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Abstract

This paper addresses two open questions posed in [1] regarding the balanced
domination number in graphs. We show that three new classes of graphs—
those of convex polytopes A,, D,, and R!!—are d-balanced. Further, we
provide a characterization of d-balancedness for rooted trees with two levels of
descendants and prove that each full binary tree is d-balanced. Additionally,
several results for caterpillar graphs are established. Moreover, we determine
and prove the exact balanced domination number on grid graphs. Finally,
we conclude the paper by providing several new problems of interest.
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1. Introduction

The minimum dominating set problem and its numerous variants have
attracted significant attention in both theoretical and applied graph the-
ory |2, 3, 4, 5|. Formally, the domination problem is defined as follows. Given
is a simple, undirected graph G = (V, E), where V represents the vertex set
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and £ C V xV the edge set, the goal is to find a minimum-cardinality subset
D C V such that every vertex v € V either belongs to D or is adjacent to at
least one vertex u € D, i.e., {u,v} € E. The size of optimal set D is called
the domination number of G. This problem has a wide range of practical ap-
plications, including bioinformatics [6, 5|, networking [7], graph mining |[§],
and automatic text summarization [9], among others. From a theoretical
perspective, exact results and bounds for the domination number have been
determined for many graph families, such as interval graphs [10], graph bun-
dles [11], grid and cylindrical grid graphs [12, 13, 14|, planar graphs [15],
chemical graphs [16], Cartesian products of graphs [17], to name a few. For
comprehensive references on the fundamentals of graph domination, we refer
the reader to [18, 19, 20].

Over the past decades, numerous extensions and variations of the domina-
tion problem have been introduced and thoroughly studied, motivated by the-
oretical interest or notable practical applications. Among the most prominent
are the strong domination number [21], the total domination number [22], the
connected domination number [23|, the Roman domination number [24, 25],
and the k-domination number [26], among others.

Recently, Xu et al. [1] introduced another related problem, the balanced
domination number, defined as follows. Let G = (V(G), E(G)) be a graph
where each vertex can be assigned a label from {—1,0,1}. A labeling function
f defined on the set of vertices V(G) is a balanced dominating function (BDF)
if, for every vertex v € V(G), the sum of labels across all vertices in the
closed neighborhood of v equals zero. Among all such functions, a BDF f
that maximizes the total sum wy = 7 /() f(v) is called the maximum
balanced dominating function, and its corresponding weight w; is known
as the balanced domination number of G, denoted by ~,(G). Xu et al. [1]
established several general upper bounds on this number, some of which
are tight. They introduced the concept of d-balanced graphs, which are
those with ~,(G) = 0. They further characterized several classes that are
d-balanced: r-regular graphs, graph coronas, double stars, and complete
multipartite graphs. In addition, they posed open problems for this concrete
problem: (i) How to characterize all d-balanced caterpillar graphs? and (i7)
How to determine the exact balanced domination number of grid graphs?

The main contributions of this paper are summarized as follows:

e We prove that certain graph classes of convex polytopes are d-balanced,
specifically the families A,, D,, and R!. This is done based on a
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restated definition of the balanced domination number through the eye
of linear algebra and the kernel of a linear operator.

e We make significant progress on the open problem (i) for caterpillar
graphs by showing the necessary conditions on the number of leaves
of a caterpillar graph that admits a labeling by a non-zero balanced
domination function. In addition, we establish a characterization under
which rooted trees with two levels of descendants and at least two
children of the root node are d-balanced. On top of that, given is a
proof that each full binary tree is d-balanced.

e We provide a complete solution to the open problem (i), determining
the balanced domination number for grid graphs.

1.1. Notation and Preliminaries

If not stated differently, we will always deal with simple, undirected graph
G. Let the order of graph G be denoted by |V(G)| (or by |V] if it is clear
from the context to which graph is referred to). For each v € V(G), let
Nglv] ={u e V(G): uwv € E(G)} U {v} denotes the closed neighborhood of
vertex v. For a graph G, let A(G) denotes its adjacency matriz defined by

1, if v, € E;
A(G) = laglvixvi, i = { 0, otherjwise.

Thus, a,; indicates the presence or absence of an edge between two vertices
v, v; € V.

Remainder of the paper is organized as follows. Section 2 provides the
proofs that several graph classes of convex polytopes are d-balanced. Sec-
tion 3 reveals necessary conditions for the caterpillar graphs to not be d-
balanced and establishes a characterization of d-balancedness for a subclass
of trees with two levels of descendants. Additionally, it has proven that full
binary trees are also d-balanced. In Section 4 it has been shown that the
grid graphs are d-balanced. Finally, in Section 5 conclusions and outline for
future work are discussed.

2. Balanced Domination Number on some Graphs of Convex Poly-
topes

In this section, we give formal proofs that three classes of graphs of con-
vex polytopes are all d-balanced. To this end, we first provide the formal
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definition of the problem and the concept of d-balancedness, after which we
present the technique employed in establishing these results.

Definition 1 ([1]). Function f: V(G) — {—1,0,1} is called balanced domi-
nation function (BDF) iff for any vertex v the sum of labels across all vertex
in Ny [v] equals 0. The weight of a BDF f is given by wy = ZUeV(G) f(v).
The mazimum weight across all BDF defines the Balanced domination num-

ber of G (a(G)).
Definition 2 ([1]). A graph G is called d-balanced, if vpa(G) = 0.

Let G be an arbitrary graph. Observe that the function f := 0 serves
as a balanced domination function on graph G, implying v,4(G) > 0. Thus,
to show that G is a d-balanced graph, it suffices to prove that no balanced
domination function on G has a positive weight.

