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CONTROL ANALYSIS AND SYNTHESIS FOR GENERAL CONTROL-AFFINE SYSTEMS*

CYPRIEN TAMEKUE! AND SHINUNG CHINGT

Abstract. We study controllability and constructive synthesis for control—-affine systems. We introduce trajectory—dependent
Gramian maps that extend the linear time—varying Gramian and yield explicit fixed—point synthesis maps. On feasible coercivity
classes (uniform eigenvalue lower bounds), the Gramian map is Lipschitz, and under a comparison estimate criterion, synthesis
iterates exhibit decay, and the Banach fixed-point theorem gives a unique fixed point that steers the system and satisfies an energy
identity. When, in addition, an orthogonality condition holds, this fixed point coincides with the unique global minimum—energy
control on the feasible set; if the coercivity bound holds uniformly for all bounded controls, the same conclusion holds on the full
bounded—control space. We provide structural conditions on the input matrix that ensure the nonemptiness of the feasible class (and,
in fully actuated regimes, equality with the full space) and sufficient conditions for underactuated systems via bounded—amplitude
reference controls. Case studies on Hopfield network dynamics illustrate refined estimates that enlarge reachable targets. A
trajectory—freezing and compactness step extends the synthesis to general nonlinear control-affine systems. The results yield
verifiable controllability criteria with explicit, numerically implementable controllers.

Key words. Control-affine systems; nonlinear controllability; fixed-point methods; controllability Gramians; reachability;
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1. Introduction. We study control analysis and implementable synthesis for the control-affine class

(L.1) (t) = At 2(t)) Ne(x(t) + B(t, a(®) ult),  x(to) =2°, t€ [to, T],
where at time ¢, the system’s state is z(t) = (21(t),...,2q(t))" € R% 20 = (29,...,29) T € R? is the initial
state, u(t) = (u1(t),...,ux(t))T € R¥ is the control input, N; is a nonautonomous, vector field, A(t,r) and

B(t,z) are time- and state-dependent matrices. Models of this form cover, among others, recurrent neural
dynamics [15, 24] and standard engineering systems [6], and hence their study remains important.

Systems of the form (1.1) have been extensively studied in control theory, with a wide range of mathematical
techniques developed over the past decades. Classical approaches include linearization-based analysis [25, 10],
homotopy continuation [8, 17, 16, 29], and the return method [9, 10], which remains one of the most powerful
constructive tools for global controllability. Geometric and algebraic methods based on Lie algebras provide
structural controllability criteria [14, 20, 21, 27, 28, 10], while topological arguments offer complementary per-
spectives [12, 24]. Other analytic techniques include power series expansions [10] and fixed-point approaches
[33, 34, 10, 20]. These contributions have led to a rich theory of local and global controllability; yet, imple-
mentable minimum-energy controls remain scarce beyond the linear time-invariant (LTT) and linear time-varying
(LTV) settings [18], where the controllability Gramian yields closed-form minimum-energy controls.

Beyond the LTI/LTV setting, explicit Gramian-based formulas for minimum-energy controls are rarely
available, and many nonlinear controllability results are qualitative or rely on continuation along a state path.
Our stance is to recover “Gramian calculus” for system (1.1) by introducing trajectory—dependent controllability
Gramian maps and casting synthesis as a fixed—point problem on an feasible coercivity class. This yields (i) a
constructive control law via an implicit Gramian formula; (ii) a built—in energy certificate; and (iii) a convergence
mechanism (via explicit Volterra rank-one comparison estimates for the iterates of the synthesis map), which
is directly implementable. In contrast, the homotopy continuation method (HCM) [8, 17, 29] advances by
integrating the path lifting equation and therefore requires surjectivity of the differential of the endpoint map
along the entire path and typically offers no intrinsic energy certificate. Note, however, that a regularized
continuation method has been proposed in [22] to deal with the case where this differential is not surjective.
Still, the approach requires some conditions for the solvability: the drift dynamics must be well-posed over
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[to,T], and the family of regularized path lifting equations must converge to a solution of the original problem.
See also [16, 23]. Our framework trades this global rank condition for verifiable, local requirements: the
coercivity of a trajectory—dependent Gramian, a self-mapping inequality on the feasible class, and an explicit
iterate-contractivity condition. In practice, this matters when complete controllability is not known a priori: the
method still furnishes steering controls (and their cost) whenever the feasible class is nonempty, and it delivers
a quantitative subset of the reachable set. When HCM does apply, the two approaches are complementary—
the nonlinear Gramian recovers the classical solution in the linear case and can serve as a preconditioner or
initializer for continuation—while in regimes where the rank fluctuates, the Banach fixed—point route remains
robust by construction.

Our main contributions are the following: (i) Baseline synthesis on & = N¢(z) + B(t,x)u: We work on
a feasible coercivity class F(C') (uniform lower bound on the trajectory—dependent Gramian). On F(C), the
synthesis operator is well defined, and—on a self-mapped ball—a Volterra rank-one comparison estimate gives
an iterate-contractivity criterion, which yields a unique fixed point with the Picard convergence and an energy
certificate. (i1) From relative to global minimality: If an orthogonality condition holds at the fixed point, then
this fixed point is the unique global L?*~minimizer over the feasible set. (iii) Structural guarantees: An integral
nondegeneracy of the input matrix B implies uniform coercivity (F(C) = L*°). More generally, a reference
control v’ with invertible Gramian and amplitude small relative to a prescribed model-driven constant ensures
the self-map property for explicit target radii; model structure (e.g., Hopfield networks) sharpens constants and
enlarges admissible targets. (iv) Reachability: Self-mapping on F(C) together with the iterate-contractivity
condition provides constructive steering with quantitative energy bounds; if F(C') = L one recovers complete
controllability, otherwise one obtains a computable subset of the reachable set. (v) Extension to the general
system (1.1): Freezing along an auxiliary trajectory reduces (1.1) to a family of baseline problems with uniform
Lipschitz control of the Gramian map; Schaefer’s theorem then yields steering controls for admissible targets.
For Ny(z) = x, the construction recovers [10, Theorem. 3.40].

The remainder of the paper is structured as follows. In Notation 1.1 and Assumptions 1.2, we introduce
the notation and assumptions used throughout. Section 3 develops the synthesis framework for the baseline
system & = N¢(z) + B(t,z)u: we introduce the nonlinear Gramian representations, construct the synthesis
maps, define the feasible coercivity class, and use an iterate-contractivity condition to obtain steering controls.
Structurally sufficient conditions are then established, and refined estimates are illustrated on Hopfield-type
networks. Section 4 extends the framework to the general control-affine system (1.1) by freezing along auxiliary
trajectories and invoking a compactness argument to recover reachability for admissible targets. Section 5
summarizes the results and discusses perspectives for future work, and main proofs are collected in Section A.

Notation 1.1. In the following, we denote by R?** the set of d x k matrices with real coefficients. R¢
denotes the vector of d real columns in dimension and £(R*, R?) the space of linear maps from R to R? that
we identify, in the usual way, with R%** . For all (z,y) € R x R%, we denote by |x| the Euclidean norm of x
and by (z,y) the scalar product of z and y. For a symmetric positive definite matrix M € R*?  the norm of
x € R? with respect to M is defined by |z|%, = " Mxz. We denote the identity matrix of any size by Id, and
for every M € R¥* |M| = sup{|M=| : # € R¥, |z| = 1} denotes the spectral norm of M. For a symmetric
matrix M € R4\ i, (M) and Apax(M) denote respectively its smaller and largest eigenvalues. Finally, we
use Z(X,Y) to denote the space of linear bounded operators from two normed vector spaces X and Y.

Assumption 1.2. Throughout the following, unless otherwise stated, the nonautonomous vector field Ny :
[to, T] x R — R? satisfies the following assumptions
1. The map t +— N;(z) belongs to L>=(to,T) for every fixed x € R?,
2. The map x — Ny(z) is C? for every fixed t € [to, T].
Additionaly, for every t € [tg, T], N; is globally A;-Lipschitz function for some Ay > 0, viz.

(1.2) IDN:(w)|| <Ay V(t,w) € [to, T] x R,

where DN;(w) € R4*? is the differential of V; at any w € R?. Finally, we also assume that its second derivative
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D2 Ny satisfy for some Ay > 0
(1.3) ID*Ny(z)|| < Az V(t,z) € [to, T] x R

Remark 1.3. For every fixed t € [tg, T], the map x — N¢(z) does not need to be bounded. Throughout the
manuscript, we let Aty :=T — &g.

2. Prerequisites and flow representation. It follows from Assumption 1.2 that the nonautonomous
flow t € [to, T] — Py, + associated with Ny is globally Lipschitz and solves the following equation [4, Chapter 2]

d
(21) %(Dto,t(mo) = Nt((bt07t(x0))7 (I)to,to(xo) = a° € R¢.
Moreover, {®;; | (s,t) € [to, T]?} forms a two-parameter family of diffeomorphisms which satisfies the following

algebraic identities

(2.2) O, =1d Ve to,T],
(2.3) Dy, 1,0 Py, g, = Py, 1, Y(t1,ta,t3) € [to, T]?,
(2.4) (P40,) 7" = ooy V(t1,t2) € [to, T]*.

Furthermore, for fixed (s,t) € [to,T]?, the maps ®s; and ®; s are differentiable at every z° and ®,(z?),
respectively. Denoting these differential by D® ;(z°), and D®, (P ,(z°)), they solve

d

%D@M(xo) = DNy(®; 4(2°)) D® 4 (20), D® 4 (2°) = 1d,
(2.5)

4 DB (@.4(0") = D@0y (10) DN(@oy(a)), Do (B (a0) = 1d.
In particular, the following holds for every z° € R9,
(2.6) [D®, ;(2))] ' = D®; (D, (%))  V(s,t) € [to, T]?.

We collect useful estimates related to ®, and ®;, in the following lemma. The proof uses the standard
Gronwall lemma.

LEMMA 2.1. Let B € CO([to, T];R?) and set q := Ao/ Ay. It holds for every (s,t) € [to, T)?, s < t,

(2.1 DB (BN < M, Dy (B)] < M),
D@L (BEN < MO, DB (EB)] < MO,
(2.8) ‘|D2(I)s7t(ﬂ(s))|| < q(ezAl(t*S) — eAl(tfs))7 ||D2(I)t,s(ﬁ(5))|| < q(€2A1(tfs) o e/\l(t,s)),
. HDQ@S’t(ﬂ(t))H < q(e2A1(t—S) — 31\1(75—8))7 ||D2(bt,s(ﬂ(t))” < q(e2A1(t—s) _ eAl(t—s))7

where D2<I>s,t is the second derivative (third-order tensor) of ;.

