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Abstract: We compute four-denominator angular phase-space integrals using the Mellin–

Barnes (MB) technique in dimensional regularisation. Independent of the scattering pro-

cess, an angular integral can be categorised based on the nature of the momenta appearing

in the denominators. We address all scenarios involving fully massless and massive mo-

menta. We present a partial fraction decomposition that relates angular integrals with

multiple massive momenta to those with a single massive momentum. By solving six- and

seven-fold MB integrals, we express the final results up to the finite order in the dimensional

regulator in terms of Goncharov polylogarithms.
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1 Introduction

The analytic computation of scattering cross sections at high perturbative orders in quan-

tum field theory is a cornerstone of modern collider phenomenology. With the increasing

precision of experimental data from facilities such as the Large Hadron Collider (LHC)

and future colliders, such as the Electron-Ion Collider (EIC), there is a strong demand

for equally precise theoretical predictions. Such predictions require the evaluation of both

virtual and real-emission contributions at next-to-leading order (NLO), next-to-next-to-

leading order (NNLO), and beyond. While the last two decades have witnessed tremen-

dous advances in the analytic and numerical evaluation of multi-loop Feynman integrals for

virtual amplitudes, the treatment of real-emission phase-space (PS) integrals—particularly

their angular components—has progressed more slowly despite their equal physical impor-

tance.

Phase-space integrals in dimensional regularization factorize into radial and angular

parts in a suitably chosen reference frame [1, 2]. While the radial part depends on a specific

scattering process, the angular part is universal. This indicates that one can express the

latter in a generic form. As it turns out, this can be recast into a form having an n

propagator-like denominators [1]:

Ωj1,...,jn({p
µ
i }, d) ≡

∫
dΩd−1(q)

1

(p1 · q)j1 . . . (pn · q)jn
, (1.1)
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where dΩd−1(q) is the rotationally invariant measure for a massless vector qµ in d =

4 − 2ϵ dimensions, {pµi } are fixed reference momenta, and the integers {ji} depend on

the process and perturbative order. The vectors {pµi } are normalised to dimensionless.

Given a scattering process, one has to identify or define {pµi } in terms of the momenta

and other parameters present in the system. Angular integrals are categorised according

to the number of propagator denominators and the nature of the reference momenta pµi ,

whether massless or massive. An increase in either of these features quickly increases the

complexity, much like in loop Feynman integrals. Despite being a universal part, when

combining the angular integral with the radial component, extra care must be taken due

to the possible presence of soft divergences [3, 4].

Such integrals [1, 3, 5–12] arise ubiquitously in higher-order QCD corrections. Depend-

ing on the number of real emission particles, which is governed by the perturbative order

under consideration, the number of required denominators changes in (1.1). To begin with,

although there might be a larger number of propagators, utilising partial fractions, we can

often reduce it. For example, in NNLO double-real emission in semi-inclusive deep inelastic

scattering (SIDIS), the most complicated case needed involves two denominators [4, 13, 14].

The analytic structure of (1.1) is well understood for a few simple cases:

• n = 1: For a massless p1, the integral reduces to the total angular volume. For

massive p1, the result is given by a Gauss hypergeometric function 2F1 [1, 6].

• n = 2: With both p1 and p2 massless, the result again involves 2F1 [1, 6]. When one

or both are massive, Appell F1 or Lauricella functions appear [1, 6–9]. In ref. [4, 8],

their solutions in powers of ϵ is discussed. In the latter, it is discussed in the context

of NNLO SIDIS QCD computation.

• n = 3: The angular integral for n ≥ 3 has an exact representation to all orders

in ϵ in terms of the multivariable H-function. While formally compact, this form

is notoriously difficult to expand in ϵ for general kinematics. For the specific case

n = 3, refs. [3] and [11] compute the expansion up to O(ϵ2) and O(ϵ), respectively.

In the former, we presented the result in terms of Goncharov polylogarithms (GPLs),

unlike the latter, where the results are expressed in terms of Clausen functions. More

recently, ref. [12] discusses the structure of the all-orders ϵ dependence. In ref. [10],

the authors investigate multi-denominator integrals in the small-mass limit.

In this work, we employ a Mellin–Barnes (MB) representation to tackle n = 4 integrals,

enabling their expansion as a Laurent series in the dimensional regulator ϵ for both mass-

less and massive cases. The massless and single-massive cases are computed explicitly

by evaluating the multi-fold MB integrals, whereas the other massive configurations are

solved using a partial fraction decomposition. The latter was introduced in ref. [8] for

the two-propagator case and extended to the three-propagator case in refs. [3, 11]. In

this article, we extend this method to the four-denominator case and present its explicit

forms. In particular, we provide the result for n = 4 using an MB-based method recently

demonstrated in refs. [3, 4], with the expression given in terms of GPLs up to O(ϵ0). While
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this manuscript was in preparation, the same case was addressed in ref. [12]1 using the

method of differential equations combined with dimensional shift relations. Unlike ours,

the results are not given in terms of GPLs, but rather in terms of Clausen functions.2 The

single-massive four-denominator angular integral is computed up to O(ϵ0) in ref. [17] as a

demonstration of a novel approach based on tropical geometry.

This article is also significant in another regard: it presents the solution of six- and

seven-fold MB integrals in terms of GPLs. To the best of our knowledge, this is the first

time such high-fold MB integrals have been expressed in terms of analytic functions, such as

GPLs, in the literature. This method is particularly powerful because it is both algorithmic

and scalable. This achievement has a broad range of applications, extending well beyond

the context of angular integrals.