Let I(G) denote the identity matrix of order |V (G)|. We then introduce
the linear operator M (G) := A(G) + I(G) associated with the graph G. It is
easy to check that the condition of a balanced dominating function, as stated
in Definition 1, can be formulated in terms of the M (G) operator. Indeed, for
any BDF function f, and labeling z; = f(v;),i € {1,...,|V(G)|}, the vector
x = (21,...,%v(q)) is a solution of the equation M(G) - x* = 07, where 0
is the 1 x |V(G)| zero vector. Conversely, every solution x = (21, ..., 2y (q)|)
of the system of linear equations M (G) - x* = 07 determines a proper BDF
function f defined as f(v;) = x;,i € {1,...,|V(G)|}. Hence, there is a
bijective correspondence between the set of BDF functions of the graph G
and the kernel ker(M(G)) of the linear operator M (G). This enables us to
restate the definition of the balanced domination number of the graph G:

V(G)|
Ma(G) = max Z T X = (21,...,2v(@)) € ker(M(G))
i=1

Consequently, a graph G is d-balanced if and only if for each vector x =
(1, 2 € ker(M(Q)), it holds SVt 2, = 0,

Convex polytope A, = (V(A,), E(A,)),n > 5, or antiprism, was intro-
duced in [27]. It is a graph with the following sets of vertices and edges
V(A,) = {uj,v,w; | 0<i<n—1},

E(A,) = {witis1, Vivig1, Wiw; 1, WV, V;w;, Uip1 Vs, Vi w; | 0 <@ <n— 1},



Figure 1: The graph of convex polytope Az

It is important to emphasize that the indices of the vertices of the graph
A, take modulo n. For example, the graph of convex polytope A, is dis-
played in Figure 1.

Theorem 1. For everyn > 5, A, is a d-balanced graph.

Proof. The vertices of A,, are distributed over three layers, each containing
n vertices. Within each layer, the vertices form a cycle of length n. The
adjacency between the first and second layers follows the same pattern as
the one between the second and third layers, while no edges connecting any
vertex from the first layer with any vertex from the third layers. Thus, the
3n x 3n format matrix of the linear operator M(A,) can be represented as
a block matrix composed of the nine n x n layer-wise adjacency matrices.
More precisely, the matrix of the linear operator M(A,,) can be written in a
block form as:

C B O
M4, = |BT ¢ B,
O BT C



(1 1 0 0 0 1]
1110 0
0111 ... 00
where C := | . . . . . . .| is the n x n matrix of a cycle graph,
0 00O 11
1 000 11
(1100 0 0]
0110 . 0 0
0011 ... 00
describing edges within each layer, B = |. . . . . . .| is the
00O0©O0... 11
1000 ... 01

n x n adjacency matrix describing edges between consecutive layers, BT is
its transpose matrix, while O denotes the n x n zero matrix.
To prove that A, is a d-balanced graph, it is sufficient to show that every
vector X = (1, . ..,x3,) € ker(M(A,)) satisfies the condition ", x; = 0.
Let x = (x1,...,23,) € ker(M(A,)) be an arbitrary vector. We partition
this vector layer-wise into three subvectors x;, x, and x3, corresponding to
the layers of the graph A,:

subvector xy := (21, ..., x,) corresponding to the first layer,

subvector x5 := (%41, ..., Z2,) corresponding to the second layer,
subvector x3 := (Zop1, ..., T3,) corresponding to the third layer.
Moreover, let us define three sums of the components of these subvectors:

L n L 2n L 3n . .
51 = Y i 4Ty, Sp = p . x; and s3 = Y ;") 2, Obviously, it holds

Z?Zl Xr; = 81+ S + S3.
Using the previous notation, the system of the linear equations M(A,,) -

C B O] [T o’

xT =0T isstatedas |[BT C B|-|xI| = [0"|, where each of the 0 on
O BT C| |x} o’

the right side is a n x 1 row vector. This leads to the system of equations
C-xI'+B-x3=0"
BT .xI'+C-x}+B-xi =0"
BT .xI+C.x} =0".

Multiply each equation in this system from the left by the 1 x n row vector
1:=(1,...,1). Since every column of the matrix C' contains exactly three
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ones and every column and every row of the matrix B contains exactly two
ones, we conclude 1-C =3- 1land1-B =1-B" =2. 1. Also, it holds
1-xI' = s;,i € {1,2,3}. Hence, the previous system reduces to the following
system of linear equations

381 + 282 =0
251 + 389 + 253 =0
282 + 383 = O,
From the first equation, we have s; = —§32 and from the third equation s3 =

—332. Substituting these values into the second equation gives §52 = 0, that
is s5 = 0, and consequently s; = s3 = 0. Therefore, 2?21 T; = S1+89+53 =0,

which concludes the proof. O

The “layer-sum technique” from the previous theorem extends naturally
to a general framework for establishing d-balancedness. Let G be a graph
whose vertex set V(G) is partitioned into k > 2 layers such that each block
of M(G) has a constant column sum ¢;;. Any vector x € ker(M(G)) splits
layer-wise into subvectors xy,...,x; with component sums sq,...,s;. Left-
multiplying each block row in M (G)xT = 07 by the appropriate all-ones row
vector yields the reduced system Z?Zl cijs; = 0,1 € {1,...,k}. If every
solution of this reduced system satisfies Zle s; = 0, then all vectors in
ker(M(G)) have zero component sum, proving that G is d-balanced.

In the next two theorems, we apply the technique described above. Their
proofs focus primarily on the inter-layer connection types specific to the graph
classes under consideration, while omitting the routine computational details
common to all cases.

The convex polytope D,,,n > 5, was introduced in [28]. Formally, graph
D,, = (V(D,), E(D,)) consists of the following sets of vertices and edges:

V(Dy) = {ui,vi,wi, qi | 0 < i < — 1},

E(Dy) = {uitiz1, ¢iit1, Wivs, viw;, Vi w;, wiq; | 0 <4 <n — 1}

We emphasize that the indices of the vertices of D, are taken modulo n.
For example, the graph of convex polytope D7 is shown in Figure 2.

Theorem 2. For everyn > 5, D,, is a d-balanced graph.



