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Surfactants are critical in natural processes and engineering, but measuring their concentrations in non-equilibrium
conditions and in the presence of flow is difficult. Therefore, computational methods are key tools for improving our
understanding. Predicting the effect of surfactants on liquid-vapor transformations is particularly challenging due to (1)
simultaneous mass transfer, non-equilibrium thermodynamics and Marangoni stresses, and (2) the phenomenological
assumptions underlying many liquid-vapor phase-change models. Starting from the Navier-Stokes-Korteweg equa-
tions, a first-principles approach to liquid-vapor phase transformations, we developed a model of liquid-vapor flows
with surfactants. We performed simulations of bubbles under equilibrium and liquid-vapor interface oscillations to
demonstrate that the model successfully reproduces surfactant-mediated reductions in surface tension. We also inves-
tigated the mechanisms whereby surfactant affects bubble coalescence and condensation. Overall, this work provides
a new framework for studying the effect of surfactants on liquid-vapor transformations and suggests multiple areas for
future research, including the impact of complex surface chemistries on flow around bubbles and the acoustic response
of bubbles with surfactants.

I. INTRODUCTION

Surfactants are a general class of chemical compounds
that are important in nature and industry due to their abil-
ity to reduce the surface tension acting at fluid interfaces.
These interfaces may exist between two distinct fluids, such
as water and oil; or between the liquid and vapor phases
of a single phase-transforming fluid, such as liquid wa-
ter and water vapor1. Surfactants are widely present in
natural systems and are crucial for vital functions such
as promoting pulmonary gas exchange2–5 and improving
digestion6. Modern science and engineering are utilizing
their capacity to alter surface tension, granting them essential
roles in detergent formulations7, froth flotation8,9, nanomate-
rial synthesis10, pharmaceutical applications11, enhanced oil
recovery12, droplet microfluidics13 and waterborne coatings
and emulsion polymerization14,15.

However, surfactant concentrations may be difficult to mea-
sure in heterogeneous environments. In certain cases, we
also need spatially resolved concentration measurements be-
cause Marangoni stresses depend on surfactant concentra-
tion gradients. In the absence of very sophisticated mea-
surement techniques, surfactants act as hidden variables that
profoundly impact fluid dynamics. This makes compu-
tational models important for quantifying how interfacial
flows respond to surfactant distributions16. Multicompo-
nent systems with surfactant-covered interfaces have been
analyzed using a variety of numerical techniques, including
the volume-of-fluid method17,18, level-set formulation19–21,
phase-field models22–26, immersed boundary methods27, ar-
bitrary Lagrangian-Eulerian methods28, and unfitted finite el-
ement methods29; more comprehensive reviews can be found
in19,30,31. All of these models have explored the effect of sur-
factants in multicomponent flows where interfacial dynamics
are solely driven by fluid motion.

a)Corresponding author: hectorgomez@purdue.edu.

A much more challenging problem is understanding the
effects of surfactants on interfaces where liquid-vapor phase
transformations (also referred to as mass transfer) occur.
Phase transformations are very important in the natural sci-
ences and engineering. For example, due to its high specific
heat capacity and latent heat of vaporization, liquid water is an
excellent medium for transferring heat energy. The heat trans-
fer rate is highly related to the interface dynamics. Studies
have shown that the addition of surfactants enhances the heat
transfer rate by reducing the interfacial energy required for
bubble generation and by suppressing bubble coalescence. As
a result, small nucleate bubbles are produced from the heated
surface at a higher frequency, while the formation of large
bubble clusters is diminished, leading to a more stable boil-
ing process. Beyond the heat transfer process, erosion caused
by pressure-induced cavitation poses a serious challenge for
marine vehicles, hydro-turbines, gears in cooling liquids, and
similar systems. In such situations, the liquid can hardly be
considered pure water, as many impurities behave like surfac-
tants and significantly influence the cavitation process. Si-
multaneously accounting for surfactant transport and phase
change poses a significant modeling challenge.

Modeling liquid-vapor phase transformations computation-
ally requires simultaneous consideration of non-equilibrium
thermodynamics as well as large density and viscosity gra-
dients. Most existing models are based on either a thermo-
dynamic equilibrium assumption or source terms in the mass
conservation equations that involve phenomenological param-
eters. The few studies32,33 that do couple surfactant trans-
port with phase transformation adopt such source-term-based
formulations. Yet, such parameter-dependent phase-changing
models lack generalizability and may not be adequate for
models that include surfactants unless they are recalibrated.

This work proposes a phase-field model of surfactant-
mediated liquid-vapor phase transformations. In the context
of phase-transforming flows, employing nonconvex potentials
has shown success in predicting interfacial dynamics and mass
transfer in liquid-vapor systems. Liquid-vapor systems in-
volve a non-convex bulk free energy and an interfacial free
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energy. The former has been used to predict thermodynamic
properties and critical points34. The latter depends on the gra-
dient of density, accounting for the effect of surface tension.
The combination of the non-local free energy with the balance
equations of compressible flows in a thermodynamically con-
sistent manner, using the Coleman-Noll procedure, leads to
the Navier-Stokes-Korteweg (NSK) equations35–37. The NSK
equations comply with the second law of thermodynamics
and have demonstrated their ability to model both pressure-
induced and temperature-induced liquid-vapor phase transfor-
mations through Direct van der Waals simulations (DVS)38,39.

