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SPECTRAL PROPERTIES OF THE LAPLACIAN OF SCALE-FREE
PERCOLATION MODELS

RAJAT SUBHRA HAZRA AND NANDAN MALHOTRA

ABSTRACT. We consider scale-free percolation on a discrete torus V of size N. Conditionally on
an i. i. d. sequence of Pareto weights (W;);ev, with tail exponent 7 — 1 > 0, we connect any two
points ¢ and j on the torus with probability
» W;W;
i = T
Tl =gl

for some parameter @ > 0. We focus on the (centred) Laplacian operator of this random graph and
study its empirical spectral distribution. We explicitly identify the limiting distribution when o < 1
and 7 > 3, in terms of the spectral distribution of some non-commutative unbounded operators.

1. INTRODUCTION

In recent years, many random graph models have been proposed to model real-life networks.
These models aim to capture three key properties that real-world networks exhibit: scale-free
nature of the degree distribution, small-world property, and high clustering coefficients (van der
Hofstad, 2023). It is generally difficult to find random graph models which incorporate all the
three features. Classical random graph models typically fail to capture scale-freeness, small-world
behavior, and high clustering simultaneously. For instance, the Erdés-Rényi model only exhibits
the small-world property, while models like Chung-Lu, Norros-Reittu, and preferential attachment
models are scale-free (Barabési and Albert (1999), Chung and Lu (2002) and small-world but have
clustering coefficients that vanish as the network grows. In contrast, regular lattices have high
clustering but large typical distances. The Watts-Strogatz model (Watts and Strogatz (1998)) was
an early attempt to create a network with high clustering and small-world features, but it does not
produce scale-free degree distributions.

Scale-free percolation, introduced in Deijfen et al. (2013), blends ideas from long-range percola-
tion (see e.g. Berger (2002)) with inhomogeneous random graphs such as the Norros—Reittu model.
In this framework, vertices are positioned on the Z¢ lattice, and each vertex x is independently
assigned a random weight W,. These weights follow a power-law distribution:

P(W > w) = w™ " YL(w),

where 7 > 1 and L(w) is a slowly varying function at infinity.

Edges between pairs of vertices x and y are added independently, with a probability that increases
with the product of their weights and decreases with their Euclidean distance. The edge probability
is given by
_ it )
Pay = 1 —exp ( /\Hx—yHa , (1.1)
where A\, o > 0 are model parameters and || - || denotes the Euclidean norm. This model has been
proposed as a suitable representation for certain real-world systems, such as interbank networks,
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where both spatial structure and heavy-tailed connectivity distributions are relevant (Deprez et al.
(2015)). Various properties of the model are now well known and we refer to the articles by
Cipriani and Salvi (2024), Cipriani et al. (2025), Dalmau and Salvi (2021), Heydenreich et al.
(2017), Jorritsma et al. (2024) for further references.

In recent times, there has been a lot of interest in the models which have connections proba-
bilities similar to (1.1). Kernel-based spatial random graphs encompass a wide variety of classical
random graph models where vertices are embedded in some metric space. In their simplest form
(see Jorritsma et al. (2023) for a more complete exposition) they can be defined as follows. Let V
be the vertex set of the graph and sample a collection of weights (W;);cy, which are independent
and identically distributed (i. i. d.), serving as marks on the vertices. Conditionally on the weights,
two vertices ¢ and j are connected by an undirected edge with probability

P& j | Wi, Wj) = s(Wi, W)lli = 4l AL, (1.2)

where £ is a symmetric kernel, ||i—j|| denotes the distance between the two vertices in the underlying
metric space and a > 0 is a constant parameter. In a recent article, the present authors with A.
Cipriani and M. Salvi (Cipriani et al. (2025)) proved the spectral properties of the adjacency matrix
when o < d and the weights have a finite mean. In the above setting, the model was considered
on a torus of side length N so that the adjacency operator as a matrix was easier to describe. In
this article, we aim to extend this study to the case of a Laplacian matrix. Although our approach
would extend to general kernel-based models, we shall stick to the product form kernel, that is,
k(z,y) = zy, so that the ideas can be clearly presented. It is one of the few cases where the limiting
distribution can be explicitly described.

The Laplacian of a graph with N vertices is defined as Ay — Dy where Ay is the adjacency
matrix and Dy is the diagonal matrix where the i-th diagonal entry corresponds to the i-th degree.
When the entries of the matrix are not restricted to 0 or 1, the matrix is also referred to as
the Markov matriz (Bordenave et al. (2014), Bryc et al. (2006)). The graph Laplacian serves as
the discrete analogue of the continuous Laplacian, essential in diffusion theory and network flow
analysis. The Laplacian matrix has several key applications: The Kirchhoff Matrix-Tree Theorem
relates the determinant of the Laplacian to the count of spanning trees in a graph (Chung (1997)),
the multiplicity of the zero eigenvalue indicates the number of connected components (Chung
(1997)), the second-smallest eigenvalue, known as the Fiedler value or the algebraic connectivity,
measures the graph’s connectivity; higher values signify stronger connectivity De Abreu (2007). For
a comprehensive overview of spectral methods in graph theory, refer to Chung’s monograph Chung
(1997) and Spielman’s book Spielman (2012). In modern machine learning, spectral techniques
are pivotal in spectral clustering algorithms, where the techniques use the Laplacian eigenvalues
and eigenvectors for dimensionality reduction before applying clustering algorithms like k-means
(Abbe (2018), Abbe et al. (2020)). It is particularly effective for detecting clusters that are not
linearly separable. Recent advancements integrate spectral clustering with graph neural networks
to enhance graph pooling operations (Bianchi et al. (2020)). Spectral algorithms are also crucial for
identifying communities within networks by analysing the spectral properties of the graph (Chung
(1997)).

Bryc et al. (2006) established that for large symmetric matrices with independent and identically
distributed entries, the empirical spectral distribution (ESD) of the corresponding Laplacian matrix
converges to the free convolution of the semicircle law and the standard Gaussian distribution. In
the context of sparse Erd6s—Rényi graphs, Huang and Landon (2020) studied the local law of
the ESD of the Laplacian matrix. They demonstrated that the Stieltjes transform of the ESD
closely approximates that of the free convolution of the semicircle law and a standard Gaussian
distribution down to the scale N~!. Additionally, they showed that the gap statistics and averaged
correlation functions align with those of the Gaussian Orthogonal Ensemble in the bulk. Ding
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and Jiang (2010) investigated the spectral distributions of adjacency and Laplacian matrices of
random graphs, assuming that the variance of the entries of an N x N adjacency matrix depends
only on N. They established the convergence of the ESD of these matrices under such conditions.
These results of the Erdos-Rényi random graphs were extended to the inhomogeneous setting by
Chakrabarty et al. (2021). In a recent work, Chatterjee and Hazra (2022) derived a combinatorial
way to describe the limiting moments for a wide variety of random matrix models with a variance
profile.

Our contribution: The empirical spectral distribution of the (centred) Laplacian of a graph that
incorporates spatial distance has not been studied before. For example, we are not aware of a result
that describes the spectral properties of the Laplacian for the long-range percolation model. Our
main contribution is that we establish this result for the scale-free percolation model on the torus.
We restrict ourselves to the dense regime, that is, « < 1. We show that under mild assumptions on
the weights (having finite variance), we establish the existence of the limiting distribution. It turns
out to be a distribution that involves the Gaussian, the semicircle, and the Pareto distribution. In
a symbolic (and rather informal) way, it is given by the spectral law of

W1/25W1/2 + MW1/4GW1/47

where W is an unbounded operator with spectral law given by the Pareto distribution, S is a
bounded compact operator whose spectral law is the semicircle law, and G is an unbounded operator
whose law is given by the Gaussian distribution. Finally, m is the first moment of W. The
interaction between these operators comes from the fact that in the non-commutative space, {W, G}
is a commutative algebra, freely independent of S. Similar results have been established when the
weights are bounded and degenerate, and no spatial distances are involved (Chatterjee and Hazra
(2022) and Chakrabarty et al. (2021)). The present work extends the results to settings that
involve random heavy-tailed weights and spatial distances. Both the conditions require many new
techniques.

Outline of the article: In section 2 we explicitly describe the setup of the model and state our
main results. In Theorem 2.1 we show the existence of the limiting spectral distribution, and
in Theorem 2.5, we identify the measure and state some of its properties. In Section 3 we first
introduce a Gaussianised version of the matrix, and this helps us to simplify the variance profile.
We then truncate the weights and decouple the diagonal, which allows us to apply the moment
method. In Section 4 we identify the limiting moments of the decoupled Laplacian and show that
it does not depend on the spatial parameter v > 0, which is crucial in the identification of the
limiting measure of the original Laplacian. Finally, in Section 5 we identify the limiting measure
using results from free probability. In Appendix 6 we provide references to some of the results
we use in our proofs, which are collections of results from other articles and are stated here for
completeness.

