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The interplay between moiré flat bands originating from different valleys can give rise to a variety
of exotic quantum phases. In this work, we investigate the electronic properties of twisted mono-
bilayer (A-AB) and mono-trilayer (A-ABA) MoTe2 using first-principles calculations and continuum
models. Unlike previous studies on twisted bilayer systems, in which low-energy flat bands originate
solely from the K/K′ valleys, in A-AB and A-ABA twisted MoTe2 (tMoTe2) the moiré bands at
low energies arise from both the Γ and K/K′ valleys, with spin Chern numbers Cs = 0 (for Γ) and
C↑/↓ = ±1 (for K/K′), respectively. We show that the multi-valley moiré flat bands are governed
by interlayer-hybridization effects, and that different stacking configurations and thicknesses tune
the relative energy alignment between the Γ and K valley moiré flat bands. By constructing valley-
resolved continuum models and performing Wannierization for the low-energy moiré bands, we
further uncover that the Berry curvature and quantum metric distributions can be effectively tuned
by the layer number and stacking configuration. Unlike other moiré systems, where only one kind
of valley influenced the low energy physics, the simultaneous appearance of two distinct types
of valleys, with different symmetries, establish A-AB and A-ABA tMoTe2 as ideal platforms for
studying layer-controlled multi-valley physics.

I. Introduction

Moiré superlattices in twisted transition metal
dichalcogenides (TMDs) [1–4] offer an exemplary plat-
form to explore a variety of correlated electron states,
including Mott [1, 5–8] and charge-transfer [9–13] insu-
lators, generalized Wigner crystals [5, 14, 15] and corre-
lated topological phases [10, 16]. Remarkably, fractional
Chern insulator (FCI) states [17–23] have recently been
observed [24–35] in twisted bilayer MoTe2 without an ex-
ternal magnetic field, sparking a surge of research on this
system [36–52] and on other relevant platforms, such as
rhombohedral graphene superlattices [53–69].

Going beyond bilayer TMDs, previous studies on un-
twisted multilayer TMDs [70–74] have revealed that the
interlayer coupling of dz2 orbitals at Γ valley is stronger
than that of dx2−y2 ± idxy orbitals at K/K ′ valleys, and
that adding layers progressively shifts the remote Γ val-
ley bands towards the low-energy K/K ′ valley bands, as
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illustrated in Fig. 1(a) to Fig. 1(c). Based on this mech-
anism, twisted multilayer TMDs may serve as promis-
ing platform for realizing valley-controlled correlated
states, such as valley-charge-transfer insulator and tun-
able metal-insulator transition, which have been observed
in other twisted multilayer TMDs [12, 13, 75, 76].

In this work, we perform first-principles calculations
on A-AB and A-ABA tMoTe2 and show that we can
indeed tune the energy difference between low-energy
moiré flat bands from different valleys by changing
the number of stacked layers. Unlike bilayer twisted
TMDs [4, 36, 45, 77, 78]—where only K/K ′ valleys lie at
low energies and Γ valley remains far from Fermi level,
both Γ and K/K ′ valleys in our multilayer structures ap-
pear at low energies. We construct continuum models of
A–AB and A–ABA tMoTe2 using both the faithful non-
fitted method [78] and a fitting approach, and further
derive tight-binding models by Wannierizing their low-
energy bands. These moiré models incorporate layer-
hybridized low-energy orbitals, naturally capturing the
distinct interlayer-hybridization patterns at different val-
leys. In A–AB tMoTe2 at 3.89◦, the isolated top va-
lence bands primarily originate from the K/K ′ valleys
but exhibit a strong redistribution of Berry curvature and
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FIG. 1. Schematic diagrams of the interlayer-coupling
mechanism at the Γ valley (dz2 ,colored red) and the K val-
ley (dx2−y2 ± idxy , colored blue/green) in untwisted multi-
layer MoTe2: (a) AA bilayer, (b) AAB trilayer, (c) AABA
tetralayer. To illustrate the trend, we label the energy shift
of the maximum energy (upper solid lines) at Γ and K in each
multilayer system relative to the monolayer case (dashed)
without interlayer coupling. tΓ and tK denote the interlayer
coupling strength of dz2 and dx2−y2 + idxy between adjacent
layers, respectively. It satisfies tΓ > tK .

quantum metric, whose maxima shift from the ΓM to the
KM point compared to AA bilayer tMoTe2. Moreover,
in A–ABA tMoTe2, the isolated top valence bands arise
simultaneously from both Γ and K/K ′ valleys, enabling
the study of multi-valley physics under electronic cor-
relations. The layer-controlled quantum geometry and
multi-valley flat bands provide a new degree of freedom
for manipulating correlated electronic states in moiré ma-
terials.

II. Untwisted multilayer MoTe2

Before delving into the moiré systems, we first inves-
tigate the electronic structures of untwisted multilayer
MoTe2 and provide a detailed discussion of the layer-
hybridization mechanism that was only briefly mentioned
in Refs. [71–73]. For convenience, we label the layers from
bottom to top as A1, A2, B and A3 (see Fig. 1), where
the B layer is rotated by 180◦ relative to the A layers.

The band structures of untwisted MoTe2, ranging from
monolayer to tetralayer stacks, with and without lattice
relaxation, are depicted in Fig. 2. Lattice relaxation in-
creases the interlayer distance between adjacent A-layers
in multilayer structures from 7.0 Å to 7.6 Å after re-
laxation (Fig. 8 in Sec. A 2). This increase reduces the
interlayer coupling and suppresses the maximum energy
at the Γ valley by 422 meV (AA bilayer), 95 meV (ABA
trilayer), and 45 meV (AABA tetralayer) compared to
unrelaxed band structures. Nonetheless, due to the dif-
ferent layer hybridization strengths at Γ and K/K′, the
maximum energy at Γ in the relaxed band structures is

progressively raised to approach that at K with the in-
creasing number of stacked layers, as shown in Fig. 2.
The close energies of the low-energy bands around Γ and
K/K ′ points in the untwisted AAB and AABA struc-
tures are clearly different from the large energy difference
in the AA-stacked MoTe2.

To understand this layer hybridization mechanism in
detail, let us first look at the orbital components (see
Sec. A 1). In multilayer MoTe2, the dz2 and dx2−y2±idxy
orbitals of Mo atoms in different layers dominate the
highest valence bands (HVBs). Because the dz2 orbital
extends in the z direction while the dx2−y2 ± idxy or-
bitals extend in the x–y direction, it is natural to expect
stronger interlayer coupling at the Γ valley than that at
the K/K ′ valleys, as illustrated in Fig. 1.

Moreover, for both AAB and AABA MoTe2, the low-
energy valence states at the Γ valley consist of dz2 orbitals
across all the layers. At the K valley, spin-orbit coupling
(SOC) induces spin-valley locking in each layer, and the
low-energy states are formed only by dx2−y2 + idxy or-
bitals from A-layers. This occurs because the A and B
layers carry opposite spins at the K-valley, which sup-
presses their interlayer coupling, whereas the A layers
are spin-aligned and therefore hybridize to form the low-
energy states. The absence of the B-layer contribution
due to spin-valley locking at the K/K ′ valley further
weakens the interlayer coupling compared to the Γ val-
ley. As a result, the energy splitting between different
layer-hybridized states at the Γ valley is much larger than
that at the K/K ′ valley, and this contrast is enhanced as
the number of layers increases. Combined with the fact
that the HVB at Γ lies much lower in energy than that
at K/K ′ in monolayer MoTe2, it is reasonable that the
HVB at Γ will energetically approach that atK/K ′ as the
number of layers increases. The close energies of HVB at
Γ and K/K ′ in the untwisted AAB and AABA structures
lead to the close energies of the low-energy bands in the
Γ and K/K ′ valleys in both A-AB and A-ABA tMoTe2,
as discussed in the following.

III. A-AB and A-ABA tMoTe2

With the knowledge of untwisted multilayer systems,
we now turn to the twisted systems. The atomic relax-
ation of A-AB and A-ABA tMoTe2 is described in detail
in Sec. A 2. In the following discussion, we refer to the
bottom A-layer in A-AB/A-ABA tMoTe2 as the mono-
layer sector, and the top untwisted AB/ABA portion as
2H-stacked multilayer sector. Based on the relaxed lat-
tice structures, we perform large-scale DFT calculations
on these systems using Vienna Ab initio Simulation Pack-
age (VASP) [79–83]. Fig. 3 presents the electronic struc-
tures of A–AB and A–ABA tMoTe2 at different twist
angles, including contributions from all valleys (K, K ′

and Γ).
Let us first focus on the A-AB tMoTe2. As the

twist angle decreases, the top two valence bands from
the K/K ′ valley become isolated at 3.89◦, as shown in
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FIG. 2. Atomic and electronic structures of untwisted multilayer MoTe2 with (red lines) and without (black lines) lattice
relaxation. The calculations include SOC effects. (a)-(d) show the band structures of monolayer, AA bilayer, AAB trilayer and
AABA tetralayer MoTe2. The green numbers denote the energy difference between the maximum energies at Γ and K valley
in relaxed band structures (red). The insets in (a)-(d) exhibit the atomic structures viewed along the x-axis. Lattice relaxation
is performed using the Grimme DFT-D2 van der Waals corrections (IVDW=10) implemented in VASP.

Fig. 3(a) to Fig. 3(c). Layer-resolved orbital analysis
(See Sec. A 3) reveals that the top isolated bands origi-
nate from the dx2−y2 ± idxy orbitals of the two adjacent
A-layers i.e., A-A in A-AB, with negligible contribution
from the B-layer. This occurs because spin–valley locking
enforces opposite spin orientations at the K valley be-
tween the A and B layers, thereby suppressing interlayer
coupling between them at the K/K ′ valleys. However,
the presence of the B layer makes the relaxed structure
break the C2y symmetry (and the associated effective in-
version symmetry [45]) compared with the AA bilayer
tMoTe2, which leads to energy splittings between the
low-energy valence bands within each valley (K and K ′)
along the ΓM–KM–MM path (see the symmetry analysis
in Sec. B 1). For the Γ valley, the valence band maxi-
mum is 20 meV below that at K/K ′ valleys for different
twist angles in A-AB tMoTe2, and a direct gap (∼ 5
meV) between the top Γ and K valley bands appears at
3.89◦. The low-energy Γ-valley bands mainly originate
from layer-hybridized dz2 orbitals of the A2 and B layers
(See Sec. A 3). And notably, dz2 orbital from A1 layer
lies at energies far from (∼350 meV) Fermi level and has
negligible contribution to the low-energy states at the Γ
valley.

More interestingly, in A–ABA tMoTe2, at twist an-
gles below 5.09◦, the low-energy region contains four va-
lence bands in total – two nearly spin-degenerate bands
from the Γ valley and one from each of the K and
K ′ valleys. These bands coexist within a narrow en-
ergy window (17 meV for 3.89◦) and are well sepa-
rated from the other bands, by approximately 20 meV
for the K/K ′ valleys and 3 meV for the Γ valley, as
shown in Fig. 3(d) to Fig. 3(f). This behavior is dis-
tinct from that in the bilayer or A–AB tMoTe2. As for
the layer component, the top K/K ′ valley bands origi-
nate from dx2−y2 ±idxy orbital from the A1 layer and the
layer-hybridized dx2−y2 ± idxy state between the A-layers

(A2, A3) in 2H-stacked multilayer sector, and the top Γ
valley bands mainly originate from the layer-hybridized
dz2 states from A2, B and A3 layers, as shown in Sec. A 3.
The layer component in A-ABA tMoTe2 is governed by
a similar interlayer hybridization mechanism as in A–AB
tMoTe2, retaining identical spin-valley locking at K/K ′

valley and comparable strength of interlayer coupling at
each valley—the only change being the extra A3 layer in
the 2H-stacked multilayer sector. The moiré bands of A-
AB and A-ABA tMoTe2 at other twist angles are shown
in Sec. A 3.

We also investigate the topological properties and
charge density distributions of A-AB and A-ABA
tMoTe2. Because the monolayer MoTe2 has the in-plane
mirror symmetry Mz and the low-energy orbitals share
the same spinless mirror eigenvalue (+1), the spin U(1)
symmetry is preserved in the monolayer, and thereby ap-
proximately maintained in the low-energy moiré models.
Consequently, we can classify the moiré bands by the spin
Chern number (Cs), which can be indicated by the spin-
ful C3 eigenvalues ξ(n)(k,s) at high-symmetry points via [84]

Cs =
∑
n

ln(−ξ(n)(ΓM ,s)ξ
(n)
(KM ,s)ξ

(n)
(K′

M ,s))/(i
2π

3
)mod 3 (1)

Here, s =↑ / ↓ denotes spin-up/down. The spinful C3

eigenvalues of the top bands from each valley at high sym-
metry points are labeled in Fig. 3. More detailed analysis
on the topological properties, including spin Chern num-
bers computed using the Berry curvature method [85] in
continuum models, is presented in the following discus-
sion. We further calculate the charge density distribution
of isolated top bands at ΓM and KM of 4.41◦ and 5.09◦

A-ABA tMoTe2 and 3.89◦ A-AB tMoTe2, which form a
hexagonal lattice at the K/K ′ valleys and a triangular
lattice at the Γ valley. The detailed analysis of charge
density distribution can be found in Sec. A 3.
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FIG. 3. Moiré bands and irreducible representations at high-symmetry points ΓM and KM . (a)-(c) are A-AB tMoTe2, and
(d)-(e) are A-ABA tMoTe2 with twist angles ranging from 5.09◦ to 3.89◦. We use ξ = eiπ/3, ξ∗ = e−iπ/3, and 1 = −1 to
represent the spinful C3 eigenvalues. C3 eigenvalue at K′

M is related to that at KM by T symmetry as ξ(n)

(K′
M

,↑) = ξ
∗(n)

(KM ,↓).
Green and red lines represent the top two valence bands from the K/K′ and Γ valley, respectively. The low-energy Γ-valley
bands are nearly spin-degenerate due to Kramers’ degeneracy at the Γ valley.