Despite its success, the NSK framework has not been used
to explore the effect of surfactants on liquid-vapor systems. In
this work, we propose a thermodynamically consistent mod-
ification of the NSK equations that applies to soluble surfac-
tants. We show that the proposed method successfully cap-
tures the variation of surface tension with respect to surfac-
tant concentration. In addition, the method decouples surface
tension from diffuse-interface thickness, thereby improving
robustness across a wide range of simulation cases. Owing
to its generality, the model offers substantial flexibility and
can readily be coupled with other phase-transformation mod-
els and non-condensable gas effects38,40–42.

The development of these methodologies will enhance our
understanding of surfactant dynamics and expand their appli-
cations across various scientific and engineering disciplines.

II. METHOD

A. Model overview

We investigate the hydrodynamics of a fluid-surfactant mix-
ture. The fluid undergoes liquid-vapor phase transformations.
Among the various forms of liquid-vapor transformations, we
are primarily interested in hydrodynamic cavitation, which
can be considered an isothermal process in many cases of
practical interest43. Thus, we describe the phase-transforming
fluid using the isothermal form of the NSK equations

∂ρ

∂ t
+∇ · (ρu) = 0, in Ω (1)

∂ (ρu)

∂ t
+∇ · (ρu⊗u)−∇ ·T = 0, in Ω (2)

Here, Ω is the spatial domain, ρ is the fluid density and u is
the fluid velocity. The Cauchy stress tensor is T =−pI+τ +
ξ, where p is the fluid pressure, τ is the viscous stress and ξ is
the Korteweg stress. The viscous and Korteweg stress tensors
are defined, respectively, as:

τ = µ̄(∇u+∇
Tu)− 2

3
µ̄∇ ·uI, (3)

ξ = λ (ρ∇
2
ρ +

1
2
|∇ρ|2)I −λ∇ρ ⊗∇ρ, (4)

where µ̄ is the fluid’s dynamic viscosity and λ is a positive
constant that is proportional to the square of the thickness of
the liquid-vapor interface.

Surfactant molecules are amphiphilic, consisting of a po-
lar hydrophilic head and a non-polar hydrophobic tail. In a
liquid-vapor multiphase system, such as liquid water in con-
tact with water vapor, the hydrophobic tails preferentially ori-
ent towards the vapor side of the interface, while the hy-
drophilic heads remain in the aqueous phase1. Hence, we as-
sume that the surfactants dissolve in the liquid bulk and adsorb
at the interface, while their concentration in the vapor phase is
negligible. To avoid solving an interfacial surfactant transport
equation, we assume that adsorption and desorption are fast
enough that the surfactant molecules rearrange between the
interface and the bulk instantaneously. As a result, the surface
concentration of surfactant Γ varies rapidly with the local bulk
concentration φ , as described by the Langmuir adsorption
isotherm Γ(φ) = Γ∞Kφ/(1+Kφ), where Γ∞ is the maximum
surface concentration of surfactant and K is the adsorption
equilibrium constant. The Gibbs adsorption equation relates
the surface tension σ with φ through dσ =−RgθΓ(φ)dln(φ),
where Rg is the gas constant and θ is the temperature. Com-
bining these two relations, we have the closed expression for
surface tension directly as a function of bulk concentration,
which is σ(φ) = σ0 −RgθΓ∞ ln(1+Kφ). Here σ0 denotes
the surface tension of pure liquid in the absence of surfactant.

Because the surfactant concentration is negligible in the va-
por phase, we solve surfactant transport equation on Ωl(t),
i.e., the time-dependent spatial domain, which excludes va-
por. The surfactant transport equation is

∂φ

∂ t
+∇ · (φu)−∇ · (D f ∇φ) = 0, in Ωl(t), (5)

where D f is the molar diffusivity of the surfactant. Solving
Eq. (5) is challenging as the computational domain changes
over time. To circumvent this issue, we use the diffuse-
domain approach44. The diffuse-domain approach allows us
to define an equation that is equivalent to (5), but is defined
on the domain Ω, which is fixed in time. Note that Ω is the
domain where the NSK equations are defined [Eq. (1)], and
we have Ω ⊃ Ωl(t) for all t. To redefine Eq. (5) in Ω, we in-
troduce a dimensionless function g(ρ) that localizes the liquid
phase and is defined as

g(ρ) =


2ε, ρ < ρv,

gmid(ρ), ρv ≤ ρ ≤ ρl ,

1, ρ > ρl ,

(6)

where

gmid(ρ) = 0.5+ ε +(0.5− ε)sin
[

ρ −ρv

ρl −ρv
π − π

2

]
. (7)

Here, ρl and ρv represent the equilibrium liquid and vapor
phase densities of the phase-transforming fluid, while ε is a
small, dimensionless positive number (5×10−9 in our calcu-
lations) that is used to ensure numerical stability and avoid
trivial solutions. The surfactant dynamics equation in Ω is

∂c
∂ t

+∇ · (cu)−∇ ·
[
D f (∇c−φ∇g(ρ))

]
= 0, in Ω, (8)
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where c = g(ρ)φ . In what follows, we refer to c as the sur-
factant concentration for simplicity, and we use cl to represent
the value of c in the bulk liquid phase. We start the simula-
tions with a uniform concentration in the bulk liquid, so that
φ = cl in the liquid phase.