3. Control—affine dynamics with state-dependent and time-varying input matrix. In this sec-
tion, we consider the following control-affine system with state-dependent and time-varying input matrix

(%) i(t) = Ne(a(t)) + Bt z(H)u(t), (to) =a°, t€ [to, T],
which is a specific case of (1.1) where A(¢,z) = Id. We recall that (¢,z) — Ny(z) satisfies Assumption 1.2.

Assumption 3.1. The input matrix B : [to,T] x R — R¥* is an element of L>®((ty,T) x R4 RI¥F),
Furthermore, the map z — B(t,z) is C! and globally Lipschitz for every t € [to,T], i.e., there exists Lg > 0
such that

(3.1) |D.B(t,w)|| < Lg  Y(t,w) € [to, T] x R%
Note that if B(t,-) = B(¢), then Lp = 0.
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3.1. Representation of solutions. The existence and uniqueness of global solutions to () follow as a
straightforward application of the Cauchy-Lipschitz theorem, given Assumptions 1.2 and 3.1, see, for instance,
[4, Theorem 3.2.1]. However, the main objective of this paper is to synthesize a control function that solves the
associated two-point boundary value problem. To this end, leveraging the regularity properties of the drift Ny, we
consider solution representations of (3) that facilitate control design. These solution representations fall within
the general framework of chronological calculus introduced in [2] and leveraged in [19, 21] for applications in
geometric control theory. See also [1, Chapter 6] for a comprehensive presentation of this theory. In [30], solution
representations of nonlinear control systems like () were established when N; = N, B(¢,z) = B, and the control
was constant; see also the proof of [31, Theorem 4.4]. In contrast, the present work extends these representations
to the framework of (3). For completeness, we replace in (%), B(t,z) u(t) with b(t,x) € L>((ty,T) x R%;R9)
where z — b(t, z) is locally Lipschitz. The proof of the following theorem is given in Section A.1l.

THEOREM 3.2. For all 2° € R, and b € L>=((tg, T) x R%;RY) such that x + b(t,x) is locally Lipschitz, the
system (t) = Niy(z(t)) +b(t, z(t)), z(to) = 2° admits a unique absolutely continuous solution x € C°([ty, T]; R?)
that can be written for i € {1,2},

(3.2) x(t) = Py 4 (‘I’to,n 2°) + | D@, (z(s)) b(s, z2(s)) ds) , tefto,T]), T =to, o=T.

to

The representation corresponding to 71 = tg is termed forward representation, while that corresponding to
7o =T is termed backward representation, consistent with their temporal directionality.

Observe that if N; = A(t), where A : [to,T] — R¥*? is a matrix-valued function in L°°((tq,T); R*?),
then (3.2) reduces to the classical representation of solutions for linear time-varying (LTV) systems.

COROLLARY 3.3. If N; = A(t) € L>((to, T); R™9) and b(t,-) = b(t) € L>=((to, T); R?), then (3.2) recasts
as

(3.3) 2(t) = R(t,t0) 2° + / Rt 9)bs)ds Ve [to,T)

where R(t,s) € CO([to, T)?; R¥*4) is the state-transition matriz of y(t) = A(t) y(t) satisfying R(s,s) = 1d.

Proof. First, by (2.1)-(2.4) and the definition of R(t, s), one has ®, ;(z) = R(t, s) x for all z € RY. It follows
that D®, ,(x(t)) = R(t, s) for all (¢,s) € [to, T]?. Therefore, from (3.2), one deduces

(34)  a(t) = ., ((I)to,n(xo)—l— /t DS, (2(s)) b(s) ds) — R(t,to)2° + R(t, ) /t R(rs,5)b(s) ds

which yields (3.3). O

We now establish results that relate the state-transition matrix of the linearized form of control system (%)
to derivatives of the flow of the vector field N; along the trajectory. It will be essential for our subsequent
results. The proof is presented in Section A.2.

LEMMA 3.4. Let (2% u) € R% x L*((tg, T);R¥), and let x,, € CO([ty, T); R?) be the solution of (X). Then,
the state-transition matriz Ry, (t,s) € C°([to, T)?; RI¥*) of the linearized equation

(3.5) §(t) = [DNy(z4(t)) + DuB(t, xu(t)ul®)]y(t),  t€ [to,T]

satisfying Ry (s,s) =1d, is given by R, (t,s) = P, 4(t,s), ¢ € {1,2} where Py, ,,(t,s) can be factorized as
(3.6) P u(t,s) = [D‘I%,n (xu(t))] M., u(t,s) D®s 7, (x4(s)), (t,s) € [1f0,T]27 T =tg, 2o =1T.
Here, M, ,(t,s) € C°([to, T)?; R¥*?) satisfying My, .(s,s) = 1d is the state-transition matriz of

(3.7) §(t) = Aru@y(t), T [to,T]

where A, (1) == [D*®y 7, (2, (t))B(t, z())u(t) + DOy 7, (2u(t)) DaB(t, 24 (8) ) u(t)]| [DPy, 7, (24 ()] ! e Rixd,

-1
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Remark 3.5. When B(t,z) = B(t) € L>®((to,T); R¥) is state-independent, it is clear from the factoriza-
tion (3.6) that the state-transition matrix of §(t) = DNy(x,(¢))y(¢) is different from D®, (2, (s)) in general,
and that there is equality if the control v = 0 or if IV is linear. In the former case, M, o(t, s) = Id, and we use

(3.8) Sto,a0(t,8) := Py o(t,8) = DOy ¢(2°) DOy 4o (Pry s (7)) = DOy (P, 5(2%))  V(s,t) € [to, T)
as the representation of the state-transition matrix of the linearized equation ¢(t) = DNy(®y, +(2°)) y(t).

3.2. Controllability results. Given (2°,2!) € R? x R?, our goal in this section is to identify sufficient
conditions under which system (3) can be steered from the initial state z° to the target z! over the horizon
[to, T]. Whenever these conditions are met, we provide a synthesis of two feasible controls realizing this transfer.

3.2.1. Synthesis, analysis, and optimal control results. As announced, we present our control syn-

thesis, analysis, and optimal control results in this section. We start with recalling the following

DEFINITION 3.6. Given 2° € R?, we say that 2* € R? is reachable on [ty, T] from x° if there exists a control
u € L™ ((to, T); R¥) such that the solution ,(-) of (¥) satisfies x,(T) = x'. The reachable set is denoted by

(3.9 Rs(T,2°) := {xu(T) : 1y (+) solves () with z(ty) = «° }

If Re(T,2°) = R? for every 2° € R?, one says that (%) is completely controllable on [ty, T).
For a fixed 2° € R? and control u € L>®((to,T); R¥), let 2, (-) := 2, 40(-) be the corresponding trajectory
of (). We associate with u and 2° the matrices (11 = tg and 7 = T))

T
(3.10)  Ni(u) := Ny, (u,2°) = | D® ., (xu(t)) B(t,zu(t)) B(t,zu(t)) " DOy ., (x, (1) dt, i€ {1,2}.
to
Remark 3.7. (1) If Ny = A(t) € L*=((to, T); R¥9) and B(t,-) = B(t) € L>®((to, T); R¥¥), then N, (u) is
congruent to the controllability Gramian W, of the LTV system z(t) = A(t) z(t) + B(t) u(t), and N, (u) = WL.
(2) For any y € R%,

T
(3.11) TN () y = / T DDy s () B(t, 2 (1)) dt,

to

hence N7, (u) is symmetric and positive semi-definite (PSD).
(3) The Gramian map' N, : L>=((to, T); R¥) — ST (R) defined by (3.10) is in general different from the
notion of Gramian used in the homotopy continuation method [8, 16, 29] where the Gramian is defined as

(3.12) M(u) = /T Ru(T,t) B(t, 24 (t)) B(t,x,(t))" R.(T,t)" dt, u € L>®((to, T); R¥)

to
where R, (t,s) is defined in Lemma 3.4.
The proof of the following proposition uses standard arguments of minimization in Hilbert spaces.

PROPOSITION 3.8. Let 2° € R, u € L>((to, T);R¥), and x, € CO([ty, T);R?) be the solution to (¥). Fix
i € {1,2} and define the bounded linear operator Ly ,, - L*((to, T); RF) — R? by

T

(3.13) Ly 0= D®, ;. (z,(t)) B(t, z,(t)) v(t) dt, T :=tg, T2 :=T.
to

For y; € Ran(L,,,,), the problem

(3.14) min{||v||2 : Ly,~v = yi}

We use S;r (R) to denote the set of symmetric positive semi-definite matrices of order d with real coefficients.



6 C. TAMEKUE AND S. CHING

has the solution v;(u) := v;(u, 2%, y;) given by

(3.15) vi(u)(t) = [Ly -, Ny (W) ] (1) = Bt 2 (1) DPer, (2 ()T No (W) s, t € [t0, T,

Here L}, . is the adjoint of Ly r,, and N, (u)! denotes the Moore—Penrose pseudoinverse of Ny, (u).
Proposition 3.8 ensures that v;(u) is L?~minimal within the affine subspace defined by L, -,. In the nonlinear

setting, these subspaces depend on u, so minimality is relative rather than global.
Using (2.7) and the singular value decomposition of symmetric PSD matrices, one finds that

1Blsce™ 2%yl

X (NG () Vu € L((to, T);R¥), i € {1,2},

(3.16) [oi(u)]loe <
* (NG, (w)) > 0 is the smallest nonzero eigenvalue of A, (u).

Feasible coercivity class. Let Amin (N7, (1)) denote the smallest eigenvalue of N7, (u), and let C; > 0 be a
constant depending only on system data (e.g. ||B|lso, A1, A2, Atg, and possibly 2°). Guided by (3.16), we
encode the positivity of N, (u) through the feasible coercivity class

where \*

(3.17) F(C)) = {u € L°((to, T); RY) : Aunin (N (1) > 0;1}, ie{1,2).

The following observations on F(C;) are immediate.

Remark 3.9. 1. Possibility of emptiness. For a given C; > 0, the feasible coercivity class F(C;) may
be empty. Non-emptiness requires the existence of at least one control u with Apin (N, (v)) > C;t.

2. Monotonicity in C;. If C; < Cf, then F(C;) C F(CY).

3. Topological property. By Assumptions 1.2, the map u +> N, (u) is continuous, hence u — Apin (N, (1))
is continuous. Therefore F(C;) is closed in L>((to, T); R¥). We clarify this point later in Lemma 3.21
and Corollary 3.23.

