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Transport during flow of generalized Newtonian fluids (GNFs) appears often in sys-
tems that can be treated in a simplified form as either cylindrical tubes or slit openings
between parallel plates. Based on the pioneering work of Taylor, analytical solutions
for transport in these simplified systems were derived generally. This includes ana-
lytical solutions for advection dominated transport, as well as a computation of the
enhanced molecular diffusion coefficient in low Peclet number systems. The newly de-
rived general solutions for species transport were applied to Cross and Carreau model
fluids using a semi-analytical solution for velocity of these fluids. The semi-analytical
solutions derived herein were compared to microscale simulations and showed agree-
ment to within the numerical error of those simulations. The semi-analytical trans-
port solutions derived here were developed without assuming any specific fluid rhe-
ology, thus these solutions can be applied to other non-Newtonian fluids, such as

viscoelastic or viscoplastic fluids, as a straightforward extension of this work.
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I. INTRODUCTION

The solution of flow and transport in capillary tubes and the slits formed between two
parallel plates are classic problems in fluid mechanics that are regularly studied due to their
relative simplicity, as well as their applicability to several real world systems. Famously,
Taylor! derived an analytical solution for the average concentration at different locations
in a tube during advection dominated species transport of a passive scalar. Taylor also
derived a relationship for species dispersion in a capillary tube when advection is domi-
nant in the longitudinal direction but diffusion is dominant in the transverse direction, a
phenomenon known as enhanced molecular diffusion®™. Aris® then derived a more general
solution that could apply to various viscous flows in different conduit cross-sections using the
method of moments. Since these works, there has been special interest in species transport

and enhanced molecular diffusion during non-Newtonian fluid flow in different conduits?",
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including in capillary tubes and slits . However, past derivations have relied on closed-

form solutions for the velocity profile within the geometry of interest, which is not accessible

17 A general

for many non-Newtonian fluids, including Cross and Carreau model fluids
solution is needed for species transport in reference geometries that does not rely on the
existence of a closed-form solution for velocity.

Non-Newtonian fluids are fluids that do not conform to Newton’s law of viscosity,
which describes a linear relationship between shear stress and shear raté'®. There are a
wide variety of non-Newtonian fluids. A subset of non-Newtonian fluids of interest are

generalized Newtonian fluids (GNFs), which appear routinely in industrial and biological

settingst#H Y24 GNFs follow a generalized form of Newton’s law of viscosity, given by
Tw = 2y (’Vw) d,, (1)

where T, is the viscous stress tensor; fi,, is the dynamic viscosity, which depends on shear
rate 7,; dy, is the symmetric rate of strain tensor; w denotes the liquid phase; and subscripts
indicate that these are fluid-continuum scale quantities where no averaging has occurred to

a larger scale!®%#2220  The rate of strain tensor is defined as
1
dy = 5 |Vva+ (V)] | 2)
where v, is the flluid velocity**#%. The shear rate is defined by*™

Yo = /2dpidy, . (3)



TR TI27H34

Y

Two classes of GNFs of particular interest are Cross and Carreau model fluids
which both exhibit infinite- and zero-shear limit Newtonian viscosities, ji,, and fiy respec-

tively, as well as a non-Newtonian behavior index n and a fourth parameter m. The Cross

35H38

model is often used to describe hydraulic fracturing fluids , while the Carreau model

39H46

has been used to describe both polymers for subsurface operations and the rheology of
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biological fluids . The Cross model can be written as

/) X ~ 110 __ [loo
w (Yw) = oo + N 4
o () = froo + 777 i) (4)
while the Carreau model can be formulated as'®
? : " 120 — [loo
fiw (Vo) = floo + ) (5)

[1+ (miw)?] =

The Cross and Carreau models have proven challenging to treat analytically for most
reference geometries, including capillary tubes and slits. In such geometries, the shear stress
is computed directly from a force balance, and then the relationship between shear stress
and shear rate is used to compute the velocity via a method that has become known as
the Weissenberg-Rabinowitsch-Mooney and Schofield (WRMS) method!®#29253 Because
there is no closed-form relationship between shear rate and shear stress, as can be seen by
substituting Eqn or Eqn into Eqn , the WRMS method also does not result in
a closed-form solution. Open-form analytical solutions for Cross and Carreau model fluids
have been proposed where the unknown shear rates are computed numerically, including for

52H04

flow rate!® and velocity in capillary tubes. Special attention should be paid to the work

of Kim®?, which is not well known in the literature. While solutions to velocity are necessary
to generate species transport models, these open-form solutions cannot be readily adapted

to current theory.

Species transport during GNF flow in capillary tubes is of interest to the medical field

11315556

as a simplified analogue of blood vessels , as well as to industrial applications where

polymers are pumped through piping#*7% The parallel plate geometry is of special interest

to industries that operate in the subsurface because it is often used as a simplified analogue

112116

of fractures in media There has been numerical and experimental investigation of
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species transport during GNF flows in different conduits™®, and theoretical investigation

into flow of fluids exhibiting other rheologies in capillary tubes®?®#6: however, a theoretical



treatment of species transport of a passive scalar in Cross and Carreau model fluid flow in
capillary tubes and slits has not appeared in the literature.

The goal of this work is to develop semi-analytical solutions for flow and passive scalar
transport of Cross and Carreau model fluids in capillary tubes and slits formed between
parallel plates. The specific objectives are to: (1) derive a semi-analytical solution for
velocity; (2) derive an analytical solution for species concentration when velocities are known
during advection-dominated flow; (3) derive an approximate analytical solution for species
concentration during enhanced molecular diffusion; (4) validate the semi-analytical solutions
derived herein by comparison to numerical simulations; and (5) discuss extensions of the

results to other classes of non-Newtonian fluids.

II. ANALYTICAL SOLUTIONS FOR VELOCITY

Any analytical solution for species transport will require knowledge of the velocity field
within a system. Thus, analytical solutions for velocity will be derived first, followed by
species transport solutions. While there are existing solutions to velocity in a capillary
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tube for Cross and Carreau model fluids®#** none appear in the literature for slits between

parallel plates, and existing solutions often use various complex mathematical formulations
for their derivation #2354 A simplified derivation, based on the WRMS method 192292 wi]]

be presented here that applies for both capillary tubes and slits.

A. General Solution

The assumptions made here follow those described in the WRMS method*®2>, It is as-
sumed that the flow through both geometries is laminar, incompressible, isothermal, steady,
pressure-driven, and well developed. The capillary tube is a rigid cylinder that is symmetric
about the center, while the slit is symmetric above and below a bisecting line through the
system. The slit is assumed to be infinitely wide such that wall effects are dominated by
the confining top and the bottom walls. A representation of each geometry is illustrated in
Figure [I] No-slip conditions are also assumed at the wall boundaries for both geometries.
Under such conditions, the forces that exist in either system are the shear stresses at the

walls of the system and the pressures at the inlets and outlets. A force balance conducted
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on the capillary tube system reveals that the wall shear stress and change in pressure across
the system are related by A
The = 570 (6)
where Tg, is the magnitude of the shear stress, the Rz-subscript follows standard conventions'®
that indicates stress in the z-direction acting on an area perpendicular to R, R is the radius
of the tube, Ap = p; — py where p; and py are the average pressures across the inlet and
outlet respectively, and L is the length of the tube!®®. A similar force balance for the slit
yields BA

The = — (7)
where B is the half-height of the slit, indicating distance from the centerline of the slit
to the wall. These relations can be used to calculate the flow rate within either of these
geometries’®, but they hold regardless of the location of the walls??. Thus, at some arbitrary
distance r from the centrum of the capillary tube, the shear stress in the direction of flow
can be calculated by°? A
Tow = % , (8)
At a distance z from the centrum of the slit formed between parallel plates, the shear stress
can be written as® A

T = 0. (9)
These relations can be used to calculate the velocity distributions throughout a cross section
of each geometry.

