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np spin correlations in the deuteron ground state
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The deuteron is the simplest atomic nucleus made of two particles — a proton and a neutron. In
this work, we study how their spins are quantum entangled with each other. We study two cases:
when the deuteron is in a fixed projection of total angular momentum, and when it exists in a
superposition of all projections. Our findings show that the spins are most entangled when the total
projection is zero, and that strong entanglement still exists even when all spin states are superposed.

I. INTRODUCTION

Correlations between subsystems which do not have a
classical counterpart gives us an indication of the non-
classicality of quantum states. The study of nonclassical
correlations, particularly entanglement, has become a key
topic in many areas of research [1]. The is becuse of a
crucial role entanglement plays a resource in quantum
cryptography [2] and quantum computing [3–5], quantum
chemistry [6], atomic physics [7, 8], and condensed matter
physics [9, 10]. Thus, understanding and quantification of
entanglement is a fundamental problem in quantum infor-
mation theory, which has been extensively explored in the
literature [11]. For pure bipartite states, entanglement
can be easily determined using Schmidt decomposition,
but it becomes a complicated task for the mixed state.
For mixed states, we have different separability criteria
such as Peres-Horodecki criteria, entanglement negativity,
and concurrence [12–15]. This quantification of entangle-
ment is based on the choice of subsystem considered for
our study.

In the case of distinguishable particles, the notion of
entanglement is based on the tensor product of the subsys-
tem Hilbert spaces, as thoroughly discussed in [11]. How-
ever, for indistinguishable particles, defining subsystems is
challenging, as the Hilbert space is no longer expressed as
a tensor product of subsystem Hilbert spaces. In fermionic
systems, both particle-based approaches [16, 17] and mode
entanglement-based approaches [18–21] are used. Re-
cently, more emphasis has been placed on mode entangle-
ment, as the definition of subsystems is well-defined in this
case [22, 23]. Nevertheless, particle entanglement remains
essential in systems where the constituents can be effec-
tively distinguished through additional degrees of freedom,
such as spin, isospin, or spatial separation. This perspec-
tive is particularly relevant in nuclear physics, where
nucleons are distinguishable by their spin and isospin
projections, allowing the construction of reduced density
matrices in well-defined bases.
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Recently, there has been a growing interest in under-
standing the structure and role of entanglement in many-
body problems, particularly in nuclear physics [24–35].
This area of nuclear entanglement bridges quantum infor-
mation science and nuclear physics, providing new tools
and perspectives for both classical and quantum nuclear
problem-solving. Recent investigations into quantum cor-
relations in the Lipkin model [25, 26], seniority model [29],
and two-nucleon systems [27] have made significant con-
tributions. Apart from a theoretical academic interest,
it also has practical implications in areas of traditional
shell model calculation where entanglement entropy serves
as a metric for the truncation of computational model
space [34]. This means fewer computational resources are
needed, without losing much accuracy, making complex
nuclear calculations much more efficient.

The present quantifies the spin correlations in the sim-
plest nucleus, deuteron, which comprises a proton and
a neutron that are loosely bound with a small binding
energy. Moreover, the deuteron happens to be the only
two-body nucleus existing in nature. We derive the re-
duced density matrix encompassing their spin degrees of
freedom, which reveals a significant amount of quantum
correlations in the ground state. These entanglement
quantifiers can be further measured experimently as pro-
posed by Dong Bai [35], and hence this work could find
applications in the inference of various nuclear properties.

II. DEUTERON GROUND STATE

Deuteron is the only two-nucleon bound state existing
in nature. It comprises of a neutron and a proton weakly
bound together in an admixture (superposition) of S and
D orbital angular momentum states [36–41]. Accordingly,
the orbital angular momentum quantum number takes
values L = 0 and 2, with an experimentally known prob-
ability of the S state ≈ 94%. The parity of exchange
interactions fixes the spin and isospin quantum numbers
as S = 1 and T = 0, with the resulant total angular mo-
mentum J = 1. The wavefunction for a fixed projection
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M = 0,±1 can therefore be written as:∣∣∣Ψ(M)
〉
=

∑
L

αL |RL⟩ |LS; JM⟩ |TMT ⟩ , (1)

where |αL|2 are the probabilities of the deuteron in dif-
ferent radial vectors |RL⟩. In the decoupled basis we can
utilize the Clebsh-Gordan (CG) series to substitute:

|LS; JM⟩ =
∑
ML

∑
MS

(
L S J
ML MS M

)
|LML⟩ |SMS⟩ , (2)

where ML and MS are the z projections of L and S,
respectively, and the bracketed term represents is the
CG coefficient. In the position representation, |RL⟩ and
|LML⟩ are the radial wave function and the spherical
harmonics, respectively:

⟨r⃗|RL⟩ = RL(r), ⟨r⃗|LML⟩ = Y ML

L (θ, ϕ), (3)

where r⃗ = (r, θ, ϕ) is the relative position vector between
the two nucleons. We can therefore write∣∣∣Ψ(M)

〉
=

∑
L

αL |RL⟩
∑

ML,MS

(
L S J
ML MS M

)
|L,ML⟩ |S,MS⟩ |T,MT ⟩ . (4)

It is far more convenient to move to basis that labels
the two nucleons as AB, where the subsystems A and B
represent the neutron and the proton, respectively.