4. Non-emptiness criterion. If there exists a control reference u* € L>((to, T); RF) with Amin(N, (u”)) >

C;!, then F(C;) # 0. By the continuity of u +— Apin (N7, (1)), a neighborhood of ” also lies in F(C;). A
sufficient condition ensuring F(C;) = L>((to, T); R¥) for every 2° € R? is provided in Proposition 3.19.

For any u € F(C;), estimate (3.16) yields the uniform bound
(3.18) lvi(Wllse < ¢(yi) = Ci|Blloc €™ |yil, i€ {1,2}.
Let v;(u,2°,5;) is defined as in Proposition 3.8, we define the synthesis maps
(3.19) Si 1 L((to, T); RF) — L®((to, T); R¥), ws vi(u, 2% w:),  y; € RY i€ {1, 2}.
Motivated by (3.18), we introduce the feasibility coercivity ball
(3.20) Fly;) :=F(C;)NB; where Bj;:={u€ L®((to, T);R*) : |lulloo < & = C(wi)}-
Under the non-emptiness assumption on F(C;), and if S; acts as a self-map on F(C;), namely
(3:21) Si(F(Ci)) € F(Cy),

we can prove the existence and uniqueness of fixed points for S; in F(y;), whenever an associated Volterra
rank-one comparison estimate is contractive.
The proof of the following result is given in Section A.3.

THEOREM 3.10. Fiz i € {1,2}. Assume that F(C;) # 0 and that (3.21) is satisfied. Then there exists a
positive sequence (Om)m>1 With om = K"V (p;) such that

(3.22) 18" (1) = ™ (V)]loo < Omllu = vllc;  Vu,v € Flyi), Vm > 1,
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where K; > 0 depends only on system data and C;, and for some p; € (0,1) and vy (p;) — 0 as m — oo.
Furthermore, if there exists m; > 1 such that

(3.23) Om, <1,
then S; admits a unique fized point u; € F(y;), and the Picard iteration u("t1) = S;(u(™) converges to u; for
any u® € F(y;).

Remark 3.11. If F(C;) # 0 and (3.21) is satisfied, then F(y;) # 0. In fact, under these assumptions,
Si(u) € F(y;) for all u € F(C;). Furthermore, if B(t,x) = B(t) is not state-dependent, the decay estimate (3.22)
holds for all (u,v) € F(C;)? since the Gramian map N, is Lipschitz continuous on the whole L>((to, T); R¥).

Theorem 3.10 guarantees the existence and uniqueness of a fixed point of the synthesis map S; on F(y;). To
connect this fixed point with L?-norm minimality, we invoke a Lagrange multiplier. We will need preparatory
results stated in Lemma 3.12 below. To this end, we introduce for any fixed 2° € R¢ the endpoint map

(3.24) E:=Eoriue L¥((to, T);R¥) — RY, E(u) = 2, (T)
and for i € {1,2} and any fixed y; € R?, the feasible map
(3.25) G, L®((to, T);R¥) = RY G (u) = Luryu — s

where z,,(+) is the solution of (¥) and L, ., is defined in (3.13). The proof of the following is given in Section A .4.

LEMMA 3.12. One has €, G, € CY*(V;R?). Furthermore, let DE(u), DG, (u) : L*((to,T); R¥) — R? are,
respectively the Fréchet derivative of € and G, at any fired uw € Y. Then, one has the following identity

(3.26) DG, (u) = DCI)T,Ti(xu(T)) DE(u).

Moreover, let Ny, (u) and M (u) := DE(u) DE(u)* are respectively defined in (3.10) and (3.12).
L. If N7, (u) is invertible and 1d + Ky, L, - N, (u)~" € R is invertible, then DG, (u)L, . € R4 is
invertible and DG, (u) is right-invertible;
2. If M(u) is invertible and 1d — K, », DG, (u)* M (u)~* € R4*? is invertible, then Ly, ,, DG, (u)* € R¥*4
is invertible and L, ;, is right-invertible.
Here, we let K, ;, := DG, (u) — Ly +, .

The following results connect the fixed-point of Theorem 3.10 with L?-nom minimality in the feasible set;
its proof is presented in Section A.5.

THEOREM 3.13. Fizi € {1,2}, assume F(C;) # 0, and Id + Ky -, L} . N, (u)~* € R¥? is invertible for all
u € F(C;). Let y; € RY and the feasible set

i o= A{u € Fyi) : Gr.(u) =0}

Then, the following are equivalent for any local minimizer u of % ||ul|%. over §;:
1. @ is a fized point of S; on F(y;), i.e., i = Li _ Ny, (@)L y;;

u,T; Ti

2. The following orthogonality condition holds
(3.27) ([Lgr, DG, (0)*] 'yi, DG, (W) h)yga =0 Vh € ker Ly o,

The following shows the existence of a local minimizer of %[lu||?, over §;. The proof is given in Section A.6.
PROPOSITION 3.14. Fiz i € {1,2} and assume F(C;) # 0. Let y; € R, then the feasible set

(3.28) Si={u € F(yi) : Gr,(u) =0}

is weakly sequential closed in L*((to,T); R¥). Consequently, ||u||2, attains a minimum on §;.
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From Theorems 3.10, and 3.13, and Proposition 3.14, we deduce the synthesis and optimal control results:

THEOREM 3.15. Let (29, 2') € RIxRY, i € {1,2}, and set y; := ®p., (x1) — Py, ., (2°). Assume F(C;) # 0,
(3.21) and (3.23) are satisfied, and let u; € F(y;) be the fived point of S;. Then u; steers () from x° to ' on
[t(), T] and
(329) wi(t) =L}, - Nr,(ui) 'y = B(t, 2, (1)) T D®y 7, (w0, (1)) T N, () Mys, L€ [to,T), 71 =to, 2 =T,
with [[ui] = o7 Ny (u5) .

If the hypotheses of Theorem 3.13 hold for every local minimizer over §; := {u € F(y;) : Ly, u=y;}, and
if (3.27) holds whenever needed, then L||ul|2. attains its minimum over §;, and the unique minimizer is ;.
Equivalently,

uwill2e < Jw]2: Yw € i, with equality iff w = u;.

Proof. Since u; = Si(u;) = L, . N7, (u;)'ys, we obtain (3.29), feasibility Ly, u; = i, and [lu;[|7. =
y N, (u;) " 'y;. By Proposition 3.14, 1||u|?. attains a minimum on §;. Let @ be a minimizer. Under the stated
hypotheses, Theorem 3.13 implies that @ is a fixed point of S;. By uniqueness, @ = u;. 0

Remark 3.16 (A posteriori check of the minimizer). When S; admits a unique fixed point u; € F(y;), it
suffices to verify whether the orthogonality condition (3.27) holds at w;, viz.

(3.30) ([Lu; . DG, (ui)*] iy DG, (i) hyga =0 Vh € ker Ly, .

In this case, Theorem 3.13 implies that u; is a local minimizer of £||u|3. over §;, and that if the global minimizer
u € §; satisfies (3.27), then it coincides with u;; hence wu; is the global minimum-energy control on F;.

Remark 3.17. If B(t,x) = B(t) and there exists C; > 0 such that F(C;) = L*((to,T);R¥), then the
conclusions of Theorem 3.15 hold on any bounded set B C L* containing F(y;). In particular, if (3.30) holds
on B, the fixed point u; is the unique global minimizer of %Hu”%z among all u € B satisfying L, -,u = y;.

Remark 3.18 (Relation to reachability for fixed T > ¢3). Theorem 3.15 is fundamentally a synthesis result:
given the fixed point u; € F(y;) of S;, it provides an explicit representation of a control that steers 20 to x!. Tt
does not assert that such a fixed point exists for every pair (2°, z!), nor that the reachable set coincides with R<.
Reachability depends on the structure of the feasible coercivity class F(C;) and on whether the self-mapping
property (3.21) is satisfied. Three distinct situations may occur:

(a) Complete controllability. If there exists C; > 0, independent of the initial state z° € R?, such that
F(C;) = L*((to, T); R¥), then (3.21) holds automatically and Rx(T,2°) = R? for all 2° € R, In particular,
system (%) is completely controllable on [tg,T]. The converse is not true: complete controllability does not
imply the existence of C; > 0 such that F(C;) = L>=((to, T); R¥).

(b) Controllability from a fized z°. If for some C; = C;(z") > 0 depending on the initial condition 2°, one
has F(C;) = L= ((to, T); R¥), then (3.21) again holds, and Rx(T,2°) = R Thus, the system is controllable
from that specific 2%, although the property may not extend to all other initial states.

(c) Restricted synthesis. If for some C; = C;(z°) > 0 one only has () # F(C;) € L=((to,T);R¥), then
Theorem 3.15 ensures that any fixed point u; € F(y;) steers 2% to x!, provided (3.21) is verified. Thus, the
synthesis produces a family of feasibly controls, but the reachable set Ry, (T, 2°) may be a proper subset of R?; its
precise description depends on the estimates involving @7, (z!) —2°| or |21 — ®;, 7(2°)| that guarantee (3.21).

Directly checking invertibility of N, (u) is generally a difficult task since it depends on the full trajectory
24 (+). This motivates the search for structural assumptions under which, for some C; > 0, F(C;) # 0 or coincides
with L ((tp, T); R¥). The first such condition is presented below. The proof is presented in Section A.7.

PROPOSITION 3.19. Fiz i € {1,2}. Suppose d =k and there exists a nonzero b € L*((to,T);R) such that

(3.31) |B(t,z) "yl > b(t) |yl for a.e. t € (to,T), ¥(z,y) € R? x R™.
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Then N, (u) :== N7, (u, 2%) is uniformly coercive, viz.

—2A1 Aty Hb||2

(3.32) yT N (w)y > & P Yl 2% w) € RY xR L¥((to, T); RY).
0

Hence, one may take C; = Atg e>M1A8% ||b]|72, so that F(C;) = L=((to, T); R¥). In particular, (3.21) is satisfied.

Proposition 3.19 addresses the fully actuated case k = d under a structural assumption on B(t, x) ensuring
uniform coercivity. If this assumption fails, or more generally in the underactuated regime k < d, such global
bounds are no longer guaranteed. The following analysis provides sufficient conditions for reachability and
synthesis in this configuration. The proof is provided in Section A.8.

