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Abstract

We prove that the Lawson surface £> 1 is the unique closed embedded minimal surface
of genus 2 in S? whose isometry group contains the dihedral group D, generated by two
reflections across orthogonal totally geodesic two-spheres and a half-turn about a great
circle. This weakens the full-symmetry hypotheses in previous characterizations of Lawson
surfaces and leads to a substantially different geometric problem.

Devoted to the memory of William H. Meeks I11.

1 Introduction

The existence and classification of closed embedded minimal surfaces in compact three-manifolds
is one of the classical themes of differential geometry, and the round three-sphere S* remains
one of its most subtle settings.

A foundational theorem of Almgren [1] states that every closed immersed minimal surface
of genus zero in S? is a totally geodesic equator. In his seminal 1970 paper [17], Lawson
developed the basic theory of compact minimal surfaces in S* and produced infinitely many
embedded and immersed examples. In particular, he constructed a family &, C S?, m, k € N,
of closed embedded minimal surfaces of genus mk. In the case (m, k) = (1,1) one recovers the
Clifford torus, whose uniqueness among embedded minimal tori in S* was proved by Brendle [2].
Another landmark result is the solution by Marques and Neves [15] of the Willmore conjecture,
which implies that among all closed minimal surfaces in S* of positive genus, the Clifford torus
has the smallest area.

The next case in complexity is the Lawson surface £, ; of genus two. It has a remarkably
rich symmetry group inside O(4),

ISO(ng) = D4 X Sg,
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where Dy, S; are respectively the dihedral and permutation groups of eight and six elements. No
explicit parametrization of £, ; is known, and at present, &, ; remains the only known embedded
minimal surface of genus two in S3. This leads to the natural question:

Is & the unique closed embedded minimal surface of genus two in S37?

This question is still open. In fact, uniqueness is known to fail in higher genus: Karcher, Pinkall
and Sterling [12] constructed further embedded examples in S* of genera 3, 5, 6, 7, 11, 17, 19,
73, 601 by combining tessellations of S* with conjugate surface techniques. Later, Choe and
Soret [1] and Bai, Wang and Wang [20] produced additional examples by related methods.

Other mechanisms for constructing embedded minimal surfaces in S* are also available,
typically in high genus. Gluing and doubling methods have produced large families of exam-
ples; see for instance Kapouleas and Yang [1 1], Kapouleas and McGrath [3], Wiygul [30], and
Kapouleas and Wiygul [10]. Equivariant min-max theory has also led to many new surfaces, as
in Ketover [15]. Another fruitful source is provided by extremal eigenvalue problems under sym-
metry constraints, which lead to minimal immersions into spheres and free boundary minimal
immersions into Euclidean balls; see among others Takahashi [28], El Soufi and Ilias [27], Mon-
tiel and Ros [21], Nadirashvili [22], Jakobson, Levitin, Nadirashvili, Nigam and Polterovich [(],
Jakobson, Nadirashvili and Polterovich [7], Cianci, Karpukhin and Medvedev [5], Petrides [23],
Karpukhin, Petrides and Stern [14], and Karpukhin, Kusner, McGrath and Stern [13].

As for uniqueness, very few results are known beyond the cases of genus 0 and 1. Kapouleas
and Wiygul [9] characterized the Lawson surfaces &, ,, among closed embedded minimal surfaces
in S* by imposing both the genus and the full isometry group. More recently, Kusner, Lii and
Wang [16] (Theorem 4.2 in [10]) have proved an analogous characterization of &, among
closed embedded minimal surfaces of genus mk in S® that are invariant under certain index-
two subroups of Iso(&, ). Their argument decomposes any candidate surface into geodesic
quadrilaterals with prescribed vertices and reduces the problem to the uniqueness of the Plateau
solution for such contours.

In relation to uniqueness results under symmetry, a relevant question consists of relaxing
the isometry assumption on &, by only imposing a certain subgroup of the whole isometry
group while keeping the topology, and still wonder if it is possible to characterize &, ;. For
the genus-two Lawson surface, this point of view is closely related to the conjectural picture
proposed in [13]:

Conjecture 1.1. ([15, Conjecture 1.20]) &, is the unique closed, embedded minimal surface
M of genus g > 2 in S* whose isometry group contains a Klein subgroup Zy X Zo = (¢, ¢')
generated by reflections ¢, @' across respective orthogonal spheres S, S’ C S*, such that the
closures QT Q™ = ¢(Q1) of the components of M\ S have genus zero, and all the boundary
components of 00T = 0~ intersect the great circle SN S'.

In the case of &3 1, the relevant Klein subgroup is generated by the reflections R, R across
the orthogonal totally geodesic two-spheres S; := S*N{x; = 0}, Sy := S*N{xy = 0}. A natural
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non-abelian enlargement of this Klein subgroup is the dihedral group of order eight
D4 = <R17 Ri>7

where R? denotes the half-turn about the great circle Ty, := S*NSpan{k, v} C &1, and the
points k, vy are introduced in (1) and (7) below, respectively. This subgroup D, is geometrically
distinguished inside Iso(£,): it contains the two reflections Ry, Ro, the two half-turns R, R*,
and it acts as the full symmetry group of the “equatorial spherical square” given by the graph
in S3 = S* N {x3 = 0} whose vertices are v,,v_, —v,, —v_ and whose edges are the geodesic
segments that connect the vertices. In this sense, D, is the smallest non-abelian subgroup of
Iso(&,,1) canonically attached to the Klein configuration appearing in Conjecture 1.1. The main
purpose of this paper is to prove that this dihedral symmetry already characterizes the Lawson
surface among closed embedded minimal surfaces of genus two.
Our main result is the following.

Theorem 1.2. The Lawson surface 21 is the unique closed embedded Dy-symmetric minimal
surface of genus 2 in S3.

This result should be viewed as a genuine weakening of the symmetry assumptions in [9, 16].
At the same time, our argument is not a formal consequence of those earlier symmetry-based
uniqueness theorems. Under the present dihedral symmetry, one can no longer decompose
the surface a priori into geodesic quadrilaterals of the type used in [9, 16], and therefore the
classical uniqueness mechanism for Plateau solutions with quadrilateral boundary is no longer
available.

Next we sketch the argument to prove Theorem 1.2. Starting from a closed, embedded,
Ds-symmetric minimal surface ¥* C S? of genus 2, we first show that its fundamental piece
under the action of Dy is a disk bounded by three geodesics of reflective symmetry and an arc v*
of a great circle, meeting at angles 7/2 and 7 /4 (Proposition 3.5). Extending the fundamental
piece by a half-turn about +*, one obtains a (minimal) hexagonal disk bounded by reflection
geodesics meeting at right angles, which is symmetric under the half-turn. After conjugation
of the extended piece, one is led to a right-angled Ro-symmetric geodesic hexagon, with the
arc 7 that corresponds to v* by conjugation, being a reflection geodesic in Ss.

The second step consists of parameterizing the space of Ro-symmetric, right-angled hexagons
in S3. This is a two-dimensional space with natural parameters (7, w) (defined by (31)). Such
hexagons group into three families: the rotation type (invariant under a half-turn about a
geodesic segment joining the midpoints of two opposite edges), the reflection type (symmet-
ric under an extra reflection, which can be normalized to be across &), and the mized type
that lacks both extra symmetries and is distinguished by a; and a4 lying on opposite sides
of the totally geodesic two-sphere S, = {x4 = 0}. At a single singular value of the param-
eters, (F,w) = (7/4,7/2), this labeled classification degenerates into a two-parameter family
of hexagons; this family is treated separately. The argument now rests on two main parts:



first, one must analyze the Plateau problem for these families of hexagons and understand the
geometry of the resulting minimal disks (this is done in Theorems 5.2, 5.4, 5.5, 5.6 and 5.7);
second, one must analyze a closing problem, namely understand which parameters (7,w) pro-
duce a solution of the Plateau problem for the corresponding hexagon, in such a way that after
conjugation and successive reflections about the boundary edges one obtains a closed embedded
surface of genus two.

The closing problem is studied in Sections 6, 7 and 8; first, we prove that the only potential
solutions to this problem correspond to hexagons of rotation type (Lemma 6.3 rules out the
reflection branch and Lemma 6.5 rules out the mixed branch), and that the remaining potential
solutions come from a reduced two-dimensional space of parameters (Lemmas 6.6 and 6.4). The
combined effect of these lemmas is that every potential solution of the closing problem comes
from a geodesic hexagon for which the Plateau problem has a unique solution, and this minimal
disk can be divided into two congruent halves, each of which is bounded by a right-angled, Ro-
symmetric geodesic pentagon. This reduces the closing problem to the space of such pentagons
and their Plateau solutions Y, whose main properties are described in Theorem 7.6. The
closing problem for such a ¥ is encoded by two scalar quantities that define analytic, real-
valued functions: a function L that measures the length the reflection geodesic v := ¥ N Sy,
and an angle function © that controls the second reflective symmetry in the group D,. With
this language, > solves the closing problem if and only if the following two equations hold:

L=rn/2, ©=0.

The core of the remainder of the proof is the analysis of the closing equations on L, O.
Using a partial ordering of the Plateau solutions (Section 7.3) and helicoidal barriers, we show
in Sections 7.4 and 8.2 that the equation L = 7/2 defines an analytic arc of parameters, and
that the additional condition © = 0 singles out exactly one point on that arc, namely the one
given by the Lawson surface &1, which finishes the sketch of proof of Theorem 1.2.

Organization of the paper. In Section 2 we fix the notation and recall the geometric
features of £, ; and of its isometry group that will be used throughout the paper. In Section 3 we
describe the fundamental piece of a closed embedded Ds-symmetric minimal surface of genus 2.
Section 4 introduces and parametrizes the right-angled Rs-symmetric geodesic hexagons aris-
ing from conjugation. In Section 5 we solve the corresponding Plateau problems and study the
resulting minimal disks. Section 6 reduces the closing problem to hexagons which are invariant
under a half-turn about a geodesic segment joining the midpoints of two opposite edges. Sec-
tion 7 introduces the associated pentagonal disks and the partial order that will be used later.
In Section 8 we solve the closing equations and complete the proof of Theorem 1.2.

The paper contains three appendices. Appendix A collects the explicit computations for the
associated pentagons and their convex hulls. Appendix B proves an ODE inequality required
in the helicoidal-barrier argument. Finally, Appendix C contains two results about convex
spherical curves that might have their own interest and record an additional embeddedness
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property of the boundary arcs of the conjugate pentagonal disks; this last appendix is not used
in the proof of the main theorem, but it clarifies the geometry of the conjugate construction.

Remark 1.3. The techniques in this paper can be adapted to prove the uniqueness of &,
among closed embedded minimal surfaces in S of genus g > 3 invariant by the group generated
by the reflection across &; and the w-rotation about the great circle I'y y,, where

Vg = COS (ﬁ) e + sin <m) 1.

2 Preliminaries

In this section we fix the notation and collect the geometric facts that will be used throughout
the paper. We begin with the standard model of S?, the corresponding stereographic picture,
and the Killing fields generated by rotations. We then recall the conjugation principle for
minimal surfaces in S* and the family of minimal helicoids that will later be used as barriers. We
close the section with the geometric features of the Lawson surface £, ; and of the distinguished
subgroup D4 C Iso(&2 ;) that underlies the whole argument.

2.1 The standard model of S?

We view the three-sphere as the unit sphere in R?,

8% = {p = (p1,p2,p3,p1) € R* ‘ (p,p) = 1}’

endowed with the round metric of constant sectional curvature 1 induced by the Euclidean
inner product (-,-) of R Given a point p = (p1, p2, p3, p4) € R, we denote by (p); := p; € R
its i-th Euclidean coordinate, ¢ = 1,2, 3,4. We fix the standard orthonormal basis

e=(1,0,00), i=(01,00), j=(0,01,0), k=(0,0,0,1). (1)

For i € {1,2,3,4}, we write S; := S* N {z; = 0} for the equatorial two-sphere orthogonal to
the i-th coordinate axis, and B; := S* N {z; > 0}, B; := S3N {x; < 0} for the two open
hemispheres on the two sides of S;.

Given p,q € S3, the spherical distance dss(p, q) € [0, 7] is determined by

cosdgs(p,q) = (P, q). (2)

Whenever dss(p,q) < m, we denote by [p,q] the minimizing geodesic segment in S? join-
ing p and q, endpoints included. More generally, given ordered points pi,...,pn, € S® with
dss (pi, Piv1) < m, i =1,...,n (where p,y1 := p1), we write [p1,...,Ppn] for the corresponding
closed geodesic polygonal curve in S?.



Given (p,v) € US?, the great circle through p tangent to v is Ty = S* N Span{p, v},
which is parameterized by arc length as

[pv(t) =costp+sintv, t € R/277Z. (3)

Take (q,w) € US? so that the ordered basis {p,v,q, w} is orthonormal. The polar great
circleof I' = I'p y is

= {x €S dgs(x,y) =7/2, Yy € F} = S* N Span{p, v}* = Tqw-
Given (p,v) € US?, we denote by
2 . 3 L
s2, =S*n{v} (4)
the totally geodesic two-sphere through p with normal vector v at p. For every x € Sp v
2 _ 1 lq2 _
TxSp,v - Span{x, V} ) Tx Sp,v - Span{v}7 (5)

this last one being the normal line to S2 at the point x inside T'S3.
For j = 1,2,3,4, let II; C R* be the coordinate hyperplane II; = {z; = 0}, and let
S; == S*N1I; be the correspondlng totally geodesic two-sphere in S3. We also write

Bf =S°n{z; >0}, B =S’n{z; <0},

with closures @ In particular,

By = B(+k,7/2), Bi = B(+k,7/2). (6)
More generally, given v € S?, we define the open hemispheres
Bf = {x€$S*; (x,v) > 0}, B, = {x€$S*; (x,v) <0},

and their closures BE.

Observe that the totally geodesic two-sphere of S? defined by (4) with the choices p = k
and v = j, is S3. By (5), the tangent plane to Sz at any point p € Ss is T,S3 = Span{p, j}*.
Consider the orthonormal basis of TS5 given by

vy = (cos(m/4), £ sin(n/4),0,0). (7)

For j =1,...,4, let R;: R* = R* denote the Euclidean reflection in II;. Its restriction to
S* will still be denoted by R;. More generally, if II C R* is any hyperplane through the origin,
we write Ry for the Euclidean reflection in II, again restricting it to S®. Finally, if ' € S? is a
great circle, we denote by R} the rotation of angle m about I'.
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2.2 The conformal model of $*\ {—k}

We will use the stereographic projection from the point —k,

LS\ {—k} — R? — (2 B )
¢ \{ } 3 ¢($1,(E2,ZE3,I4) (14‘374’1‘{—174’14-334

With this normalization,

¢(e) = (1,0,0),  ¢(i) =(0,1,0), () =(0,0,1),  ¢(k) =(0,0,0).
Let gss be the metric on R? that makes ¢ an isometry. Then:

(A1) gss is conformal to the Euclidean metric of R3, so orthogonality is the same for both
metrics.

(A2) Geodesics of S? correspond under ¢ to:

e all straight lines in R? through the origin,
e all great circles of the unit sphere ¢(S;) = {y? + v35 + y3 = 1},

e all circles in R? that intersect ¢(S;) in a pair of antipodal points.
(A3) Totally geodesic two-spheres in S? correspond under ¢ to:

e all planes in R? through the origin,
e the unit sphere ¢(Sy),

e all round two-spheres in R? that meet ¢(Sy) in a great circle.

We will use this conformal model repeatedly when describing the geodesic hexagons, the
associated polyhedra, and the helicoidal barriers that appear later.

2.3 Rotation Killing fields

Take (p,v),(q,w) € US? such that the ordered orthonormal basis {p,v,q,w} is positively
oriented. Given 6 € R, the rotation of angle 6 around Span{p,v} is the linear isometry
Rotg: R* — R* determined by the matrix

1 0 0 0

01 0 0
M(Roto) = 0 0|cosf —sinf

0 O|sinf cosf

with respect to the basis {p,v,q, w}.



Roty leaves S? invariant, and its restriction ¢y 1= Rotglgs is the rotation of angle 6 around
the great circle I'p . Differentiating the one-parameter subgroup {Rotg}ger at 6 = 0, we obtain
the Killing vector field

Kpv(x) =(q,x)Ww — (W,Xx)q=—XAPAYV, vx € R% (8)

Since (Kpv(x),x) = 0 for every x € S?, the vector field K, is tangent to S®, and its restriction
to S?, still denoted by K.y, is the Killing field of S* whose one-parameter group of isometries
is {0 }ocr.

If Ryyyr denotes the reflection across the totally geodesic two-sphere S
checks from (8) that

2

pvo then one easily

(Rivyt)eKpy = Kpv. (9)
With the notation above, the six Killing fields

Ke,ia Ke,ja Ke,ka Ki,jv Ki,k7 Kjvk7

generate the Lie algebra of the orientation-preserving isometry group of S3.

2.4 Minimal surfaces in S3

We fix two conventions used throughout the paper.

e Sign of geodesic curvature. The geodesic curvature x4 of an oriented curve 7 in a totally
geodesic two-sphere S C S? is signed by the unit normal n to v inside S compatible
with the prescribed orientation: with v parameterized by arc length and ¢t = +/, we have
t' = Kkyn—7,s0 Kk, = (t',n). When 7 is a curve of reflective symmetry of a minimal surface
¥ C S3 lying in a totally geodesic two-sphere S, the unit normal of v in S coincides up to
sign with the restriction of the unit normal of 3 along ~; we use the orientation in which
they coincide.

e Killing graph. Given a non-vanishing Killing field K on S?, a surface ¥ is a K-graph (or
Killing graph with respect to K) if every integral curve of K meets ¥ at most once.

Minimal surfaces in the round three-sphere combine local elliptic rigidity with a rich global
geometry produced by symmetry and conjugation. In the present paper, we only need two
basic ingredients from this theory. The first one is Lawson’s conjugation principle, which is a
locally isometric transformation between minimal surfaces in S* that sends great circle boundary
arcs into reflective boundary geodesic arcs and vice-versa, and allows one to translate geometric
information from a minimal disk to its conjugate companion. The second one is the family of
minimal helicoids in S?, which will later provide the barriers needed to compare the pentagonal
Plateau solutions arising in the closing problem.



2.4.1 Conjugation of minimal surfaces in S3

Conjugation of minimal surfaces in S® is a special case of the Lawson correspondence [17], and
it retains several features familiar from the classical theory in R3. For our purposes, the key
point is that it converts extension by half-turn across a great circle boundary arc into extension
by reflection across a totally geodesic two-sphere, while simultaneously relating the variation
of the normal vector on one side to the geodesic curvature of the conjugate boundary arc.

Proposition 2.1 (Lawson [17], Proposition 13.1). Let 1, v%*: ¥ & S? be two conjugate minimal
immersions of a compact, simply connected surface with piecewise smooth boundary 0%, and
let v C 9% be an analytic arc. Then:

1. (%) is a great circle arc (equivalently, 1 can be minimally extended by a half-turn about
W(vy)) if and only if Y*(7y) is a geodesic of reflective symmetry (i.e. ¥*(7y) lies in a totally
geodesic two-sphere S* C'S® and y* can be minimally extended by reflection across S*).

2. Suppose () is a great circle arc parameterized by arc-length by t € [0, L], L > 0. Let
S, S* C S? be the totally geodesic two-spheres of S* determined by

o S passes through v(0) and is tangent to ¥(X) at v(0).
o ¢*(y) C 5"

Given t € [0, L], let p(t) be the oriented angle at v(t) between the tangent plane to (%)
and that of S. Then, p'(t) = k*(t), where K* is the geodesic curvature of ¥*(y) in S*. In
particular, the total variation of the unit normal N to ¢ along v equals the total curvature

of (1) )
o(L) = / K (t) dt. (10)
0
Note that if ¢;_1,¢; are two consecutive great circle arcs in ¢ (0X) parameterized by arc-
length so that ¢;—1(L;—1) = ¢;(0) (here L;_; is the length of ¢;_1), then:

(B1) {ci(0),c(0)} is an orthonormal basis of the 2-plane in R* whose intersection with S* is
the great circle I'., that contains c;.

(B2) {c(0),¢;_1(L;—1)} is an orthonormal basis of T,y (X).

(B3) {c,_1(Li_1), N(c;(0))} is an orthonormal basis of the 2-plane in R* whose intersection with
S? is the great circle FCLZ, polar to I',, i.e.,

{ci(0),¢(0), £¢i 1 (Li—1), N(ci(0))}

is an orthonormal basis of R?*; here, the sign of the third vector will be chosen to ensure
that the basis is positive with respect to the orientation given by {e, i, j, k}.
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(B4) N € Span{c,_;(L;—1), N(c;(0))} along the entire arc ¢;.
By (B4), there exists p;: [0, L;] — R such that
N(ci(t)) = cos p;(t)N(c;(0)) + sin p;(t)c:_;(Li—y1), for all ¢ € [0, L;]. (11)

The function p; measures the variation of N along ¢; (compare with (10)).

2.4.2 Minimal helicoids

Together with two-spheres, another elementary family that will play an important role later is
provided by the minimal helicoids in S®. These are ruled minimal surfaces obtained by rotating
a great circle orthogonal to a fixed axis at constant angular speed. Their main usefulness for
us is not global, but local and geometric: once the axis, one rule, and the pitch are fixed,
the helicoid is uniquely determined, and this uniqueness makes it possible to build the barrier
surfaces required in the comparison argument of Section 7.4.