For the capillary tube geometry, the magnitude of the velocity at any given distance from

the centrum, v,(r), can be computed using the following analysis,

Uy (1) r Tra
dv,, dv,, dr
vw(r) = / dUw :/ <?) d?" = / (g) (E) dTw
0 R TRx
- /Yw dTw d,)/w '7w )
Yr

where 7 is the shear rate at the tube wall and +, is the shear rate at the distance r. Taking

the derivative of Eqn with respect to r and substituting into Eqn gives

Ir

2L dry, )
e —_v 11
vu(r) Ap /fyw (d‘m) W, (11)

YR
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FIG. 1. Illustrations of the (a) capillary tube and (b) slit domains. Both figures exhibit a line

representing the centrum of the geometry.

which can be solved for a given rheological model by computing d7/d¥ and integrating.

A similar analysis carried out on the slit geometry yields

Yz

0w =2 [ (37) d (12

B

where y5 and 7, are the shear rate at the slit wall and at distance z respectively. Noting
that the integrals in Eqns and are the same except for their bounds, a term I, will
be defined as

Y2
dr,
I, = ) —2 ) dA 1
v /%U(d%) Yo (13)

Y1

which can be applied to either geometry. The integrations carried out in the following

sections were computed using Wolfram Mathematica®.



B. Cross Model

Plugging Eqn into Eqn and taking the derivative of the magnitude of the shear

stress in the direction of the flow with respect to 7, gives

~ ~ ~ ~ . n
dﬂ _ ,& + Ho — Moo . n (NO - ,uoo) (m'yw) (14)

Ay T T4 (mA,)" [1 4 (m3)")

Substituting Eqn into Eqn and integrating gives
I :712 [(/10 - ﬂoo) g1 2F1 (1, %; %2; —fl) —2 (ﬂo - ﬂoo) - /10091}
b 291
b [(f0 — fioo) G2 2F1 (1,23 2E2: — o) — 2 (fig — fioo) — floo2] (15)
2g2 ’

where f1 = (m1)", fo = (m%)", g1 = 1+ f1, and go = 1+ f5, following the conventions laid
out by Sochi (2015)*¢ and ,F} is the hypergeometric function. By substituting Eqn (15
into Eqns and , analytical solutions are completed for velocity in a capillary tube
or slits between parallel plates. These analytical solutions are not closed, as the shear rate
at the wall and distance from the centrum need to be computed numerically, as described

previously.

C. Carreau Model

For Carreau model fluids, the same procedure is followed as for the Cross model. Eqn
is substituted into Eqn (1]}, and the derivative of the magnitude of the shear stress in

the direction of the flow with respect to 4, is computed, giving

et i) [0 ) )] "
Tw [1 + (mfyw)ﬂ :

where n’ = 1 — n, following a similar convention to what is used in Sochi (2015)1%. Again,
substituting Eqn into Eqn and integrating gives
N N . -n'/2 . N .
2 (jio — floo) [1 4 (mA32)*] """ [(mA)” (' = 1) + 1] + fioe (mn)” (0 = 2)
2m? (n’ — 2)

2(0 — fise) [L+ (mi)?] " i) (0 = 1) 4 1]+ fie (mn)? (0 — 2) an
2m?2 (n' — 2) ’

I, =

which completes the calculation for Carreau model fluids when Eqn is substituted into

Eqns and .



D. Computing Velocities

The analytical solutions for velocity are not in a closed form, as they rely on computation
of shear rates that do not have an analytical solution with respect to shear stress. The shear
rates, 4, and g for the capillary tube case and 7, and ~p for the slit, are calculated by first
computing the shear stress using Eqns and @D for a given Ap. These shear stresses are

used with the generalized form of Newton’s law of viscosity, becoming

Tra = flw (’Yw) Yw (18)

for the capillary tube case!®!®92 For the parallel plates the stress on the left-hand-side of
Eqn is 7,,. To compute 7, from Eqn , the corresponding rheological model from
Eqns and is substituted for /i, (3w ), and a root-finding algorithm is used to compute
the corresponding shear rate. The shear rates computed in this way are then substituted
into Eqns and depending on the rheology, and then I, is substituted into Eqns
and depending on the geometry. While the velocity calculations rely on numerical
root-finding, this computation can be done to a specified precision, which should be based
on the precision of the algorithm used to find #,. In this work, the vpasolve algorithm

built into Matlab® was used to find 4, to 32-digits of precision.

III. ADVECTIVE-DOMINATED SPECIES TRANSPORT

The analytical solutions for species transport of a passive scalar in capillary tubes and slits
when transport is dominated by advection are discussed here. The point where advection

or molecular diffusion dominate species transport is determined by the Peclet number, Pe,

defined by 16465

Pe=——, 19
b, (19)

where the superscript with the overbar indicates a density weighted average over the w-
domain of velocity magnitude?®, and ZA?ml is the molecular diffusion coefficient of species
1. Here, the concentration of a dilute species ¢ in the w phase is modeled, defined as Cj,
at the microscale. It is also typical to model the average concentration of a species over a

cross-section of the geometry. In a capillary tube, at some location x along the tube, the



average concentration at a cross section can be computed from

R
(Crla, ) = WLRQ / (1) A = % / oz, ) dr (20)

A 0

where (), is an averaging operator taken over the cross-sectional area of the system per-
pendicular to the direction of flow. For the slit geometry, this average over a cross-section

becomes
1 1 i
A 0

where averaging has reduced the dimensionality to one dimension in space, x, and time t—as
explicitly denoted.

The initial condition of each geometry is that there is no species present beyond the inlet
of the geometry, while there is a constant concentration Cy of the species at the inlet. This
may be formulated as

CO z <0

Ciw (x,a,0) = B (22)
0 x>0,
where a indicates the distance from the centrum, corresponding to r for the capillary tube
and z for the slit, which is introduced for generality and to avoid repetition.

At a high Pe, the effects of diffusion may be neglected, and the concentration of solute

at distance a and time t can be formulated in terms of the Heaviside function H as*
Ciw (z,a,t) = CoH (2¥) , (23)

where z* is defined as

¥ =wy, (a)t —x. (24)

Substituting Eqn into Eqn is how Taylor computed average concentrations for this
case?; however, a closed form of velocity in terms of a was known for Newtonian fluids.
To generalize this approach to cases where a closed-form for velocity is not accessible, the

quantity a* is introduced here, which is the distance from the centrum at which
Uy (")t =, (25)

or where z* is zero. It can be seen by substituting Eqn (23) into Eqn that
2
(Ciw) 4 = R Cordr, (26)
0

9



and thus, after normalizing by Cj, for the capillary tube case

1 x<0
(Ciw)p (,1) = ()2 /R? 0 <z < v, (0)1 (27)
0 x> v, (0)t

where Cy = Ciup /Cy. For the slit case, Eqn is substituted into Eqn 1} and normalized
by Cp, giving

1 z <0
(Ciw) (@) =R a*/B 0<a<u,(0)1 - (28)
0 x>, (0)t

In the case that a closed-form solution for velocity as a function of a is known, a* is computed
from Eqn directly. In the case of Cross and Carreau model fluids here, where an open-
form solution for velocity is known, a* is computed numerically. It should be noted that,
when using the equation for v, (a) during Newtonian fluid flow in a capillary tube, Eqn (27))

simplifies to Taylor’s original solution” for these initial and boundary conditions.