THEOREM 3.20. Let 2° € R? and fix i € {1,2}. Assume the existence of a reference control u? := uf(x%) €

L>=((to,T); R¥) such that Ny, (u?) is invertible. Let C; := (1 + 0)/Amin (N5, (u2)) where 6 € (0,1]. Furthermore,
assume that the following estimate holds

3.33 Il oo

Then F(C;) # 0, and (3.21) holds if y; € R? satisfies

Amin (NTi (UE ))

34 | < 9w =
(3 3 ) |yz‘ = 19(’&1) (1 4 9) ||B||oo eAlAto

(6)\min(-/\[‘ri(u?)) _ ||ub|| )
(1+6) Ly, S

Here Ly, >0 is the Lipschitz constant of the map u € {u € L>((to, T);R*) : [Julloc < G} = N, (u).

In contrast to Proposition 3.19, Theorem 3.20 applies under Assumption 1.2 alone, requiring no additional
structure on Ny or B(t, ). Before discussing its implications, we first establish the Lipschitz constant Ly, >0
for N7, (-) under Assumptions 1.2 and 3.1. The proof of the following result is given in Section A.9.

LEMMA 3.21. Fizi € {1,2}. Then N, defined by (3.10) is continuous from L>((to, T); R*) to ST (R) and
globally Lipschitz from B; := {u € L®((to,T); R¥) : |lulloc < ¢} to ST (R). For all (u, v) € B2,

NG, (w) — N, (0)] e Li||B||% eiAto [6(2A1+L341)At0 _ oMt . e(2A+LpC)Aty e—AlAtO]
[u— 2o . Ay AL+ LG LpC + 3A;
2| B||2 AgeliAto | (BA1+LeC)Al _ o=AiAl  o(2M+LBG)AL _ o—A1Alo
Ai1(Ar+ LpG) l 4A1 + LG - 3A1 + LG
oMt _ o—AiAty  2M1At0 _ o—A1Ato
(3.35) + oA, — 3, ]

IV, (1) — No, ()] <Ly = Lp||B|)? eMAto leAlAto _ eLBGAt - eLBCaAty _ e—AlAtO]
lu = vl|oo - Ay Ay — LpG LG+ M
2||B||3, AgehiAto [62/\1&0 _ eLBGAt . eMAte _ ,LptAto
Ay (A1 + LpGa) 2A1 — LpGe Ay — Lp(
eMAto _ o—AiAty 201 Aty _ ,—A At
(3:36) * 27, B 37, ]
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Remark 3.22. When B(t,z) = B(t), (3.35) and (3.36) holds for u, v € L>((to, T); R¥), and

A B A A 3 3
_ 2 ” ”300 A At et o — 1 [\2 ||B||3 eAlAto 1
L = 76 e 1 _ L p— o) '
Ny (36 + ) X , Ny :

The following result is then an immediate consequence.

COROLLARY 3.23. By Lemma 3.21 and spectral stability
|)‘min(c) - nun( )| < ||C DH v(cv D) € Sd(R)Q,
the map u +— Amin(N7, (w)) is continuous on L>((to, T); R¥) and Lipschitz on {u € L>((to,T);R¥) : [Ju/lo <
G} In particular, the feasible coercivity class F(C;) defined in (3.17) is closed in L™= ((to, T); R¥).

Remark 3.24. The bounds in (3.34), (3.35), and (3.36), while “sharp” in a general sense (under Assump-
tion 1.2 alone), are conservative for specific vector fields Ny. In particular, the exponential factor e*12% reflects
the global A;-Lipschitz bound on NN (cf. Lemma 2.1), whereas for certain dynamics the differential ||D®; 4(-)||
can in fact decay exponentially. We provide illustrative examples later in Section 3.2.4.

3.2.2. A practical control reference: the zero control. In practice, to check the assumptions of
Theorem 3.20, a natural first choice is u? = 0 =: ug, for which the corresponding trajectory reads

Lug (t) = (I)toyt(x()% te [t07T]'
For i € {1,2} and 7y = ty, 72 = T, this yields the symmetric positive semi-definite matrices

(337) Wz(T) . 7—1 0 17 / D(I)t i (I)to t )) B(t, (I)t07t(1'0))B(t, (I)tmt(l'o))T D(I)t,Ti((pt(),t(IO))T dt

It is immediate from (2.3) and (2.5) that W(T) € R%*? solves the time-varying Lyapunov differential equation

(3.38) W (t) = B(t, ®sy,(2°)) B(t, ®1,.4(2°)) T + DNy®y, 1 (2°)) W(t) + W (1) DNt(<I>t07t(z°))T, W (tg) = 0.
Moreover, by Remark 3.5 one has,
(3.39) Wo(t) = Sy o (t, to) Wi(t) Sy 0 (t,t0) ", t € [to, T]

so Wi (t) is invertible iff Wa(¢) is invertible.
The following result is then an immediate consequence of Theorem 3.20.

COROLLARY 3.25. Let 2° € RY, T > to, and fiv i € {1,2}. Assume that Wo(T) is invertible, and let
Ci = (1+0)/Amin(Wi(T)) where 6 € (0,1]. Then F(C;) # 0, and (3.21) holds if y; € R? satisfies

0 \pin (Wi (7))
4 i < min )
(3.40) lyi| < (1+60)2 Ly, | Blloc M0

Here Ly, > 0 is the Lipschitz constant of the map u € {u € L>((to, T);R*) : [lulloe < ¢} = N5, (u).
Furthermore, for any y; € R? satisfying (3.40), the following energy estimates hold

T
(3.41) /to lus (t)|* dt < /%| yil?

where u; € F(y;) is the fized point of the synthesis map S; : F(y;) — F(y;) defined by (3.19).
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Proof. Inequality (3.40) follows from (3.34). Next (3.29) and (3.10) yields
2 1446
‘ < ( ) | i‘2

B [P = [0 w0 d =) <

= > Yil s
to )\min (NTZ (uz)) )\min(Wi (T))
since Amin (N7, (47)) = Amin(W3(T)) /(1 + 6). 0
Remark 3.26. It follows from Remark (3.5) that W (T) = N, (0,2°) is invertible iff the LTV system
(343) y(t) = DNt<(I)to,t(xO>) y(t) + B(t7 (Pto,t(xo)) u(t)7 y(tO) = yO € Rd7 te [tov T]7

is controllable with inputs u € L*((tg, T); R¥). This is the Kalman criterion for LTV systems via the controlla-
bility Gramian [10, Theorem. 1.16]. Under additional regularity, invertibility of W5 (7') can also be characterized
by algebraic rank conditions; see, e.g., [7, Theorem 1], [10, Theorem 1.18] and [25, Proposition 3.5.15].

3.2.3. Optimizing the admissible radius: balancing coercivity and control size. The trivial choice
u} = 0 might not be the optimal one in practice to apply Theorem 3.20 if W5(T) is invertible. In fact, it follows
from the admissible target displacement estimate (3.34) that a good reference u? € L>((ty, T); R¥) is one that
maximizes ¥(u), which jointly increases the positive coercivity contribution and controls the penalty induced
by ||t||so. The aim of this section is to illustrate how we can choose a reference control that maximizes J(u).

Let m € N, m > 1, and {g;(t) : t € [to,T]}1<j<m be a chosen (e.g., with respect to the properties of the
vector field N; and the input matrix B) m-linearly independent familly of functions in L% ((ty,T); R¥). Fix
i €{1,2}, 0 € (0,1] and introduce the set

0 Amin (N'r' (u))
3.44 Uad = S i} = —— 2 ufleo >0 7.
(3.44) ; {u e Span(i) - o(n) = )
PROPOSITION 3.27. Let 2° € RY, T' > tg, and fir i € {1,2}. Assume that Wa(T) is invertible, and let

ﬁ(u) — )\min(NTz:(u)) aAmin(Nﬂ(u))
C (1+0)[IBllceMAto \ (140) Ly,

- ”U”oo) . we L®((to, T RY).

Then, the following program
(3.45) max J(u)

UEUL

admits at least one solution u’ € Uyq. Furthermore, if 9(u) > 0 then Amin(Ny, (u2)) > 0, F(C;) # 0, and (3.21)
holds if y; € RY satisfies |y;| < 9(u]) where C; == (14 6) /Amin (N7, (1))

Proof. Since Wy(T) is invertible, 0 € Uyq so that Usg # 0, and Uaq is closed since Ung = g~ 1([0,00)) and
u + g(u) is continuous. Furthermore, since Apmin (N7, (1)) < [Ny, (u)|| < ||B||% (€228t — 1) /(2A4), one deduce
that any u € U,q satisfies

0|BI3, e* —1

1 + 0) LNTi 2A1 ’

so that U,q is bounded, and therefore compact. Since u — ¥(u) is continuous, it follows that (3.45) has at least
one solution UI; € U,q by the Weierstrass extreme value theorem. The last part of the proposition follows from
Theorem 3.20, and the following equivalence

[ufloe < (

b b 0 Amin (N7, (1)) _ b
Y(u)) >0 — <||ul||Oo < —(1 T 0) Ly, and  Apin (N, (uf)) >0 .

|
Remark 3.28. In Proposition 3.27, the assumption that Wo(T') is invertible provides the simplest guarantee

that Uaq # (). More generally, one may only require the existence of uf € L>((tg, T); R¥) such that N, (u}) is

invertible and g(u}) > 0. Verifying the latter condition, however, may be nontrivial in concrete models.
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3.2.4. Refined estimates for Hopfield-type dynamics. We now return to a key point: the estimates
for [|[D®; s(-)|| (Lemma 2.1) and for Ly, (Lemma 3.21) are somehow “sharp” under Assumption 1.2, but may
be overly conservative for concrete models since they use the global estimates (1.2) and (1.3). We illustrate this
fact in this section. Consider the vector field from Hopfield-type recurrent neural networks [15], widely used in
theoretical neuroscience and large-scale brain modeling, viz.