In this work, we are interested in the entanglement
between neutron-proton spins, and the corresponding
reduced spin density matrix is obtained by tracing out
other degrees of freedom:

ρ̂
(M)
spin =TrR,L,T

(∣∣∣Ψ(M)
〉〈

Ψ(M)
∣∣∣)

=
∑
L,ML

∑
MS ,M ′

S

|αL|2
(

L S J
ML M ′

S M

)(
L S J
ML MS M

)
|S,M ′

S⟩ ⟨S,MS | . (5)

Using the completeness relation, and the fact ML+M ′
S =

ML + MS , it reduces to [see Appendix A for explicit
derivation]

ρ̂
(M)
spin =

∑
L,ML,MS

|αL|2
(

L S J
ML MS M

)2 ∑
m1,m2

(
s1 s2 S
m1 m2 MS

)
∑

m′
1,m

′
2

(
s1 s2 S
m′

1 m′
2 MS

)
|m1,m2⟩ ⟨m′

1,m
′
2| , (6)

where, s1 = 1/2 and s2 = 1/2 are the nucleon spins, and
m1 and m2 are their corresponding projections along the
z axis.

The analysis done upto now is useful in the case when
the deuteron sits in a weak external magnetic field gradi-
ent that segregates the nuclei on the basis of M values.

However, in the absence of an external magnetic field the
wave function as a linear superposition of M = 0,±1:
The principle of equal prior probabilities implies that all
projections are equally probable, i.e.,

|Ψ⟩ = 1√
3

∑
M

eiζM
∣∣∣Ψ(M)

〉
, (7)

where ζM ∈ (0, 2π) are arbitrary phases. Since global
phases do not matter, we set ζ0 = 0 as a reference. Fol-
lowing the same procedure as before, the corresponding
spin density matrix is given by

ρ̂spin =
1

3

∑
M,M ′

ei(ζM−ζM′ )
∑
L

|αL|2

∑
ML,MS ,M ′

S

(
L S J
ML MS M

)(
L S J
ML M ′

S M ′

)
∑

m1,m2,m′
1,m

′
2

(
s1 s2 S
m1 m2 MS

)(
s1 s2 S
m′

1 m′
2 M ′

S

)
|m1,m2⟩ ⟨m′

1,m
′
2| . (8)

Given s1 = s2 = 1/2, the bipartite spin density matrix is
a 4× 4 hermitian operator, whose entanglement structure
could be easily probed with standard measures, e.g., en-
tanglement entropy, mutual information, and negativity
[see Appendix B for details].

III. SPIN CORRELATIONS

We now show the quantification of entanglement based
on the reduced density matrices derived in the preceeding
section. Following the same order, we shall first look at
the case of a weak external magnetic field when where we
could choose the deuteron being in a specific projection
of the total angular momentum. For scientific curiousity
we will later we shall later study the case of no magnetic
field, where the deuteron assumes a generic superposition
of all momentum projections.

The deuteron ground state is mostly L = 0, with a small
admixture of L = 2 state (≈ 6%), resulting in a mixed
reduced spin density matrix. Accordingly, in Fig. 1 and
Table I we show the mutual information and entanglement
negativity of the bipartite state in six different potential
models that estimate the ground state. These include
next-to-leading order (NLO) [42], Argonne v14 [43, 44],
next-to-next-to-leading order (NNLO) [42], soft core
Reid68 [45], standard Woods-Saxon potential [46], and
Hamada-Johnston potential [47]. The spin correlations
are highest in the M = 0 case, and lowest in the M = ±1
state. The M = 0 state shows a monotonic decrease of
mutual information with an increase in the admixture
probability, while the M = ±1 state has a maxima near
|α2|2 ≈ 0.5.

Negativity stands as one of the most important corre-
lation quantifiers in information science, and hence we
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FIG. 1: Bipartite mutual information I(A :B) and entanglement negativity N of the spin correlation matrix in the
deuteron ground state. The parameter |α2|2 represents the probability of L = 2 orbital state. Vertical lines correspond
to values for six different potential models listed in Table I. Inset: Zoomed-in region of experimentally implied range of
the probability.

TABLE I: Mutual information and entanglement negativity of the spin density matrix of deuteron in a weak external
magnetic field. |α2|2 denotes the probability of the L = 2 state in different potential models. Values of parameter
|α2|2 is obtained by reference [42–47] given in original paper of potential models applied for the calculation of
deuteron wave function. These calculation are for fixed value of projection quantum number M .