Figure 2: The graph of convex polytope D7

Proof. The vertices of D,, are arranged into four layers {u;}, {v;}, {w;} and
{¢:}, each containing n vertices. In terms of graph connectivity, the column
sums ¢;; of the matrix blocks correspond to the degrees of adjacencies within
and between the layers:

Ist layer (w;): ¢11 =2+ 1 =3 (cycle edges + self), ¢1o = 1 (w;v;).
2nd layer (v;): co1 = 1 (w;v;), cao = 1 (only self), co3 = 2 (vyw;, Vi w;).
3rd layer (w;): c3o = 2 (vyw;, vigw;), cs3 = 1 (only self), c34 = 1 (w;q;).
4th layer (¢;): ca3 = 1 (wiqi), caa = 2+ 1 =3 (cycle edges + self).

Consequently, the 4n x 4n matrix of the linear operator M (D,,) can be written
in a block form as:

c I 0O

I I B O
MDw) =10 pr 1 1|

O o0 I C

where C, B, O are the same n x n matrices as in the proof of the previous
theorem and I is the n X n identity matrix.

Let x = (x1,...,%4n) € ker(M(D,)) be an arbitrary vector. We partition
this vector layer-wise into four subvectors x; := (l‘(k—1)~n+1, e Trn), k€
{1,...,4}, corresponding to the k-th layer of graph D,,, with corresponding
component sum sg.



The system of linear equations M(D,,) - x’ = 07 and corresponding re-

duced system take the following form

C-xI +1-x3=0" 381+ 52 =0
[-x{+1-x3+B-xi=0" 51+ 82+ 2s3 =10
BT . xj +1-xi +1-x; =0" 283 + 83+ 84 =0
I-x34+C-xi=0", 53+ 3s4 = 0.

The unique solution of the reduced system is (si,s9,s3,54) = (0,0,0,0).

Therefore, 2?21 x; = S1+ S + 83 + s4 = 0, which concludes the proof. [

The graph of convex polytope R = (V(R!), E(R!)),n > 5, was intro-
duced in [29]. It consists of the following sets of vertices and edges:

V(R)) = {ui, vi,w;, pi, qi,75 | 0 < i < — 1},
E(R;) = {wiliq1, 1iTi1, Wils, VWi, WiDs, Didis GiTi, Vig1 Wi, Pidiv1 | 0 <@ <n— 1}

We emphasize that the indices of the vertices of R/ are taken modulo n.
For example, the graph of convex polytope R/ is shown in Figure 3.

Theorem 3. For every n > 5, R is a d-balanced graph.

Proof. The vertices of the graph R/ are arranged into six layers {u;}, {v;},
{w;},{pi}, {q:} and {r;}, each containing n vertices. In terms of graph con-
nectivity, the column sums ¢;; of the matrix blocks correspond to the degrees
of adjacencies within and between the layers:

st layer (w;): ¢11 =2+ 1 =3 (cycle edges + self), 12 = 1 (w;v;).
2nd layer (v;): co1 = 1, coo = 1 (only self), co3 = 2 (viw;, viyw;).
3rd layer (w;): cgo = 2, ¢33 = 1 (only self), cg4 = 1 (w;p;).

4th layer (p;): ca3 =1, cag = 1 (only self), cs5 = 2 (pigi, PiGi+1)-
5th layer (g;): cs4 = 2, ¢55 = 1 (only self), cs6 = 1 (¢;7)-

6th layer (r;): ce5 = 1, cgg = 2+ 1 = 3 (cycle edges + self).

Consequently, the 6n x 6n matrix of the linear operator M (R]) can be written
in a block form as:

c 1 O 0 0O
I I B O OO

. loB 1T 1 00
ME)=16 0o 1 1 B 0|
O 0O O B" [ I

0o 0 o0 o I C

Nej



Figure 3: The graph of convex polytope RY

where C, B, O, I are the same n X n matrices as in the proof of the previous
theorem.

Let x = (#1,...,%¢,) € ker(M(R])) be an arbitrary vector. We parti-
tion this vector layer-wise into six subvectors x; 1= (T(—1)nt1, - - - » Then), k €
{1,...,6} corresponding to the k-th layer of graph R/ with corresponding
component sum Sg.

The system of linear equations M (R”) - xT = 07 and corresponding re-
duced system take the following form

C-xI+1-x3=0" 351 +52=0
I-x]+1-x3+B-xi =0" 51+ 82+ 283 =0
BT .xJ +1-x3+1-x] =0" 289+ 83+, =0
[-x3+1-x;+B-xi =0" S3+ 84+ 285 =0
B .xI+1-xt +1-xt =0" 254+ 85+ 56 = 0
I-xt+C-xf=0", 55 + 356 = 0.

The unique solution of the reduced system is (s, $2, 3, S4, S5, 5¢) = (0,0, 0,0,
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0,0). Therefore, Z?Zl T; = 81+ Sg + 83+ S4 + S5 + S¢ = 0, which concludes
the proof. O

3. Balanced Domination Number on some Subclasses of Trees

In this section we establish the characterization of d-balancedness of
rooted trees with two levels of descendants. Moreover, some results are es-
tablished for the subclass of trees consisting of caterpillar graphs.

Let T be a rooted tree graph with two levels of descendants. More pre-

cisely, let T' have the root vertex ag, with vertices aq,...,a,,n > 2, as its
children. For each i € {1,...,n}, let [; denotes the number of children of
vertex a;. If I; > 1, denote these vertices by a;1,...,a;;,. For trees of this

form, the characterization of their d-balancedness is given in the following
theorem.

Theorem 4. Let T be a rooted tree graph with two levels of descendants with
at least two children of the root. If l .= [{i € {1,...,n} : l; =2}|, then T is
not a d—balanced graph if and only if | = ”T_l and l; € {0,2} holds for each
ie{l,...,n}.