B. Thermodynamics and surface tension

The total Helmholtz free energy functional for the system
is

A[ρ] =
∫

Ω

[
Ψ

EoS(ρ)+
λ

2
|∇ρ|2

]
dx, (9)

where ΨEoS(ρ) is the bulk Helmholtz free energy density
from the equation of state (EoS), the gradient term repre-
sents the free energy at the liquid-vapor interface, and x =
(x,y) represents a spatial point in Ω. We use the van der
Waals (vdW) model for the bulk Helmholtz free energy den-
sity. For vdW fluids under isothermal conditions, ΨEoS(ρ) =
Rgθρ log(ρ/(b−ρ))− aρ2, and the chemical potential and
pressure are defined as

µ
EoS(ρ) =

dΨEoS(ρ)

dρ

= Rgθ log
(

ρ

b−ρ

)
+Rgθ

b
b−ρ

−2aρ (10)

pEoS(ρ) = ρµ
EoS(ρ)−Ψ

EoS(ρ)

= Rgbθ
ρ

b−ρ
−aρ

2, (11)

where a and b are constants that define the fluid.
We call the saturation densities of the liquid and vapor

phases ρl and ρv, respectively. The saturation densities are
defined by the coexistence of the liquid and vapor phases at
phase equilibrium (µEoS(ρv) = µEoS(ρl)≡ µsat) and mechan-
ical equilibrium (pEoS(ρv) = pEoS(ρl)≡ psat). For an isother-
mal system at saturation conditions, the total Helmholtz free
energy of the system is minimized, subject to the conserva-
tion of mass, leading to the coexistence of the two phases. For
a two-dimensional system with a planar interface parallel to
x, the equilibrium density profile along the y direction mini-
mizes A[ρ] subject to mass conservation. The Euler-Lagrange
equation is

0 = µ
EoS(ρ)−λ

d2ρ

dy2 −µsat (12)

where we have assumed that λ is a constant. Now, we multi-
ply Eq. (12) by dρ/dy and integrate between 0 and y. At y= 0,
we use the boundary conditions ρ = ρv, dρ/dy = 0. Thus,

λ

2

(
dρ

dy

)2

= Ψ
EoS(ρ)−Ψcoex(ρ), (13)

where

Ψcoex(ρ) = Ψ
EoS(ρv)+µsat(ρ −ρv) (14)

is the linear function of ρ that defines the common tangent
to the saturation points in the ρ-ΨEoS plane. The excess
Helmholtz free energy ∆Ψ(ρ) is defined as

∆Ψ(ρ) = Ψ
EoS(ρ)−Ψcoex(ρ). (15)

In the interfacial region, ∆Ψ(ρ)> 0, because a homogeneous
liquid vapor mixture with density ρ ∈ (ρv,ρl) is thermody-
namically unstable or metastable.

Surface tension, σ , is the excess Helmholtz free energy per
unit interfacial area required to maintain the diffuse interface.
Mathematically:

σ =
1
s
(A[ρ]−Acoex[ρ]), (16)

where s is the interface area and Acoex[ρ] =
∫

Ω
Ψcoex(ρ)dx

is the total Helmholtz free energy of a sharp-interface system.
For a 1D planar interface lying on the x plane, we have ρ(x)=

ρ(y), ∇ρ = (0, dρ

dy ), and
∫

Ω
(·)dx = s

∫
∞

−∞
(·)dy, so Eq. (16)

becomes

σ =
∫

∞

−∞

[
Ψ

EoS(ρ)+
λ

2

(dρ

dy

)2
−Ψcoex(ρ)

]
dy. (17)

Using Eqs. (13) and (15), we can define the change of integra-

tion variable dy =
√

λ

2
dρ√

∆Ψ(ρ)
. Because a 1D planar interface

satisfies ρ(y → ∞) = ρl and ρ(y →−∞) = ρv, we obtain:

σ =
∫

ρl

ρv

√
2λ∆Ψ(ρ)dρ

=
∫

ρl

ρv

√
2λ [ΨEoS(ρ)−ΨEoS(ρv)−µsat(ρ −ρv)]dρ.

(18)

C. Surfactant modulation of surface tension

Fluid molecules at a fluid-fluid interface experience an im-
balance in cohesive forces due to the asymmetry in molec-
ular properties across the interface, resulting in higher en-
ergy compared to the bulk phase. In water, strong hydrogen
bonding produces a high interfacial energy between the liquid
and vapor phases, which results in surface tension. Surfac-
tant molecules accumulate at the liquid-vapor interface and
disrupt cohesive interactions. Hence, they reduce the ex-
cess Helmholtz free energy density required to sustain non-
equilibrium densities in the interfacial region. To model this in
a thermodynamically-consistent manner, we propose a recon-
struction of µEoS(ρ) that decreases ∆Ψ(ρ) in the interfacial
region. The strength of the reduction of ∆Ψ(ρ) depends on
the local surfactant concentration c. The reduction of excess
free energy is achieved by replacing µEoS(ρ) with µ rc(ρ,c).
All other thermodynamic quantities are changed accordingly
using Eq. (10) and Eq. (11). We call Ψrc(ρ,c) and prc(ρ,c)
the modified (reconstructed) free energy and pressure, respec-
tively. From the first identity in Eq. (18), we can see that the
reconstruction will lead to a reduction in the surface tension
σ .
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We define the reconstructed chemical potential µ rc(ρ,c)
using the method proposed in45. We use a B-spline func-
tion with carefully chosen control points to preserve the bulk-
equilibrium characteristics and inherent non-convexity of the
vdW EoS, while ensuring global differentiability for numeri-
cal stability. It provides a smooth reconstruction of the non-
monotone chemical-potential curve with only a few parame-
ters, enabling incorporation of the surfactant effect on surface
tension. Fig. 1 compares the original and modified chemical
potentials. At a fixed subcritical temperature, the vdW chem-
ical potential µEoS(ρ) is nonconvex and exhibits two spin-
odal points where dµEoS(ρ)/dρ = 0. These points are de-
noted by SP1 and SP2 in Fig. 1 and their (ρ,µ) coordinates
are (ρSP1 ,µsat+∆µ1) and (ρSP2 ,µsat−∆µ2), respectively. The
inequality ∆µ1 ̸= ∆µ2 reflects the asymmetry of the vdW EoS.