Although the method naturally yields results in GPL form, GPLs do not necessarily

span the complete functional space for every problem; the relevant space depends on the

perturbative order and mass scales involved. When additional structures arise, the results

can instead be cast in terms of iterative integrals, which exhibit many of the desirable

properties and remain an efficient and versatile representation – a situation familiar from

the study of loop Feynman integrals.

The article is organised as follows: in section 2, the MB representation of angular

integrals and its expansion in Laurent series in ϵ is discussed. The resulting integrals

can be converted into a set of multi-dimensional integrals over real parameters. This is

discussed in section 3. We solve these integrals in terms of GPLs. We schematically present

the prescription in section 4. In section 5 and 6, we present the massless and massive cases.

The partial fraction decomposition to express the double and higher mass angular integrals

in terms of single massive ones is discussed in subsection 6.2. The recursion relations that

relate integrals with a higher number of propagators to the lower ones are discussed in

section 7. We conclude in section 8 and present our findings in Mathematica readable

ancillary files.

2 Mellin-Barnes representation of angular integrals

The angular integral in Eq. (1.1) can be cast into the Mellin–Barnes (MB) form

Ωj1,...,jn ({vkl} , ϵ) =
22−j−2ϵπ1−ϵ∏n

k=1 Γ (jk) Γ(2− j − 2ϵ)

∫ +i∞

−i∞

[ n∏
k=1

n∏
l=k

dzkl
2πi

Γ (−zkl) (vkl)
zkl

]
1Ref. [12] appeared online during the preparation of the present draft.
2While refs. [11, 12] offer a compact representation of the three and four-denominator angular integrals

in terms of the Clausen function; such a form is far less practical for combining with the parametric part

to obtain the full phase-space integrals as fully analytic functions or as iterated integrals, where such a

representation is attainable. By contrast, expressing the result in terms of GPLs is both natural and

advantageous: it exploits their iterative structure, enabling the final result to be written in a fully analytic

form, and it benefits from the availability of robust, well-tested numerical libraries [15, 16]. The inevitable

trade-off is that a GPL representation is unavoidably more extended in length–a consequence of analytic

completeness rather than inefficiency. The numerical evaluation of the four-denominator case, including all

massive denominators, completes almost instantaneously.
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×
[ n∏
k=1

Γ (jk + zk)

]
Γ(1− j − ϵ− z) , (2.1)

where the scalar products among the vectors pµi are encoded in

vkl ≡

{
pk·pl
2 for k ̸= l

p2k
4 for k = l

, (2.2)

and the MB variables satisfy

z =

n∑
k=1

n∑
l=k

zkl, zk =

k∑
l=1

zlk +

n∑
l=k

zkl. (2.3)

Thus, z denotes the total sum over all MB variables, while zk collects all zkl involving index

k, with zkk counted twice:

zk = z1k + · · ·+ zk−1,k + 2zkk + zk,k+1 + · · ·+ zkn.

We also define j =
∑n

k=1 jk.

Eq. (2.1) holds for ℜ(jk) > 0; other values can be reached via analytic continuation.

We further assume vkl ̸= 0. If vkl = 0 for some (k, l)—as in the case of a massless leg with

vii = 0—the corresponding zkl integration is omitted and zkl is set to zero in the remainder

of the expression. The parameters lie in the range vkl ∈ (0, 1) and they are also defined as

dimensionless quantities as the vectors pµi are.

In general, multifold MB integrals of the type (2.1) are not solvable in closed analytic

form. Our interest is in expanding them in their Laurent expansion around ϵ = 0, rather

than evaluating them exactly. We proceed as follows:

1. Expansion around ϵ = 0

The integrand of Eq. (2.1) is formally expanded in a series in ϵ. Each coefficient of

the expansion still contains MB integrals, but typically with reduced complexity.

2. Analytic continuation

As ϵ → 0, poles from different Gamma functions may move and cross the original

contours. In such cases, a direct expansion is ill-defined. Rather, an analytic contin-

uation becomes necessary. This occurs in cases where the real parts of some gamma

function arguments in the integrand take non-positive values. The integration con-

tours in Eq. (2.1) are taken to be parallel to the imaginary axis, chosen so that all

poles of Gamma functions of the type Γ(a + z) lie to the left, and all poles of the

type Γ(a− z) lie to the right. To handle contour crossings, we employ either:

• Contour deformation [18]: the contour is shifted in the real direction to restore

pole separation; residues of crossed poles are added to the integral.

• Fixed-contour method [19, 20]: the contour is kept fixed while tracking pole

motion with ϵ; each time a pole crosses a contour, the corresponding residue is

added.
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3. Iterative residue extraction

Residue terms may themselves involve MB integrals over the remaining variables.

If additional contour crossings occur in these integrals as ϵ varies, the procedure is

iterated until all resulting MB integrals are free of such singular configurations, at

which point the integrand can be safely expanded. Thus, the original MB integral is

effectively decomposed into several distinct MB integrals.

4. Final recombination

After all expansions are performed, contributions of the same order in ϵ from all MB

pieces (original and residue terms) are combined to obtain the Laurent coefficients of

the original integral.

The primary objective is then to evaluate the MB integrals that appear as coefficients

in the expansion. Section 3 presents our strategy for evaluating the MB integrals and

expressing the results in terms of multiple polylogarithms or, more generally, iterated

integrals. For multifold MB integrals, however, a complete solution via this approach

becomes considerably more involved. In section 5, we demonstrate these difficulties through

the example of the four-denominator case.

3 Conversion of MB integrals to real integrals

In this section, we describe the procedure for analytically evaluating the MB integrals

that arise as coefficients in the Laurent expansion around ϵ = 0. Our approach leverages

the concept of balanced MB integrals, which allows a systematic reduction of the MB

representation to integrals over real variables, facilitating their explicit evaluation.