IV. Continuum models

Based on DFT calculations, we construct continuum
models for both the K/K ′ and Γ valleys in A–AB and
A–ABA tMoTe2 using two complementary approaches:
(i) fitted continuum models parameterized from VASP
results, and (ii) accurate continuum models [78] di-
rectly extracted from ab initio wavefunctions obtained by
OpenMX. As will be shown below, both approaches yield
consistent results, while the accurate continuum models
provide a more faithful description of the electronic struc-
ture.

We first construct the fitted continuum models. For
the K/K ′ valley, due to spin-valley locking, the A-layers
and the B-layer are effectively decoupled. Therefore, con-
tinuum models for the A-layers and the B-layer can be
constructed separately for the K/K ′ valleys. A two-
orbital continuum model for the A-layers in both A-AB

and A-ABA tMoTe2 is constructed as follow

Hη =

∫
d2r

(
ψ†
η,r,b ψ†

η,r,t

)(
hη,b(r) tη(r)
t∗η(r) hη,t(r)

)(
ψη,r,b
ψη,r,t

)
(2)

where η = ±1 denotes the K/K ′ valley, ψη,r,b represents
the dx2−y2 ± idxy orbital from the A1 layer, ψη,r,t rep-
resents the dx2−y2 ± idxy orbital from the A2 layer in
A-AB tMoTe2 and the highest-energy layer-hybridized
dx2−y2 ± idxy state from A2 and A3 layers in A-ABA
tMoTe2, respectively. The diagonal terms in Eq.2 are
given by

hη,l(r) = (−ℏ2∇2

2m∗
l

+ (−)l
ϵK
2
) + Vη,l(r) (3)

The absence of C2y symmetry allows Vη,b(r) ̸= Vη,t(r),
and moiré bands from K and K ′ valley split along ΓM −
KM −MM path (See Fig. 3 and Fig. 4). We find that we
can fit the the top two valence bands at the K/K ′ valley
by using this model with only the first harmonic terms of
Vη,l(r) and tη(r), as shown in Fig. 4(a) for A-AB tMoTe2
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FIG. 4. (a) and (b) show the continuum-model fitting to DFT bands calculated from VASP for A-AB and A-ABA tMoTe2,
(c) and (d) present the moiré bands calculated from accurate continuum models at different valleys and DFT bands calculated
from OpenMX for A-AB and A-ABA tMoTe2. The twist angle is 3.89◦. Black dot lines are DFT bands, while the other solid
lines are the moiré bands calculated by continuum models. Red lines are Γ valley bands , blue/green lines are K/K′ valley
bands of A-layers, and orange lines are K/K′ valley bands of B-layer. Spin Chern numbers of the several low-energy bands
are labeled in (a)-(d). (e)-(h) show the Berry curvature distribution of the top moiré bands from the K valley calculated by
corresponding continuum models in (a)-(d).

and Fig. 18 for A-ABA tMoTe2. For the B-layer, we also
construct a single-orbital continuum model to describe
the moiré bands from the K/K ′ valley. Details on the
above models can be found in Sec. B 3.

Beyond the two-orbital model, we also construct a
three-orbital continuum model at the K/K ′ valley for
A-ABA tMoTe2. Unlike the two-orbital model, which in-
cludes only the dx2−y2±idxy orbital from the A1 layer and
the highest-energy layer-hybridized dx2−y2 ± idxy state
formed by the A2 and A3 layers, and thus can describe
at most two low-energy bands at each valley, the three-
orbital model explicitly includes the dx2−y2 ± idxy or-
bitals from all three A-layers (A1, A2, and A3), allowing
it to capture up to three low-energy bands at each valley.
As shown by the blue and green lines in Fig. 4(b), the
three-orbital model provides an excellent fit to the DFT
bands of A–ABA tMoTe2 at 3.89◦, successfully reproduc-
ing the three topmost valence bands originating from the
A-layers at each valley. Additionally, this model includes
layer-dependent on-site potential energies, enabling the
study of the influence of an external displacement field
on the electronic structure of the A–ABA tMoTe2 sys-
tem. Details of the three-orbital model are provided in
Sec. B 4.

For the continuum model at the Γ valley, it is suffi-
cient to consider the highest-energy layer-hybridized dz2
state from A2, B layers in A-AB, and A2, B, A3 layers in
A-ABA tMoTe2 to describe the low-energy bands. This
single-orbital model works well because the dz2 orbital
from the A1 layer lies significantly lower in energy and
therefore couples only weakly to the higher-energy layer-
hybridized states. As shown in Fig. 11 in Sec. A 3, this

layer-hybridized state dominates the low-energy bands at
the Γ valley, justifying the use of a single-orbital contin-
uum model. The single-orbital continuum model at the
Γ valley takes the general form

HΓ =

∫
d2rψ†

rrr,t(
ℏ2∇2

2m∗
Γ,t

s0 + VΓ,t(rrr))ψrrr,t (4)

Here, ψ†
rrr,t = (ψ†

rrr,t,↑, ψ
†
rrr,t,↓) denotes the highest-energy

layer-hybridized dz2 state with spin degree of freedom.
We find that we can fit the low-energy bands from the
Γ valley well using this single-orbital continuum model
for both A-AB and A-ABA tMoTe2, as shown by the red
lines Fig. 4(a) and Fig. 4(b). The detailed discussion of
this model can be found in Sec. B 5.

More detailed information on the fitting results and
parameters of the continuum models at different valleys,
including the comparison between the results from the
two-orbital and three-orbital model at K/K ′ valleys for
A-ABA tMoTe2, are provided in Sec. B 7.

Furthermore, we use our universal Moiré-Model- Build-
ing method without fitting [78] to obtain the accu-
rate continuum models for A-AB and A-ABA tMoTe2.
The electronic structures of these systems used in our
method are calculated using the Truncated Atomic Plane
Wave (TAPW) [78, 86–88] Hamiltonian combined with
the OpenMX [89–91] software package, as discussed in
Sec. C 1. The procedure for constructing these accurate
continuum models and the detailed results are discussed
in Sec. C 2. The results calculated from OpenMX and ac-
curate continuum models at different valleys exhibit good
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agreement with those from VASP and fitted continuum
models, as shown in Fig. 4(c) and Fig. 4(d), except for a
deviation (∼20meV) in the relative energy positions be-
tween the Γ (red) and K/K ′ (blue/green) valleys arising
from the different DFT bands calculated from VASP and
OpenMX. The accurate continuum models, which are di-
rectly extracted from first-principles wavefunctions, can
precisely capture the electronic structure and wavefunc-
tion characteristics in the DFT results, providing reliable
and unbiased description. Moreover, we can see from
Fig. 28 in Sec. C 2 that good spin-polarization and spin
U(1) symmetry of the low-energy Γ valley bands are also
inherited in the accurate continuum model.

As for the topological properties, we computed the spin
Chern numbers of the low-energy moiré bands from dif-
ferent valleys using both the Berry curvature method [85]
in continuum models and the C3 eigenvalues obtained
from the DFT calculations based on Eq. 1, which give
consistent results, as labeled in Fig. 3 and Fig. 4. The
spin Chern number of the top band from the K valley is
C↑ = 1, with the Berry curvature concentrated near KM

in A–AB (Fig. 4(e)) rather than ΓM in A–A [45] and
A–ABA tMoTe2 (Fig. 4(f)). This redistribution likely
arises from distinct lattice relaxation and the resulting
modulation of the moiré potential and interlayer cou-
plings in A-AB tMoTe2, which significantly alters the
valley-resolved band topology. The corresponding Berry
curvature distributions calculated from accurate contin-
uum models for the top bands at K valley are also shown
in Fig. 4(g) and Fig. 4(h), which show good agreement
with those from the fitted models (Fig. 4(e) and Fig. 4(f))
but break the mirror symmetry My due to the higher
harmonic terms in the accurate continuum models. The
quantum metric exhibits a similar spatial distribution,
which is discussed in Sec. B 8.

Moreover, the spin Chern number of the second top
band from A-layers at the K valley is C↑ = 1 for A-
AB tMoTe2 but C↑ = −1 for A-ABA tMoTe2. The top
bands from K/K ′ valleys in B layer and Γ valley all have
Cs = 0, despite a band inversion occurring at the Γ val-
ley in A–ABA tMoTe2 between 5.09◦ and 4.41◦ (see the
change of C3 eigenvalues in Fig. 3(d) and Fig. 3(e)). We
further calculate the Wilson loops [92] of the nearly spin-
degenerate top Γ-valley bands using both the accurate
continuum model and the fitted continuum model, as
shown in Fig. 29 in Sec. C 2. The Wilson loops exhibit a
pronounced change before and after the band inversion,
despite their Z2 indices remaining zero. More detailed
results on the Berry curvature and the quantum metric
distribution of the low-energy bands at both Γ and K/K ′

valleys are provided in Sec. B 8.

V. Localized Wannier function and tight-binding
model

For the convenience of the future correlated study on
the interplay between multiple valleys, we extract the
maximally localized Wannier functions (MLWFs) and
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FIG. 5. (a) and (b) show the Wannier function distributions
|
〈
r|WK

n (0)
〉
|2 of the two orbitals corresponding to the top

two bands at the K valley in A-ABA tMoTe2, which are ex-
tracted from the accurate continuum model with a twist angle
of 3.89◦ and localized at the M-XMX and X-MXM regions,
respectively. (c)and (d) show the comparison of energy bands
calculated from the tight-binding models (black) and accurate
continuum models at K (blue) and Γ (red) valley with twist
angle 3.89◦ respectively, which exhibit excellent consistency.

tight-binding (TB) models for the top two bands at the
K valley (C↑ = ±1) and the top nearly spin-degenerate
bands at the Γ valley (Cs = 0) in A-ABA tMoTe2. The
TB models at the K ′ valley can be obtained via the T
symmetry. We use a general method to obtain accu-
rate TB models from continuum models based on WAN-
NIER90 package [93], which has also been implemented
in magic-angle twisted graphene to construct topolog-
ical heavy fermion models [94–97]. This Wannieriza-
tion method based on continuum models is introduced
in Sec. D 1. For the K valley, the two MLWFs in real
space |

〈
r|WK

n (0)
〉
|2 extracted from the accurate con-

tinuum model are localized at M-XMX and X-MXM
regions (Wyckoff position 1b and 1c) respectively and
form the hexagonal lattice, as shown in Fig. 5(a) and
Fig. 5(b), which is consistent with the case in AA bi-
layer tMoTe2 [4]. However, the spread of the two ML-
WFs are not identical owing to the C2y symmetry break-
ing in A-ABA tMoTe2. For the Γ valley, the Wannier
center of the top valence bands shifts from the M–XMX
region (Wyckoff position 1b) at 3.89◦ and 4.41◦ to the
A–ABA region (Wyckoff position 1a) at 5.09◦, as shown
in Fig. 32 in Sec. D 2. This is caused by the band in-
version between 4.41◦ and 5.09◦ and complies with the
variation trend observed in the charge density distribu-
tions (Fig. 19) and the Wilson loops (Fig. 29). The defi-
nitions of the M-XMX, X-MXM and A-ABA regions can
be found in Sec. A 2. Energy bands calculated from TB
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models match precisely with those from the accurate con-
tinuum models at both K/K ′ and Γ valley for a twist
angle of 3.89◦, as shown in Fig. 5(c) and Fig. 5(d). More
detailed results on MLWFs and TB models at different
valleys are listed in Sec. D 2.

VI. Summary and Outlook

In summary, we systematically studied the electronic
structures of A-AB and A-ABA tMoTe2 by using first
principle calculations and constructing continuum mod-
els. Due to the different layer hybridization strengths
between dz2 and dx2−y2 ± idxy orbitals, top moiré bands
from both the Γ (Cs = 0) and K/K ′ valleys (C↑/↓ = ±1)
appear at low energies in these systems, and become iso-
lated from other bands with twist angles below 5.09◦ in
A-ABA tMoTe2. The relative energy difference between
top moiré bands from different valleys can be further
regulated by the displacement fields, which is applicable
in experiments. By constructing a series of continuum
models and tight-binding models for different valleys, we
further reveal distinct distributions of Berry curvature
and quantum geometry across various stacking config-
urations. Our study provides an powerful pathway for
engineering multi-valley physics and quantum geometry
in twisted multilayer TMDs.

More intriguingly, as electron-electron interaction is
considered, these systems will serve as a tunable play-
ground for simulating the multi-orbital Hubbard model
and investigating various valley-controlled correlated
phases, such as the valley-charge-transfer insulator [12,
13, 75], valley-controlled quantum anomalous Hall ef-
fect and valley-selective fractional Chern insulator. The
constructed continuum models and tight-binding models
provide versatile theoretical tools for further correlated
studies. Our work also calls for extended investigations of
other multilayer twisted heterostructures to explore rich
multi-valley physics.