(3.46) N(z)=—-Dz+Wo(z), xcR
where D € R%*? is diagonal and positive, W € R%*? encodes connectivity, and ¢ is the neural activation,
o(z) = (o1(z1),...,0a(zq) ", xi=(x1, -, xq)" €RY,

with o;(-) is of sigmoid-type, say, 0;(s) = tanh(s). Although W = W (¢) may vary analytically in time, e.g.
to capture neuron—astrocyte interactions [13], it is commonly assumed to be constant, a simplification that we
adopt. As a sigmoid function, o; is infinitely differentiable and globally bounded on R with all its successive
derivatives, often oj(-) > 0. It follows that N satisfies all the hypotheses of Assumption 1.2. Since N is
autonomous, one assumes that tg = 0. In particular, its generated flow ¢; := ®g, t € R, is a one parametric
subgroup of Diff(R?), the group of all diffeomorphisms on R?. In this framework, for i € {1,2}, one has

T
(3.47) Ny, (u) == Ny, (u,2°) = /0 Doy o(2u(t)) Bt) B(t)" Dy, (2, ()" dt, 7 :=0, 15 :=T,

where the input matrix B(t,z) = B(t) € L>((to, T); R¥*), and =, is the corresponding solution to (%) with
the vector field in (3.46). For ease in notation, we introduce

I0'lloe := sup W Do), T = =Anin(D) + o’loes - L1 3= Amax(D) + [}, Tz 3= sup [W Do()].
A re

Then, one has the following result, the proof of which is given in Section A.10.

PROPOSITION 3.29. Let 2° € R? and fix i € {1,2}. Then Ny, : L*°((0,T);R*) — SF(R) is globally
Lipschitz,

Ty |BIE, . o T 1\’ . "
(848) |G, () = Ny )l] < =7 (3" 4 1) (= ) M=ol wve L¥((0,T)RY).
1
D BIIB. /eFT —1\° ,
(349) Ny (u) = Noy ()] < u, v € L=((0,T);R¥).
I ||Bl2. T3
BTy . i T=0

Remark 3.30. The bounds related to N, may involve a rate I' < 0, and are therefore sharper than the
general estimates of Remark 3.22, where a direct application necessarily involves I'y > 0 as the exponential rate.

Ezxample 3.31. Consider the 2D Hopfield-type recurrent neural network
(3.50) & =—-Dx+ Wo(x)+ Bu, z(0) = z° € R?

where x = ($1,$2)T S RQ, u e LOO((O,T);R), B = (1,0)T, D= diag(dl,dg) with d; > 0, W = (wij)1§i7j§2, and
0i(s) = tanh(s). By [26, Theorem 2.1], the necessary and sufficient condition for the complete controllability
of (3.50) is that the criterion function

C(y(t)) = —d27y2(t) + w21 tanh(y1(t)) + waz tanh(y2())
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changes its sign over any control curve (t) := (71 (¢),72(t)) solution of
Y=1, 4=0 <= m)=t+, ) =1, teR, (%) R

Since do > 0, and tanh is bounded, C(y(t)) (as a function of ¢ € R) does not change its sign for large ~3.
Therefore, (3.50) is not completely controllable. It follows that, neither the HCM [8, 22, 29, 16] nor [26,
Theorem 2.1] can be directly applied for the motion planning of (3.50). However, one proves using the Kalman-
rank condition that N, (u) is invertible for all (z°,u) € R? x L>°((0,7);R) whenever wy; # 0. In particular,
Corollary 3.25 applies to (3.50) for all (z°,2!) € R? x R? such that ys := 2! — ¢ (2°0) satisfies (3.40).

4. Drift—-modulated control-affine dynamics with time-varying and state-dependent input ma-
trix. In this section, we consider the more general control-affine system

(4.1) @(t) = A(t,x(t))Ne(z(t)) + B(t,z(t)u(t), z(to) =2°, t€ [to,T).

Throughout the following, (t,z) — N;(x) satisfies Assumption 1.2. Whereas, the matrices A and B satisfy
the following relaxed regularity assumptions:

Assumption 4.1. A : [tg,T] x R? — R is an element of L>((tg,T) x R%;R4*4) the input matrix B :
[to, T] x RY — R¥** is an element of L ((ty, T) x R%; R4**). Additionally, we assume that = — A(-,x), B(-,z)
are continuous and locally Lipschitz.

Note that under Assumptions 1.2 and 4.1, the Cauchy-Lipschitz theory guarantees the existence of a unique
absolutely continuous solution z € C°([tg, T]; RY) to (4.1) for any control u € L>((to, T); R¥); see, for instance,
[4, Chapter 2]. Observe also that in contrast to Section 3, here we have only mild smoothness assumptions on
A and B. Still, under the trajectory freezing and compactness argument, we illustrate how the control analysis
and synthesis of the baseline system () developed in Section 3.2 can be leveraged to provide some insight into
the controllability properties of the general control-affine system (4.1).

Fix z € C%([to, T); R?) and define N7 and B, as

(4.2) NZ(2) == A(t, 2(t))Ni(z), Ba(t) := B(t,2(t)) V(¢ z) € [to, T] x R

Then, (t,z) — N7 (z) satisfies the same regularity assumptions as (¢, x) — Ny(z), as stated in Assumption 1.2
while B, satisfies Assumption 3.1. Additionally, the following estimates hold

(4.3) [IDNF(w)| < As = Ai||All,  [D*NF(w)]| < A= Ao Alls ¥(t,w,2) € [to, T] x RY x C°([to, T]; RY)

showing that w +— N7 (w) is globally As-Lipschitz continuous on R¢, uniformly with respect to (¢, z).

If t € [to,T] — ®f , denotes the nonautonomous flow associated with N7, then {®F; | (s,t) € [to,T]} is a
two-parameter family of diffeomorphisms which satisfies the same properties as the flow ®;,; of N; recalled in
Section 2. In particular, we have a similar lemma related to @7, as that given in Lemma 2.1.

Consider the following control-affine system

(2:) i(t) = N7 (z(t)) + B.(t)u(t), x(to) =2°, t€ [to,T).
As for (X)), system (2.) has unique absolutely continuous solution 2% € C°([ty, T]; R?) that can be repre-
sented as in Theorem 3.2 with b(¢,z) = B, (¢)u(t). We use the backward representation and get

t
(4.4 510 = 05, (9,0 + [ DB (i) B ue)ds), v€ [T
to
Fix 2° € RY, u € L*((to,T);R*) and let 27 := 27 , € C°([to, T];R?) be the corresponding solution of
(3.). We define NZ (u) := NZ (u,2°) similarly as was defined N, (u) in Section 3.2, viz.
T
(4.5) Ni(w) = [ D®;p(ai(t)B:(t)B:(t) T DO r(25(1) " dt,

to
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which is a symmetric positive-semidefinite matrix. In particular, Remark 3.22 yields

(4.6) INVZ, () = NG, ()] <

MBS, (b 1
3 As

3
) lu — vl oo Yu, v € L>((ty,T); R¥),

showing that NVZ : L>((to, T); R*) — S (R) is uniformly globally Lipschitz w.r.t. z € C%([to, T]; R?).
Similarly, as for W5(T') defined in (3.37), one introduces the matrix

(4.7) W3 (T) == N7, (0) = ' D&} 7(9F, (%)) B: (1) B(t) T D (5, 1(2°)) " dt,

to

which is symmetric positive semi-definite.
The main theorem of this section is then the following.

THEOREM 4.2. Let 29 € Re. Assume that there exists C > 0 such that
(4.8) Amin(WE(T)) > C™1 V2 e Cto, T]; RY),

and that, for each frozen system, the corresponding synthesis map satisfies the contractivity condition of Theo-
rem 3.10. Then, there ezist z, € C°([to, T|;RY) such that (4.1) is controllable on [to, T] from z° to any target
state x* € R? satisfying for some 6 € (0,1) the following estimate

0 Amin (W5 (T))
1_ Zx 0 min 2
(4.9) [ = P @Ol S TG L Bl cheBe

Here L, > 0 is the Lipschitz constant in (4.6).

Remark 4.3. Following Theorem 3.20, the assumption in Theorem 4.2 can be relaxed as follows: assume
the existence of a reference control u} € L>®((to, T); R¥) and a constant C' > 0 such that

)\min (Nz

T2

(ug)) > C7,  Vzeto, T);RY).

Moreover, as illustrated in Section 3.2.4, the constant L, > 0 is often conservative, and can be sharpened in
concrete models by exploiting structural properties of the vector field N7.

Proof of Theorem J.2. Let z € CO([to, T); RY). By (4.8), W(T) is invertible. Then, letting Cy := (1+6)/C
with C' > 0 as in (4.8), and for some 6 € (0, 1], the feasible coercivity class

(4.10) F(C2) = {u € L®((to, T);R*) : Amin (N7, (u)) > Cy '}
is nonempty since it contains v = 0. For 2! € R?, if the following estimate holds

6 Amin (Wz (T))
1§ 0y < 2
(411 M YA T

then by Remark 3.22, and Theorems 3.10 and 3.15, the fixed point u, € F(Cs) of
S3(u)(t) = B=(t) T DO p(wu(t) T (N7, ()" (2! — @F, 1(2%))
1

exists, is unique, and the corresponding solution x,_ to system (3,) satisfies x,_(T) = x*.
To complete the proof of the theorem, let us define the map

(4.12) Z:2€ C%to, T; RY) = Z(2) = x4, € C%([to, T); RY)

where x,,. € C°([to, T]; R?) is the solution of (3.) corresponding to the control u, = S%(u.).
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If Z has a fixed point z, € C%([to, T];R?), then 2z, = z,,__, and by construction, u., steers (4.1) from z° to
any target state 2! € R satisfying (4.9), i.e., ., is the solution to system (4.1) and satisfies z,,, (T) = z".

First, Z is clearly well-defined and continuous. Moreover, by Lemma 2.1 and (4.8), it holds that
(4.13) luslloo < ClBlsce™* 2% (R385 |2+ 12°]) V2 € CO([to, T RY)
so that for some M > 0 independent of z, we find
(4.14) IZ(2)lloc = 2w, lloo < 2% (|2°] + Ato (| Blloslluzlloc)) < M ¥z € CO([to, TI;RY).

Next, Z is compact. In fact, let B C C°([tg, T]; R?) be a bounded set, let us show that Z(B) is compact. First,
Z(B) C C°([to, T); R?) is bounded by (4.14). It remains to prove that for all t, € [tg, 7], the following holds

(4.15) sup [ 2(2)(1) = Z()(t)] 52 0

One has immediately from (4.13) and (4.14) that for some M; > 0, it holds that
(4.16) 12(2)(8) = Z(2)(t)] = |2u. (1) = 2. (8)] < (As|2u. oo + [1Blloolluzlloo) [t = tu] < Mift — L]

for every t € [tg, T]. This proves (4.15) and, therefore, that Z is compact by the Ascoli-Arzela theorem. Finally,
the set {z € CO[to, T|;R?) | z = 6Z(z)for somed € [0,1]} is bounded by (4.13) and (4.14). According to
Schaefer’s fixed point theorem, Z admits at least one fixed point z, € C°([to, T];R?), i.e., 2. = F(z.) = Ty, .0

Remark 4.4. Theorem 4.2 generalizes [10, Theorem 3.40] beyond the trivial case N¢(z) = 2. In this setting,
Ni(x) = A(t,2(t))z, so N7 (u) is independent of v and the admissible class in (4.10) reduces to F(Cs) =
L>=((to, T);R¥) for all initial states and trajectories by letting Cy := C with C' > 0 as in (4.8). Hence, by
arguments analogous to Proposition 3.19, the baseline system (X.) is globally controllable for all z, and global
controllability of (4.1) follows via Schaefer’s fixed point theorem.

