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ON SIGNS OF FOURIER COEFFICIENTS ON GL(n)

DIDIER LESESVRE, MING HO NG, YINGNAN WANG

ABSTRACT. We study statistical properties of Fourier coefficients of automorphic forms
on GL(n). For most Hecke-Maass cusp forms, we give the asymptotic number of non-
vanishing coefficients, show that there is a positive proportion of sign changes among
them, when these are real, and describe the asymptotic density of these signs. We
generalize the results by Jé#saari obtained in the case of self-dual forms of GL(3) and
our method moreover circumvents the assumption of the Generalized Ramanujan Con-
jecture.

1. BACKGROUND

Automorphic forms arise in various fashion, ranging from arithmetic to spectral the-
ory, from geometry to representation theory. Langlands conjectures postulate they all
stem from automorphic forms on the general linear groups GL(n), giving a particular
importance to the understanding of these. Information about automorphic forms is often
obtained by studying their Fourier coefficients, and we investigate in this paper statistical
properties on the vanishing and the signs of the Fourier coefficients of automorphic forms
on GL(n).

Let H be an orthonormal basis of Hecke-Maass cusp forms [2] for SL(n,Z) with n > 3.
For T > 1, define

Hr ={p € H: py € R", |uglla < T}
where 14 € C" is the Langlands parameters of ¢ € H and || - ||2 is the Euclidean norm.
The Weyl law [12] for SL(n) states that #Hp < T¢ where d = n(n + 1)/2 — 1. A

fundamental invariant attached to ¢ € H is its Godement-Jacquet L-function [2], which
can be written

Ls.g) = 3 Al D T 0o, (1)
m=1 p j=1

for N(s) > 1, where the Ag(my,...,my_1) are called the Fourier coefficients of ¢, and
the 7y j(p) € C are its Satake parameters at p. It is worth to note that the Fourier
coefficient Ay(my, ..., my—1) is multiplicative. The fact that the forms have the trivial
central character rephrases as 7y 1(p)7s2(p) - Tpn(p) = 1, and the Generalized Ra-
manujan Conjecture (GRC) states that |my ;(p)| = 1 for all 1 < j < n. This motivates
to parametrize the Satake parameters by

mg,5(p) = €063 P)
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where 04 ;(p) € [0,27) UiR U7 + iR.

For k = (K1,...,kn-1) € Ng’*l, the degenerate Schur polynomial is defined as
det <$]Zz;1 (m+1>)

det (sz;l;li 1)

Se(z1,22,...,2,) = Lsthj<n (1.2)

1<i,j<n
and we have
A¢(pﬂ) = A(f)(pnla"'uplinil) = 5(7"'(1),1(]7)777(;5,2(]7)7"‘ 77T¢,n(p))' (13)

S
If z; € C is such that |:17j\ =1 for all 1 < j < n, then there exist constants a, < b, only
depending on x and n such that

Uk < ’S’i<x17l’27' "7xn)’ < bF{,'

When Ag(mp—1,...,m1) = Ag(mi,...,mp_1), we obtain that Ag(p”) € R if we have
(K1y.+ybn—1) = (Kp—1,...,K1). Moreover, if the Generalized Ramanujan Conjecture
holds at p, then for (k1,...,kn—1) = (Kn-1,..., k1), we have

ar < Ap(p™) < by.

The Sato-Tate conjecture postulates the asymptotic distribution of the Satake param-
eters for each form ¢ € H when p grows. Even though this horizontal statement is out
of reach for general automorphic forms, a vertical version of the Sato-Tate conjecture —
where p remains fixed but the form varies — was established by Matz and Templier [11].
Further, [8] obtained a quantitative version with an explicit rate of convergence, which
states that

1 logp
—— W EHr : O,4(p)€l/G, —/ du —i—O( ), 1.4
[Hrl 1 oP) €1/} 16, logT (14)
where I = [];[a;,b;] is a box in [0, 27)" and the p-adic Plancherel measure is defined by
T 1-p 00 _ 1 i |2
dpp(0) = H — H let — p~te'm | 2 dugr(0) (1.5)
j=2 1<l<m<n

where the Sato-Tate measure is given by

1 ) )
dust () = ————— O _ ¢m 1240, ... d6,,. 1.
MST(?) TL!(ZTF)n*l 1<Z];[n<n |6 € | 1 ( 6)