Consider a one-dimensional MB integral of the form∫ +i∞

−i∞

dzj
2πi

n+∏
k=1

Γ(ak + zj)
αk

n−∏
l=1

Γ(al − zj)
βl , αk, βl ∈ Z, (3.1)

where the integration contour is chosen such that the poles of Γ(ak + zj) lie to the left and

those of Γ(al − zj) lie to the right of the contour. We say this integral is balanced in the

variable zj if the integer exponents satisfy the condition

n+∑
k=1

αk =

n−∑
l=1

βl. (3.2)

For a multidimensional MB integral, the integrand depends on multiple variables z1, z2, . . . ,

and the integral is balanced if this condition holds for each integration variable individually.

The significance of this balancing condition lies in the fact that the product of gamma

functions in the integrand can then be rearranged into a product of Euler beta func-

tions. This rearrangement is possible after performing analytic continuation and expanding

around ϵ = 0 to ensure all gamma functions have positive real parts. Under these condi-

tions, none of the gamma functions depend on the integration variables anymore, allowing
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their combination into beta functions:

B(a, b) =
Γ(a)Γ(b)

Γ(a+ b)
, (3.3)

where the parameters satisfy ℜ(a) > 0, ℜ(b) > 0. The beta function admits integral

representations that can be chosen depending on the problem context:

B(a, b) =



∫ 1

0
dxxa−1(1− x)b−1,

∫ ∞

0
dxxa−1(1 + x)−a−b.

(3.4)

Because the integrals involved are convergent in the relevant domain, the order of inte-

gration can be exchanged, allowing us to bring the MB integrals inside the real integrals

derived from the beta functions.

Following this procedure, the original multidimensional MB integral can be recast into

the form ∫ κ

0

(
K∏
i=1

dxi

)
R0(x,u)

∫ +i∞

−i∞

(
L∏
l=1

dz̃l
2πi

)
[Rl(x,u)]

z̃l , (3.5)

where x = (x1, . . . , xK) are real variables introduced by the beta function representations,

and u = (u1, . . . , uN ) denote the external parameters and kinematic invariants present in

the original MB integral but independent of the integration variables. The functions R0, Rl

are rational expressions built from products and ratios of the variables xi, terms of the form

(1± xi), and parameters uj . The upper limit κ is either 1 or ∞, depending on the choice

of beta function representation.

Employing the identity∫ +i∞+z0

−i∞+z0

dz

2πi
Az = δ(1−A), A > 0, (3.6)

the remaining MB integrals over z̃l can often be evaluated explicitly, transforming the

problem into evaluating a finite set of integrals over real variables x:∫ κ

0

(
K∏
i=1

dxi

)
R0(x,u)

L∏
l=1

δ

[
1−Rl(x,u)

]
. (3.7)

The resulting integrands are typically composed of rational functions and logarithms of

polynomials in the xi. When these integrals can be performed iteratively, the final results

are expressible in terms of multiple polylogarithms (MPLs) or more general iterated inte-

grals. However, for more complicated integrands—especially those arising from multifold

MB integrals—this iterative integration may not be feasible to express in terms of MPLs,

reflecting the underlying complexity of the problem. Even when the final result can be

written in terms of MPLs, in most cases, it requires a significant amount of non-trivial

manipulation. In the next section 4, we demonstrate how the final results can be ex-

pressed in terms of Goncharov polylogarithms (GPLs) or iterated integrals, whenever such

a representation is attainable.
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4 From real integrations to GPLs

After reducing the MB integrals to integrals over real parameters, the resulting integrands

typically consist of rational functions and logarithms of polynomials. This structure nat-

urally suggests that the integrals can be expressed as iterated integrals, which, under

favourable conditions, evaluate to GPLs. However, the path from these real integrations

to explicit GPL representations is often highly nontrivial due to the increasing complexity

of the integrands.

Once GPLs emerge in the intermediate expressions, a key step is to manipulate the

integration variables such that they appear exclusively as the rightmost argument of the

GPLs. This rearrangement is crucial because it enables the remaining integrals to be carried

out systematically, ensuring that the final results are expressible purely in terms of GPLs.

In simpler scenarios, where the GPL arguments are linear in the integration variables,

this step can be efficiently performed using the fibration basis tools implemented in the

PolyLogTools package [21]. The fibration basis method decomposes GPLs according to

their arguments, facilitating variable shifts and integral evaluations in a controlled manner.

However, in many realistic cases, the integration variables enter the GPL weights as

non-linear rational functions, substantially complicating their manipulation. Such non-

linear dependencies obstruct straightforward application of the fibration basis and require

more sophisticated techniques to isolate the integration variable at the rightmost position

in each GPL.

Our strategy to overcome this involves exploiting the integral definition of GPLs to

express a GPL with integration-variable-dependent weights in terms of lower-weight GPLs.

Specifically, for a GPL of weight n with argument-dependent weights, G(⃗an(z); 1), where

a⃗n(z) = {a1(z), a2(z), . . . , an(z)} is an n-tuple of rational functions of the integration vari-

able z [22], we use the integral representation to write

G(⃗an(z); 1) = G(⃗an(z
′); 1)

+

∫ z

z′
dz

∫ 1

0
dt1

∂

∂z

[
1

t1 − a1(z)
G(⃗an−1(z); t1)

]
︸ ︷︷ ︸

I1

.