IV. ENHANCED MOLECULAR DIFFUSION

Enhanced molecular diffusion occurs at intermediate Pe where advection is the dominant
transport phenomena in the longitudinal direction, and molecular diffusion is dominant in
the directions transverse to flow. The derivation of the general analytical solution for en-
hanced molecular diffusion during dilute species transport follows Taylor’s analysis by first
normalizing the species conservation of mass equation. Then, the normalized conservation
equations undergo a change of variables to a moving frame of reference. Finally, the conser-
vation of mass equation is solved for Cj, in the moving frame of reference for the general
case, without a closed-form solution to velocity being necessary. After the conservation of
mass equation is solved, the enhanced molecular diffusion coefficient can be computed from

the general solution for Cj,,.

10



A. Conservation of Mass Equations

The general conservation of mass equation, written in Cartesian coordinates for an inert

species, is given as
aC;
ot

where v, the species velocity, which can be treated by breaking it into the phase velocity

+ V . (C’iwviw) =0 5 (29)

and a deviation velocity u;,, as in
Viw = Vo + Wiy - (30)
The deviation velocity is then removed using the following Fickian assumption
CiwWiy = — Dy, ; Vi . (31)

Substituting Eqns and into Eqn , assuming steady incompressible flow, and
a passive scalar unaffected by composition, the conservation of mass equation becomes the
advection-diffusion equation given by

aOiw

o1 + V- VC’Z — Dm’iVQCiw =0. (32)

With flow confined to only the x-direction, the dot product between velocity and the con-
centration gradient becomes
oC;

Vu * VC“U = UWW . (33)

Molecular diffusion is assumed to only be important in the z direction, where it is the
dominant transport mechanisms, thus the Laplacian term on the left-hand side of Eqn (32)
can be re-written in a form that depends on the geometry. For the capillary tube represented
in cylindrical coordinates and assuming symmetry in the cross-sectional dimensions, the

Laplacian term becomes

0?Cyy  10C,
J— + — .

2
Ciw = 34
v or? r Or (34)
For the slit geometry, the Laplacian is
02C;
VZCiy = —— 35
5.2 (35)
For the capillary tube, Eqn is normalized by the radius of the tube, becoming
R? 0C;, R?*  OC; ?Chy 1 0C;,
- + —Vy - - — =0, (36)
Dy ot Dy ox 0zR? zr OzZp

11



where

To generate the conservation of mass equation for the slit geometry, Eqn (32]) is normalized

by B, becoming

~

Dy ot Dmivw ox 0zp2

)

B2 . B2 . 207,
B 0 0Ciw _ FCw _ (38)

where

z
ZB — — .
B

B. Change in Variables

The next step in the Taylor-like analysis carried out here is to change to a Lagrangian

frame of reference 7 that moves with the average macroscale velocity of the fluid v™, defined

by

T=x—v"t. (40)
This change in variables is carried out for both geometries, and the conversion is the same,

although the calculation will explicitly be shown for the capillary tube case here. First, note

that the total derivative for C;,, with respect to t as a function of 7 is

dd; oC; 0C4, dT
— + —_

= ) 41
dt ot ox dt (41)
where the derivative of 7 is
di _
d—:;j = Uy — VY. (42)
It may be seen that the total derivative could have also been written in-terms of = as
dCy  0Cy, oC;
& ot "or (43)

due to velocity being zero in the zi direction. Substituting Eqns and into Eqn

and rearranging gives
Yoo VY or ’
which, when substituted into Eqn , completes the change in variables. Thus, for the

(44)

capillary tubes case, the conservation of mass equation becomes

R? 0Cy, n R? ICyy  0*Ciy 1 0Cy,

Dos 0t Dy (oo =) 55~ B2 ~

12



Similarly, the slit conservation of mass equation becomes

B? 0C, B? . 0C,, O0%C;
- + — (vw — vw)

9% 0z5°

C. Partial Differential Equation Solution

It has been observed by Taylor that, under the conditions of enhanced molecular dif-
fusion, the change in C},, with respect to time will be insignificant in the moving frame of

reference and thus, after normalizing by Cy, Eqns and become

R? — 0Cy, 0*Cypy 1 0C,
B T e e o 4
and
B? . 0C;, 0°C,
- Y — w jw N w ’ 4
b, (v v ) 55 e 0 (48)

respectively, where C;,, = Cj,,/Cy. To solve these partial differential equations, a Taylor-like

analysis is carried out where, for the capillary tube case, it is posited that

— . 0Cy
Ciw (l‘7 ZR) - g(l’) + Gi

f(zR) ) (49)

where g(7) and f(zg) are independent of one another, and 9Cj,, /07 is independent of zg".

From the posited form given by Eqn , it can be observed that the dependence on zy
is contained in f(zg). We seek to solve for this function and must have consistency with
Eqn (49)), which contains dependency on zp in the last two terms. Since 9C, /07 is not a
function of zg, it only contributes a constant in the solution for f(zg), which allows Eqn

, after multiplication by zg, to be written as

R2 _W o //_ !
5 '(vw ") zp — zrf" — ' =0. (50)

Integrating Eqn (50) with respect to zg, the equation becomes

R2 ZR ZR ZR
5 / (Uw — vm) zpdzp — /zRf” dzp — /f’ dzgp=0. (51)
iy 0 0

Using integration by parts, it can be seen that

ZR

/ cnf" dep = znf — / fden, (52)
0

0

13



and thus, Eqn simplifies to

R T _
5 / (vw — vw) 2pdzp — 2pf =0. (53)
m,i 0

Re-arranging and integrating again with respect to zp gives,

f(zr) = AR L / (vw — ") zrdzg | dzr + f(0) . (54)

Dm,i ZR
0 0

To remove ¢(Z) and f(0) from the final solution, Eqn is substituted into Eqn and

evaluated at zz = 0, which when rearranged yields

o) = Cuu (3,0) ~ 222 1(0) (55)
Plugging Eqns and into Eqn gives
- _ R 90, [|1 [ .
Ciw (Z,2r) = Ciy (2,0) + b szw / ;/ (vw — vw) zrdzr| dzg, (56)
’ 0 0

which is a solution to Eqn and is a more general form of Taylor’s solution, without the
need to have a closed-form solution for velocity with respect to zz. This can be seen by
evaluating Eqn for a Newtonian fluid, which simplifies to Taylor’s solution.

Deriving a Taylor-like function for the slit case can be carried out in a similar way as for
the capillary tube by writing Eqn in terms of zg. Using Eqn and following similar
steps to those used above yields

ZB %B

2
6'L'w (ja ZB) = a'iw (i’, O) l)B aCZw // dZB dZB (57)

D. Enhanced Diffusion Coefficient

To formulate the enhanced molecular diffusion coefficient, Taylort computed the mass
transfer rate between cross-sections; however, a different approach will be used here that
follows recent developments in the porous media literature. Specifically, some of the insights
generated by treating species transport using thermodynamically constrained averaging the-

ory (TCAT) will be utilized®®*% 2, While a detailed treatment of TCAT is outside of the

scope of this work, there are many applications of the theory in the literature, including to
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t and non-Newtonian fluid

single fluid Aow?*™"%3 two fluid Aow?5 ™0 sediment transpor
flow and transport“4“4. An aspect of TCAT that is of use here is that every averaged scale,
called macroscale, quantity is precisely defined as an average of defined fluid continuum

scale, called microscale, quantities®®.