2. SETUP AND MAIN RESULTS

In this section we describe the setup of the model and also state the main results.

2.1. Setup.

(a) Vertex set: the vertex set is Vy := {1, 2, ..., N}. The vertex set is equipped with torus the
distance ||z — j||, where

li =gl = li =Gl A (N =i = j))-
(b) Weights: the weights (W;);ev, arei. i. d. random variables sampled from a Pareto distribution
W (whose law we denote by P) with parameter 7 — 1, where 7 > 1. That is,

P(W > t) = t_(T_l) H{t21} + H{t<1} . (21)
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(c) Long-range parameter: a > 0 is a parameter which controls the influence of the distance
between vertices on their connection probability.

(d) Connectivity function: conditional on the weights, each pair of distinct vertices ¢ and j is
connected independently with probability P (i <+ j) given by
Wi
i — gl
We will be using the short-hand notation p;; for convenience. That is, Note that the graph
does not have self-loops.

PV (i< j) =pij =Pl & § | Wi, W) = Al (2.2)

In what follows, we denote by IP the joint law of the weights and the edge variables. Note that
P depends on N, but we will omit this dependence for simplicity. Let E, E, and E" denote the
expectation with respect to P, P, and P" respectively.

The associated graph is connected, as nearest neighbours with respect to the torus distance are
always linked. Let us denote the random graph generated by our choice of edge probabilities by
Gn. Let Ag, denote the adjacency matrix (operator) associated with this random graph, defined
as
1 ifi 4 g,

0 otherwise.

AGN(/i7j) = {

Since the graph is finite and undirected, the adjacency matrix is always self-adjoint and has real
eigenvalues. Let

]D)GN = diag(dla T adN)
where d; denotes the degree of the vertex ¢ and in this case given by
di = ZAGN(Z7])
J#i
We will consider the Laplacian of the matrix, which is denoted as follows:
AGN = AGN — DGN-

In general, when 0 < a < 1, the eigenvalue distribution requires scaling in order to observe
meaningful limiting behavior. In Cipriani et al. (2025), it was shown that an appropriate scaling
of the adjacency matrix, under which the convergence of the bulk eigenvalue distribution can be
studied, is given by

1 1 1
CN = — ——— ~ N T, (2.3
N 2 i )
JEVN
where ¢g is a positive constant and 0 < a < 1. The scaled adjacency matrix is then defined as
A
Ay = =2 (2.4)

Ven
We define the corresponding (scaled) Laplacian as
Ayxy =AyN — Dy,
where Dy is given by Dy = diag(dy,--- ,dy) with
d; =) An(i k).

ki
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The empirical measure that assigns a mass of 1/N to each eigenvalue of the N x N random
matrix My is called the Empirical Spectral Distribution (ESD) of My, denoted as

N
1
ESD (My) = + > on
i=1

where A\ < Ao < ... < Ay are the eigenvalues of M. We are interested in the centred Laplacian
matrix for the bulk distribution. So define

N =Apy-E[Ay] (2.5)
where E[AyN](4,7) = E[An(7,7)]. If we define AS, = Ay — E[An] and DY, is the diagonal matrix
diag(dy, . ..,dy;) where dj = 3, ,; A% (i, k), then it is easy to see that

i =A% - D},
In this article we will be interested in understanding the behaviour of ESD(AY%;) as N — oo.

2.2. Main Results. The Lévy-Prokhorov distance dz, : P(R)? — [0, +-00) between two probability
measures ¢ and v on R is defined as

dr(p,v) :==inf {e >0 | p(A) <v(A%) +¢e and v(A) <p(A%)+e VA€ BR)},

where B(R) denotes the Borel o-algebra on R, and A® is the e-neighbourhood of A. For a sequence
of random probability measures (un)n>0, we say that

lim px = po in P-probability
N—o00

if, for every € > 0,
lim P(dr(un, o) > ¢€) = 0.
N—oo
Our first main result is existential, and is as follows.

Theorem 2.1. Consider the random graph Gy on V n with connection probabilities given by (2.2)
with parameters T >3 and 0 < a < 1. Let ESD(AY;) be the empirical spectral distribution of AS;
defined in (2.5). Then there exists a deterministic measure v on R such that

lim ESD(AY) = v, in P-probability .
N—o0

The characterisation of v, is achieved by results from the theory of free probability. For conve-
nience, we state some technical definitions. We refer the readers to (Anderson et al., 2010, Chapter
5) and Mingo and Speicher (2017) for further details.

Definition 2.2. Let (A, ¢) be a W*-probability space, where A is a C*-algebra of bounded opera-
tors on a Hilbert space (closed in the weak operator topology), and ¢ is a state. A densely defined
operator T is said to be affiliated with A if for every bounded measurable function h, we have
h(T) € A. The law (or distribution) £(T) of such an affiliated operator T" is the unique probability
measure on R satisfying

@mwnzéﬁ@waﬂ@»

For a collection of self-adjoint operators 17, ..., 1T, their joint distribution is described by spec-
ifying
So(hl(Til)7 R hk(le))’
for all £ > 1, all index sequences iy,...,ix € {1,...,n}, and all bounded measurable functions
hi,...,hy : R—=R.
5



Definition 2.3. Let (A, ¢) be a W*-probability space, and suppose aj,az € A. Then a; and as
are said to be freely independent if

90(p1(ai1)7 ce ’pn(ain)) =0,
for every n > 1, every sequence i1, ...,i, € {1,2} with i; # 4,41 forall j =1,...,n — 1, and all
polynomials p1, ..., p, in one variable satisfying
¢(pjla;;)) =0, forallj=1,...,n.

Definition 2.4. Let ay, ..., a; and by, ..., by, be operators affiliated with A. The families (a1, ..., ax)
and (by,...,by) are freely independent if and only if

p(hi(ar), ... hi(ar)) and  q(g1(br), .-, gm(bm))

are freely independent for all bounded measurable functions hq,...,h; and g1, ..., gm, and for all
polynomials p and ¢ in k£ and m non-commutative variables, respectively.

We are now ready to state our second main result.

Theorem 2.5. Under the assumptions of Theorem 2.1, the limiting measure v, can be identified
as

vr = £ (TP Ty + VEWIT 1,1

Here, T, and Tw are commuting self-adjoint operators affiliated with a W*-probability space
(A, p) such that, for bounded measurable functions hi,hs from R to itself,

o (1) e (1) = ([~ mi@otasas ) ([~ natue = vuraa)

—00
with ¢ the standard normal density. The integral factorization is simply classical independence
of the commuting selfadjoint operators Ty and Ty . Furthermore, T has a standard semicircle law
and is freely independent of (Ty, Tw ).
In particular, when W is degenerate, say W = 1, then v, is given by the free additive convolution
of semicircle and Gaussian law.

o0

2.3. Discussion and simulations.

(a) We now briefly describe the main steps of the proof.

1. Gaussianisation. In the first step, we show that replacing the Bernoulli entries
with Gaussian entries having the same mean and variance results in empirical spectral
distributions that are close.

2. Simplification of the variance profile. In this step, we show that the variance
profile can be simplified to W;W;/||i — j||*, effectively removing the truncation at 1.

3. Truncation. Here, we show that in the Gaussian matrix, the weights W, can be
replaced by the truncated weights W™ = W; Ty, <.

4. Decoupling the diagonal. In this step, we show that the Laplacian can be viewed
as the sum of two independent random matrices (conditionally on the weights). Thus,
we replace the diagonal matrix Dy with an independent copy Yy, which has the same
variance profile.

5. Moment method. With truncated weights and decoupled matrices, we apply the
moment method to show convergence of the empirical spectral distribution and identify
the limiting moments. A key observation is that the limiting measure and the method
are independent of «, so the results remain valid even when o = 0.
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6. Identification of the limiting measure. Finally, we first identify the limiting
measure in the case of truncated weights. These are typically associated with bounded
operators (except in the Gaussian case). We then use techniques from Bercovici and
Voiculescu (1993) to remove the truncation and identify the limiting measure in the
general case.

(b) We now present some simulations that illustrate how the proof outline aligns with a specific

value of . In Figure 1, we plot the eigenvalue distribution of the centred Laplacian matrix,
with the parameter range N = 6000, o = 0.5 and 7 = 4.1. A crucial step in the proof of
Theorem 2.1 require us to replace the Bernoulli entries with Gaussian entries with the same
variance profile. Also in the Gaussian case, we can simplify the variance to the following
form:
W;W;
lli = jll*

for any (i,7)"™ entry. We compare the two spectra in Figure 2. We also consider the
Gaussianised Laplacian matrix with a decoupled diagonal, and in Section 5, we apply an
idea used in Cipriani et al. (2025), where we take o = 0. We also compare the spectrum of
this matrix to the original centred Laplacian in Figure 2. We see that the spectra are quite
similar.