Here, the boundary point z′ is chosen such that the GPL is regular at z = z′, ensuring

the integrals are well-defined. The integrand term I1 decomposes into a linear combination

of rational functions multiplied by GPLs of weight n − 1. By iterating this procedure,

the original GPL is expressed in terms of GPLs with fewer and simpler weight arguments,

each depending less intricately on the integration variable. We iterate this process until it

reaches a form where we can shift the integration variable to the rightmost argument. For

instance, if a resulting GPL has linear weights, the fibration basis can be used to shift the

variable z to the rightmost argument. Else, we manipulate the argument to isolate z at

the rightmost position inside each GPL, effectively rewriting

G(⃗an(z); 1) → G(⃗bn; z),
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where the new weights b⃗n are independent of z. This form is crucial as it allows the subse-

quent integral over z to be performed straightforwardly. Throughout this restructuring, it

is essential to carefully regulate spurious singularities that appear at intermediate stages

of the transformation to ensure that the final expressions remain finite and physically

meaningful.

To implement this method systematically, we have developed dedicated in-house al-

gorithms that automate the manipulation and reduction of GPLs with complex weight

structures. This automation enables us to handle even highly nontrivial cases and express

the final analytic results entirely in terms of GPLs. We verify the correctness and precision

of our expressions through extensive numerical checks. In the next section 5, we illustrate

how, by following this approach, we successfully solve the case of four-denominator angular

phase-space integrals in terms of GPLs.

5 Four-denominator: massless

The four-denominator massless phase-space angular integral exhibits the following MB

representation:

Ω1,1,1,1({vij}, ϵ) =
1

Γ(−2ϵ− 2)
2−2ϵ−2π1−ϵ

×
∫ +∞

−∞

dz12dz13dz14dz23dz24dz34
(2πi)6

vz1212 vz1313 vz1414 vz2323 vz2424 vz3434 Γ (−z12) Γ (−z13) Γ (−z14)

× Γ (z12 + z13 + z14 + 1)Γ (−z23) Γ (−z24) Γ (z12 + z23 + z24 + 1)Γ (−z34)

× Γ (z13 + z23 + z34 + 1)Γ (z14 + z24 + z34 + 1)

× Γ (−ϵ− z12 − z13 − z14 − z23 − z24 − z34 − 3) . (5.1)

For ease of presentation, we adopt a normalization factor and perform the calculation of

I
(0)
1,1,1,1 = CϵΩ1,1,1,1({vij}, ϵ) (5.2)

with

Cϵ = 2−1+2ϵπϵΓ(1− 2ϵ)

Γ(1− ϵ)
.

The superscript (0) implies that the integral is massless. We expand I
(0)
1,1,1,1 in Laurent

series in ϵ as

I
(0)
1,1,1,1 =

∞∑
m=−1

ϵmI
(0),m
1,1,1,1. (5.3)

where the second superscript “m” in I
(0),m
1,1,1,1 denotes the order of ϵ. Following the steps

discussed in section 2 and 3, we finally get a list of 10 integrations over real variables, which

read as

I1 =

∫
dv1dx1

πv14x1

8v13v34
(
v212v34x̄1 − v1v14v23x1

) ,
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I2 =

∫
dv1dx1

−πv23v34x1

8v12v13 (v1v34x̄1 − v14v23x1)
2 ,

I3 =

∫
dv1dx1dx2dx3

3πv1v
5
12v

3
13v14v

2
23v

2
24v

2
34x1x

2
3x̄1x̄

2
2

4
(
v1v14v23 (v12v34x̄1x̄3 + v13v24x1x2)− v212v13v24v34x3x̄2

)4 ,
I4 =

∫
dx1dx2dx3

−πv212v
2
13v14v23v24v

2
34x̄1x̄2x̄3

2 (v12v34 (v13v24x̄2x̄3 − v14v23x2x̄1) + v13v14v23v24x1x3)
3 ,

I5 =

∫
dv1dx1dx2dx3

−3πv21v
3
12v

2
13v

3
14v

2
23v

3
24v34x

2
1x2x3x̄2x̄3

4
(
v1v13v24 (v12v34x̄1x̄3 + v14v23x1x2)− v212v14v23v34x3x̄2

)4 ,
I6 =

∫
dx1dx2dx3

πv212v13v
2
14v23v24v

2
34x3x̄1x̄2

2 (v12v34 (v14v23x̄1x̄2 + v13v24x2x3)− v13v14v23v24x1x̄3)
3 ,

I7 =

∫
dv1dx1dx2dx3

3πv21v
3
12v

2
13v

2
14v

2
23v

3
24v

2
34x1x2x3x̄1x̄2x̄3

2
(
v14v23v34v212x3x̄1 + v1v13v24 (v14v23x1x̄2 + v12v34x2x̄3)

)4 ,
I8 =

∫
dv1dx1dx2dx3

−3πv31v
2
2v12v

2
13v

2
14v

3
23v

3
24v

4
34x1x2x

2
3x̄

2
1x̄

2
2x̄3

(v1v34 (v12v14v23x̄1x̄2 + v2v13v24x2x3)− v2v13v14v23v24x1x̄3)
5 ,

I9 =

∫
dx1

π

−4v12v13v34x1 + 4v13v14v23x1 + 4v12v13v34
,

I10 =

∫
dx1dx2dx3

−πv12v13v14v23v24v34

4 (v12v14v23v34x3x̄1 + v13v24 (v14v23x1x̄2 + v12v34x2x̄3))
2 , (5.4)

where we define x̄i = 1 − xi. The integration ranges are v1 ∈ [0, v12] and xi ∈ [0, 1].