We use a second-order B-spline with 6 control points to
construct µ rc(ρ,c) for ρ ∈ [ρv,ρl ]. Points 1 and 6 are located
at equilibrium points to ensure the global continuity of the
chemical potential. The µ-values of points 2 and 3 are defined
by

∆µ
′
1(c) = ∆µ1/η(c), η(c)≥ 1 (19)

The µ-values for points 4 and 5 are defined by

∆µ
′
2(c) = κ(c)∆µ

′
1(c). (20)

For each value of c, the reduction factors η(c) and κ(c) are de-
termined iteratively so that two conditions are verified: 1) the
difference between the model-predicted surface tension and
the corresponding experimentally measured surface tension is
minimum; and 2) the Maxwell equal area rule is satisfied, i.e.,∫

ρl
ρv
(µ rc(ρ,c)−µsat)dρ=0. For each prescribed concentration

c0, the value of η(c0) is adjusted to reduce the surface ten-
sion; for each η(c0), there is a unique κ(c0) that satisfies the
Maxwell equal area rule. The pair (η(c0),κ(c0)) is accepted
once both conditions are met. After repeating this operation
for multiple values of c, we fit polynomials to the data to en-
sure differentiability of η and κ with respect to c.

The ρ-coordinates of points 2 and 5 are selected to ensure
that µ rc(ρ,c) is differentiable at the equilibrium points. The
ρ-coordinates of points 3 and 4 are chosen so that the spin-
odal points SP′

1 and SP′
2 in µ rc(ρ,c) remain at ρSP1 and ρSP2 ,

respectively.
After the reconstruction of µ rc(ρ,c), we can define the re-

constructed free energy Ψrc(ρ,c) and pressure prc(ρ,c) using
standard thermodynamic relations:

Ψ
rc(ρ,c) = Ψ

EoS(ρv)+
∫

ρ

ρv

µ
rc(ρ∗,c)dρ

∗, (21)

prc(ρ,c) = ρµ
rc(ρ,c)−Ψ

rc(ρ,c). (22)

The pressure field that enters the NSK equations (Eq. (2)) is

p(ρ,c) =

{
prc(ρ,c), if ρv < ρ < ρl

pEoS(ρ), otherwise
(23)

Because the reduction of chemical potential will lead to a
thicker interface46, the parameter λ , which controls the in-
terface thickness, needs to be re-scaled accordingly to vary

Figure 1. Original (black) and reconstructed (green) chemical poten-
tial in the interfacial region.

surface tension without altering the interface thickness. We
change the interfacial parameter using the constant bulk con-
centration cl ,

λ = λ0/η(cl), (24)

where λ0 is the positive constant that is proportional to the
square of the interface thickness for clean water. After the re-
construction, the surface tension is related to the concentration
of surfactant through the equation

σ =
∫

ρl

ρv

√
2λ [Ψrc(ρ,c)−ΨEoS(ρv)−µsat(ρ −ρv)]dρ (25)

This rescaling, in addition to being robust and applicable to a
wide range of surfactants, ensures that the interface thickness
is independent of c.

D. Dimensionless form of the governing equations

Prior to discretization, we rewrite the governing equations
in non-dimensional form. We follow35 and scale length
by L0, mass by bL3

0, time by L0/
√

ab and temperature by
θc = 8ab/(27Rg), which is the critical temperature of a vdW
fluid. Surfactant concentration is scaled by b/M, where M
is the molar mass of the phase-transforming fluid. The non-
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dimensional form of the governing equations is

∂ ρ̂

∂ t̂
+ ∇̂ · (ρ̂û) = 0 (26)

∂ (ρ̂û)

∂ t̂
+ ∇̂ · (ρ̂û⊗ û+ p̂I)− 1

Re
∇̂ · τ̂ − Ca2

η(cl)
ρ̂∇̂(∇̂2ρ̂) = 0

(27)

∂ ĉ
∂ t̂

+ ∇̂ · (ĉû)− 1
Pe

∇̂ ·
[
(∇̂ĉ− ĉ

g(ρ̂)
∇̂g(ρ̂))

]
= 0 (28)

p̂ =
8
27

θ̂ ρ̂

1− ρ̂
− ρ̂

2 (29)

τ̂ = ∇̂û+ ∇̂
T û− 2

3
∇̂ · ûI, (30)

where we used a hat over symbols to represent non-
dimensional quantities. The Reynolds number, capillary num-
ber, and Peclet number are defined as:

Re =
L0b

√
ab

µ̄
, Ca =

√
λ0/a
L0

, Pe =
L0
√

ab
D f

. (31)

In what follows, we will report dimensionless results. Com-
patible data for dimensional quantities could be obtained us-
ing the following values for water: The temperature is θ =
300K, the molar mass of water is M = 18g/mol, and the gas
constant is Rg = 8314.46

18 J/(kg ·K). The vdW EoS constants
are: a = 1.7088 × 103m5/(kg · s2), b = 590kg/m3, and the
critical temperature θc =

8
27

ab
Rg

= 647.2K. In the subsequent
text, we present all equations in dimensionless form. For sim-
plicity, we will drop the hat notation. Any quantity written
without units is understood to be dimensionless. Dimensional
values are used only when their units are provided explic-
itly, such as mM ≡ mol/m3 for surfactant concentration and
mN/m for surface tension. To facilitate comparison with ex-
perimental data, we report c and σ in dimensional form with
units when appropriate.

