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Floquet non-Abelian topological phases emerge in periodically driven systems and
exhibit properties that are absent in their Abelian or static counterparts. Dubbed
the Floquet non-Abelian topological insulators (FNATIs), they are characterized by
non-Abelian topological charges and feature multifold bulk-boundary correspondence,
making their experimental observation challenging. Here we simulate the FNATI us-
ing a higher-dimensional photonic quantum walk and develop dynamic measurement
schemes to demonstrate key signatures of the FNATI. Importantly, combining a di-
rect bulk-dynamic detection for the underlying quaternion topological charge, and
a spatially-resolved injection spectroscopy for the edge states, we experimentally es-
tablish the multifold bulk-boundary correspondence, and, in particular, identify the
anomalous non-Abelian phase where edge states appear in all band gaps, despite the
presence of a trivial topological charge. Our experiment marks the first experimental
characterization of the FNATI, providing general insight into the non-Abelian topo-
logical phases.

Topological phases represent a novel state of mat-
ter that transcends the Ginzburg-Landau symmetry-
breaking framework [1, 2]. Classified by their underly-
ing symmetries and spatial dimensions, gapped Hamil-
tonians are characterized by integer topological invari-
ants that dictate the existence of topologically protected
edge states, as outlined by the principle of the bulk-
boundary correspondence [1–13]. The recent discov-
ery of non-Abelian topological phases significantly en-
riches the scene, where the topology of multigap systems
requires characterization through non-Abelian topolog-
ical charges [14–26]. While the non-Abelian topological
phase has been experimentally demonstrated using trans-
mission line networks [16, 17], the underlying multigap
topology, along with the non-Abelian description, have
found broad applications in the topological defects of
nematic liquids [27–30], and non-Hermitian multiband
models [31–34].

Novel non-Abelian topology also arises in periodically
driven systems, exemplified by the recently proposed
Floquet non-Abelian topological insulator (FNATI) [24].
Unlike its Abelian or static counterparts, for the FNATI,
the non-Abelian topological charge does not suffice to
fully characterize the information of edge states, since the
bulk-boundary correspondence therein is multifold, with
multiple distinct edge-state configurations correspond-
ing to the same non-Abelian topological charge. Such a

multifold bulk-boundary correspondence, together with
the intrinsic complexity of the non-Abelian topological
charge, makes the experimental demonstration of FNATI
challenging.

In this work, we propose and experimentally imple-
ment a three-band discrete-time quantum walk governed
by a Floquet operator, whose underlying topology is
characterized by the quaternion group Q8. For the ex-
periment, photons are used as quantum walkers [35–38],
where the higher-dimensional coin states are encoded in
the combined polarization and spatial degrees of free-
dom of the photons. We then construct the quaternion
topological charge from the bulk dynamics by perform-
ing state tomography of the walker, which yields infor-
mation of the Floquet operator in the quasimomentum
space. For the detection of topological edge states, we in-
troduce a domain-wall configuration and develop a novel
spatially resolved injection spectroscopy to accurately de-
termine the spectral location of the edge states. These
dynamic measurements enable us to establish the mul-
tifold bulk-boundary correspondence in our domain-wall
configuration. We further demonstrate the presence of
an anomalous non-Abelian topological phase using the
quantum-walk dynamics, where edge states exist even
when the topological charge of the quantum-walk sys-
tem is trivial. This sharply contrasts with static sys-
tems where edge states cannot persist with a trivial topo-
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logical charge. While our work is the first experimen-
tal characterization of the FNATI, the newly developed
spatially-resolved injection spectroscopy offers a univer-
sal approach for studying complex topological phases us-
ing quantum-walk dynamics.

Results
Quantum walks with non-Abelian topology.

We implement a one-dimensional discrete-time quantum
walk governed by the following Floquet operator

U = UhRSRUh, (1)

where S =
∑

x |x⟩⟨x − 1| ⊗ |A⟩⟨A| + |x⟩⟨x| ⊗ |B⟩⟨B| +
|x + 1⟩⟨x| ⊗ |C⟩⟨C| is the shift operator with the coin
states |A⟩, |B⟩, and |C⟩ and the walker’s position state

|x⟩, Uh =
∑

x |x⟩⟨x| ⊗ e−iM/2 with M =

a r u
r h s
u s g

,

and R =
∑

x |x⟩⟨x| ⊗

 cos θ i sin θ 0
i sin θ cos θ 0
0 0 eiϕ

 are two ro-

tation operators. The 3 × 3 matrices are in the basis
{|A⟩, |B⟩, |C⟩}, and all the parameters r, u, s, a, h, g, θ
and ϕ are real numbers.
In the experimental implementation, we utilize a time-

multiplexed scheme as shown in Fig. 1A. Pulses from
the photon source are attenuated to the single-photon
level through the use of a neutral density filter, which
ensures a negligible probability of multiphoton events.
Necessitated by the multiband (multigap) condition of
the model, the basis states of the three-dimensional coin
are encoded into the hybrid polarization-spatial modes
of photons, i.e., {|A⟩ = |UH⟩, |B⟩ = |UV ⟩, |C⟩ = |DH⟩},
where |UH⟩ and |UV ⟩ represent horizontally and verti-
cally polarized photons in the upper spatial mode, respec-
tively, and |DH⟩ represents vertically polarized photons
in the lower spatial mode. Coin state preparation is real-
ized by an interferometer with two triple polarizing beam
splitters (PBSs) [39].