5. Conclusion. We developed a constructive framework of control synthesis for control-affine system
& = Ny(x) + B(t,xz)u based on trajectory—dependent Gramians and fixed—point synthesis maps. On a ball
F(y;) of the feasible coercivity class F(C;), sufficient conditions ensure that the synthesis map is a self-map
and admits a unique fixed point with the associated control satisfying an explicit energy certificate. Beyond
synthesis, we established existence of minimizers: the feasible set §; = {u € F(y;) : Lyru = y;} is weakly
sequentially closed in L?((to,T);R¥), hence 3|lul2. attains a minimum on §; (Proposition 3.14). We then
linked optimality to fixed points: under the orthogonality condition at the fixed point (Theorem 3.13) and a
finite-dimensional invertibility assumption, every local minimizer over §; equals the fixed point w;; therefore,
the minimizer on §; is unique and global. If, in addition, F(C;) = L*>((ty, T); R¥), the same conclusion holds
among all bounded controls satisfying the endpoint constraint.

The framework extends the classical Gramian theory for linear systems and, for (1.1), recovers [10, The-
orem. 3.40] in the case of Ny(z) = x. Moreover, our results apply to Hopfield—type networks [15] and Lur’e
systems [11] in general. It is constructive and amenable to numerical implementation. The analysis is pointwise
in the initial state; natural next steps include deriving uniform state—space conditions paralleling the linear
equivalence between controllability and Gramian invertibility, investigating robustness, and obtaining a sharper
quantitative characterization of the reachable set.

When complete controllability on [tg, T] is known a priori for system & = N;(x) + B(t, z)u, our framework
suggests a systematic procedure: certify on short windows that (i) F(C;) is nonempty (via an invertible refer-
ence Gramian), and (ii) the synthesis map is a self-map and satisfies an iterate-contractivity condition; then
concatenate the windowed fixed points along a partition of [tg, T] to steer arbitrary targets, with additive energy
bounds. This “windowed Gramian synthesis” provides an implementable alternative to homotopy continuation,
equipped with an energy certificate and an a posteriori optimality upgrade at the concatenated fixed point via
the orthogonality condition test. Establishing uniform window conditions from structural data and extending
the patching argument to underactuated regimes are promising directions for future work.

Appendix A. Proofs of results stated in the main text. In this section, we present proofs of some
of the results from the main text. We start with the following.
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A.1. Proof of Theorem 3.2. We present in this section the proof of the solution representation (3.2).

Proof. Under the assumptions of Theorem 3.2, system
(A.1) (1) = No(z(t)) +b(t, (1), a(to) = 2°

has (see, for instance, [4, Chapter 2]) a unique absolutely continuous solution = € C°([ty, T]; R%). Let us prove
that this solution can be represented by (3.2). Let t € [to, T] + y(t) € R? be such that t — z(t) = @, +(y(t))
is the solution of (A.1). Then y is derivable almost everywhere w.r.t. ¢ and it holds that

(A.2) Nie(x(t)) + b(t, x(t)) = () = Ne(x(t)) + DO, 4 (y(1)) (1)
so that using (2.6), we find that y solves the following.
(A.3) §(t) = DPyr, (x(1) b(t,2(t),  y(to) = Pry 7, (2°).

Integrating (A.3) yields (3.2). Conversely, if (3.2) holds, then x(ty) = P, 1, (Pt (2°)) = 2° and =
C%([to, T); R?) by composition. Otherwise, there exists (t,) C [to,T], t« € [to,T] with t,, — t, and ¢ >
such that |®; ., (z(tn)) — Pr, - (z(ts))| > . In fact, € CO([ty, T];RY) if and only if t — y(t) := @y, (x(t)
belongs to CO([to, T]; R?) since @, ,, is invertible and C* w.r.t. t € R. However, we have from (3.2) that

<
0
)

tn

Dy i (2(tn)) = o, 7y (2(t)) = [ DOy 7, (2(s)) b(s, z(s)) ds

T

which implies |®, -, (2(tn)) — ®¢, - (x(t.))] < ||blloce® 174 N|t,, —t.| by using (2.7) with 8(s) = x(s). Tt follows
that |®y, - (u(tn)) — Pr, - (xu(ts))] = 0 as n — oo, which is inconsistent. Letting now

(A.4) 2(t) = By . (20) + /t D&, (2(s)) b(s, x(s)) ds

and deriving (3.2) almost everywhere w.r.t. ¢ yields
(A.5)
B(t) = 0y Pr, 1(2(t)) + DPr, 1(2(1)) Dt 7, (x(1)) b(t, 2(1)) = Ni(®Pr, 1(2(1))) + b(t, 2(t)) = Nie(x(t)) + b(t, x(t))
by z(t) = ®,,.(2(¢)) and D®, ;(2(t)) D®; -, (z(t)) = Id. It follows that (3.2) solves (A.1). O
A.2. Proof of Lemma 3.4.
Proof. Recall from [4, Theorem 3.2.6] that the Fréchet derivative Dy x,(t)h of x,,(t) w.r.t. uw in the direction
of h € L>=((ty,T); R¥) is given by

(A.6) D,z (t)h = /tRu(t, $)B(s, 2y (8))h(s) ds.

0

Using the solution representation (3.2) with b(t,z(¢)) = B(t,x(t))u(t) and letting y,(t) := Py, (z4(t)), one
finds Dy (t)h = [D®;r, (24 (t))] ' Duyu(t)h and

%Duyu(t)h = A‘ri,u(t)Duyu(t)h + Do, (mu(t))B(ta xu(t))h(t)v Duyu(t)h|t:to =0

where A, ,(t) is defined as in the statement of Lemma 3.4. It follows that

(A7) D,y (t)h = /tMﬂ’u(t,S)D@SyTi(xu(s))B(s,xu(s))h(s) ds
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where M, ., (¢, s) is defined as in the statement of Lemma 3.4. One deduces that

(A.8) Dz, (t)h = [D(Pt,n(xu(t))]_l/tMmu(t,s)D@S,n(a:u(s))B(s,xu(s))h(s) ds.

Next, (A.6) and (A.8) suggest the factorization R,(t,s) = [D®,r, (acu(t))}_l

this factorization, one checks immediately that

M, u(t,$)D®s . (x,(s)). Using

R,(t1,t1) =1d, Ry(t1,t2)Ru(te,t3) = Ru(ti,t3), Ru(ti,t2)Ry(te,t1) = 1d, V(t1,ta,t3) € [to, T]?

since M, ., (t, s) is a state-transition matrix. Finally, using the following identities

D2 @) = (D21 0(0)] (D0 0sl0)) [P 0]
(A.9) = DNy(,(t)) [Dq)t,n (7 (t))] - + DQ(I)TM ((bt,n (xu(t»)DcI)t,n (24 (1)) B(t, 2 (t))u(t),
(A-l()) qu)n,t (q)t,n (xU(t)))Dq)trn (xu (t))D(I)t,n (xu(t)) +DP;, 4 (q)t,n (xU(t)))DQq)t,n (xu(t)) =0,

and the fact that M., , (¢, s) is a state-transition matrix of (3.7), one finds that

OR,
(A.11) 5 (t,s) = [DNy(zu(t)) + Dy B(t, o (t))u(t)| Ru(t, s), (t,s) € [to, T]?.
This completes the proof of the Lemma. ]

A.3. Proof of Theorem 3.10. In this section, we present the proof of Theorem 3.10 that we split into
several steps for the reader’s convenience. Since the maps S; and Sy play similar roles, we only focus on Ss.
Throughout this section, we set J := L((to, T'); R¥). Under the assumptions of Theorem 3.10,

So(u) = Bu(t)T Qu(t)—r/\@2 (u) "L yo and Sa(u) € F(ya) Yu € F(y2),

where yo = 2! — &y 1(20), B,(t) := B(t,z,(t)) and Qu(t) := D®; 7(x,(t)). For ease in notation, for s €
[0, Atg], where Aty :=T — to, we let

A12) Ey=elBsat EBi(s)=eM® By(s)=e*M5 — e By o= max Ei(s), Eooo = max Fo(s).
(A12) Ep 1(s) 2(s) Leo = Jmax 1(s), Bz, Jhax 2(s)

We introduce the following Volterra and Fredholm-type bounded linear operators V, F : ) — J defined by

t T
(A.13) vhw = [ s Fr= / frydr VGt ) € [t T) x V.

LEMMA A.1. For every (u, v) € F(y2)?, the following estimates hold

(A1) [rult) — 2o(8)] < 1Bl Bo By (Vi — v)(8) < | Bl Eo Fyoe Atollu—vloc V1€ [t0,7)
B|looA2 Es oo
(A15) W) M) < 250 By 812 (P02 4y ) PV ol
1
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Proof. Recall that @, (t) = Ny(@.(t)) + B(t, z,(t))u(t), z.(to) = 2° and @, (t) = Ny(z,(t)) + B(t, 2o (t))v(t),
2, (to) = 2°. Then, by the Cauchy-Schwarz inequality, one finds that

i . . _ <$u(t) - iv(t)yxu(t) - $v(t)>
dt| u(t) »(0)] 0 (t) — 20 (8)]

which by Gronwall’s lemma yields (A.14). Now using Lemma 2.1 respectively with 8 € {z,, z,}, one finds

< (A + Lp Go) [wu(t) — 2o ()] + [1Blloo [u(t) — v(t)]

I B3A2 Ea 00 g
(A.16) [N (u) = Nr, ()] < 2 — ot Lp||Bllso E1 |u(s) — zo(s)| ds
to

which by the first inequality in (A.14) yields (A.15). d

We introduce the positive constants
(A.17)

As||Bl|oo E2.00 Az || Bl oo B2, 00
a1 = 250 CIBIE B o (2P 4 LB Yl 2 = Bl Bl B (S0 2 L,
1

and the bounded and linear operator £ : Y — ), defined by
(A.18) (LHE) =a1 FoVf+ a(Vf)(¢) Y(t, f) € [to, T] x V.