E. Numerical discretization

In preparation for an isogeometric discretization47, we de-
rive a weak form of the problem. For simplicity, we as-
sume periodic boundary conditions, but all other boundary
conditions used in the paper can be imposed in a straight-
forward manner using standard procedures48. Let X denote
the space that serves both as the solution space and as the
weighting function space. The variational problem is: Find
U = {ρ,u,c} ∈X such that for all W = {w1,w2,w3} ∈X ,

B(W ,U) = 0, where

B =

(
w1,

∂ρ

∂ t

)
Ω

+

(
w2,ρ

∂u

∂ t

)
Ω

+

(
w2,u

∂ρ

∂ t

)
Ω

+

(
w3,

∂c
∂ t

)
Ω

− (∇w1,ρu)Ω
− (∇w2,ρu⊗u)

Ω

− (∇ ·w2, p)
Ω
+

1
Re

(
∇w2,∇u+∇uT )

Ω

− 2
3

1
Re

(∇ ·w2,∇ ·u)
Ω
+

Ca2

η(cl)

(
∇ ·w2,ρ∇

2
ρ
)

Ω

+
1

2η(cl)
Ca2 (

∇ ·w2, |∇ρ|2
)

Ω
− Ca2

η(cl)
(∇w2,∇ρ ⊗∇ρ)Ω

− (∇w3,cu)Ω
+

1
Pe

(
∇w3,∇c− c

g(ρ)
∇g(ρ)

)
Ω

(32)

The discretization of the weak form in Eq. (32) requires
globally smooth basis functions, which can be obtained us-
ing Isogeometric Analysis for the spatial discretization of
the problem. In this study, we use Nonuniform Rational B-
Splines (NURBS). We integrate in time using the generalized-
α method.

III. RESULTS

A. Surface tension predictions based on Laplace pressure

While our model is applicable to any soluble surfactant,
this section will focus on Sodium Dodecyl Sulfate (SDS) to
allow comparisons with experiments. SDS is highly soluble
in water, widely used, and well characterized49–52. The rela-
tion between surface tension and surfactant concentration in
aqueous SDS solutions is shown in Fig. 2(A). The calibration
is based on one experimental study49, and comparisons with
other sources are also provided. The critical micelle concen-
tration (CMC) is about 8.1 mM, and the surface tension does
not decrease further with increasing concentrations above the
CMC.

To demonstrate the model’s capability of accurately captur-
ing the variation of surface tension with SDS concentration,
we perform a series of numerical simulations to obtain the
surface tension values at different concentration levels. In this
section, we will simulate cylindrical (2D) bubbles under equi-
librium and estimate surface tension from the Young-Laplace
equation

σ = R∆p = R(pv − pl). (33)

Here, ∆p is the Laplace pressure, pv the pressure in the va-
por phase and pl the pressure in the liquid phase for a cylin-
drical bubble in equilibrium. To evaluate the surface tension
obtained in the simulations, we will use the simulation results
to get values of pv, pl and R. The pressures pv and pl can
be directly obtained from the simulation data. To obtain the
value of R, we plot the density profile along a line that crosses
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the bubble center and compute

R =
∫

∞

0
r
(

dρ

dr

)2

dr
/∫

∞

0

(
dρ

dr

)2

dr. (34)

where r = |x−xc| is the radial distance from the bubble cen-
ter.

The simulations start with a vapor bubble of radius R= 0.15
and density ρv, centered at x = (0.5,0.5) in a square compu-
tational domain whose spatial coordinates satisfy x,y ∈ [0,1].
The surrounding liquid has a density of ρl . The initial den-
sity field is prescribed using the hyperbolic tangent function
in Cartesian coordinates,

ρ(x,y) =
ρv +ρl

2
+

ρl −ρv

2
tanh

Xd −R
Ca

, (35)

where Xd =
√

(x−0.5)2 +(y−0.5)2. In each simulation,
the value φ = cl is set uniformly throughout the entire do-
main, and using the localization field g(ρ) in Eq. (6), the ini-
tial condition of concentration is defined as c = g(ρ)φ . Peri-
odic boundary conditions are imposed in both directions.

To establish parameter values related to flow that can be
resolved on a given mesh, we follow the scaling proposed in35

Ca =
h
L0

, Re = 2Ca−1, Pe =
√

λ0b
CaD f

(36)

where h = L0/N is the characteristic length scale of a uniform
spatial mesh, and N is the number of elements along each di-
rection. This scaling ensures the interface thickness remains
well-resolved by the mesh and that the Weber number stays
of order unity, i.e., We = Ca ·Re ∼ O(1). Here, we choose
N = 256, such that Ca = 1/256, Re = 512. We took Pe = 145.

The initial density distribution does not correspond to a per-
fect equilibrium state. Thus, when the simulation starts, the
bubble shrinks and grows periodically until the system reaches
equilibrium. To quantitatively monitor how far the simulation
is from equilibrium, we evaluate the fluid speed over the do-
main as

U(t) =
∫

Ω

|u(x, t)|dx, (37)

and track the relative change ζ = (U(ti+1)−U(ti))/U(ti),
where ∆t = ti+1 − ti is the time step. We consider the system
to have reached equilibrium when ζ ≤ 10−5.

Fig. 2(A) compares the surface tension values obtained
from simulations with those obtained from experiments49.
The model captures the decreasing trend with increasing sur-
factant concentration c up to the CMC and the subsequent
plateau.