Thus, models that are developed at the macroscale
can be either validated or informed by microscale observations.
One aspect of TCAT that needs to be explicitly defined here is the averaging convention.

A general average is formulated in TCAT using

[ WFdr
Qp

—, (58)
Q{ W de

<F>Qﬁ,QW,W -

where F'is an arbitrary microscale quantity, W is the weighting function, and Qs and €,
are averaging domains®®. There are several kinds of averages that are utilized in TCAT, but
they are all specific instances of Eqn ([58]).

It has been shown that, during linear Fickian dispersion of a dilute passive scalar, hydro-

dynamic dispersion may be defined as averages of microscale quantities by<%¢®

(Puin)q, 0,0 = =D -V{puwin)q, g, - (59)
where p,, is the density of the solvent, w;, is the mass fraction of species ¢, w” is the

macroscale deviation velocity, defined explicitly as

uzw = <Viw>ﬂwyﬂw;pwwiw - <Vw>ﬂwyﬂw7pw ’ (60)

2668

and D is the macroscale hydrodynamic dispersion tensor for species ¢ . Substituting

Eqn (60) into Eqn and recalling the definition presented in Eqn yields
(waiwviw>9w,aw - <waz‘w>9w,9w <Vw>Qw,Qw,pw =-D 'V<pwwiw>9w,9w . (61)
The concentration of the dilute species is defined as Cj, = p,wi, and, because the fluid is
assumed to be of constant density, the density-weighted velocity average is equivalent to a
volume average velocity. Thus, Eqn (61)) can be written for the one-dimensional macroscale

case considered here as

_ .0
(Ciwviw>gw9 —(Ciw)q, 0,V = _Dlw£<ciw>ﬂ Q (62)

S fw wHsbw wHSbw

15



Substituting Eqns and into Eqn to remove the species velocity within the

averaging operator yields

A 0Ciy - ~iw O
(Ciwvw), 0, — Dm7i< B > —(Ciwlg,0,v" = D" 5 (Cuwlg,q, - (63)
SN

Using a gradient averaging theorem [Eqn (B.13) in Gray and Miller (2014)%’] and rearranging
gives
L0 9,

<Ciw (Uw - UE)>Qw,Qw - Dmvi%<ciw>ﬂw,0w = _Diw£<ciw>ﬂw,ﬂw . (64)

The form of the above equation was chosen because the first term on the left-hand-side can
be shown to be equivalent to Taylor’s mass transfer rate between cross-sections at location
7 [Eqn (22) in Taylor (1953)Y], maintaining consistency with the literature.

To complete the calculation, Eqn is divided by Cy, and the solution for C';,, presented
for each geometry is substituted into the resulting equation. For the capillary tube case,
this results in Eqn being substituted, giving

R* 9C,

<€m (z,0) (Uw — UE)>Qw,Qw + <A— Ir1 (2R) (vw — U“’)>

Dy 0z

PR

- 0 = Fyiw 0 =
— Dmvi%<ciw>9w,ﬁw = —D %<Ciw>9w,ﬂw . (65)

where g is defined for clarity as the integral

ZR

Ipi (zr) = /Zifm (2r) dzg , (66)

R
0

and Igo is the integral
ZR

Ins (zR) = / (vw —v") zrdzg . (67)

Because C, (7,0) is spatially independent of (v, —v™), the first average in Eqn be-
comes the product of averages of Cy, (#,0) and (v, — v*), which becomes zero after aver-
aging. Similarly, converting the second average in Eqn (65 into the product of averages of

independent quantities, Eqn becomes

R? /0C4, =
D—< - >M<fm () (00 — ) Vg o

- 0 = Fyiw 0 )=
- Dm:i%<ci7ﬂ>9w,ﬂw =-D %<Ciw>gw,ﬂw : (68)
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Because the velocity is constant at a fixed position in space and temporal changes in the

moving frame of reference are ignored, it follows that

9C 0 =
< oF >Qw,Qw - 8_x<0iw>9w,ﬂw ’ (69)
and Eqn becomes
R? _ . .
—— (Ir1 (zr) (v — Uw)>ﬂw,9w — Dy, =—D". (70)

mi
The averaging operator can be applied over some representative elementary volume (REV)
for enhanced molecular diffusion, which is assumed to take place over an REV length ¢ and
the cross-section of the geometry perpendicular to flow. In this case, the averaging operator
defined in Eqn can be re-written for the arbitrary variable F' as the intrinsic average

over 1, as

[ [FdAdl
(Fop, = ———— (71)
B qAde
¢ A
Noting that all the terms within the averaging operator in Eqn are only dependent on
ZR, the integrations over ¢ cancel out of Eqn , and it can be shown that

1

<[R1 (ZR) (Uw — UE)>Q Q = 2/]}{1 (ZR) (Uw — UE) ZR dZR s (72)

w R fw

0

thus the enhanced molecular diffusion coefficient can be computed from

2R?
Dmi

)

1
Div — _ /[m (zr) (vw — V") 2pdzr + D . (73)
0
Using the closed-form solution for v,, during Newtonian flow in a capillary tube, Eqn ((73)
simplifies to Taylor’s solution, [Eqn (25) in Taylor (1953)1]. In the case that an open-form
solution exists, as for Cross and Carreau model fluids, the velocities at a set of data points
can be tabulated and used to integrate Eqns , , and numerically to arbitrary
accuracy. Note that the solution presented in Eqn has not been derived for Cross
and Carreau model fluids specifically, and can be used as a general solution for other fluid
rheological models.

Computing the enhanced molecular diffusion coeflicient for a slit follows the same pro-

cedure as was carried out for the capillary tube case. Substituting Eqn into Eqn
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after dividing by Cj yields

= /e - B? 0C,, =
<Ciw (z,0) (vw — vw)>Q ot <A— — I (zp) (vw —v )>
CRL D,,; 0T
; Qu, Qo
.y o0 0
- Dm’i%<ciw>ﬂw,ﬂw = _D %<Czw>9 Quw (74)
where I has been introduced for clarity and is given by
ZB 2B
I (2B) = // (vw —v") dzpdzp . (75)
0 0

Carrying out the same steps as was done for the tube case, it can be seen that Eqn

simplifies to
B2 - A .
5 (Ip (25) (vo — Uw)>Qw,Qw — Dy =—D" . (76)

m,i

Noting that all terms within the averaging operator in Eqn are dependent only on zp,
and again referring to Eqn , it can be shown that

1

(Ig (2B) (vw — V") >Qw,ﬂw = /IB (z8) (vw —v") dzp , (77)

and thus, the enhanced molecular diffusion coefficient may be computed from
A B2 _ A
Dzw = — — /IB (ZB) (Uw — /Uw) dZB + Dm,i . (78)

m,i

As described for the capillary tube case, Eqns and can be integrated numerically

using the open-form solution for velocity.

V. COMPUTATIONAL METHODS

The computational methods used here followed a similar procedure to what was done in
Bowers and Miller (2025)%*. Microscale simulations generated a velocity field for the system
of interest, and then this velocity field was used to simulate transport of a passive scalar
species. The microscale simulation data was used directly to validate the semi-analytical
velocity derived in Eqns through , and the averaged microscale transport simulation
data was used to validate Eqns and . Averaged microscale transport simulation data

were also used to indirectly validate the enhanced molecular diffusion coefficients derived
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in Eqns and by comparing the simulation data to a macroscale transport model
that utilized the derived coefficients, similar to what was done previously?**®  In the
following sections the systems that were simulated are described, followed by the microscale
simulation methods, macroscale modeling methods, and finally a brief discussion about how

data was analyzed to compare simulation and semi-analytical results.