LEMMA A.2. Set
(A.19) Ky := Atg(o1 Aty + ) a1lbo (0,1)

. = o = .
2 o(&1Atg 2) b2 a1 Aty + an )
Let ym(p2) := 2m (1), where zg =1 on [0,1] and
y 1
(A.20) Zmy1(y) = (1 — pg)/ Zm (1) dr —l—pg/ (1= r)zpm(r)dr.
0 0

Then, for every m > 1,
(A.21) L7 < K3"ym (p2)-

Proof. Introduce the isometric rescaling Rf(y) := f(to + Atoy) on L>=(0,1), and let (Wg)(y fo
and Jg = fo r)dr. Then RVR™! = AtqW and RFR™! = AtgJ. Hence L = RLR! Kngz, Wlth

T, =(1 —pg)W —|—p2JW.

Since Ty, is positive, for [[g[lcc < 1 one has |[T;7g| < T;71 ae. Let 2y, := T;71. Then z9 = 1 and 2,41 =
T}, %m, which gives exactly (A.20). The functions z,, are nonnegative and nondecreasing by induction; hence
[Zmlloc = 2m (1) = Y (p2). Thus [|T;}]| < ¥im(p2), and since R is an isometry, [|L™]| = [£™[] < K§Ym(p2). DO

LEMMA A.3. Letp € (0,1), and let A(p) > 0 be the unique positive solution of
(A.22) ple* —1) =X =0.
Set A(p) == A(p)/(1 —p). Then A(p) > 2. Moreover, if 0 < K < A(p), then K™, (p) = 0 as m — oo.

Proof. For T}, = (1 — p)W + pJW, the same argument as in the proof of Lemma A.2 gives || T;" | < vm(p),
while testing on 1 gives the reverse inequality. Hence 7,,(p) = [|7}"||. The compact operator T}, is strongly
positive on the cone of nonnegative functions in L*°(0,1), so the Krein—-Rutman theorem [5, Theorem 6.13
& Problem 41] gives an eigenpair p = 7(T,) > 0 and f € Int P such that T,f = pf. It follows that f
has an absolutely continuous representation on [0, 1] that we still denote by f. Differentiating T),f = puf gives
wf' = (1—p)f, hence f(y) = f(0)e¥ with A = (1—p)/p. Evaluating at y = 0 gives (A.22); hence r( ») = 1/A(p).
The inequality A(p) > 2 follows by setting ¢ = 1 — p and observing that the defining function is negative at
A = 2¢, equivalently 2¢ < log((1+ ¢)/(1 — ¢)). The spectral-radius formula gives lim,, oo ¥m ()™ = 1/A(p),
and therefore K™~,,(p) — 0 whenever K < A(p). d
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Proof of Theorem 3.10. Let (u, v) € F(y2)?. Then, for every t € [tg,T], it hols that

[S2(u) (t) = Sa(v) ()] < |y2|Co (|| Blloo B0 CalNry (1) = Ny ()| + [ Blloo [ Qu(t) — Qu(t)| + Er,00[| Bu(t) — Bu(1)]])
(A.23) <arFoV]u—v|+ a(Viu—v|)(t) = (L|u —v|)(t)

by Lemma 2.1, (A.14), (A.15), (A.17) and (A.18). It follows that for every m € N, with m > 1, it holds that

(A.24) |83 (w)(t) = S5 (v)(B)] < (L™ u = w])(t) < (L™ u = v])]loo < L™ [l = v]oo < K3 m(P2)llu = v]|oo,

for all ¢ € [tg,T], by Lemma A.2. This proves (3.22) with o, := K"y (p2). If there exists m; > 1 such that
Om; < 1, one completes the proof of the theorem by the Banach fixed-point theorem [3, Theorem 2.4]. 0

A.4. Proof of Lemma 3.12. For clarity, we split the proof into several steps. Throughout this section,
we set X := L%((tg, T); R¥), ¥ := L>=((to, T); R¥), and let F(C;) be defined by (3.17). Fix u € Y, and consider
the following linear and bounded operators H,, -,, W, r,, and J, ,, defined by

¢
(Huh)(®) = Ru(m B2, O)h(O).  (War ) = Ru(t,7) [ h(s)ds,
to
and
T T
Jurh= [ D*® . (x,()B(t,x,(t)u)h(t)dt + | D®; ., (2,(t)) Dy B(t, x,(t))u(t)h(t) dt.
t() tO
Here R, (t,s) is defined in Lemma 3.4. Since R, is a state transition matrix, one has
t t
(W, Hy ., h) (1) = Ry(t, Tl)/ (Hyrh)(s)ds= | Ry(t,s)B(s,xy(s))h(s)ds.

to to

We set Ky 7, := Jur, Wu,r, Hyr,. It is clear by Assumptions 1.2 and 3.1 that £ € Ct (J);Rd); see, for instance,
[4, Theorem 3.2.6]. Hence G, € C'(Y;R9) by composition. Moreover, for any h € X,

T
(A.25) DE(u)h = / Ru(T, Bt 2()h(t) dt, DG (wh = Lyrih + Korih.
to
Using the forward—backward representation (3.2) with ¢ = 2, one obtains

T
E(u) = wu(T) = D¢,,7(2°) + /t Dy 1 (wu (1) B(t, xu(t))ult) dt = Ga(u) + Oy, 7 (2°) + p2,

and therefore DE(u) = DG2(u). The case i = 1 follows similarly from the same representation, which gives
DG, (u) = D®r -, (x,(T)) DE(u). This proves (3.26).
Next, suppose that N, (u) is invertible. Then, the canonical right inverse of L,, ,, satisfies

Ruq =L} Ny (u)™ ' € 2R, X), Ly R, = 1d.
Hence, if Id + A, -, is invertible with A, -, := Ky, L} . N7, (u)~", one uses DG, (u) = Ly -, + Ku 7, to get

(A.26) (Ly7+Kur) Ry Id+A, ;)" =1d  which is equivalent to DG, (u) L; . [DG (u) L} .| o1

showing that DG, (u) L . € R™% is invertible and DG, (u) is right-invertible. So DG, (u) is onto, which
implies that M (u) := DG, (u)DG.,(u)* is invertible.
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Suppose now that M (u) := DG, (u) DG, (u)* is invertible. The canonical right-inverse of DG, (u) satisfies
Ty = DG, (u)*M(u)~' € Z(RY, X), DG, (u)Ty ,, = 1d.
If Id — A, r, is invertible with A, ,, := Ky -, DG, (u)*M(u)~!, one uses L, ,, = DG, (u) — K, -, to obtain
(A27) (DG (u) = Kyp) Tup ([d— Ay )  =1d <= Ly, DGy, (u)* [Lyr, DGy (u)*] " =Td.

This shows that L, ,, DG, (u)* € R4*? is invertible and L, , is right-invertible. So L, ., is onto, which implies
that N7, (u) := Ly, L}, ,, is invertible. This completes the proof of the lemma.

A.5. Proof of Theorem 3.13. In this section, we use the same notations introduced in Section A.4.
Proof of Theorem 5.15. Since Id + K, ,, L (u)~t and N, (u) are invertible for u € F(y;) C F(C;) C

L> C L?, one deduces that DG, (u) is onto by Lemma 3.12. Then, for any local minimizer @ on §; := {u €
F(yi) : G, (u) = 0}, the Lagrange multiplier theorem in Hilbert spaces [32, Theorem 43.D, p. 290] (applied
with F(u) = 1|lu/|3 and the submersion G, : F(y;) = R?, G, (u) = Ly -,u — y;) yields A € R? such that
(A.28) @ = DG, (a)" A, Ly .0 =y,
Since DG, (%) is onto, one has that M (@) = DG, (4)DG,,(1)* € R4*? is invertible, and Lemma 3.12 ensures
that Ly ., DG, (4)* € R™? is invertible. Next, left-multiplying the first identity in (A.28) by Lz ., and using
the second one yields
(A.29) A= [Las DG (0)] 'y
Substituting back to (A.28) leads to
(A.30) = Py, where Py ., := DG, (u)* [Lﬁm DG, (ﬁ)*} -t
Recall from (A.27) that
L’L_l,,‘l'i Pﬂ,‘f'i = Id
showing that P ., is a right-inverse of Ly ,,. Next, since the canonical right inverse Ry -, = L N, (a)~! of
Lg,,, satisfies Ly -, Ry -, = Id, one deduces that Ly ., (Pg -, — Ra,r,) = 0, which implies
(Par, — Rur )y €ker Ly, Vy e R
Therefore, (A.30) recast as
(A.31) @ = Raryi+ 2, 2z = (Pa,-; — Ra,7,)yi € ker Lg .
Now, let us prove the equivalence in the theorem. Assume that
([Lar, DG, (0)*]  yi, DG, (@) hyga =0 Vh € ker Lg. o,

On one hand, for h € ker Ly, one get from (A.30) that (@, h)r2 = ([Lar, DG, (4)*] " y;, DG, (i) h)ga = 0,
which implies that

(A.32) @ € (ker Lg.r, )"
On the other hand, by (A.31), (A.32) and Ry ry; = Lj . Ny (a)"'y; € Ran(L} ;) = (ker Ly -,)", one finds

that 2; = @ — Ry -, y; € (ker Ly -, ). Therefore, z; € ker(Lg ,,) N (ker Lz )= = {0} so 2; = 0, and
U= Rﬁ,‘riyi = L;,nNﬂ (ﬂ)ilyi = Sl(a)

Conversely, if & = L} . N. (@) 'y, then (A.31) yields Pyry; = Rary; € Ran(L} ) = (ker Ly r,)*. Let
h € ker Ly -, then

<[Lﬂ’7'iDGTi (a)*]_lyiv DG‘H (ﬂ) h>]Rd = <[DGT1 (ﬂ)*Lﬂ,ﬂDGﬂ’ (ﬁ)*]_lyi h>L2 = <Pﬂ,ﬂyiv h>L2 =0.
This completes the proof of the theorem. 0
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A.6. Proof of Proposition 3.14.