In the momentum space, the Floquet operator U is
transformed to Uk, which possesses space-time inver-
sion (PT ) symmetry. The combination of the space-
inversion P and time-reversal T symmetries can be
represented by the complex conjugation operator K in
an appropriate basis. That is, KUkK = U†

k [39], or
equivalently, KHeff,kK = Heff,k, where Heff,k is the ef-
fective Hamiltonian satisfying Uk ≡ e−iHeff,kT with T
being the driving period. Without loss of generality,
we set T = 1. By spectral decomposition, we have
Heff,k =

∑
n=1,2,3 ϵn|un,k⟩⟨un,k| with ϵn ∈ (−π, π]. The

eigenvectors |un,k⟩ are all real and can be represented
as unit vectors on the unit sphere, and together form
an orthogonal basis due to their mutual orthogonality.
Changing the sign of each |un,k⟩ leaves Heff,k unchanged.
Thus, the order-parameter space of the Hamiltonian is
M3 = O(3)/O(1)3, where O(N) is the orthogonal group
in N dimensions. The first homotopy group of this

space is π1(M3) = Q8—a quaternion group with eight
elements {±1,±I,±J,±K}, which is non-Abelian and
satisfies I2 = J2 = K2 = IJK = −1, and the non-
commutative relations IJ = −JI, JK = −KJ , and
KI = −IK [14, 16, 24].

In our experiment, we implement domain-wall configu-
rations using quantum-walk dynamics. We therefore re-
sort to the multifold bulk-boundary correspondence in
the domain-wall setup (See Supplementary Text). In
a non-Abelian system with the domain-wall boundary
condition, we define the boundary states as the domain
states. The domain-wall states are related to the domain-
wall charge [16, 24], which is defined as ∆Q = QL/QR,
and is the topological charge of the configuration. Here
QL and QR are the charges of the left and right regions,
respectively. In Fig. 1B, we list the domain-wall charges
in the first column, with the four classes of Q8 in different
rows. Possible spectral patterns of the domain-wall states
corresponding to the domain-wall charges in the first col-
umn are illustrated in the second and third columns, in
which the blue dots indicate the domain-wall states and
the grey lines indicate bulk states. Note that, in contrast
to the static three-band model, which features only two
band gaps, the Floquet system possesses an additional
band gap crossing the first Brillouin zone boundary at
±π/T , which significantly enriches the configurations of
domain-wall states. We denote the bands from the bot-
tom to top as the first, second, and third bands, with the
gaps between them corresponding to the first, second,
and third band gaps, respectively.

Observation of multifold bulk-boundary corre-
spondence. We first measure the quaternion topological
charge of the system by constructing the time-evolution
matrix Uk from bulk dynamics. Initializing the walker
in the state |ψ(0)⟩A = |0⟩ ⊗ |A⟩, we evolve it for one
time step U(t = T ) and perform state tomography to
access the wave function |ψ(t = T )⟩. Then, by applying
the Fourier transform, we obtain Uk|A⟩ [39]. We repeat
the above process for different initial states |ψ(0)⟩B =
|0⟩⊗|B⟩ and |ψ(0)⟩C = |0⟩⊗|C⟩, respectively, to arrive at
the time-evolution matrix Uk = (Uk|A⟩, Uk|B⟩, Uk|C⟩).
By diagonalizing Uk, we obtain three real orthogonal vec-
tors {|un,k⟩}n=1,2,3, corresponding to three trajectories
on the unit sphere (see Figs. 2A and B) when k varies
from −π to π. The topological structure of these trajec-
tories encodes the quaternion topological charge.

In Figs. 2A and B, we display the trajectories of the
eigenstates on the unit sphere by varying k. These are
marked in blue, green, and red for the first, second, and
third bands, respectively. As shown in Fig. 2A, each of
the vectors |u1,k=π⟩ and |u2,k=π⟩ acquires an additional
negative sign compared to the vectors at k = −π, indicat-
ing that the system has a quaternion topological charge
K. In contrast, Fig. 2B shows that each of the vectors
|u1,k=π⟩ and |u3,k=π⟩ acquires a negative sign compared
to the vectors at k = −π, indicating that the system
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FIG. 1. Experimental setup and multiple bulk-boundary correspondence. (A) Experimental setup for observing
the Floquet non-Abelian topological insulator via a three-band time-multiplexed photonic quantum walk. The photon source
consists of a pulsed laser with a central wavelength of 808nm, a pulse width of 88ps, and a repetition rate of 15.625KHz. Laser
pulses are attenuated to the single-photon level through the use of a neutral density filter, resulting in an estimated average
photon number per pulse of less than 3.8 × 10−4, which ensures a negligible probability of multiphoton events. Attenuated
pulses are then coupled in and out of an interferometric network through a beam splitter (BS) with reflectivity of 3%. The
rotation operator Uh is realized by two triple polarizing beam splitters (PBSs) and waveplates. The rotation operator R is
carried out with two electro-optic modulators (EOMs) with different optical axis angles. The shift operator S is realized by
splitting the laser pulses into three single-mode fibers of varying lengths using two PBSs. In this setup, spatial modes are
encoded into temporal shifts within a designated time step. The out-coupled photons are detected using avalanche photodiodes
(APDs) in a time-resolved manner. An acousto-optic modulator (AOM) serves as an optical switch to protect the APDs by
allowing photons to reach them only at the time of measurement. (B) Multiple bulk-boundary correspondence. The first
column lists the domain-wall charges, with the four classes of Q8 represented in different rows. The second and third columns
illustrate the patterns of the domain-wall states corresponding to the domain-wall charges specified in the first column. Blue
dots indicate the presence of domain-wall states.

has a quaternion topological charge J [39]. We note that
the sign of the charge inherently depends on the gauge
of |un,k⟩ (n = 1, 2, 3). For instance, for the model with
charge K, if we change the signs of |u1,k⟩ and |u3,k⟩ while
leaving Heff,k =

∑
n=1,2,3 ϵn|un,k⟩⟨un,k| unchanged, the

charge of the model changes to −K. Hence, in the fol-
lowing, we identify phases with charge I (J or K) and
−I (−J or −K) as the same.