Sr. Potential |α2|2 (in %) I(A : B) N (ρ̂spin)
M = 0 M = ±1 M = 0 M = ±1

a NLO [42] 3.62 1.2671 0.0846 0.4784 0.0
b Argonne v14 [43, 44] 6.08 1.2063 0.1225 0.4640 0.0
c NNLO [42] 6.11 1.2039 0.1239 0.4634 0.0
d Soft core Reid68 [45] 6.47 1.1968 0.1281 0.4616 0.0
e Standard Wood-Saxon potential [46] 6.66 1.1921 0.1309 0.4604 0.0
f Hamada-Johnston [47] 7.02 1.1829 0.1363 0.4580 0.0

anticipate it to offer valuable insights into the nulear struc-
ture and reactions. In Table I we show the negativity for
the reduced spin density matrix . In a manner similar to
mutual information, we have plotted the negativity as a
function of parameter |α2|2 in the right panel of Fig. 1,
which shows that the entanglement is significant in the
M = 0 projection, and vanishes rapidly for large |α2|2.
The M = ±1 state doesn’t show any significant amount
of negativity at all, which clearly agress with the results
of the mutual information. For the deuteron we have
|α2|2 ≈ 0.06 (vertical lines in Fig. 1), and hence the the
two nucleons are close to maximally entangled in their
spins.

In the absence of a weak external magnetic field all
M projections are degenerate. Accorindgly, the quan-
tum state is an equal coherent superposition of all M
projections, with the reduced spin density matrix given
by Eq. (8). To incorporate all possible (relative) phases

corresponding to different projections, we introduced two
additional parameters, ζ±1.

In left panel of Fig. 2, we present the mutual infor-
mation as a function of the two-phase parameters while
maintaining the free parameter |α2|2 = 0.0666 (repre-
sentative of the Woods-Saxon potential). The absence
of closed contours suggests that no specific phase value
is preferred. Moreover, the straight contour lines indi-
cate that both phases are equally favored. Notably, the
maximum correlation occurs when the phases are com-
plementary. This observation is further supported by
Table II, which shows the results of both entanglement
quantifiers for specific choices of the phase—namely, 0
and π radians. These phases correspond to the sign ±1
assigned to the coefficients in Eq. (7), representing the
linear superposition of all M projections. The two specific
cases considered in Table II are the ones where the signs of
the coefficients corresponding to M = ±1 projections are
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TABLE II: Similar to table I the entanglement quantifiers for different potential models is calculated for the case
considering all possible projection of J as equally probable. ζ±1 = 0, π representing the sign of coefficient in Eq. (8) to
±1.

Sr. Potential |α2|2 (in %) I(A :B) N (ρ̂spin)
ζ+1 ̸= ζ−1 ζ+1 = ζ−1 ζ+1 ̸= ζ−1 ζ+1 = ζ−1

a NLO [42] 3.62 1.2671 0.2615 0.4784 0.1558
b Argonne v14 [43, 44] 6.08 1.2063 0.2747 0.4640 0.1486
c NNLO [42] 6.11 1.2039 0.2753 0.4634 0.1483
d Soft core Reid68 [45] 6.47 1.1968 0.2770 0.4616 0.1474
e Standard Wood-Saxon potential [46] 6.66 1.1921 0.2781 0.4604 0.1468
f Hamada-Johnston [47] 7.02 1.1829 0.2803 0.4580 0.1456
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FIG. 2: Mutual information, I(A :B) given by Eq. (B3), and negativity, N (ρ̂spin) given by Eq. (B4), are shown as
functions of the parameter ζ±1 which determines the relative phase between the M = ±1 components in the linear
superposition of deuteron spin projections. The value of |α2|2 is held fixed at 0.0666. Both quantifiers are evaluated
for the same spin density matrix to compare the entanglement and correlation behavior under variation of ζ±1.

either different or the same. It is evident that for the first
case, correlation measures are maximum and remain so
for any phase as long as the phases are complementary to
each other. Conversely, for the second case, correlation is
at a minimum and oscillates between minimum and max-
imum values if the phases are varied under the constraint
that they are equal. Thus, correlation could be measured
with the help of single phase parameter, while the other
parameter can be considered redundant. One such choice
of is given by θ±1 = (ζ+1 ± ζ−1)/

√
2, where θ±1 repre-

sents a new set of parameters, and θ−1 could be regarded
as a redundant parameter. Consequently, the calculated
quantifier, i.e., mutual information, is represented by only
one parameter, θ+1, as depicted in Fig. 3, which shows
the oscillatory behavior of mutual information with phase
parameter.