Proof. For ease in notation, set LP := LP((to,T);R¥) for p € {1,2,00}. By definition, §; C L>® C L2. Let
u € L? and (un) C §; are such that u, — u in L?. Let us show that u € §;.
Step 1. One has u € L™ and ||ul]jee < ;. In fact, since (u,) C L, by Banach— Alaoglu there exists a

subsequence (not relabeled) and @ € L™ with |4 g~ < (; such that u, — @ in L*, i.e. ft t)dt —
ft t)dt for all ¢ € L*. On the other hand, u,, — w in L?, so ft up(t) dt — fto ( )dt for all
(NS L2 It holds that
T T T
o(t) Tu(t) dt = lim o) Tun(t)dt = [ o) a(t)ydt Voe L*n L' = L2
to n—oo [, to

In particular, for ¢ := u— @ € L2, one finds ftf |u(t) —@(t)|? dt = 0, which implies u = 1, a.e., and thus u € L>®
and ||u| Lo = [[all~ < G-

Step 2. One has G;,(u) :== L, r,u —y; = 0. We split the proof of this fact into three steps.

Step 2.1. For n € N, and ¢ € [to,T], set dy,( fto 8,2y () (un(s) — u(s)) ds. It is clear that (d,) C
C%([to, T); R?). Consider the bounded and linear operator Ty : L? — R, Tyh = ftf L1, (s) B(s, zu(s)) h(s) ds.
Its adjoint T} : R? — L? is Ty 2 = 1, () B(-, 24 () T 2 € L? for all z € R%. Then 6, (t) = T} (u, — u) and the
weak convergence in L? gives (6, (1), 2)ga = (up —u, T} 2) 2 — 0 for all z € R?, hence 6,,(t) — 0 in R%.

For all n € N, one has by Cauchy-Schwarz inequality,

00 (O)] < IBlloo (G + [lull2) VAL Vit € [to, T]

showing that (8,,), is uniformly bounded. For (¢,t') € [to, T])? with ¢t > #' (the case of ¢ < ¢ is identical), one
has by Cauchy-Schwarz inequality,

160 (t) = o0 ()] < IBlloc (Gi + lull2) VE—#" VneN

showing that (8, ), is equicontinuous. Consequently, (6,,) C C°([to, T]; R?) is relatively compact, and by Ascoli-
Arzela, it admits a uniformly convergent subsubsequence; its limit must be the pointwise limit, viz.

0nlloc = 0 as n — occ.

Step 2.2. Let x,,, and z,, be the solution of & = Ny(z) + B(t, x) u,, and & = Ny(x) + B(t, z) u, respectively
with the same intitial state z° € R?. Gronwall’s lemma yields

[Zw, — Zulloo < AtgeMFTLECA 5 I s 0 as 1 — oco.

Step 2.3. Write K;(u)(t) := D®; ., (vu(t)) B(t, z,(t)) € R¥**. Lemma 2.1 and (A.12) yield

A
1K () — Ki(u)|loo < (A2 Es ||Bllec + L E1 w)|xun ZTylloo = 0 as n — oo.

Overall,
T T
Gr,(up) — G, (u) = / (K,-(un) — Kz(u)) Uy, dt + / K;(u) (up, —u)dt
to to
— 040,

n—oo

since the first term vanishes by || K;(u,) — K;(u)||z~ — 0 and L?-boundedness of (u,,), and the second by weak
convergence against the fixed K;(u) € L> C L% As G, (u,) = 0, we obtain G, (u) = 0.
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Step 3. One has Apin (N, (v)) > C;'. In fact, N7, (u) = ftf Ki(u)(t) K;(u)(t) T dt, and spectral stability,

‘)‘min(NTi (un)) — Amin(NTi (U))| < HN‘n (un) _N‘ri (u)|] < 2Ato || Bl ehrato K (un) — Ki(u)]|oo —— 0.

Since Amin (N, (un)) > Oi_l for all n, we obtain Ayin (N7, (u)) > C’i_l.

2

If (u,) C §; is a minimizing sequence, then (§||un||2.), is a bounded sequence. After extraction, u,, — @
in L?. By weak sequential closedness, & € §;. Then 1@||?, < liminf; }|lun, |2, so @ attains the infimum. 0O

A.7. Proof of Proposition 3.19.

Proof. Let (2°, u) € R x L*((to,T); R¥) and x, be the solution to (¥). Then, applying (2.7) with
B(t) = By 1, (x4, (t)), one immediately finds that

D@, 1, (xu(1)2] > e M2 Wt 2) € [to, T) x R, 7 =tg, 7o =T.
It follows that
T g T T, 2 Comiate 2 [ e e 2Bt b,
YNy = [ 1D ()T Bl a) Ty ez A g [ an > SR
by the Cauchy-Schwarz inequality. This proves (3.32). So, letting C; > 0 as in the proposition, one gets
F(C;) = {u € L=((to, T); R*) : Apnin (N7, (w)) > e 22125 b]|7/Ato } = L>=((to, T); RF),
and (3.21) is automatically satisfied. |
A.8. Proof of Theorem 3.20.

Proof. Let C; > 0 as in the statement of the proposition, and y; € R%. Then, (3.21) is satisfied if and only
if v e F(C;) for every v € S;(F(y;)). Observe that

3

]—'(Cz) = {’LL S LOO((tO,T);Rk) : Amin (./\/.r1 (u)) > )\min(-/\[-r‘ (’U,E))/(l + 9)} .

Now, v € 8;(F(y;)) if and only if v = S;(u) = B(t, 24, (t)) " DP¢ 7, (x4 (t)) T N7, (u) "1 y; for some u € F(C;), where
71 1= to and 7 := T'. Therefore, [[v]loc < || Blloc e 470N (N, () [yi] < (140) €127 Blloo|yil /Amin (N7 (u?)).
It remains to prove that

(A.33) Nunin N7 (2)) = A (N, (i) > A (N, (1)) /(1 + ).

By the spectral stability and Ly, -Lipschitz of u € {u € L>®((to,T); R¥) : [[ul]l < {;} = N7, (u), one finds that

(1+0) e 2| B oo lyi|
‘Amin(/\/‘ﬁ (SZ(U'))) — Amin (NTz (’U’E))‘ < LNri ( Amin(Nn (UE)) + ||u'z)||00> :

Since

Amin (N7, (1)) OAmin (N7 (1))

Aunin (A (83(0))) = A (N () 2 = Ao (N (8i(w),

1+6 1+6
one deduces that if
O min (N7, (u?)) (1+6) M2 Bl |yi b
A.34 - > | s
( ) 1+0 - N"i )\min (N‘rl (’U/E)) ||’LL1 ||

then (A.33) is satisfied. Since (A.34) is equivalent to (3.34), this completes the proof of the proposition. d
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A.9. Proof of Lemma 3.21.

Proof. Write K;(u)(t) := D®; ., (z,(t)) B(t,z,(t)) € R>* so that N, (u) = ftf Ki(uw)(t) K;(u)(t) T dt.
Clearly, AV, is continuous on L* by Lebesgue dominated convergence theorem. Let us prove the second part of
the lemma. Let u, v € {u € L>®((to,T);R¥) : |lull« < ¢;}. By the Cauchy-Schwarz inequality, one finds that

%Ixu(t) — zy(8)] = [Eu(t) — Lo ()] < (A1 + Lp G)|2u(t) — 20 (t)] + [| Blloo |u(t) — v(t)]

which, by Gronwall’s lemma, yields

e(M+Lp Ci)(t—to) _ 1
(A1 + LB G)

(A.35) |zu(t) — 2o ()] < [1Blloo [u—vle V€ lto,T].

Using Lemma 2.1, one finds (we let Aty :=T — tg)

é T

[Nz, () = Noy @I 2(IBIIZ Az / A1 (T 1) (62A1(T7t) _ eAl(wa) (ML G)(Et0) _ 1y gy
”U—'UHOO - Al(Al +Lp CZ) to
2 T

%/ 62A1(T—t)(e(A1+LB Ca)(t—to) _ 1) dt
(Al + Lp Cg) to
LB||B||2 M1t [A1Aty _ LpCaAto eLBGAL) _ o—A1AtL
A [ Ay — LG LpC + Ay }
2||B||§0A26A1At0 |:62A1At0 — 6LB<2At0 eAlAtO —_ eLBCQAto eA1At0 — 67A1At0 (32A1At0 _ efAlAto

+ - )
Ai(A+ Lp(2)

+
2A1 — Lp(o Ay — Lo 2A4 3A4

by a direct integration. The same proof applies to N, . ]
A.10. Proof of Proposition 3.29.
Proof. Recall that DN(x) = —D + W Do(x) and D?N(xz) = W D?c(x). Then, from

Sola) = N@u(@)), doe)=w  5D0w) = DN(6(2)) Dn(e), Déola) =1d Vo €RY,
Cauchy-Schwarz inequality yields
d _ (=D D¢y(x)y, Ddi(z)y) + (W Do(¢r(x)) Doi(x) y, Doi () y) d
21D @)yl = Do) vl <T[Déu(z)yl vy € RA\{0},
which, by Gronwall’s lemma, leads to
(A.36) [Dée(z)| < et VaeRY V> 0.

Similarly, one has

%Dz@(af) = D®N(¢4(z)) [Der(2), De(x)] + DN (¢ (2)) D*¢u(x), D?¢o(x) =0, xR,

so that letting g(t) := D?¢(x)[y, 2] for y, z € R?, Cauchy-Schwarz inequality and (A.36) lead to
da _ (=Dg(t),9(t)) + (W Do(¢e(x)) g(t), 9(t)) + (W D?0(¢1(x)) [Dee()y, Dée(w)z], g(t))
<Tg(t)] + Tz e Jy) 2],
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which, by Gronwall’s lemma and immediate integration, yields

It

Iy et i T £0,

A.37 D? <
( ) D¢ ()| < Tyt it T=o0,

VzeRE VE>0.

In particular as in Lemma 2.1, one can replace x € R? in (A.36) and (A.37) with 3(-) for any 8 € C°([0, T); R?).
Finally, for u,v € L>((0,7T);R¥), one uses the same technique to prove (A.36) and (A.37), and get

et 1 B .
[1Blloo t[lu = v[loo if T'=0,

Now, recall that N, (u) = fOT Doy(2,(T — t)) B(T — t) B(T — t)" D(xo(T — t))T dt, so that letting
Qu(t) := Dy(xy (T — t)), if I' = 0, the estimates (A.36), (A.37) and (A.38) yield

_ Ty|B|E, T?

3= llu = vl

T
(A39) [ Wa(w) — Noy(0)]| < 2 BI% Tallu — v / HT - ) dt
0

When I' # 0, one finds that

T (30t _ 2T t\( T(T—t) _ 3 T _ 1\3
(e e (e 1) Ty || B e 1
INea () =N, (0] < 2B s vl | = at = 2122 () v,

which completes the proof of the inequality involving N;,. The same arguments are used to prove those of NV, .0
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