A. System and Fluid Properties

The capillary tube and parallel plate systems investigated here utilized the same proper-
ties described in §II] and presented in Figure [l While the capillary tube can be described
solely by R and L, simulation of the slit configuration requires B, L, and W be set, although
width does not appear in any of the analytical solutions. The system parameters used are
described in Table [l The length of the system was selected to be eight times the radius
or width, which was found to be required during microscale simulations of transport dur-
ing GNF flow?*. The radius and half-height of the systems were selected to be within the
same order of magnitude of packed sand, which are a commonly encountered class of porous
medial?. The results generated for these media can be non-dimensionalized by dividing

through by R or B and can be applied to other capillary tube and slit media.

TABLE I. Capillary tube and parallel plate properties
Parameter Capillary Tube Parallel Plate

Length, L (m) 80x10%  8.0x1073
Radius/Half-Height, R or B (m) 5.0 x 10~% 5.0 x 1074
Width, W (m) N/A 1.0 x 1073
Number of Cells 2,852,800 1,000,000

Both the Cross and Carreau models have four parameters, and it has become com-
mon in theoretical treatments of GNFs to vary each parameter individuallyH &2 2dzsizasl
While this approach differs from how the parameters of real GNFs typically relate to one

LILTESLS2 it makes the fluid mechanical response to each parameter clear, and is

another
thus a useful approach to take. Four Cross and four Carreau model fluids were simulated
for this work, with their rheological parameters presented in Table [[Il Note that each fluid

number in Table [[I refers to two fluids, e.g. both a Cross Fluid 1 and a Carreau Fluid 1
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were simulated using the parameters listed as Fluid 1 in the table. The zero and infinite
shear viscosities selected are high compared to most real world fluids, but are not outside
the realm of what has been observed™™#&l, Tt has also been found that the ratio fis/flo has
the highest impact on dynamics during flow simulation™, and the ratios present in Table
are common in the literature, as are the n-indices used!#1%2894%  The m parameters were
selected to ensure that the full range of GNF dynamic behavior was observed within the
laminar flow regime and are not typical; however it has been shown that this parameter
only impacts the velocity at which the onset of GNF behavior is observed and not the flow

dynamics during the transition from fig to jie=* ™.

TABLE II. Cross and Carreau model fluid parameters used

Parameter Fluid 1 Fluid 2 Fluid 3 Fluid 4

f1o (Pa s) 1.0 x 10? 1.0 x 103 1.0 x 10? 1.0 x 10?
fiso (Pa s) 1.0 x 107! 1.0 x 1071 1.0 x 1071 1.0 x 107!
m (s) 1.0 x 106 1.0 x 108 1.0 x 104 1.0 x 106
n or n'* 7.0 x 1071 7.0 x 1071 7.0 x 1071 9.0 x 107!
pw (kg/m?) 1.00 x 103 1.00 x 103 1.00 x 103 1.00 x 103

* The parameter is n for Cross model fluids and n’ for Carreau model fluids.

B. Microscale Simulation

To validate the solutions for velocity and species transport derived above, microscale sim-
ulations were carried out using OpenFOAM, an open-source computational fluid dynamics

{12722 248385 Microscale

package that has been used to simulate GNF flow and transpor
simulations followed three steps, starting with mesh generation, followed by velocity field
simulation, and finally species transport simulation using the same methods as other recent
work?#“ During species transport simulations, the average concentration at the system
outlet was computed using the patchAverage utility built into OpenFOAM, and this aver-
aged quantity was used to validate the analytically derived solution.

Meshes were generated for both the capillary tube and slit configurations by first creating

a background mesh using OpenFOAM’s blockMesh utility. For the capillary tube case the
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mesh was then manipulated using the searchableCylinder object and snappyHexMesh
utility to resolve the features of the tube, coupled with near-solid refinement which has been

22H24880 - Near solid refinement was not carried out

found to improve simulation accuracy
for the slit configuration, as there were no surfaces that needed to be resolved outside the
straight walls of the slit. The level of background mesh refinement required to achieve grid-
independent results was determined by simulating flow of all the GNFs described in Table
[ over a range of flow rates such that the full transition between zero- and infinite-shear
viscosities were observed at the walls of the system, and then comparing the resulting flow
rate to the analytical solution described in Sochi (2015)*. Once the simulated flow rate
exhibited less than 0.5% error relative to the analytical solution, the system was considered
grid-independent. The number of cells required to achieve grid independence are reported
in Table [Tl

Flow simulations within the capillary tube and slit systems were driven by applying pres-
sure Dirichlet boundary conditions on the system inlet and outlet to generate a pressure

drop. The simpleF0AM solver in OpenFOAM was used to numerically solve the incompress-

ible conservation of mass equation

V-ve,=0, (79)

as well as the kinematic conservation of momentum equation defined by

V- (VuVe) =V -7y ==-Vp,+8S, (80)

where S is a momentum source which was set to zero®. At the inlet and outlet of the

system velocity was set to have zero gradient Neumann boundary condition. At solid walls
the no-slip boundary condition was used for velocity and zero gradient Neumann boundary
condition for pressure. For the slit system cyclic boundaries were used for the open sides
of the system. The geometric algebraic multigrid (GAMG) numerical method was used,
with a relative error tolerance of 1E-8 being set. The singleGraph utility was used to
measure velocity across a line with ends located at coordinates (4.0 x 1073,5.0 x 1073,0) and
(4.0 x 1073,5.0 x 1073, 1.0 x 1073) for both geometries, which cuts through the centrum of
the system and lies perpendicular to flow, for comparison to the analytical velocity solution
derived in §II]

Microscale transport simulations were carried out using the scalarTransportFoam utility,
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which solved the species conservation of mass equation for solute A below,

aC(Aw
ot

+ V- (VwOAw) -V <-bm,AVOAw> = SC ) (81)

83 The initial condition used during simulation

where S¢ is a concentration source term
was the same as was described by Eqn (22). The velocity was taken from the previously
described flow simulations. At the inlet a Dirichlet concentration boundary condition was
set at 1 mg/L, while a zero gradient Neumann condition was set at the outlet as well as
solid walls. A cyclic boundary was set for the open sides of the slit system as well. The

molecular diffusion was selected for each simulation to ensure that several Peclet numbers

were achieved, given below,
Pe = {10',10%,10°,10%,10%,10°} . (82)

Thus, for each pressure drop simulated, six transport simulations were carried out. This
was done to determine at what point advection dominated transport or enhanced molecular
diffusion would occur.

All microscale simulations were carried out on 216 cores on the Dogwood computing
cluster at the University of North Carolina at Chapel Hill. In total, 50 flow simulations were
carried out for each Cross and Carreau model fluid, with an additional 50 carried out for
Fluids 4, making for 500 flow simulations. Six microscale transport simulations were carried

out for each flow simulation, leading to 3,000 total transport simulations.

C. Macroscale Modeling

During enhanced molecular diffusion, it is assumed that a linear Fickian assumption
may be applied at the averaged system scale, as described in §IV] To validate the derived
enhanced molecular diffusion coefficient, the average efluent concentration computed from
the microscale transport simulations was compared to the average concentration computed

by solving the one-dimensional advection-dispersion equation, given by

d w 0 > aw 07
@(CAwa,Qw +uv %@Aw)%nw - D @<0Aw>ﬂw,ﬂw =0, (83)

where DA is computed from Eqns and depending on the system, and the aver-
aging operator is defined by Eqn . To solve Eqn numerically, a cell-centered finite
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difference scheme was used to discretize the gradient and Laplacian terms, as well as a back-
wards Euler method to discretize the time derivative as in past work**%®®. To more readily
observe trends in behavior of the enhanced molecular diffusion with respect to velocity, the

longitudinal dispersivity ay was computed from

1 o ~
iy = = (DAw — D, A) : (84)

which has been shown to change depending GNF rheological properties®®.