)th

size=6000, alpha=0.5, tau=4.1

0.35 + I Centered Laplacian

FIGURE 1. Spectrum of the centred Laplacian matrix .

s5ize=6000, alpha=0.5, tau=4.1 s5ize=6000, alpha=0.5, tau=4.1

B Centered Laplacian 035 B Centered Laplacian
[ Gaussianised Laplacian mm Decoupled Laplacian, alpha=0

030

025

Y -2 0 2 1 ) -2 0 2

FiGURE 2. Comparing the spectrum of the centred Laplacian with the Gaussianised
and the decoupled case.



(c) We remark that our results can be extended in two directions. Although we state and prove
them for the case d = 1 and o < 1, they naturally generalize to any dimension d > 1 and
a < d. In that case, the scaling constant requires an adjustment, with cy ~ cy(d) Ni-«,
For ease of presentation, we restrict ourselves to d = 1 in this work.
Another possible extension of our first result involves modifying the connection proba-
bilities between vertices ¢ and j to

KU(Wiv VV])

li = gl
where kq(z,y) = (z Vy)(z Ay)?. In this setting, we additionally assume 0 < o < (7 — 1).
Such extensions have been studied in the context of adjacency matrices in Cipriani et al.

(2025). We strongly believe that in this case, the limiting spectral distribution will exist
but it would be challenging to identify the limiting measure.

AL,

2.4. Notation. We will use the Landau notation oy, Oy indicating in the subscript the variable
under which we take the asymptotic (typically this variable will grow to infinity unless otherwise
specified). Universal positive constants are denoted as ¢, ¢1, ..., and their value may change with
each occurrence. For an N x N matrix A = (aij)gjﬁ we use Tr(A) = Zfil a;; for the trace
and tr(A) := N~ Tr(A) for the normalised trace. When n € N we write [n] == {1, 2, ..., n}. We
denote the cardinality of a set A as #A, and, with a slight abuse of notation, #o also denotes the
number of cycles in a permutation o.

3. GAUSSIANISATION: SETUP FOR THE PROOF OF THEOREM 2.1

To prove Theorem 2.1, we construct a Laplacian matrix with truncated weights and a simplified
variance profile, with the diagonal decoupled from the adjacency matrix. We follow the ideas of
Cipriani et al. (2025), albeit with a slightly modified approach, as follows:

(1) We begin by Gaussianising the matrix A%, to obtain a matrix Ay, using the ideas of
Chatterjee (2005). Since we have 7 > 3, the proof proceeds without the need to truncate
the weight sequence {W;}icv -

(2) We then tweak the entries of Ay further through a series of lemmas to obtain the Lapla-
cian matrix A N,g>» Whose corresponding adjacency has mean-zero Gaussian entries and a
simplified variance profile.

(3) Next, we truncate the weights {W;};ev, at m > 1, and construct the corresponding matrix
Ap,gm- We show that, in P-probability, the Lévy distance vanishes in the iterated limit
m — oo and N — oo.

(4) We conclude by decoupling the diagonal of the matrix Ay 4., from the off-diagonal terms.
This follows from classical results used in studying the spectrum of Laplacian matrices.

3.1. Gaussianisation. Suppose (G;;)i>; is a sequence of i. i. d. N(0,1) random variables and
independent of the sequence (W;);ev, . Define

\/Pij (1—pij) G
Ve
0 =7,

AN(iaj) =

L Hig ; ;
AYEAY] + \/éfN ? 7é J

where f1;; = pij — E[psj]. Let AN be the corresponding Laplacian of the matrix Ay. Let h be a 3
times differentiable function on R such that maxg<g<3 sup,cg |h ¥ (x)| < oo, where h*) is the k-th
derivative of h. Define the resolvent of the N x N matrix My as

RMN(Z) :(MN—ZIN)_I, Z€C+,
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where Iy is the N x N identity matrix and CT is the upper-half complex plane. Further, define
H,(Mp) = Sy (2) = tr(Ray (2)) for z € CF.

Lemma 3.1 (Gaussianisation of Ay). Consider Ay and A defined as above. Then for any
h as above,
lim |E[R(RH(AN))] — E[R(RH.(A%))]| =0,

N—oo

and

lim |E[h(SH.(An))] - E[R(SH.(A%))]| =0.
N—o0
The proof is very similar to the one presented in Chatterjee and Hazra (2022) and is modified
along the lines of Cipriani et al. (2025) and hence it is moved to Appendix 6. It uses the classical
result of Chatterjee (2005), and we only give a brief sketch by showing the estimates of the error
probabilities in this setting. In Cipriani et al. (2025), the Gaussianisation was done with truncated
weights, but here we will not need that.

3.2. Simplification of the variance profile. We now proceed with a series of lemmas to simplify
the variance profile of our Gaussianised matrix. First, we construct a new matrix Ay, as the
Laplacian corresponding to the matrix Ay 4, defined as follows:

Suppose (G ;)i>; is a sequence of i. i. d. N(0, 1) random variables as before, and independent of
the sequence (W;)icv, . Define

injavi TFJ

i=3j.

\/Pij (1—pij) e
Ay, = NG

We now have the following result.
Lemma 3.2. Let Ay and ANy be as defined above. Then,
Jim P(d,(ESD(Ay),ESD(Ay,)) >¢) = 0.
— 00

Proof of Lemma 3.2. By the Hoffman—Wielandt inequality (Proposition 6.1),
_ 1 _
E[d%(ESD(AMg), ESD(AN))] < CET ((ANVQ - AN)Q)

= = S B [(Awg(i.d) ~ An( )]

i#]
L - 2
+ oy B | (X (Awli k) — Ax(i. )
i=1 k#i
Recall that for ¢ # j,
L Pii (1 — pij ij X Pig1 = Pij
An(i,j) = Vol py) Ginj,ivj + Hii Anyg(i,j) = Vel pi) Ging,ivis

NG VN

with ;5 := pij — E[pi;] and ey as in (2.3). Hence

NGy

.. - L. Mij
Ang(i,j) — An(i,j) = —\/TLN-
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Off-diagonal term. Using E[u?j] < E[p%j] and the bound E[p?j} < COlli—j 72 (from E[W?] < o),
we get

1 - 1
NZ [( N,g(%]) N(Z7])) ] NCNZ [Iu’l] — NCNZ ||Z_j||2a
i#] i#]
By Lemma 6.4 with 8 = 2a,
Ni=22 0<a< i,

- _ 1
Z g < {loed o=}

1, t<a<l,
while ¢y < N~ for 0 < a < 1. Therefore
, N—©, 0<a<s,
& 2 E[(Ang(ig) = Ay (i, )*] < CQ (log N) N2, a =1, (3.1)
7] N-(1-a), f<a<l,

and clearly, all the cases go to zero.
Diagonal (row—sum) term. Set S; := 3, ; fuik, so that

;#(AN,g(i,k)—AN(i,sz— =S

Thus

1 & . Y 1 S e
¥ LB | (X (sl ~ Ana k)| = - 3OB[S?)

i—1 ki
We bound E[S?] = Var( Dkt pir) by the Efron-Stein inequality ((Boucheron et al., 2013, Theorem
3.1)) applied to the independent family {Wj, : k # ¢} (with W; kept fixed as a parameter):

Var(ZPik) < ZE[(pik(WuWk) pir(Wi, W) } < 2ZEpzk
ki ki ki

|72a

where W/ is an independent copy of Wk. Using again E[p?k] < Clli — k| , we obtain

Eﬁ <

which is the same quantity already handled in the offfdlagonal term. Hence it also goes to 0 at the
rates displayed above.

Combining the two bounds gives
E|d},(ESD(An,), ESD(Ax))| — 0,
and the claim follows by Markov’s inequality. O

Define for i # j
\/Pij
Ang(i,j) = erm‘w‘
and put zero on the diagonal. Here (Gj;)i>; are the i. i. d. N(0,1) random variables used in the
previous result. Let A N,g be analogously defined. The next lemma shows that Ay, and A N,g

have asymptotically the same spectrum.
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Lemma 3.3.
lim P (dL(ESD(ANg) ESD(Ay,,)) > ) = 0.

N—oo

Proof. Again using Propostion 6.1, we have that
. 1 -
E |d} (ESD(An,), ESD(An,))| < LETr ((Any — Aw,)?)