Note that so far, the literature has studied K,Γ and
M valley physics separately, but never in conjunction. It

is usually not the case that two different types of valleys
appear at the same energy. The fortunate appearance of
the K and Γ valleys at the same energy in the A-ABA
system allows for completely new physics.

Note added: A confidential draft of this work was
sent to Prof. Shengwei Jiang (SJTU) on June 3, 2025.
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A. DFT calculations

1. Electronic structures and orbital analysis of untwisted multilayer MoTe2

In this section, we study untwisted MoTe2 multilayers with different stacking configurations and discuss the influence
of the interlayer coupling on the low-energy valence bands. We use “A” to denote a monolayer in a reference orientation
and “B” for a monolayer rotated by C2z with respect to the A-monolayer. We focus on two trilayer (AAB and ABA)
and one tetralayer (AABA) structures of MoTe2. Fig. 6(a) depicts the crystal structure of AABA-stacked MoTe2,
where the ABA and AAB trilayers form the bottom and top three layers of the AABA configuration, respectively. All
three structures belong to space group P3m1 (No.156), generated by C3z and the in-plane mirror M100. In the rigid
structure, the interlayer distance, defined as the vertical separation between Mo atomic planes, is set to 7.0Å. After
DFT relaxation, the A–B spacing remains 7.0Å, while the A–A spacing increases to 7.6Å. For the sake of clarity in
subsequent discussions, we label the layers in the AABA structure as A1, A2, B, and A3 from bottom to top as shown
in Fig. 6(a).

The left panels of Figs. 6(b) to 6(d) are the band structures of different multilayer configurations. Because each
structure preserves M100, the combined symmetry MT leaves the Γ−M line invariant and enforces twofold degeneracy
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FIG. 6. Crystal and band structures of untwist multibilayer MoTe2. (a) The crystal structure of AABA-stacking MoTe2,
where the top and bottom three layers correspond to the ABA and AAB trilayer structures, respectively. The band structures
with/without lattice relaxation and the orbital analysis for each layer in (b) AAB, (c) ABA, and (d) AABA structures.

along Γ−M . Compared to the monolayer band structure of MoTe2 [45], interlayer coupling in multilayer MoTe2
significantly reshapes the valence bands in both the Γ and K valleys. In the ABA trilayer, relaxation has little effect,
but the low-energy bands in the AAB trilayer and AABA tetralayer are strongly modified. This contrast arises from
reducing A–A interlayer coupling strength due to the increased A–A spacing after relaxation.

To elucidate the role of interlayer coupling, we analyze the orbital composition of the untwisted band structures.
The top and bottom panels of Figs. 6(b) to 6(d) show Mo-dx2−y2 ± idxy and Mo-dz2 orbital components, which
dominate the Γ and K-valley, respectively. At Γ, dz2 orbitals from all layers hybridize. The strongest interlayer
coupling is between adjacent A-B layers due to the smaller interlayer distance. Consequently, the topmost state at Γ
is mainly from both the B and A layers in AAB [bottom panel of Fig. 6(b)], and predominantly from the B layer in
ABA and AABA structures [bottom panels of Figs. 6(c) and 6(d)]. Because the B layer is rotated by 180◦ relative to
the A layer, the B-layer state at K corresponds to the A-layer state at −K. With spin-valley locking, the B-layer state
has the opposite spin to the A-layer state at K. Interlayer coupling between A and B at K is therefore forbidden. In
AAB (ABA), the B-layer decouples from the A-layers at K so that its state sits between the antibonding and bonding
states formed by A1–A2 (A2–A3), as seen in the top panels of Figs. 6(b) and 6(c). In AABA, A3 is sufficiently distant
from the other A-layers, so the A3-state behaves analogously to the B layer and lies between the A1–A2 antibonding
and bonding states [top panel of Fig. 6(d)].

2. Crystal structure and relaxation of A-AB and A-ABA tMoTe2

We consider twisted mono–multilayer structures and focus on two moiré systems: a monolayer twisted relative to
an AB bilayer and a monolayer twisted relative to an ABA trilayer, as shown in Figs. 7(a) and 7(c). In the absence
of twisting, the monolayer is AA stacked with the adjacent layer of the bilayer/trilayer. In the following discussion,
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FIG. 7. Crystal structure of trilayer and bilayer MoTe2 twisted on monolayer MoTe2. (a) 13.2◦ tMoTe2 with A-AB configu-
ration. (b) Top and side views of the atomic stacking arrangement in the A-AB, M-XM, and X-MX region of the moiré cell.
Molybdenum and chalcogen atoms are labeled as M and X, respectively. (c) 13.2◦ tMoTe2 with A-ABA configuration. (d)
Top and side views of atomic stacking arrangement in A-ABA, M-XMX, and X-MXM regions of the moiré cell. Both twisted
structures have C3z symmetry perpendicular to the plane. X-MXM and X-MX denote the region where the chalcogen atom
in the bottom layer is directly below the molybdenum atom in the second-lowest layer, and similarly for M-XMX and M-XM
regions.

we refer to the twisted mono-bilayer and mono-trilayer structures as A-AB and A-ABA tMoTe2, respectively. Both
twisted crystal structures belong to SG P3 (No. 143). Similar to twisted bilayer MoTe2, A-AB(A-ABA) tMoTe2
features three C3z-symmetric local regions, i.e., A-AB (A-ABA), M-XM (M-XMX), and X-MX (X-MXM) regions,
which are denoted with red circles in Figs. 7(b) and 7(d).

(a) (b) (c) (d)

A3-B

B-A2

A2-A1

t

A1 A2 B A3

M-XMX

X-MXM

A-ABA

M-XMX

X-MXM

A-ABA

M-XMX

X-MXM

A-ABA

M-XMX

X-MXM

A-ABA

(e) (f)

FIG. 8. Properties of relaxed A–ABA tMoTe2 structures. (a) Average force per atom in different directions as a function of
ionic step during relaxation. Interlayer distances along the long diagonal of the moiré unit cell defined in Fig. 7 between (b)
A2–A1, (c) B–A2, and (d) A3–B. Colors indicate ionic steps, with the colorbar at right. (e) Interlayer distances versus twist
angle from 9.43◦ to 3.89◦. (f) Intralayer displacement fields of all layers at 3.89◦.

To accelerate the relaxation calculation, we initialized the A–AB and A–ABA tMoTe2 geometries from a fully
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relaxed AA bilayer by adding extra B layer and (B, A3) layers, respectively. The AA bilayer was first relaxed with
a machine-learned force field (MLFF) and then refined by full DFT relaxation [45]. The initial A–AB and A–ABA
tMoTe2 structures were further optimized with DFT until the forces on each atom were below 0.01 eV/Å. As shown
in Fig. 8(a), the average force per atom fell below this threshold within seven ionic steps for A–ABA tMoTe2 at 7.34◦,
indicating that the starting geometries were close to equilibrium. We further track the relaxed interlayer distance along
the long diagonal of the moiré cell as a function of ionic step in Figs. 8(b) to 8(d). The interlayer distances change little
during relaxation, corroborating the near-equilibrium nature of the initial structures. The A2–A1 interlayer distance
pattern (Fig. 8(b)) closely matches that of twisted AA–MoTe2, while the B–A2 interlayer distance pattern resembles
that of twisted AB–MoTe2 but with smaller variance [45]. From A2–A1 to A3–B, the interlayer distance variance
decreases monotonically, consistent with a moiré potential that weakens with distance from the twisted bilayer. We
also examine the twist angle dependence of the interlayer distance and intralayer displacements after relaxation of
A–ABA tMoTe2. As shown in Fig. 8(e), the variance for the interlayer distance of A1-A2 increases as the twist
angle decreases, with the maximum and minimum approaching the interlayer distance of the corresponding untwisted
multilayer. Fig. 8(f) shows the intralayer displacement of every layer with a twist angle of 3.89◦. The vortex pattern
in A1 rotates opposite to that in the other three layers, and the displacement magnitudes in B and A3 are much
smaller than in A1 and A2.

3. Moiré band structures of A-AB and A-ABA tMoTe2

In this section, we discuss the valence band structures of relaxed A-AB and A-ABA tMoTe2 with the twist angle
ranging from 13.17◦ to 3.89◦. As shown in Fig. 9 and Fig. 10, the band structure of A-AB and A-ABA tMoTe2 differs
significantly from that of twisted bilayer MoTe2 (see Ref. [45]). In twisted bilayer MoTe2 the bands are nearly doubly
degenerate along ΓM−KM−MM , whereas in A–AB and A-ABA tMoTe2 they split substantially due to broken C2y

symmetry (See Sec. B 1). Moreover, in A-AB tMoTe2 shown in Fig. 9, the top two valence bands become narrower
as the twist angle decreases and form an isolated pair at 3.89◦. In A-ABA tMoTe2, the top four valence bands from
both the Γ and K/K ′ valley coexist in the same low-energy region and become separated from other bands when the
twist angle is smaller than 5.09◦.

To further elucidate the isolated moié bands, we perform the layer-resolved orbital analysis for the band structures
of A-AB and A-ABA tMoTe2 at 5.09◦, as shown in Fig. 11. For brevity, we refer to the moiré energy bands dominated
by dz2 and dx2−y2 ± idxy characteristics as the Γ valley bands and the K valley bands, respectively. Different from the
twisted bilayer MoTe2 where the Γ-valley bands lies about 100meV below K-valley [45], the Γ-valley bands in A–AB
tMoTe2 is only about 20meV below K-valley bands, and in A–ABA tMoTe2 the top valance bands from both the
Γ and K/K ′ valleys appear in the same low-energy region. In A–ABA tMoTe2, two of the four isolated bands with
nearly spin degeneravy originate from the Γ valley and two from the K/K ′ valley. The K/K ′-valley pair is mainly
from the three A layers, reflecting weak A–B hybridization due to spin-valley locking. By contrast, the Γ−valley pair
is dominated by the B layer through hybridization with its adjacent A2 and A3 layers. The A–AB case is similar.
The top two K-valley bands are dominated by the two A layers because hybridization between A layers is stronger.
For the Γ valley, the stronger hybridization between the untwisted layers makes the B and A2 layers dominate the
low-energy Γ bands.

We plot the valley-resolved charge density of the top isolated moiré valence band at the C3-invariant momenta (ΓM ,
KM ) for A–AB tMoTe2 at 3.89◦ (Fig. 12) and for A–ABA tMoTe2 at 5.09◦ and 4.41◦ (Fig. 13). For the K-valley, the
patterns at KM are similar in A–ABA and A–AB. At ΓM , A–ABA shows weight in both the M–XMX and X–MXM
regions, forming a hexagonal lattice, whereas A–AB concentrates only in the X–MX region. For the Γ-valley, in
A–ABA tMoTe2 the charge density at KM is localized in the M–XMX region at 4.41◦ but in the A–ABA domain
at 5.09◦, form triangular lattices. As shown later, this shift arises from a band inversion of Γ-valley at KM between
5.09◦ and 4.41◦.
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(a) (b) (c)𝟫 . 𝟦𝟥∘ 𝟩 . 𝟥𝟦∘ 𝟧 . 𝟢𝟫∘ 𝟦 . 𝟦𝟣∘(d) (e) (f)𝟣𝟥 . 𝟣𝟩∘ 𝟥 . 𝟪𝟫∘

FIG. 9. Band structures of A-AB tMoTe2 with the twist angles ranging from 13.17◦ to 3.89◦. The top two valence bands
in A-AB tMoTe2 become narrow with decreasing twist angle and are separated from the other bands when the twist angle is
smaller than 3.89◦.

(a) (b) (c)𝟫 . 𝟦𝟥∘ 𝟩 . 𝟥𝟦∘ 𝟧 . 𝟢𝟫∘ 𝟦 . 𝟦𝟣∘(d) (e) (f)𝟣𝟥 . 𝟣𝟩∘ 𝟥 . 𝟪𝟫∘

FIG. 10. Band structures of A-ABA tMoTe2 with the twist angle ranging from 13.17◦ to 3.89◦. The top four valence bands in
A-ABA tMoTe2 become narrow in energy with decreasing twist angle and are separated from the other bands when the twist
angle is smaller than 5.09◦.