2. NUMBER OF NONZERO COEFFICIENTS

The following theorem is the analogue of [5, Theorem 4]; it gives the asymptotic
number of nonvanishing coefficients Ay (m") for a Hecke-Maass cusp form ¢. Here we do
not require Ag(m®) to be real and they are arbitrary complex numbers. Moreover, by
using knowledge about the exceptional set of automorphic forms, i.e. those violating the
Generalized Ramanujan Conjecture, we are able to state an unconditional result.
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Theorem 2.1. Let clogT < X < e(1o8DV/KT) for a constant ¢ > 0, where k(T) =
o(logT) and k(T)/\/logT — oo as T — oo. As T — oo, there exists Hr, C Hr such
that for all Hecke-Maass cusp forms ¢ € Hr,, we have

#{m < X : Ap(m") = Ag(m", ... ,m" 1) #£0} < X H (11)

p<X p
Agp(P)=0

and, letting d = $n(n+1) — 1,
#(HT\HT m) < Tde—(c,g,l logT)/log X + Tde_c”‘2 log X

for some constants Cr 1 and Cr,2-

Proof. The upper bound is a classical result valid in a general setting under mild as-
sumptions, as a consequence of sieve methods (see [3]); we briefly recall the argument for
completeness. Put
B={pelP : Ay(p") =0}
The set of integers m < X such that Ag(m®) # 0 is covered by two sets:
Sl—{m\ :p<XandpeB = ptm}, (2.1)
={m<X : (m,Px)>1and (m, Px)? | m}, (2.2)

where we let

Indeed, by multiplicativity of Fourier coefficients and by factoring m into product of
primes, Ay(m") # 0 only if m contains no primes in B (which corresponds to m € Sy),
or for any prime p in B which divides m, p? | m, (which corresponds to m € Ss).

We use the sieve method to control the size of both sets, starting with S;. Introduce
A={meN : m < X} and define the sifting set

S(A,B,z):=#{mec A : YpeB, p<z = ptm}, (2.4)

for a parameter z > 1. This set is exactly S7 when z = X. We explain how the claimed
upper bound is a consequence of [4, Theorem 2.2], of which we follow the notations. Set
Ag:={me A : m=0 mod d} for integers d > 1, and introduce

1
= [Aqg| - gX- (2.5)
Let w(p) = 1pep and w(d) := [],qw(p), we verify the three hypotheses (denoted by (£21),
(Q2(k)), (R) therein) required to apply [4, Theorem 2.2]: first of all,

1
3 “’(mogpgAlogZ+A (2.6)

w<p<z p

for a certain A > 0, as a direct consequence of Mertens’ estimates, and this fulfills
hypothesis (22(x)) in [4]; moreover

w(p)

1
<1—— 2.
» a (2.7)
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for any A > 2; which implies hypothesis (€2;) in [4]; and finally
|Rq| < w(d) (2.8)

for all squarefree d with no prime factor in B (this is exactly [4, Example 1 with y = X]),
and this is the content of hypothesis (R) in [4]. Therefore [4, Theorem 2.2] ensures that

S(A,B,2) < X ] <1 - “’(p)) . (2.9)

p<z p
for all z < X, which in particular is of the claimed order of magnitude as in Theorem 2.1
by taking z = X.

It remains to take into account the elements in Ss, i.e. including those m < X such
that Agz(m") # 0 which are not grasped in S(A,B,X). These correspond to positive
integers m which contain high powers of primes in B. Applying [4, Theorem 2.2] again,
the carninality of Sy is bounded by (letting d = (m, Px))

> Y <X ()

d|PX 0<m<X/d2 d|PX ‘Px/d
(m,Px /d)=1
«<xTI(1-0) S m
PPy i g VTP
<X ] <1 - > (2.10)
p<X
peEB

Combining (2.9) and (2.10), we obtain the upper bound claimed in Theorem 2.1.
We turn to the proof of the lower bound. We only prove the case that k = (K1, ...,kp—1) #

(Kn—1,...,k1) =: k*. Otherwise, the proof is similar with obvious modifications.
Define ||x|| := Z;‘z_ll(n —j)kj and |k| = Z] 1 kj. If K # K, by [6, (2.3)], we have
A" = Y i As(Y), (2.11)
€40
<zl x|l

Here & # 0 is assured by the fact that {S.(e1, e ... e?) : k = (k1,...,kn 1) €
Ngil} forms an orthonormal set under the inner product with repect to the measure
dust(0), see [6, (2.4)].