We now focus on the domain-wall states and the mul-
tifold bulk-boundary correspondence. For this purpose,
we connect two bulks with different quaternion topologi-
cal charges in a ring configuration to enforce the domain-
wall boundary condition. The domain-wall states emerge
only within the specific energy gaps. As illustrated in
Fig. 2C, the domain-wall states are significantly local-
ized at the boundaries, in contrast to the bulk states.
To observe them, we develop a spatially-resolved injec-
tion spectroscopy, which yields the spectral information
of the domain-wall states. This is crucial for fully charac-
terizing our multigap system, where domain-wall states
can appear within several gaps simultaneously.

We begin by preparing a localized initial state |ψ(0)⟩ =
N P̂i,d|ψd⟩, where |ψd⟩ represents the domain-wall state,

P̂i,d = |xi⟩⟨xd| is the projection operator, where xd la-
bels the domian-wall position and xi the position of in-
jection. The factor N ensures the normalization of the
initial state. Experimentally, we consider the scenario
where only one boundary is accessible, and the other
boundary is located far from the injection position. We
then perform quantum-state tomography on the evolved
state |ψ(t)⟩, to extract the dynamical phase of the state
for each time step t, which is directly related to the
quasienergies of the domain-wall states [39]. As the first
step of the quantum-state tomography, we project the
evolved state into the basis |xi⟩⊗|A⟩ (|A⟩ being the initial
coin state), and obtain a(t) = (⟨A|⊗⟨xi|)|ψ(t)⟩. By vary-
ing t, we obtain α(t) = {a(0), a(1), a(2), . . . , a(t)}, where
the maximum time step t is 20 in our experiment. The
Fourier transform gives α̃(ω) =

∑t
t′=0 α(t

′)eiωt′ , which
maps α(t) from the time domain to the frequency do-
main, facilitating the identification of the dominant fre-
quency (quasienergy) associated with |ψ(t)⟩. When the
injection is applied at the domain wall, a prominent peak
in |α̃(ω)|2 emerges near the quasienergies of the domain-
wall states, as illustrated by the blue dots in Fig. 2D.
In contrast, when the initial state is injected away from
the domain wall, the temporal evolution is governed by
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FIG. 2. Mutlifold bulk-boundary correspondence:
domain-wall states within a single gap. (A), (B) Tra-
jectories of eigenstates of the left and right bulks, respectively,
on the unit sphere by varying the momentum k from −π to π,
the blue, green and red dashed lines/dots indicate the eigen-
states of the first (|u1,k⟩), second (|u2,k⟩) and third (|u3,k⟩)
bands, respectively. Dashed lines represent the theoretical
predictions, while dots represent the experimental data. (A)
Each of the vectors |u1,k=π⟩ and |u2,k=π⟩ acquires an addi-
tional negative sign compared to the vectors at k = −π, in-
dicating that the system has a quaternion topological charge
K. (B) Each of the vectors |u1,k=π⟩ and |u3,k=π⟩ acquires a
negative sign compared to the vectors at k = −π, correspond-
ing to quaternion topological charge J . (C) The quasienergy
spectra and spatial distributions of the corresponding eigen-
states with domain-wall boundary conditions, the domain-
wall states emerge within the second gap, corresponding to
the domain-wall charge I in Fig. 1B (the second column). (D)
Observation of domain-wall state via the spatially-resolved
injection spectroscopy method. Blue dots denote the initial
state, which is injected at the domain wall. A prominent
peak in |α̃|2 occurs at E = Eb, indicating the presence of the
domain-wall state. Theoretical predictions are represented by
the corresponding colored lines filling bottom. The parame-
ters are listed in Table I. Error bars are due to the statistical
uncertainty in photon-number-counting.

the bulk Hamiltonian. As a result, peaks of |α̃(ω)|2 ap-
pear only at the quasienergies corresponding to the bulk
states.

We first consider the case where the two bulks possess
quaternion topological charges K and J , respectively.
Thus, the domain-wall charge is ∆Q = K/J = I. The
trajectories of the bulk eigenstates on the unit sphere
are shown in Figs. 2A and B. In Fig. 2C, the domain-
wall states emerge exclusively in the second gap, align-
ing with the configuration of the domain-wall charge I in
Fig. 1B (the second column). This is confirmed by the
experimental results of the injection spectroscopy (see
Fig. 2D), where a prominent peak emerges in the second
gap.
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FIG. 3. Mutlifold bulk-boundary correspondence:
domain-wall states within two gaps. Parameters of the
left bulk are the same as those in Fig. 2A. (A) Trajectories
of eigenstates of the right bulk. Each of the vectors |u1,k=π⟩
and |u3,k=π⟩ acquires a negative sign compared to the vec-
tors at k = −π, indicating that the system has a quater-
nion topological charge J . (B) The domain-wall quasienergy
spectra and spatial distributions of the corresponding eigen-
states. The domain-wall states emerge within both the first
and third gaps, corresponding to domain-wall charge I in
Fig. 1B (the third column). (C), (D) Observation of the
domain-wall states via the spatially-resolved injection spec-
troscopy method. The parameters are listed in Table I.