One advantage of the proposed model over the model in53

is that in the model proposed herein the interface thickness is
independent of different surfactant concentrations. This can
be seen in Fig. 2(B), which shows the density field across the
vapor bubble at equilibrium for different values of cl . The in-
terface thickness looks the same for all values of cl . To make
the comparison more quantitative, we proceed as follows: we
count the number of elements that fall in the interfacial region

Figure 2. (A) Surface tension obtained from simulation (red line) and
experiments49,51,52 as a function of SDS concentration. (B) Spatial
variation of the density for different values of the surfactant concen-
tration, showing that the density profile does not change with surfac-
tant concentration.

cl (mM) n δ ×102

0 688 1.601
2 688 1.598
4 684 1.594
6 684 1.581
8 684 1.573

10 684 1.565
12 684 1.560

Table I. Liquid-vapor interface thickness (δ ) with different surfac-
tant concentration levels, and the number of elements (n) used to
discretize the interface.

(n) and compute an estimate of the interface thickness (δ ). All
computations were performed on the same uniform mesh, so
n is an estimate of the interfacial area. To determine n, we run
the simulations up to steady state and then define the bulk den-
sity plateaus ρ̄v = pct2(ρ) and ρ̄l = pct98(ρ), where pct2 and
pct98 represent the 2nd and 98th percentiles of the element-
wise density distributions, respectively. Then, we define the
density range ∆ρ̄ = ρ̄l − ρ̄v. We label the elements whose
center density is in the range [ρ̄v + 0.05∆ρ̄, ρ̄l − 0.05∆ρ̄] as
interfacial cells and count the total number of them (n). The
interfacial thickness is defined as δ = nh2/(2πR). The results
are shown in Table I. The interface thickness is fairly constant
across a large range of surfactant concentrations. By control-
ling the interface thickness, we sidestep the challenges asso-
ciated with the uncertain physical implications of changes in



7

interface thickness. In addition, we can a priori determine the
minimal element size required to perform a stable simulation.

B. Surface tension predictions based on oscillation frequency
of a liquid-vapor interface

The results in Sect. III A show that the model can capture
surfactant-induced surface tension variations in an equilib-
rium situation. We now assess its performance under non-
equilibrium conditions. We accomplish this by studying the
oscillation of a liquid-vapor interface. The oscillation fre-
quency depends on surface tension and serves as an indirect
measure of it. Fig. 3A illustrates the system that we use to
study the liquid-vapor interface oscillation. We use a rectan-
gular computational domain Ω = (0,0.5)× (0,1) discretized
into 256×512 elements. The parameters used in these simu-
lations are Re = 5000,Ca = 1/64,Pe = 36. We assume peri-
odic boundary conditions on the left and right sides. On the
top and bottom sides, we set no-slip boundary conditions for
the velocity. At t = 0, the fluid velocity is zero. The liquid-
vapor interface is curved and is defined by the following initial
condition for the density field

ρ(y) =
ρl +ρv

2
+

ρl −ρv

2
tanh

X − y
Ca

, (38)

where X = 0.5+0.05cos(kx), and k = 4π is the wave num-
ber of the capillary wave. The initial condition for the surfac-
tant concentration is c = gcl . From this initial condition, the
system evolves with a periodic interface oscillation driven by
inertia and surface tension. Under the assumptions listed in54

the oscillation frequency f can be theoretically estimated by

f =
1

2π

√
σ

ρ
k3, (39)

A larger σ exerts a stronger restoring force to diminish the
curvature more rapidly.

In Fig. 3B, we plot the frequency from Eq. (39) as a func-
tion of cl using a gray dashed line. The relation between σ

and cl was obtained from the experiments in49. The simula-
tion data is plotted with red circles. To obtain the values of the
frequency from the simulation data, we monitor the temporal
variation of density at the midpoint, i.e., (x,y) = (0.5,1), log
every instance when the interface (ρmid = (ρv+ρl)/2) crosses
the midpoint, and compute the oscillation period as two times
the time difference between two consecutive crossings.

The oscillation frequency decreases as the surfactant con-
centration increases, indicating a slower stabilization process
due to the diminished restoring force from lower surface ten-
sion. The good agreement between the theoretical solution
and the simulation results confirms the ability of the proposed
model to capture surface tension variations in response to sur-
factant concentration under nonequilibrium conditions.

Figure 3. (A) Computational domain showing liquid water at the bot-
tom and water vapor at the top. The initial interface has a sinusoidal
shape. The red box highlights the region of interest, whose time evo-
lution is shown on the right for different values of cl . (B) Oscillation
frequency of the interface as a function of surfactant concentration.

C. Effect of surfactant on bubble deformation under shear
flow

In the absence of flow and body forces, bubbles and
droplets maintain a spherical shape that minimizes their sur-
face area for a given volume. However, when subjected to
flow, they deform and lose their spherical shapes. Lower sur-
face tension makes bubbles and droplets more prone to de-
formation. Here, we use our model to analyze the effect of
surfactant on bubble deformation under shear flow.

Fig. 4 shows our computational domain (a square of side
1) and some quantities of interest. The initial velocity is
ux(x,0) = 0.01(2y− 1) and uy(x,0) = 0, which generates a
shear flow in the horizontal direction that progressively de-
forms the vapor bubble. The vapor bubble has an initial radius
R = 0.12 and is placed at the center of the domain. The con-
struction of the initial conditions of density and concentration
fields follows the same procedures described in Section III A.
At the top and bottom walls, we impose Dirichlet boundary
conditions that are consistent with the initial conditions for
density, velocity, and surfactant concentration. We use peri-
odic boundary conditions on the right and left sides. We set
the Ca = 1/256, Re = 100 and Pe = 145.