— B[ Y (Anali) - Awglid)’
1<4,j<N

Z E (AN,g(iaj) - AN,g)Q}
1<i#j<N
2

N -
1 Z Z . ~ .
i=1 ki

Dealing with the last two terms separately as before, we proceed by bounding the first term.
Since Gy ~ N(0, 1) are independent of (W;) and of each other,

s | (v - ﬁ)] B [ (1~ vT= )7

Using 0 < p < 1 and the elementary bound 0 < 1 —/T—p < p we have (1 — M)Z < p?

hence

E [(AN,g(z',y) Anglid)) }

~ 212
E[(Ang ) - Any(i.0)?] < —E[p2) < & (32)

N en i = jl*’
Summing (3.2) over i # j and applying Lemma 6.4 and using the bounds in (3.1) we have that the

term goes to zero.
Expanding the square in the second term, we have

2

1 & ; I v A ?
OB [ Do Angli k) — Any(i k) =NZZE[(AN,g(z’,m—AN,g(i,k))}

i=1 k#i 1=1 k#i

5 ZZZ [(Awglik) — Ay (i k)) (Aw (i)~ Ang(i.0))]

i=1 k#i l#i.k

Again the first term in above sum is of the order N~¢ and the expectation in the second term
is zero. Indeed, using the independence between (W;);ev, and G, ; we have for k # ¢,

E|(Ang(iok) = Ang(i k) (Ang(i0) = Ang(i,0))]
=FE {( pir (1 — pix) — \/ﬁ VDie(1 — pig) \/}T } z/\k,ivai/\e,ive] =0,

where the last term is zero for ¢ ¢ {i,k} due to independence. This completes the proof of the
Lemma. U

We conclude this subsection with one final simplification. For any ¢ # j, let



and let r;; = 0. Define the matrix A N,g as follows: for i # j,

AN (i, j) = oy (v

and put 0 on the diagonal. Define Laplacian matrix A N,g accordingly with A N.g-

Lemma 3.4.
lim P (dL(ESD(AN,g),ESD(AN,g)) > 5) ~0.

Proof. For any 1 <i# j < N, define the set C;; = {r;; < 1}. Let (X ;)i>; be defined as follows

7
X = VY

where (G ;)i>;j be a sequence of independent N(0, 1) random variables, independent of the previously
defined (Gj;) and (W;);cv, . Define a symmetric matrix Ly 4 as follows: for 1 <i < j < N,

Lyg(i,5) = AN,g(iaj) Le;; +Xij Leg, -

We put zero on the diagonal and consider the Ay, as the Laplacian matrix corresponding to Ly 4.
Note that Ly, has the same distribution as Ay, and hence the A, has the same distribution as
Ang.

By Proposition 6.1, we again have

E [di” (ESD(AL),ESD(AN@))] < %E 3 (AL(i,j) —AN,g(i,j))2

1<i,j<N
— 5 Y E[(nglid) - Argli )]
1<i#j<N
1 & :
+ % ;]E kZ#LMg(i, k) — Ay (i, k)
<% X E[(agld) - Anylid)?]
1<i#j<N
N
TS E[(Lwvg(i,k) = Ang(i,k)) (Ing(in0) = Ang(i,0) )]
i=1 ki 041k

12



Again, we deal with the two sums separately. The first sum can be bounded above as follows:

4 N 4 o
N Z E [(LN,Q(Z)]) - AN,Q(Zyj))2:| S N Z E [(AN,g(Z,]) _ X’Lj)2 ]]-C”:|
1<i#j<N ey
8 re . .
<y > E [AN,g(w)2 Ilcm} +E[X} 1c,]
1<i#j<N
N
1
S Ne Z E[G3rj v Lee ] + E[X} ee ]
N izievy
1 N
< Neo O P(CH) +EBIXEP(CH)
Nizievy
1 N 3E[Wi2Wj2]1/2 i
<y D P+ —PC)Y
N itievy i =3l

< C(N—a(T—Q) + N—%(T—l)) _ ON(l),
where we have used in the last line the following estimate:

P(Cij) < P (WiW; = [li — j[|*)

< C
= i =gt

which follows from Lemma 6.2. For the second term note that
. < . : < . 1
E[(Lglis k) = Ang(iok)) (Inglin0) = Any(i.0) | = o BlvPiypit Leg, Leg JE[GaGi
1 1
- aE[\/pik\/Tié Leg, Leg |E[GinGifl — EE[\/Tik\/pié Leg, Log JE[G Gl

1
+ EE[\/T‘“{\/TM ]101«_2]_ ]lcicZ]E[G;kG;A,
and since k # ¢, all the above terms are zero. Thus the proof follows. O

3.3. Truncation. Let m > 1 be a truncation threshold and define W/* = W, ly,<,, for any
i € Vy. For all N € N, we define a new random matrix as follows: Let

Wmwm
m ¢ J ; ;
m = _— _J €EVy,
E T TR
and let Ay 4., be defined for i # j as
m
AN,g,m(Z.’j) = F]Z\JTGi/\j,iVjv

and put 0 on the diagonal. Analogously define Ay g .

Lemma 3.5 (Truncation). For every § > 0 one has
limsup Tim P (dy(ESD(Any,gm), ESD(Ang)) > 8) = 0.
m—00 —00
Proof. The proof follows the same idea as the previous lemmas. Recall that
~ /Tii
Ang(isj) = T%GW’M

13



for all ¢ # j, with 0 on the diagonal, and A N,g is the corresponding Laplacian. Once again, we
have

E [d3 (ESD(AN,g,m),ESD(ﬁN,g)ﬂ

< %E Z (AN,g,m(ivj) - 3N7g(iaj)>2
1<i,5<N
-+ E[(Awgm(i: ) = Awg(i. )]
1<i#£j<N
1 & < 2
+ N E ZAN,g,m(iak) _AN,g(iak)
i=1 ki
< % E [(AN,g,m(ivj) - KN,g(ivj))2:|
1<i#j<N
N
+ Z; g Z;kxa [(Awgnih) = Bng(i b)) (Angm(i )~ Ang(i,0))]

The proof of Lemma 3.4 aids us by taking care of the second factor in the last line, which turns out
to be equal to 0 by the independence of Gaussian terms. For the first term, the common Gaussian
factor pulls out by independence, yielding the upper bound

2
E [(,/Wiwj - W) ] )
i le N2,

E[W:W; — W]
lli =gl

4
Nen Z ’
1<iAj<N
where the inequality follows by using the identity (a — b)? < |a® — b?| for any a,b > 1. Adding and
subtracting the term W;W;™" inside the expectation gives us that

4 N .
= Y E[(Angm(ind) — Ang(i,9)?]

1<iAj<N
_ 4 3 EWIEW; 1w, >my| + E[WEW; Ly, m)]
- New iziew li g

C m27‘r

< —— T & Om(mQ_T)a

Nen 1<;.:<N i =gl

where the last inequality follows from Lemma 6.3, with C; a 7—dependent constant. Markov
inequality concludes the proof. ]

3.4. Decoupling. Since we now have bounded weights, the decoupling result follows from the
arguments from (Bryc et al., 2006, Lemma 4.12). See also the proof of (Chakrabarty et al., 2021,
Lemma 2.4) for the inhomogeneous extension.

Lemma 3.6. Let (Z; :i > 1) be a family of i. i. d. standard normal random variables, independent
of (Gij : 1 <i<j). Define a diagonal matriz Yy of order N by

i
Yy (i, ) = ZM/M, 1<i<N.
CN

14



and let
AN,g,c = AN,g,m + YN- (33)
Then for every m > 1, and for any k € N,
: 1 2k 2k _
dim B (T [(Arg™ = (Ang)™]) =0

and

i (0 (] 1 (arp]) =0

4. MOMENT METHOD: PROOF OF THEOREM 2.1

We begin by stating a key proposition that describes the limit of the empirical spectral distri-
bution of Ay 4.. The majority of this section will be devoted to the proof of this proposition, and
so, we defer the proof of the proposition to page 16.

Proposition 4.1. Let ESD(Ap ) be the empirical spectral distribution of Ay 4. defined in (3.3).
Then there exists a deterministic measure v, on R such that

lim ESD(Apngec) = Vrm in P—probability .

N—oo

We now use Proposition 4.1 and tools from Appendix 6 and Section 3 to prove Theorem 2.1.

Proof of Theorem 2.1. Combining Proposition 4.1 with Lemma 3.6 gives us that
lim ESD(AnNgm) = Vrm in P-probability . (4.1)

N—o0

To show the existence of the limit v, := limy,—o0 V7 m, we wish to apply Lemma 6.5. Equation (4.1)
satisfies Condition (1) of Lemma 6.5. Moreover, Condition (2) can be easily verified by Lemma 3.5.
Thus, there exists a unique limit v, such that

lim ESD(Ay,) = v, in P-probability . (4.2)

N—o0
Combining equation (4.2) with Lemma 3.4, and subsequently with Lemma 3.3 and Lemma 3.2
yields

lim ESD(Ay) = v, in P-probability . (4.3)

N—o0

We now wish to show that the limiting empirical spectral distribution for A%, is v, in P-probability.
To this end, note that for any h satisfying conditions of Lemma 3.1, and H, as in subsection 3.1,
we have by the means of Lemma 3.1 that

lim h(R(H.(AY))) = h (RS, (2)).
N—oo
The above characterises convergence in law. However, since v, is a deterministic measure, the
above convergence holds in P-probability, and analogously for (H,(A$%;)). This gives us that
lim Spgp(ac)(2) =Sy, (2) in P-probability .
N—oo N
Since convergence of Stieltjes transforms characterises weak convergence, we obtain
lim ESD(AY) =v, in P-probability,
N—o0
completing the proof. O

We now provide the proof of Proposition 4.1. We borrow the main ideas of Chatterjee and Hazra
(2022, Section 5.2.1, 5.2.2), and adapt them to our setting using the results of Cipriani et al. (2025,
Section 4.4).