IV. SUMMARY

We quantified the neutron-proton spin-entanglement in
the deuteron bound state. The bipartite wave function

0 2 4 6
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0.8

1.0

1.2

I
(A

:
B

)

FIG. 3: Mutual information, I(A : B), given by Eq. (B3)
is shown as a function of parameter θ+1 while fixing the
parameter |α2|2 = 0.0666.

was expressed in the decoupled basis through a repeated
utilization of the Clebash-Gordan series, which was fol-
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lowed by a partial tracing to arrive at the reduced density
matrix for the spin degrees of freedom. Since the total an-
gular momentum is J = 1, we started with the case when
its projections could be distinguished in a weak magnetic
field. We found a significant amount of spin-entanglement
only in the spin singlet state, ie., for M = 0. We further
considered a case of the degenerate ground state where
the wave function is a linear superposition of all three
projections of J . The resulting spin density matrix reveal
that the nucleons are close to maximally entangled in
their spins.

ACKNOWLEDGMENTS

This work is supported by the SERB-DST, Govt. of
India, via project CRG/2022/009359. A.K. is supported
by NCN SONATA-BIS grant No: 2017/26/E/ST2/01008.
We acknowledge the National Supercomputing Mission
(NSM) for providing computing resources of ‘PARAM
Ganga’ at IIT Roorkee, which is implemented by C-DAC
and supported by MeitY and DST, Govt. of India.

[1] L. Amico, R. Fazio, A. Osterloh, and V. Vedral, Rev. Mod.
Phys. 80, 517 (2008).

[2] A. K. Ekert, Phys. Rev. Lett. 67, 661 (1991).
[3] R. Jozsa and N. Linden, Proceedings of the Royal So-

ciety of London. Series A. Mathematical, Physical and
Engineering Sciences 459, 2011 (2003).

[4] G. Vidal, Phys. Rev. Lett. 91, 147902 (2003).
[5] F. W. Strauch, American Journal of Physics 84,

495 (2016), https://pubs.aip.org/aapt/ajp/article-
pdf/84/7/495/13122295/495_1_online.pdf.

[6] S. Szalay, M. Pfeffer, V. Murg, G. Barcza, F. Ver-
straete, R. Schneider, and O. Legeza, International
Journal of Quantum Chemistry 115, 1342 (2015),
https://onlinelibrary.wiley.com/doi/pdf/10.1002/qua.24898.

[7] J. S. Dehesa, T. Koga, R. J. Yáñez, A. R. Plastino, and
R. O. Esquivel, Journal of Physics B: Atomic, Molecular
and Optical Physics 45, 015504 (2011).

[8] S. Qvarfort, S. Bose, and A. Serafini, New Journal of
Physics 22, 093062 (2020).

[9] J. Eisert, M. Cramer, and M. B. Plenio, Rev. Mod. Phys.
82, 277 (2010).

[10] N. Laflorencie, Physics Reports 646, 1 (2016), quantum
entanglement in condensed matter systems.

[11] R. Horodecki, P. Horodecki, M. Horodecki, and
K. Horodecki, Rev. Mod. Phys. 81, 865 (2009).

[12] P. Horodecki, Physics Letters A 232, 333 (1997).
[13] A. Peres, Phys. Rev. Lett. 77, 1413 (1996).
[14] V. Vedral, M. B. Plenio, M. A. Rippin, and P. L. Knight,

Phys. Rev. Lett. 78, 2275 (1997).
[15] S. A. Hill and W. K. Wootters, Phys. Rev. Lett. 78, 5022

(1997).
[16] J. Schliemann, J. I. Cirac, M. Kuś, M. Lewenstein, and

D. Loss, Phys. Rev. A 64, 022303 (2001).
[17] K. Eckert, J. Schliemann, D. Bruß, and M. Lewenstein,

Annals of Physics 299, 88 (2002).
[18] T. Debarba, R. O. Vianna, and F. Iemini, Phys. Rev. A

95, 022325 (2017).
[19] N. Gigena and R. Rossignoli, Phys. Rev. A 94, 042315

(2016).
[20] N. Gigena and R. Rossignoli, Phys. Rev. A 95, 062320

(2017).
[21] H. Shapourian and S. Ryu, Phys. Rev. A 99, 022310

(2019).
[22] F. Benatti, R. Floreanini, and U. Marzolino, Phys. Rev.

A 89, 032326 (2014).
[23] N. Friis, A. R. Lee, and D. E. Bruschi, Phys. Rev. A 87,

022338 (2013).

[24] O. Legeza, L. Veis, A. Poves, and J. Dukelsky, Phys. Rev.
C 92, 051303 (2015).

[25] M. Di Tullio, R. Rossignoli, M. Cerezo, and N. Gigena,
Phys. Rev. A 100, 062104 (2019).

[26] J. Faba, V. Martín, and L. Robledo, Phys. Rev. A 104,
032428 (2021).

[27] A. T. Kruppa, J. Kovács, P. Salamon, and O. Legeza,
Journal of Physics G: Nuclear and Particle Physics 48,
025107 (2021).

[28] C. Robin, M. J. Savage, and N. Pillet, Phys. Rev. C 103,
034325 (2021).

[29] A. T. Kruppa, J. Kovács, P. Salamon, O. Legeza, and
G. Zaránd, Phys. Rev. C 106, 024303 (2022).