When the simulation starts, the bubble begins to deform
from its initial circular shape. After sufficient time, the bub-
ble reaches an equilibrium shape. We show the time evolu-
tion of the deformation by reporting the angle of inclination
β and the parameter D = (l − d)/(l + d) for different values
of the surfactant concentration in the bulk liquid; see Fig. 5A.
The angle of inclination β increases mildly with the surfactant
concentration. The parameter D is much more sensitive to the
surfactant concentration. For cl = 0 mM, the strong surface
tension effects maintain the bubble’s shape close to its orig-
inal spherical form. The minor deformation induced by the
shear flow reaches equilibrium within a short period (t < 10).
As the surfactant concentration grows, the equilibrium shape
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Figure 4. (A) Density contours at equilibrium, illustrating the de-
formation of a single bubble in shear flow. The bubble deforms into
an elliptical shape, characterized by a major axis diameter l, a minor
axis diameter d, and an angle of inclination β . (B) Contour of veloc-
ity magnitude. Color arrows are scaled by local velocity magnitude
and indicate the flow direction. The black solid line represents the
vapor-liquid interface.

deviates more markedly from spherical, as quantified by D.
Given that the CMC for the SDS solution is around 8 mM, the
surface tension remains constant for values cl that exceed 8
mM. Therefore, the D curves for concentrations higher than
the CMC practically overlap.

To gain further insight, we quantitatively compare the equi-
librium values of β and D obtained from the simulations with
theoretical estimates; see Fig. 5B. To perform this compari-
son, we define the capillary number for shear flow

Cas =
RGµ̄

σ
, (40)

where G= |ux(1)−ux(0)| is the shear rate for the unit domain.
For different cl , we use the corresponding σ reported in our
simulations in Fig. 2. The resultant Cas ∈ [0.0286,0.0591] for
varying cl . Under the condition that Cas ≪ 1, the theoretical
estimates for β and D are55

β =
π

4
+0.6Cas,

D = Cas.
(41)

Fig. 5 shows that our computational results yield a maximum
relative difference of 1% and 3% in β and D, respectively.

D. Effect of surfactant on bubble coalescence and
condensation

Here, we consider a large number of vapor bubbles in a pool
of liquid under conditions close to equilibrium. The num-
ber of vapor bubbles will decrease over time via two mech-
anisms: bubble coalescence and condensation. Coalescence
occurs when neighboring bubbles merge due to liquid-film
drainage between them. Condensation is stronger in bubbles
smaller than a certain threshold in the near-equilibrium condi-
tions studied here. For small bubbles, the equilibrium pressure

Figure 5. (A) Top: time evolution of the inclination angle β of the
bubble in shear flow for different values of cl ; Bottom: Time evolu-
tion of D for different values of cl . (B) Comparison of β (top) and
D (bottom) using theoretical estimates (dashed line) and simulation
results (circular markers).

is high due to their large curvature—but for pure vapor bub-
bles, the pressure cannot grow much higher than vapor pres-
sure, which leads to bubble condensation.

The presence of a surfactant changes how bubbles coalesce
and condense. First, it slows coalescence. When two bub-
bles are close to each other, the surfactant molecules distribute
unevenly along the bubble interfaces due to flow and bub-
ble deformation. The spatial variation creates local surface-
tension gradients that drive Marangoni stresses opposing in-
terface deformation56. Combined with the surfactant’s overall
reduction of mean surface tension, these Marangoni stresses
slow the liquid film drainage between neighboring bubbles,
thereby reducing coalescence rates57,58. Second, the presence
of a surfactant reduces the mean surface tension, thereby re-
ducing Laplace pressure and making small bubbles less prone
to condensation.

To quantitatively assess the surfactant effect on these two
mechanisms, we conducted a simulation with 100 near-
equilibrium vapor bubbles within a square domain Ω =
(0,1)× (0,1); see Fig. 6A. We used periodic boundary condi-
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Figure 6. Bubble coalescence in pure water (cl = 0 mM) and water-
surfactant mixture (cl = 4 mM). We use 2500×2500 elements in the
simulation, and Ca = 1/1250, Re = 100, Pe = 700. (A) We create
100 vapor bubbles at the initial state (left), and focus on a certain area
to observe the coalescence of the bubbles at cl = 0 mM and cl = 4
mM (right). (B) We draw a line across the thin liquid film between
B1 and B2, and plot the velocity along the line at t = 1 in (C) (left).
The velocity is measured from bottom to top. Positive values mean
upward velocity. The c distribution in the liquid film is drawn in (C)
(right). (D) Time evolution of the number of bubbles in the domain.
(E) Time evolution of the total length of interface in the domain.

Figure 7. Histograms of bubble area at four time instances for cases
cl = 0 mM and cl = 4 mM.

tions. To better understand the mechanisms that inhibit bubble
coalescence and condensation, we focus on two specific bub-
bles, namely B1 and B2 (Fig. 6A-B).