Proof. Let f be an arbitrary BDF function on the rooted tree graph T" with
two levels of descendants. Define

To - — f(ao),
z; = f(a;),i € {1,...,n},
Tij = f(ai,j),i S {1, R ,n},j S {1, e ,lz}

Since f is a balanced domination function, vertices of the tree T' satisfy the
following system of the equations:

n
xg + Z x; = 0, condition for the root vertex ag,
i=1

l

To + x5 + x;; =0, condition for the first layer vertex a;,i € {1,...,n}),
j=1
x; + ;5 =0, condition for the second layer vertex a;;,5 € {1,...,l;}).
If [; = 0, then x; = —xy. Moreover, from the last equation we conclude that

x;; = —x; holds for each j € {1,...,[;}, meaning that for /; > 1, it holds
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xo+x;+ (=l)x; =0, ie. g = ([; —1)z;. So, for each i € {1,...,n}, it holds
xo = (l; — 1)x;, which means that the weight of a BDF function f is given by

n n l; n n
wp =+ sz + ZZ:U” = T +in —i—Z(—li)xi
i=1 i=1 i=1

i=1 j=1

= To + Z(l —l))x; = 9 — nxg = x0(1 — n).
i=1

The condition w; > 0 is equivalent to the condition zy # 0. This, in
turn, forces that for each i € {1,...,n}, it holds {; € {0,2}. Indeed, if
l; = 1, then we directly obtain xqg = 0. On the other hand, if I; > 3, then
|zo| = (I — 1)|z;| > 2|x;|, which again leads to xy = 0, since all labels are
coming from the set {—1,0,1}. Furthermore, if [; = 0, then z; = —x, and,
if [; = 2, then x; = x(. In this setting, f is a valid BDF function if and only
if zo 4+ > 7, x; = 0 holds (the balanced condition for the root of T"). Since
Sor i = (n—1)(—zo) + lzg = (21 — n)xo, the condition zo + > x; =0
is equivalent to equation (14 21 — n)zg = 0, which is satisfied if and only if

==t 0

Remark 1. In the preceding proof, we depart from the previously employed
technique of analyzing sums across three layers of labels (the root and the two
subsequent layers), even though this approach naturally suggests itself due to
the evident three-layer structure of the tree under consideration. The chal-
lenge arises from the fact that the existence of a nontrivial triple (s1, S2, S3)
of layer-sum labels satisfying the corresponding system of equations does not
guarantee for a direct derivation of the “internal” condition stated in the the-
orem.

The tree T is a binary tree if every vertex has at most two children. A

binary tree is a full binary tree, if each of its vertices has exactly 0 or 2
children.

Theorem 5. (i) If f is a BDF on the full binary tree T with root vertez r,
then f(r) = 0.
(ii) Every full binary tree is d-balanced.

Proof. (i) Let f be an arbitrary BDF on the full binary tree T" with root
vertex r. Denote by L the sum of all labels assigned to the leaves of T" and
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by I the sum of all labels assigned to the internal vertices (vertices with two
children), excluding the root r. Since f is a BDF on the tree T, for each
vertex v € V/(T), it holds that ¢y, f(u) = 0. Observe that the label of
each leaf appears in exactly two of these equations, the label of each internal
vertex different from r appears in exactly four of these equations and f(r)
appears in exactly three of these equations. Therefore, after summing up all
of these equations, we get 3f(r) +2L + 41 =0, so 3f(r) = —2L — 41. Since
the right hand-side of this equation is even integer and f(r) € {—1,0,1}, we
conclude that f(r) = 0.

(i7) We use part (i) together with a recursive argument. Let 7" be an
arbitrary full binary tree and f an arbitrary BDF function on this tree.
Employing the part (i), one concludes that for root r of tree T', it holds
f(r) = 0. The key observation is that, by removing the root r from the
tree T', we obtain two full binary subtrees T} and T5, such that restrictions
Jir, and fi;, are BDFs on these subtrees. This enables us to replicate the
result from part (7) to conclude that the vertices that are children of r must
have a label zero. This “zero-labeling” continues recursively until all internal
vertices of T' are exhausted and only the leaves of T" remain. Clearly, these
leaves trivially have a label zero. Hence, f = 0. Thus, the zero function is
the only BDF on the tree T', so this tree must be d-balanced. O]

Unfortunately, it turns out that the characterization of d-balanced tree
graphs in the general case is a considerably more challenging task. In contrast
to the general case, some results can be established for a special subclass of
trees consisting of caterpillar graphs. A caterpillar graph is a tree in which all
vertices are within distance at most one from a central path (called the spine
of the caterpillar). Equivalently, a caterpillar is a tree that becomes a simple
path when all its leaves are removed. Every caterpillar graph is completely
determined by the number of its vertices in the spine and by the number of
leaves attached to each of these vertices. The example of caterpillar graph is
shown in Fig. 4.

Let C, be a caterpillar graph with n vertices aq, ..., a, in its spine, such
that vertex a; has [; > 0 leaves. For [; > 1 denote these leaves by a; 1, ..., a;y,.
For a given BDF function f on a caterpillar graph C,,, let x; := f(a;), x;; ==
flaij),i € {1,...,n},j € {1,...,1;}. Obviously, z;; = —x;, for every j €
{1,...,1;}, and, in particular, if z; = 0, then z;; = 0 for all j € {1,...,[;}.
As a consequence, for every z; = 0, we can replace [; with an arbitrary non
negative integer without violating the balanced condition in the definition of
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Figure 4: Caterpillar graph with a spine of five vertices and 2, 3, 0, 2, and 4 leaves attached,
respectively

function f. Specifically, if we replace all of these [;’s with the value 1, we
obtain the following definition.

Definition 3. Function f: V(C,) — {—1,0,1} is called modified balanced
domination function (MBDF) on the caterpillar graph C, iff f is a BDF
on the caterpillar graph C,, such that f(a;) € {—1,1} holds for every spine
vertex a; € C,, with l; # 1.

Now we can determine the number of leaves of a caterpillar graph C,, that
admits a non-zero MBDF. Let L(C,,) be the total number of leaves of the
caterpillar graph C),.