Let {p,v,q,w} be a positive orthonormal basis of R*, and let A € R\ {0}. We define the
helicoid H, with axis I'py and pitch A as the surface in S* obtained by rotating a great circle
orthogonal to I'p y at constant angular speed A along I'y, . Equivalently, it is parameterized by

Ha(s,t) = cossDpy(t) + sins(cos(At) g+ sin(At) w)
= cossTpy(t) +sinsTqw(At), (s,t) € [-m,m) x R.

For every value of A\, H, is an immersion foliated by great circles, the rules of the helicoid.
This foliation by great circles implies that #, is minimal: indeed, the 7w-rotation about any rule
leaves H, invariant and reverses its mean curvature vector. We will also call spherical helices
the curves

t — Ha(so,1), so # 0.

In the case A = 0, the image of H, is the totally geodesic sphere Sf,,w. In the case A\ # 0,
the map closes in the ¢-direction if and only if A € Q\ {0}, in which case the image is a closed
surface. Topologically, the image is a torus when A € Q \ {0} and a cylinder when A ¢ Q. As
for embeddedness, one always has

Ha({m/2} x R) = H\({—7/2} x R),

so H, is never embedded.
Finally, H, is uniquely determined by prescribing its axis, its pitch, and one of its rules.
This property will be used later in the helicoidal barrier argument.
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2.5 The Lawson minimal surface of genus 2

Besides totally geodesic two-spheres and Clifford tori, the Lawson surface {17 C S* of genus 2
constructed in [17] is the simplest known example of a closed embedded minimal surface in S,
and remains the only embedded example of genus 2. Although no explicit parametrization of
&2 is known, many of its geometric and analytic features are by now understood.

We next recall Lawson’s construction, to set the notation that will be used later. Fix two
points p1, P2 in a great circle I' C S? at distance 7/3, and two points qy, qs in the polar great
circle I't to I' at distance 7/2. Then, there exists a unique embedded minimal disk D, C S3
with boundary the geodesic quadrilateral with ordered vertices pi, qi, P2, Qo:

aDE = [p17 d1, P2, q2]7

which is the least-area solution of the Plateau problem for this quadrilateral (see Figure 1).

Figure 1: The gray disk D, generates the Lawson surface ;1 after successive Schwarz reflections
across the blue great circle arcs. The red arcs are geodesics in D, of reflective symmetry.

The disk D, is a fundamental piece of £;1', in the sense that rotating D, by angle m about
each of its four boundary great circle arcs and iterating this process one obtains a closed,
embedded minimal surface &1 C S* of genus 2 (in particular, analytic). Lawson extended this
construction to a family of closed embedded minimal surfaces &, C S* of genus mk for all
m, k € N (the case (m, k) = (1, 1) gives the Clifford torus).

LA quarter of D, is a smaller fundamental domain, but D, will be more convenient for our purposes.
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2.5.1 A geometric view of Iso(¢; ;) and the subgroup D,

We now explain the part of the symmetry of §; that will be relevant for this paper. The full
isometry group

G:=1Is0(&1) ={A€c04); Ay =&}

has order 48 and is isomorphic to Dy x S3. The dihedral group D, of order 8 is the symmetry
group of a square. The finite subgroup Iso(&; 1) contains several copies of Dy as subgroups of
index 6. For our purposes, however, we do not need the full subgroup lattice of GG, but only
the geometric role of one distinguished dihedral subgroup.

A convenient generating set for G is given by the reflections Ry, R4, the half-turn R about
the great circle I'y v, , and the order-three rotation p about the great circle I'c;, where

~100 0 100 0 01 0 0 10 0 0
0 100 010 0 ) 10 0 0 01 0 0
Ri=to 010" ™= ]oo01 o ’R+_00—10’p_00—% WV
0 00 1 000 —1 00 0 1 00 £ 1

Define R* := R;RLR;. Then, R* is the half-turn about the great circle I'yy_, and
Ro=TRL Ri1 Ry =R:RiRE is the reflection in S,. Thus, the subgroup generated by R, and
R also contains Ry and R*. We denote this subgroup by

D4 = <R1,Ri> C G,

which is isomorphic to the dihedral group of order 8. Equivalently, D, is generated by the two
reflections Rq, Ry across the orthogonal two-spheres Sy, S, together with the two half-turns
R, Rt about the great circles 'y, and I'k_.
This subgroup is geometrically distinguished for two reasons. First, it contains the Klein
subgroup
(R1,Ra) = 7y X Lo

generated by the reflections across &) and Sy, which is precisely the basic configuration appear-
ing in Conjecture 1.1. Second, D, preserves the two great circles I'y y, and I'yy_, which will
appear later as the fixed-point sets of the half-turn symmetries of the fundamental piece. In
this sense, D, is the smallest non-abelian symmetry group naturally attached to the Lawson
genus-two configuration. This is the reason why it will play a central role throughout the paper.
See Figure 2 for a schematic of the relevant elements of Iso(&2 ).

Definition 2.2. A connected surface ¥* C S? is said to be Dy-symmetric if its isometry group
contains a subgroup conjugate in O(4) to the above realization of D;.
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Figure 2: Schematic of the symmetries of £, ; used in this paper: the two reflections Ri, R
across the orthogonal totally geodesic two-spheres S, Sz, and the two half-turns R, R* about
the great circles I'x v, C &21.

3 The fundamental piece of a D;-symmetric surface of
genus 2

Throughout this section, ¥* C S? denotes a D,-symmetric, embedded surface of genus 2, not
assumed to be minimal a priori. Up to an ambient isometry of S?, we may assume that the
subgroup Dy C O(4) acting on ¥* is precisely the one fixed in Section 2.5.1, and we keep that
notation throughout.

The reflections R, Ry divide S? into the four quadrants

C:I:,:I: = Sg N {:f:!L‘l >0, £z9 > 0},

and the Dy-invariance of ¥* implies that >* is correspondingly decomposed into four congruent
pieces. The additional half-turn symmetry R will cut each of these pieces into two congruent
halves. Our goal is to describe one of these halves, which will be the fundamental piece relevant
for the rest of the paper. More precisely, we will determine its topology, its boundary geometry,
and its umbilic structure. We will also explain how the Lawson surface &; fits into this
framework.

We begin with two immediate consequences of the symmetry. Let N*: ¥* — US? be a unit
normal field along >*.

(C1) Let j € {1,2}. Since ¥* is R,-invariant, ¥* meets S; orthogonally. Each regular arc A
of ¥* N S; is a geodesic and a line of curvature of ¥*. Moreover, N*|5 coincides, up to
sign, with the unit normal of A as a curve in §;, and the absolute value of the geodesic
curvature of A in §; agrees with the absolute value of the principal curvature of A in ¥*.
Since N* is tangent to S; along A, two regular arcs of X* N'S; cannot intersect.

13



(C2) As ¥* meets S; and S, orthogonally and S NSy = Tk, the surface ¥* is orthogonal to
I'; x at every point of ¥* N T k.

Lemma 3.1. With the notation above:

1. For each j € {1,2}, ¥* NS; has three connected components and the genus of each
component of X*\ S; is zero.

2. Each X% | is a topological disk with piecewise analytic boundary and common vertices V
consisting of six points.

3. Ty, C X%

Proof. Fix j € {1,2}. By (Cl1), the set ¥* NS, is a disjoint union of embedded Jordan curves
Cly...,Cp. Since ¥* is R -invariant,

Y\ =Int (X5, ) Ulnt (X5 ),
where both Y% | and X% are connected and 5 = R;(¥7 ). Their Euler characteristic is
X(X54) =2 —2genus(X} ) —m. (12)
Since >* has genus 2,
—2=x(¥") =2x(¥} 1) = 4 — dgenus(X] ) — 2m,

hence
3 = 2genus(X], ) + m.

In particular, we are left with only two possibilities:
(a) each ¥* N'S; has three components and each component of ¥* \ S; has genus zero;
(b) each ¥* NS, has one component and each component of ¥* \ S; has genus one.
Applying Gauss—Bonnet to ¥% | as in Ros—Vergasta [25, Theorem 11], we obtain
K=2mx(el )~ [ w- Y 0u) (13)
i+ 9ZY 4 peEV

where K is the Gaussian curvature of ¥*, r, is the geodesic curvature of 9X7 ,, and 6, (p) is
the exterior angle of 3% | at p. Repeating the same computation for the other three congruent
quadrant pieces and adding the four equalities, the geodesic curvature terms cancel in pairs,

and we obtain
/ K =8rx(S% ) —4> 04(p (14)

peEY
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Since ¥* has genus 2, the left-hand side equals —47, while each vertex contributes /2. Thus

(X ) =#V) -2 (15)

Next we exclude case (b). If case (b) held, then ¥* N'S; and ¥* NS, would each consist of
a single component, and these two components would intersect in exactly two points on I'j .
Hence ¥ , would be a disk with exactly two vertices on its boundary, contradicting (15). This
proves item 1.

To prove item 2, observe that since ¥* is invariant under both R; and R, either the
three components of ¥* N &; all intersect I'jk, or exactly one of them does and the other two
are interchanged by R1Ry. In the second case, 3% | would have genus zero, three boundary
components and only two vertices, again contradicting (15). Thus each X3 ; is a disk and
#(V) = 6.

It remains to prove item 3; we do it for 'y, the proof for I'y,_ being analogous. Since
2" is R’ -invariant, either I'y,, C X%, or else 'y, meets X* orthogonally. We show that the
latter is impossible. By (C2), it is enough to prove that k € ¥*. By item 1, for j = 1,2 the
set 2* N S; consists of three disjoint Jordan curves, and R’ sends the three components in
S to the three components in Sy. Suppose, by contradiction, that k ¢ ¥*. Then exactly one
component of X*N&; links the great circle I'y v, , and by R -symmetry its image in S also links
['xv,. Hence these two curves determine a whole boundary component of ¥ ,, contradicting
the connectedness of 93 | given by item 2. Therefore k € ¥*, and thus I'yy, C X7 m

Lemma 3.1 has the following immediate consequences:
(D1) X7 , is a piecewise smooth hexagon with vertices {aj}{_; :==V C T'y;.

(D2) ¥% . contains the half-great circle v* := [k,v,] U [vy,—k|, and in particular ¥% | is
R’ -invariant.

(D3) The regular arcs of 9%% , are geodesics of reflective symmetry of ¥* and meet pairwise
at right angles.

(D4) The vertices can be parameterized as

aj =k =TIy;(0), a}:=TIx;(t1), aj:=Tx;t2), (16)
a; = -k =Ty;(m), ai:=Tx;(—t2), aj:=Tx;j(—t1),
for some 0 < t; <ty < 7. In particular, R* (a}) = a§, R’ (a}) = af (see Figure 3).
From now on, we assume in addition that >* is minimal.
Lemma 3.2. With the notation above,

XN 83 = Fk,vJr U Fk,v,-

In particular, £k are not umbilic points of ¥*.

15



Dy

Figure 3: The quadrant piece ¥ , with its regular boundary arcs in §; and Sp. The half-great
circle v* = [k, v, | U [vy, —K] lies in the interior of X} , and divides it into two R’ -symmetric
halves.

Proof. By the two-piece property for embedded minimal surfaces in S* (Ros [21]),
¥\ S5 = Int (X5 )UInt (X5 ),

where 33, are compact connected surfaces with piecewise smooth boundary in ¥*, X3 =
Ri(¥5,), and 0X5 , = 05 C Ss. The points where 033 . fails to be smooth are precisely
the tangency points of ¥* with S3; denote this set by W. By item 3 of Lemma 3.1, £k € W.
Around each p € W, the set ¥* N S3 is an equiangular system of n = n(p) > 2 analytic arcs
crossing at p, and p is an umbilic point of ¥* if and only if n(p) > 3.

Thus the lemma is equivalent to proving

W = {£k} and  x(¥3,)=0.

Applying Gauss-Bonnet to X3 , as in Ros-Vergasta [25], we get

K=2mx(®50 - [ h= 3 0.0) a7)

B34 953 | PEW
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where K is the Gaussian curvature of ¥*, , is the geodesic curvature of 933 ,, and 0, (p) is
the exterior angle of 33 , at p. Repeating the same computation for 33 and adding the two
equalities, the geodesic curvature terms cancel, so by Gauss—Bonnet on >,

—dr = | K =d4mx(S5,) =2 0.(p). (18)

x pPEW

At any point p € W where n(p) > 2 analytic arcs meet equiangularly, we have 6, (p) =
(n(p) — 1)7. In particular 6, (£k) > 7, and therefore

—dr <Amx(Sp) —4Am =2 ) 04(p). (19)
PEW\{£k}

Suppose W \ {£k} # &. Since this set is invariant under the action of Dy, it decomposes into
orbits of cardinality a positive multiple of 4. Thus (19) yields

0 < 2x(Z54) — ) (n(p) = D#(O), (20)

(@]

where the sum runs over the Dy-orbits of W\ {£k}. Since every term in the sum is at least 4,
this forces x(¥3 ) > 2, absurd. Hence W = {+£k}.

Returning to (20), we obtain x(¥3,) > 0. Since ¥3 , is not a disk, we have x(33,) = 0.
This proves the lemma. O]

We next analyze the umbilics of ¥*. Since ¥* is minimal and not totally geodesic, its
umbilic set U is finite, and the index of every umbilic point p € U (i.e., the index of the
principal directions field of ¥* around p) equals

2—n

i) = =5~ <0, (21)

where n = n(p) > 3 is the number of local analytic arcs in the equiangular system >* N 81277 N*(p)-

To prove the next lemma we apply the Poincaré-Hopf theorem to 3% .. If p € U lies in
the regular part of OX7% |, its contribution is the corresponding semi-index. If p is a vertex
of 93% |, where two regular boundary arcs meet orthogonally by (D3), its contribution is the
corresponding i—index. The Poincaré-Hopf index theorem still holds for 33} ,, with contribution
of boundary umbilic points given by semi- or I-indices, see Choe [3] (we will denote all of them

by i(p)).
Lemma 3.3. X% | has a unique umbilic point, which is interior to ¥ . More precisely,

Uun E*-i-,-‘r = {X*} C Fk,v+(077(> = 'Y* \ {:l:k}a

and the index of x* is —1/2. Moreover, x* is the unique point of I'vy, (0,7) at which ¥* is
tangent to S, .
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Proof. By Lemma 3.2, the points aj = k and aj = —k are not umbilic. We first show that no
vertex a is umbilic. Assume, for contradiction, that aj is umbilic. Set

S2, 1= S2, Neay)-

By (C2), for sufficiently small € > 0, the intersection of ¥* with the geodesic ball B(a},¢) is a
graph over Sﬁz NB(a}, ). Moreover, up to an isometry of S*, we may assume that

(NS NB(aj,e) \ {as} C B (a3, ), (Z*NS:NB(aj,e)) \ {as} C B (aj,e), (22)

where B* (a3, €) are the two components of B(aj, ) \ng that contains 'y (t1, %1 + €).

Since a} is assumed umbilic, then ¥* N Sié NB(aj, e) = U?:(?Z) b1, n(ay) > 3, where each f
is an analytic arc forming the local equiangular system at aj. Moreover,

(SN B(ak,¢) \Uﬁl QruQ,

where QO (resp. €7) represents the connected components of ¥* in B* (a3, €) (resp. B~ (a3, ¢)).

By the R; and Re—invariance the local equiangular system at aj, U?:(?) 0y, is bisected
by the two reflective arcs in S; and Ss, so an even number, at least four, analytic arcs meet
there. In fact, the number of arcs must be at least 6, otherwise (X*NS; NB(a3,¢)) \ {a3} and
(E*NSNB(a3, €)) \ {as} would be contained in the same component, say 2, which contradict
(22). Therefore i(a}) < —2 by (21).

By R -symmetry, aj = R’ (a3) is also umbilic with the same index. Therefore

—2=x(¥) =) _ilp) <i(ay) +i(ag) < —4,

hence no vertex a;j is umbilic.
We now apply Poincaré-Hopf to the disk X} ,. By Choe [3, Lemma 2J:

(i) if p is a vertex of 9X7 ,, then i(p) < 1/4;

(ii) if p € U NIX% )\ {a],...,a5}, then i(p) < —1/4, and R’ (p) is another boundary
umbilic with the same semi-index;

(iii) if p € U N Int(X7 ), then i(p) < —1/2, and if p & 'y, (0,7), then R (p) is another
interior umbilic with the same index.

Hence

L=x(31 )= i@)+I<+T, (23)



where Z is the sum of the indices of all non-vertex umbilics in 37} ,. Since every non-vertex
contribution is non-positive, (23) implies Z > —1/2. Therefore exactly one of the following two
possibilities holds:

(a) there are exactly two boundary umbilics, paired by R? , each of semi-index —1/4;
(b) there is exactly one interior umbilic of index —1/2, and it lies on 'k, (0, 7).

We claim that every tangency point p € Iy, (0,7) of ¥* with Sj | is necessarily umbilic.
Indeed, suppose p is such a tangency point and is not umbilic. Then locally the set >* N Si,v,
consists of two analytic arcs meeting orthogonally at p, one of them contained in v*. Let A be
the closure of ¥% | NSE, NB3. Since £k are not umbilic by Lemma 3.2, neither of them can
be an endpoint of A. Also, aj and aj are not umbilic, and p is assumed non-umbilic, so near
each of these points A consists of a single smooth branch. Consequently the set of endpoints of
A is exactly {a},a}, p}, which is impossible because every compact one-dimensional analytic
set has an even number of endpoints. This proves the claim.

We now rule out case (a). Along 7* there are no umbilics in case (a), so N*|,« rotates
monotonically along the great circle I';,_ polar to I'y v, . By Lemma 3.2, N*|,- turns exactly
halfway around, which implies that there exists a unique point p € I'xy, (0, 7) such that ¥* is
tangent to Si, at p. By the claim, p is umbilic, contradicting case (a). Therefore case (b)
holds.

Let us call x* € I'c v (0,7) to the unique umbilic point of X% . It follows that the restric-
tions of N* to the segments (k, x*), (x*, —k) are monotone, with the same image set (N* |+ k)
travels along its image monotonically in the opposite direction to the one of N*|( x+)). By the
previous claim, X2* cannot be tangent to Si |, at any point of 'y, (0,7) \ {x*}.

To finish the proof of the lemma, it remains to show that ¥* is tangent to Sf , at x*. Ar-
guing again by contradiction, suppose N* rotates strictly less than 7/2 along (k,x*). Consider
again the closure A of X7} , N Si,v_ NBJ. By the same arguments as in the proof of the claim,
the set of end points of A is {a},a%}. This implies that A consists of finitely many components
¢1y... ¢ (k> 1), such that

e ¢; is the union of an analytic embedded arc with end points a3, a5 together with finitely
many embedded analytic loops contained in B NBJ NB; . Around every intersection point
p of these arc and loops, ¢; forms locally an equiangular system of two arcs intersecting
orthogonally and X* is tangent to Si,v, at p.

o For j € {2,...,¢;}, ¢j is a union of finitely many embedded analytic loops contained
in Bf NBy NBJ. Around every intersection point p of these loops, ¢; forms locally an
equiangular system of two arcs intersecting orthogonally and ¥* is tangent to Siv_ at p.

By the two-piece property for embedded minimal surfaces in S* [24],

S\ 8L, = Int(S%)U Int(27),
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where i*i are compact, connected surfaces with piecewise smooth boundary inside ¥*, S =
RY(X%), and 0X% = 0¥* C Si, . The points where 0¥ fails to be smooth (we call them
vertices of OY%) are precisely the points where ¥* meets Sj  tangentially. Let W' denote

the set of vertices of 82;. Observe that W' is invariant under R’ ,R; R, and disjoint from
I ;([0,27]) UTk v, ([0, 27]). In particular, the cardinality of W' is

#W') = 4#W NBI NB; NBT).

The union Si,w US§,_ divides S* into four congruent open quadrants. Similarly as above, the
intersection of 3* with each of the closures of these quadrants defines four congruent surfaces
Y4 4+ C X* with topological boundary being an analytic 1-dimensional complex. The vertices

of 8§i7+ form the finite set
W, = {=£k,a} aj a},a;} U (W NB) U (R.(W') NBY), (24)

and around every vertex p € W, ,, two analytic arcs of 8§Ii 4 cross orthogonally. We now
proceed as in the proof of Lemma 3.1 (note that our current situation is more complicated since

*

we may have vertices not lying in I'y;): Applying Gauss-Bonnet to 37 |,

K= 2mx (5% ,) - / ()

o % ;
++ ++ pEW,, |

where K denotes the Gaussian curvature of % _ | k, is the oriented geodesic curvature of 0¥7 _,

and -
> el =5 #V )
PEW, 4
is the sum of the external angles of (9531 + at the vertices. Repeating this computation for
the other congruent components i*i’i, adding the four equalities and cancelling the geodesic

curvature terms, we get

—r= | K =87x(%y,) - 2r# W) E srx(SL,) — 2n [6+ 240V N BY)].