• 𝖠 + 𝖠𝖡 @𝟧 . 𝟢𝟫∘𝖠 + 𝖠𝖡𝖠 @𝟧 . 𝟢𝟫∘(a) (b)

FIG. 11. Layer-resolved orbital analysis for the moiré band structure in (a) A-ABA and (b) A-AB-tMoTe2 with a twist angle
of 5.09◦. In both twisted structures, A1 layer does not contribute to the Γ valley bands. The Γ valley bands and K valley
bands contributed by B layer share a large resemblance.
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|ξ*, ↓ ⟩ |ξ, ↑ ⟩ ( |ξ*, ↑ ⟩
|ξ, ↓ ⟩ )

𝖠 + 𝖠𝖡 -valleyK𝟥 . 𝟪𝟫∘

FIG. 12. The distribution of charge density of the top K/K′-valley band in A-AB-tMoTe2 at 3.89◦.

|ξ*, ↓ ⟩|ξ, ↑ ⟩ ( |ξ*, ↑ ⟩
|ξ, ↓ ⟩ ) ( | 1̄, ↑ ⟩

|ξ, ↓ ⟩) ( |ξ, ↑ ⟩
|ξ*, ↓ ⟩)

𝟦 . 𝟦𝟣∘(a) 𝖠 + 𝖠𝖡𝖠
-valleyK -valleyΓ

|ξ*, ↓ ⟩|ξ, ↑ ⟩ ( |ξ*, ↑ ⟩
|ξ, ↓ ⟩ ) ( |ξ, ↑ ⟩

|ξ*, ↓ ⟩)

(b) 𝖠 + 𝖠𝖡𝖠
-valleyK -valleyΓ

𝟧 . 𝟢𝟫∘

( |ξ, ↑ ⟩
|ξ*, ↓ ⟩)

FIG. 13. The distribution of charge density of the top Γ-valley and K/K′-valley bands in A-ABA tMoTe2 at 4.41◦ (a) and
5.09◦ (b).
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B. Continuum model

1. Symmetry analysis in moiré Brillouin zone (MBZ)

Before constructing the continuum model for A-AB and A-ABA tMoTe2, we compare the symmetries of the three
moiré stackings (AA, A-AB, and A-ABA) and discuss the influence on moiré band structures. The AA-stacked tMoTe2
has SG P321 (No. 150), generated by C3, C2y, time-reversal symmetry T , and translation symmetry TR. A-AB and
A-ABA stacked tMoTe2 belong to SG P3 (No. 143), retaining C3, T , and TR but lacking C2y. In AA-stacked tMoTe2,
the bands from the K and K ′ valleys are doubly degenerate along the ΓM −KM −MM path. This valley degeneracy
is protected by C2yC3 along Γ+

M −K+
M (pink lines in Fig. 14) and by C2y along K+

M −M+
M (orange lines in Fig. 14).

On the contrary, in the A-AB and A-ABA tMoTe2 where C2y is broken, the valley degeneracy along ΓM −KM −MM

is lifted, as illustrated in Fig. 3. The absence of C2y is the key difference between the AA and A-AB/A-ABA tMoTe2
which determines the basis for constructing the continuum model.

Γ𝑀
+Γ𝑀

−

K𝑀
+K𝑀

−

M𝑀
+

M𝑀
−

𝐶2𝑦

𝐶2𝑦

𝐶3

𝑇𝑅

FIG. 14. Schematic illustration of the moiré Brillouin zone and the symmetry-protection mechanisms along the high-symmetry-
point (HSP) paths. The points Γη

M , Kη
M , and Mη

M are the high-symmetry points in the moiré Brillouin zone at valley index
η, where η = ±1 corresponds to the K and K′ valleys. Pink lines indicate the HSP path Γ+

M −K+
M protected by C2y and C3

symmetries; orange lines indicate the path K+
M −M+

M protected by C2y and translation symmetry TR; and green lines indicate
the path Γ+

M −M+
M protected solely by C2y symmetry.

2. Continuum models at Γ and K of untwisted multilayer MoTe2

In this subsection, we construct continuum models for the low-energy valence bands at both Γ and K valleys
of untwisted multilayer MoTe2, capturing the interlayer hybridization effect and approximately extracting several
parameters for the moiré continuum models. As discussed in the main text, the moiré continuum models are obtained
by dividing the A-AB/A-ABA tMoTe2 structure into two sectors: the monolayer sector and the 2H-stacked multilayer
sector, which are rotated relative to each other. Here, we focus on the 2H-stacked multilayer sector, which corresponds
to an AB-stacked bilayer in the case of A-AB tMoTe2 and an ABA-stacked trilayer in the case of A-ABA tMoTe2.

First, we construct the continuum model for the Γ valley. The HVBs of the AB-stacked bilayer MoTe2 originate
mainly from the dz2 orbital on the A2 and B layers. Therefore, the general form of the continuum model at the Γ

valley for the AB-stacked bilayer MoTe2, in the basis {c†A2↑(k), c
†
A2↓(k), c

†
B↑(k), c

†
B↓(k)}, can be written as follows:

HAB
Γ (k) =

[
hΓ,A2

(k) tΓ(k)
t†Γ(k) hΓ,B(k)

]
(B1)

where hΓ,l(k) (with l = A2, B) and tΓ(k) are both 2 × 2 matrices acting on the spin degree of freedom. The
symmetry group of the AB-stacked bilayer MoTe2 is generated by the threefold rotation symmetry C3, the twofold
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rotation symmetry C2x, time-reversal symmetry T , and translation symmetry TR. The representations of these
point-symmetry operations in reciprocal space are given by

C3c
†
l,σ(k)C

−1
3 = c†l,σ′(C3k)(e−i

π
3 sz )σ′σ

C2xc
†
l,σ(k)C

−1
2x = c†

l,σ′(C2xk)(e−i
π
2 sx)σ′σ

T c†l,σ(k)T
−1 = c†l,σ′(−k)(isy)σ′σ

(B2)

Under the same basis as Eq. B1, the representations in Eq. B2 can be written as the following matrices

C3 = e−i
π
3 szσ0

C2x = −isxσx
T = isyσ0K

(B3)

Here, si and σi (i = 0, x, y, z) are the Pauli matrices for the spin degree of freedom {↑, ↓} and the layer degree of
freedom {A2, B}, respectively. The symmetry constraints on hΓ,l(k) are given by

e−i
π
3 szhΓ,l(k)ei

π
3 sz = hΓ,l(C3k)

sxhΓ,l(k)sx = hΓ,l(C2xk)

syh
∗
Γ,l(k)sy = hΓ,l(−k)

(B4)

Which forbid the nonzero sx, sy, and sz terms and constrain the quadratic dispersion to be the lowest-order harmonic
at Γ. The symmetry constraints on tΓ(k) are given by

e−i
π
3 sz tΓ(k)ei

π
3 sz = tΓ(C3k)

sxt
†
Γ(k)sx = tΓ(C2xk)

syt
∗
Γ(k)sy = tΓ(−k)

(B5)

Taking all the symmetry constraints into consideration, and retaining only the zeroth harmonic in tΓ(k) and the
quadratic term in hΓ,l(k), the continuum model of the AB-stacked bilayer MoTe2 at Γ can be written as follows

HAB
Γ (k) =

[
− ℏ2k2

2mΓ,A2
s0 t0Γs0

t0Γs0 − ℏ2k2

2mΓ,B
s0

]
(B6)

Where C2x symmetry constrain mΓ,A2
= mΓ,B ≡ mΓ.

The continuum model at the Γ valley of the ABA-stacked trilayer MoTe2 is similar to that of the AB-stacked bilayer
MoTe2. The symmetry group of this system is generated by the threefold rotation symmetry C3, the twofold rotation
symmetry C2y, time-reversal symmetry T , and translation symmetry TR. Under these symmetry constraints, and
retaining the same harmonic terms as in Eq. B6, the continuum model of the ABA-stacked trilayer MoTe2 at Γ can
be written as follows

HABA
Γ (k) =

−
ℏ2k2

2mΓ
s0 t0Γ,1s0 t0Γ,2s0

t0Γ,1s0 −ℏ2k2

2mΓ
s0 t0Γ,1s0

t0Γ,2s0 t0Γ,1s0 −ℏ2k2

2mΓ
s0

 (B7)

Using the models in Eq. B6 and Eq. B7, we qualitatively fit the HVB and analyze its wavefunction components
for the AB- and ABA-stacked MoTe2 at the Γ valley. The fitting parameters are listed in Table I. The bands of
continuum models fitted to DFT at the Γ valley are shown as blue curves in Fig. 15. The wavefunction components
and eigenenergies of the HVB obtained from the continuum model are summarized in Table II, which explicitly reveal
the hybridization of the HVB. These results are consistent with the orbital analysis and energy splitting of the AB
and ABA-stacked MoTe2, as shown in Fig. 6 in Sec. A 1.



19

Moreover, the HVB at the Γ valley of the A-AB/A-ABA tMoTe2 originates mainly from ψG,1 of the AB- or ABA-
stacked MoTe2, which has negligible interlayer coupling with the dz2 orbital on the A1 layer. Several parameters of
the moiré continuum model at Γ valley can be approximately extracted from the DFT data. First, the displacement
energy between the top and bottom sectors in Eq. B22 is ϵΓ = 350meV for the A-AB tMoTe2 and ϵΓ = 311meV for
the A-ABA tMoTe2, independent of the twist angle. This value corresponds to the eigenenergy of ψG,1 (see Table II)
and represents the energy difference between the dz2 orbital of the A1 layer and the hybridized dz2 states of the
2H-stacked multilayer sector. Second, the effective mass m∗

Γ,l can also be extracted for the untwisted systems, with
m∗

Γ,l∼2.4me for the A-AB tMoTe2 and m∗
Γ,l∼1.6me for the A-ABA tMoTe2 (see Table I).

Γ valley AB MoTe2 Γ valley ABA MoTe2
mΓ(me) t0Γ(meV ) mΓ(me) t

0
Γ,1(meV ) t0Γ,2(meV )

2.4 -350 1.6 -275 -175

TABLE I. The continuum model parameters of untwisted AB (Eq.B6)/ABA (Eq.B7) MoTe2 at Γ valley fitting to the DFT
bands.

Hybridized states of Γ valley AB MoTe2

Wavefunction component
layer A2 B eigenenergy (meV)

ψG,1 0.500 0.500 350
ψG,2 0.500 0.500 -350

Hybridized states of Γ valley ABA MoTe2

Wavefunction component
layer A2 B A3 eigenenergy (meV)

ψG,1 0.195 0.610 0.195 311
ψG,2 0.500 0.000 0.500 175
ψG,3 0.305 0.390 0.305 -486

TABLE II. Wavefunction components of HVB fitting by continuum model of AB/ABA MoTe2 at Γ valley. {ψG,1, ψG,2, ψG,3}
are denoted in Fig. 15.

Next, we construct the continuum model at the K valley of untwisted AB- and ABA-stacked MoTe2. As explained
in the main text (see Sec.II), spin-valley locking constrains the interlayer coupling to exist only between the A layers
at K/K ′, while the coupling between the A layers and the B layer is negligible. Thus, the continuum model of the
AB-stacked bilayer MoTe2 at the K/K ′ valleys can be written as follows

HAB
η (k) =

−ℏ2(k−ηK)2

2mη,A2
0

0 −ℏ2(k−ηK)2

2mη,B

 (B8)

The continuum model of the ABA-stacked trilayer MoTe2 at the K/K ′ valleys, considering only the zeroth harmonic
of the interlayer coupling between A2 and A3, can be written as follows

HABA
η (k) =


−ℏ2(k−ηK)2

2mη,A2
0 t

0 −ℏ2(k−ηK)2

2mη,B
0

t∗ 0 −ℏ2(k−ηK)2

2mη,A3

 (B9)

Here, we use η = ±1 to denote {|↑,K⟩ , |↓,K ′⟩}. For the AB-stacked MoTe2, the C2x and T symmetries constrain
mη,A2

= mη,B ≡ m in Eq. B8. For the ABA-stacked MoTe2, the Mz, C2y, and T symmetries impose the constraints
mη,A2

= mη,A3
≡ mA, mη,B ≡ mB , and t = t∗ ∈ R in Eq. B9.

K valley AB MoTe2 K valley ABA MoTe2
m(me) mA(me) mB(me) t(meV )

0.6 0.6 0.6 21

TABLE III. Continuum-model parameters of untwisted AB (Eq. B8) and ABA (Eq. B9) MoTe2 at the K valley, fitted to the
DFT bands.
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K valley AB MoTe2

Wavefunction component
layer A2 B eigen energy

ψK,1 1.000 0.000 0
ψK,2 0.000 1.000 0

K valley ABA MoTe2

Wavefunction component
layer A2 B A3 eigen energy

ψK,1 0.500 0.000 0.500 21
ψK,2 0.000 1.000 0.000 0
ψK,3 0.500 0.000 0.500 -21

TABLE IV. Wave-function components of the HVB obtained from the continuum model for AB- and ABA-stacked MoTe2 at
the K valley. The states {ψK,1, ψK,2, ψK,3} are defined in Fig. 15.

Using the models in Eq. (B8) and Eq. (B9), we fit the HVBs and analyze the wave-function components of the
HVB in the AB- and ABA-stacked MoTe2 at the K valley. The fitting parameters are given in Tab. III, and the
continuum models at the K valley, fitted to the DFT bands, are shown as red curves in Fig. 15. The wave-function
components of the HVB obtained from the continuum model are listed in Tab. IV. For the AB-stacked bilayer MoTe2,
since the dx2−y2 ± idxy orbitals from the A2 and B layers are independent of each other, they remain degenerate at
the K valley. For the ABA-stacked trilayer MoTe2, the dx2−y2 ± idxy orbitals from the A2 and A3 layers couple with
each other and form two hybridized states, with the energy band of orbital from the B layer sandwiched in between.
These results are consistent with the DFT calculations presented in Fig. 6 and discussed in Sec. A 1.

In the A-AB and A-ABA tMoTe2, the HVBs at the K valley are mainly derived from ψK,1 of the A2 (A-AB) or
A2,A3 (A-ABA) layers in the multilayer sector, together with the dx2−y2 ± idxy orbital of the A1 layer. The on-site
energy ϵK and the dispersion mass ml in Eq. (3) can also be approximately obtained: ϵK = 0meV and ml ∼ 0.6me

for the A-AB tMoTe2, and ϵK = 21meV and ml ∼ 0.6me for the A-ABA tMoTe2 (see Tab. III and Tab. IV).
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FIG. 15. Continuum-model fitting to the HVB calculated by DFT for AB (a) and ABA (b) stacked MoTe2. Black dots represent
the DFT bands, and the red/blue lines show the energy dispersions obtained from the continuum model at the K and Γ valleys.