Theorem 6. If f is a non-zero MBDF on the caterpillar graph C,,n > 2,
then L(C,) = (3n —2) (mod 4).

Proof. Let f be an arbitrary non-zero MDBF on the caterpillar graph C,,, n >
2 and z; = f(a;),7 € {1,...,n}, represent the labels of spine vertices. Since
f is a non-zero MDBF, we have 2 # 0, x,, # 0, and no two consecutive labels
x; and x; 11 can both be equal to zero.

Firstly, we derive explicit formulas that express [; in the terms of x; and
its neighboring labels. It holds

ll =1 + T1T2,
ln =1+ Tp—1Tn,
li =1+ T;i_1%; + TiTit1, for all 7 € {2, oo — 1}

Indeed, the balanced condition for the vertex a; yields the equation z; +
2?:1 z;j + 2 = 0, which is equivalent to the equation (1 — l;)z1 + 22 =
0. Since x; € {—1,1}, it holds xil = x1, and after dividing the previous

equation with z; # 0, we obtain 1 —I1; +z12x9 = 0, which immediately implies
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ly = 1+ z125. Similarly, one obtains I, = 1 + z,,_1x,. For an arbitrary

ie€{2,...,n—1}, if z; = 0, then ; = 1, so l; = 1 + x;_12; + 2@

holds trivially. If z; # 0, the balanced condition for the vertex a; yields the

equation x;_1 + Z;’;l x;; + xi41 = 0, which is equivalent to the equation

xi1+ (1 —=1)x; + ;41 = 0. and, since z; € {—1,1}, it holds zi = x;, and

after dividing it with x; # 0, we again obtain the required formula for l;.
Summing over all spine vertices, we obtain

—_

L(Cy) = Z li=1+mze) + ) (1+ziaxi + 2iwipa) + (1 + Tno120)
i=1

7

U
N

n—1
=n+2 E LiTig1-
=1

Let S := Z;:ll x;x;i41. We classify the consecutive pairs of labels (z;, ;1 1)
into three types:

e Type I: both labels are non-zero and have the same sign, i.e., (1,1) or
(—1,—1). Suppose there is p such pairs.

e Type II: both labels are non-zero and have opposite signs, i.e., (1, —1)
or (—1,1). Suppose there is ¢ such pairs.

e Type III: pairs that include at least one zero. Suppose there is r such
pairs.

Obviously, it holds p 4+ g+ r = n — 1. Additionally, since no two consecutive
labels z; and x;,; can both be equal to zero, » must be an even natural
number. Consequently, S =p—q = (p+4q) —2¢g =n — 1 —1r — 2q, which
implies S — (n — 1) = 0 (mod 2). Therefore, L(C,) = n+ 2((n — 1) + 2m),
for some natural number m, which simplifies to L(C,,) = 3n — 2 + 4m. This
concludes the proof. O

Remark 2. The equation M(C,) - ' = 07 is equivalent to the system of
equations given by

(11—, 1 0 0 ... 0 o ] [ax ] [o]
1 1-1, 1 0 0 0 T 0
0 0 0 0 ... 1—1,, 1 T4 0

| 0 0 0 0 ... 1 1=l | @ | |0]
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In the literature is known the explicit and recursive formulas for calculating
the determinant of the tridiagonal matriz on the left-hand side of this equa-
tion [30]. However, these formulas are too complicated to be used as a tool in
deriving a closed-form condition for d-balancedness of the caterpillar graph

Ch.

4. Balanced Domination Number on Grid Graphs

For natural numbers m and n, the grid graph Grid,,y, consists of m-n
vertices, each represented by a point v;; in an m xn rectangular lattice. Edges
are formed between vertices that are adjacent, either horizontally within the
same row or vertically within the same column. Formally, graph Grid,, «,
can be represented as the Cartesian product P,,[1P, of two path graphs P,
and P, with m and n vertices, respectively.

The layer-sum technique employed in the previous proofs cannot be effi-
ciently adapted to verify the d-balancedness of an arbitrary grid graph. The
most natural choice of layers would involve selecting either the m rows or
the n columns of the given grid graph. However, since rows and columns of
a grid graph do not have a cyclic structure, the corresponding local balanced
conditions for the boundary and inner vertices take distinct forms. This
makes the layer-sum approach more difficult to implement in the case of grid
graphs.

For a given balanced domination function f on the grid graph Grid,,«y,
let a;; denote the label of the vertex v, ;, that is, a;; := f(v; ;). Evidently,
the knowledge of all labels in any of the four boundary lines—the first or the
m—th row, or the first or n—th column—uniquely determines the function
I

We proceed now with showing that every grid graph is d—balanced. To
start with, a few preliminary results will be established. For k € {1,...,m},
the set of labels Dy, := {ax1,ar-12,...,a1} will be referred to as the k—th
anti-diagonal of the given labeling.

Lemma 1. For 3 < m < n, let f be a BDF on the grid graph Grid,,x,. If
for any vertex v € {v1 1,010, Vm.1, Umn} holds f (Nv]) = {0}, then f = 0.

Proof. Any grid graph is invariant with respect to up-down and left-to-right
reflections, so it suffices to consider only the case v = v; ;. Assume that all
labels on the anti-diagonals D; and D, are equal to zero. We shall prove that
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each Dy anti-diagonal, for k € {3,...,m}, also consists only of zero labels.
We proceed by using induction on k.

First, consider the case k = 3. Suppose az» = 1. The corresponding
portion of the graph labeling is then configured as follows:

Since the function f is balanced at the vertices vy 3 and vs; (labeled with
the boxed -1’s), we conclude azo > 0 and ag3 > 0. However, this leads to a
contradiction, as it implies v, f(#) = 1, meaning f is not balanced at
vg2. The case azo = —1 is ruled out by a similar argument. Thus, az2 = 0,
and consequently, as; = a;3 = 0.