T

Thus, 2+ #(W NBJ) = 2x(§17+), which implies that W' N B} = & and X(iiJr) = 1. Since
W' NB = @, we deduce that A is connected and consists of an analytic embedded arc with
end points a3, a3. This implies that 037 | consists of three components, namely

AURs(A),  RLAUR:(A)],  Tiv, ([0,7]) UTky ([0,7]),

and thus, 1 = X(§i+) =2- 2genus(§iv+) — 3, which is absurd. This contradiction implies
that X* is tangent to Si,w at x*, and the lemma is proved. ]
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Corollary 3.4. Each of the arcs v*|jxx+] and v*|x= i of v*\{x*} has length strictly less than
7, and one of them has length at most w/2.. Moreover, N* rotates by exactly w/2 along each
of these two arcs.

Proof. The length statement follows from v* C I'ky, and x* € T'y, (0,7) (Lemma 3.3). For
the rotation statement, Lemma 3.3 shows that »* is tangent to Si,w at x*, while at +k the
surface is tangent to Ss. The restriction of N* to v* takes values in the polar great circle I'jy
of I'x v, ; the prescribed tangency conditions at the endpoints and at x* force N* to rotate by
exactly 7/2 along each of v*|j x+ and v*

[x*,—k]- ]

Since I'yy, UT'xy_ C X* by item 3 of Lemma 3.1, we have TyX* = 83, and we fix the
orientation of ¥* by requiring
N*(k) = —j.
For some small € > 0, the surface ¥* NB(k, €) is a graph over S3NB(k, €), and after composing
with a suitable isometry of S? if necessary we may assume

(Z*NBk,e)NS) \ {k} C By, (Z*NBk,e)NSy) \ {k} C By. (25)
We can now describe the actual fundamental piece.

Proposition 3.5. In the above situation:

1. The set -
Fr=%"n(Bf nB; NBY)

is topologically a disk, and X* is the union of eight congruent copies of F* glued along
their common boundaries.

2. The boundary of F* consists of four reqular arcs with consecutive endpoints,
OF* =8 U B Us U~
where:

(a) 0* C Sy is a strictly convex embedded curve in Sz, with endpoints aj =k and a};
(b) p* C Sy is a strictly convexr embedded curve in Sy, with endpoints a; and a};
(c) S CSyisa strictly convex embedded curve in Ss, with endpoints aj and aj = —k;

(d) v =S3NOF* =T'wv, ([0,7]) is a great circle arc, and x* € I'yy, (0,7) is the unique
umbilic point of F*;

(e) %, /B*,g* are geodesic arcs in X* of reflective symmetry.

f) At each vertex ak, al}, a%, the external angle of F* equals m/2, whereas at af,aj the
2, a3, A5 1)
external angles equal 3 /4.
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Proof. Since ¥} , is a disk by Lemma 3.1 and is invariant under R by (D2), the set F* equals
¥4 NBY, and X% | = F*URL(F*). This proves item 1.

The description of the boundary follows from Lemmas 3.1, 3.2, and 3.3. Indeed, the two
components of 3% , NS, give the arcs §*, 0%, the unique component of X7 | NS, gives 5%, and

the fixed half-great circle in 3% | N 83 gives v*. Strict convexity of §*, 5%, 6* follows from (C1)
and the fact that the only umbilic point of F* is x* € ~*. n

The next lemma gives a quantitative estimate for the variation of the unit normal along the
two reflective arcs adjacent to k and a3.

Lemma 3.6. With the notation of Proposition 3.5, we have

Length(N* o §*) <, (26)
Length(N* o %) < 7. (27)

Proof. Let L
8 [0, L(6%)] — S N B

be an arc-length parametrization of the strictly convex arc 0*. Since 0* is a curve of reflective
symmetry of 3* the vector field N* o 6* is the unit normal of §* as a curve in S;. Writing
t(s) = (6*)'(s), the spherical Frenet equations give

(07)'(s) = t(s),
t'(s) = K'N*(s)—d*(s), (28)
(N*)'(s) = —r"t(s),
where k* > 0 is the geodesic curvature of 6* in S;. Therefore
L(6%)

L(N*0d*) = Vs (V7Y (N*)) ds = / K. (29)

0 o*

Let D C S ﬂﬁ be the disk enclosed by 0* together with the geodesic segment [k, a}]. The
boundary 0D is smooth except at the vertices k and a3, and the exterior angle at each of these
vertices equals 7/2. By Gauss-Bonnet and (29),

7w = Area(D) + /5* K" = Area(D) + L(N* 0 §"), (30)

which yields (26). The proof of (27) is analogous, replacing (6*, Sy, B, k, a3) by (5%, S1, B5 , a}, a3).
O
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3.1 The Lawson surface {y; viewed as a Ds-invariant surface

We now explain how to view the Lawson surface & ; as a Dy-invariant surface. We use the
construction and notation fixed in Section 2.5.
Up to an isometry, we may assume

=Ty, It i=Tey,
and
p1 :=I'xj(7/3) = cos(n/3) k + sin(7/3) j, p2 =k, qi =V, Qe =V_.

Recall that D, C S? is the unique compact minimal disk bounded by the closed geodesic
quadrilateral [pi,qi,p2,qz]. This uniqueness implies that D, inherits all symmetries of its
boundary. In particular, D, is symmetric by reflection in the following totally geodesic two-
spheres:

e the sphere S(I'") := Span{e, i, I j(7/6) }NS?, which contains I'e; and bisects the segment
[k, Tk j(/3)]; denote by R+ the corresponding reflection;
e the sphere S(I') = Sy, which contains I'y j and bisects the segment [v, v_].

We next subdivide D, into four congruent pieces, each bounded by three geodesic arcs.
Define the symmetry arcs in D, by

Tp1,p2 = D.N S(F)7 Yai,q2 = D.n S(PL)'
These arcs intersect orthogonally at a point a, which is the midpoint of both.
Let T C D, be the compact subdisk bounded by
[P, qi] U Yai,q2 |21 U Yp1,p2 5.

Then D, is the union of four congruent copies of T, obtained by reflection across S(I') and
S(I't). Observe that T is the smallest fundamental domain of & ; (48 congruent copies of T~
are needed to recover ;7).

Let R* denote the half-turn about the great circle containing [py, qi], and define the compact
disk (see Figure 4)

Fr=TURNT)URNT)URL(TURT)URT)).

Thus &, is made of eight congruent copies of F;. The boundary of F} consists of four
analytic arcs: the half-great circle

72 = Fk,v+([07 7‘-])7

and three geodesic arcs of reflective symmetry in s 1:

Op = Yp1,p2> B = R*<7p1,pz)a op = R4(5Z)'

In the notation of Proposition 3.5, the Lawson disk J}. satisfies:

23



Figure 4: The subdisk 7, shown in orange, is one quarter of D.. Its image R*(7T) is shown in
yellow and R*(7) in purple. The union of these three pieces and its reflection in S, form the
D4-fundamental disk F7.

e the only umbilic point of F7 is vy = qu;

e the lengths of 0} and (3} coincide.

3.2 Conjugate of a fundamental piece

Let X* C S? be a Dy-symmetric, embedded minimal surface of genus 2. By Proposition 3.5, the
fundamental piece F* together with its image R* (F*) is a smooth minimal disk in S* bounded
by six geodesic arcs of reflective symmetry meeting pairwise at right angles.

By Proposition 2.1, the conjugate surface of F*UR (F*) is a minimal disk (not necessarily
embedded) in S? bounded by six great-circle arcs meeting at right angles. In other words, the
boundary of the conjugate disk is a right-angled geodesic hexagon with a reflective symmetry,
which after an ambient isometry may be assumed to be the symmetry with respect to Ss.

This motivates the study of the space of right-angled Ry-symmetric geodesic hexagons in
S?, which will be carried out in the next section.
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4 Right-angled Ry-symmetric geodesic hexagons

In this section we parametrize the geodesic hexagons H = [ay,...,a) C S? (we adopt cyclic
notation) with the following properties:

(E1) All interior angles are equal to 7/2 and dgs(a;, a;11) < 7;

(E2) H is invariant under R, in the following sense:
Ra(lar, az]) = [a, ag], Ra([ag, as]) = [ag, as], Ra([as, a4]) = [as, a4].

Let my3 and ms¢ denote the midpoints of the edges [ag, as] and [as, ag), respectively. Up to
an ambient isometry of S*, we impose the normalization

—+
(EB) [ag, ag], [8_5, 36] C 83, mMo3, My5g € Fk,i) and ay € 82 N B3 .

Next we give an explicit parameterization of the geodesic hexagons H satisfying (E1)—(E2).
To do this, it is worth introducing two geometric parameters.

Definition 4.1. In the conditions above, the numbers
1
7= §d§3(ag,ag> S (0,7’(/2), w = ng(k, mgg) S (O,ﬂ'), (31)

will be called the edge half-length and the half-width of H along the axis I'y;.

Lemma 4.2. The region inside (0,7/2) x (0,7) for which there exists a geodesic hexagon H
satisfying (E1)—(E3) with prescribed edge half-length 7 and half-width w, is (see Figure 5)

D = {(F,w) € (0,7/2) x (0,7) : 1—2cos’Fsin’w >0, 11— 2sin’Fsin*w > 0}.
Furthermore:

1. For any (F,w) in the interior of D with W # 7/2, the two opposite edges |ag,as] and
[as,ag] of H are uniquely determined, while conditions (E1)—~(E3) leave exactly eight la-
beled possibilities for the pair of vertices (ay,a4), given by (44)—(45) with e1,e9,&1 € {£1}
free and €5 = sgn(cosw). Up to the ambient congruences described in the proof, these
reduce to the following four normalized hexagons, representing three geometric types:

e A unique rotation-type hexagon H™'(T,w), given by e; = &, = sgn(cosW) (equiva-
lently, a;,a4 € Bf ) and e; = —sgn(cos W), invariant under the w-rotation Ri; about
Iy i; it satisfies sgn((ar)s) = sgn((aq)s) and (a;)s = —(aq)s; see Figure 6;

o A unique reflection-type hezagon H*M(7,w), given by ¢, = &, = sgn(cosw) and
g9 = sgn(cosw), invariant under the reflection Ry across Sy; it satisfies sgn((ay)s) =
sgn((aq)s) and (ay)s = (ay)s; see Figure 7;
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e Two mixed-type hezagons HP™(7,w), given by e; = +1 = —& (so that sgn((a;),) =
—sgn((ay)s), i.e. the polar vertices a; and a4 lie on opposite sides of Sy) and distin-
guished by €5 = +sgn(cosw), equivalently by the sign of the third coordinate of a;:
namely HY™(7,w) corresponds to sgn((ay)s) = + and H™ (7, W) to sgn((a1);) = —.
The hezagons HY™(F,w) and H™™ (F,w) are not congruent to each other, and the
symmetry group of each of them inside Iso(S?) is exactly (Rs); see Figure 8.

2. The choice (T,w) = (w/4,7/2) produces a two-parameter family of right-angled geodesic
hexagons satisfying (E1)—(E3), with vertices

A2 =Vy, a3=—V_, as=—Vy, 3=V,

and a;, a4 € I'yj arbitrary and independent of each other, subject only to (a4); > 0. We
denote by Hy, o, the hexagon corresponding to the choices a; = 'y j(01) and ay = 'y j(04),
with o1 € R/277Z and o4 € [0, 7).

Figure 5: The region in gray color is D. The boundary curves {1 — 2sin*7sin’w = 0},
{1 —2cos?*7sin’w = 0} are represented in green and blue, respectively. These two curves meet
exactly at the point (7/4,7/2) where the two-parameter family of geodesic hexagons H,, ,, in
item 2 of Lemma 4.2 appears.

It is worth introducing the notation

¢ = (0,7/22ND, & :=[0,7/2) x (7/2,7)]ND. (32)
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Proof. Take (¥,w) € (0,7/2) x (0,7). The arc [msg, my3] is parametrized by its arc length by
a(s) = cossk +sinsi= (0,sin s, 0, cos s), s € [—w,w]. (33)

In particular,
a(0) =k, my; = (0,sin @, 0, cosW).

To simplify the notation, we set
S, =sinr, ¢, =COST, S, =SInwW, ¢, = Ccosw,
and parametrize the arc [ay, ag] of H by its arc length by
B4(r) = cosrmag +sinre = (sinr, s, cosr,0,¢, cosr), 1€ [-T,T). (34)
In particular, we have a, as a function of (7, w):

ay = [ (T) = (S, CrSw, 0, CrCy). (35)

Next we find the expression of a;, whose existence will constrain the parameters (7, w) to lie in
D. To see this, recall that a; € S? is determined by the following conditions:

e (a;)2 = 0 (vanishing second coordinate),
e [a;, ay] is orthogonal to [as, a3] at ay,
e [a;, ay] meets its reflection across Sy orthogonally at a,

We study the orthogonality condition at ay: since T,,S® = {a,}*, the unit tangent vector
at ay to [a;,ay] is given by the (normalized) orthogonal projection of a; onto T,,S?, namely
(up to a sign):

7o+ — a; — (a;,a)ay .
o [lar = {ar, ag)as

Therefore, [a, ay] and [ay, as] meet orthogonally at a, if and only if (Tor B.(7)) = 0. Substi-
tuting the expression for T, ;Sj , this becomes

(ay — (a1, a)as, B (7)) = 0.

Using (ag, #/.(T)) = 0, the second term vanishes and so, the orthogonality condition at a, is
equivalent to (a, 3 (¥)) = 0, or equivalently by (34),

(a1)1 ¢ — (a1)4 8pcy = 0. (36)
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Next we study the orthogonality condition at a;: by (35), we have
A = R2<a2> = <5r> —Cr Sy, O, Crcw)-

The tangent direction at a; to the geodesic joining a; to a point b € S? is the projection of b
onto {a;}+. Taking b equal to a; and to ag, we get that the orthogonality condition at a; is
equivalent to

(ag — (a1, az)a;, a5 — (a1, ag)a;) = 0.

Since all coordinates of as coincide with that of ag except for the second coordinate, and a;
has second coordinate zero, we have (a;,as) = (a;,ag). Thus, the orthogonality condition at
a; becomes

(az,a5) = <31732>2- (37)
Let us compute both sides of (37). First,

(ag,ag) = 52 — 252 + c2c2 = 52 + ¢ cos(2W). (38)
Next,
(a1, a2) = (a1)15, + (a1)4CrCo (39)

Thus, the orthogonality condition at a; is equivalent to
s% + 2 cos(2W) = ((ay)18, + (A1)4CrCw)’ . (40)

In particular, the left hand-side must be non-negative. Let us call

A= /524 2cos(2W) = /1 — 2252, (41)
Thus, (38) gives
<a2, 3.6> = A2.
On the other hand,
36),(39 53¢y, Cu
(a1, as) (0L (ar)s + (ar)acrcy = (31)46—7
hence (37) is equivalent to
2
C?"
(al)i = C—2A2 (42)

Finally, we impose the condition a; € S?:
2 2 2 2 (36) 2 52Ch, 2 2042 of 2 G 2
a1 |® = (a1)7 + (an)3 + (an)s = (a1)i 2 +(a1); + (a); = A% [ s; + 2 + (a1)s,

r
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hence [ja;|| = 1 if and only if

(a2=1-2 (245 ) 1o -222) (24 5) =S _222). 4y
a); = s, 2 )= crsi) | sz )= e suse ).

In order for (43) to make sense, 1 — 2s2s2 must be non-negative. Let us call

B :=/1—2s2s2.

Equations (36), (42) and (43) imply that in order for (E1)-(E2) to have a solution, the pa-
rameters (7,w) must lie in the region D given in the statement of the lemma, and given
(7,w) € D\ {(w/4,7/2)}, the point a; has exactly four possibilities solving (E1)—(E2), namely:

a; = (51 STA, O, 52_87 51&14) ) (44)
c
where 1,69 € {—1,1}.

The analogous computation at the opposite vertex a4, using the right-angle conditions at
a3 and aj, gives

ay = (—asrA, 0, &8, as—’“A) . E,Emef{-1,1) (45)
Here the minus sign in the first coordinate reflects that a, is the opposite vertex to a; in
the hexagon. Condition (E3) fixes the normalized representative of the hexagon by requiring
a, € SN BJ. The condition (a4); = 0 is automatic from (45), while the condition (a4); > 0
together with w # 7 /2 fixes the sign €, = sgn(c,,). However, condition (E3) does not constrain
the fourth coordinate of a4, and so the sign £; € {—1,+1} remains free.

No further restriction can be imposed on a; by (E1)-(E3). We therefore have four ordered
sign-choices (1,&3) € {—1,+1}? for a;, paired with two ordered sign-choices (£1,22) with
g9 = sgn(cy,) fixed and &) € {—1, +1} free, for a total of eight labeled hexagons satisfying (E1)-
(E3) at (7, w). The following analysis groups them, up to ambient congruence in S?, into three
geometric types according to the sign relation between (e1,&7):

(a) (e1,€1) equal (both +1 or both —1): the vertices a;, a4 lie on the same side of Sy, namely
in B} if e, = sgn(c,) and in By if e; = —sgn(c,,), since

Cr ~ Cp
(211)4 = &1 C—A, (a4)4 = &1 —A. (46)

w w

These two possibilities are related by the reflection Ry across S, together with the pa-
rameter substitution (7,w) +— (7,7 — w) (which exchanges €; > &;): comparing the
Ry-images of (44)—(45) with the same formulas evaluated at (7,7 — W), one checks that
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R4 maps the labeled solution with signs (€1, €9, £1,€2) at (7,w) onto the labeled solution
with signs (1, —€2, €1, —&2) at (7, 7 —w), which still satisfies (E3) since sgn(cos(m —w)) =
—sgn(cosw). In particular, R4 carries the hexagons with a;,a, € B at (¥, W) onto the
hexagons with a;,a, € E at (7, m — w). Since the parameter domain is invariant under
w — ™ — w, no hexagon is lost, up to congruence, by normalizing

g1 =& = sgn(cy), ie. aj,as €Bj.

It remains to discuss the sign £5. The half-turn R}, ; about I'y ; acts on R* as diag(—1, 1, —1,1);

hence it preserves the pair of edges [as,as] U [as ,’ agl, exchanging a; <> ag, as <> ag and
the roles of a; and a;. Comparing with (44)-(45), Ry ;(a1) = ay if and only if £, = ¢,
and €5 = —ey. Since g9 = sgn(c,,) by (E3), the choice €5 = —sgn(c¢,,) produces a hexagon
invariant under Ry ;: the rotation type. Analogously, R, = diag(—1,1,1,1) also maps
Bi(s) to Bi(—s), and Ryi(a;) = a4 if and only if &5 = &; and &, = e9; the choice
g9 = sgn(c,) produces a hexagon invariant under R;: the reflection type. In both cases
sgn((ai)s) = sgn((as)s), while (a;)s = —(a4)3 in the rotation type and (a;); = (a4); in
the reflection type, as claimed.

(e1,€1) opposite (one is +1 and the other is —1): the vertices a; and a4 lie on opposite
sides of Sy, by the formulas in (46). The vertex relabeling a; <> a4 (i.e. reading the
hexagon as [ay, a3, as, a1, ag, a5]) is induced by the reflection Ry, which preserves the pair
of edges in S3 as above and acts on the signs by (e1,€9,21,82) — (€1,82,€1,62). The
relabeled configuration satisfies the normalization (E3) directly when €2 = sgn(c,,), and
after further composing with the reflection R3 when 5 = —sgn(c,,). In both cases, this
ambient congruence identifies the labeled solution with (g1,£;) = (41, —1) with the one
with (—1,+1), preserving sgn((a;);). Hence we may normalize

&1 = +]~ = _gla

and the genuinely distinct mixed hexagons at (7,w) are the two labeled solutions H2™*(7, )
given by g2 = £sgn(c,), i.e. sgn((a;);) = £1. They are not congruent to each other:
from (44)—(45),

c? c2s?

~ T 2 2 ~ “r°w 2

(al,a4> = £1€1 (0_2 —ST>A + €9€9 2 B s
w w

and the two choices of €5 change the value of the second summand, which is nonzero in
the interior of D.

Finally we determine the symmetry group of HP™*(7,w). Each HT™(F,w) is Ro-invariant
by construction. Conversely, any isometry of S* preserving the hexagon permutes its

vertices preserving adjacency and edge lengths. By Lemma 4.4 below, the cyclic se-
quence of edge lengths of HP™(7,w), starting from [ay,ay], is (¢, 27, ¢, ¢, 27, () with
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¢ = arccos(A) # arccos(—A) = ¢’ (as A > 0 in the interior of D). The only nontriv-
ial permutation of the cyclic labels preserving this pattern is the reflection fixing {a;, as}.
Since the six vertices span R* (as B > 0 in the interior of D), every vertex permutation
is realized by at most one isometry of S?, and the reflection fixing {a;,a,} is realized by
R,. Consequently, the symmetry group of each HI'™(7,w) inside Iso(S?) is exactly (Rs).

This proves item 1 of the lemma.