15



Proof of Proposition 4.1. The proof of the moment method is valid when the weights are bounded,
and so for notational convenience, in this proof we will drop the dependence on m from {TZL}l JEV -
Thus, for the remainder of the proof, we have that

wimwir

[

We apply the method of moments to show the convergence to the law v, ,,. The proof is split up
into three parts as follows:

Tijg =

(1) For any k > 1, we compute the expected moment

E / 2" ESD(AN,.)(d ),
1

and show that as N — oo, the above quantity converges to a value 0 < M} < oo for k even,
and 0 otherwise.
(2) We then show concentration by proving (under the law [P) that

Var </ zk ESD(AN%C)(dx)) —0 as N — .
1

(3) Lastly, we show that the sequence {Mj},>1 uniquely determises a limiting measure.

Step 1. We begin by considering that k is even. By using the expansion for (a + b)¥, it is easy to
see that

E/looxkESD(AN%c)(dx):]if [ (ANgc)}:% 3 [ (A%lng’” Amfgmynk)},

mMi,..., Mk,
N1y, Nk

where Ay g, and Yy are as in Lemma 3.6, and {m;, n;}1<i<j are such that Z _imi+n; = k.
Let M(p) and N(p) be defined as

P P
szu N(P):Zni
i=1 i=1

for any 1 < p < k. To expand the trace term, we sum over all i = (i1,..., iy ) 4N(k)+1) €
[NME+NK)+L where [p] := {1,2,...,p}, and we identify iM(k)+N(k)+1 = i1. Then, from Chatter-
jee and Hazra (2022, Eq. 5.2.2), we have

L (A AT

. N M) M(k) k 3
Tiji +1 n;
N Z H GijAijiisVig H - H < ”1+M(a‘>t> H ZiliM(J) o (44)
i1 eeing (=1 j=1 j=1 = t=1 j=1

where also in (4.4) we identify iy/(x)41 = 1. Taking expectation in (4.4), we have that

[ (Aﬁlgmym AT Y”k)}

N,g,m
’VL]'
M (k) N 3 k
1 vV Hh+ Zﬂ]+1 7
— . . . . . J
N Z I H Gijnigysigvigen | E H H Z”HMW E H ZmM(j)
i1y n (k) j=1 t=1 j=1

(4.5)

It is well known that the expectation over a product of independent Gaussian random variables is
simplified using the Wick’s formula (see Lemma 6.7). In particular, if one were to partition the tuple
16



{1,..., K} for some nonnegative integer K, the contributing partitions are typically non-crossing
pair partitions (Nica and Speicher (2006)).

We now introduce some notation from Cipriani et al. (2025). For any fixed non-negative even
integer K, let Po(K) and NC2(K) be the set of all pair partitions and the set of all non-crossing
pair partitions of [K] respectively. Let v = (1,..., K) € Sk be the right-shift permutation (modulo
K), and for any 7 which is a pair-partition, we identify it as a permutation of [K], and read 7 as
a composition of permutations. Further, for any m € Pa(K), let Cat, denote the set

Caty := Cat (K, N) = {ic [N]¥ : i, = iym(ry for all r € [KT}.

Let C(K,N) = Caty, the complement of Cat,, wherein we have i, = i, for any r. By Wick’s
formula for the Gaussian terms {G} ;}, since the the sum over tuples i would be reduced to the sum
over pair partitions m € Py(K) and the associated tuples i € Cat, UC(K,N), we can write

DI SIS SIEE SN SRTNED SENND DRI
ic[K]N  weP2(K)i€eC(K,N) weNCy(K)icCaty 7weP2(K)\NC2(K)icCatr
To analyse further, we use a key tool in the proof which is the following fact (Cipriani et al. (2025,
Claim 4.10)).

Fact 4.2. Let K be an even nonnegative integer. Then, we have the following to be true:
(1) For any m € NC2(K), we have

lim Z H =1.
K/2 —

N7 Ne / icCatr (r,s 671' br ZT+1HQ
(2) For any pair partition =, if i € C(K, N), then,

lim Z H =0.

K2 —
N=roo N iEC(K,N) (r,s) €7r b ZT+1HO‘

(3) For a partition m € Pa(K) \ NC2(K), we have

1
]\}E)IlooNK/2 Z H =0

—4 o
i€eCat,UC(K,N) (r,s) €Tr +1H

Let 7 := ~m for any choice of 7. From Chatterjee (2005, Eq. 5.2.5), we have that

k

5@%:EIIZWW> =1IE| JI Z7| <o (4.7)

Jj=1 UET JjElk]:
1M (j)eu

where v is a block in 7 and ¢, its representative element. Note that this does not depend on the
choice of i, and to obtain a nonzero contribution, we must have that for all u € 7,

Z n; =0 (mod2). (4.8)
JER:1+M(j)€u
Observe that E Hjj\i(lk ) Gij Niji14i;Vij H} depends only on 7 and not the choice of i, and as a conse-
quence, we can define
M(k)

(I)(fr) =E H Gij/\ij+17ijvij+1 < 0. (49)
Jj=1
17



Next, note that the sum

| X
- ; Pioait = On(1) (4.10)
by definition of ¢y (and the weights are uniformly bounded). Finally, if we look at the terms
E Aﬁc) ity " (4.11)
=1 N

we can again bound the weights above by m. Recall that Wick’s formula on the Gaussian terms
imposes the restriction on choices of i. Using these facts, in combination with (4.7), (4.9), and
(4.10), we have that (4.5) gets bounded by

2

(4.5)5N£ 3 3 IO | [ — (4.12)

N ePa(M (k) icCatr UC(M (k),N) (rs)en o = ]

If we split (4.12) as (4.6), then using Fact 4.2, we see that in the cases when 7 € Po(M(k)) and

ie C(M(k),N), and when m € Pa(M(k)) \ NCao(M(k)) for all i, the contribution in the limit
N — o00is 0.

We are now in the setting where we take 7 € NCy(M (k)) and 7 := 7, and i € Cat,. First,

note that 7 is a partition of [M(k)]. We remark that if M (k) = 1 (mod 2) then NCo(M (k)) = 0,

and so, M (k) must be even.
M (k)
j=1

m

i1
that this depends only on m, and not on the choice of i. We follow the idea of Cipriani et al.
(2025), wherein one constructs a graph associated to a chosen partition 7, and any tuple i € Cat,

Next, we focus on analysing the product [] r appearing in (4.5). We wish to show

is equivalent to a tuple i with as many distinct indices as the number of vertices in the constructed
graph. First, note that the coordinates are pairwise distinct (we take r; = 0 for all 7). Next, we
construct a preliminary graph from the closed walk i1 — i2 — ...4p7) — 1. Lastly, we collapse
vertices and edges that are matched in Cat,, and we denote the resulting graph as G, since it does
not depend on the choice of i but rather the choice of 7 itself. The resulting graph G5 is the graph
associated to the partition 7, and we refer the reader to Definition 6.8 for a formal description. For
clarity, consider the following example:

Let M (k) = 4, and let m = {{1,2},{3,4}}. Then, 7 = {{1,3},{2},{4}}. For any i € Cat,, we
see that iy = i3, and 49,44 are independent indices. Now, G is a graph on 3 vertices, which are
labelled as {{1,3}}, {2} and {4}, and so its corresponding tuple i is exactly the same as i.

We then have, from Chatterjee and Hazra (2022, Eq. 5.2.12), that

M(k)
11 ST = IT (4.13)
j=1 ecEx

where E; is the edge set of G% and t. is the number of times an edge e is traversed in the closed
walk on Gx. Also observe

o) =E | [] GF
ecFEx
Consequently, we must have that t. to be even for all e, since the Gaussian terms are independent
and mean 0. We claim that t. = 2 for all e € E%. Indeed, if for all e, t. > 2 with at least one
¢’ such that to, > 2, then, > te > 2|Ex|. Since G is connected, |Ez| > |Vz| —1 = M(k)/2,
18
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where V; is the vertex set. Thus, > cp_te > M(k). But, } te = M(k), gives a contradiction.
We conclude that t, = 2 for all e € E;.
A similar contradiction arises when we assume that there exists a self-loop in Gz. Thus G3 is a

M (k)

tree on —~ +1 vertices with each edge traversed twice in the closed walk. As a consequence, every
Gaussian term in ®(7) appears exactly twice, and so, ®(7) = 1.