[30] D. Lacroix, A. B. Balantekin, M. J. Cervia, A. V. Patward-
han, and P. Siwach, Phys. Rev. D 106, 123006 (2022).

[31] E. Pazy, Phys. Rev. C 107, 054308 (2023).
[32] C. Gu, Z. H. Sun, G. Hagen, and T. Papenbrock, Phys.

Rev. C 108, 054309 (2023).
[33] A. Bulgac, M. Kafker, and I. Abdurrahman, Phys. Rev.

C 107, 044318 (2023).
[34] C. W. Johnson and O. C. Gorton, Journal of Physics G:

Nuclear and Particle Physics 50, 045110 (2023).
[35] D. Bai, Phys. Rev. C 109, 034001 (2024).
[36] V. Zhaba, (2017), arxiv:1706.08306 [nucl-th].
[37] J. M. Blatt and V. F. Weisskopf, Theoretical nuclear

physics (Springer, New York, 1952).
[38] M. Levchuk and A. L’vov, Nuclear Physics A 674, 449

(2000).
[39] Y. Fujiwara, T. Fujita, M. Kohno, C. Nakamoto, and

Y. Suzuki, Phys. Rev. C 65, 014002 (2001).
[40] F. Gross and A. Stadler, Phys. Rev. C 82, 034004 (2010).
[41] S. Veerasamy and W. N. Polyzou, Phys. Rev. C 84, 034003

(2011).
[42] E. Epelbaum, W. Glöckle, and U.-G. Meißner, Nuclear

Physics A 671, 295 (2000).
[43] H. Arenhövel and H. G. Miller, Zeitschrift für Physik 266,

13 (1974).
[44] R. B. Wiringa, R. A. Smith, and T. L. Ainsworth, Phys.

Rev. C 29, 1207 (1984).
[45] J. Reid, Roderick V., Annals of Physics 50, 411 (1968).
[46] B. Rezaei and A. Dashtimoghadam, Journal of Theoretical

and Applied Physics 8, 203 (2014).
[47] T. Hamada and I. Johnston, Nuclear Physics 34, 382

(1962).
[48] C. H. Bennett, D. P. DiVincenzo, J. A. Smolin, and W. K.

Wootters, Phys. Rev. A 54, 3824 (1996).

https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1103/RevModPhys.80.517
https://doi.org/10.1103/PhysRevLett.67.661
https://doi.org/10.1103/PhysRevLett.91.147902
https://doi.org/10.1119/1.4948608
https://doi.org/10.1119/1.4948608
https://arxiv.org/abs/https://pubs.aip.org/aapt/ajp/article-pdf/84/7/495/13122295/495_1_online.pdf
https://arxiv.org/abs/https://pubs.aip.org/aapt/ajp/article-pdf/84/7/495/13122295/495_1_online.pdf
https://doi.org/https://doi.org/10.1002/qua.24898
https://doi.org/https://doi.org/10.1002/qua.24898
https://arxiv.org/abs/https://onlinelibrary.wiley.com/doi/pdf/10.1002/qua.24898
https://doi.org/10.1088/0953-4075/45/1/015504
https://doi.org/10.1088/0953-4075/45/1/015504
https://doi.org/10.1088/1367-2630/aba30f
https://doi.org/10.1088/1367-2630/aba30f
https://doi.org/10.1103/RevModPhys.82.277
https://doi.org/10.1103/RevModPhys.82.277
https://doi.org/https://doi.org/10.1016/j.physrep.2016.06.008
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/https://doi.org/10.1016/S0375-9601(97)00416-7
https://doi.org/10.1103/PhysRevLett.77.1413
https://doi.org/10.1103/PhysRevLett.78.2275
https://doi.org/10.1103/PhysRevLett.78.5022
https://doi.org/10.1103/PhysRevLett.78.5022
https://doi.org/10.1103/PhysRevA.64.022303
https://doi.org/https://doi.org/10.1006/aphy.2002.6268
https://doi.org/10.1103/PhysRevA.95.022325
https://doi.org/10.1103/PhysRevA.95.022325
https://doi.org/10.1103/PhysRevA.94.042315
https://doi.org/10.1103/PhysRevA.94.042315
https://doi.org/10.1103/PhysRevA.95.062320
https://doi.org/10.1103/PhysRevA.95.062320
https://doi.org/10.1103/PhysRevA.99.022310
https://doi.org/10.1103/PhysRevA.99.022310
https://doi.org/10.1103/PhysRevA.89.032326
https://doi.org/10.1103/PhysRevA.89.032326
https://doi.org/10.1103/PhysRevA.87.022338
https://doi.org/10.1103/PhysRevA.87.022338
https://doi.org/10.1103/PhysRevC.92.051303
https://doi.org/10.1103/PhysRevC.92.051303
https://doi.org/10.1103/PhysRevA.100.062104
https://doi.org/10.1103/PhysRevA.104.032428
https://doi.org/10.1103/PhysRevA.104.032428
https://doi.org/10.1088/1361-6471/abc2dd
https://doi.org/10.1088/1361-6471/abc2dd
https://doi.org/10.1103/PhysRevC.103.034325
https://doi.org/10.1103/PhysRevC.103.034325
https://doi.org/10.1103/PhysRevC.106.024303
https://doi.org/10.1103/PhysRevD.106.123006
https://doi.org/10.1103/PhysRevC.107.054308
https://doi.org/10.1103/PhysRevC.108.054309
https://doi.org/10.1103/PhysRevC.108.054309
https://doi.org/10.1103/PhysRevC.107.044318
https://doi.org/10.1103/PhysRevC.107.044318
https://doi.org/10.1088/1361-6471/acbece
https://doi.org/10.1088/1361-6471/acbece
https://doi.org/10.1103/PhysRevC.109.034001
https://arxiv.org/abs/1706.08306
https://doi.org/10.1007/978-1-4612-9959-2
https://doi.org/10.1007/978-1-4612-9959-2
https://doi.org/https://doi.org/10.1016/S0375-9474(00)00145-7
https://doi.org/https://doi.org/10.1016/S0375-9474(00)00145-7
https://doi.org/10.1103/PhysRevC.65.014002
https://doi.org/10.1103/PhysRevC.82.034004
https://doi.org/10.1103/PhysRevC.84.034003
https://doi.org/10.1103/PhysRevC.84.034003
https://doi.org/https://doi.org/10.1016/S0375-9474(99)00821-0
https://doi.org/https://doi.org/10.1016/S0375-9474(99)00821-0
https://doi.org/10.1007/BF01668658
https://doi.org/10.1007/BF01668658
https://doi.org/10.1103/PhysRevC.29.1207
https://doi.org/10.1103/PhysRevC.29.1207
https://doi.org/10.1016/0003-4916(68)90126-7
https://doi.org/https://doi.org/10.1007/s40094-014-0149-1
https://doi.org/https://doi.org/10.1007/s40094-014-0149-1
https://doi.org/https://doi.org/10.1016/0029-5582(62)90228-6
https://doi.org/https://doi.org/10.1016/0029-5582(62)90228-6
https://doi.org/10.1103/PhysRevA.54.3824