We prove item 2. At (7,w) = (n/4,7/2) one has ¢, = 0 and A = B = 0. Equation (36)
gives (a;); = 0, hence a; € T'yj; moreover (ay, ag) = A% = 0, so the orthogonality condition (37)
at a; reads (aj,ay)? = 0, which holds automatically because a; € Span{j,k} is orthogonal to
a, € Span{e,i}. The same computation applies independently at the opposite vertex a,. Hence
(E1)-(E2) impose no relation between a; and ay: both may be chosen arbitrarily on I'yj, and
(E3) only requires (a4)3 > 0. All interior angles are automatically 7/2: for instance, at a; the
tangent directions towards a, and ag are as and ag themselves (since (aj, as) = (a;, ag) = 0),
and (ag, ag) = 0. This yields the two-parameter family #,, ,, of the statement, where oy and
o4 correspond to the choices a; = I'j(01) and ay = I'xj(04), respectively. This completes the
proof of the lemma. n

Remark 4.3. On the two boundary curves of D the labeled classification of item 1 of Lemma 4.2
degenerates, as follows. On the arc {1 —2sin®7sin?w = 0} (i.e. B = 0) the third coordinates of
a; and a4 vanish, so the whole hexagon is contained in the totally geodesic two-sphere Ss; the
rotation and reflection types coincide (the hexagon is invariant under both R; ; and R:), and
HX = H™x On the arc {1 — 2cos?Tsin’w = 0} (i.e. A =0) one has a; € {£j} and a; = j:
the two edges [ai, as], [as, a4] and their Ry-reflected images [ag, a1], [a4, as] have length 7/2,
and the two possibilities for a; give either a; = a4 (a pinched hexagon) or a; = —ay (antipodal
vertices). Accordingly, the statements of this section involving the trichotomy are understood
for (7,w) in the interior of D.

A direct computation from (44) and (45) yields the following sharp dichotomy in the length
of the edges [a, as], [as, as] between the rotation/reflection branches and the mixed branch.

Lemma 4.4. For (T,w) € D\ {(w/4,7/2)},
(aj,a2) =1 A and (ag,aq) = &1 A,
where A is given by (41). Consequently:

1. In the rotation- and reflection-type hexagons (i.e. €1 = 1), both edges [a;,as] and [ag, a4]
(and their Ra-images [ag, a1], [a4,a;5]) have a common length arccos(e;A). If A > 0,
this length is strictly less than /2 when €1 = +1 and strictly greater than w/2 when
g1 = —1; in particular, for the normalized hexagons of Lemma 4.2 (1 = sgn(cosw)) the
edges [ay, as), [as, a4] are shorter than w/2 over ¢, and longer than 7/2 over ¢,. IfA=0,
[a1, ag], [ag, a4] have length 7/2.

31



2. In the mized-type hexagons (i.e. €1 = —e1), the two edges [a;, as] and [ag, a4] have lengths
that add up to w. If A > 0, exactly one of them is strictly shorter than 7/2; for the
normalized hexagons HT™(T,w) of Lemma /.2 (¢, = +1 = —&, for both labels) the
short one is [aj,as], of length arccos(A) < 7/2, and the long one is [ag, a4, of length
arccos(—A) > /2. If A =0, both edges have length 7/2.

Finally, every hexagon H,, -, of the singular two-parameter family at (7,w) = (n/4,7/2)
(item 2 of Lemma /.2) has all six edges of length 7/2.

Proof. Substituting (35) and (44) into the Euclidean inner product on R*,

A
(a1, a9) = (e15,:A) s, + (51 C—) CrCy = €1 A(S2 + ¢2) = g, A.

Analogously, using ag = (—s,, ¢,84, 0, ¢,¢,) together with (45),

~ ~ TA ~ ~
(ag,a0) = (—5,)(—E15,A) + (crew) (51 CC—) — 2 A(s2 + 2) = B A.

w

The length conclusions follow from cosdss(p,q) = (p,q). The identification of the short and

long edges among [a;, ay] and [ag, a4] follows by substituting the normalization e = +1 = —&;
of Lemma 4.2 in the formulas above. The final assertion about the singular family is immediate
from <Fk,j<0-)7 V:t> =0. O

The trichotomy between rotation-, reflection- and mixed-type hexagons will be crucial in the
sequel: the reflection branch will be excluded in Lemma 6.3, the mixed branch will be excluded
in Lemma 6.5, and only the rotation branch will survive the closing problem analysis. The edge-
length contrast in items 1-2 of Lemma 4.4 encodes the essential geometric distinction between
the rot/refl and mix branches and will play a key role in the exclusion of the mixed branch. The
following computation locates the vertex a, relative to the totally geodesic two-sphere spanned
by ap, dg, dg.

Lemma 4.5. Let (T, w) be in the interior of D withw # m/2, and let H be one of the normalized
hexagons of Lemma J.2. Let ST = S*NV be the totally geodesic two-sphere containing a;, as, ag
(equivalently, the edges a1, as] U [ag, a1]), where V' = Span{ay, as,ag}. Then the vector

c,.C SwA
vo= (=% 0 —epe, 202 1)
0 < Sy =27 B
15 orthogonal to V', and

A -
(ag, 10) = 2¢,cy, (ag, 1) = —— (E1(1 + ¢) — e1e982 55,),
w

so that
(s, vo) (ag, o) = 2 A [61(1 + ¢)) — 16282 55, . (47)

Consequently:
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1. For H™'(F,w) and H*(7,w), the bracket in (47) equals 2sgn(c,) and 2sgn(cy) 2, re-
spectively. Hence a3~and ay lie on the same side of S? when (T,w) € &1, and on opposite
sides when (T, W) € €.

2. For HY™(T,w) and H™™(T,w), the bracket in (47) equals —2 and —2c2, respectively.
Hence a3z and a4 lie on opposite sides of S?, for both labels and on all of €, U €, =

D\ {(r/4,7/2)}.

Proof. The orthogonality (g, a1) = (1, a2) = (19, ag) = 0 and the two displayed inner products

follow from a direct computation using (35), (44), (45) and A% = 1 — 2¢?s?, B> = 1 — 2s%s2.
For item 1, the normalized signs of Lemma 4.2 are ; = &) = £5 = sgn(c,,) with €9 = —sgn(c,,)

(rotation type), giving 16985 = —sgn(c,,) and bracket sgn(c,)(1 + ¢ + s2) = 2sgn(c,), or
g2 = sgn(c,) (reflection type), giving bracket sgn(c,)(1 + ¢ — s2) = 2sgn(c,)c?. For item 2,
the normalized signs are e = +1 = —&7, &5 = sgn(c,) and g5 = +sgn(c,), giving bracket
—(1+c2) —s2 = =2 for HP™ and —(1 + ¢2) + s2 = —2¢2 for H™*. Since 2¢2A > 0 in
the interior of D and ¢, # 0, the sign of (a3, vy)(as, vp) is that of the bracket, and the side
statements follow. O

To avoid degenerations of the geodesic hexagon, the edge half-length 7 cannot take the value
7/2 and the half-width @ cannot take the value 7 (otherwise ag = a; and as = ag).

Figure 6: Two right-angled geodesic hexagons H™(7,w) with w € (0,7/2) (left) and w €
(w/2,m) (right).

The hexagons H™Y(7,w), H™Y(7,w) have the same ordered side lengths dgs(a;, a;.1) < ,
1 =1,...,6 but they are not congruent.
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Figure 7: Two right-angled geodesic hexagons H™! (7, w) with w € (0,7/2) (left) and w €
(m/2, ) (right, observe that H™%(7,w) has two self-intersection points).

Figure 8: Two right-angled geodesic hexagons H'7™(7,w) (left), H™(F,w) (right) with w €
(0,7/2).
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5 The Plateau problem for right-angled Ro-symmetric
hexagons

In this section we study the Plateau problem for the right-angled, Rs-symmetric geodesic
hexagons introduced in Section 4. Throughout the rest of the paper, we use the master index
set L

(7, w,0) €T, 7= ((’Il U €2) x {rot, refl, mix, , mix_}

and we denote by H (7, W) = [ay, . . ., ag] the corresponding right-angled R,-symmetric geodesic
hexagon. The singular value (7, w) = (%, %), (01,04) € (R/27Z) x [0, 7], is deliberately excluded
from Z: these hexagons form the two-parameter family H,, ,, of item 2 of Lemma 4.2, which
will be treated separately (Theorem 5.5) and ruled out from the closing problem in Lemma 6.6.

5.1 The parameter region (7,w) € ¢,

We first treat the regular region €. In this range, both H™(7,w) and H™4(F, W) are embedded
geodesic hexagons contained in a proper closed hemisphere of S®. Their spherical convex hulls
will provide the mean-convex domains needed to apply the main theorem of Meeks and Yau
in [19].

5.1.1 Rotation-type hexagons
Fix (7,w) € ¢;. Consider now the rotation-type hexagon H™(7,w). Its spherical convex hull
UL = convgs (H™(T, w))

is a compact mean-convex polyhedron invariant under R, and under the half-turn R}, about
the great circle I'y;. The polyhedron Z/l(r;’%) has eight totally geodesic faces Fi,..., Fs. We
describe them explicitly:

e [: geodesic triangle with vertices aj, as, ag (this is the lower front face in Figure 6 left).

(
e Fy: geodesic triangle with vertices a;, ag, as (lower right face in Figure 6 left).
e Fj: geodesic triangle with vertices a;, as, ag (lower left face in Figure 6 left).

e [ geodesic triangle with vertices a;, ag, a5 (lower back face in Figure 6 left).

o F5 =TR:(F)): geodesic triangle with vertices ag, a4, a5 (upper back face in Figure 6 left).

o Fz =TR:(Fy): geodesic triangle with vertices aq, a3, as (upper right face in Figure 6 left).

o [, =R (F3): geodesic triangle with vertices a4, as, ag (upper left face in Figure 6 left).
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o Fy =R:(F)): geodesic triangle with vertices ay, a4, ag (upper front face in Figure 6 left).

The domain Z/{I‘Lt is preserved by R’ and R,. Moreover,

RQ(Fl) = Fi, RQ(FQ) = Fs3, Rz(F4) = Fy, R2(F5) = I, R2<F6) = Iz, RZ(FS) = Fs.
Lemma 5.1. For every (T,w) € 61, the polyhedron Z/{E@ 1s a compact Meeks-Yau domain. More
precisely:

(i) each smooth face of UL is a totally geodesic disk in S

(ii) each dihedral angle of Ur% is at most m;
(i) 2% C BY;

(iv) UL is invariant under R}, and Ro;

(v) H©UT, @) C OUSS.

Proof. Items (i), (iv) and (v) follow directly from the explicit description of the faces. Since
every face is totally geodesic, its mean curvature vanishes identically.

Item (ii) reduces to checking that every interior dihedral angle is at most 7, which is imme-
diate from the fact that Z/Lroi is the spherical convex hull of the contour.

To prove item (iii), observe that the vertices of H™'(7,w) lie in IB4 , and this set is geodesi-
cally convex in S®. Hence the spherical convex hull of the hexagon is contained in B; . O]

Theorem 5.2. Given (T, w) € ¢y, there exists a unique compact minimal disk Yot C S? with
boundary 0¥1%; = H™ (7, w). Moreover:
EEOL C urot

W)

1

2) Ra(5) = Ra(55%) = 51k

T,

(1)
(2) R
(3) [mgs, msg] C 3%
(4)
(5)

4) The unique umbilic point of X% is k, and its index is —1/2.
5) ¥ is a Killing graph with respect to certain rotation Killing field K of S3. In particular,
E;O% 15 embedded and it intersects each orbit of K at most once.

Proof. By Lemma 5.1, the contour H™*(7,w) lies in the boundary of a compact mean-convex
polyhedron with totally geodesic faces. Hence Meeks-Yau theorem [19] yields an embedded
least-area minimal disk X% C U290 with the prescribed boundary. This proves item (1).
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Since both the polyhedron and the contour are invariant under R} and R, a standard
cut-and-paste argument for least-area disk implies item (2).

The fixed-point set of R}, is the great circle I'y;, and this great circle meets the boundary
contour H™"(7,w) exactly at the two midpoints my3 and mse. Since 3% is R}-invariant by
item (2), the geodesic segment [ma3, msg] C I'k; is contained in E;O% This proves item (3).

Since Y% NS3 contains [mys, msg] U [ag, as], then X0 is tangent to Sz at mys, In particular,

we can orient %% N S3 by a unit normal N so that

Next, we prove item (4). Parametrize the geodesic segment [my3, msg] by arc length:
a: [—E, E] — [mgg, m56], Oé(—w) = IMyo3, Oé(w) = Mg, Oé(O) =k.

Since [ms3, msg| is contained in XU [mys, myg] is an asymptotic line of X% and the restriction
3, M5g 3, Msg

T, T’

of N to [mag, asg], takes values in the great circle polar I'ej to I
N(a(s)) = cos pa(s)j + sinpa(s)e, Vs € [, (49)

where p, measures the variation of N along [mgs, msg] and p(—w) = 0. As X% is invariant
under R, the angle function p, = p.(s) is even, hence (N o «)’(0) = 0. This implies that a/(0)
(which is k) is umbilic.

By the Poincaré-Hopf theorem applied to the principal-direction line field on Z;‘%, the total
index of umbilics equals x (X% ) = 1 minus the contributions of the six boundary right-angle
corners. Fach right-angle corner contributes 1/4, so the corner total is 3/2, leaving 1 — % = —%
for the interior umbilics. Since each interior umbilic has index at most —1/2 by (21), we
conclude that k is the unique umbilic, and its index is —1/2.

Next we prove item (5). Fix a non-trivial Killing field K on S*. Since X% is minimal
and K is Killing, u := (N,K) is a Jacobi function on ¥I%. On the other hand, X% is
area-minimizing, hence the first Dirichlet eigenvalue of its Jacobi operator is non-negative. By
domain monotonicity, there cannot exist a Jacobi function on X°% having a nodal domain of u
strictly contained in ;% Thus, in order to prove that K can be chosen so that u has constant
sign in the interior of ¥°% (which is enough to conclude item (5) since X% is topologically a

disk), it suffices to check:
Claim: For the Killing field
Ki,j (X) = <k7 X>e o <e7 X>k7 (50)

the Jacobi function u = (N, Kj ;) does not change sign along H™" (7, ).
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Proof of the claim. We adopt the notation and equations established in the proof of Lemma 4.2.
Recall that the arc 8y = [ay, a3] can be parameterized by its arc length by (34). The polar
great circle of 84 is S* N Span{j, 7z}, where

Np = (07 Cw; 0, _Sw) = Fi{,i(w)v

SO we can write
N(By(r)) = cospg, ()] — sin ps, () 1,

for some analytic function pg, defined in [—7,7] with pg, (0) = 0 since we are imposing (48). As
Ry(XrL) = Bt we deduce that pg, is an odd function of . By item (4), pg, is monotonic.

As X% N B is contained in B; (because the boundary of YN B/ is contained in B; and by
the convex hull property), we deduce that N (8 (r)) rotates towards —ng as r increases from
0 to 7, i.e., pg, is strictly increasing in [0,7]. Since the tangent plane to E;O% at the end point
a, of B, is generated by {4/ (7),d (0)} (where ¢, is an arc-length parameterization of [a;, ay]
with 6, (0) = ay) and ¢’ (0) forms an angle in (0,7/2) with S35 at as, then pg, () € (0,7/2).
On the other hand, from (34) and (50) we get

Ki;(B4+(r)) = cycosre —sinrk,
and therefore,
uw(By(r)) = sysinr sinpg(r) >0, r € [-F, 7|, with equality only for r = 0.

Next we compute u along 04 = [a;,as]. Recall that ay is given by (35) and a; by (44) (with
g1 = 1= —&5). The arc ¢, is parametrized by its arc length by

01 (t) = costay + sint vs, t €10,1],

where | = dgs(aj,az) € (0,7/2) and vs is the unique unit vector in Span{a;,as} that is
orthogonal to as, that is,

a; — (aj,as)ay a; —coslay  a; —coslay

~lar — (a, az)ay||  ||lay —coslay| sin {

Vs

On the other hand, from (39), (40), (41) we have

cosl = (aj,ag) = A = \/sin2? + cos? T cos(2w) = V1= 2cos? Fsin 1w, (51)

which gives [ as a function of (7, ).
The polar great circle of §, is S* N Span{&s,ns}, where

B A SwB
=3.(r) = Cry —SpSw, 0, —8Cy), = (07_7 T = )’
& =B,(r) = ( b V2 V2e, Voo,
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In particular, N(ay) equals ns up to the sign. This sign is determined by the chosen orientation:
since we imposed that N(my3) = j and the normal varies continuously along (., the orientation
is preserved and we obtain

N(ag) ="ns-

Thus, we write

N(6:(1)) = cos ps(t) ms +sinps(t) &, t€ (0,1, ps(0) = 0.

Observe that this allows us to express N(d, (¢)) in terms of the canonical basis of R%. Using (50),
we have

Ki;(04(t)) = 04(t) e — 81 () Kk,
where 8, = (81,02, d3,d,4) in terms of the canonical basis of R?*; explicitly,
Asy,
V2¢e,

01(t) = s, cost, d4(t) = crcy cost + sin t.

From here,

r 'LUB A Tew
u(d4(t)) = o cost cos ps(t) + (cw cost + 2o

B \/ch \/Ecw
which is positive for all t € [0,1] since (7,w) € €1, 1 € (0,7/2), ps is strictly increasing and with
image in (0,7/2).

To finish the proof of the claim, observe that since NoR} = —R} N and (R}).K;; = —Kjj,
then v o RY = u. From here we deduce that v > 0 along [a3, a4], and thus,

sin t) sin ps(t),

u>0 along H™(F,w) N B, ', with equality only at mys. (52)

It is also clear that u o Ry = u. Thus, (52) implies that u > 0 along H™" (T, w), with equality
exactly at mo3, msg. This finishes the proof of the claim.

To finish the proof of the theorem, it remains to show uniqueness of Z;‘% among compact
minimal disks with boundary H™'(7,w). This follows from a standard Radé type argument
along the flow of Kjj: if a second compact minimal disk ¥’ with the same boundary H"™*(r, w)
existed, sliding E;O% along the flow of Kjj until a first interior or boundary contact would
contradict the interior or boundary maximum principle, respectively. O]

5.1.2 Reflection-type hexagons

Fix (7,w) € ¢; and consider the hexagon H™(7,w). Since aj,a, € S, N B, the spherical
convex hull
U = convgs (K™ (7, w))

is a compact polyhedron with five totally geodesic faces:
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the geodesic triangle F with vertices aj, as, ag (this is the front face in Figure 7 left).

the geodesic quadrilateral Fy with vertices ay, as, as, ay;

F3 = Ry(F1), the geodesic triangle with vertices as, a4, a5 (back face in Figure 7 left).

Fy = Ry(F3), the geodesic quadrilateral with vertices ag4, as, ag, a;;

the geodesic quadrilateral Fy in S3 with vertices ay, ag, as, ag (base face in Figure 7 left).

The domain Z/{Fr%ﬁ is preserved by R; and Ry. Moreover,
Ri(Fy) = Fy, Ri(Fy) = Fy, Ru(Fs) = F5, Ro(F1) = Fi, Ra(F3) = F3, Ro(F5) = Fs.

Lemma 5.3. For every (F,w) € &1, the polyhedron Z/{;f%ﬂ 18 a compact mean-convex domain.
More precisely:

(i) each smooth face of au;%ﬂ is a totally geodesic disk in S3;
(ii) each dihedral angle of U is at most 7;
(iii) 258 C B NBY;
(iv) Z/{{%ﬂ 15 invariant under Ry and Ra;
(v) H* (7, w) C oUr.

Proof. Repeat verbatim the arguments in the proof of Lemma 5.1, with the obvious modifica-
tions. ]

Theorem 5.4. Given (T, W) € €y, there exists a unique compact embedded minimal disk 2;?% C
S* with boundary OXL = H™Y(F w). Moreover:

7,

(1) S8 C Ut

(2) Ru(Sp) = Ra(S8) = 558

2w

(3) E;f’% 15 a Killing graph with respect to the rotations about I'e;. In particular, it is embedded
and intersects each orbit of Ke; at most once.

(4) The only umbilic points of X8 are the midpoints mys € |ag, ag], msg € [as,ag), and each
of them has boundary index —1/4.
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Proof. By Lemma 5.3, the contour H™(7 w) lies in the boundary of a compact mean-convex
polyhedron with totally geodesic faces. Hence Meeks-Yau theorem [19] yields an embedded
least-area minimal disk Z;‘f% C Ll;%ﬂ with the prescribed boundary. This proves item (1).

Since both the polyhedron and the contour are invariant under R; and R, a standard
cut-and-paste argument for least-area disk implies R; (z;eg) = X, j = 1,2. This proves
item (2).

To prove item (3), consider the Jacobi function u := (Ke;, N) on X0, Since X% is
area-minimizing, its first Dirichlet eigenvalue is non-negative. Moreover, the boundary contour
H*(r,w) meets each orbit of the one-parameter group generated by K, ; at most once. There-
fore the Jacobi function u cannot change sign in the interior, and Efg is a Killing graph with
respect to the rotations about I'c;. As a consequence, E;‘ﬁ is embedded and every orbit of Ke;
meets it in at most one point. The same graph property yields uniqueness by the standard
first-contact argument along the Killing flow. This proves item (3).

We now determine the umbilics. Parametrize the edge [as, as] by arc length:
B: [_Tv F] — [a27 a3]7 B(_T) = ay, ﬁ(F) = as.

Since [ag, a3] C Ss is a boundary arc of reflective symmetry, the restriction of the unit normal
N of the disk along f lies in the great circle polar to [as, az]. By Proposition 2.1, there exists
an analytic function pg such that

N(B(r)) = cos ps(r) j +sinps(r) (@), € [-7,7].

Because Z;‘f% is invariant under R;, the function ps is even. Therefore pj3(0) = 0, and thus
my3 = $(0) is an umbilic. The same argument applied to the opposite edge gives that msg is
also umbilic.