Let by be the st block of 7 and let £, its representative element. Define
Yo i=#{1<j<k:1+M(j) € bs},
and
{81,82,...,875} :{1 S] S k : 1+M(]) € bS}
We then have

nj M(k)+1

1 3 > )iins; /2
H < ZriH—M(j)t) = H ( ZW t> . (4.14)

]:]_ t=1 s=1
Note that
Ys
Yu- Y w
j=1 JE[k):1+M(j)€bs
Let us define 74 := ;-";1 ns;/2. Then,

D i = Nék) (4.15)

s:bsET

Using Chatterjee and Hazra (2022, Eq. 5.2.16), we obtain

. M(k) k 3

Ncy?  i€Catr j=1 =1 \N i3
Mk) 4
1 2 +1 Ns
= T MmIN® Z H Tuty H Hrfsms,t)’ (4.16)
Ney 2 b F A (k) /2415 (uv)EER s=1 =1

P(s,1)5+P(s,7s) SE [@—&-1]

where for any two blocks bs, and bs,, {p(s1,1),p(s1,2),...} and {p(s2,1),p(s2,2),...} are non-
intersecting sets of indices {p1,p2,...,pa,, } and {p’l,p’Q,...,p%SQ}. Note that for (u,v) € FEs,
re 0, = Tuv as before, but we rewrite in terms of representative elements to indicate common
factors with the terms r¢,p , . Taking expectation in (4.16) gives us

E[(4.16)]

M(k)
W e win

1 s
- —wwm > B| Il @iaie X HHHE_”“”Q

Nc 2 017 F#L u,v)E 5 P(s,1)5-9P(s,s):  s=1 t=1
N ' o ) [M(k)
e [
(4.17)
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The vertex set Vi of the graph G yields M(k)/2 + 1 distinct indices, due to the tree structure.
Using Fact 4.2, we see that the factor of

> I
— o
51,...,flw(k)+l (u,U)EEﬁ- Heu ev”
-2

M(k)
is of the order of Oy | cp” since the weights are uniformly bounded in the range [1,m]. For the

second summand in (4.17), the index ¢, already appears in the graph Gz, and for any s, we have
ns many distinct indices from the sequence {ps;}, and summing over all s yields N(k)/2 many

N (k)
distinct indices due to (4.15). The second summation is therefore of the order of Oy <c N >

We claim that as N — oo, (4.17) converges to the limit

M (k)

2 +1 Mg
myyrm m
BlCLL wawe 11 1Iwewe.,
(u,v)eER s=1 t=1

First, note that the weights are bounded, and so, (4.17) is bounded above and below. Next, we
note that with the scaling of Nc]]‘\/[[(k)/z, we have

lim # E E H w —E H wmwm
N—o00 NCM(k)/2 ||€u _ E’UHCM Ly Ly )
N l1#.. AL M) (u,v)EER (u,v)EE%
2

which is moments of the adjacency matrix of the model as in Cipriani et al. (2025). Thus, com-
binatorially, the first summand in (4.17) corresponds with the graph Gz, as defined in Definition
2.3. Now, consider a modification of the graph as follows: For each vertex s in G, attach ns many
independent leaves, and call the new graph Gz. We refer to Chatterjee and Hazra (2022) for a
detailed description, and Figure 3 for a visual representation.

(5173)

FIGURE 3. Modifying the graph G to construct Gz. Here, we pick two vertices
81782 S Vﬁ—, Wlth ,ﬁ’51 = 37ﬁ82 = 4

The second summand over the sequence {ps} for each s corresponds to the added leaves, since
the only common index with the original graph is the index /s for each s. Keeping the index £
20



fixed (since it is summed out in the first summand involving the indices ¢; # ... # { ) +1) , We
2

N(k)/2

see that with the scaling cj; we have
X M(k)Jrl - WE J\/I(k)+1 -
. s p(,s t) m _ m m m
]\}H)noo CN(k)/2E Z H H 145 NE Wi | =E H HW& WP( ) Wi
N P(s,1)P(s,ns ) s=1 t=1 s=1 t=1

Due to the compact support of the weights, it is now easy to conclude that

]w(k)+1
Jim (417) =E ( 1)_[E W Wy H1 tl_[lwg” by | = H(Gz, W™) (4.18)
u)E Lz s

where W™ = (W™, W3, ...) and G» is the modified graph as described above and illustrated in

Figure 3.
We can therefore conclude that for all even k,
im NE [tr(ANg ) } - ¥ S E@HGHW™). (4.19)
MM 1 NCo (M (k)

Now, consider the case when k is odd. Due to (4.8), we have that M (k) must be odd. Thus, 7
cannot be a pair partition, and in particular, 7 ¢ NC(M (k)). Consider the term ®(7) in (4.9), and
notice that by Wick’s formula, this term is identically 0 if M (k) is odd. Since the other expectations
in (4.5) are of order Ox(1), we conclude that the odd moments are 0 in expectation.

Step 2. We now wish to show concentration of the moments. Define

nj
M(k) k N Tk
P)=E | ] Goninse H L 12
= 1A +1,85 V541 Tiren ()t Z1+M(J) ’
j=1 j=1 j=1 =1 j=1
and
M(k) M) kN T ok
A o Ui+l — ,
P@i,i) :=E H Glj/\lj+1ﬂj\/lj+1 JoN H cN ZTZHM(J')t H 21+M<J)
j=1 j=1 j=1 t=1
nj
M(k) M) 1N 3k
S N TR | eyt | FeD DY B | %
J (A ESEU A AR cN 14+M(j) . Y1+ M)
j=1 j=1 j=1 t=1 J=1
Then,

1 s sl . ./
Var (/R zk ESD(AN,g,c)(d SE)) = W Z [P(l, 1 ) — P(])P(l )] , (4_20)

m b ’m b
T 3 M (k)] (V]

and we would like to show (4.20) — 0. If i and i’ have no common indices, then P(i,i') = P(i)P(i’)
by independence. If there is ezactly one common index, say i; = i}, then by independence of
Gaussian terms, the factors E[G;, ;,] and E[G;, i ] would pull out, causing (4.20) to be identically
0. Thus, we have at least one matching of the form (i1,42) = (i}, 15).
Let us begin by taking k to be even. Consider exactly one matching, which we take to be (i1,i2) =
(#,15) without loss of generality. Let m,7" be partitions of {1,2,...,M(k)} {1,2/,..., M(k)'}
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respectively. Let Z(l) denote the sum over index sets i,i’ with exactly one matching. Then, we
have by an extension of the previous argument

M(k) M(k)
1 (1) . . 1 NP -
e Z P(i,i) < PG Z@(ﬂ)é‘(ﬂ)@(wl)g(ﬂ-’) ZE Tivio H Vi1 H Tii
i,i:[M (k)] —[N] CN o ii/ j=2 j=2
(4.21)
Expanding the expression for r;; and using the fact that W™ < m gives us that
m2M (k) p M 1 1
(4.21) < ————= ) O(7)ET)P(F)ET) — — — .
N2 27; ; [lix — i ]Hl 35 — djaall/2 |45 — |2/
(4.22)

We are now precisely in the setting of Cipriani et al. (2025), and in particular, following the ideas
from Cipriani et al. (2025, p24) and using Fact 4.2, we obtain that the right-hand side of (4.22)
is of order On/(cy'). For ¢ matchings in i,i’, the order is O(cy'), giving us that (4.16) is of order
O(cy') when k is even.

The argument for the case where k is odd is similar. Since the optimal order is achieved when
we take 1\ {i1,i2} € Cat, and i’ \ {i},i5} € Cat,s, with m,7" € NCyo(M (k)), one cannot construct
these partitions with k being odd with the restriction from (4.8) imposing that M (k) must be odd.
Consequently, we have convergence in P-probability of the moments of ESD(An4.). Thus, we
conclude that

A}i_r)n()@ tr(AﬁfV,g’C) = M}, in P-probability ,

where
M, = 3 2m(k) Lemencz gy UG WMET) -k even, (4.23)
0, k odd,
where M (k) is the multiset of all numbers (mq,...,mg,n1,...,n;) that appear in the expansion

(a + b)¥ for two non-commutative variables a and b.

Step 3. We are now left to show that these moments uniquely determine a limiting measure. This
follows from Chatterjee and Hazra (2022, Section 5.2.2), but we show the bounds for the sake of
completeness.

First, from Chatterjee and Hazra (2022, Section 5.2.2), we have that £(7) < 2Fk!. Next, observe

from (4.18) that [t(Gz, W™)| < (m2)§ = m?2, since W; < m for all i and G; is a graph on % +1
vertices with g edges. Lastly, |[NCy(M (k)| < |[NCy(k)| = Cy, where Cy, is the k™ Catalan number,
and moreover, |[M(k)| < 2¥. Combining these, we have

Br = | M| < 28.C.mF .28k = (4m)FCk! .

Using Sterling’s approximation, we have

1 1
k
T Mk S

4m 4ef(l+%)
kﬁ

(k+1)F %

where 7 here is now the usual constant, and subsequently, we have

J

1 1

lim sup %,822,’; < 00. (4.24)
k—ro0

Equation (4.24) is a well known criteria to show that the moments uniquely determine the limiting

measure (see Lin (2017, Theorem 1)). This completes the argument. O
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5. IDENTIFICATION OF THE LIMIT: PROOF OF THEOREM 2.5

5.1. The case o = 0. In Section 4, we show the existence of a unique limiting measure v, such
that
lim ESD(AY) = v in P-probability .