3. Two-orbital continuum model of A-AB and A-ABA tMoTe2 at K/K′ valley

In the following three subsections, we discuss the continuum models of A-AB and A-ABA tMoTe2 at both Γ

valley and K/K ′ valley. We define the moiré lattice vectors as aM,1 = aM (
√
3
2 ,

1
2 )
T and aM,2 = aM (0, 1)T , where

aM = 3.52Å. The corresponding moiré reciprocal lattice vectors are bM,1 = bM (1, 0)T and bM,2 = bM ( 12 ,
√
3
2 )T . Here,

the moiré lattice constant is given by aM = a0

2 sin(
θ
2 )

, and the reciprocal lattice constant is bM = 4π√
3aM

.

We first construct a two-orbital continuum model for A-AB and A-ABA tMoTe2 at the K/K ′ valleys. spin-valley
and orbital–valley locking require that the low-energy band components from the A (B) layers at the K valley are
spin-up (spin-down) and dx2−y2 + idxy (dx2−y2 − idxy), respectively. Furthermore, the orbitals from the A layers
at the K valley couple negligibly with those from the B layer due to spin-valley locking and spin U(1) symmetry.
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Therefore, the continuum model can be constructed separately for the A layers and the B layer. The K/K ′-valley
continuum model, based on the dx2−y2 ± idxy orbitals of the monolayer sector and the highest-energy layer-hybridized
dx2−y2 ± idxy states of the A layers in the 2H-stacked multilayer sector, can be written as follows

HK
η =

∫
d2r

(
ψ†
η,r,b ψ†

η,r,t

)(
hη,b(r) tη(r)
t∗η(r) hη,t(r)

)(
ψη,r,b
ψη,r,t

)
, (B10)

where η = ±1 denotes the K/K ′ valleys, b and t label the dx2−y2 ± idxy orbitals from the A1 and A2 layers in
A-AB-tMoTe2, while in A-ABA-tMoTe2 they label the dx2−y2 ± idxy orbital of the A1 layer and the highest-energy
layer-hybridized dx2−y2 ± idxy state from the A2 and A3 layers respectively. Under the symmetry constraints imposed
by T and C3, the intralayer energy term takes the form

hη,l(r) = (−ℏ2∇2

2ml
+ (−)l

ϵK
2
) + Vη,l(r) (B11)

The absence of C2y symmetry allows Vη,b(r) ̸= Vη,t(r), and introduces an onsite energy ϵK in both A-AB and
A-ABA tMoTe2 to describe the energy difference induced by interlayer hybridization between the orbitals of the
monolayer sector and those of the 2H-stacked multilayer sector. From the DFT results, we find ϵK = 0meV for A-AB
tMoTe2 and ϵK = 21meV for A-ABA tMoTe2, as discussed in Sec. B 2. To fit the top two valence bands at the ±K
valleys, it is sufficient to consider only the first-harmonic terms of the intralayer and interlayer couplings. Under the
symmetry constraints imposed by T and C3 (see also Ref. [45]), these terms can be written as

Vη,l(r) =
3∑
i=1

Vl(e
−i(−)lψleigir + ei(−)lψη,le−igir) (B12)

tη(r) = w

3∑
1

e−iηqi·r (B13)

Here, q1 = bM (0, 1√
3
)T , q2 = C3q1, and q3 = C−1

3 q1, while time-reversal symmetry T requires V+,l = V−,l ≡ Vl.
Based on the moiré translation symmetry, the Hamiltonian in Eq. (B10) can be rewritten in the moiré reciprocal
space. The Fourier transform of the basis is given by

ψ†
η,r,l =

1√
V

∑
k

∑
Q∈Qη

l

ψ†
k−Q,le

−i(k−Q)r (B14)

where Qηl = {GM + η(−)lq1}, and the Hamiltonain in moiré space is expressed as

HK
η =

∑
k

∑
Q,Q’∈Qη

l

ψ†
η,k−Q,lh

K
η,QQ’(k)ψη,k−Q’ (B15)

and hKη,QQ’(k) is given by

hKη,QQ’(k) = [−ℏ2(k − Q)

2ml
+ (−)l

ϵK
2
]δQ,Q’

+ Vb

3∑
i=1

[eiηψbδQ,Q’−gi
+ e−iηψbδQ,Q’+gi

]Q,Q’∈Qη
b

+ Vt

3∑
i=1

[e−iηψtδQ,Q’−gi
+ eiηψtδQ,Q’+gi

]Q,Q’∈Qη
t

+ w

3∑
1

[δQ,Q’−qi
+ δQ,Q’+qi

]

(B16)

Due to the breaking of C2y symmetry, there is no symmetry constraint on Vb = Vt and the K/K ′ valley band pairs
split along ΓM −KM −MM path. Thus, it is necessary to fit K and K ′ valleys separately using the same parameters.
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The fitted bands at K/K ′ valley of A-AB and A-ABA tMoTe2 with various twist angles are shown in Fig. 17 and
Fig. 18. The fitting parameters are shown in Tab. VII.

Moreover, the layer-resolved orbital analysis in Sec. A 3 reveals a contribution from the dx2−y2 ∓ idxy orbital of the
B layer to the K/K ′-valley bands, which can be captured within a single-orbital model. The continuum model based
on the single dx2−y2 ∓ idxy orbital of the B layer at the η valley in reciprocal space is given by

hBη,QQ’(k) = [−ℏ2(k − Q)

2mB
]δQ,Q’ + VB

3∑
i=1

[eiηψBδQ,Q’−gi
+ e−iηψBδQ,Q’+gi

]Q,Q’∈Qη
t

(B17)

The fitting results for the B layer are shown as the orange bands in Fig. 4 of the main text and in Figs. 17 and 18
of Sec. B 7, with parameters mB = 0.52me, VB = 16meV, and ψB = −105◦ for A-AB tMoTe2, and mB = 0.58me,
VB = 9.5meV, and ψB = −95◦ for A-ABA tMoTe2. The spin Chern numbers of these bands are found to be zero.
Moreover, the parameters of the single-orbital model for the B layer at the K/K ′ valleys remain unchanged with twist
angle, which is due to the negligible coupling between the B-layer states at the K valley and those of the A layers,
rendering the moiré potential ineffective.

4. Three-orbital continuum model of A-ABA tMoTe2 at K/K′ valley

Beyond the two-orbital model, we also construct a more complete continuum model for A-ABA tMoTe2 that includes
three orbitals: the dx2−y2 ± idxy orbitals from the A1, A2, and A3 layers at the K/K ′ valleys. While the two-orbital
model only includes the highest-energy layer-hybridized state from the A2 and A3 layers and therefore describes only
the two lowest-lying moiré valence bands at the K/K ′ valleys, the three-orbital model incorporates both dx2−y2 ± idxy
orbitals from the A2 and A3 layers and can accurately capture up to three moiré valence bands originating from the
A layers at each valley. The corresponding real-space Hamiltonian is given by

HK
η,three =

∫
d2r

(
ψ†
η,r,A1

ψ†
η,r,A2

ψ†
η,r,A3

) hη,A1
(r) tη,A1A2

(r) tη,A1A3
(r)

t∗η,A1A2
(r) hη,A2

(r) tη,A2A3
(r)

t∗η,A1A3
(r) t∗η,A2A3

(r) hη,A3
(r)

ψη,r,A1

ψη,r,A2

ψη,r,A3

 (B18)

Here, η = ±1 denotes the K/K ′ valleys. The A1 site belongs to the bottom monolayer sector, whereas A2 and A3

belong to the top 2H-stacked multilayer sector. The high-energy hybridized state formed by the dx2−y2 ± idxy orbitals
from A2 and A3 constitutes the single hybridized state of the 2H-stacked multilayer sector in Eq. (B10). Considering
only the first harmonic, the intralayer couplings take the same form as in Eq. (B11), which are written as

hη,l(r) = −ℏ2∇2

2ml
+ εl + Vη,l(r)

Vη,A1
(r) =

3∑
i=1

VA1
(eiψA1 eigir + e−iψη,A1 e−igir)

Vη,A2/A3
(r) =

3∑
i=1

VA2/A3
(e−iψA2/A3 eigir + eiψη,A2/A3 e−igir)

(B19)

Here, εl (l = A1, A2, A3) represents the energy difference between layers induced by the external displacement field,
which is set to zero in the following discussion. tη,A1A2

(r) and tη,A1A3
(r) are interlayer couplings, retained up to the

first harmonic and having the same form as Eq. (B13). tη,A2A3
(r) is an interlayer coupling within the 2H-stacked

multilayer sector, kept at the zeroth harmonic and representing the hybridization energy between the A2 and A3

layers. Under T symmetry, this term is real and is found to equal εK (Eq. (B11)) in the fitting results (see Fig. 18
and Tab. VIII). These interlayer couplings can then be written as

tη,A1A2/A1A3
(r) = wA1A2/A1A3

3∑
1

e−iηqi·r

tη,A2A3
(r) = wA2A3

= εK

(B20)
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The fitting results obtained from the three-orbital continuum model for A-ABA tMoTe2 at the K/K ′ valleys with
different twist angles, along with the comparison to the two-orbital model, are presented in Fig. 18. The corresponding
fitting parameters of the three-orbital model are listed in Table VIII.

5. Continuum model of A-AB and A-ABA tMoTe2 at Γ valley

In this subsection, we construct a continuum model for both A-AB and A-ABA tMoTe2 at the Γ valley. According
to the layer-resolved orbital analysis in Sec. A 3, the low-energy bands at Γ mainly originate from the highest-energy
layer-hybridized dz2 state, which has negligible interlayer coupling with the dz2 orbital of the A1 layer.

We first give the general form of a two-orbital model for the Γ valley and then simplify it to a single-orbital model
in the following discussion. The two-orbital continuum model incorporates both the dz2 orbital of the A1 layer and
the highest-energy layer-hybridized dz2 state of the 2H-stacked multilayer sector. The general form of this two-orbital
model for the Γ valley in real space can be written as

HΓ =

∫
d2r

(
ψ†

r,b ψ†
r,t

)(
hΓ,b(r) tΓ(r)
t†Γ(r) hΓ,t(r)

)(
ψr,b
ψr,t

)
(B21)

where ψ†
r,l = {ψ†

r,l,↑, ψ
†
r,l,↓}, and both hΓ,l(r) and tΓ(r) are 2 × 2 matrices acting on the spin degree of freedom.

Similar to the symmetry analysis of AB- and ABA-stacked MoTe2 at the Γ valley in Sec. B 5, the linear Rashba term
is forbidden by C3, T , and Mz symmetries in the monolayer (see also Ref. [45]). The general form of hΓ,l(r) is then
given by

hΓ,l(r) = (
ℏ2∇2

2mΓ,l
+ (−)l

ϵΓ
2
)s0 + VΓ,l(r) (B22)

Here, the model breaks the C2y symmetry relative to that of AA-stacked tMoTe2. As a result, there is no constraint
requiring VΓ,b(r) = VΓ,t(r), and the onsite energy difference ϵΓ is large due to strong interlayer hybridization at the Γ
valley. From the DFT results, we obtain ϵΓ = 350meV for A-AB tMoTe2 and ϵΓ = 311meV for A-ABA tMoTe2, as
discussed in Sec. B 2.

To describe the low-energy bands at the Γ valley, it is sufficient to include the first-harmonic term of VΓ,l(r) and
the zeroth-harmonic term of tΓ(r). Under the relevant symmetry constraints, these terms take the following form

VΓ,l(r) =
3∑
i=1

VΓ,l(e
i(−)lψΓ,leigir + e−i(−)lψΓ,le−igir)s0 (B23)

tΓ(r) = wΓs0 (B24)

Here, g1 = bM,1, g2 = C3bM,1 = −bM,1 + bM,2, and g3 = C−1
3 bM,1 = −bM,2. We then perform the Fourier

transformation into reciprocal space as follows

ψ†
r,l =

1√
V

∑
k

∑
GM

ψ†
k−GM ,le

−i(k−GM )r (B25)

HΓ =
∑
k

∑
GM ,G’M

∑
l,l′

ψ†
k−GM ,lh

Γ
ll′,GMG’M (k)ψk−G’M ,l′ (B26)

By substituting the explicit forms of hΓ,l(r) (Eqs. (B22) and (B23)) and tΓ(r) (Eq. (B24)) into Eq. (B21), and using
the relation in Eq. (B25), we obtain hΓll′,GMG’M (k) in the moiré reciprocal space as

hΓll′,GMG’M (k) =[
ℏ2(k − GM )2

2mΓ,l
+ (−)l

ϵΓ
2
]δGM ,G’M δl,l′

+VΓ,l

3∑
i=1

(ei(−)lψΓ,lδGM ,G’M−gi
+ e−i(−)lψΓ,lδGM ,G’M+gi

)δl,l′

+wΓδGM ,G’M δl,l′

(B27)
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Here, GM = n1bM,1 + n2bM,2. Nevertheless, the low-energy bands at the Γ valley originate mainly from the 2H-
stacked multilayer sector in both A-AB and A-ABA tMoTe2, with only negligible coupling to the A1 layer, as shown
in Fig. 11. Thus, the two-orbital model discussed above can be simplified to a single-orbital model—representing the
hybridized dz2 states of the 2H-stacked multilayer sector—to describe the low-energy bands at the Γ valley, neglecting
the interlayer coupling. The simplified model is then written as

hΓGMG’M (k) = [
ℏ2(k − GM )2

2mΓ,t
]δGM ,G’M

+ VΓ,t

3∑
i=1

(eiψΓ,tδGM ,G’M−gi
+ e−iψΓ,tδGM ,G’M+gi

)

(B28)

We use Eq. (B28) to describe the Γ-valley bands. The results for both A-AB and A-ABA tMoTe2 at different twist
angles are shown in Fig. 16, and the parameters of the single-orbital continuum model are summarized in Tab. V.