Next, for a given k € {4,...,m}, suppose that every label above the k—th
anti-diagonal Dy, is equal to zero. Furthermore, suppose that there is a non-
zero label positioned "inside" this anti-diagonal. More precisely, assume that
there is an index i € {2,...,k—1} such that a;_;+1, € {—1,1}. Consider the
case ar—it+1,, = 1. The corresponding portion of the graph labeling is then
configured as follows:

oo [

0 1 Ak—i+1,i+1

Al—i+2,i

Since the function f is balanced at the vertices vg_; ;41 and vg_; 42,1 (labeled
with boxed -1’s), we conclude ay_;12,; > 0 and aj_;4+1,+1 = 0. However, this
leads to a contradiction, as it implies ) Niok_is1a] f (u) > 1, meaning that
f is not balanced at the vertex vjy_;;+1,. The case ay_;4+1; = —1 is ruled out
by a similar argument. Thus, for all i € {2,...,k — 1}, it holds aj—;11, = 0,
and consequently, a; 1 = a1 = 0.
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In this way, we have proved that there are no non-zero labels above or on
the m—th anti-diagonal D,,. In particular, this means the entire first column
of the grid graph is zero-labeled. Consequently, it follows f = 0. n

One can easily verify that the blocks

provide labelings for only two different non-zero BDF on the grid graph
Gridy«y,, where n =2 (mod 3). Straightforwardly, the blocks

1 0 -1 0 1 0 -1
By = | | | |
-1 | 0 1 | 0 =1 | 0 1 |

~1 0 1 0 -1 0 1
By - | | | |
1 | 0 -1 ] 0 1 | 0 -1 |

provide labelings for only two different non-zero BDF on the grid graph
Gridyyy, where n =1 (mod 2). Also, we introduce the following patterns:

0 1 -1 0 0 -1 1 0
P 1 0 1 _p._ 0 -1
1 0 -1 -1 0 1
0 -1 1 0 0 1 -1 0
1 -1 1 -1 -1 1 —1 1
p— 0 -1 1 0 _p._ 11 0
0 1 -1 -1 1 0
-1 —1 -1 —1
1 0 0 -1 -1 0 0 1
1 1 -1 -1 -1 -1 1 1
-1 0 0 1 1 0 0 -1
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Let 0 denotes a zero column of format 4 x 1. If we start at the top-left corner
label of the anti-diagonal D; and, in a cascading manner, traverse through
the anti-diagonals Dy, k € {2, 3,4}, excluding any labeling that would violate
the balanced condition during this process, it is easy to verify that the blocks

By, =P |0|P|O|P]|..|0]|P, te{l,23},
B, =-F 0| —B|0| —P|...|0] =P, te{1,2,3},

enumerate all valid labelings of non-zero BDFs on the grid graph Gridx,,
where n = 4 (mod 5). In the next theorem, we show that an arbitrary
nonzero labeling of the grid graph Grid,,«, can be constructed of using
Bixn, —Bixn, Basn, —Baxn, and BY), —B\") 't € {1,2,3} as the building
blocks.

Theorem 7. Let f be a non-zero BDF on the grid graph Grid,,.,, with
m < n. Then, the labeling induced by f is described by at least one of the
following schemes:

e Type 1. For m = 1( mod 2) and n = 2( mod 3), copies of blocks
By, and — By, are alternated, with a "reset” zero row 0 of format
m x 1 inserted between each of them. Given that m is odd, the zero-row
cannot appear as the last row in this arrangement:

Type 1.1 Type 1.2

len _len

0 0
len Ban

0 0
Bl><n Bl><n

0 0

(_1)7”2— len (_1)7”;‘ B1><n

e Type 2. For m =2( mod 3) and n = 1( mod 2), copies of block Bayy,
(respectively block —Bay,) are merged, with a "reset” zero row 0 of
format m x 1 inserted between each of them. Given that 3 + m, the
zero-row cannot appear as the last row in this arrangement:
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Type 2.1 | Type 2.2
BQXn _B2><n
0 0
B2><n B2><n
0 0
B2><n _BQXn
0 0
B2><n _BQXn

o Type 3. For m = 4( mod 5) and n = 4( mod 5), copies of block
Bﬁn,i € {1,2,3}, (respectively block —fo)n,i € {1,2,3}) introduced
in the proof of the Lemma 1 are merged, with a "reset” zero row 0 of
format m x 1 inserted between each of them. Given that 5t m, the

zero-row cannot appear as the last row in this arrangement:

Type 3.1| Type 3.2
B, | —Bi.
0 0
t t
0 0 t e {1, 2, 3}
0 0

Proof. In the proof of the previous lemma, we showed that a zero BDF on
the grid graph is fully determined by zero labels along its anti-diagonals D,
and D,. This was established inductively, via a zigzag traversal of the graph
along its anti-diagonals, starting from Dj; and concluding with D,,. The
same anti-diagonal argument will be applied here to prove that any non-zero
BDF on the grid graph Grid,,«, is uniquely determined by its labels on

anti-diagonals Dy, Dy and Ds.

Set a;; := f(v;;). Clearly, the labels on the anti-diagonals Dy and D,
satisfy the condition as; + a1 2 = —ay,1. Employing the local balance condi-
tion, for k € {3,...,m} we obtain the following relations for the labels along
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the anti-diagonal Dy:

ag1 + ak—1,2 = —(ag—1,1 + ax—21),
a1k + az k-1 = —(a1,k—1 + a1,6-2), (BCy)
Ak—iit1 + Qh—io1,it2 = —(@k—i—1,i+1 + Qh—iz1,i + Gh—i—211), k = 4,0 € {1,..., k- 3}.