N—o0
We have also shown that v, is the limiting measure for the ESD of the Laplacian matrix A Ng- In
particular, through the proof of Proposition 4.1, we show that the limit v, ,, is independent of the
choice of «, and consequently, v, is a—independent. ‘We then use the idea of substituting a = 0
from Cipriani et al. (2025, Section 6) in the matrix A N,g» to obtain the Laplacian matrix A%, "
which corresponds to the adjacency matrix AR N.g with entries given by
 WiW; e . .
o nidvie i
Ay(i )= { VN CGiniivi 17
0, 1 =7.
Then, limy_ o0 ESD(A}’W) = v, in P-probability. Recall that for all 1 <i < N, W™ := W, Ly, <m,
for any m > 1. We can now apply Lemmas 3.5 and 3.6 to contruct a matrix AL =AY +Yy
such that

limsup lim P (d;(ESD(AY,),ESD(AY,.) > ) =0

m—oo IN—o0
where

Ay gmlisj) =4 VN Ginjivs 17”.
0 =17,

and Yy is a diagonal matrix with entries

 Wiwin
Vilisi) = 2| ZR2 N

By Proposition 4.1, we have that limy_, ESD(A‘]’VQ .) = Vrm in P-probability. Thus, we begin
by identifying v ,,,. To that end, consider the matrix ANg = ANnget+ YN, with Ay 4. as before,

and Yﬁ, a diagonal matrix with entries

i) = Zi /W JE[W"].
We now have the following lemma.

Lemma 5.1. Let A?\,,g’c and 3‘1’\]7976 be as defined above. Then,
lim P (dL(ESD(A;’Vg ), ESD(A%,.)) > 5) = 0.
N—oo 9 9

Proof. We apply Proposition 6.1 to obtain

E |dL(ESD(A%4,0), ESD(A%,,.0))] <

N 2
Z (YN ) ﬁ(z’,i))

Z\H




We have that (W/");cv, is a bounded sequence of i. i. d. random variables, and in particular have

finite variance. By the strong law of large numbers, we have that

e
1 = = E[W"
Ngnoo N [ 1 ]
However, by the boundedness of the weights, we have that N ! Zf\i 1 W™ is uniformly bounded
by m, which is integrable (with respect to E). By the dominated convergence theorem, we have
convergence in L', and consequently, (5.1) goes to 0 as N — oo. We conclude with Markov’s
inequality. O

P-almost surely .

We can now conclude that v, ,, is the limiting measure of the ESD of the matrix Bj’v g

5.2. Identification of v, ,,. We have that

lim ESD(A N.gc) = Vrm in P-probability .
N—o0 o

Notice that 3?\7 g.c €an be written as
?V,g,c = A?V,g,m + Y]s/v
12 (1 1/2 vl /Al /4
=W,/ WG W12+ £/ E[WMW I 2ZW, %
where W,,, = diag(W7", ..., W§), G is a standard Wigner matrix with i. i. d N(0, 1) entries above

the diagonal and 0 on the diagonal, and Z is a diagonal matrix with i. i. d. N(0, 1) entries.
First we need to show that

1 1
lim ESD ( W1/2 (G) wY2 o JEWmwW/4 (Z) W1/4)

N—o0
= £ (T2 2 + VEWIT A T,Ty/ ) weakly in probability .

This easily follows by retracing the arguments in the proof of (Chakrabarty et al., 2021, Theorem
1.3) and using the Lemma 6.6 presented in the appendix. This shows that

Vrm = £ (T T2 + VEWRI T ATy T)
5.3. Identification of v.. We now conclude with the proof of Theorem 2.5.

Proof of Theorem 2.5. We work in a tracial W*-probability space (A, ). Let T, and T denote,
respectively, a standard Gaussian and a standard semicircular self-adjoint element. For each m € N,
let Tyy,, (resp. Tw) be self-adjoint affiliated operators with distributions g, (resp. pw). We
assume T is free from the abelian von Neumann algebras W*(Tyy,,, Ty) and W*(Tyw,Ty). By the
freeness result stated in Bercovici and Voiculescu (1993, Proposition 4.1), this implies that for any
bounded Borel u, v the elements u(Tyy,,)v(T,) and u(Tw)v(Ty) are free from T5.

Fix the constant ¢ := /E[W]. If one writes ¢, := /E[W,,], then ¢,, — ¢. The replacement
¢m > ¢ is justified at the end. For R > 0 define bounded truncations

up(z) == (x AR)Y2, wg(z) := (xz ARV
Define affiliated (self-adjoint) operators
() = ur(Tiw,,) Ty un(Tw,,) + cor(Tw,) Ty vr(Tw,), (5.2)

and

QR = uR(Tw) Tg uR(Tw) —i—C’L)R(Tw) T, ’L)R(Tw), (5.3)
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noting that ug(-) and vg(-) are bounded while T; may be unbounded, so an), Qg are in general
affiliated rather than bounded.
Let

Em = doo(pw,,, bw) = sulg ‘Fuwm (t) = Fpuy (1) — 0.
te
Theorem 3.9 of Bercovici and Voiculescu (1993) allows us to represent Ty, and Ty in the same
space together with a projection p,, € W*(Tw,,, Tw,Ty) such that
@(pm) >1—ém, Pm TWm Pm = Pm IW Pm- (54)

Since py, lies in the abelian algebra generated by Tw,,, Tw, T}, it commutes with 7T, and with
bounded Borel functions of Ty, , Tyy. Hence ppur(Tw,,) = ur(Tw)pm and pror(Tw,,) = vr(Tw )Pm.
and therefore

Pm Q%n) Pm = Pm QR DPm- (5'5)

From the estimate (Bercovici and Voiculescu (1993, Theorem 3.9 (i))) if A, B are selfadjoint and

pAp = pBp with ¢(p) > 1 — 6, then

sup |Fa(t) — Fp(t)| <6
we obtain, for each fixed R > 0,
doo (LQY™), L(QR)) < 26 — 0. (5.6)

m—ro0

We introduce the following affiliated operators

H,, = TI}V/ZTQTI}V/j + CT‘}V/stT‘}V/j, H = TI}V/ZTQTI}V/Q + CTI}VMTSTI}VM'

Define the projections g, r := 1jo g (Tw,,) and qr = 1o g)(Tw). On the range Ran(gm,r) we

have ur(Tyw,,) = T‘}V/j and vg(Tw,,) = TI}‘,/i, and similarly with W in place of W,,,. Consequently,

Qm,Rngm)Qm,R = gm,rRHmqm,r, qrQRIR = qrHqR.
Applying the same compression—distribution estimate we have
doo (LQF), L(H)) < 20(1 = gug) =2 (1= Fpyy, (R)), (5.7)
and
doo(L(QR), L(H)) < 2(1 = Fyy (R)). (5.8)

Since pw,, = pw, the family pw,, is tight; hence sup,,(1 — Fy,y,, (R)) — 0 and 1 — F,,,(R) — 0
as R — oco. Therefore,

£QW) = L(H,) and L(Qr)= L(H)  (R— oo), (5.9)

with convergence uniform in m along the first convergence.
Fix n > 0. Choose R so large that both bounds in (5.7) and (5.8) are less than 7 for all large m.

Then choose m large so that (5.6) gives doo(ﬁ(Q%n)), L(Qr)) <n. The triangle inequality yields
oo (£ (H) , £(H)) < do (£(Hn) , £(Q)) + oo (£(Q47) £(@R)) + doo (£(@r) , £())
< 3n

As n ] 0 we conclude
L(Hp,) = L(H) (m — 0). (5.10)

VE[Wp] by ¢ = y/E[W], note that

H — HEm) = (¢ — ) Tvlv/stTvlv/j.
25

This identifies v, = L(H).
Finally, to replace ¢, =



Fix M > 0 and set 7, 01 = 1j0,01)(Tw,, ). Then
P s (S = Hm rmar | < e — em] MY ||
Therefore, for the bounded—Lipschitz distance dpp,,
dpr (LHE), L(HEW)) < 260(1 = 1) + e = en| M2 T (5.11)
Indeed, on Ran (1, ar),
o (3 )
For any bounded 1 -Lipschitz f with ||f]ls <1,

o 7 (12)) o (£ (159)) <o G (55) s~ (35 )
+ 20 (1 —rmnr)
<Lip(fle +2¢0 (1 —rmar) < e+ 20 (1 = rpmar)
where we used [[rfr — rgrl| < |f = gl < Lin(f)||r (HS = HS™ ) 7|| on the range of 7 = 7y 1.

