07 SNe Ia (a) Riess et al. (2007) 2018 0.64F032 H(z) 4+ SNe Ia (j) Haridasu et al. (2018)
2008 0.61735% SN LS (e) Cunha & Lima (2008) 2020 0.5910 72 H(z) (j) Jesus et al. (2020)
2008 0.4375-02 SNe TIa (e) Cunha & Lima (2008) 2020 0.68T5 1L SNe Ia (j) Jesus et al. (2020)
2008 0.6070-28 SNe Ia (e) Cunha & Lima (2008) 2020 0.63F0-62 Planck (b) Planck Collaboration et al. (2020a)
2000 0.717098 SNe Ia (b) Guimardes et al. (2009) 2020  0.7019-39 H(z) + SNe Ia (b) Velasquez-Toribio & Magnago (2020)
2000 0.49F0-27 SNe Ia (a) Guimardes et al. (2009) 2021 0.6575-9%  H(z) + BAOs + SNe Ia (e) Capozziello et al. (2022)
2000 0.4670-59 SNe Ia (a) Guimardes et al. (2009) 2021 0.5719-57 H(z) (e) Capozziello et al. (2022)
2009 0.4870-3¢ SNe Ta (a) Guimardes et al. (2009) 2021 1.0279:91  H(z) + BAOs + SNe Ia (e) Capozziello et al. (2022)
2000 0.52F0-2% SNe Ia (a) Guimardes et al. (2009) 2021 0.6078-12 H(z) (e) Capozziello et al. (2022)
2009 0617031 H(2) + BAOs + SNe Ia (a) Xu et al. (2009) 2022 0437051 H(2) + BAOs + SNe Ia (k) Salehi & Hatami (2022)
2009 0.5975-0%7  H(z) + BAOs + SNe Ia (a) Xu et al. (2009) 2023 0.597033 H(z) (1) Kumar et al. (2023)
2000 0.9570-38  H(2) + BAOs + SNe Ia (a) Xu et al. (2009) 2023 0.62F0-58 H(z) (m) Kumar et al. (2023)
2013 0.827098 BAOs (b) Busca et al. (2013) 2023 0.8510 72 SNe TIa (1) Kumar et al. (2023)
2018 0.74F398 H(z) (*) Farooq & Ratra (2013) 2023 0.72+0-63 CCs + SNe Ia + ISW (b) Rahman (2023)
2013 0.7470:99 H(z) (%) Farooq et al. (2013a) 2023 0.62F700% H(z) (n) Muccino et al. (2023)
2014 0777038 H(z) + SNe Ia (f) Capozziello et al. (2014) 2023 0.701059 H(z) (e) Muccino et al. (2023)
2015 0.6470-98 SNe Ia (g) Capozziello et al. (2015) 2023 0.8110-68 H(z) (e) Muccino et al. (2023)
2015 0.257035 SNe Ia (g) Capozziello et al. (2015) 2023 0.701058 GRBs (e) Muccino et al. (2023)
2015 0.98 AG + SL + SNe Ia (e) Rani et al. (2015) 2028 0.71+0-07 GRBs (e) Muccino et al. (2023)
2015 0.96 AG 4+ SL + SNe Ia (e) Rani et al. (2015) 2024 0.60 H(z) + BAOs + SNe Ia (o) Myrzakulov et al. (2024)
2015 0.60 AG + SL + SNe Ia (e) Rani et al. (2015) 2024 0.78 H(z) + BAOs + SNe Ia (o) Myrzakulov et al. (2024)
2016 0.64703% H(z) (h) Moresco et al. (2016) 2024 0.66 H(z) + BAOs + SNe Ia (o) Myrzakulov et al. (2024)
2016 0.4075-190 H(z) (i) Moresco et al. (2016) - - - -
2007 072098 H(z) (*) Farooq et al. (2017) - - - -
2017 0.8470:98 H(z) (*) Farooq et al. (2017) - . - -
2017 072399 H(z) (b) Farooq et al. (2017) - - - -
2017 0.8370:56 H(z) (b) Farooq et al. (2017) - . - ,

Note: (a) Cosmography; (b) ACDM; (¢c) wgCDM; (d) wyCDM; (e) Linear parametrization; (f) f(R) gravity; (g) f(T) gravity; (h) oACDM; (i) Piecewise linear fit; (j)
Gaussian Process; (k) Chameleon model; (1) Phase space portrait; (m) Cosmic triangle; (n) Bezier curve; (o) f(Q + L) gravity; (*) Statistical results.

Abb.:

SN LS: Superluminous supernova; AG: Age of galaxies; SL: Strong lensing; ISW: Integrated Sachs-Wolfe effect.
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