By varying the parameters, we implement the domain-
wall configuration with the domain-wall states located at
the first and third band gaps, also accompanied by the
domain-wall charge I [see Fig. 1B (the third column)].
In this case, we set the parameters of the left bulk to be
the same as those in Fig. 2A, and vary the parameters of
the right bulk. The trajectories of the eigenstates traced
on the unit sphere are shown in Fig. 3A, indicating a
quaternion topological charge J in the right bulk. The
quasienergy spectra and spatial locations of the corre-
sponding eigenstates are shown in Fig. 3B. The domain-
wall states emerge within both the first and third gaps,
corresponding to the second configuration of domain-wall
charge I in Fig. 1B.

In Figs. 3C and D, we show the experimental results
for different initial states via the injection spectroscopy,
corresponding to the cases in which there is a signifi-
cant overlap between the initial state and the domain-
wall states within the first and third band gaps, re-
spectively. Since the domain-wall states crossing mul-
tiple band gaps are mutually orthogonal, the spatially-
resolved injection spectroscopy allows us to distinguish
these states in different band gaps. The measured peaks
in Figs. 3C and D are consistent with the quasienergy
spectra in Fig. 3B. Their positions in the frequency
domain match the quasienergies of the corresponding
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FIG. 4. Probing anomalous non-Abelian state. (A),
(B) Trajectories of eigenstates on the unit sphere by varying
the momentum k from −π to π. In the left and right bulks,
each of the vectors |u1,k=π⟩ and |u3,k=π⟩ acquires a negative
sign compared to the vectors at k = −π, indicating that both
sides of the bulk have quaternion topological charge J . This
results in the domain-wall charge 1. (C) Quasienergy spec-
tra and spatial distributions of the corresponding eigenstates
with the domain-wall boundary condition. The domain-wall
states emerge within all three band gaps. (D) Observation
of the domain-wall states via the spatially-resolved injection
spectroscopy method. The parameters are listed in Table I.

domain-wall states. We also provide experimental re-
sults for configurations with other domain-wall charges
in Supplementary Text.

Anomalous non-Abelian phases. Two-
dimensional periodically driven systems can host
topological edge modes even in the presence of trivial
Chern numbers [40–43]. A similar phenomenon occurs
in one-dimensional Floquet non-Abelian systems, where
topological edge modes exist in all band gaps despite
a trivial topological charge [24]. To demonstrate this
anomalous behavior, we implement a domain-wall
system, in which the quaternion topological charges of
the left and right bulks are both J (see Figs. 4A and B),
resulting in a trivial domain-wall charge ∆Q = J/J = 1.
Based on the numerical calculations in Fig. 4C, al-
though the domain-wall charge is topological trivial,
the domain-wall states emerge in all three band gaps.
Experimentally, when the photon is injected into the
boundary, the evolution is governed by the domain-wall
states. The evolved state carries information of the
domain-wall states’ quasienergies, which can be obtained
through the injection spectroscopy. As illustrated in
Fig. 4D, the peaks of |α̃|2 emerge if and only if the
domain-wall states exist, and are located near the
quasienergies of the domain-wall states. By contrast,
if the injection is far away from the domain wall, the

peaks corresponding to the domain-wall states cannot
be observed. Hence, we experimentally confirm the
anomalous non-Abelian phases.

Discussion. We experimentally implement the
FNATI, and establish the multifold bulk-boundary cor-
respondence. In particular, we identify the anomalous
non-Abelian phases, in which topological edge states
appear in all band gaps despite a trivial topological
charge. Our experiment is facilitated by the implementa-
tion of quantum-walk dynamics with higher-dimensional
coin states, as well as by the development of novel de-
tection schemes such as the spatially-resolved injection
spectroscopy. Our results highlight the versatility of
quantum-walk dynamics as a tool for investigating non-
Abelian topological phases, with potential applications in
Floquet topological matter and beyond. Our experimen-
tal setup and detection schemes can also be extended to
higher-band systems, offering access to intriguing possi-
bilities, such as simulating multiband Floquet topological
insulators characterized by the higher-dimensional non-
Abelian group.

Methods

PT symmetry of Uk. The Floquet operator of the
quantum walk in the momentum basis is

Uk = UhRSkRUh, (2)

where Uh = e−iM/2 with M =

a r u
r h s
u s g

 and R = cos(θ) i sin(θ) 0
i sin(θ) cos(θ) 0

0 0 eiϕ

 are two rotation operators, and

Sk =

eik 0 0
0 1 0
0 0 e−ik

 is the position shift operator.

In an appropriate basis, the combination of the space-
inversion P and time-reversal T symmetries can be rep-
resented by the complex conjugation operator K. A PT
symmetry Hamiltonian satisfies Hk = KHkK = H∗

k . It
can be shown that if two Hamiltonians H1,k and H2,k

both possess the PT symmetry, then the effective Hamil-
tonian Heff satisfying Uk = e−iH1,ke−iH2,ke−iH1,k ≡
e−iHeff,k also possess the PT symmetry, as

KUkK = eiKH1,kKeiKH2,kKeiKH1,kK

= eiH1,keiH2,keiH1,k = U†
k , (3)

which implies KHeff,kK = Heff,k.