Utilising the method discussed in section 4, we solve the integrals and express the final

result of I
(0)
1,1,1,1 in terms of GPLs. For this massless case, we obtain weight 2 GPLs with

the following 17 letters:

l1 = 0, l2 = 1, l3 =
v13v24
X4

, l4 =
v14v23
X5

,

l5 =
v13v24
X6

, l6 = −v12v34
X5

, l7 = −v12v34
X6

, l8,13 =
X1 ∓

√
Y1

2v14v23
,

l9,14 =
X1 ∓

√
Y1

2v13v24
, l10,15 =

X2 ∓
√
Y1

2v14v23
, l11,16 =

X3 ∓
√
Y1

2v13v24
, l12,17 =

X3 ∓
√
Y1

2v12v34
(5.5)

with

X1 = v14v23 + v13v24 − v12v34, X2 = v14v23 − v13v24 + v12v34,

X3 = −v14v23 + v13v24 + v12v34, X4 = −v14v23 + v13v24,

X5 = v14v23 − v12v34, X6 = v13v24 − v12v34,

Y1 = v214v
2
23 − 2v14v23(v13v24 + v12v34) +X2

6 . (5.6)

We present the analytic expression for I
(0)
1,1,1,1 in the ancillary file <massless_ep0.m> up

to O(ϵ0), i.e., I
(0),0
1,1,1,1, in terms of GPLs. Notably, within our computational approach,
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no square roots arise during the evaluation of the integrals themselves; the quantities Yi
appear only as square roots in the letters once the iterated integrals are rewritten in terms of

GPLs. The massless angular integral features a single ϵ−1 pole originating from a collinear

singularity, which turns out to be

I
(0),−1
1,1,1,1 = −π

8

1

4!

∑
σ∈S4

vσ(1)σ(2)vσ(1)σ(3)vσ(2)σ(3)∏
1≤i<j≤4 vij

. (5.7)

This matches with the result given in ref. [10]. The expression is explicitly symmetrized

over the symmetry group S4, reflecting the expected invariance under permutations of the

indices {1, 2, 3, 4}. We numerically verify the permutation symmetry of this finite term,

providing a strong consistency check of the result. Additionally, our numerical cross-checks

of the angular integral are performed using GiNaC through PolyLogTools framework and

the package MB.m [20]. We find an agreement, as shown in table 1. While the MB program

I
(0)
1,1,1,1 Set 1 Set 2 Set 3

Our results −30.7399
ϵ − 21.3574 −286.299

ϵ − 566.3291 −92.3456
ϵ − 103.21584

Direct evaluation −30.7399
ϵ − 21.3574 −286.299

ϵ − 566.3291 −92.3456
ϵ − 103.216

Table 1: Comparison of our results against direct numerical evaluation using the MB

program. Three sets of phase-space points are {v12, v13, v14, v23, v24, v34} : {0.45, 0.40,

0.35, 0.30, 0.35, 0.40}, {0.10, 0.15, 0.30, 0.25, 0.115, 0.35}, {0.32, 0.23, 0.16, 0.28, 0.37,
0.27}.

takes about half an hour to evaluate the angular integral at one phase-space point, our

result requires only about a second. In the following section 6, we extend the discussion to

the massive case.

6 Four-denominator: massive

The vectors, pµi , appearing in the definition of the angular integral in (1.1) can also be

massive. In the following subsections, we discuss various scenarios where one or more of

these vectors carry mass.

6.1 Single-massive

The four denominator single-mass phase space angular integral Ω1,1,1,1 admits the following

MB representation:

Ω1,1,1,1(v11, {vij}, ϵ) =
1

Γ(−2ϵ− 2)
2−2ϵ−2π1−ϵ

×
∫ +∞

−∞

dz11dz12dz13dz14dz23dz24dz34
(2πi)7

vz1111 vz1212 vz1313 vz1414 vz2323 vz2424 vz3434 Γ (−z11) Γ (−z12)

× Γ (−z13) Γ (−z14) Γ (2z11 + z12 + z13 + z14 + 1)Γ (−z23) Γ (−z24)

× Γ (z12 + z23 + z24 + 1)Γ (−z34)
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× Γ (z13 + z23 + z34 + 1)Γ (z14 + z24 + z34 + 1)

× Γ (−ϵ− z11 − z12 − z13 − z14 − z23 − z24 − z34 − 3) . (6.1)

Without loss of generality, we assume pµ1 to be massive. Similar to the massless case, we

include the same normalisation factor, Cϵ, and compute

I
(1)
1,1,1,1 = CϵΩ1,1,1,1(v11, {vij}, ϵ). (6.2)

The superscript (1) indicates that the integral has a single mass. Similar to the massless

case, we expand I
(1)
1,1,1,1 in Laurent series in ϵ as

I
(1)
1,1,1,1 =

∞∑
m=−1

ϵmI
(1),m
1,1,1,1. (6.3)

Following the procedure outlined in sections 2 and 3, we obtain a set of 14 new integrals

over real variables of the form

Ii =

∫
dµi

Ai

Bi
, (6.4)

where the integration measures dµi and the rational functions Ai/Bi depend on the kine-

matic variables and parameters. The integration variables are {xi, v1}, with v1 ∈ [0, v12]

and xi ∈ [0, 1]. Depending on the variables appearing in the integrand, dµi is defined over

the corresponding subset. The explicit forms of Ai and Bi for i = 1, . . . , 15 are presented

below:

A1 = πv13x1,

B1 = −8v11v12v24v
2
23x1 + 8v1v12v13v24v23x1 + 8v11v12v24v

2
23,

A2 = πv1v
2
14x

2
2,

B2 = 8v34 (v11v12v34(x2 − 1)− v1v13v14x2)
(
v212v34(x2 − 1)− v1v14v23x2

)
,

A3 = πv14x2,

B3 = 4 (v11v34(x2 − 1)− v13v14x2) (v12v34(x2 − 1)− v14v23x2) ,

A4 = πv34(x2 − 1)x2,

B4 = 8 (v1v11v34(x2 − 1)− v12v13v14x2) (v1v34(x2 − 1)− v14v23x2) ,

A5 = −πv211v12v
3
14v

2
23v24x̄

2
1x3x̄4,

B5 = 2(v12v14x1(v14v23x3 + v13v24x̄1)x̄3x4) + v11v24x̄1(v14v23x̄4 − v12v34x̄1x̄3x4))
3,