Finally, the line field of principal directions on the disk satisfies the Poincaré—Hopf relation.
The two midpoint umbilics already contribute —1/2, and every other boundary or interior
umbilic would contribute at most —1/4 or —1/2, respectively. Since XL is topologically a

T

disk, no further umbilics can occur. This proves item 4. O]

5.2 The singular value (7,w) = (%, %)

By item 2 of Lemma 4.2, the singular value (7, w) = (%, %) produces the two-parameter family
of right-angled geodesic hexagons

MHor oy = [A1, ..., ag), a; = I'xj(o1), ay=Txk;(04),
with equatorial vertices

A2 =Vy, az3=—V_, aA5=—"Vy, ag=V_,
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and with the heights o1 € R/27Z, o4 € [0, 7] of the polar vertices independent of each other.
Every member of the family is Ro-symmetric, and all six edges of H,, ,, have length /2
(Lemma 4.4).

We will not need an existence or uniqueness result for the Plateau problem of these hexagons.
For the purposes of the closing problem (Lemma 6.6 below), it will suffice to control how much
the unit normal of any compact minimal disk bounded by an hexagon H,,,, rotates along
the edge [a;, as], which is the content of the next theorem, in the same spirit as Theorems 5.6
and 5.7 below.

Theorem 5.5. Let H,, -, be any hexagon of the singular two-parameter family of item 2 of
Lemma 4.2, and let ¥4, 5, C S* be any compact minimal disk with 0%,, ,, = Hey .0, such that
the edge [ai, as] contains no umbilic points of ¥, »,. Parameterize [a1, as] by the arc-length:

0: [0,71'/2] — [al,ag], 5(0) = aj, 6(7’(’/2) = ag,

and define ps = ps(t) as the oriented angle that the tangent plane to ¥, ,, makes with the
totally geodesic two-sphere that contains [ay, as] U [ag, a;] along 6 (in particular, ps(0) = 0).
Then, ps is strictly monotone on [0,7/2] and

ps(7/2) = km
for some nonzero integer k; in particular
Length(N o §) = |ps(7/2)| > .

Proof. Since ag, a3, a5, ag € Span{e, i}, for every value of (01,04) € R/27Z x [0, 7], the totally
geodesic sphere S := S*NSpan{e, i, a;} (which depends solely on o) contains the five vertices
aj,as, as, as, ag (no condition on ay is involved). In particular Sgl contains the four boundary
edges [a;,as] U [ag, a3] U [as, ag] U [ag, a1], so it is the totally geodesic two-sphere used in the
definition of ps, and

N(a;), N(ap) L S

an (53)
because at a; (resp. at ag) the tangent plane of 3,, ,, is spanned by the directions of the two
boundary edges [aj, as], [a6, a1] (resp. [a;, as], [a2, a3]), all contained in S2 .

Since § contains no umbilic, Proposition 2.1 applies along ¢: the derivative of ps is the
geodesic curvature of the conjugate boundary arc 0* in its supporting totally geodesic two-
sphere, which vanishes nowhere. Hence ps is strictly monotone on [0, 7/2]. By (53), the tangent
planes of ¥, ,, and S2 coincide at both endpoints of §, so ps(7/2) is an integer multiple of ,

nonzero by strict monotonicity. Therefore Length(N o §) = |ps(7/2)| > . O
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5.3 The parameter region (7,w) € EQ

We now consider the region ¢,. In this range the direct convex-hull construction breaks down:
the hexagons H°(7,w) may self-intersect, and their spherical convex hull may fill all of S3.
Therefore we do not prove a general existence theorem in this regime. However, for the purposes
of the closing problem, we only need the following conditional estimate.

Theorem 5.6. Let (7,0, 0) € € x {rot, refl}, and let ©° C S? a compact Ry-symmetric

manimal disk with boundary 052 = HO (T, W) such that the edge [ay, as] contains no umbilic
points of Zr,w' Parameterize [al, ag] by its arc-length by
5:10,1] — [a,as), 5(0) = ay, 0(l) = ay,

and define ps = ps(t) as the oriented angle that the tangent plane to ng makes along § with the
totally geodesic two-sphere ST C S* that contains [a;, ag] Ulag, a;1], normalized so that ps(0) = 0.
Then, ps is strictly increasing on [0,1] and

pg(l) >

Proof. Since the edge [aj, as] contains no umbilic points, the same argument as in the proof of
Theorem 5.5 gives that ps is monotone on [0, ].

It remains to determine the value of ps(l). Consider the ordered orthonormal basis of R*
given by

B(ay) := {R2(6"(0)), 6'(0), N(as), ar }, (54)

where N denotes the unit vector to ng. We convene that B(a;) is positive as a basis of
R* (this does not affect the argument that follows, as long as we maintain continuously this
convention along the boundary of Egﬁ). Let u € T,,S? be the unit tangent vector to the edge
[ag, a3] at ag, pointing towards az. Similarly as with B(a;),

{6'(1), u, N(ay),as}

is an ordered positive orthonormal basis of R*. We next express the vectors of this last basis
in terms of those of N(a;). Clearly,

ay = 0(l) =cosla; +sinld'(0), 8'(l) = —sinlay + cosld'(0). (55)

Since the angle of H° (T, w) at the vertex ay is /2, we have that {6’(l), v} is an orthonormal
basis of T 297 and u is orthogonal to a;. As w is orthogonal to both a; and as, it follows
from the ﬁrst equatlon in (55) that u is orthogonal to §’(0). Therefore, the linear combination
of B(a;) that expresses u is of the form

u = cosw R2(6'(0)) + sinw N(ay), (56)

for some w € [—m, 7). In fact, w € (—m,0) by the following argument: consider the positive
dihedron t € [0,1] — {N(d(t)),d'(t) A N(6(t))}, which rotates along § with total rotation angle
ps(1). Observe that
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e y(0) AN(6(0)) = 4'(0) A N(a;) = Ra(d'(0)) is the initial velocity vector of the segment
[a;, ag] at the point a;.

e Y () ANN(5(1)) = &'(1) A N(ag) = u is the initial velocity vector of the segment [ay, az] at
the point as. Thus, w coincides (mod 27) with the total rotation angle of ¢ € [0,1] —
§'(t) NN(6(t)) along 0.

Since a3 and ay lie on different sides of S? by item 1 of Lemma 4.5, we deduce that the total
rotation angle of ¢ € [0,1] — 4&'(t) A N(4(t)) along § lies in (m,27), and thus w € (—m,0) (see
Figure 9).

Figure 9: Schematic picture of the rotation angle ps along 9.

From (55) and (56) we deduce that the two unit normals to T, X5 inside T,,S* are

+(cosw N(ay) — sinw Ry(5'(0))).

We now determine the correct sign. A direct determinant computation in the basis B(a;)
using (55) and (56) and gives

det (6'(1), u, — cosw N(a;) + sinw R5(8'(0)), as) = 1.
Since {0'(1), u, N(as),as} is a positive basis of R?, we deduce that
N(az) = —cosw N(ay) + sinw R(8'(0)). (57)

Observe that the two first vectors of B(a;) form an orthonormal basis of Ty, Zgﬁ. It follows

from observations (B1)-(B4) that the restriction of N to [fay, as] lies in the great circle spanned
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by R2(6'(0)) and N(a;). Therefore, for the oriented angle ps(t) defined in the statement of the
theorem it holds

N(0(t)) = cos ps(t) N(a1) + sin ps(t) R2(0'(0)), ¢ € [0,1]. (58)
From (57) and (58) we deduce
cos ps(l) = — cosw, sin ps(l) = sinw,

and thus,
ps(l) =1 —w € (m,2m).

Finally, ps(0) = 0, ps(I) > 7, and ps is monotone on [0,]. Hence ps must be strictly increasing
on [0,!]. This proves the theorem. O

5.4 The mixed-type

We finally consider the two mixed-type labeled hexagons HP™(7,w), (¥,w) € D\ {(7/4,7/2)},
introduced in Lemma 4.2. As in the case of @, for rotation- and reflection-type, the direct
convex-hull construction breaks down: in either mixed-type labeled hexagon, the vertices a; and
ay lie on opposite sides of the totally geodesic two-sphere Sy, that is, sgn((a;)s) = —sgn((ay)4),
while the four equatorial vertices ay, ag, a5, ag € S3 have a common fourth coordinate (as)s =
CrCop-

Theorem 5.7. Let (7,w,<) € (D \ {(w/4,7/2)}) x {mix;, mix_}. Assume that there ezists a
compact Rao-symmetric minimal disk X2 C S* with boundary 05 = H (T, W), whose short
boundary edge a1, as] contains no umbilic points of X5 .

Let S? C S? be the totally geodesic two-sphere containing the two boundary edges [ay, as] U
[a1, ag]. Parameterize [aj, as] by its arc-length by §: [0,1] — [a, as] with §(0) = a;, 6(1) = as.
Along 6, let ps = ps(t) be the oriented angle between the tangent plane to E?E and the tangent

plane to S?, normalized so that ps(0) = 0. Then ps is strictly increasing on [0,1] and

pg(l) > T.

Proof. Apply the same arguments as in the proof of Theorem 5.6, replacing item 1 of Lemma 4.5
by item 2 of the same lemma. O]

Remark 5.8. Theorem 5.7 is the only statement from the mixed-type region D\ {(7/4,7/2)}
that will be used later. As in the case of €;, no general existence theorem is needed in this
regime.
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6 The closing problem

Fix a triple (7,w, <) € Z (see the master index set defined at the beginning of Section 5), and
let X¢7 be a minimal disk with boundary 9%, = H®(7,w). We will omit the dependence of
(T,w) as long as no confusion ensures. Consider the conjugate minimal disk $°* of £, which
is well defined up to congruence in S®. By Proposition 2.1, the boundary of ¥* is a geodesic
hexagon

HO™ = [ag, a9]* U [ag, a3]* U [a3, ay]* U [ay, as])* U [as, ag]* U [ag, a1]", (59)

where for i = 1,...,6, [a;,a;41]" denotes the boundary arc that corresponds to [a;, a;11] by
conjugation. Each of the [a;,a;;1] determines a unique totally geodesic two-sphere where it is
contained (with some abuse of notation, we will sometimes refer to these arcs as planar). We
will adopt a similar notation convention for other geometric objects associated to X and X,
like the respective unit normal vectors

N:2° 5 ULE® c US?, N*: 29 - Uten©,

umbilic points (these are also related by conjugation since they are the zeros of the respective
Hopf differentials of ¢, ©¢*, which differ by multiplication by v/—1), etc.

We will deal in parallel with the case of the singular value (7,w) = (7/4,7/2): we fix
(01,04) € (R/27Z) % [0, 7] and let 3, 5, be a minimal disk with boundary 0%, o, = Ho, 04
For the sake of simplicity, we will keep the same notation X%, X%* N, N* as before, although
the symbol & has no meaning in this case.

6.1 Normalization on the conjugate hexagon
We normalize X%*, up to congruence, by requiring:
(F1) aj =k,  N*(k) = —j;

(F2) the totally geodesic two-sphere containing [a;, as]* is S;. Hence there exists an arc-length
parametrization

5 = 6%(£): [0,1] = So, (60)

where | = Length([a, as]) = dss(as, az), such that 6*(0) = k, and locally around k, the
arc 6* lies in Bj .

We now record the geometric consequences of this normalization.
(G1) Since ¥° is Ro-symmetric, the arc

7:=3°NS, (61)
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is a geodesic of reflective symmetry of Y joining a; to a,. By Proposition 2.1, the
corresponding arc v* in X* is a great-circle arc with endpoints k and aj.

By (F1), TiX%* = Span{j, k}*, and since conjugation preserves angles, the angle between
~* and the tangent vector to [a;, as]* at k equals the angle between 7 and [a;, ay] at aj,
namely 7/4. Hence we may assume that the great circle containing +* is I'x v, . Moreover,
because X° and X¢* are isometric,

Length(y*) = Length(vy). (62)

The reflective symmetry Ro of ¢ becomes after conjugation the half-turn R’ about the
great circle I'y v, , and R (EO’*) = 1O,

Assume (7,w) € ¢, and © = rot. By item 3 of Theorem 5.2, the geodesic segment
[my3, ms6] is contained in X', Parametrize it by arc length as in (33):

a: [—w,w] — [mo3, msg), a(—w) =mss, «(w) =my3, «0)=k.

Since o and v meet orthogonally at k, the conjugate arc a* C X™% is planar: there
exists a unique totally geodesic two-sphere S2. containing a* such that 3™%* extends by
reflection across S2.. Moreover, R (a*) = a*, and I'cy, meets o* orthogonally at its
midpoint. Hence R* (S2.) = S2..

Parametrize [ag, as] by arc length as in (34):

B [T, 7] — [ag, as], B(—7) =a3, B(T)=ay, B(0)=my;.

Let 5* C ¥%* be the corresponding conjugate boundary arc. Then (3* is planar: there
exists a unique totally geodesic two-sphere S%* containing 3* such that X%* extends by
reflection across Sé*.

Under the assumptions of (G3), the tangent vectors of o* and f* at their common point
mj, are orthogonal, because the tangent vectors of a and [ are orthogonal at mys.
Therefore the totally geodesic two-spheres S2. and S%. meet orthogonally at mj,.

Assume (F,w) € €¢; and © = refl. By item 2 of Theorem 5.4, the disk el = yrefl g

r,w

invariant under Ry, so 7 := YN S| is a geodesic of reflective symmetry. 5 meets [as, a3
orthogonally at my3, meets [as, ag] orthogonally at mss, and meets v orthogonally at an
interior point p.

After conjugation, 7 becomes a great-circle arc
;?* C Zreﬁ,*

meeting orthogonally S%* at m3; and orthogonally v* C I'k y, at an interior point p*.
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2, and S%., respec-
tively, the restriction of the unit normal vector N* to each of these arcs is tangent to the
corresponding supporting totally geodesic two-sphere.

(G7) Since §*, * and B* are curves of reflective symmetry of X%* in Sy, S?

(G8) Assume that (F,w, <) € € x {rot,refl}. Let ps = ps(t) be the oriented angle that the
tangent plane to X makes with the totally geodesic two-sphere that contains [a;, as] U
[ag, a;] along 0 (in particular, ps(0) = 0, here we have parameterized [a;,as] by its arc
length by d: [0,1] — [a;, as] so that §(0) = a;, d(I) = az). Then, by Proposition 2.1,

ke (t) = %(t), t €[0,1],

where kg« is the geodesic curvature of 6* in S;. Hence, by the Frenet equations in So,

5*

The same identity remains valid in the following cases:

Length(N" o d") = = [ps(1) — ps(0)| = ps(1). (63)

e For (7,w,<) € ¢y ¥ {rot, refl}, provided the edge [a;, as] contains no umbilic points,
using Theorem 5.6.

e For (T7,w,0) € (D\ {(n/4,7/2)}) x {mix,, mix_} under the same no-umbilic con-
dition on [a;, ag], using Theorem 5.7.

e For every minimal disk bounded by a hexagon H,, ,, of the singular two-parameter

family of item 2 of Lemma 4.2, under the same no-umbilic condition, using Theo-
rem 5.5.

Definition 6.1. We say that a triple (7,w, <) € Z or, at the singular value, a pair (o1,04) €
(R/27Z) x [0, 7] as above, is a solution of the closing problem if, after applying Schwarz reflection
to the conjugate minimal disk Zg 2 (respectively X \.04) across its boundary edges, one obtains
a closed embedded D4-symmetric minimal surface of genus two in S3.

Remark 6.2. If (7,w, <) € Z or a pair (01,04) € (R/27Z) x [0, 7] is a solution of the closing
problem, then the supporting sphere of 5* must be

S%* == 81.

Indeed, after closing, the arc 5* becomes one of the reflective boundary arcs of the fundamental
piece F* described in Proposition 3.5, whose item 2(b) determines its supporting sphere.
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6.2 Reducing the parameter space

In this section we reduce the parameter space to the only case that may produce a closed
embedded D,-symmetric minimal surface of genus two, which will be when (7,w) € €; and
<& = rot (the analysis of this remaining case will be carried out in the next section). This
reduction is performed in Lemmas 6.3, 6.4 and 6.5. At the singular value (¥, w) = (7 /4, 7/2)
we argue in parallel, discarding any solution of the closing problem in Lemma 6.6.

Lemma 6.3. No (T,w) € ¢, U, satisfies that (T, w,refl) is a solution of the closing problem.

Proof. Assume that (7, w,refl) is a solution of the closing problem, for some (7,w) € ¢ U,
Let X* be the resulting closed embedded D,-symmetric minimal surface of genus two.

Consider the three consecutive boundary arcs [a;, as]*, [az, as]*, [as, as)* of the fundamental
piece F* of the closed surface ¥*. These arcs correspond respectively to 6%, ﬁ*,g* with the
notation of Proposition 3.5. By item 2 of the same proposition, [a;, as]* and [ag, a4]* lie in Sy
while [ag, as|* lies in S.

Since ¥* is orthogonal to Sy along 6* and ¥* is orthogonal to &7 along £*, the unit normal
N* to ¥* is tangent to S; NSy = Ijk at aj, and similarly at aj. The unit normals N*(aj}),
N*(a}) point towards the same component of S? \ ©* by continuity along 3*.

By Proposition 3.5, the arc * is strictly convex and contains no umbilic points. Hence its
geodesic curvature rg- is nowhere zero and has constant sign; by Proposition 2.1 and the Frenet
equations in &;, the normal N* rotates monotonically along 8* inside the great circle I'; j, with
total variation equal to fﬂ* kg«. Since N*(a}), N*(a}) are antipodal points, we have

Length(N* o 8*) > dss (N*(a), N*(a3)) = .
On the other hand, Lemma 3.6 applied to the fundamental piece F* gives
Length(N* o %) <,
a contradiction. This proves the lemma. O]

Lemma 6.4. No (F,w) € &, satisfies that (F,w,rot) is a solution of the closing problem.

Proof. Assume that (7,w) € &2 is a solution of the closing problem. As before, let ¥* be the
resulting closed embedded D,-symmetric minimal surface of genus two and let F* C ¥* denote
the corresponding fundamental piece F* given by Proposition 3.5. The same Proposition 3.5
ensures that the corresponding boundary arc 6* C dF* contains no umbilic points. By conjuga-
tion, the original edge ¢ = [a;, ay] in ¥I% also contains no umbilic points. Hence Theorem 5.6
applies and gives

ps(l) > .

Using (63), we deduce Length(N* o §*) = ps(I) > 7. But Lemma 3.6 applied to F* yields
Length(N* o §*) < , a contradiction. O
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Lemma 6.5. No (7,w,<) € (D \ {(n/4,7/2)}) x {mix,, mix_} is a solution of the closing
problem.

Proof. Assume that (7,w,<) € (D \ {(7/4,7/2)}) x {mixy, mix_} is a solution of the closing
problem. By Lemmas 4.2 and 4.4, both normalized labeled hexagons HT™(F,w) carry &, =
+1 = —£1, so that [a;, as] is shorter than [a3, a4], and the argument below applies verbatim to
either label. Fix ¢ € {mix,, mix_}.

Let ¥* be the resulting closed embedded Dj-symmetric minimal surface of genus two and
let F* C ¥* denote the corresponding fundamental piece given by Proposition 3.5. The same
Proposition 3.5 ensures that the boundary arc 6* C dF* contains no umbilic points. By conju-
gation, the original edge 0 = [a;, as] in Z?E is also free of umbilic points. Hence Theorem 5.7
applies and gives

pg(l) > .
Using (63), we deduce Length(N* o §*) = ps(l) > 7. But Lemma 3.6 applied to F* yields
Length(N* o0 §*) < m, a contradiction. This proves the lemma for both labels. O

Lemma 6.6. No pair (01,04) € (R/277Z) x [0, 7] is a solution of the closing problem.

Proof. Assume that some pair (o1, 04) € (R/27Z) x [0, 7] is a solution of the closing problem, for
some choice of the minimal disk >,, ,,. Let ¥* be the resulting closed embedded D,-symmetric
minimal surface of genus two and let F* denote the corresponding fundamental piece given by
Proposition 3.5. The same Proposition 3.5 ensures that the boundary arc 0* C 0F* contains
no umbilic points; by conjugation, neither does the edge [a;, as] of the corresponding minimal
disk. Lemma 3.6 implies that

Length(N* 0 §*) < 7.

On the other hand, equation (63) gives that
Length(N" 0 6%) = |ps(r/2)],

which is at least m by Theorem 5.5. This contradiction proves the lemma. [

7 Associated pentagonal disks and a partial order

As a consequence of Lemmas 6.3, 6.4, 6.5 and 6.6, the only possible solutions of the closing
problem are triples of the form

(7, W, rot), (7, W) € €.