D. Computation of Semi-Analytical Solutions

The analytical solutions of concentration and enhanced molecular diffusion coefficient are
not in closed form as these rely on knowledge of the velocities. Thus, each of the analytical
solutions provided here require the use of root-finding methods.

The method laid out in § |lI| was followed to compute velocities, and the vpasolve nu-
merical solver in Matlab® was used to find 4,,. The vpasolve inputs were the symbolic
equation and the range of possible shear rates, computed from Eqn assuming either
flo Or [i~. Based on the precision of the vpasolve algorithm, 7, was solved to 32-digits of
accuracy®.

To compute the average concentration at the outlet of each geometry during advection
dominated flow, a* was computed numerically. First a velocity profile was computed using
the semi-analytical solution at a set of points as described above. Then, the velocity at

which a* occurs was computed from
vy (@)t =1L . (85)

The input velocity profile was then searched to find the bounding velocities that v, (a*) was
between, and then a linear interpolation was carried out to compute a*. This value was
then used to compute average concentration at the outlet of the system using Eqns and
depending on the geometry of the system. Similarly to the velocity calculation, the
concentration calculation may be carried out to arbitrary accuracy based on the accuracy
of a*. Here the number of points of velocity computed for the input velocity profile was 200,
which was selected such that a* changed less than 0.01% relative to its value when doubling

the number of points.
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Calculation of the enhanced molecular diffusion coefficient required numerically integrat-
ing Eqns and using an input velocity profile. The velocity profile was computed
from the semi-analytical solution as described above. The integrals were then each computed
for solute A using the trapezoidal rule, resulting in the numerically computed enhanced
molecular diffusion coefficients for each geometry. As with the velocity profile and advection
dominated concentration calculations above, DAvw may be computed to arbitrary accuracy,
in this case based on the number of velocity points used in the integration. For the en-
hanced molecular diffusion coefficient, the number of points of velocity used was 200, which
was selected such that D4 changed less than 0.01% relative to its value when doubling the

number of points.

E. Data Analysis

Validating the semi-analytical solutions present a challenge that is not unique to com-
putational simulation, namely that there are more points of data to analyze than can be
succinctly presented. For each of the 500 flow simulations performed, 50 velocity values
were output, resulting in 25,0000 possible points of comparison that can be carried out be-
tween microscale simulation and the analytical velocity solution. For transport, 200 time
steps were output for each of the 3,000 simulations, leading to 600,000 possible points of
comparison.

To compactly present a validation of the analytical solutions versus microscale simulation
data, two descriptive graphics more commonly associated with population statistics will be
used here, namely a plot of prediction versus observation as well as a box-and-whisker
plot. Box-and-whisker plots will show the root-mean-squared-error (RMSE) percent for
each pressure drop simulated, as well as the algebraic average of RMSE for each fluid as red
markers/lines, and plot “outliers” that deviate from the median by more than 1.5 times the
inter-quartile range (IQR) as blue markers, as is standard for such plots.

It is useful to discuss these outliers further, as although they do not have the same
meaning that they do in population statistics, they are descriptive of underlying random
processes. While two computer simulations carried out with the same inputs and methods
would give the same answer, there is an amount of numerical error associated with those

simulations that cannot be absolutely predicted. For an analytical simulation, the numerical
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error will be related to machine precision, while the schemes used in computational fluid
dynamics software such as OpenFOAM will exhibit error related to their mesh refinement
and numerical methods. Thus, data that lay outside the IQR in this case will define the

numerical fidelity of simulations with respect to the physics being modeled.

VI. RESULTS

Each of the analytically derived models were validated using averaged microscale sim-
ulation data. The pressure drops that were simulated are tabulated in the supplementary
material in Table SI. The pressure drops listed in that table were used to identify simulations
in the below sections. The semi-analytical velocity solution validations are presented first, as
these are required to compute the two transport models derived. The advection dominated
species transport and enhanced molecular diffusion models were then validated respectively.

The capillary tube and slit configurations are presented together for each model.

A. Semi-Analytical Velocity Solutions

The velocity profiles from microscale simulations were tabulated across a line that ran
solely in the z-direction and passed through the centrum of each system, as described in
detail in and these were compared to velocities computed from Eqns through (17).
The microscale simulations (Sim) and analytical computations (Anal) are shown in Figures
and [3| for Fluid 4 flowing in the capillary tube and slit configurations respectively. In
those figures the velocities were normalized by the maximum velocity for that pressure drop
and the normalized values are plotted on the ordinate, while normalized distances from the
centrum are plotted on the abscissa, zg for the capillary tube case and zg for the slit case.
Results for Fluid 4 are displayed here because these results deviated the most from the
Newtonian limit, which is the innermost velocity profile for each simulation. The results
displayed were selected to show the transition from the Newtonian limit to the power-law
regime and the greatest deviation from that limit. Simulation results for similarly selected
runs are shown for Fluids 1-3 in supplementary material Figures S1-3 for the capillary tube
case and Figures S4-6 for the slit case.

It may be observed that the velocity profile flattens out as the flow deviates from the
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FIG. 2. Velocity profiles for (a) Cross and (b) Carreau Fluid 4 flowing through a capillary tube.

Pressure drops indicated in the legend have units of Pa.
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FIG. 3. Velocity profiles for (a) Cross and (b) Carreau Fluid 4 flowing through a slit system.

Pressure drops indicated in the legend have units of Pa.

Newtonian limit. After the maximum deviation from Newtonian flow is reached, the velocity
profile gradually shifts back towards the Newtonian limit. This flattening of the velocity pro-
file is due to the viscosity profile that develops throughout the cross-section of the systems,
as shown in Figure [ for Fluid 4 in the capillary tube configuration. The maximum zero-
shear viscosity is always achieved at the centrum of the system, decreasing to a minimum
viscosity for that pressure drop at the system walls. At large pressure drops the viscosity
profile tends toward the shape of a Dirac delta function, being at the infinite shear viscosity

limit throughout the cross-section with the exception of the centrum where the viscosity is

~

Ho-
The RMSE box-plots and predicted versus simulated plots are presented in Figures [5| and
[0l These data show that there were many more points outside the IQR for the capillary tube

than for the slit configuration, and that these existed for all fluids simulated in nearly equal
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FIG. 4. Viscosity profiles for (a) Cross and (b) Carreau Fluid 4 flowing through a capillary tube.

Pressure drops indicated in the legend have units of Pa.