A6 = πv211v12v13v14v
2
34x̄

2
1x2x4,

B6 = 2v23(v11v34x̄2x̄
2
1(v12v34x4 − v13v24x2x̄4) + v13v14x1x2(v14v23x2x̄4 − v12v34x̄2x̄1))

3,

A7 = 3πv511v
3
11v

2
13v14v

6
34x̄

2
2x4x̄

6
1x̄

4
2x4,

B7 = 4v23(v12v13v
2
14v23x1x2x̄4 − v11v13v34x2x̄1x̄2(v11v24x̄1x̄4 + v12v14x1)

+ v11v34x̄2x̄1x̄2)
4,

A8 = πv11v12v
2
13v

2
14v23v

2
34x̄

3
1x

3
2x̄2x̄4,
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B8 = 2(v11v34x̄2x̄
2
1(v13v24x2x̄4 − v12v34x4) + v13v14x1x2(v12v34x̄1x̄2 − v14v23x2x̄4))

3,

A9 = 3πv211v
3
11v

2
12v

2
14v

2
23v

3
24x1x3x4x̄

3
1x̄3x̄4,

B9 = 2(v11v24x̄1(v11v12v34x4(x̄1 − x1x3 + x3) + v12v13v14x1x4x̄3 + v11v14v23x̄4)

+ v12v23v
2
14x1x3)

4,

A10 = 3πv211v12v
2
14v

2
23v

2
24v34x1x3x4x̄

3
1x̄3x̄4,

B10 = 2(v12v14x1(v13v24x4x̄1x̄3 + v14v23x3) + v11v24x̄1(v11v34x4(x̄1 − x1x3 + x3)

+ v14v23x̄4))
4,

A11 = 3πv411v
2
11v

6
12v

3
13v

3
14v23v24v

5
34x

2
1x

5
2x4x̄

6
1x̄

3
2x̄

2
4,

B11 = (v212v13v
2
14v23x1x2x̄4 − v11v13v34x2x̄1x̄2(v12v11v24x̄1x̄4 + v14v

2
12x1)

+ v11v12v34x̄2x̄1x̄2)
5,

A12 = −3πv211v
3
11v

3
12v

3
14v

2
23v

2
24x̄

4
1x̄3x3x̄4x4,

B12 = 4(v11v14v23(v12v14x1x3 + v11v24x̄1x̄4)− v212v24x̄1x̄3x4(v11v34x̄1 − v13v14x1))
4,

A13 = −πv211v12v
3
14v

2
23v

2
24x̄

2
1x3x̄4,

B13 = 2(v12v14x1(v14v23x3 + v13v24x̄1)x̄3x4) + v11v24x̄1(v14v23x̄4 − v12v34x̄1x̄3x4))
3,

A14 = π,

B14 = −8v11v14v23x1 + 8v12v13v14x1 + 8v11v14v23,

A15 = πv11v12v14
2v23v24x̄1,

B15 = 4
(
v12v14x1(v14v23x3 + v13v24x̄1x̄3x4) + v11v24x̄1(v14v23x̄4 + v12v34x̄1x̄3x4)

)2
.

(6.5)

In comparison to the massless case, these integrals are more complicated due to the involve-

ment of an additional variable v11. By employing the methodology discussed in section 4,

we express these integrals in terms of GPLs. The highest transcendental weight of the

appearing GPLs is 2, similar to the massless case. At O(ϵ0), we obtain the following set of

11 letters in I
(1),0
1,1,1,1:

l
(1)
1 =

v11v23
v12v13

, l
(1)
2 =

v11v23
−v12v13 + v11v23

, l
(1)
3 =

v11v24
−v12v14 + v11v24

,

l
(1)
4 =

v13v24
−v14v23 + v13v24

, l
(1)
5 =

v11v14v23 − v11v13v24
v12v13v14 − v11v13v24

, l
(1)
6 =

v11v34
−v13v14 + v11v34

,

l
(1)
7 =

v12v34
−v14v23 + v12v34

, l
(1)
8 =

v12v34
−v13v24 + v12v34

, l
(1)
9 =

v11v14v23 − v11v12v34
v12v13v14 − v11v12v34

,

l
(1)
10,11 =

Z
(1)
1,2

2(v12v14 − v11v24)(v13v14 − v11v34)
. (6.6)

In the aforementioned expressions, we define

Z
(1)
1,2 = v11

(
v214v23 + 2v11v24v34 + v14(− v13v24 − v12v34

±
√

(v14v23 − v13v24)2 − 2(v12v14v23 + v12v13v24 − 2v11v23v24)v34 + v212v
2
34)
)
. (6.7)
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We present the analytic expression for I
(1),0
1,1,1,1 in the ancillary file <one_mass_ep0.m> up to

O(ϵ0) in terms of GPLs. The file is Mathematica readable. Notably, within our compu-

tational approach, no square roots arise during the evaluation of the integrals themselves;

the square roots inside X
(1)
1,2 appear only after the iterated integrals are rewritten in terms

of GPLs. This is similar to the massless case. The single-massive angular integral features

a ϵ−1 pole originating from a collinear singularity, which turns out to be

I
(1),−1
1,1,1,1 = −π

8

1

2

∑
σ∈S3

v1σ(2)v1σ(3)vσ(2)σ(3)∏
1≤i<j≤4

vij
. (6.8)

Here, S3 denotes the symmetric group consisting of all permutations of the set {2, 3, 4}.
The pole agree with the result given in ref. [10, 17]. The permutation symmetry of the finite

term is verified numerically, providing a strong consistency check on our result. We verify

the finite term numerically against direct numerical evaluation of the MB representation of

angular integral using MB program and we find a perfect agreement, as shown in table 2.