Detect the quaternion topological charge via
the bulk dynamics. In the momentum basis, the time
evolution operator can be written as

U =

∫ π

−π

dk|k⟩⟨k| ⊗ Uk. (4)
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Q r s u a h g θ ϕ
K (Fig. 2a) 0 1 1 0 0 0 1 0
J (Fig. 2b) 0 1 1 0 0 0 0 0
J (Fig. 3a) 0 1 1 0 0 0 3 0
J (Fig. 4a) 2 0 2 1 0 −1 1.25 −0.7
J (Fig. 4b) 2 0 2 1 0 −1 −1.1 −0.1

TABLE I. Parameters used in the figures of the main text.

An arbitrary initial state in the momentum space is ex-
pressed as

|ψ(0)⟩ =
∑
k

Ck|k⟩ ⊗ |vk⟩, (5)

where Ck is the coefficient of each k component. For
evolution over t time steps, the state evolves as

|ψ(t)⟩ =
∑
k

Ck|k⟩ ⊗ U t
k|vk⟩. (6)

If we consider an initially state

|ψ(0)⟩A = |0⟩ ⊗ |A⟩, (7)

which is localized and can be written in the momentum
space as |ψ(0)⟩A = 1√

N

∑
k |k⟩ ⊗ |A⟩. After one step

of the quantum walk, the state evolves to |ψ(1)⟩A =
1√
N

∑
k |k⟩ ⊗ Uk|A⟩. If the state is projected onto the

k-space, for a fixed k, we obtain Uk|A⟩. Similarly, if we
consider different initial states, |ψ(0)⟩B = |0⟩ ⊗ |B⟩ and
|ψ(0)⟩C = |0⟩ ⊗ |C⟩, with the same process, we obtain
Uk|B⟩ and Uk|C⟩, respectively. By collecting these re-
sults, we construct the matrix

Uk = (Uk|A⟩, Uk|B⟩, Uk|C⟩). (8)

By diagonalizing Uk, we obtain three real orthogonal
vectors {|un,k⟩} (n = 1, 2, 3). As k varies from −π to π,
these vectors trace three trajectories on the unit sphere.
The topological structure of these trajectories encodes
the quaternion topological charge in Ref [24].

When k varies from −π to π, i) if the vectors |u2,k⟩ and
|u3,k⟩ rotate from π to −|u2,k⟩ and −|u3,k⟩, respectively,
then the system has a quaternion topological charge I; ii)
if |u1,k⟩ and |u3,k⟩ rotate from π to −|u1,k⟩ and −|u3,k⟩,
respectively, then the quaternion topological charge is
J ; iii) if |u1,k⟩ and |u2,k⟩ rotate from π to −|u1,k⟩ and
−|u2,k⟩, respectively, the quaternion topological charge
is K; iv) if two of the three eigenvectors |u1,k⟩, |u2,k⟩ and
|u3,k⟩ rotate 2π while all three vectors return to them-
selves, the quaternion topological charge of this system
is −1. Thus, the quaternion topological charges are en-
coded in the topological structure of eigenstate trajecto-
ries.
On the other hand, the rotations of the eigenstate with

the momentum k varying from −π to π can be charac-
terized by the quaternion topological charge Q ∈ Q8, an-
alytically. We introduce the Wilson operator and define

the Wilson loop along the Brillouin zone B as

WB = Pe
∮
B

Aall,kdk, (9)

where [Aall,k]mn = ⟨um,k|∂k|un,k⟩ represents the
Berry-Wilczek-Zee connection, m and n are the
band indices [14], and P is the path-ordering
operator. Numerically, the operator P satis-
fies Pe

∮
B

Aall,kdk = P{Π{kα}Λ
α=1

eAall,kα∆k} =

eAall,k1
∆keAall,k2

∆k · · · eAall,kΛ
∆k, where {kα}Λα=1 cor-

responds to a sequence of k-points ordered along the
Brillouin zone B, ∆k is the distance between two sequen-
tial k-points, and Λ is the total number of k-points on
the Brillouin zone. The operator Aall,k is anti-symmetric
and can be decomposed into the so(3) Lie-algebra basis

Aall,k =
∑

i=1,2,3

βiLi, (10)

where (Li)jk = −ϵijk, and ϵijk denotes the anti-
symmetric tensor. Lift Aall to the spin(3)-valued 1-form
by replacing Li with ti, where ti = − i

2σi and σi repre-
sents the Pauli matrix, we have

Aall,k =
∑

i=1,2,3

βiti. (11)

Then, the non-Abelian charge is defined as

Q = Pe
∮
Γ
Aall,kdk, (12)

which is a 2×2 matrix with the form ±iσn (n = 0, 1, 2, 3)
and σ are the Pauli matrices. The elements of the
quaternion group are represented as follows ±I → ∓iσx,
±J → ∓iσy, ±K → ∓iσz and ±1 → ∓iσ0. In the exper-
iment, we reconstruct Uk in Eq. (8) via quantum-state
tomography. The eigenstate trajectories and their topo-
logical structures can be calculated through Uk, leading
to the detection of the charge.
Experimental realization. We implement the pho-

tonic quantum walk using the time-multiplexed ap-
proach. We extend the well-studied two-band quantum-
walk model [36–38] to a three-band quantum-walk model.
This extension is important for investigating more com-
plex topological phenomena, particularly non-Abelian
bulk-boundary correspondence. The core of our exper-
imental setup involves the construction of the rotation
operator Uh, belonging to the U(3) group. To achieve
this, we decompose Uh into the product of three U(2)
matrices, which manipulate in the two-dimensional sub-
spaces and act as an identity operator on the remaining
dimension. The decomposition is given by