Fork € {2,...,m}and [ € {0,..., ng —1}, define s;(k) := ap—1 41+ @141 51
Clearly, so(2) = ag1 + a12 = —ay1. We shall prove that every term s;(k),

with k € {3,...,8},1€{0,..., LSJ — 1}, can be expressed inductively using

the values sy (k'), for some k' € {2,...,k — 1} and ' € {0,..., L%’J — 1}
Indeed, by summing up the appropriate equations from (BC}), we obtain
the following recurrence relations:

D3 :50(3) = —2a2,2 — 2a1,1 — s0(2),
Dy :51(4) = —a22 — 50(2), 50(4) -+ 251(4) = —a22 — 80(3) — 250(2),
Ds :51(5) = —2a3,3 — 2a2,2 — s1(4) — s0(3),
50(5) + 2s51(5) = —2a3,3 — 2a2,2 — so(4) — s1(4) — 2s0(3),
Deg :52(6) = —asz,3 — 81(4),51(6) + 282(6) = —a3,3 — s1(5) — 80(4) — 2s51(4),
50(6) + 251(6) + 252(6) = —a3,3 — s0(5) — s1(5) — 2s0(4) — 2s1(4),
D7 :52(7) = —2a4,4 — 2a3,3 — s2(6) — s1(5),
51(7) + 2s2(7) = —2a4,4 — 2a3,3 — 51(6) — s2(6) — so(5) — 2s1(5),
80(7) + 251(7) -+ 282(7) = 72a4’4 — 20,3,3 — 80(6) — 81(6) — 82(6) — 280(5) — 281(5),
Dg :53(8) = —a4,4 — $2(6),52(8) + 252(8) = —aa,a — s2(7) — s1(6) — 2s2(6),
51(8) + 252(8) + 253(8) = —a4,4a — s1(7) — s2(7) — s0(6) — 251(6) — 252(6),
50(8) + 251(8) + 252(8) +253(8) = —as,4 — s0(7) — s1(7) — s2(7) — 250(6) — 251(6) — 252(6).

Using the initial condition so(2) = ag; + a12 = —ay 1, the explicit forms of
the above sums are:

as1 + a2 =50(2) = —ai1, az1+a13=50(3) =—a1,1 —2a22,

as1 +a1a = 50(4) = a1 +3a22, az2+asz =s1(4) =ai1 —azp,

as1 +a15 = s0(5) = —2ag2 + 2a3 3, a4+ aza = $1(5) = as2 — 2as.3,

ag,1 +a1,6 = 50(6) = 3az2 —baz 3z, as2+azs = 51(6) = —ai,1 —4az 2 + 3as 3,
as3+aza =52(6) = —ai1 +az2 —azs,ar1 + a7 = s0(7) = —ag2 — 2a4.4, (SC)
ag2 +aze = 51(7) = 3a22 +2a4.4 as53+ azs = 52(7) =a11 — az2 — 2a4.4,

ag1 +a1,s = 50(8) = —ai,1 +5ag 2 + Tas s, ar2+ azy7 = 51(8) = a1 — 2a22 — Sag,
a3+ ase = 52(8) = 2a22 + 3a4,4, as4 + ass = 53(8) = a1 + azz.

Since all labels a; ; come from the set {—1,0, 1}, the condition ag; + a1,6 =
3(12’2 - 5@3,3 1mphes az3 = a2, while the condition as 1 + arg = So<8) =
—a11 + Sago + Tas s implies ay 4 = —ago. Additionally, the condition a4, +
a4 = So(4) = a11 + 3az 2 imposes the restrictions a; 1 +as2 € {—1,0,1} and
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a;n =0 = ags = 0. Hence, all sums in (SC) can be expressed solely in
terms of labels a;; and ag .

The local balance conditions together with the set of conditions (SC') im-
pose quite restrictive constraints on the existence of non-zero BDF labelings
on the Dy — Dg anti-diagonals of the given grid graph. Firstly, if we fix a4 j,
as 2, and one of the labels as; or a; 3, there are exactly five configurations for
the first three anti-diagonals Dy, Do, and D3 (up to the reflection symmetry
fe= =)

1 —-10 1 0-1 1 00 1-11 01-1

Cit g0 »CGr 10 G —1-1,0: 9g-1 .G _10

-1 0 1 0 1

Furthermore, the imposed conditions uniquely determine all labels popu-
lating the anti-diagonals D,—Dg. The key observation that, concluding with
the Dg anti-diagonal for configuration C4, the D; anti-diagonal for configu-
ration Cy, and the Dg anti-diagonal for configurations C5, Cy, and Cf5, the
defining pattern starts to repeat, effectively resetting the labeling to that of
the Dy, Dy and D3 anti-diagonals. This periodic appearance then contin-
ues, thereby ensuring the uniqueness of the configuration across the entire
grid graph Grid,,x,. We shall verify this fact in detail for the configura-
tions C5, whereas a similar consideration may be applied to the remaining
configurations.

For configuration C5, we set a11 = as2 = 0, as1 = a13 = —1 and
Q12 = A31 = 1. Then Q41 + a4 = 0= as,2 + a2 3 and asgsz = 0. Taklng

0 1 -1 [-1]

ass = 1 leads to the configuration —1 0 1 0 , which is not admissi-

1 -1 0
1
ble, since vertex vy 4 (labeled with the boxed —1) violates the local balance
condition. On the other hand, taking as3 = —1 leads to the configura-
0 1 -1 1
tion —1 0 0 , which is also not admissible, since vertex v, 3 (labeled
1 1 0
-1
with the boxed —1) violates the local balance condition. So, as3 = 0 re-
mains the only possibility, which implies a32 = as; = a14 = 0. Next,
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all label on the anti-diagonal Dj are forced, leading to the configuration
0 1 -100

-1 0 0 1
1 0 0 . The labels on the anti-diagonal Dy satisfy as1 + a16 =
-1
0
aso + ags = asz +asa = 0. Moreover, we have as4 = 0. One of the labels
as2 and az4 must be equal to —1. Taking ass = —1 gives the configura-

0 1 -10 0 [1]