Whereas the MB program takes around half an hour to evaluate the angular integral at a

I
(1)
1,1,1,1 Set 1 Set 2 Set 3

Our results −24.5066
ϵ − 16.4429 −199.033

ϵ − 520.0359 −58.9982
ϵ − 88.0371

Direct evaluation −24.5066
ϵ − 16.5783 −199.033

ϵ − 520.0358 −58.9982
ϵ − 88.0371

Table 2: Comparison of our results against direct numerical evaluation using the MB

program. Three sets of phase-space points are {v11, v12, v13, v14, v23, v24, v34} : {0.11, 0.45,
0.40, 0.35, 0.30, 0.35, 0.40}, {0.15, 0.10, 0.15, 0.30, 0.25, 0.115, 0.35}, {0.2, 0.32, 0.23, 0.16,
0.28, 0.37, 0.27}.

single phase-space point, our result can be obtained in only about one second. Our results

also numerically agree with ref. [17].

6.2 Double-,triple-, and quartic-massive

The methodology discussed in the previous sections can be applied to obtain the result for

the double-massive angular integral. However, it turns out that one can avoid performing an

explicit computation of this integral. Instead, by using partial fraction decomposition [8],

this integral can be related to the single-massive case. This is possible because angular

integrals are linear in parameter space when expressed in a suitable coordinate system,

allowing such a decomposition. In the cited reference, the two-point splitting lemma is used

to decompose fully massive two-denominator angular integrals into linear combinations of

single-massive ones. Here, we extend this approach to a four-denominator double-massive

angular integral by partially fractioning it with respect to its two massive denominators,

leading to

I
(2)
1,1,1,1 (v11, v22, v12, v13, v14, v23, v24, v34}, ϵ)
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=λ12I
(1)
1,1,1,1 (v11, v13, v14, v15, v34, v35, v45)

+ λ̄12I
(1)
1,1,1,1 (v22, v23, v24, v25, v34, v35, v45) , (6.9)

where

λij =
2vii − vij −

√
v2ij − 4viivjj

2vii − 2vij + 2vjj
, λ̄ij = 1− λij , and vij = vji . (6.10)

The last identity follows directly from the definition (2.2). The parameter λij is a function

of the scalar products vij . The decomposition introduces new scalar products vi5, which

can be expressed in terms of old ones. Their explicit forms are defined in (7.1). Without

any loss of generality, in our analysis, we assume the vectors pµ1 and pµ2 to be massive.

By repeatedly applying partial fraction decomposition, we can express the four denom-

inator triple-massive angular integral in terms of single-massive ones. We get

I
(3)
1,1,1,1 (v11, v22, v33, v12, v13, v14, v23, v24, v34)

=λ12λ13I
(1)
1,1,1,1 (v11, v14, v15, v16, v45, v46, v56)

+λ12λ̄13I
(1)
1,1,1,1 (v33, v34, v35, v36, v45, v46, v56)

+λ̄12λ13I
(1)
1,1,1,1 (v22, v24, v25, v27, v45, v47, v57)

+λ̄12λ̄13I
(1)
1,1,1,1 (v33, v34, v35, v37, v45, v47, v57) (6.11)

Following the same partial fraction decomposition procedure, we obtain the result for the

fully massive four-denominator phase-space angular integral in terms of single-massive

integrals, which reads as

I
(4)
1,1,1,1 (v11, v22, v33, v44, v12, v13, v14, v23, v24, v34)

=λ̄12λ23λ̄24I
(1)
1,1,1,1 (v44, v45, v47, v410, v57, v510, v710)

+ λ12λ13λ14I
(1)
1,1,1,1 (v11, v15, v16, v18, v56, v58, v68)

+ λ̄12λ23λ̄14I
(1)
1,1,1,1 (v44, v45, v46, v48, v56, v58, v68)

+ λ̄12λ23λ24I
(1)
1,1,1,1 (v22, v25, v27, v210, v57, v510, v710)

+ λ̄12λ̄23λ̄34I
(1)
1,1,1,1 (v44, v45, v47, v48, v57, v58, v78)

+ λ12λ̄13λ̄34I
(1)
1,1,1,1 (v44, v45, v46, v49, v56, v59, v69)

+ λ̄12λ23λ34I
(1)
1,1,1,1 (v33, v35, v37, v38, v57, v58, v78)

+ λ12λ̄13λ̄34I
(1)
1,1,1,1 (v33, v35, v36, v39, v56, v59, v69) , (6.12)

where

v15 = λ̄122v11 + λ12v12, v25 = λ̄12v12 + λ122v22,

v35 = λ̄12v13 + λ122v33, v45 = λ̄12v14 + λ122v44,

v16 = λ̄132v11 + λ13v13, v26 = λ̄13v12 + λ13v23,
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v36 = λ̄13v13 + λ132v33, v46 = λ̄13v14 + λ132v44,

v56 = λ̄12λ̄132v11 + λ̄12λ13v13 + λ12λ̄13v12 + λ12λ13v23,

v27 = λ̄232v22 + λ23v23, v37 = λ̄23v23 + λ232v33,

v47 = λ̄23v24 + λ232v44, v57 = λ̄12λ̄23v13 + λ̄12λ23v13 + λ12λ̄232v22 + λ12λ23v23,