6. Charge density fitting to the DFT results

In this subsection, we present a systematic and quantitative scheme to evaluate how well the charge density obtained
from the continuum model matches that from the DFT calculation. We use two complementary metrics: (i) a
normalized correlation, ρratio, which captures similarity in spatial patterns, and (ii) an absolute difference, ∆ρ, which
measures discrepancies. Precise definitions and computational details are given below.

In the continuum model, the real-space charge density corresponding to a state at kM in the K/K ′ valley is
expressed as

ρη,n,kM
(r) =

1

Ω

∑
l

∣∣∣∣∣∣
∑

Q∈Ql

ei(kM−Q)·rψη,n,l,kM−Q

∣∣∣∣∣∣
2

(B29)

where η denotes the K/K ′ valley, n is the eigenstate index, and l is the layer index. Ql denotes the set of moiré
reciprocal vectors, defined as Ql = {n1G1 + n2G2 + (−)lq1}, which form a hexagonal reciprocal lattice structure.
Similarly, the real-space charge density of a state at the Γ valley and momentum kM is given by

ρΓ,n,kM
(r) =

1

Ω

∑
l

∣∣∣∣∣∑
G∈G

ei(kM−G)·rψΓ,n,l,kM−G

∣∣∣∣∣
2

(B30)

where the notations n and l follow the same convention as in Eq. (B29), and G = {n1G1 + n2G2} form a triangular
reciprocal lattice.

We denote the charge density obtained from the DFT calculation as ρDFT and that from the continuum model as
ρmodel. To ensure a fair comparison, we first smooth ρDFT by performing a Fourier transformation into the moiré
reciprocal space using the same G set as in the continuum model, and then apply an inverse Fourier transformation
back to real space on the same discrete {r} grid as used in the continuum model. After this smoothing procedure, both
ρDFT (r) and ρmodel(r) can be evaluated at arbitrary positions in real space. We then define two standard quantities
to quantify the degree of agreement between ρDFT and ρmodel, both of which can be computed numerically. The first
quantity is the correlation coefficient ρratio between ρDFT and ρmodel, which is defined as

ρratio =

∫
Ω
ρmodel(r)ρDFT(r)d

2r√∫
Ω
ρmodel(r)ρmodel(r)d2r

∫
Ω
ρDFT(r)ρDFT(r)d2r

(B31)

The closer ρratio is to 1, the better the agreement between ρDFT and ρmodel. The second quantity is the integral of
the difference ∆ρ between ρDFT and ρmodel, defined as follows:

∆ρ =

∫
Ω

|ρmodel(r)− ρDFT(r)|d2r (B32)

The closer ∆ρ is to 0, the better the agreement between ρDFT and ρmodel.
The calculated ρmodel(r), ρratio, and ∆ρ are presented in several cases. For A-ABA tMoTe2, the results from the

top Γ-valley bands at ΓM and KM with twist angles of 4.41◦ and 5.09◦ are labeled in Fig. 19. For A-AB tMoTe2, the
results from the top K/K ′-valley band at ΓM and KM with a twist angle of 3.89◦ are labeled in Fig. 20. For A-ABA
tMoTe2, the results from the top K/K ′-valley band at ΓM and KM with a twist angle of 4.41◦ are labeled in Fig. 21.
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7. Fitting results and parameters

In this part, we present the detailed fitting results and fitting parameters of the continuum models constructed
in Secs. B 3 to B 5. The Γ-valley bands of both A-AB and A-ABA tMoTe2 with twist angles of 3.89◦, 4.41◦, and
5.09◦ are fitted using the single-orbital continuum model, as shown in Fig. 16. The spin Chern numbers of the top
isolated bands with nearly spin degeneracy are all zero. The top two valence bands derived from the A layers of A-AB
tMoTe2 at the K/K ′ valley are fitted using the two-orbital continuum model, as shown in Fig. 17. The spin Chern
numbers of the first and second top valence bands at the K/K ′ valley are both C↑/↓ = ±1. We fit the top two or
three valence bands originating from the A layers of A-ABA tMoTe2 at the K/K ′ valley using the corresponding two-
or three-orbital continuum models, as shown in Fig. 18. The spin Chern numbers of the first and second top valence
bands at the K/K ′ valley are C↑/↓ = ±1 and C↑/↓ = ∓1, respectively. We also fit the top valence band derived from
the B layer at the K/K ′ valley using a single-orbital continuum model. These results are plotted as orange lines in
Fig. 17 and Fig. 18, and the corresponding fitting parameters are provided in Sec. B 3 and Tab. VI.

We also fit the charge density distributions at ΓM and KM using the two standard quantities defined in Eq. (B31)
and Eq. (B32), to quantify the agreement between the charge densities obtained from the continuum model and the
DFT results. These comparisons are shown in Figs. 19 to 21 for the top valence band at the Γ and K/K ′ valleys in
A-AB and A-ABA tMoTe2, where the results from the continuum models show excellent agreement with those from
DFT calculation, with ρratio→1 and ρ∆→0.

As for the fitting parameters, those of the single-orbital continuum model at the Γ valley are listed in Tab. V. The
parameters of the two-orbital continuum model at the K/K ′ valley are given in Tab. VII. The hybridized energy
ϵK and the effective dispersion mass ml can also be approximately extracted from untwisted multilayer MoTe2 (see
Sec. B 2), with slight adjustments to account for the effect of the moiré potential. Moreover, the differences between
Vb, ψb and Vt, ψt reflect the degree of C2y-symmetry breaking. The parameters of the three-orbital continuum model
at the K/K ′ valley for A-ABA tMoTe2 are summarized in Tab. VIII, which share the same effective dispersion mass
and hybridized energy as the two-orbital model at each twist angle. The values of the first-harmonic interlayer and
intralayer coupling terms also show good agreement between the two-orbital and three-orbital continuum models for
A-ABA tMoTe2.
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FIG. 16. Fitting results of the Γ-valley bands for 3.89◦, 4.41◦, and 5.09◦ A-AB (a-c) and A-ABA (d-f) tMoTe2 using the
single-orbital continuum model. The red lines represent the bands calculated by the continuum model, while the black dots
represent the DFT bands calculated by VASP.

Twist angle

Parameter
mΓ,t(me) VΓ,.t(meV ) ψΓ,t(

◦)

3.89◦ A+AB 2.3 3.0 −30

4.41◦ A+AB 2.3 1.0 −30

5.09◦ A+AB 2.3 1.5 −30

3.89◦ A+ABA 1.6 1.0 −85

4.41◦ A+ABA 1.6 2.0 −75

5.09◦ A+ABA 1.6 1.5 −30

TABLE V. Values of the parameters at different twist angles for the Γ-valley single-orbital continuum model of A-AB and
A-ABA tMoTe2.
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FIG. 17. Fitting results of the K/K′-valley bands for 3.89◦ (a), 4.41◦ (b), and 5.09◦ (c) A-AB tMoTe2 using the two-orbital
continuum model for the A layers and the single-orbital model for the B layer. The blue and green lines represent the K/K′-
valley bands of the A layers, while the orange lines represent those of the B layer. The black dots denote the DFT bands
obtained from VASP.

Twist angle
Parameter

mB(me) VB(meV ) ψB(
◦)

3.89◦,4.41◦,5.09◦ A+AB 0.52 16 −105
3.89◦,4.41◦,5.09◦ A+ABA 0.58 9.5 −95

TABLE VI. Values of the parameters in the single-orbital continuum model for the B layer in A-AB and A-ABA tMoTe2.

Twist angle

Parameter
mb(me) mt(me) Vb(meV ) Vt(meV ) ψb(

◦) ψt(
◦) w(meV ) ϵK(meV )

3.89◦ A+AB 0.60 0.60 18.0 9.2 −116 −101 −19 0

4.41◦ A+AB 0.62 0.62 18.0 11.3 −116 −101 −18 0

5.09◦ A+AB 0.64 0.64 18.0 11.8 −116 −101 −18 0

3.89◦ A+ABA 0.60 0.60 18.5 9.5 −116 −106 −13.0 21

4.41◦ A+ABA 0.62 0.62 18.0 10.0 −116 −106 −13.8 21

5.09◦ A+ABA 0.62 0.62 18.0 10.5 −116 −106 −13.8 21

TABLE VII. Values of the parameters at different twist angles for the two-orbital continuum model of the A layers at the K/K′

valley in A-AB and A-ABA tMoTe2.
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FIG. 18. Fitting results of the K/K′-valley bands for 3.89◦, 4.41◦, and 5.09◦ A-ABA tMoTe2 using a two-orbital model (a–c)
or a three-orbital model (d–f) for the A layers, together with a single-orbital model for the B layer. The blue and green lines
represent the K/K′-valley bands of the A layers, while the orange lines represent those of the B layer. The black dots denote
the DFT bands obtained from VASP.

Twist angle

Parameter ml(me)
(l = A1, A2, A3)

VA1(meV ) VA2(meV ) VA3(meV ) ψA1(
◦) ψA2(

◦) ψA3(
◦) wA1A2(meV ) wA1A3(meV ) wA2A3(meV )

3.89◦ A+ABA 0.60 18.5 9.5 9.5 −98 −116 −71 −13.0 1 21

4.41◦ A+ABA 0.62 18.5 10.0 9.0 −99 −111 −61 −14.0 1 21

5.09◦ A+ABA 0.64 18.5 10.0 9.0 −100 −111 −61 −14.0 1 21

TABLE VIII. Values of the parameters at different twist angles for the three-orbital continuum model at the K/K′ valley of
the A layers in A-ABA tMoTe2
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FIG. 19. Fitting results of the bands and charge density at the Γ valley for A-ABA tMoTe2 with twist angles of 4.41◦ (a)
and 5.09◦ (b). The black dots represent the DFT results, and the red lines represent the bands calculated from the Γ-valley
continuum model. The charge density for the top valence band at ΓM and KM in the Γ valley is calculated using the single-
orbital continuum model. The quantities ρratio and ∆ρ are calculated using Eq. B31 and Eq. B32, respectively.

𝟑. 𝟖𝟗𝒐 A-AB tMoTe2

𝑲𝑴

Top | ↓, 𝑲′⟩ band charge density

𝜞𝑴

𝜌𝑟𝑎𝑡𝑖𝑜 = 0.991
Δ𝜌 = 0.127

𝜌𝑟𝑎𝑡𝑖𝑜 = 0.994
Δ𝜌 = 0.092

× 10−3 × 10−3

C
H

G
(e

/Å
)

C
H

G
(e

/Å
)

X(Å ) X(Å )

y(
Å
)

| ↓,𝑲′⟩ band fitting

ΓM       KM     MM         ΓM      

(𝑏)

En
er

gy
(m

eV
)

y(
Å
)

(𝑎)
| ↑,𝑲⟩ band fitting

ΓM       KM     MM         ΓM      

En
er

gy
(m

eV
)

𝟑. 𝟖𝟗𝒐 A-AB tMoTe2

Top | ↑, 𝑲⟩ band charge density 

𝜞𝑴

𝜌𝑟𝑎𝑡𝑖𝑜 = 0.991
Δ𝜌 = 0.127

× 10−3

X(Å )

y(
Å
)

𝑲𝑴

𝜌𝑟𝑎𝑡𝑖𝑜 = 0.998
Δ𝜌 = 0.044

× 10−3

C
H

G
(e

/Å
)

y(
Å
)

X(Å )

C
H

G
(e

/Å
)

FIG. 20. Fitting results of the bands and charge density at the K (a) and K′ (b) valleys of A-AB tMoTe2 with a twist angle
of 3.89◦. The black dots represent the DFT results, while the red lines represent the K/K′-valley continuum model results.
The charge density for the top valence band at ΓM and KM is calculated using the two-orbital continuum model at the K/K′

valley. The quantities ρratio and ∆ρ are calculated using Eq. (B31) and Eq. (B32), respectively.
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FIG. 21. Fitting results of the bands and charge density at the K (a) and K′ (b) valleys of A-ABA tMoTe2 with a twist angle
of 4.41◦. The black dots represent the DFT results, while the red lines represent the K/K′-valley continuum model results.
The charge density for the top valence band at ΓM and KM is calculated using the two-orbital continuum model at the K/K′

valley. The quantities ρratio and ∆ρ are calculated using Eq. B31 and Eq. B32, respectively.

8. Berry curvature and quantum metric

In this subsection, we present the results of the Berry curvature and quantum metric for the top two bands from
the K valley of the A layers and the nearly spin-degenerate top bands from the Γ valley for both A-AB and A-ABA
tMoTe2.