At cl = 0 mM, the two proximal bubbles B1 and B2 come
into contact before t = 3, whereas, with the surfactant, this
occurs at t ≈ 4. In pure water, by t = 4, B1 and B2 have
merged into a single vapor region, which eventually evolves
to a spherical shape due to surface tension. To better under-
stand the details of bubble coalescence, we draw a line in the
liquid film between B1 and B2 at t = 1; see Fig. 6B. We plot
the y-velocity along this line in Fig. 6C (left). A positive value
indicates upward flow, while a negative value indicates down-
ward flow. The draining speed of liquid in the thin film is
significantly lower with surfactant. To unveil the reason for
the velocity reduction, we plot c along the same line in Fig. 6C
(right). The surfactant concentration is much lower in the mid-
dle of the liquid film than in the surrounding bulk liquid. Such
depletion of surfactant at the film center agrees qualitatively
with the results in59. The uneven surfactant distribution gen-
erates local surface tension gradients that drive liquid toward
regions with higher surface tension due to the Marangoni ef-
fect, which opposes the drainage of the liquid film between
the bubbles and delays coalescence.

We use topology discrimination to count bubbles in sce-
narios with cl = 0 mM and cl = 4 mM. Initial contact among
some bubbles results in a count of 97 at t = 0 (Fig. 6D). Under
the influence of coalescence and condensation, the bubbles in
the water-surfactant mixture exhibit remarkable stability from
t = 0 to t = 3, with the bubble number remaining almost con-
stant. In the presence of surfactant, the rate of reduction in the
number of bubbles is over 85% lower throughout most of the
simulation period, highlighting the substantial influence of the
surfactant on bubble stability.

The time evolution of the total length of the interface Lint
in the domain is shown in Fig. 6E. The interface is identified
by the iso-contour ρ = ρmid ≡ (ρv +ρl)/2. We observe that
the interfacial length decreases faster in pure water than in
the surfactant-laden cases. This behavior indicates stronger
curvature relaxation and more rapid bubble-bubble merging
in the absence of surfactant.
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Figure 8. Time evolution of the density iso-surfaces of two adjacent
bubbles in a 3D computational domain. The color scale on the iso-
surfaces represents the x-direction velocity. (A) Initial condition. (B)
Early-contact phase. (C) and (D) As time evolves, the merged bub-
ble gradually relaxes from a dumbbell-shaped morphology toward a
more spherical shape.

Fig. 7 shows the histogram of bubbles’ area at four time
instances. The histograms illustrate that, as the total number
of bubbles decreases, small bubbles persist longer and remain
more numerous in the presence of surfactant, whereas without
surfactant, they more readily coalesce into larger bubbles.

E. Coalescence of two bubbles in three dimensions

To demonstrate that the present framework can be extended
to three-dimensional and more complex configurations, we
conducted a 3D simulation showing the coalescence of two
bubbles. Fig. 8 shows the iso-surfaces of the bubbles at
ρ = ρmid. The domain is the box Ω = (0,1)× (0,1)× (0,1)
which we discretized with 128 × 128 × 128 elements. We
set Ca = 1/128, Re = 128, and Pe = 72. The centers of
the two bubbles are set to be C1 = (0.34,0.5,0.34) and C2 =
(0.66,0.5,0.66), respectively, with same radius R = 0.22. For
each grid point x, the signed distance to each bubble interface

is computed as

X1 = |x−C1|−R, X2 = |x−C2|−R. (42)

The combined signed-distance field is defined as

X = min(X1,X2), (43)

The density field is then initialized as

ρ(x) =
ρv +ρl

2
+

ρl −ρv

2
tanh

X

Ca
, (44)

and the initial condition for the surfactant concentration is
c = gcl . We simulate two cases, cl = 0 mM and cl = 4 mM.
At the initial contact phase t = 0.1, as the bubbles coalesce
faster in the absence of surfactant, the width of the neck con-
necting the two bubbles is wider without surfactant than with
surfactant. Later, the expansion speed of the connecting neck
is also higher without surfactant. At times t = 1.0 and 2.0, the
merged bubble relaxes toward a spherical shape much faster
for cl = 0 mM than for cl = 4 mM. These results further
demonstrate that the present model can be extended to 3D
configurations and more complex scenarios. Further valida-
tion may be pursued through comparison with recent studies
in multiphase flow60–62 under more extreme situations.

IV. CONCLUSION

We proposed a mathematical model to understand the ef-
fect of surfactants on liquid-vapor phase transformations. The
model is based on the NSK equations, which have been
used to model cavitation under the framework of DVS. One
strength of the NSK equations is that they do not require the
use of mass-transfer functions, which involve parameters that
depend on the flow conditions and need frequent recalibra-
tion. Thus, the NSK equations constitute an ideal framework
for modeling liquid-vapor phase change in non-ideal condi-
tions, including the presence of surfactants, particulate matter,
or other water contaminants.

We validated the model’s ability to reproduce surfactant-
mediated reduction in surface tension during phase transfor-
mations by comparing the computed interfacial tensions with
experimental data for SDS over the full concentration range,
including sub-CMC concentrations (0 ∼ 8 mM) and super-
CMC concentrations (8 ∼ 12 mM). In the context of capil-
lary oscillation, surface tension changes were also confirmed
by comparing the oscillation frequency of the interface with
a theoretical estimate. We also demonstrated the model’s ca-
pability to capture key surfactant-induced phenomena, includ-
ing enhanced bubble deformability in shearing flow, inhibition
of bubble coalescence, and delay of bubble condensation. A
three-dimensional case was performed to illustrate the exten-
sibility of the present framework to more complex situations.

Overall, this work establishes a robust and general frame-
work for predicting surfactant effects on liquid-vapor phase
transformation in a thermodynamically consistent manner.
The formulation is sufficiently general to be applied to more
complex flow configurations and interfacial topologies. It also
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provides a natural basis for extension to non-isothermal set-
tings, where heat transfer and temperature-dependent surface-
tension variations can be incorporated.
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