v18 = λ̄142v11 + λ14v14, v38 = λ̄14v13 + λ14v34,

v48 = λ̄14v14 + λ142v44,

v58 = λ̄12λ̄142v11 + λ̄12λ14v14 + λ12λ̄14v12 + λ12λ14v24,

v68 = λ̄13λ̄142v11 + λ̄13λ14v14 + λ13λ̄14v13 + λ13λ14v34,

v78 = λ̄23λ̄14v12 + λ̄23λ14v24 + λ23λ̄14v13 + λ23λ34v23,

v39 = λ̄342v33 + λ34v34, v49 = λ̄34v34 + λ342v44,

v59 = λ̄12λ̄34v13 + λ̄12λ34v14 + λ12λ̄34v23 + λ12λ24v23,

v69 = λ̄13λ̄34v13 + λ̄13λ34v14 + λ13λ̄342v33 + λ13λ34v23,

v210 = λ̄222v22 + λ24v24, v410 = λ̄24v24 + λ242v44,

v510 = λ̄12λ̄24v12 + λ̄12λ24v14 + λ12λ̄242v22 + λ12λ34v24,

v710 = λ̄23λ̄242v22 + λ̄23λ24v24 + λ23λ̄24v23 + λ23λ34v34.

In the ancillary files, we provide explicit results for the massless I
(0),0
1,1,1,1 and the single-

massive angular integral I
(1),0
1,1,1,1. For the multi-mass cases, we explicitly implement the

partial-fraction relations (6.9), (6.11), and (6.12), from which the results can be obtained

straightforwardly. All expressions are given in terms of GPLs. The massless and single-

massive results are further optimized for fast numerical evaluation, and in all cases the

evaluation takes only about a second using GiNaC, reflecting the high level of optimization.

The numerical evaluation of our expressions can be found in <main.nb>. Since the results

are expressed directly in terms of GPLs—unlike in ref. [12]—they can be readily combined

with the radial components of a given scattering process, thanks to the iterative nature of

GPLs. We numerically cross-check the massless and single-massive MB integrals against

our resulting expression in terms of GPLs. Moreover, we explicitly confirm the expected

permutation symmetries in the finite parts.

7 Recursion relations

Angular integrals containing higher powers of propagator denominators are not indepen-

dent objects: they can be systematically related to integrals with lower powers through a

set of recursion relations. These relations follow from the differential identities

∂

∂vkl
I
(n)
j1,j2,j3,j4

=
∑

i1,i2,i3,i4

C
(i1i2i3,i4)
kl I

(n)
i1,i2,i3,i4

, (7.1)

where vkl denotes the dimensionless scalar product of the reference momenta pk and pl.

Differentiating with respect to vkl probes the dependence of the angular integral on the
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underlying kinematic configuration, and in doing so, generates integrals with shifted denom-

inator powers. The coefficients C
(i1i2i3,i4)
kl are rational functions of the kinematic invariants

vij , the dimensional regulator ϵ, and the integer indices i1, i2, i3, i4.

By iteratively applying these equations, any angular integral with arbitrarily high

denominator powers can be reduced to a finite basis of independent objects, commonly

referred to as master integrals. This reduction removes the need to evaluate each higher-

power case from scratch: once the master integrals are known, all others follow by purely

algebraic substitution. In this respect, the recursion relations play a role closely analogous

to integration-by-parts (IBP) identities [23, 24] in loop momentum space, but here the

reduction takes place in the space of angular variables. This makes the method especially

suitable for factorized phase-space integrals and related observables.

The derivation is completely general: it does not depend on whether the reference

momenta are massless or massive, and it applies uniformly to all kinematic configurations

considered in this work. For the special case of two-denominators, these relations were

worked out explicitly in ref. [8], and for the three-denominators, in refs. [3, 11].

8 Conclusions

In this work, we have computed four-denominator angular phase-space integrals within di-

mensional regularisation using the Mellin–Barnes (MB) representation. Our analysis covers

all kinematic scenarios involving massless, single-massive, and multiple-massive momenta.

For the massless and single-massive cases, we evaluated multi-fold MB integrals explicitly,

obtaining results up to the finite order in the dimensional regulator in terms of Goncharov

polylogarithms. The maximal transcendental weight of the GPLs appearing in these re-

sults is two. Both cases exhibit a single pole in the dimensional regulator. For higher-mass

configurations, we extended a partial fraction decomposition method, originally developed

for two-propagator integrals, to the four-denominator case and provided explicit formulae.

A key highlight of our work is the solution of six- and seven-fold MB integrals in terms

of analytic functions such as GPLs—to our knowledge, a first in the literature. The power

of this approach lies in its algorithmic and scalable nature, enabling potential applications

far beyond the specific angular integrals considered here. While this method provides a

systematic way to express results in terms of GPLs, it is not guaranteed that GPLs form

the complete functional space for a given problem, as this depends on the perturbative

order and mass scales involved. In such cases, the results can be expressed in terms of

iterative integrals, which share several useful properties and constitute a highly practical

representation. Similar situations occur for loop Feynman integrals.

Finally, the angular part derived here can be systematically combined with the process-

dependent radial or parametric component, making these results directly applicable to a

broad class of multi-loop calculations and phase-space integrals in perturbative quantum

field theory. While combining, one has to be careful in handling soft singularities, as

explained in refs. [3, 4]. Since our results are expressed in terms of GPLs and evaluated in

the physical scattering region where all vii ∈ [0, 1/4] and vij ∈ [0, 1/2], it is highly plausible

that the parametric integrals can also be carried out analytically, yielding final results
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in terms of GPLs or other analytic functions. In cases where an analytic expression is

not attainable, performing a one-dimensional parametric integral numerically still provides

sufficient precision for phenomenological applications.
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