6

[49] K. Życzkowski, P. Horodecki, A. Sanpera, and M. Lewen-
stein, Phys. Rev. A 58, 883 (1998).

[50] J. Lee, M. S. Kim, Y. J. Park, and S. Lee,
Journal of Modern Optics 47, 2151 (2000),
https://doi.org/10.1080/09500340008235138.

[51] T. A. Palomaki, J. D. Teufel, R. W. Simmonds,
and K. W. Lehnert, Science 342, 710 (2013),
https://www.science.org/doi/pdf/10.1126/science.1244563.

[52] G. Vidal and R. F. Werner, Phys. Rev. A 65, 032314
(2002).

https://doi.org/10.1103/PhysRevA.58.883
https://doi.org/10.1080/09500340008235138
https://arxiv.org/abs/https://doi.org/10.1080/09500340008235138
https://doi.org/10.1126/science.1244563
https://arxiv.org/abs/https://www.science.org/doi/pdf/10.1126/science.1244563
https://doi.org/10.1103/PhysRevA.65.032314
https://doi.org/10.1103/PhysRevA.65.032314


7

APPENDICES
np spin correlations in the deuteron ground state

Appendix A: Spin density matrices

When the system assumes a fixed projection M , the reduced density matrix encompassing np spin correlations is
given by

ρ̂
(M)
spin = TrR,L,T

(∣∣∣Ψ(M)
〉〈

Ψ(M)
∣∣∣). (A1)

Using Eq. (4), and its corresponding conjugate space representation for
〈
Ψ(M)