Fix (7,w) € El, and let H™(T,w) = [a1, as, a3, a4, as,ag] be the rotation-type geodesic

hexagon associated to (7,w) € €;. We denote by my3 € [a, a3] and mss € [as, ag] the
midpoints of the two edges.
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Let X% C S* be the unique compact embedded minimal disk with boundary 9% =
H™'(T,w) given by Theorem 5.2. By item 3 of that theorem, the geodesic segment [my3, msg]
is contained in E;O% Cutting along this segment, we obtain two congruent compact embedded
minimal disks. The boundary of each of them is a right-angled geodesic pentagon. Choose one
of the two connected components of ¥1% \ [my3, msg], and denote it by . Its boundary is the
geodesic pentagon

P = [a1, as] U [ag, mas] U [my3, msg| U [ms6, ag) U [ag, a;].
We next put this geodesic pentagon P in a canonical position.
Lemma 7.1. After an ambient congruence of S*, we may assume that:
1. a; =k;
2. the totally geodesic two-sphere containing the two adjacent sides [ai, as] U [ag, a;] is Ss;
3. the midpoint of the segment [my3, msg] lies in Sy N B NB; .

Proof. Since a; € S, N B}, there exists an ambient isometry of S* sending a; to k. After
composing with a suitable rotation fixing k, we may also assume that the totally geodesic two-
sphere containing [a;, as] U [ag, a;] is Ss. Finally, if necessary we compose with the half-turn
about T'y; in order to arrange that the midpoint of [mys, mse] lies in BS. This proves the
lemma. O]

From now on we will assume the normalization of Lemma 7.1. Next we will parameterize
the space of such geodesic pentagons by two real parameters. Define

[ = dgs(al, a2) = dg3 (aﬁ,al).
Since a; = k and ay, a5 € S3 N B}, we have (as, k) > 0 and (ag, k) > 0, hence
1€ (0,7/2).

We now define the second parameter. By item 2 of Lemma 7.1, the totally geodesic two-
sphere containing a;, as, ag is S3. The two edges [as, my3] and [msg, ag] leave Sz symmetrically,
and make the same acute angle with §3. We denote this common angle by

w € (0,m/2).

Note that the pair (I,w) is defined intrinsically from the pentagon: [ is the common length
of the two edges adjacent to a; = k, while w measures the inclination of the pair of edges
[ag, mo3] and [mye, ag] with respect to the totally geodesic two-sphere that contains aj, ag, ag.
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Thus, the natural parameter space for the closing problem is
(Lw) € € = (0,7/2)%
and, after the normalization of Lemma 7.1, we denote by
Yo =Yand P, =08 =90, UB  UaUP_UJI_, (64)
where ¥ is one of the two connected components of 3% \ [mys3, msg), and

0y = [ay, ag], f4 = [ag, my3], o := [my3, msg], B = [msg,a6], I_ := [ag, a1].

7.1 The canonical family of geodesic pentagons P,

Fix (l,w) € €;. We now give explicit parameterizations of the edges of the geodesic pentagon
P, CS? that will be useful later.

7.1.1 The first two sides .

The two adjacent edges of P;,, contained in S3 and starting at a; = k are

0p =01y = {Tkyv.(t) =costk+sintvy; t €[0,1]}. (65)
Since | € (0,7/2), one has
04+ C BI
Let
zy = 2Zy;=204(l) = (cos(m/4)sinl, £ sin(m/4)sinl, 0, cosl) € S, (66)
wy = 0.()=—sinlk+ coslvy = (cos(m/4) cosl, £sin(n/4) cosl, 0, —sinl) € T,, Ss.

Thus, z,,z_ are respectively the vertices ay, ag with the notation of Lemma 7.1.

7.1.2 The adjacent sides (.

2

By (5), the tangent plane to the totally geodesic two-sphere Sy, w, at z4 18
T,.(S;, .,) = Span{z,, w, }* = Span{j,v_}. (67)
Similarly,
TZ— (Si_,w_) = Span{z_, w—}l = Span{j? V+}' (68)
Hence, for each w € (0,7/2), the unit vectors
Uy = Uy, =SiDwj — cosw vy = (— cos(m/4) cosw, £ sin(m/4) cosw, sinw, 0) (69)
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belong to Ty, (S?. ,.). We define

Z+t, W+t
Bi = Brwr = {Tarus(r) =cosrzy +sinrug ; r€[0,R]}, O0<R<w/2.  (70)
We also write 54 (r) = Iy, 4, (). From (66) and (69),

cos(m/4)(sinl cosr — coswsinr)
+sin(m/4)(sinl cosr + coswsinr)
sin w sin r
coslcosr

B(r) = (71)

Clearly, 5_ = Ra(54).

Observe that as defined in (70), the great circle arcs Sy contain the edges of P;,, with the
same notation, but their extrema [S.(R) do not necessarily join to form right angles; in the
next lemma we will study this condition.

Lemma 7.2. Fir (l,w) € &.
1. For every r € [0,7/2], we have B+ (r) € B}, B, (r) € By, B_(r) € B;.
2. For any r € [0,7/2], let us denote
Y(r) = Briwmpa(r), W)= (y(r),y-(r)) = cosdss (y4(r),y-(r)). (72)

(Clearly, y_(r) = Ra(y+(r))). Then, the function r € [0,7/2] — h(r) has a unique global

minimum at )
sin {

7=7(l,w) :=cot™! ( ) € (0,7/2). (73)

Furthermore, the points y.(F), y_(T) are non-antipodal.

COS W

Proof. Equation (71) gives (54 (r),k) = coslcosr > 0 for every r € [0,7/2], since [ € (0,7/2).
Hence 8+ C B} .

Likewise, (84 (r),i) = =£sin(r/4)(sinlcosr + coswsinr). As [,w € (0,7/2), the factor in
parentheses is positive for every r € [0,7/2], which proves the second and third assertions of
item 1.

The proof of item 2 is a direct computation from (71); we postpone it to Appendix A. [

7.1.3 The fifth side «

Let Cr be the unique great circle through y, (7) and y_(7). Since (l,w) € €, item 1 of
Lemma 7.2 implies that the minimizing segment joining y, (7) and y_(7) is contained in B .
We define

o = = [y (7), y_ (7). (74)
By item 2 of Lemma 7.2, o meets (4 orthogonally at y (7). Thus, y, (7),y_(7) are respectively
the vertices my3, msg of P with the notation of Lemma 7.1.
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7.1.4 The midpoint x of «
Of particular interest is the midpoint x = x;,, of @ = ay,,. Geometrically,
x=aNnds,.

x is the unique point where a meets the future geodesic of reflective symmetry -;,, of the
Plateau solution ¥, and it will be the unique umbilic point of 3.

Lemma 7.3. Given (l,w) € €, the midpoint x = X, of & = ay, is

1 ~ cos(2l) + cos(2w) sin(2w) sin(20)
where
E(l,w) = \/(C082 [+ sin®w)(sin? [ + cos?w). (76)
Moreover, ‘
dgs (x, k) = arccos (%) € (0,7/2), (77)
and

Xiw € So N B;r N BI

Proof. The proof is a direct computation from the parametrization of the great circle Cr; we
postpone it to Appendix A. O

It will be convenient to denote by 5 =35(I,w) € (0,7/2) half the length of a. Equivalently,

V/1— (cos?l — cos?w)?

tan s = cos? [ + sin® w (7%)
7.1.5 The pentagon P,
We now define (compare to (64))

P =0, UB UaU B Ud, (79)

whose vertices are k, z1 =z, ;, y+ = y+(7). The following properties are immediate from the
construction.

(H1) Every interior angle of P, is equal to 7/2.
(H2) Ro(Prw) = Prw.
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Figure 10: The pentagon P, for a parameter choice (I,w) € €;.

(H3) The distance from « to d4 is realized by the length of 5.

(H4) a C B NB}, and x € S; NBS NB;.

Finally, doubling P, ,, across the side ae by the half-turn about the great circle containing «,
one recovers a rotation-type right-angled geodesic hexagon H,;,, C S®, symmetric with respect
to Sy and all whose angles are m/2, whose edges have respective lengths (we order the edges

consecutively, starting by d,):
Lor(l,w), 1,1, 27 (1, w), 1.

Lemma 7.4. The map P: ¢ = ¢ defined by
o(r,w) = (arcsin (\/5 COST sinW), arccos (\/§ sinT sin@)) = (l,w)
is a real-analytic diffeomorphism, and H™*(F,w) is congruent to Hy,.

Proof. On € = (0,7/2)2 N D, the inequalities defining D ensure that v/2 cos7 sinw € [0, 1]
and /2 sin7 sinw € [0, 1], with strict inequality in the interior. Hence ® is well-defined and
real-analytic on ;. The two components of ® are strictly monotone in w (one increasing, one
decreasing), and an explicit Jacobian computation shows det D®(7,w) # 0 on ¢,

The inverse of @ is provided by formulas (73) and (78): namely, T = cot™!(sin// cosw) and
w = 5(I,w), both real-analytic on €; = (0,7/2)? (direct substitution checks ®~! o ® = id and
® o ! = id). Therefore ® is a global real-analytic diffeomorphism.

The congruence of H™*(7,w) and H;, follows from comparison of edge lengths via (73)
and (78). O
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In the sequel we will use both parameter sets (7,w) € €, and (I,w) € €, understanding
that they are related by ®.

7.1.6 Pentagons and hexagons with an extra symmetry

Given (l,w) € €, let H;,, C S be the rotation-type right-angled geodesic hexagon defined
at the end of the last section. The necessary and sufficient condition for H;,, to be a regular
(meaning that all edges have the same length) 3D hexagon is that 27(l,w) = [, which by (73)
is equivalent to

cosl + cosw = 1. (80)

The locus of points of equation (80) is a graph over each of the coordinate axes in the (I, w)-
square €1, which implies that the regular 3D hexagons can be parameterized by w € (0,7/2) —
Hi(w)w> Where I(w) = arccos(1—cosw) and [ € (0,7/2) — H; (), where w(l) = arccos(1—cosl),
see Figure 11. It is not hard to check that given w € (0,7/2), the totally geodesic 2-spheres

Figure 11: In red, the locus {(I,w) € (0,7)* | cosl + cosw = 1}.

L
1 1 sinw /(2 cosw)cosw 3
I14 , := Span cosw — —, F—, — , ns-, 81

contain x and zy, and the reflections Ry, ., : R* — R* with respect to Il leave invariant H,,.
Also, one can directly check that

Mgy, S2) =7/3 and <(II_,,I0;,)="7/3.

By Section 3.1, the Lawson surface &, has L(6*) = 2 L(/5*); this tells us that when viewed
as constructed by conjugation and successive Schwarz reflection of a Plateau solution for the
contour pentagon P, the parameter values (I,w) that produce & ; also satisfy (80). The
reflections across I, ,, I1_,, produce after conjugation two half-turns in S* that leave invariant
&21: when viewed in Figure 4, these are the half-turn about the great circle that contains pq, q;
and the half-turn about the great circle that contains R3(p1),q.
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7.2 The Plateau problem for P,

We now focus on the Plateau problem for the pentagon P;,. In relation to this, we will
introduce the following auxiliary totally geodesic two-spheres, which describe the five faces of
the convex hull of P, and, at the same time, encode the geometric quantities that will later
appear in the closing problem.

Given (I,w) € €4, consider the totally geodesic two-spheres

S = §*nSpani{i, k,x}, (82)
S? = S$*NSpan{x,z,,z_} = S* N Span{i,z,,x},
Sgi = S*NSpan{k,z.,y.}.
A straightforward computation gives that the unit normal vector to S that points towards
eis

T

V2 sin(2w)

1 0
Jx(l,w) == , 83
(1) V/2sin%(2w) 4 (cos(21) + cos(2w))? cos(21) + cos(2w) (83)
0
and the unit normal vector to S? that points towards —k is
V2 cosl sinw
1
3ol w) = ; , (84)
Veos? [ + sin® w cos [ cosw
—sin/sinw

Lemma 7.5. For every (I,w) € €y, the following properties hold:
1. RQ(Si) - Si, RQ(S%) == SZ and RQ(S/%)+) == 8%7

(o2

2. aCSiNSE, B C S, NS

(o

and 0+ C Sz ﬂS%i.
3. The convex hull U,,, of P, is the closure of the component of
B; \ (S;USZUSE, US2USY )

whose boundary contains portions of all five surfaces above. In particular, U, is simply
connected and
U CBINBY\ {Eel.

4. The interior angle between S2 and S? inside Uy, 1is

2 cosl cosw Veos? [ + sin® w
V/2sin?(2w) + (cos(21) + cos(2w))

X7 Yo

<(S2,S2) = arccos < 2) € (0,7/2). (85)
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Proof. Ttems 1 and 2 are immediate from the definitions. The explicit computations involved
in items 3 and 4 are straightforward; we include them in Appendix A.3. n

SnNS2
Sy NSy
X
e k
1/
SNnS?

Figure 12: Left: the polyhedron Uj,,, which is the convex hull of ;. Right: the section in Ss,
showing the angle <((S2,S?).

Since U, is a Meeks—Yau domain by Lemma 7.5 and P;,, C 90U, by construction, Theo-
rem 5.2 gives a unique compact embedded least-area disk ¥, C U, with boundary 0%, =
P We orient ¥, by a unit normal field N such that

N(k) = —j. (36)

The disk 3, obtained in this way is the basic object of the remaining part of the paper.
Its Ro-symmetry produces a distinguished geodesic arc 7, = ¥;,, NSz, whose length will later
become the first closing quantity. The endpoint x;,, of v;,, on the edge a will also play a special
role, since it is the unique umbilic point of 3;,,. We can summarize the properties of ¥, as:

Theorem 7.6 (Properties of ;). Given (l,w) € &, let ¥;,, be the compact least-area disk
with boundary 0%, = Pi. Then:

1. ¥, C Uy, is embedded and Ro(X,,,) = 1. In particular,
Y= Nw = 82 N El,w (87)

is a geodesic arc of reflective symmetry joining k to the midpoint x = x;,, of ae. Moreover,
v divides ¥y, into two compact disks F and Ro(F), where

OF =yUos UBy Uay, oy = [yy, x].
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2. x 1is the unique umbilical point of ¥, and the order of contact of ¥, with the totally
geodesic two-sphere tangent to ¥, at x is 3.

3. v\ {x} is a strictly convex arc in Sy NBI NBS. The restriction N|, is the unit normal
vector of v as a curve in Sy. At the point X, the vector N (x) € TySs lies in the open convex
sector determined by Jx and J,.

4. Let ps, : [0,1] = [0,m — w] be the oriented angle between the tangent plane of ¥y, and that
of S3 along 4., namely

N6, (1)) = — cos ps. (£)§ + sin ps, (£) v (88)

Then ps, (0) =0, ps, (I) =7 —w, and ps, is strictly increasing. In particular,

N(zy) = (WT;,_WT;,COW,()) | (89)

5. The first Dirichlet eigenvalue of the Jacobi operator of ¥, 1s positive and ¥, is the unique
compact minimal surface in S* with boundary P,,.

7.3 A partial order on the disks >,

Fori=1,2, let (I;,w;) € €, and consider the corresponding minimal disk ¥, .., its unique um-
bilical point x;, ,,, € 0%, ., and its geodesic of reflective symmetry ~;, ., given by Theorem 7.6.

Note that 7, ., U [k, %, ,] i1s a piecewise analytic Jordan curve contained in Sy. Thus it
divides & into two components, one of which is convex while the other one is not. The curves
Y1y and 7, ., are tangent at k, and both lie in B NB; locally around k.

Definition 7.7. Given (I;,w;) € €, i = 1,2, we say that ¥y, ., lies above ¥y, ,,, and write
El1,t.u1 t Elg,w27
if Vi, \ {k} lies in the closure of the non-convexr component of Sy '\ (712#2 U [k, Xbm]).

It may occur that neither ¥;, ., = ¥, o, nor ¥y, o, = i, o, holds. If both ¥, ., = 3, o,
and Xy, o, = X, ., occur, then v, o, M7, contains a non-trivial arc starting at k, and by
uniqueness of the Bjorling problem (see, for instance, Mercuri and Onnis [20]) and unique
continuation for minimal surfaces, we obtain ¥, ., = ¥, o,, and thus, (I1,w;) = (la, w2).
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Xy wo

[ka XZQ»WZ}

e k

Figure 13: Representation in the conformal model for S, of two geodesics of reflective symmetry
Viywi> Viaw, 10 Telated minimal disks 3, o, 2, o, satisfying 3y, o, = X, 0, -

7.4 The function 7 and the ordering lemma

Our next goal is to compare the disks ¥, along suitable one-parameter families in the parameter
space €;. The relevant families are not the horizontal or vertical lines in the parameter space,
but the level sets of a geometrically natural function 7, because along those level sets the
supporting two-sphere S2 remains fixed. This is precisely the setting in which the helicoidal
barriers can be constructed and the partial order introduced above becomes effective.

Definition 7.8. Consider the function
7: € — (—7/2,7/2)
that associates to every (I,w) € €; the oriented angle between S2 and S;. Observe that

7(TH) = (0,7/2), (D) =0, 7(T7) = (—7/2,0),

where
T = {(lw) €€ I+ w>m/2},
D: = {(llw) e ; l+w=m/2}, (90)
T o= {(lw) e ; I +w<m/2}.

Next we describe explicitly the level sets of 7. Recall that Jx is the unit normal vector to
S2 pointing towards e. For each 7 € (—7/2,7/2),

7)) = {(l,w) € & ; Jx = (cos7,0,—sin7,0)}.
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From (83) we obtain that 77!(7) is a graph over its projection on the w-axis, i.e., [ is a function
of w, namely

l=(w) = arccos (\/sin2 w — V/2tan7 sinw cos w) (91)

for w € (arctan(v2tan7),7/2), 7 € [0,7/2). In fact, 77!(7) is also a graph over the interval
(0,7/2) in the l-axis, but the expression of w = wx(l) is less simple than (91).

L L L I
0.0 05 1.0 1.5

Figure 14: Level curves 771(7) for different values of 7.

Thus
T= |J 7'® o2=7%0). = | 7'®.
TE(—7/2,0) 7€(0,7/2)
From (91), one sees immediately that I-(w) is strictly decreasing in w. Moreover, by (77), the

function
d?(w) = dS3 (Xl?(w),un k)

is strictly decreasing in w when 7 € (0,7/2), strictly increasing when 7 € (—n/2,0), and
constant equal to 7/4 when 7 = 0.
Fix 7 € [0,7/2), and take

(ll = l?(wl),wl) 7£ (lg = l?(WQ),WQ) S 7_1(?), wyp < Wo.

To simplify the notation, we write

5:|:,i = 51,1?(%), Zy i = 24 I (w;)) Pi = ,Pl?(wi),wi: (92)
/B:I:,i = /B:I:,l?(wi),wm Y+, = y:l:,l?(wi),w“ Ez = Zl?(wi),wia (93)
Q= Q) win Xi = Ko (wi) wio Ui = Ul?(wi)awﬁ Vi = Vir(wi) i - (94)
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Then I, > I, and
dSB (Xl, k) > dSS (X27 k) (95)

Moreover,
2 Q2 __ Q3 — N L
Sy, =S5, = SN {(cos7,0, —sinT,0)},
and aq, ay lie in this common sphere.
As in Section 2.4.2, there exist unique helicoids

H+, H_ = RQ(H+)
with the following properties:
(I1) the axis of H is the great circle I' v, ;

(I12) f11 and By are rules of Hy;
(I3) the pitch of H is

W1 — W2

li—1ly’

P+ (Wi, w2) = (96)

and H is parametrized by
Hy(s,t) = coss Ty, (t) +sins (cos(ps(t — 1)) B 5(0) + sin(py (t — I2)) Na(z42)) . (97)
for (s,t) € [0,7(l1,w1)] x [0,4], where

,SiHOJQ,O) s NQ(Z+72) = (

sinwse  Sinwsy

V22

COSWq COS Wy

a0 = (-2 S5

, COS Wa, 0) .
(98)
Definition 7.9. Fiz 7 € [0,7/2). Given
(I, wi) # (lo,w) € T71(7), wi < Wa,
we denote by B=(w1,ws) the closure of the component of
S*\ (S2,US2 USZ, UHL UH_US;)
whose boundary contains portions of all six surfaces above.

Observe that B-(wq,ws) is Re-symmetric, diffeomorphic to a closed parallelepiped (in par-
ticular, simply-connected) with portions of 8)2(17 83 as top and bottom sides, of S2 iy S? , as front
and back sides, and portions of H, H_ as left and right sides. The boundary faces of B-(wy, ws)
are minimal surfaces that meet at angles at most 7, hence B=(wq,ws) is a Meeks-Yau domain.

The back side of B-(w1,ws) coincides with the geodesic quadrilateral given by the convex hull
of [242,¥+2,¥-2,2_ 2], which is the base of the polyhedron Us. In particular, Us U Bx(wy, ws)
is topologically a closed ball and the embedded minimal disk > separates this ball into two
simply-connected components.
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Figure 15: The portions of the helicoids H ., H_ inside the comparison region.

Lemma 7.10. Fiz 7 € [0,7/2). Given
(ll = Z?(wl),wl) 7é (12 = l?(WQ),WQ) S 7'71<?), w1 < wWa,

let V(wy,we) be the closure of the component of (Uy U Bx(wy,ws)) \ Lo that contains Py U Py on
its boundary. Then:

1. V(wy,ws) is a Meeks—Yau domain.

2. ¥ C V(wy,wa) and ¥4 N OV(wy,we) = Py. In particular, the interiors of X1 and g are
disjoint, and
X 7 2.

Proof. Let us show that V(wq,ws) is a Meeks-Yau domain. By the discussion in the paragraph
just before the statement of Lemma 7.10, we have that V(wy, ws) is compact, simply-connected,
Ro-symmetric and has piecewise smooth boundary; furthermore, each smooth portion of the
boundary 0V(wy,ws) is a minimal surface. V(wy,wy) will be a Meeks-Yau domain (cf. [19])
once we prove the following property:

(<) The interior angle along By 2 between ¥y and Hy N OV(wy,ws) is at most 7.