Uh = U23U13U12. (13)

In our experiment, two triple PBSs together with wave-
plates are used to merge the photons in two different
spatial modes into one spatial mode. Then we apply
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waveplates on the photons in the spatial mode to manip-
ulate the polarizations of the photons. Thus, we realize
the SU(2) transformation in arbitrary two-dimensional
subspaces [44]. As the U(2) transformation differs from
SU(2) by a global phase, which can be adjusted by the
optical path differences between different arms of our
uniquely constructed interferometer, thus we can realize
Uij with our setup.
We rewrite the evolution operator of quantum walks

as U t = UhU
t
loopU

−1
h with Uloop = RSRU2

h , which al-
lows us to implement the dynamics within a fiber loop
configuration. The rotation operator R is realized by
two electro-optic modulators (EOMs) with different op-
tical axis angles. The birefringent crystal inside each
EOM is set at a 45◦ angle to the x/y axis (aligned
with the laboratory coordinates). So that the EOM acts
on the polarizations of photons as follows REOM(θ) =(

1 1
−1 1

)(
eiθ 0
0 e−iθ

)(
1 −1
1 1

)
=

(
cos θ i sin θ
i sin θ cos θ

)
. We

place the EOM in the upper spatial mode and another
EOM with the optical axis set to 0◦ in the lower spa-
tial mode to implement the phase modulation eiϕ for the
state |DH⟩. The shift operator S is implemented by sep-
arating photons into different basis states using a set of
PBSs and routing them through fibers of different lengths
to introduce a well-defined time delay. Specifically, pho-
tons in the states |UH⟩, |UV ⟩ and |DH⟩ pass through
Paths 1, 2 and 3, respectively. The corresponding time
delays are 1, 468.13ns, 1, 551.53ns, and 1, 634.93ns, re-
spectively. The resulting temporal differences correspond
to spatial modes x+ 1, x, x− 1, respectively. Finally, by
applying U−1

h at the initial-state preparation stage and
Uh before the detection, we experimentally implement
the Floquet operator U .

Quantum-state tomography. For the detection of
the multifold bulk-boundary correspondence, we recon-
struct the evolved state |ψ(t)⟩ = U t|ψ(0)⟩ at each time
step, as all observables mentioned in the main text are
based on |ψ(t)⟩. Considering that all selected initial
states in the main text are pure states, and given the high
stability of the experimental setup, the evolved states can
be assumed as pure states too. The evolved state can be
expressed as [45]

|ψ(t)⟩ = eiϕ
′
t

∑
x

[
PUH(t, x)|x⟩ ⊗ |UH⟩ (14)

+ PUV (t, x)|x⟩ ⊗ |UV ⟩+ PDH(t, x)|x⟩ ⊗ |DH⟩
]
,

where eiϕ
′
t represents the relative phase for different

time steps t. We then implement four distinct mea-
surement protocols to reconstruct |ψ(t)⟩ in the basis
{|UH⟩, |UV ⟩, |DH⟩, |DV ⟩}.

Protocol-1. We measure the absolute values |pµ(t, x)|
(µ = UH,UV,DH). After the t-th time step, photons
in the position x arrive at the first detection device, M1,
which consists of PBSs and APDs. This device performs

a projective measurement in the basis |UH⟩, |UV ⟩, |DH⟩.
The measured probability distributions are given by:

|Pµ(t, x)|2 =
Nµ(t, x)∑

x [NUH(t, x) +NUV (t, x) +NDH(t, x)]
,

(15)

where Nµ(t, x) represents the photon counts.
Protocol-2: Without loss of generality, we rewrite

the evolved state as |ψ(t)⟩ =
∑

x |ψx(t)⟩ ⊗ |x⟩,
where |ψx(t)⟩ = eiϕ̃x(|PUH(t, x)||UH⟩ +
eiϕx,UV |PUV (t, x)||UV ⟩ + eiϕx,DH |PDH(t, x)||DH⟩).
The goal here is to measure the phases ϕx,UV and
ϕx,DH . Photons at the position x are directed to the
second detection device, M2, which consists of two
EOMs and the first detection device M1. The first EOM

acts on the polarization of photons as

(
eiθ1 0
0 e−iθ1

)
and the second EOM acts as

(
cos θ2 − sin θ2
sin θ2 cos θ2

)
. These

operations can be achieved by adjusting the appropriate
optical axis angles of the EOMs and the waveplates [37].
We set the voltage of the second EOM such that
tan(θ2) = |PUH |/|PUV |, using the data obtained in
protocol-1. To measure eiϕx,UV , we sweep θ1 by con-
trolling the voltage of the first EOM and observe the
interference between the photons in the states |UH⟩ and
|UV ⟩. We have θ1m = ϕx,UV /2, when the minimum
photon count in the state |UH⟩ is observed [46]. Thus,
we can determine eiϕx,UV by reading the voltage of the
first EOM. Similarly, we can measure eiϕx,DH . We need
to combine the two modes |UV ⟩, |DH⟩ into one spatial
mode. This is achieved by a triple PBS and waveplates
in front of the measurement device. Then, we obtain the
phase information ϕx,UV and ϕx,DH from Protocol-2.