T 1
®Cross 1 X2
g OfmCross2 s | & E = B 5 6
= ACross 3 ° 0.9
~ Cross 4 o o o
g Carreau 1 K | 8 © 8
51 |1 0.8 o
= Carreau 2 o o
g ~Carreau 3 A @
0 - Carreau 4 = 2.0.7
~ n
E 10} 1e
> 06}
5 -
- i
Eﬂ 15} 4 8 0.5
o
15 10 5 60'4'\7,%&"\;1,:55‘
B B B . \ \ \ \
logl0(v (m/s)) Analytic 0(096 0‘0‘55 0(05% O(o?’% AN AN
Fluid
(a) (b)

FIG. 5. Velocity data for a capillary tube showing (a) predicted versus observed values and (b)
box-and-whisker plots for the root-mean-squared-error percent. In the box-and-whisker plots red
lines and markers show the algebraic average and blue markers show data that lies outside 1.5 times

the inter-quartile range.

measure. All of these errors occurred during the pressure drops where flow differed the most
from the Newtonian limit, while this was not an issue for the slit configuration, indicating
that they are due to the way in which the curved surface of the capillary tube is handled by
OpenFOAM. Additional simulations were carried out with greater grid refinement, and it
was observed that these errors decreased. Regardless of the outlying points, Figures 5| and [6]

show close agreement between the analytical solution and microscale simulation, with even
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FIG. 6. Velocity data for parallel plates showing (a) predicted versus observed values and (b) box-
and-whisker plots for the root-mean-squared-error percent. In the box-and-whisker plots red lines
and markers show the algebraic average and blue markers show data that lies outside 1.5 times the

inter-quartile range.

the greatest RMSEs being less than 1%, and most simulations being within the expected
error for these simulations based on the grid-refinement study, which was less than 0.5%.
Based on the low error present in the velocity simulations, the solutions derived during

transport are validated next.

B. Advection Dominated Species Transport

Advection-dominated species transport occurs at high enough Pe such that diffusion is
insignificant. Numerical transport simulations were conducted using the microscale velocity
field output from flow simulations as described in §V] The average outlet concentration
was computed from these numerical transport simulations and compared to the analytical
solutions given by Eqns and , computed using the analytical velocity solutions. Plots
for the normalized efuent concentration for the same pressure drops as were displayed in the
velocity profile figures are presented in Figures|[7|and for Fluid 4 at Pe = 10°, with all other
fluids presented in supplementary material Figures S7-12. These figures show the effluent

concentration normalized by the influent concentration on the ordinate and the number of
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FIG. 7. Average effluent concentration for (a) Cross and (b) Carreau Fluid 4 flowing through a

capillary tube during advection dominated species transport, Pe = 10°. Pressure drops indicated

in the legend have units of Pa.
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FIG. 8. Average effluent concentration for (a) Cross and (b) Carreau Fluid 4 flowing through a
parallel plate system during advection dominated species transport, Pe = 10°. Pressure drops

indicated in the legend have units of Pa.

pore-volumes passed through the system plotted on the abscissa.

At low Pe the simulated effluent concentration differed significantly from the analytical
solution, with RMSE > 10%, until Pe = 10°. An additional set of simulations were carried

out for Carreau Fluid 4 at Pe = 5 x 10°, and it was observed that these results differed from
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FIG. 9. Data for a capillary tube during high Pe transport (Pe = 10°) showing (a) predicted
versus observed values and (b) box-and-whisker plots for the root-mean-squared-error percent. In
the box-and-whisker plots red lines and markers show the algebraic average and blue markers show

data that lies outside 1.5 times the inter-quartile range.

the Pe = 10° results by less than 0.1%, thus it follows that the advection dominated regime
occurs at Pe > 10°.

The analytical solutions generally exhibited error of less than 1% based on averaged mi-
croscale simulation, showing agreement within the numerical error of the simulations. Sim-
ilarly to the velocity solution validation, predicted-versus-actual and box-and-whisker plots
were generated from the data to show the agreement for each system, presented in Figures|[J]
and [10| for capillary tube and slit systems respectively. The box-plots were generated using
the 500 transport simulations carried out for Pe — 10°.

While the IQR for each system lay below the 0.5% expected for these simulations, several
outliers can be seen that reach 1%, especially in the case of the slit configuration. This
is notable as the slit exhibited less deviation between the microscale simulations and the
analytical velocity solution, as can be seen in Figure [6] One explanation for this becomes
apparent when comparing the breakthrough curves in Figures [7]and 8| It can be seen that
the breakthrough curves are sharper for the slit configuration than they are for the capillary

R7I8Y

tube. Sharp fronts present a known challenge during numerical simulation®~*® which can

lead to numerical approximation errors. A rescaled image of Carreau model Fluid 4 is

30



1 S T 1.4 . 0]
®Cross 1 ° -
= Cross 2 E -
0.gl/4Cross 3 19 121 R
o Cross 4 ﬁ o
S Carreau 1 < 1} o o
= | Carreau 2 1@ 5 o p o o
— 0.6 = - o] ©
= ~Carreau 3 «
§ * Carreau 4 g 0.8
n »n
<04 1 o
o ,
O # =
0.2r / 7 '*S 0.4+F
Q
~
ol . . . . 0.2
0 0.2 0.4 0.6 0.8 1 N T
C/C; Analytic 9% 7 g

()

FIG. 10. Data for the slit configuration during high Pe transport (Pe = 10°) showing (a) predicted
versus observed values and (b) box-and-whisker plots for the root-mean-squared-error percent. In
the box-and-whisker plots red lines and markers show the algebraic average and blue markers show

data that lies outside 1.5 times the inter-quartile range.

presented in Figure at Pe = 10°, where the microscale simulation data can be seen to
deviate from the analytical solution most as the sharp front interacts with the outlet of
the system before matching the analytical solution closely after one pore-volume has passed
through. This is also clear in Figure (a) where the predicted concentrations deviated most
from the observed concentrations at values below C'/Cy = 0.2. A simulation was carried
out after doubling the mesh refinement in each dimension and the error was observed to

decrease, indicating that the sharp front errors could be reduced with high mesh refinement.

C. Enhanced Molecular Diffusion

The enhanced molecular diffusion regime occurs at low enough Pe that diffusion is the
dominant mechanism for transport in directions perpendicular to flow while advection dom-
inates in the flow direction, leading to a species front that deforms based on the velocity
profile. The average outlet concentration computed from microscale simulations were com-
pared to macroscale transport modeling data that resulted from using the enhanced molec-

ular diffusion coefficients derived from Eqns and . The microscale simulation and
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FIG. 11. Average effluent concentration for Carreau model Fluid 4 flowing through a parallel plate
system during advection dominated species transport (Pe = 10°) scaled from (a) 0.5-1 and (b)

1-1.5 pore-volumes. Pressure drops indicated in the legend have units of Pa.
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FIG. 12. Average effluent concentration for (a) Cross and (b) Carreau Fluid 4 flowing through
a capillary tube during enhanced molecular diffusion, Pe — 10%. Pressure drops indicated in the

legend have units of Pa.

macroscale model data are presented for Fluids 4 at Pe = 10? in Figures and for
the capillary tube and slit configurations respectively, with normalized concentration and
pore-volumes plotted similarly to the high Pe case. Figures showing the same data plotted

for Fluids 1-3 are presented in supplementary material Figures S13-18.
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FIG. 13. Average effluent concentration for (a) Cross and (b) Carreau Fluid 4 flowing through a
parallel plate system during enhanced molecular diffusion, Pe = 102. Pressure drops indicated in

the legend have units of Pa.

The RMSE between averaged microscale simulations and macroscale modeling exceeded
10% until Pe < 100, with the onset of non-Fickian transport characteristics becoming ev-
ident at higher Pe. This provides an upper bound for the enhanced molecular diffusion
regime, while there is no theoretical lower Pe bound for the regime as the enhanced molec-

ular diffusion coefficients derived from Eqns and approach the molecular diffusion

coeflicient as Pe approaches zero.

As for the velocity and high Pe validations, prediction-versus-observation and box-and-
whisker plots were generated for the enhanced molecular diffusion transport simulations,
presented in Figures [14] and [15| for the capillary tube and slit configurations, respectively.
These data were generated using the results for Pe = 100, resulting in 100,000 points of
comparison. All simulations exhibited less than 1% RMSE, but exhibited more error than
the velocity and high Pe transport simulations. This may be expected, as several assump-
tions were made to derive the solutions for the enhanced molecular diffusion coefficients.
Investigation into each of these assumptions and their impact on the errors present may be

a focus of future work.