Since Ra(X2) = X9 and Ro(H4) = H_, it suffices to check the angle condition (<) along (4 ».
We orient H, by the unit normal vector field N, : H, — US? such that

Ni(z42) = Na(z4 ),

where N, stands for the unit normal to .
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It is worth analyzing a specific portion of the helicoid H, ; using the parameterization (97),
we define

Ho = Ho([0,7(La, ws)] X [0, 1)),

Observe that the boundary of H, consists of dH, = 640 U By U 0% U 9%, here, 0,5 is a
segment of the axis of H, 34 o is a rule segment of length 7(ls, w»), d} is the rule segment (also
of length 7(ly, ws))

01 = H([0,7(lz,w2)] x {0}),
and 07 is the spherical helix

0 = H({F(la, w2)} x [0,15]),

which ends at y 9, see Figure 16.

Figure 16: Checking property (<) along (3 »: In blue, the portions #H., 7:[\+ of the same helicoid.
In orange, the portion of ¥, in Bj .

Claim: Uy NOH, = 65U Bys.

Proof of the Claim. Parameterize 0% by 02 (t) = H(T(la,ws),t), t € [0,15]. We will start by
checking that
(B2(t),Jx) <0 in [0,1y). (99)
Observe that (93 (t), Jx) vanishes at t = Iy, since 9% (I2) = y 2, which lies on S2 .
Using (97), (98) and Jx, = (cosT,0,—sin7,0) we can compute explicitly

~ cosTcosT(lz,ws)

(0%(1), Ix) = 7

(sint — tan7(ly, ws) b(t)), (100)

64



where
b(t) = cosa(t) +V2tanTsina(t), (101)
a(t) = we+ pie(t—1s) (affine function). (102)

Hence, it suffices to show that sint < tan7(ls,ws) b(t) for each t € [0,13), with equality at
t = l,. This inequality is proved in item 2 of Lemma B.1 in Appendix B.
By (99), the spherical helix 9% \ {y42} is contained in the connected component Bj,, of

S*\ 8%, that contains j. In particular, 9} (F(lo,w2)) = 03(0) € Bj_. Since this last set is
convex, 01 (0) =k € S2 = IBy, , and J is a minimizing ambient geodesic, we conclude that
o1\ {k} C Bj,,- Summarizing,

(a}‘r U 8-2%) \ {kv y+,2} - Biq’
which finishes the proof of the claim. O]

We continue with the proof of Property (<) along along 5 5. By the last claim, we have
Int(3y) NOH, = @. (103)

We next prove that R
0¥ NInt(H,) = 2. (104)

Arguing by contradiction, suppose there exists a point p € as N Int(’}q+). Then, p can be
written in the form

p="H.(51), for some (3,t) € (0,7(ly,ws)) x (0,1y).
Since the rules of ﬁJr are distance-minimizing geodesics in S*, we deduce that
5= dSB (p, (527+). (105)

On the other hand, since p € as we have

des (P, 8.1) > dss (a2, 82.1) & Length(Bo.r) = 7(ls, ws), (106)

where in (%) we have used property (H3). (105) and (106) imply s > 7(ls,ws), which is a
contradiction. This proves (104).

With (103) and (104) at hand, a standard Radé-type argument shows that Int(¥2) N
Int(?%r) = @; we include this argument for the sake of completeness. Observe that H, =
H ([0,7/2)x[0,7/2)) divides B] "B NB; into two connected components O, (wy, wy), j = 1,2.
Let Q! (w1,ws) be the component where the unit normal vector M points to. Consider the
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rotation Rot,, of angle ¢ € (—7/2,0] around the great circle I'g v, , where we orient the rotation
so that Rot,(0H ) NUs = 04 for ¢ € (—7/2,0). If Int(Es) N Int(#{.) were non-empty, there
would exist ¢y € (—7n/2,0) such that ¥, and Rot,,(Hs) have either a last interior contact
point (which is impossible by the interior maximum principle), or a point of last tangency
along the boundary of at least one of the surfaces 35 and Rot,,,(#+). By (103) and (104), such
a boundary tangency point must lie in 04 o, which contradicts the maximum principle at the
boundary.

Hence, ¥ C Q! (w1, ws), which implies that property (<) holds along 8. As mentioned
before, by Re-symmetry we deduce that property (<) also holds along _ 2, which shows that
V(wy,ws) is a Meeks-Yau domain. This finishes the proof of item 1 of the lemma.

Regarding item 2, observe that by construction, P; C 0V (wi,ws). By the main theorem
in [19] applied to the Meeks-Yau domain V(w;,ws) and the contour P;, we have that P; is
the boundary of an embedded disk ¥ C V(wi,ws) that minimizes area among all disks in
V(wq,ws) with boundary P;, and either ¥ C 0V(wy,ws) or XN OV (wy,ws) = Py. By item 5 of
Theorem 7.6, we have that > = ¥;. This equality discards that 3 C 9V(w;,ws), and thus, we
have that ¥ N OV(wy,ws) = P;. Now the first sentence in item 2 of the lemma is proved. The
second sentence in item 2 follows immediately from the first one, and the property that >y < 3
follows from our definition of partial order. This concludes the proof of the lemma. n

7.5 Normalization on the conjugate pentagon

We normalize the conjugate surface j, of X, for a given pair (I,w) € &, by eliminating the
action of ambient isometries. In the notation of pentagons, the normalization reads as follows:

(J1) k € X, is the point corresponding to k € ¥, after conjugation, and N*(k) = N(k) = —j
(compare to (F1)).

(J2) The totally geodesic two-sphere containing d% is S,. Hence 6% admits an arc-length
parameterization 0% : [0,/] = S, as in (60) and we assume that locally around 67 (0) = k,

% lies in E (compare to (F2)).
Consequences (G1)—(G5) and (G7) of Section 6.1 hold in the present pentagonal setting. In
particular, the totally geodesic spheres S2. containing a* and S%* containing [* are uniquely

determined and Y, extends by reflection across each of them; moreover I'ky, meets o* or-
thogonally at the midpoint of a*, and a* meets 5* orthogonally at their common endpoint.

8 The closing equations
As explained at the beginning of Section 7, every possible solution of the closing problem is a
triple of the form

(7, W, rot), (F, W) € €4,
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and every such rotation-type hexagon H™" (7, w) gives rise, after cutting along the geodesic seg-
ment [my3, msg] putting in the canonical position given by Lemma 7.1 and applying Lemma 7.4
and Theorem 7.6, to a geodesic pentagon P;,, and a unique pentagonal Plateau solution

El,un (l,w) e, = (0,7’(’/2)2.

Our goal is to understand for which parameters (I, w) the conjugate pentagonal disk X
closes, after Schwarz reflection, to a closed embedded D,-symmetric minimal surface of genus
two.

Remark 8.1. We will not need a separate embeddedness statement for the individual boundary
arcs of ¥y, in order to state and analyze the closing equations. Nevertheless, it is worth
mentioning that for (l,w) € €; the arcs 0%,% and the two components of a* \ {x*} are
embedded, and 0% \ {k} C B7. These auxiliary facts are proved in Appendix C.

A first important point is that, after passing to the pentagonal problem, each of the hexag-
onal Plateau solution E;‘% and its conjugate hexagonal disk E;O%* acquire an additional sym-
metry. Indeed, by item (2) of Theorem 5.2, X% is invariant not only under R,, but also under
the half-turn R about the great circle containing the segment [msa3, mys]. By Proposition 2.1
and item (G3), after conjugation R} becomes the reflection across the totally geodesic two-
sphere S2. that contains the conjugate arc o*, while the Ry-symmetry becomes the half-turn
R about Ik, . Thus every closed embedded, D,-symmetric minimal surface of genus 2 in S?
carries, besides the dihedral symmetry assumed in the original setup, one additional reflective
symmetry with respect to S2.. In particular, once we prove below that S2. = S, the resulting

closed surface will have at least the expected extra symmetry of the Lawson configuration.

8.1 The first closing condition on the length function L and reduc-
tion to T

We will continue using the notation introduced at the beginning of this Section 8. Let ¥* C S?
be the closed embedded D,-symmetric minimal surface of genus two associated to a solution
(7,w) € €; to the closing problem, with associated parameters (I,w) € €; and pentagonal disk
Y1 produced in Section 7.

By Proposition 3.5, a Ds-fundamental piece F* of ¥* has boundary 0F* = §*U 3* U U~
where v* = I'ky, ([0,7]). After cutting F* along the geodesic arc of reflective symmetry a*
and then extending by the half-turn around I'k v, , one gets the pentagonal conjugate disk X .
Therefore, the corresponding great-circle arc 47, is one half of v*, and hence Length(yzw) =m/2.
Since conjugation preserves intrinsic lengths, we obtain the necessary condition

L(l,w) := Length(v,,) = Length(y;,,) = g (107)
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Figure 17: Left: The pentagonal disk X ,. Right: the conjugate disk ¥ intersects the Dy-
fundamental piece F* in half of 3j ; and a quarter of F*. The embeddedness of the displayed
conjugate boundary arcs is recorded in Appendix C.

Remark 8.2. Since the end points of 7}, are k and the umbilic x* € Ty, ([0, 7]), equality
(107) is equivalent to x* = v .

We next exclude the region T~ UD (recall that T+, D were defined in (90)).
Lemma 8.3. If (l,w) € T~ UD, then Length(N o~;,,) > 7/2.

Proof. Recall that N denotes the unit normal vector field of ¥, normalized by N(k) = —j,
and that v = v;, C &s is the geodesic of reflective symmetry given by Theorem 7.6. By item 3
of that theorem, the restriction N|, coincides with the unit normal vector of v as a curve in
Ss, and points towards the non-convex side of ~.

If (I,w) € T, then x = x;,, € Se N B NBS NB}, while for (I,w) € D one has

x = (0,0,1/v2,1/V2).
For each a € [0,7/2], let ¢, C Sy be the half great circle with endpoints +j passing through

p(a) = cosak +sinae.
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Since the tangent vector to v at its end point k equals e and v stays in @ N E (by item 3 of
Theorem 7.6), there exists a first value

a:=inf{a € [0,7/2] ; c,Ny=2} >0

such that ¢, has an interior tangential contact with v, say at a point q € Int(y) N Int(c,).
At such a tangential contact point, the unit normal vector to 7 lies in the great circle I'e;.
Therefore, N(q) € T'e;. Since N(k) = —j, the spherical distance in US® 2 S? between N (k)
and any point of I'g; is strictly larger than 7/2. Hence, the length of the curve N o+ is strictly
larger than /2. O

*
Lw?

Lemma 8.4. No (l,w) € T UD can produce, after conjugation and Schwarz reflection of %
a closed embedded Dy-symmetric minimal surface of genus two.

Proof. Suppose that X} | can be Schwarz-reflected to a closed embedded Dy-symmetric minimal
surface ¥* C S? of genuns two. Let F* C X* be the D,-fundamental piece given by Propo-
sition 3.5. By Lemma 3.3, X* is tangent to Siv_ at the umbilic point x* € ~v* of ¥*. This
implies that the total variation of the unit normal vector field N* to ¥* along the great circle
arc inside v* with end points k and x* is exactly /2.

On the other hand, by the Frenet equations of v C Sy, (N o)’ = —k, 7/, where £, is the
geodesic curvature of v in S;. Applying Proposition 2.1, the total variation of N* along ~*
from k to x* equals the length of N o~ from k to x, which is Length(N o 7). Therefore,
Length(N o+,,,) = /2, which contradicts Lemma 8.3. This contradiction finishes the proof of
the lemma. ]

As a consequence of (107) and Lemma 8.4, every solution of the closing problem must
correspond to a parameter value

(l,w) e T .

This finishes the reduction step. The rest of the proof consists of showing that inside T+
there is exactly one parameter value (I,w) for which the pentagonal conjugate disk closes, and
that this value is the Lawson one.

8.2 The proof of Theorem 1.2

Recall that (107) defines a function L: €, — (0,00) given by L(l,w) = Length(y,,), where
Yw C Sy is the geodesic of reflective symmetry of the Plateau disk ¥ ..

Lemma 8.5. The map (l,w) — X, depends real-analytically on (l,w) € €. In particular,
L: & — (0,00) is real-analytic.
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Proof. The boundary pentagon P;, depends analytically on (/,w), and by item 5 of Theo-
rem 7.6, the first Dirichlet eigenvalue of the Jacobi operator of ¥, is positive. In this situa-
tion, standard analytic dependence of minimal disks with respect to their boundaries (see e.g.
White [29]) gives the real-analytic dependence of ¥; ,, with respect to (/,w), and hence also that
of L. O]

By the results in Section 8, from now on we can reduce to work only with parameter values
(l,w) € TF.

8.2.1 The level set L7!({n/2}) inside T*

In this section we will use some properties proved in Section 7.4, hence we will also use the
notation there. Fix 7 € [0,7/2). Recall from Definition 7.8 and equation (91) that the level
set 771(T) C TT U D is parameterized by w — (l;(w),w), and define

LA(w) = L(lx(w),w).
Lemma 8.6. Given 7 € [0,7/2) such that arctan(v/2tan7) < wy < wy < 7/2, it holds
L(wy) > L(ws).
Proof. Let Xi := Ei_(w,)wis Vi = Vir(wi)wi> Xi i= Xi-(wy)ws ¢ = 1,2. By (95) and Lemma 7.10,

dS3<X1, k) > dg3(X2,k), X = 2. (108)

Reflecting 7; across the totally geodesic two-sphere SZ we obtain a convex embedded arc
3; C Sy, and the embedded closed curve 7; U7; bounds a convex domain D; C S, N Bj.
By (108), the domain D, is strictly contained in D;. By the strict monotonicity of perimeter
for nested convex domains in S? (which is a standard consequence of the Crofton—Cauchy
formula in spherical geometry),

Length(0D;) > Length(9Ds).

Since Length(0D;) = 2L-(w;), the conclusion follows. O
Lemma 8.7. For every w € (0,7/2),
L(n/2,0) > g

Proof. The geometric construction of P, extends analytically to {m/2} x (0,7/2), and for
every such w the endpoint X s, of Vz/2. satisfies dgs(Xr/2.,k) = 7/2. Since yz/2,, is not an
ambient geodesic,

T
L(/2,0) = Length(y.) > des (%rjp0 K) = 5.
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Lemma 8.8. For every fized T € (0,7/2),

lim L(l(w),w) = 0.

w2
Proof. By (91) and (77), both
lz(w) = 0 and ds3 (X1 (), k) = 0
as w — m/27, so the whole pentagon P_(.)., collapses to k. O
Proposition 8.9. For every T € (0,7/2), there exists a unique
wr € (arctan(ﬂtan 7),7/2)
such that

Ll (wr),wy) = T

> (109)

Consequently, the set

Lll({ﬂ/Q}) = {(l,w) €Tt Llw) = g}
15 an analytic arc, which can be parameterized as

= (0m/2) = Ly ({m/2)). B = (lwn).wy). (110)

Proof. Fix 7 € (0,7/2). By Lemma 8.6, the function w +— L (w) is strictly decreasing on
(arctan(v2tan7),7/2). By Lemma 8.7,

L, (w)> g for w near arctan(v/2tanT),

whereas by Lemma 8.8,
L;(w)—0 asw — /27,

Hence there exists a unique w, € (arctan(v/2tant),7/2) such that (109) holds. The analyt-
icity of the resulting arc = = =(7) follows from Lemma 8.5 and the fact that the level sets
{774(7) | 7 € (0,7/2} foliate T+. O

Henceforth we write
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8.2.2 The second closing condition on the angle function ©

We now determine the totally geodesic two-spheres containing the conjugate boundary arcs o*
and (% for the family ¥*, 7 € (0,7/2).

Lemma 8.10. For every 7 € (0,7/2), one has S2. = Sy. Moreover, there exists an analytic
function 7 — O(1) € (—7/2,7/2) such that

St = {ve} NS’ (111)

where
Vo :=cos©e —sinOj. (112)

Proof. By the discussion at the beginning of Section 8, the arc a* is contained in a totally
geodesic two-sphere S2. and comes from the conjugate of a geodesic arc fixed by a half-turn.
Since S2. meets orthogonally 7* at x* (because o meets orthogonally S, at x) and x* = v, by
Remark 8.2, then

Si* - 84.

Next, 87 meets o* orthogonally at y7, so its supporting sphere S%i is orthogonal to Sy.
Likewise, 37 meets 07 C S; orthogonally at z, so S%i is also orthogonal to S;. Therefore 82i
contains the great circle I'iy, and so, S»%i is of the form (111) for a unique © € (—7n/2,7/2].
The case © = 7/2 would give S%jr = &3, which is impossible because 07 C S, N Bi. Hence
© € (—n/2,7/2). The analyticity of © follows from the analytic dependence of ¥* on 7. [

Set Z(7) = (l,w) (recall that [,w depend analytically on 7, although we will use this sim-
plified notation). Since z* := % (I) € SQi N Sy, we may write

Weo :=c0sOj+sinOe, (113)

and
z, = cosak +sinawg, (114)

for some a = a(7) € (0,7/2). Since X7 is orthogonal at z* to both S, and S%i’ one has
N*(z') = —sinak + cosa we. (115)
Proposition 8.11. The function ©: (0,7/2) — (—7n/2,7/2) has at most one zero.

Proof. Arguing by contradiction, suppose that O(7) = ©(73) = 0 for some 0 < 73 < 7o < 7/2.
Then there exists 7y € (71, 72) such that

- doe

(,_.) .

T

(7'0) = 0
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In what follows, a dot denotes differentiation at 7 = 7.
Differentiating (113) and using 112, we obtain

Wo = O (—sin@j + cosOe) = O ve.
Hence wg = 0. Differentiating (114) and using (115), we get
2, = a(—sinak + cosawg) + cosaweg = a N*(z7).

Thus,
z, =aN*(z%). (116)

On the other hand, 7 +— X7 is a one-parameter deformation of ¥* by minimal surfaces.
Let u*: X7 — R be the normal part of the associated variational field. Then, u* is a Jacobi
function on X7 . Differentiating the identity z% = 0% (1) gives

7 = (21) N*(2) + 1 (5
Comparing tangent and normal components with (116), we obtain
[=0. (117)

We now use the fact that along the family 7 — ., the boundary arc d, always has the
same geometric role for every 7: it is the great circle arc contained in &3, starting at k and
ending at the point z, , which is determined by [ = [, alone (and is therefore fixed at 7 to first
order by (117)). The total variation of the unit normal along 4, is

Ps ()=m-w
by item 4 of Theorem 7.6. Differentiating this identity at 7o and using (117), we conclude
w=0.

Therefore the pair ( w) = Z(7) is stationary at 79, i.e. = = 0. But by Definition 7.8, the
normal vector Jy(7) := Jx(l;(w,),w,) defined by (83) satisfies

Jx(7) = (cos 7,0, —sinT,0),

hence 2

—=(19) = (—sin 9, 0, — cos 7y, 0) # 0.

dr
Since | = w = 0, then by the smooth dependence of J on (I,w) we have L1J(E)(r0) =0, a
contradiction. This proves that © has at most one zero. O
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8.2.3 The Lawson point

Recall from Section 3.1 that the Lawson surface £, ; admits a D,-fundamental piece F, and
let F, be its conjugate pentagonal disk. After the normalization of Section 7, there exists a
unique parameter pair

(lg,bdg) e

such that F. is congruent to ¥;, ... As explained in Section 7.1.6, this Lawson point lies on
the regular locus
cosl + cosw = 1.

Lemma 8.12. The Lawson parameter (Iz,wr) belongs to T, satisfies

s
L(lz,we) = 5
and corresponds to the unique zero of ©.

Proof. Since &, is itself a closing solution, Lemma 8.4 implies that (Iz,w.) ¢ T~ UD, and so,
(Iz,we) € TT. By the arguments in Section 8.1, (Iz,w,) satisfies

™
L(lﬁ,&)g) = E
Equivalently, there exists a unique 7, € (0,7/2) such that Z(7z) = (Iz,we).
Finally, for the Lawson fundamental piece, the arc 37 is contained in &;. By Lemma 8.10,
this is exactly the condition
@(Tg) = 0.

By Proposition 8.11, this zero of © is unique. ]

Proof of Theorem 1.2. Let ¥* C S? be a closed embedded D,-symmetric minimal surface of
genus two. By Proposition 3.5 and the conjugation procedure of Section 4, ¥* determines a
compact Ro-symmetric minimal disk bounded by a right-angled geodesic hexagon satisfying
(E1)—(E3), whose parameters (7,w), given by (31), lie in D by Lemma 4.2. Either (7, w) #
(w/4,7/2) and the hexagon is one of the labeled hexagons of item 1 of Lemma 4.2, with
(7, w,0) € Z, or (F,w) = (n/4,7/2) and the hexagon belongs to the singular two-parameter
family H,, », of item 2 (the vertices a;, a, may a priori sit at different heights on I'y ;). Observe
that the degenerate boundary configurations (7,w) € 0D\ {(w/4,7/2)} described in Remark 4.3
can be ruled out since the corresponding geodesic hexagon cannot be contained in a totally
geodesic two-sphere. In either case, as explained in Sections 5 and 6, ¥* arises from a solution
of the closing problem.
Lemmas 6.3, 6.6, 6.4 and 6.5 show that the only possible solutions are of the form

(F,w,rot), (7, W) € €.
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Let (I,w) = ®(7,w) € € be the parameters of the associated pentagonal disk ¥, ,,, where ® is
the diffeomorphism given by Lemma 7.4. By (107),

L(l,w) =

bo| 3

By Lemma 8.4, (I,w) € T*. Hence there exists 7 € (0,7/2) such that (I,w) = Z(7).
Since X, closes after Schwarz reflection, the supporting sphere S%i of the conjugate bound-
ary arc 37 must coincide with §;. By Lemma 8.10, this means precisely that

O(r) = 0.