Protocol-3. We probe the relative phase between the
amplitudes PUH(t, x) and PUH(t, x′). For example, we
consider the relative phase between the amplitudes at
positions x and x + 1. First, we introduce a detection
unitM3, which consists of an additional loop and the de-
tection unitM2. In the extra loop, we turn off the EOMs
in the fiber loop, so that the operation R is replaced by
an identity operation. We also remove the operator Uh

before the detection. Then we have

⟨UH | ψx(t+ 1)⟩ = eiϕ̃xei∆ϕ̃x(ã|PUH(t, x+ 1)| (16)

+ b̃eiϕx+1,UV |PUV (t, x+ 1)|
+ c̃eiϕx+1,DH |PDH(t, x+ 1)|),

⟨UV | ψx(t+ 1)⟩ = eiϕ̃x(d̃|PUH(t, x)|
+ ẽeiϕx,UV |PUV (t, x)|
+ f̃ eiϕx,DH |PDH(t, x)|),

where e−iM/2 =

 ã b̃ c̃

d̃ ẽ f̃

g̃ h̃ ĩ

 and ei∆ϕ̃x = ei(ϕ̃x+1−ϕ̃x).
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Since the phases of eiϕx,UV and eiϕx,DH have been ob-

tained in Protocol-2, we can extract ei∆ϕ̃x using the same
method in Protocol-2.

Protocol-4. To detect the relative phase for different
time steps t, we extend the coin state to four dimen-
sions by introducing a reference dimension |DV ⟩. We
perform identity operator to photons in the state |DV ⟩
and guide them always to the right spatial mode. For
every initial state prepared in the main text, we extend

it to ψ̃(0) = N
(
ψ(0)
1

)
, where N is a normalization fac-

tor. The state ψ̃(0) evolves under Ũk =

(
Uk 0
0 1

)
. After

each step, we measure the relative phase between the am-
plitudes PUH(t, x = t) and PDV (t, x = t) via the same

method in Protocol-2, which allows us to extract eiϕ̃x=t .
By combining this with the recurrence relation obtained
in Protocol-3, we can determine the phase information

eiϕ̃x for arbitrary x. Finally, |ψ(t)⟩ can be reconstructed
by four distinct measurement protocols.

Spatially-resolved injection spectroscopy
method. To investigate non-Abelian bulk-boundary
correspondence, the domain-wall boundary condition is
enforced by modulating the EOMs to vary the param-
eters θ and ϕ of the quantum-walk system. Then, we
choose an initial state with significant overlap a domain-
wall state, |ψ(0)⟩ = N P̂d|ψd⟩, where P̂d = |xd⟩⟨xd|
is the projection operator, xd is the domain-wall
position, and |ψd⟩ represents the domain-wall state.
Since the domain-wall state is primarily localized at
xd, its overlap with the initial state is approximately
|⟨ψd|ψ(0)⟩| ≈ 1, while the overlap between the initial
state and any extended bulk state |ψn⟩ is negligible,
i.e., |⟨ψn|ψ(0)⟩| ≈ 0. Consequently, after t steps, the
temporal evolution of the state is |ψ(t)⟩ = U t|ψ(0)⟩ =∑

m e−iEmt|ψm⟩⟨ψm|ψ(0)⟩ ≈ e−iEdt|ψd⟩, where Ed

represents the quasienergy of the domain-wall state.
To extract the dynamical phase e−iEdt, we perform
quantum-state tomography on the evolved state |ψ(t)⟩
at each time step. This results in a series of phases
{e−iEdt

′}t′=0,1,··· ,t, and their Fourier transformation

is α̃(ω) =
∑t

t′=0 e
−iEdt

′
eiωt′ . The amplitude of α̃(ω)

reach its maximum value at ω = Ed, which allows us to
identify the quasienergy of the domain-wall state.

In our experiment, we choose different initial states
which are injected at various positions xi, including
the bulk and domain-wall locations, that is, |ψ(0)⟩ =
N P̂i,d|ψd⟩ with P̂i,d = |xi⟩⟨xd|. We project the evolved
state |ψ(t)⟩ onto the state |xi⟩|A⟩ and obtain a(t) =
⟨A|⟨xi|ψ(t)⟩. The choice of the internal coin state only
alters the amplitude of the projection, but does not affect
the phase information. Therefore, for simplicity, we fix
the internal coin state |A⟩. By varying t, we obtain a set
of projections, α(t) = {a(0), a(1), a(2), . . . , a(t)}. The
Fourier transformation gives α̃(ω) =

∑t
t′=0 α(t

′)eiωt′ .

When the injection occurs near the domain wall, the
prominent peaks of |α̃(ω)|2 correspond to the quasiener-
gies of the domain-wall states. In contrast, when the
initial state is injected away from the boundary, the tem-
poral evolution is governed by the bulk Hamiltonian. We
can only observe peaks corresponding to the quasiener-
gies of the bulk states, as the localized initial state over-
laps only with the bulk states.
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[19] A. Tiwari, T. Bzdušek, Non-Abelian topology of nodal-
line rings in PT-symmetric systems. Phys. Rev. B 101,
195130 (2020).

[20] B. Jiang et al., Experimental observation of non-Abelian
topological acoustic semimetals and their phase transi-
tions. Nat. Phys. 17, 1239-1246 (2021).