The Berry curvature Ωn(k) and quantum metric tensor gn(k) of the targeted n-th band can be written in terms of
the projection operator, Pn(k) = |un(k)⟩ ⟨un(k)|, as follows

Ωn(k) = i
∑
ij

ϵijTr[Pn(k)∂kiPn(k)∂kjPn(k)]

gn,ij(k) =
1

2
Tr[∂kiPn(k)∂kjPn(k)]

(B33)

where i, j = x, y. Here, we show the distribution of Ωn(k) and Tr[gn(k)] for the top bands from the K valley of
A-layers in A-AB and A-ABA tMoTe2 at 3.89◦ and 4.41◦ (Fig. 22), as well as those for the top bands from the Γ
valley in A-AB at 3.89◦ and in A-ABA at 3.89◦, 4.41◦, and 5.09◦ (Fig. 23).

Several unusual properties emerge from these results. For the top band from the K valley (Fig. 22), the spin Chern
numbers for both A-AB and A-ABA tMoTe2 are the same (C↑ = 1), but the distributions of Ωn(k) and Tr[gn(k)] are
significantly different. Larger values of Ωn(k) and Tr[gn(k)] are observed near ΓM in A-ABA tMoTe2 (similar to the
case in the AA-stacked bilayer tMoTe2, see Ref. [45]), whereas they are observed near KM in A-AB tMoTe2 with a
twist angle of 3.89◦. Moreover, as the twist angle increases, the regions of large values converge towards the ΓM point
for both A-AB and A-ABA tMoTe2.

For the top bands from the Γ valley (Fig. 23), the spin Chern numbers for both A-AB and A-ABA tMoTe2 are
0, with two opposite peaks of Ωn(k) at KM and K ′

M . Moreover, a band inversion in A-ABA tMoTe2, occurring
between 5.09◦ and 4.41◦, is reflected in the distribution of Ωn(k), with opposite peaks at KM for these two twist
angles (Fig. 23(b) and Fig. 23(c)). This is consistent with the change in the C3 eigenvalues (Fig. 3). The Wilson
loops, shown in Fig. 29, further confirm that the Z2 indices remain zero despite the band inversion between 5.09◦ and
4.41◦.
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FIG. 22. The distribution of the Berry curvature Ωn(k) (a-d) and the quantum metric Tr[gn(k)] (e-h) for the top band
from the K valley of A layers in A-AB and A-ABA tMoTe2 at twist angles of 3.89◦ and 4.41◦. Here, bM = 4π√
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FIG. 23. The distribution of the Berry curvature Ωn(k) (a-d) and quantum metric Tr[gn(k)] (e-h) for the nearly spin-degenerate
top two bands from the Γ valley, for 3.89◦ A-AB and 3.89◦, 4.41◦, 5.09◦ A-ABA tMoTe2.

C. Moiré-Model-Building Without Fitting

In this section, we construct accurate continuum models using our universal Moiré-Model-Building method [78].
We first calculate the Truncated Atomic Plane Wave (TAPW) [78, 86–88] Hamiltonian with the OpenMX software
package [89–91] to obtain an accurate representation of the electronic properties of moiré systems, and then extract
the continuum models directly from the DFT results without fitting for both the Γ and K/K ′ valleys in A-AB and
A-ABA tMoTe2.

1. Truncated Atomic Plane Wave calculation

First, we perform DFT calculations in OpenMX using the same relaxed crystal structures as in VASP. The pseudo-
atomic orbital (PAO) basis functions for the OpenMX calculations are chosen as Mo7.0-s3p2d2 and Te7.0-s3p2d2f1,
where "7.0" denotes the cutoff radius of the PAO functions in Bohr units. Here, s3p2d2 represents 3 s-orbitals, 2
sets of p-orbitals, and 2 sets of d-orbitals for Mo atoms (3 + 2 × 3 + 2 × 5 = 19), while s3p2d2f1 for Te atoms
represents 3 s-orbitals, 2 sets of p-orbitals, 2 sets of d-orbitals, and 1 set of f -orbitals (3 + 2 × 3 + 2 × 5 + 7 = 26).
Then, we construct a TAPW-basis Hamiltonian from the full Hamiltonian obtained from OpenMX. We project the ab



32

initio tight-binding Hamiltonian onto the atomic plane waves localized around the K, K ′, and Γ valleys separately,
and present the valley-projected electronic structures of 3.89◦ A-AB and A-ABA tMoTe2 in Fig. 24. The electronic
structures obtained from the TAPW Hamiltonian are in good agreement with those from VASP, except that the Γ
and K valleys now differ by approximately 20 meV, which does not affect the model within each valley. Spin Chern
numbers are also calculated from our TAPW-basis Hamiltonian (labeled in Fig. 24), which are consistent with those
obtained from the fitted continuum models.
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FIG. 24. The valley-projected electronic structures obtained from the TAPW method for 3.89◦ A-AB (a) and A-ABA (b)
tMoTe2. Black dot lines represent the moiré bands calculated using VASP, while the solid lines correspond to the valley-
projected bands calculated from the TAPW Hamiltonian. Red lines indicate Γ valley bands, blue lines indicate K valley bands,
and green lines indicate K′ valley bands. The spin Chern numbers of the top several bands from the Γ and K/K′ valleys are
labeled in the figures.
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2. Procedure for Constructing the Continuum Model

Below, we briefly summarize the procedure used to construct the continuum model from the DFT Hamiltonian,
HDFT, on both the full and reduced Q lattices. In our application to the K and Γ valleys of tMoTe2, we first
extract an effective Hamiltonian in the low-energy subspace by projecting HDFT onto the relevant orbital basis. We
then diagonalize the Q-blocks of HDFT and retain only the branch closest to the Fermi level. Subsequently, using a
second-order perturbation procedure, we integrate out the high-energy states, thereby obtaining a low-energy effective
Hamiltonian H low-energy

DFT (or Hreduced
DFT when a truncated Q lattice is employed). A detailed derivation can be found in

[78].

a. Application to the K Valley in A–AB and A–ABA Systems

At the K valley of tMoTe2, SOC locks each valley to a single spin polarization at low energies: the A-layers
contribute only the spin–up combination (

∣∣dx2−y2 + i dxy, ↑
〉
), while the B layer contributes only the spin–down

partner (
∣∣dx2−y2 − i dxy, ↓

〉
). Accordingly, the continuum Hamiltonian at the K valley separates into two independent

sectors: an A-sector built from the spin–up d+ id orbitals, and a B-sector built from the spin–down d− id orbitals.
Although A–AB and A–ABA differ in the number of A-layer orbitals, they share the same block-diagonal structure,
which corresponds to two-orbital (Sec. B 3) or three-orbital (Sec. B 4) continuum models for the A-layers block of
A-AB and A-ABA tMoTe2, and a single-orbital (Sec. B 3) continuum model for the B-layer block of both A-AB and
A-ABA tMoTe2. We introduce

Ψ†
A,k =

{(
ψ†
A1,k

, ψ†
A2,k

)
, A–AB,(

ψ†
A1,k

, ψ†
A2,k

, ψ†
A3,k

)
, A–ABA,

Ψ†
B,k =

(
ψ†
B1,k

)
, (C1)

so that

HK = HK
A +HK

B =
∑
k

(
Ψ†
A,k Ψ†

B,k

)(
HK
A (k) 0
0 HK

B (k)

)(
ΨA,k
ΨB,k

)
, (C2)

with HK
A acting on the spin–up d+ id manifold of the A layers, and HK

B acting on the spin–down d− id manifold of
the B layer.

In the general continuum model, each block hKll′(k) is expanded as:

hKll′(k) =
∑

Mz,Mz∗≥0

∑
GM

tMzMz∗
l,l′;GM

Y MzMz∗
l,l′,p (k) + symm. terms, p = ql − ql′ +GM , (C3)

where symm. terms denote the additional terms required by the the three-fold rotation symmetry C3z and Hermitian
conjugation, ensuring that the full Hamiltonian satisfies all the symmetry constraints discussed below. The basis
matrices are defined by:[

Y MzMz∗
l,l′,p (k)

]
Q1,Q2

= δlQ1
,l δlQ2

,l′ (k −Q1)
Mz
z (k −Q1)

Mz∗
z∗ δQ1,Q2+p, (C4)

with (k −Q)z = (kx −Qx) + i(ky −Qy) and (k −Q)z∗ = (kx −Qx)− i(ky −Qy). By construction, no spin indices
appear in these blocks because each layer contributes only one spin-polarized orbital.

a. Physical meaning of the coefficients. The coefficients tMzMz∗
l,l′;GM

are extracted by projecting the ab-initio Hamil-
tonian onto the basis functions.

• l = l′, GM = 0, Mz =Mz∗ = 0 =⇒ on–site term;

• l = l′, GM = 0, Mz +Mz∗ ̸= 0 =⇒ kinetic term;

• l = l′, GM ̸= 0 =⇒ intralayer moiré potential;

• l ̸= l′ =⇒ interlayer coupling.
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b. Symmetry constraints. Within a single K valley the only spatial symmetry is the threefold rotation C3z. We
denote by λd(l) the phase acquired by the Mo d–orbital on layer l under a 120◦ rotation:

λd(l) =

+
π

3
, l ∈ {A1, A2, . . . } (spin–up d+ id),

−π
3
, l = B1 (spin–down d− id).

(C5)

In the combined plane-wave (Q) and layer (l) basis, C3z is represented by the matrix:

[D(C3z)]Q,l;Q′,l′ = δl,l′ δQ, C3zQ′ e iλd(l). (C6)

When this rotation acts on the continuum basis-function matrices Y MzMz∗
l,l′,p (k), the orbital phases λd(l) cancel

within each A- or B-sector (since λd(l) = λd(l
′)), and only the factors (kx ± iky)

Mz pick up a phase:

D(C3z)Y
MzMz∗
l,l′,p (k)D(C3z)

−1 = e−i 2π3 (Mz−Mz∗ ) Y MzMz∗
l,l′, C3zp

(
C3zk

)
. (C7)

Requiring the Hamiltonian to commute with C3z then enforces:

tMzMz∗
l,l′;GM

= e−i 2π3 (Mz−Mz∗ ) tMzMz∗
l,l′;C3zGM

. (C8)

Fig. 25 exhibits the results of the reduced accurate continuum model for the K valley of A-AB and A-ABA tMoTe2
with various twist angles. The model parameters are listed in [98]. The Berry curvature and quantum metric
distributions of the top valence bands from the K valley, calculated from the reduced accurate continuum model,
are shown in Fig. 26. These distributions are consistent with those obtained from the fitted continuum models (see
Fig. 22), except that the mirror symmetry My is broken due to the higher harmonic terms in the accurate continuum
models.

b. Application to the Γ Valley in A–AB and A–ABA Systems

At the Γ valley, the only low–energy degrees of freedom are the Mo dz2 orbitals on the specified layers, each carrying
a spin σ =↑, ↓. We introduce the corresponding basis operators with spin degree of freedom as

ψ†
l,σ,k, l ∈

{
{A2, B1}, A–AB,
{A2, B1, A3}, A–ABA,

σ ∈ {↑, ↓}. (C9)

The continuum Hamiltonian then takes the form:

HΓ =
∑
k

∑
l,l′

∑
σ,σ′

ψ†
l,σ,k h

Γ
lσ, l′σ′(k) ψl′,σ′,k, (C10)

where

hΓlσ, l′σ′(k) =
∑

Mz,Mz∗≥0

∑
GM

tMzMz∗
lσ, l′σ′;GM

Y MzMz∗
lσ, l′σ′,p(k) + symm. terms, p = ql − ql′ +GM . (C11)

This model corresponds to the single-orbital model with approximate spin degeneracy, as described in Sec. B 5. The
single orbital in Sec. B 5 is the highest-energy layer-hybridized dz2 state of {A2, B1} ({A2, B1, A3}) layers in A-AB (A-
ABA) tMoTe2. symm. terms denote the additional terms required by three-fold rotation symmetry C3z, time–reversal
symmetry T̂ , and Hermitian conjugation. The basis matrices are defined by:[

Y MzMz∗
lσ, l′σ′,p(k)

]
Q1σ1,Q2σ2

= δlQ1
,l δσ1,σ δlQ2

,l′ δσ2,σ′ (k −Q1)
Mz
z (k −Q1)

Mz∗
z∗ δQ1,Q2+p, (C12)

with (k −Q)z = (kx −Qx) + i(ky −Qy) and (k −Q)z∗ = (kx −Qx)− i(ky −Qy).
a. Physical meaning of the coefficients. The coefficients tMzMz∗

lσ, l′σ′;GM
are obtained by projection and have the

following interpretation:

• l = l′, σ = σ′, GM = 0, Mz =Mz∗ = 0 =⇒ on-site energy.

• l = l′, σ = σ′, GM = 0, Mz +Mz∗ ̸= 0 =⇒ kinetic term.

• l = l′, σ = σ′, GM ̸= 0 =⇒ intralayer moiré potential.

• l ̸= l′, σ = σ′ =⇒ interlayer coupling.

• σ ̸= σ′ (any l, l′,GM ) =⇒ spin-flip coupling.
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b. Symmetry constraints. At the Γ valley the continuum Hamiltonian is invariant under both three-fold rotation
C3z and time–reversal T .