By Lemma 8.12, the Lawson point provides one zero of ©, and by Proposition 8.11 this zero
is unique. Therefore, 7 = 7, and (l,w) = (lz,wz). This means that the closed surface >*
produced by Schwarz reflection of 3  is congruent to &z, and the theorem is proved. O

A Computations for the associated pentagons

In this appendix we collect the explicit computations used in Section 7. They are elementary
but somewhat lengthy, and placing them here keeps the main text more readable.

A.1 The minimizing value 7(I,w).)

Fix ([,w) € €;, and recall the points y4(r) = B4 4.x/2(r) defined in (72). We consider the
function

h(r) = (y+(r),y-(r)) = cosdss(y+(r),y-(r))-

By (71), a direct computation gives

h(r) = sinr (sinrsin®w — 2sinlcosr cosw) + cos” | cos® r (118)

1 1
= 1 cos(2r) (cos(2l) + cos(2w)) — sinl sin(2r) cosw + 1 (cos(2l) — cos(2w) + 2).
Therefore,
1
h'(r) = —2sinlcosw cos(2r) — §(cos(2l) + cos(2w)) sin(2r). (119)
The critical points of h are characterized by

—4sinlcosw
cos(21) + cos(2w)

tan(2r) =

Let
sin !

COS w

7=7(l,w) = cot™! ( ) € (0,7/2). (120)
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It is easy to check that 7 satisfies (119). Since h(0) = cos?l, h(n/2) = sin?w, and h has only
one critical point in (0,7/2), it follows that 7 is the unique global minimum of h.
Finally,

h(F) = %(003(21) — cos(2w)) > —1,

because l,w € (0,7/2). Hence the points y.(7) and y_(7) are non-antipodal. This proves
item 2 of Lemma 7.2.

A.2 The midpoint x;,,

Let Cr be the great circle through y, (7) and y_ (7). Since the two points are not antipodal, an
arc-length parametrization of Cf is

\/1 — (v (7 ( )>2
The midpoint x = x;,, of a = [y (), y_(7)] is characterized by
x € Cr NSy, x € Bf.

a7(s) = cossy (T) +sins

Thus we impose the condition zg(ar(s)) = 0. Solving for s, we obtain

V1 — (cos?l — cos?w)?

tans = 122
e cos? [ + sin® w ’ (122)
where 5 € (0,7/2) is the half-length of o. Evaluating a(3) yields
1 cos(21) + cos(2w) sin(2w) sin(2l)>
Xiw = - , 0, ; 123
=g (S ViV 1)
where
E(l,w) = \/(0052 [+ sin? w)(sin® [ + cos? w). (124)
This proves formula (75).
Since cos dg3 (x, k) = (x, k), we also obtain
sin(20) )
dss (x,k) = arccos| ———— |, 125
010 = anccon( B (125)
which is (77). Finally, from (123) we have
sin(2w) sin(21)
To(x) =0, r3(x) = —————— > 0, Ta(X ,
) " ) = Zma)

because [,w € (0,7/2). Hence
X0 € SoNBT NB.

This proves Lemma 7.3.
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A.3 Computations for the polyhedron U,
We keep the notation of Section 7. By (83) and (84), we obtain
(3,3, = 2 cos cosw Vcos? [ + sin® w |
V/2sin?(2w) + (cos(21) + cos(2w))?
and formula (85) follows from cos <t(S2,S?) = (Jx, Ja).

The geometric description of the convex hull U, in Lemma 7.5 follows directly from the

inclusions

aCS2NS?, By C S3, NSZ, 6 CS8NSE,,

together with the fact that, since [,w € (0,7/2), all five boundary faces lie in By N B} .

B An ODE inequality for the helicoidal barrier

In this last appendix, we compile some technical results that have been used in the paper, for
the sake of completeness.

B.1 The inequality sint < tan7(ly, wq) b(t)

We first show an inequality that was used in the proof of Lemma 7.10. The proof is purely
analytical and only uses standard ODE theory.

Lemma B.1. Fiz 7T € [0,7/2).

1. Consider the function l-: (arctan(v2tan7),m/2) — (0,7/2) defined by (91). Then,
|lL(w)] > 1 for each w. In fact, |lL(w)| > 1 if T > 0.

2. Given (Iy := lx(wy),w1) # (lo == lr(ws),ws) € THT) such that wy < ws, consider the
functions 7(l,w),a(t),b(t) introduced in (73), (101) and (102). Then,

sint < tan7(ly,ws) b(t) for each t € [0,1y), with equality at t = ls.

Proof. Rewrite l+(w) as arccos y/S(w), where

S(w) = sin’w — V2tan 7 sinw cosw, w € (arctan(v/2tan7), 7/2). (126)
Hence,
cosly = V8, (127)
sinl = V1-25, (128)
sin(2l;) = 24/S(1—9). (129)
S'(w) = sin(2w) — V2tan7 cos(2w). (130)
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Differentiating in (127) gives —I~ sinly = %, hence

am (128) _ S’ (120),(130) _Sin(2w) — V/2tan7 cos(2w) (131)
2,/5(1 = 8) sin(2l7) '

For 0 < w < 7 one also has the identity

sin(2w) — v2tan7 cos(2w) = 2cos’ Iz cotw + V2tan7. (132)

Since both the right-hand side of (132) and the denominator of (131) are strictly positive, we
deduce that I-(w) < 0 and

, _ sin(2w) — V2 tan 7 cos(2w)
‘Z?(w)‘ - Sil’l(QZ?)

Therefore, || > 1 is equivalent to sin(2/) < sin(2w) —v/2tan7 cos(2w), or using (127), (129)
and (132), to
24/5(1 — S) < 2S cotw + V2tanT.

Both sides are nonnegative, hence after squaring the last inequality, it is equivalent to
4S(1 — S) < 45%cot’ w 4 4v/2tan7 S cot w + 2 tan>7,
or rearranging terms, to
0 < 45%(cot?w + 1) — 45 + 4v2tan7 S cot w + 2tan? 7. (133)

Using that cot? w + 1 = csc? w and the definition of S(w), we can write the sum of the first and
second terms in the last right-hand-side as
(126

4SQCSC2M—4S:4S< 5; —1> _)4S<1—\/§tarﬁcotw—1):—4\/§tanFScotw,

sin” w

hence (133) is equivalent to 2tan?7 > 0, which obviously holds. This proves item 1 of the
lemma.
To prove item 2, first note that a(t) is strictly decreasing and

0 <wy =a(ly) <a(t) <al0) =wy — pils. (134)
On the other hand, Rolle’s theorem ensures that

96) |W1 — Wa

L — 1y

(
o] (135)
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for some intermediate value & € (wy,ws). Thus,
Wy — pily < . (136)

From (134) and (136) we have sina(t) > 0 for each t € [t,[o]. From (73) we have that
sin ly tan 7 (lz, we) = coswy. Therefore,

tan7(lo, wa) b(t) = tanT(ly, ws)(cosa(t) + v2tanTsina(t))

_ COS(p.,r(t — 1)) B SlI'la(t) (sinw2 —V2tan7T cos wg)
sin Iy sin [y

(01 cos(p(t —1s)) cos? Iy sin a(t)

sin [y sinly sinwy

Thus,
c(t)

sint — tan7(ly, wy) b(t) = .
2

where ¢: [0,l3] — R is given by

cos? Iy sin a(t)

c(t) =sinlysint — cos(py(t — ls)) + (137)

Sin wo
Observe that ¢(ly) = 0; hence, to prove item 2 it suffices to show that ¢(t) < 0 for all ¢ € [0, [).
To conclude this strict inequality, we next prove that ¢(¢) > 0 in [0, ly]:

First note that

"(t) + pie(t) = (pf — 1) sinlysint := f(t), Vt€[0,l).

Let us assume p? < 1; we will indicate later how to adapt the arguments to the case p? = 1.
Since Iy € (0,7/2), we get f < 0 en (0,2, and f(0) = 0.

Let s(t) be the solution of the homogeneous ODE s”+p3 s = 0 1in [0, lo] with initial conditions
s(ly) = ¢(ly) =0, §'(I3) = (I2). The function s(t) is explicit, namely

(t) = [E” sin(p (¢ — 1),

Therefore,
s'(t) = (I2) cos(p+(t = l2)).

Define w := ¢ — s. Then, w(t) satisfies the initial value problem

w” + prw = f, w(ly) = w'(ly) = 0.
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Using the variation-of-parameters method,

w(t) = — / sin(p (z — 1)) f(z) da,

a P+
hence

w(t) = / " cos(pa(z — 1)) f(z) d.

Since f < 0 in (0,ls], and cos(pi(x —t)) > 0 (because z — t lies in [0,y — t], lo — ¢ lies
[0,15] C [0,7/2) and by (135)), we deduce that

wW(t)>0Vte 0L, w(l) =0

Therefore,

d(t) =$'(t) +w'(t) = (lg) cos(ps(t —1a)) — /t 2 cos(py(x —1)) f(z) du. (138)

The first term in the right-hand-side is a function of ¢ € [0,l3) with the same sign as ¢/(l3)
because cos(p4 (t —lz)) > 0 (this holds because t — Iy lies in [—I3,0) C (—7/2,0) and by (135)).
Since the second term (including the minus sign) is positive, we get that ¢/(t) > 0 in [0, ]
provided that ¢/(l3) > 0 and assuming p? < 1. In the case p2 = 1, the above arguments
simplify since both f and w vanish identically, and ¢/(¢) reduces to the first term in (138).
Therefore, to finish the proof it remains to show that ¢/(ly) > 0 (regardless of the value of p? ).

From (137) we get ¢/(la) = cosly (p4 cosly cot we + sinly), hence ¢/(l) > 0 is equivalent to
py > —tanly tanwy. But py > —1, hence it suffices to check that tanly tanw, > 1.

From (91), a direct computation gives

1+ ﬁtanftanwg

tan2 lQ = —
tan? wy(1 — \gfl—éf;)

hence V3

1 2tan T tanw

2 2, 2
tan l2 tan W2 = _ V2tan 7 1 — V2tan 7 > 1’

tan wo tan wo

as desired. This finishes the proof of the lemma. m

C Embeddedness of the conjugate boundary arcs

This appendix records an additional geometric property of the conjugate pentagonal disks ¥
when (I,w) € €. Although it is not needed in the proof of the main uniqueness theorem,
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it gives useful geometric control on the boundary of the conjugate surface. The arcs under
consideration are curves in totally geodesic two-spheres of S?, and their embeddedness follows
from two facts about convex curves in S? which can be useful in other contexts. The guiding
idea is that a convex spherical arc whose length and normal variation are both controlled cannot
close up or cross itself.

Lemma C.1. Let c: [0,1] — S? be a C' and piecewise C?, reqular convex curve, and n: [0,1] —
S? its unit normal. If Length(c([0,1])) < m and Length(n([0,1])) < 7, then c¢ is an embedding.

Proof. Observe that the length of the unit normal is well-defined because c¢ is piecewise CZ.
Arguing by contradiction, suppose ¢ is not embedded (in particular, ¢ is not an equator). After
restricting to a suitable subinterval and reparametrizing, we can suppose that if c: [0, 1] — S?
is a curve such that c[j1) is embedded, ¢(0) = ¢(1) (¢/(1) might be different from ¢/(0)) and
Length(c([0,1])) < w. We will show that Length(n([0,1])) > =, which gives us the desired
contradiction. After an isometry of S?, we can assume that ¢(0) = ¢(1) = (1,0,0), ¢(0) =
(0,1,0) and n(0) = (0,0, —1), see Figure 18.

Figure 18: Two different possibilities for the curve ¢, and determination of the half great circle
Sy, in one of them.

As ¢([0,1]) is a closed regular curve with length at most 7 which is not an equator, we have
dg2(c(ty), c(tz)) < w/2 for all t1,t € [0,1]. In particular, the curve ¢([0, 1]) is contained in the
open hemisphere {z > 0} N'S?.

Let C(t) C S? be the great circle tangent to ¢ at the point ¢(t), t € [0,1]. Observe
that C'(t) determines n(t) up to sign, and vice versa. Clearly, C'((0) = {z = 0} N S?. Given
Y € [—m/2,7/2], let Sy C S* be the half great circle with extrema (0,0, 41) that contains the
point (cos,sin?,0) € C(0). By the arguments in the previous paragraph, Sz/» N¢([0,1]) =
S_r2Nc([0,1]) = @. We start decreasing ¢ from /2 until finding a first contact point between
Sy, and ¢([0,1]), for some ¥; € (0,7/2). Let t; € (0,1) be the minimum value such that
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c(ty) € Sy,. Clearly Sy, and ¢([0,1]) are tangent at ¢(¢;), which implies that Sy, C C(¢;) and
thus,
Length(n([0,#1])) > /2, (139)

since n(t;) € {z = 0} N'S?>. Without loss of generality, we can assume c(t;) € {z > 0}
(z(c(t1)) # 0 since ¢ is tangent to Sy, at c¢(t1)), see Figure 18 left.

Next, we will repeat the argument in the last paragraph exchanging ¢(0) by ¢(¢;) and C(0)
by Sg,. As ds2(c(t1),c(t)) < w/2 for all t € [0,1], we have that ¢([0, 1]) is contained in the open
hemisphere {p € S | (p,c(t1)) > 0}. Observe that both points +n(t;) lie on the great circle
{p € S?| (p,c(t;)) = 0}. Now consider the family of half great circles {Sy | ¥ € [—7/2,7/2]}
with extrema +n(t;), such that {gﬂ\{in(tl)} | ¥ € [—7/2,7/2]} foliates the closed hemisphere
{p € S* | (p,c(t;)) > 0} minus +n(¢;) and (0,0,1) € gﬂ/Q. We will argue similarly as in the
last paragraph, exchanging the half circles Sy by the Sy. As before, we have S, 2Nc([0,1]) =
§_7r/2 N ¢([0,1]) = @ and we start decreasing ¥ from 7/2 until finding a first contact point
between Sy, and ¢([0,1]), for some ¥, € (0,7/2). Let t5 € (t1,1] be the minimum value such
that c(ty) € Sy,. Then, Sy, and ¢([0,1]) are tangent at ¢(t3), hence Sy, C C(ty) and

Length(n([t1, t2])) > /2. (140)

Finally, Length(n([0,1])) > Length(n([0,¢])) +Length(n([t1,t2])) > 7 by (139) and (140). This
proves the lemma. O

Lemma C.2. Let c: [0,1] — S* be a C? curve with nowhere zero geodesic curvature, and
n: [0,1] = S? its unit normal. If Length(c([0,1])) < /2 and Length(n([0,1])) < 7, then:

1. For everyt € [0,1], the tangent great circle of ¢ at ¢(t) does not intersect ¢([0, 1]) \ {c(t)}.

2. ¢([0,1]) and the minimizing geodesic segment joining c(0) and ¢(1) bound a convex disk
(in an open hemisphere of S*).

Proof. By Lemma C.1, ¢ is an embedding. We will prove item 1 of the lemma for any t, € [0, 1].
Up to an isometry, we can assume c(to) = (1,0,0), ¢(ty) = (0,1,0) and n(ty) = (0,0, —1). Since
¢ is a strictly convex curve with Length(c([0,1])) < /2, we deduce that ¢([0, 1]) lies in the open
hemisphere {(z,y,2) € S*|z > 0}.

Note that the tangent great circle at c(ty) is C'(to) = {z = 0} N'S?. As the curvature of ¢ at
¢(ty) does not vanish, there exists € > 0 such that C(ty) does not intersect ¢((to—¢, to+€)N|0, 1])
except for t = t,.

Arguing by contradiction, assume that there exists a smallest t; € [ty + €, 1] or a largest
ty € [0,ty — €] such that c(t1) € C(to). We will suppose, for instance, t; € [ty + €, 1], as the
case t; € [0,ty — €] is analogous. Then, the embeddedness and strict convexity of ¢ imply that
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c(ty) = (costy,sindy,0), for some ¥ € (—m/2,0). Consider the shortest geodesic segment
joining ¢(t1) and ¢(ty), parameterized as

2(s) = (cos((1 — s)v1),sin((1 — s)91),0), s € 10,1].

Thus, the concatenation ¢ ¢y, 1,1 of the arcs € and ¢|j, 4,) is a closed, C' and piecewise C? curve
and
Length(¢ * c|g,,4,1) = |V1| + Length(c([to, t1])) <,

and the length of its unit normal equals Length(n([to,?1])) < 7. But € * |y, is not an
embedding, which contradicts Lemma C.1. This contradiction proves item 1.
To prove item 2, first normalize ¢ up to an isometry so that

c(0) = (1,0,0), c(to) = (0,1,0), ¢((0,1]) € S*N{x, z > 0}.

By item 1, every geodesic of S? passing through two different points of ¢([0, 1]) must be trans-
verse to ¢ at these points. Let [¢(0), ¢(1)] C S? be the minimizing geodesic segment that joins
c(0) and ¢(1). Then, ¢([0,1]) U [¢(0), ¢(1)] bounds a domain D C S? which is starshaped from
¢(0) and ¢(1). Moreover, D is convex at every boundary point, even at ¢(0) and ¢(1). Therefore,
D is a convex set.

Let us see that c|q) is a radial graph from ¢(0), in the sense that it can be smoothly
parameterized as a graph via the exponential map in S? based at the point ¢(0). To see this,
for every ¢ € (0, 1] denote by I'; C S? the geodesic that contains ¢(0) and ¢(t). It clearly suffices
to show that A = (0, 1], where the set A is defined by

A:={t€(0,1] : T intersects ¢((0,1]) transversally}.

Since c is strictly convex at ¢(0), there exists € € (0, 1] such that (0,¢) C A. Assume that
A # (0,1]. Thus, there exists a first value ¢; € [, 1] such that I'(¢;) is tangent to ¢((0,1]) at
¢(t1). Consider the concatenation ¢ of the arc ¢([0,¢;]) with the closed minimizing geodesic
segment joining c(t1) with ¢(0). Observe that ¢ is C' at the point ¢(t;), because c is strictly
convex and I'(#1) is tangent to ¢((0, 1]) at ¢(¢1). Therefore, ¢ is C', piecewise C? and convex. As
the length of ¢ and that of its unit normal are not larger than 7, Lemma C.1 implies that ¢ is
an embedding, which is false. This contradiction proves that A = (0, 1] and finishes the proof
of the lemma. ]

We now apply the preceding two lemmas to the boundary arcs of the conjugate disk ¥
for (I,w) € €;. The required length estimates come from the conjugate surface correspondence:
the length of a conjugate boundary arc agrees with the corresponding original geodesic length,
while the length of its spherical normal image is the total rotation of the tangent plane along
the original boundary edge, i.e., its total geodesic curvature.
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Lemma C.3. Let (l,w) € €. Then the boundary arcs 6%, 55 of ¥, and each component of

lw
a* \ {x*} are embedded. Moreover, &% does not intersect the great sphere Sy, and

5%\ {k} C BY.

Proof. Consider the arc-length parametrization 6% : [0,1] — S? of the conjugate arc §%. By the
geometric setup and the conjugate surface correspondence one has

Length(N* 0§} ) =7 —w <,

while

Length(0}) =1 <

e

Thus Lemma C.1 applies to 67, and 07 is embedded.
The same argument applies to 3% and to o := a*|[p s@w- Indeed,

Length(8}) = Length(8) = r(l,) < 7.

and, by the conjugate surface correspondence,

d
Length(N* o }) = / Kgy | = ‘/ Poe qr| < .
BL B+ dr
Likewise,
Length(a? ) = Length(ay) = s(l,w) < g,
and
Length(N*oa?) = / Kot | = / dpids <.
- ol * ay ds

Therefore Lemma C.1 applies to both 8% and o . The strict inequalities Length(N*o 8}) < 7
and Length(N*oa? ) < 7 follow from the fact that, along 3, and o, the tangent-plane rotation
stays in the corresponding open half-circle of the polar great circle; equivalently, the endpoints
of the normal image lie at spherical distance strictly smaller than 7. This is a consequence of
the convex-hull description of U;,, and the fact that the only umbilic of ¥J;,, is the endpoint x
of ay.

It remains to prove the stated position of 0% . Since Length(d}) = < m/2 and 0% (0) = k,
every point of 0% has spherical distance strictly less than 7/2 from k. Thus 0% C B, and in
particular % does not meet S;.

Finally, the estimates

Length(d%) < =, Length(N* o d}) =1 —w <

e
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allow us to apply Lemma C.2. Hence the tangent great circle at any point of 0} does not meet
&% again. Since, locally near k, the arc 8% enters BJ, this prevents the arc from crossing Ss at
a later point. Therefore

5%\ {k} C BY.

This proves the lemma. O]
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