[21] B. Jiang et al., Experimental observation of meronic
topological acoustic Euler insulators. Sci. Bull. 69, 1653
(2024).

[22] Y. Hu et al., Observation of non-Abelian band topology
without time-reversal symmetry. arXiv:2407.07593.

[23] W. J. Jankowski et al., Non-Abelian Hopf-Euler insula-
tors. Phys. Rev. B 110, 075135 (2024).

[24] T. Li, H. Hu, Floquet non-Abelian topological insulator
and multifold bulk-edge correspondence. Nat. Commun.
14, 6418 (2023).

[25] Y. Yang et al., Non-Abelian physics in light and sound.
Science 383, eadf9621 (2024).

[26] D. Cheng et al., Non-Abelian lattice gauge fields in pho-
tonic synthetic frequency dimensions. Nature 637, 52-56
(2025).

[27] G. P. Alexander, B. G. Chen, E. A. Matsumoto, R. D.
Kamien, Colloquium: Disclination loops, point defects,
and all that in nematic liquid crystals. Rev. Mod. Phys.
84, 497514 (2012).

[28] G. Volovik, V. Mineev, Investigation of singularities in
superfluid He3 in liquid crystals by the homotopic topol-
ogy methods. Zh. Eksp. Teor. Fiz. 72, 2256-2274 (1977).

[29] V. Poenaru, G. Toulouse, The crossing of defects in or-
dered media and the topology of 3-manifolds. J. Phys.
Lett. 38, 887-895 (1977).

[30] K. Liu, J. Nissinen, R.-J. Slager, K. Wu, J. Zaanen, Gen-
eralized liquid crystals: giant fluctuations and the vesti-
gial chiral order of I, O and T matter. Phys. Rev. X 6,
041025 (2016).

[31] C.-X. Guo, S. Chen, K. Ding, H. Hu, Exceptional non-
Abelian topology in multiband non-Hermitian systems.
Phys. Rev. Lett. 130, 157201 (2023).

[32] H. Hu, E. Zhao, Knots and non-Hermitian Bloch bands.
Phys. Rev. Lett. 126, 010401 (2021).

[33] J. L. K. König, K. Yang, J. C. Budich, E. J. Bergholtz,
Braid-protected topological band structures with un-
paired exceptional points. Phys. Rev. Res. 5, L042010
(2023).

[34] Q. Zhang et al., Observation of acoustic non-Hermitian
Bloch braids and associated topological phase transi-
tions. Phys. Rev. Lett. 130, 017201 (2023).

[35] L. Xiao et al., Non-Hermitian bulk-boundary correspon-

dence in quantum dynamics. Nat. Phys. 16, 761 (2020).
[36] Q. Lin et al., Topological phase transitions and mobility

edges in non-Hermitian quasicrystals. Phys. Rev. Lett.
129, 113601 (2022).

[37] Q. Lin et al., Observation of non-Hermitian topological
Anderson insulator in quantum dynamics. Nat. Commun.

13, 3229 (2022).
[38] A. Schreiber et al., Decoherence and disorder in quantum

walks: from ballistic spread to localization. Phys. Rev.
Lett. 106, 180403 (2011).

[39] Materials and methods are available as supplementary
material.

[40] M. S. Rudner, N. H. Lindner, E. Berg, M. Levin, Anoma-
lous edge states and the bulk-edge correspondence for pe-
riodically driven two-dimensional systems. Phy. Rev. X
3, 031005 (2013).

[41] L. J. Maczewsky, J. M. Zeuner, S. Nolte, A. Szameit,
Observation of photonic anomalous Floquet topological
insulators. Nat. Commun. 8, 13756 (2017).

[42] S. Mukherjee et al., Experimental observation of anoma-
lous topological edge modes in a slowly driven photonic
lattice. Nat. Commun. 8, 13918 (2017).

[43] K. Wintersperger et al., Realization of an anomalous Flo-
quet topological system with ultracold atoms. Nat. Phys.
16, 1058 (2020).

[44] X. Zhan, D. Qu, P. Xue, Deterministic realization of
trace-preserving channels in linear-optical systems. Phys.
Rev. A 108, 032611 (2023).

[45] X.-Y. Xu et al., Measuring the winding number in a large-
scale chiral quantum walk. Phys. Rev. Lett. 120, 260501
(2018).

[46] K.-W. Bong et al., Strong unitary and overlap uncer-
tainty relations: theory and experiment. Phys. Rev. Lett.
120, 230402 (2018).

Acknowledgments
This work has been supported by the National Key

R&D Program of China (Grant Nos. 2023YFA1406701
and 2023YFA1406704) and National Natural Science
Foundation of China (Grant Nos. 92265209, 12025401,
12374479). H.H. is supported by National Key
Research and Development Program of China No.
2022YFA1405800 and National Natural Science Founda-
tion of China (Grant No. 12474496).

Author contributions
Q.L. performed the experiments and wrote part of the

paper. T.L. and H.H. developed the theoretical aspects
and wrote part of the paper. W.Y. performed the the-
oretical analysis, and wrote part of the paper. P.X. su-
pervised the project, designed the experiments, analyzed
the results and revised the paper.

Competing interest declaration
The authors declare no competing interests.
Additional information
Correspondence and requests for materials should be

addressed to Wei Yi (wyiz@ustc.edu.cn) and Peng Xue
(gnep.eux@gmail.com).


	Simulating Floquet non-Abelian topological insulator with photonic quantum walks
	Abstract
	References