Three-fold rotation C3z. In the composite index (Q, l, σ) the representation is:

[D(C3z)]Q,l,σ;Q′,l′,σ′ = δl,l′ δQ, C3zQ′
[
e−iπσz/3

]
σ′σ
. (C13)

Because the spin matrix carries the entire phase, rotation of a: basis matrix yields

D(C3z) Y
MzMz∗
lσ,l′σ′,p (k) D(C3z)

−1 = e−i 2π3 (Mz−Mz∗ ) Y MzMz∗
lσ,l′σ′, C3zp

(
C3zk

)
, (C14)

which imposes:

tMzMz∗
lσ, l′σ′;GM

= e−i 2π3 (Mz−Mz∗ ) tMzMz∗
lσ, l′σ′;C3zGM

. (C15)

Time reversal T̂ . With D(T )Q,l,σ;Q′,l′,σ′ = δl,l′ δQ′,−Q [iσy]σ′σ K, one finds

D(T ) Y MzMz∗
lσ,l′σ′,p(k) D(T )−1 = (−1)Mz+Mz∗ (iσy)

[
Y Mz∗Mz

lσ̄, l′σ̄′,−p(−k)
]∗

(iσy), (C16)

leading to the coefficient constraint:

tMzMz∗
lσ, l′σ′;GM

= (−1)Mz+Mz∗
[
tMz∗Mz

l′σ̄′, lσ̄;−GM

]∗
, ↑̄ =↓, ↓̄ =↑ . (C17)

These symmetry relations are imposed when the continuum parameters are extracted from first-principles calculations.
Fig. 27 shows the results of the reduced models for the Γ valley of A-AB and A-ABA tMoTe2 with various twist angles,
and the model parameters are listed in [98]. Using this reduced accurate continuum model, we evaluate the spin
polarization of the low-energy states to verify the robustness of the spin U(1) symmetry at the Γ valley. Because
of the weak SOC at the Γ valley, the spin-polarization direction of each pair of nearly spin-degenerate states varies
across the moiré Brillouin zone. To correct for this, we employ the following procedure to rotate each pair of nearly
degenerate states to maximize their spin polarization.

• We denote the two nearly degenerate eigenstates at the Γ valley as |ψ1(k)⟩ and |ψ2(k)⟩. The goal is to determine
the transformation coefficients that yield two orthogonal states, |ϕ1(k)⟩ and |ϕ2(k)⟩, with maximized spin
polarization

|ϕ1(k)⟩ = c1 |ψ1(k)⟩+ c2 |ψ2(k)⟩
|ϕ2(k)⟩ = c∗2 |ψ1(k)⟩ − c∗1 |ψ2(k)⟩

(C18)

The spin operator is denoted as Msp = sz ⊗ I. The spin polarization of the original two states is given by
Pi = ⟨ψi(k)|Msp |ψi(k)⟩ (i = 1, 2), and we define Q = |Q|eiγ = ⟨ψ1|Msp |ψ2⟩. The spin polarization P̃i of the
two target states, |ϕi⟩, is then expressed as

P̃1 = |c1|2P1 + |c2|2P2 + 2Re[c∗1c2Q]

P̃2 = |c2|2P1 + |c1|2P2 − 2Re[c∗1c2Q]
(C19)

We extract c1 and c2 by maximizing P̃1 (and minimizing P̃2). Note that they satisfy the normalization condition
|c1|2 + |c2|2 = 1, so we can write |c1| = cos(θ) and |c2| = sin(θ). The analytical expressions for c1 and c2 are
then given by

cos(2θ) =
P1 − P2√

(P1 − P2)2 + 4|Q|2

c1 =

√
1 +

cos(2θ)

2
, c2 =

√
1− cos(2θ)

2
e−iγ

(C20)



36

Using the parameters in Eq. (C20), we obtain |ϕi⟩ from Eq. (C18) and calculate P̃i of the low-energy states at
different k-points, shown as the color weight in Fig. 28. The results exhibit strong spin polarization and, consequently,
robust spin U(1) symmetry in the low-energy states at the Γ valley for both A-AB and A-ABA tMoTe2.

In A–ABA tMoTe2, a band inversion occurs between the low-energy Γ-valley bands when the twist angle increases
from 4.41◦ to 5.09◦. To further probe the associated topological properties, we computed the Wilson loops [92] of
the nearly spin-degenerate top Γ-valley bands along bM1 using the accurate continuum model, as shown in Fig. 29(a)-
Fig. 29(c). The Wilson loops exhibit a clear distinction across the band inversion, yet both the Z2 index and the
Chern number remain zero throughout. To benchmark these results, we also calculated the corresponding Wilson
loops using the fitted single-orbital continuum model in Fig. 29(d)-Fig. 29(f), which yield consistent results. Notably,
because the fitted model includes only the first-harmonic terms, the top Γ-valley bands from this model are exactly
spin-degenerate, leading to two coincident Wilson loop lines. Nevertheless, the inclusion of higher-harmonic terms
in the accurate continuum model slightly lifts this degeneracy, resulting in a small splitting in both the top Γ-valley
energy bands and their corresponding Wilson loops.

D. Localized Wannier functions and tight-binding models of A-ABA tMoTe2

In this section, we present the details of constructing maximally localized Wannier functions (MLWFs) and tight-
binding (TB) models for the top two bands from the K valley (C↑ = ±1) and the top bands from the Γ valley (Cs = 0)
with nearly spin degeneracy in A-ABA tMoTe2.

1. Procedure of Wannierization for continuum models

In this work, we construct MLWFs and extract TB models directly from continuum models using the WANNIER90
package [93]. Previous studies have successfully constructed minimal TB models of targeted moiré bands in twisted
graphene [94–97, 99] using this method. Here, we generalize this method to construct TB models from continuum
models at multiple valleys in twisted TMDs, which can also be applied to other moiré systems.

In the WANNIER90 package, the MLWFs and TB models are constructed by minimizing the total Wannier function
spread in real space [100], which reads

Ω =
∑
n

[⟨W η
n (0)| r2 |W η

n (0)⟩ − (⟨W η
n (0)| r |W η

n (0)⟩)2] (D1)

Here, |W η
n (R)⟩ denotes the n-th Wannier function localized at the unit cell R for the η valley in the moiré system.

All that is required is to generate four input files (".win", ".eig", ".mmn", ".amn") from the continuum models. The
procedure for generating these files from continuum models differs in several aspects from the standard procedure
based on conventional first-principles calculations. Below, we present the detailed steps and key considerations for
generating these four files.

• The procedure for preparing the ".win" and ".eig" files is straightforward. The ".win" file requires information
about the moiré unit cell, the number of Wannier functions, window settings, the coordinates of k-points, and
other relevant parameters. The ".eig" file requires the eigenvalues of the targeted moiré bands at the k-points
specified in the ".win" file.

• The ".mmn" file requires the overlap matrix elements Mk,b
mn of the periodic part [um,k] of the moiré Bloch wave

functions [ψm,k], which are given by

Mk,b
mn = ⟨um,k|un,k+b⟩ (D2)

The key point is that the basis of the Bloch states in continuum models is the plane wave basis set |α,k − Qη⟩,
where {Qη} are the plane wave vectors at the η valley, and α denotes the layer, spin, and orbital degrees of
freedom. Once k + b crosses a MBZ boundary, a unitary matrix S(GM ) is required to eliminate the random
phase problem by transforming [ψm,k+b−GM

] to [ψm,k+b], which satisfies

|ψm,k+b⟩ = S(GM ) |ψm,k+b−GM
⟩ (D3)

Where GM denotes the moiré reciprocal vector and (k + b − GM ) is in the first MBZ.
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FIG. 25. (a)–(c) Reduced-model results for the K valley of A-AB tMoTe2. (d)–(f) Reduced-model results for the K valley
of A-ABA tMoTe2. Black dots represent the DFT band structures at the K valley, while the blue and orange lines denote
the continuum-model calculations. Blue lines correspond to contributions from the A-layer(s), and orange lines correspond to
contributions from the B layer.

• The ".amn" file requires the initial trial wave functions, which we construct using the Fourier transform of
Gaussian functions localized at the expected Wannier centers:

[ψr0
init]α,k−Qη =

1

Nr

∑
r
ei(k−Qη)·r ψgauss(r;σ0, r0)

ψgauss(r;σ0, r0) =
1

2πσ2
0

exp[− (r − r0)
2σ2

0

]

(D4)

Here, [ψr0
init]α,k−Qη is the (α,k−Qη) component of the initial trial function, and ψgauss(r;σ0, r0) is a standard

Gaussian function localized at r0. In A-ABA tMoTe2 systems, for the top two moiré bands from the K valley
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FIG. 26. The distributions of Berry curvature Ωn(k) (a–d) and quantum metric Tr[gn(k)] (e–h) for the first top band from
the K valley are shown for 3.89◦ and 4.41◦ twist angles of A-AB and A-ABA tMoTe2. bM = 4π√

3aM
, where aM = a0

2 sin(θ/2)
.

These results are obtained from the accurate continuum model at the K valley.

with C↑ = ±1, we use two trial functions localized at the M-XMX and X-MXM regions, which correspond to
the same localized regions as in AA bilayer tMoTe2 [4]. For the top moiré band from the Γ valley, with nearly
spin-degenerate states and Cs = 0, we use trial functions localized at the M-XMX region for 3.89◦ and 4.41◦,
and at the A-ABA region for 5.09◦ A-ABA tMoTe2, according to the charge density distributions (see Fig. 13).

After running the WANNIER90 code, we obtain the Hamiltonian information in the file "_hr.dat" and the k-
dependent unitary matrix Uηmn(k) in the file "_u.mat". The MLWFs, |W η

n (R)⟩, are then expressed as follows:

∣∣∣ψ̃ηnk〉 =
∑
m=1,2

Uηnm(k) |ψηmk⟩

|W η
n (R)⟩ = 1√

Nk

∑
k

e−ik·R
∣∣∣ψ̃ηnk〉 (D5)

2. Results of Wannierization at K/K′ and Γ valley in A-ABA tMoTe2

In this part, we present our results of Wannierization based on the continuum models at the K/K ′ and Γ valleys.
We employ Eq. D5 to calculate the real-space distributions of MLWFs obtained from WANNIER90. Fig. 30

shows the Wannier function distributions, |
〈
r|WK

n (0)
〉
|2, of the top two valence bands at the K valley for A-ABA

tMoTe2 with a 3.89◦ twist angle, calculated using both the three-orbital continuum model (Sec. B 4) and the accurate
continuum model (Sec. C 2 a). These Wannier functions are localized at the M-XMX and X-MXM regions, giving
consistent results between the two models. Different from AA bilayer tMoTe2, the spreads of the two Wannier functions
are not identical, with a larger spread at the M-XMX region due to the C2y symmetry breaking. The comparisons of
the energy bands calculated from the two-band TB models and the continuum models at the K valley for different
twist angles are shown in Fig. 31, exhibiting excellent agreement.

Fig. 32 shows the Wannier function distributions, |
〈
r|WΓ

n (0)
〉
|2, of the top valence bands with nearly spin degener-

acy at the Γ valley of A-ABA tMoTe2. The distributions are calculated using both the one-orbital continuum model
(Sec. B 5) and the accurate continuum model (Sec. C 2 b) for different twist angles. These two Wannier functions are
localized at the M-XMX region for 3.89◦ and 4.41◦, and at the A-ABA region for 5.09◦, yielding consistent results
with only minor shape differences. The shift of the Wannier function center with varying twist angle is caused by the
band inversion between 4.41◦ and 5.09◦, consistent with the trend observed in the charge density distributions (see
Fig. 19). The comparisons of energy bands calculated from the TB models and the continuum models at the Γ valley
for different twist angles are shown in Fig. 33, also exhibiting excellent agreement.
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FIG. 27. (a)–(c) Reduced model results for the Γ valley of A-AB tMoTe2. (d)–(f) Reduced model results for the Γ valley
of A-ABA tMoTe2. Black dots indicate the DFT band structures at the Γ valley, while the red lines show the corresponding
continuum-model calculations.
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FIG. 28. Spin polarization P̃i of the rotated low-energy states |ϕi⟩, weighted on the energy bands at the Γ valley in A-AB
and A-ABA tMoTe2. These results are obtained from the accurate continuum models.
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FIG. 29. Wilson loops of the nearly spin-degenerate top Γ-valley bands in A-ABA tMoTe2 along bM1 . Panels (a)–(c) show the
results calculated from the accurate continuum model for twist angles between 3.89◦, 4.41◦ and 5.09◦, while (d)–(f) display
those obtained from the fitted single-orbital continuum model.
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FIG. 30. Wannier function distributions |
〈
r|WK

n (0)
〉
|2 of the two orbitals at the K valley, extracted from the three-orbital

continuum model (a,b) and the accurate continuum model (c,d) for A-ABA tMoTe2. The two Wannier functions are localized
at the M-XMX and X-MXM regions, respectively. The moiré lattice length is defined as lM = aM/(

4π√
3
).
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FIG. 31. Comparisons of the energy bands calculated from the two-band TB model (black lines) with those from the three-
orbital (a–c) and accurate (d–f) continuum models (blue lines) at the K valley for different twist angles.
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models at the Γ valley in A-ABA tMoTe2 for various twist angles.
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single-orbital (a–c) and accurate (d–f) continuum models (red lines) at the Γ valley for different twist angles.
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