∣∣, we get

ρ̂
(M)
spin =

∑
R′′

L

∑
L′′,ML′′

∑
T ′′,MT ′′

⟨R′′
L| ⟨L′′,ML′′ | ⟨T ′′,MT ′′ |

{∣∣∣Ψ(M)
〉〈

Ψ(M)
∣∣∣} |R′′

L⟩ |L′′,ML′′⟩ |T ′′,MT ′′⟩

=
∑
R′′

L

∑
L′′,ML′′

∑
T ′′,MT ′′

⟨R′′
L| ⟨L′′,ML′′ | ⟨T ′′,MT ′′ |

{∑
L

αL |RL⟩
∑

ML,MS

(
L S J
ML MS M

)
|L,ML⟩ |S,MS⟩ |T,MT ⟩

∑
L′

α∗
L′ ⟨RL′ |

∑
M ′

L′ ,M
′
S

(
L′ S J
M ′

L′ M ′
S M

)
⟨L′,M ′

L′ | ⟨S,M ′
S | ⟨T,MT |

}
|R′′

L⟩ |L′′,ML′′⟩ |T ′′,MT ′′⟩ ,

=
∑
R′′

L

∑
L′′,ML′′

∑
L,L′

αLα
∗
L′ ⟨R′′

L|RL⟩ ⟨RL′ |R′′
L⟩

∑
T ′′,MT ′′

⟨T ′′,MT ′′ |T,MT ⟩ ⟨T,MT |T ′′,MT ′′⟩
∑

ML,MS

(
L S J
ML MS M

)
∑

M ′
L′ ,M

′
S

(
L′ S J
M ′

L′ M ′
S M

)
⟨L′′,ML′′ |L,ML⟩ ⟨L′,M ′

L′ |L′′,ML′′⟩ |S,MS⟩ ⟨S,M ′
S |

=
∑
R′′

L

∑
L′′,ML′′

∑
L,L′

αLα
∗
L′δR′′

L,RL
δRL′ ,R′′

L

∑
T ′′,MT ′′

δT ′′,T δMT ′′ ,MT
δT,T ′′δMT ,MT ′′

∑
ML,MS

(
L S J
ML MS M

)
∑

M ′
L′ ,M

′
S

(
L′ S J
M ′

L′ M ′
S M

)
δL′′,LδML′′ ,ML

δL′,L′′δM ′
L′ ,ML′′ |S,MS⟩ ⟨S,M ′

S | . (A2)

Summing over R′′
L, T

′′, and MT ′′ , and subsequently over L′′ and ML′′ , arrive at

ρ̂
(M)
spin =

∑
L′′,ML′′

∑
L,L′

αLα
∗
L′δRL,RL′ δT,T δMT ,MT

∑
ML,MS

∑
M ′

L′ ,M
′
S

(
L S J
ML MS M

)(
L′ S J
M ′

L′ M ′
S M

)
δL′′,LδML′′ ,ML

δL′,L′′δM ′
L′ ,ML′′ |S,MS⟩ ⟨S,M ′

S |

=
∑
L,L′

αLα
∗
L′δRL,RL′

∑
ML,MS

∑
M ′

L′ ,M
′
S

(
L S J
ML MS M

)(
L′ S J
M ′

L′ M ′
S M

)
δL′,LδM ′

L′ ,ML
|S,MS⟩ ⟨S,M ′

S | . (A3)

Finally summing over L′ and M ′
L′ and using the completeness relation for spin basis, we have

ρ̂
(M)
spin =

∑
L

|αL|2
∑

ML,MS

∑
M ′

S

(
L S J
ML MS M

)(
L S J
ML M ′

S M

)
|S,MS⟩ ⟨S,M ′

S |
∑

m1,m2

|s1,m1; s2,m2⟩ ⟨s1,m1; s2,m2|
∑

m′
1,m

′
2

|s1,m′
1; s2,m

′
2⟩ ⟨s1,m′

1; s2,m
′
2| , (A4)

where |s1,m1; s2,m2⟩ represents the uncoupled spin basis. Using the short |s1,m1; s2,m2⟩ ≡ |m1,m2⟩, and the fact
that ML +MS = ML +M ′

S =⇒ MS = M ′
S , we get

ρ̂
(M)
spin =

∑
L

|αL|2
∑

ML,MS

(
L S J
ML MS M

)2 ∑
m1,m2

(
s1 s2 S
m1 m2 MS

) ∑
m′

1,m
′
2

(
s1 s2 S
m′

1 m′
2 MS

)
|m1,m2⟩ ⟨m′

1,m
′
2| . (A5)
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For the system in a generic linear superposition of all M projections we have

ρ̂spin = TrR,L,T (|Ψ⟩ ⟨Ψ|), (A6)

where

|Ψ⟩ = 1√
3

∑
M

eiζM
∣∣∣Ψ(M)

〉
, (A7)