Taking sup over such f gives (5.11). Since ¢, — ¢ and sup,, (1 — rmar) — 0 as M — oo by
tightness of (uw,,), we obtain

| = le = enl [ram T T | < e = e M2 T = 2

dpr (C(HS), LHE™)) = 0
as m — o0o. Consequently, the limit law is the same whether we use ¢, or the constant c.
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6. APPENDIX
6.1. Proof of Lemma 3.1.

Proof of Lemma 3.1. Following the proof of Cipriani et al. (2025) for the Laplacian, we define,
conditional on the weights (W;)icv,, a sequence of independent random variables. Let X, =
(X%)1§i<j§N be a vector with X,f’j ~ Ber(p;;) — E[p;;]. Similarly, take another vector X, =
(X7 1<i<jen with X~ N (uij, pij (1 — pij))-
Let n = N(N —1)/2 and x = (245)1<i<j<n € R". Define R(x) to be the matrix-valued differen-
tiable function given by
R(x) = (My(x) — zIy) 7,
where My (+) is the matrix-valued differentiable function that maps a vector in R" to the space of
N x N Hermitian matrices, given by
C]_Vl/gl'ij if 1 < 4,
MN(X)Z‘J' = C]_Vl/ngi if ¢ > 7,
—-1/2 e
—Cy / Zkﬁﬂfik if i = 7.
Then, we see that Ag, = My (X;) and Ay = My (X,). Note that
EVIX}] = EV[XZ] = paj,
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and
EV[(X5)%) = EV[(X$)?] = pij + Elpy]* — 2p;E[pij).
Consequently, using (Chatterjee, 2005, Theorem 1.1) we have that
[E[R(RH-(AN))] — E[R(RH.(AY))]|
= {E [Ew[h(%Hz(AN)) - h(%Hz(A?V))H ‘

<Ciha(H) Y EIXP 1o ]+ BIXG)? L oy (6.1)
1<i<j<N

+ M) 3 B L <]+ BIXEG Ly iy (6.2)
1<i<j<N

where \o(H) < Cg(%z)ﬁ and A3(H) < C?’(%Z)Ncli”f'

We first deal with the terms in (6.1). Note that since p;; < 1, we have ]Xf’j| <1, and as a
consequence, for any Ky > 2, the first term in (6.1) is zero. For the Gaussian term, applying the
Cauchy-Schwarz inequality followed by the second-moment Markov inequality yields

E[(X])? 1xo )5 ky] < BIXHNPPIXS > Kn)'? < KGEI(XG)"2EI(X])?H2.
Since E[(X}})?] = Elpij + Elpi;]* — 2pi;E[pi;]] < Elpj;], and similarly, E[(X,)*] < E[p7;], we have
E[W?]2EW?])Y2 B[W;] 2 E[W;)'/2

lli =gl i — jl|e/2

A2(H)
Ao(H) > E[(XP)? Lixgisxn] < =5 >
1<i<j<N 1<i<j<N

=z

< 2 gy mpwz e
Ky
~ 21 A72— 32
< CZE[Wl]E[Wl]N 2 _ ON(N_O[/2KJ§'1)7

- KNNZfa
where the last equality follows as 7 > 3 and ¢; is a constant depending on J(z) only. For the term
containing the third moments, we see that

As(H) ) Bl e j<pe, ]+ BIXE) g j<re ] S A(EDEy Y E[(X)?) +E[(X])?]

1<i<j<N 1<i<j<N
1
<N (H)EN2EV]? Y ——
e Tl
C\,
< 602 o BWAPNex < G Kyell
3/2 N
Ncy
Here ¢3 is a constant depending on $(z). Choosing any 2 < Ky < 0%27 both terms go to zero.
This completes the proof of the Gausssinisation. |

6.2. Technical lemmas. In this subsection we collect some technical lemmas that are used in the
proofs of our main results. For bounding the dj distance between the ESDs of two matrices, we
will need the following inequality, due to Hoffman and Wielandt.

Proposition 6.1 (Hoffman-Wielandt inequality (Bai and Silverstein, 2010, Corollary
A.41)). Let A and B be two N x N normal matrices and let ESD(A) and ESD(B) be their ESDs,
respectively. Then,

d1 (ESD(A), ESD(B))? < %
27

Tr[(A — B)(A — B)*]. (6.3)



Here A* denotes the conjugate transpose of A. Moreover, if A and B are two Hermitian matrices
of size N x N, then
N
S ((A) = M(B))? < Tr[(A — B2, (6.4)
i=1
The next two straightforward lemmas control the tail of the product of two Pareto random
variables and the expectation of a truncated Pareto.

Lemma 6.2. Let X and Y be two independent Pareto r.v.’s with parameters $1 and B2 respectively,
with B1 < Po. There exist constants ¢ = ¢1(B1,B2) > 0 and co = ca(B1) > 0 such that

=P ;
PXY > ) = Z.f»31<52
cot =P logt if B1 = Ba.
Lemma 6.3. Let X be a Pareto random variable with law P and parameter 8 > 1. For any m > 0
it holds
p 1-8
E[X1x>ml=——-m".
SV

We state one final auxiliary lemma related to the approximation of sums by integrals.

Lemma 6.4. Let 8 € (0, 1]. Then there exists a constant ¢; = c1(S) > 0 such that

1 1
) 5 ~ comax{N'"7, log N}. (6.5)
N i =il

JEV N

If instead 5 > 1, there exists a constant co > 0 such that
1 1
-~ T8 ~C2-
¥ 2 T
JEVN

We end this section by quoting, for the reader’s convenience, the following lemma from Chakrabarty
et al. (2016, Fact 4.3).

Lemma 6.5. Let (3,d) be a complete metric space, and let (2, A, P) be a probability space. Suppose
that (Xpmn : (m,n) € {1,2,...,00}*\{o0,00}) is a family of random elements in X, that is, mea-
surable maps from Q to X, the latter being equipped with the Borel o-field induced by d. Assume
that

(1) for all fired 1 < m < oo
lim d (Xpmn, Xmoeo) = 0 in P-probability.

n—oo

(2) For alle >0,
lim limsup P (d (Xpmn, Xoon) > €) = 0.

m—=00 n—oo

Then, there exists a random element Xoooo 0of 2 such that

7711_1r>nood(Xmoo,Xoooo) = 0 in P-probability (6.6)
and
71113;(} d (Xoon, Xoooo) = 0 in P-probability.
Furthermore, if Xmeo is deterministic for all m, then so is Xoooo, and (6.6) simplifies to
mli_r)nood (Ximoos Xooso) = 0. (6.7)
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Lemma 6.6 (Fact A.4 Chakrabarty et al. (2021)). Suppose that Wy is an N x N scaled
standard Gaussian Wigner matriz, i.e., a symmetric matriz whose upper triangular entries are
i. i. d. mormal with mean zero and variance 1/N. Let D} and D% be (possibly random) N x N
symmetric matrices such that there exists a deterministic C' satisfying

sup HD}VH <(C <o
N>1,i=1,2
where || - || denotes the usual matriz norm (which is same as the largest singular value for a
symmetric matriz). Furthermore, assume that there is a W*-probability space (A, ) in which there
are self-adjoint elements di and do such that, for any polynomial p in two variables, it

lim %Tr(p (DN, D%)) = ¢ (p(di.d2)) a.s.

N—o0
Finally, suppose that (D}V, DJZV) is independent of Wy. Then there exists a self-adjoint element s
in A (possibly after expansion) that has the standard semicircle distribution and is freely independent
of (di,ds), and is such that

1 1 2
]\}E}}x; N Tr (p (Wn, Dy, D%)) = ¢ (p(s,d1,d3)) a.s.
for any polynomial p in three variables.

Lemma 6.7 (Wick’s formula). Let (X1, Xo,...,X,) be a real Gaussian vector, then, and Pa(k)
the set of pair partitions of [k]. Then, for any 1 <k <mn,

EX; - Xyl= > ][ EX,X]. (6:8)

mE€P2(k) (r,s)ET

Definition 6.8 (Graph associated to a partition, Avena et al. (2023, Definition 2.3)). For a fixed
kE > 1, let v denote the cyclic permutation (1,2,...,k). For a partition 7, we define G, =
(Vyr, Eyr) as a rooted, labelled directed graph associated with any partition 7 of [k], constructed
as follows.

e Initially consider the vertex set V. = [k] and perform a closed walk on [k] as 1 — 2 —
3 — .-+ — k — 1 and with each step of the walk, add an edge.

e Evaluate 7, which will be of the form vr = {V;,V5,...,V,,} for some m > 1 where
{Vi}i<i<m are disjoint blocks. Then, collapse vertices in V., to asingle vertex if they belong
to the same block in v, and collapse the corresponding edges. Thus, Vyr = {Vi,...,V},}.

e Finally root and label the graph as follows.

— Root: we always assume that the first element of the closed walk (in this case ‘1’) is in
V1, and we fix the block V7 as the root.

— Label: each vertex V; gets labelled with the elements belonging to the corresponding
block in .
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