-1 0 0 1 -1 1

tion. 1 0 0 0 —1 , which is not admissible, as vertex vy (labeled
0 -1 0 O
0 1
—1
with the boxed 1) violates the local balance condition. Hence, as5 = 0, and
consequently a1 = as1 = as2 = 0, as3 = 1 and az4 = —1. Using the

"central" label a4 4, we iteratively determine each label on the anti-diagonal
0O 1 -1 0 0 0 1

-10 0 1 0 -1
‘ _ 1 0 0 —-10
Dy, leading to the configuration  _; | . The labels on the
0 0 O
0 1

-1
anti-diagonal Dg satisfy ag1 +a18 = aro+as7 = ag3+ase = asa+ass = 0.
One of the labels a; g and a7 must be equal to —1. Taking a; g = 0 leads
0 1 -1 0 0 O 1 0

-1 0 0 1 0 —-1/[-1]

to the configuration 0 01 (1) Bl 0 , which is not admissible,
0 0 O
0 1
-1
since vertex vy 7 (labeled with the boxed —1) violates the local balance con-
dition. Hence, a3 = —1, implying as; = 1, and iteratively forcing further
Q72 = Q54 = Qg5 = Q27 = 0, Qg3 = —1 and ase = 1. Therefore, the Ol’lly

possible outcome that can be acquired using the "triangle" labels from Cj is
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O 1 -1 0 0 0 1 —1
-1 0 0 1 0 -10
1 0 0 -10 1
-1 1 00 . In this scheme, the upper 4 x 4 submatrix pre-
0 0 0 O
0 1 -1
-1 0

cisely correspond to the pattern P;. Adjacent to this pattern, there appear
a zero column on its right and a zero row below it. Beyond these, the label-
ing resumes the same triangular arrangement as in configuration C5, forming
two symmetric “triangles” — one extending to the right of the zero column
and the other below the zero row. This ensures that pattern P; periodically
repeats in both the rows and columns. Since labeling in the last row and
column cannot terminate with zero row and zero column, we conclude that
m =4 (mod 5) and n =4 (mod 5). This proves that configuration C; yields
non-zero BDF labeling of type 3.

Using this approach for remaining configurations, we conclude that con-
figuration C yields a non-zero BDF labeling of type 1 with m =1 (mod 2)
and n = 2 (mod 3), configuration C; yields a non-zero BDF labeling of type
2 with m = 2 (mod 3) and n = 1 (mod 2) and configurations C5 and Cy
yields a non-zero BDF labelings of type 3 with m = 4 (mod 5) and n = 4
(mod 5). O

Example 1. There is no non-zero BDF on the Grid graph Gridgy,, because
6 #Z 1(mod 2), 6 # 2(mod 3) and 6 # 4(mod 5). On the other hand, either

of the following two arrangements

B2><17 Bl><17
0 0
BQ><17 _Bl><17
0
B1><17

with zero row O of format 1 x 17, determines a non-zero BDF on a grid graph

Grid5x17.
Corrolary 1. Fvery grid graph Grid,,x,, with 3 < m < n, is d—balanced.

Proof. Let f be an arbitrary non-zero BDF on the grid graph Grid,,«,, with
3 < m < n. According to Theorem 7, the labeling induced by f is determined
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by at least one of the three given schemes. Each scheme utilizes By, Baxn,
—Biyn, —Baxn, BY) =B\ i€ {1,2,3}, as building blocks, arranged such
that any two consecutive blocks are separated by a zero-row. This structure
ensures that each block is isolated from the rest of the graph labeling. Since
each of these blocks is d— balanced, the sum of weights within each block
equals 0, implying that w; = 0. This holds for an arbitrary BDF on the given
grid graph, leading to the conclusion pq(Gridp,x,) = 0. O

5. Conclusions and Future Work

This work investigated the balanced domination number (BDN), address-
ing two open questions originally posed in [1] which originally introduced the
concept of this number. In particular, we proved that three classes of graphs
corresponding to convex polytopes, namely A,,, D,, and R/ are d-balanced,
meaning their BDN equals zero. The proving technique relies on a layer label-
sum technique, which proved sufficient for demonstrating the d-balancedness
of the aforementioned graph classes. Furthermore, we established that grid
graphs are d-balanced, thereby resolving the first open question. Concerning
the second open question—we derived necessary conditions for the existence
of a non-zero modified d-balanced domination function on caterpillar graphs,
as a special subclass of trees. In addition, we provided a characterization
under which rooted trees with two levels of descendants and at least two
children of the root are d-balanced. As a notable consequence, we proved
that every full binary tree is d-balanced.

Future research should aim to identify additional classes of graphs for
which the layer label-sum technique offers a sufficient approach to establish-
ing d-balancedness. This technique appears to be particularly effective for
graphs with symmetrical edge structures, though a formal analysis of this
observation remains undertaken.

Moreover, d-balanced conditions for trees and caterpillar graphs merit
further investigation in a more general framework. Based on the results
presented in Theorems 4 and 6, the following open questions arise:

1. Layer-based verification: Let G be a graph that can be partitioned into
layers such that each layer exhibits symmetrical edge structures. Does
the layer label-sum technique described in this paper suffice to deter-
mine whether GG is d-balanced? In other words, can the d-balancedness
of G always be established solely through layer-sum considerations,
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without reference to other intrinsic graph properties not captured by
this approach?

2. Binary trees: What necessary and sufficient conditions must be satis-
fied for a binary tree to be d-balanced?

3. Caterpillar substructure analysis: Let f be a non-zero modified bal-
anced domination function on a caterpillar graph C),. The labeling
induced by f partitions C,, into subgraph blocks C,,,,...,C,,, with
n =mny+...+ng, where each restriction fic, is a proper modified bal-
anced domination function on C,,,. Is it possible to describe all distinct
ways in which such a partition of (), can be made “unbalanced”, in the
sense that the arrangement of the blocks C,,,, ..., C,, yields a non-zero
value of w;? If so, what kind of combinatorial argument should be
imposed to further constrain the condition L(C,) = (3n—2) (mod 4)?
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