The breakthrough curves presented in Figures [12| and [13] exhibited a shift to a sharper
front similar to the high Pe case. To make this clear, the dispersivities computed from Eqn

for each simulation are plotted in Figures 16| and [17| versus logl0 of the pressure drop

33



1 G : 1.1
®Cross 1 o
uCross 2 E 1k
0.gl/4Cross 3 |8
o Cross 4 g 09r
S Carreau 1 -
T oqll Carreau? | T os}
— 0.6 =
=] ~Carreau 3 «
§ + Carreau 4 g 0.7
n ’ 0
(= 04 [ g b L
@) % 0.6
~ 0
O =050 o ©
0.2r R 2 o o - N
4 o 0.4r o 8 o
P o o 5
050 0'2 0'4 0‘6 0I8 1 03 AL s N A YD '
’ , e ) < < < <
C/Cy Analytic 0(0‘55 0(0‘55 0(0‘59 0‘0‘59’ & o o o
Fluid
(a) (b)

FIG. 14. Data for a capillary tube during enhanced molecular diffusion regime transport (Pe =
10?) showing (a) predicted versus observed values and (b) box-and-whisker plots for the root-
mean-squared-error percent. In the box-and-whisker plots red lines and markers show the algebraic

average and blue markers show data that lies outside 1.5 times the inter-quartile range.

for the system. The dispersivity values decreased by a factor of six in the most extreme
cases, and a factor of two for most fluids. This is in contrast to what has been observed
for sphere packings where dispersivity increased as GNF flow deviated from the Newtonian
limits®*. This is also a more pronounced shift from Newtonian dispersivity than has been
shown in past work.

An explanation for the difference between dispersivity deviation for the systems investi-
gated here and the random sphere packings in Bowers and Miller (2025)** is that only the
dispersivity limiting behavior of GNF flow is present here, while in random sphere packings
there are two competing mechanisms. These two mechanisms are the flattening of velocity
profiles across pore-throats, as depicted here in Figures [2] and [3| as well as the increase in

tortuosity that has become evident during GNF flow in unstructured porous media***%,

VII. DISCUSSION

Capillary tubes and parallel plates present idealized systems that many have found to

TTIHI3IT6IE5/56

be useful when investigating porous media . This has been especially the case

34



1 C T / 1
®Cross 1 1o
mCross 2 i

0.gl/4Cross 3 1 208}
<] Cross 4 ﬁ
S Carreau 1 -
= | Carreau 2 1@ |

= 0.6 = 0.6
=] ~Carreau 3 «
§ + Carreau 4 g
n 0

-04r 1 204
o «
~ 0
© =

0.2 1+ 02

<) 5
= ) °
00 0I2 0|4 0|6 0I8 1 0 A 2 > b A v >
’ , e ) < < < <
C/Cy Analytic C‘(o‘g5 0(0‘55 0(0‘59 0‘0‘59’ & o o o
Fluid
(a) (b)

FIG. 15. Data for the slit during enhanced molecular diffusion regime transport (Pe = 10%) showing
(a) predicted versus observed values and (b) box-and-whisker plots for the root-mean-squared-error
percent. In the box-and-whisker plots red lines and markers show the algebraic average and blue

markers show data that lies outside 1.5 times the inter-quartile range.

for non-Newtonian fluid flow, which presents fluid mechanical complexity enough from their
rheology without introducing the additional intricacies of real porous media®**0, While
the analytical transport solutions derived here were applied to GNFs, they have been de-
rived generally and can be applied to other non-Newtonian flows as long as velocity data
is available. Such velocity data can be generated from an analytical solution such as was
done here, or from numerical simulation, negating the need to carry out computationally
expensive transport simulations.

The general transport solutions derived here could be used to develop first pass simulators
for viscoplastic and viscoelastic fluids that have heretofore been difficult to model®™#, In
particular there are few numerical methods available to simulate viscoelastic fluids?® 7,
although velocity profiles could be generated from imaging?®® that could be used to carry
out the transport computations done using a semi-analytical solution here. The analytical
transport solutions could then be used to develop pore-network models which, while limited,

19)21129H311341100H102 Based on these

are computationally efficient and common in the literature
pore-network models, physical understanding can begin to be developed as more advanced

numerical methods are introduced.
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FIG. 17. Dispersivity for (a) Cross and (b) Carreau Fluid 4 flowing through a parallel plate system

during enhanced molecular diffusion, Pe = 102

An interesting observation of the data presented in this work is that dispersive transport
phenomena decreased as GNF flow behavior increased. This can be observed in the high
Pe simulations where the species front sharpened, as well as in the change in dispersivity
observed during enhanced molecular diffusion. The flattening out of the velocity profiles
in both the capillary tube and slit systems explain this phenomena, leading to a narrower
distribution in velocity values and thus less dispersion. This contrasts with an increase in

dispersion that has been observed for transport during GNF flow in more complex porous
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media, such as random sphere packings?*. The disparity indicates that there are potentially
two competing mechanisms that impact transport during non-Newtonian flow, one related
to the velocity profile observed across individual pores, and one related to the distribution
of velocities throughout a complex porous medium. Future work will need to be done to
determine how these two competing mechanisms interact with one another, and when one

can be expected to dominate over the other.

VIII. SUMMARY AND CONCLUSIONS

Semi-analytical solutions for the fluid velocity in capillary tubes and slits were derived for
Cross and Carreau model fluids, which are common classes of generalized Newtonian fluids.
It was then shown how these velocity solutions could be used to compute the average con-
centration across the cross section of both geometries during advection dominated flow. An
analytical solution for cross-sectionally averaged macroscale concentration and the effective
diffusion coefficient during the enhanced molecular diffusion flow regime were then derived
for both geometries. These general analytical solutions were then used to simulate species
transport in both capillary tubes and slits during Cross and Carreau model fluid flow using
the semi-analytical solutions for velocity derived for the corresponding geometries.

The flow and transport solutions were compared to microscale simulations carried out
using OpenFOAM, an open-source simulation toolkit. The velocity solutions were within
the numerical error of the microscale simulations, and exhibited a flattened out profile due
to the viscosity profiles that developed for each fluid class. Semi-analytical species transport
solutions were also within the numerical error of the microscale simulations, and exhibited
less dispersion in both the capillary tube and slit geometries compared to Newtonian flow. To
quantify the change in dispersive phenomena for the generalized Newtonian fluids compared
to a Newtonian fluid, the dispersivity was computed for the enhanced molecular diffusion
case and it was shown that dispersivity dropped by up to a factor of six depending on the
flow rate and rheological properties of the fluids.

The analytical solutions developed here for species transport, while applied to Cross and
Carreau model fluids, were not derived for any specific fluid rheology. Thus the solutions
derived herein can be applied for transport in other generalized Newtonian fluids and even

for cases where only experimental velocimetry observations are available and the underlying
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rheology of the fluid has not been characterized.

SUPPLEMENTARY MATERIAL

Supplementary material has been provided which includes: a table of pressure drops used
during simulations (Table SI); velocity profiles for Fluids 1-3 in the capillary tube and slit
geometries (Figures S1-6); average effluent concentration breakthrough curves during high
Pe flow for Fluids 1-3 in the capillary tube and slit geometries (Figures S7-12); and average
effluent concentration breakthrough curves during enhanced molecular diffusion for Fluids

1-3 in the capillary tube and slit geometries (Figures S13-18).
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