which implies

ρ̂spin =
∑
R′′

L

∑
L′′,ML′′

∑
T ′′,MT ′′

⟨R′′
L| ⟨L′′,ML′′ | ⟨T ′′,MT ′′ |

{
1√
3

∑
M

eiζM
∑
L

αL |RL⟩
∑

ML,MS

(
L S J
ML MS M

)
|L,ML⟩ |S,MS⟩

|T,MT ⟩
1√
3

∑
M ′

e−iζM′
∑
L′

α∗
L′ ⟨RL′ |

∑
M ′

L′ ,M
′
S

(
L′ S J
M ′

L′ M ′
S M ′

)
⟨L′,M ′

L′ | ⟨S,M ′
S | ⟨T,MT |

}
|R′′

L⟩ |L′′,ML′′⟩ |T ′′,MT ′′⟩

=
∑
R′′

L

∑
L

αL ⟨R′′
L|RL⟩

∑
L′

α∗
L′ ⟨RL′ |R′′

L⟩
1

3

∑
M,M ′

eiζM e−iζM′
∑

ML,MS

(
L S J
ML MS M

) ∑
M ′

L′ ,M
′
S

(
L′ S J
M ′

L′ M ′
S M ′

)
∑

L′′,ML′′

⟨L′′,ML′′ |L,ML⟩ ⟨L′,M ′
L′ |L′′,ML′′⟩

∑
T ′′,MT ′′

⟨T ′′,MT ′′ |T,MT ⟩ ⟨T,MT |T ′′,MT ′′⟩ |S,MS⟩ ⟨S,M ′
S |

=
1

3

∑
R′′

L

∑
L

αLδR′′
L,RL

∑
L′

α∗
L′δRL′ ,R′′

L

∑
M,M ′

eiζM e−iζM′
∑

ML,MS

(
L S J
ML MS M

) ∑
M ′

L′ ,M
′
S

(
L′ S J
M ′

L′ M ′
S M ′

)
∑

L′′,ML′′

δL′′,LδML′′ ,ML
δL′,L′′δM ′

L′ ,ML′′

∑
T ′′,MT ′′

δT ′′,T δMT ′′ ,MT
δT,T ′′δMT ,MT ′′ |S,MS⟩ ⟨S,M ′

S |

=
1

3

∑
M,M ′

eiζM e−iζM′
∑
L,L′

αLα
∗
L′

∑
ML,MS

(
L S J
ML MS M

) ∑
M ′

L′ ,M
′
S

(
L′ S J
M ′

L′ M ′
S M ′

)
δL,L′δML,M ′

L′
δT,T δMT ,MT

|S,MS⟩ ⟨S,M ′
S |

=
1

3

∑
M,M ′

eiζM e−iζM′
∑
L

|αL|2
∑

ML,MS

(
L S J
ML MS M

) ∑
M ′

L,M ′
S

(
L S J
M ′

L M ′
S M ′

)
δML,M ′

L′
|S,MS⟩ ⟨S,M ′

S |

=
1

3

∑
M,M ′

eiζM e−iζM′
∑
L

|αL|2
∑

ML,MS ,M ′
S

(
L S J
ML MS M

)(
L S J
ML M ′

S M ′

)
∑

m1,m2

|s1,m1; s2,m2⟩ ⟨s1,m1; s2,m2|S,MS⟩ ⟨S,M ′
S |

∑
m′

1,m
′
2

|s1,m′
1; s2,m

′
2⟩ ⟨s1,m′

1; s2,m
′
2|

=
1

3

∑
M,M ′

eiζM e−iζM′
∑
L

|αL|2
∑

ML,MS ,M ′
S

(
L S J
ML MS M

)(
L S J
ML M ′

S M ′

)
∑

m1,m2

(
s1 s2 S
m1 m2 MS

) ∑
m′

1,m
′
2

(
s1 s2 S
m′

1 m′
2 M ′

S

)
|s1,m1; s2,m2⟩ ⟨s1,m′

1; s2,m
′
2|

=
1

3

∑
M,M ′

eiζM e−iζM′
∑
L

|αL|2
∑

ML,MS ,M ′
S

(
L S J
ML MS M

)(
L S J
ML M ′

S M ′

)
∑

m1,m2

(
s1 s2 S
m1 m2 MS

) ∑
m′

1,m
′
2

(
s1 s2 S
m′

1 m′
2 M ′

S

)
|m1,m2⟩ ⟨m′

1,m
′
2| . (A8)
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Appendix B: Entanglement measures

For pure bipartite system described by a density matrix ρ̂AB , one can quantify the amount of entanglement using
the entropy of entanglement, which is defined as von Neumann entropy for any one of the subsystems and is given
as [14, 48],

S(ρ̂A) = −Tr [ρ̂A log2(ρ̂A)], (B1)

where ρ̂A = TrB (ρ̂AB) is the reduced density matrix for subsystem A. If λi are the eigenvalues of ρ̂A then above von
Neumann’s formula can be equivalently re-expressed as

S(ρ̂A) = −
∑
i

λi log λi. (B2)

For bipartite mixed states a good correlation quantifier is the mutual information, which is defined as:

I(A : B) = S(ρ̂A) + S(ρ̂B)− S(ρ̂AB), (B3)

where ρ̂A and ρ̂B are the reduced density matrices for subsystems A and B, respsectively.
For separable states, it has been shown that the eigenvalues are positive after partial transposition with respect to

one party [13, 49–51]. This is, in general, referred to as the positive partial transpose (PPT) criterion. If a state is
not PPT, one can conclude that the corresponding negative eigenvalues quantify the entanglement in the system. In
particular, one defines a computable quantifier of entanglement known as negativity, N (ρ), as a quantitative measure
of entanglement that serves as an upper bound for the potential dis-tillable entanglement. It is mathematically given
by: [52].

N (ρ̂AB) =
∥ρ̂ΓA

AB∥ 1 − 1

2
, (B4)

where ∥ρ̂ΓA

AB∥ 1 is the trace norm of the state after partial transposition with respect to subsystem A. Variations of this
measure, such as log-negativity, are widely used across quantum information science.
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