Introduce the exceptional set

N

E(T,p) = {(b cHr: max |7g.0(p)| > 2}.

Then by [11, Corollary 1.8], #&£(T,p) < T4=/1°8P for p < X, where cg is a constant
depending only on n. Hence, there exits a constant c¢; only dependlng on n such that

U #5(T, p) < e(logT)/k(T)Td—co/logX < Tde—cl(logT)/logX‘
p<X
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For any ¢ € Hr\U,<x #E(T.p), we have |A4(p")| < By for some positive constant
By, only depending on k. Then, by (2.11) and the Hecke relations [6, (4.5)] with x =
(K1,-..,Kn—1), we have

2. 52

P<’§( 10g2025 X<p<X1/2025
A¢(P )#0 ReA¢(p“)<0

(Redy(p™))* — ByReAy(p")
Z 2B2Zp

"=
"=

>

1og2025 X <pg X'1/2025

2
5 Ap(P™)? + Ag(07)” + 2| Ap(p") P — 2B Ay () — 2B Ay (p")
8B%p

=
log2025 X <pg X1/2025

Y dRA) + Y d2LA(0)
€170 £97#0

. Z g <2li=ll lleall<2llwt |l
- 2
8Bp

log2025 X <pg X'1/2025

242 Y d2.A(pB) — 2B, Ay(pF) — 2B, Ag(p)

o Zmind
+ 3l<n|x
; 2 ) 8B2p
log2020 XSngUZOZO
gzﬂ A5 Ay (pS) + gzﬂ 2., Ay(pt2)
_1+0(1) loglog X + Z lex <2l lealicelnt
- .
ABx log?9?% X <p< X 1/2025 8Bxp
X s = 2BuA(p) — 2B, A0 (p7)
N leaii<nlxl

2
10g2025 X <p< X1/2025 8B.p

On the other hand, by [6, Theorem 1.1] with j = [(log X)/2025loglog X|, we have

2j

Ag(p°)
> O

SEHT\ U, e x #E(T,p) [10g2025 X <p< X1/2025

<oz Y Y >y o AW

0<t<log X ¢EHT |2¢10g20%% X <p<2f+! log X p

2j

C,.QLlsl

, 2
. 02] J p
< (log X)* Z T < 7102025 2005 ) + T2 /12005

0<t<log X 21og™" X log(2¢1og™* X) log(2f1log™"*° X)
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Define

'
B = { 6 € He\ | #ETp) v 2 g x

p<X log2925 X <pgX1/2025

Then #E(p®) is bounded by

. .
j C?j J C QLA
log X )% E T K L1/ %
(log X) ook (2z log?"?® X log(2¢10g?"% X)> log(2¢ log?% X)

< Tdefcg log X )
Therefore, for any ¢ in the set

o= (wn\ U rer (U #0m U B0 U B65)

p<X £1#0 £2#0 £3#0
g lI<2li=ll g2 lI<2]l= |l llEgll<n|x]

(UzenUee)),

we have

1
E - > loglog X. (2.12)
p<X p
ReA¢(p“)<0

The lower bound follows by [3, Theorem 1] with P = {p < z : Redy(p”) # 0} and
€ ={p <z:Redy(p”) =0}
U

3. POSITIVE PROPORTION OF SIGN CHANGES

The following theorem is the analogue of [5, Theorem 3]; it states that there is a positive
proportion of sign changes among the real Fourier coefficients of almost all forms, in a
quantitative way.

Theorem 3.1. Let ¢ > 0 and k € N1 such that (Ay(m"))m>1 is real. Then there
exists a subset Sp C Hp with at least (1 — e)#Hrp elements such that for any ¢ € St the
sequence {Ag(m”)}m>1 has a positive proportion of sign changes as T — occ.

Remark. For instance, assuming k£ = (K1,...,5p-1) = (Kp—1,...,K1) ensures that the
coefficients Ag(m™) are real.

We will appeal to the following lemma controlling the size of the pre-image for which
corresponds to the small values of a mulivariate polynomial on a product of unit circles.

Lemma 3.1. Let n > 1. Let P € C[Xy,...,X,] be a non-constant complex polynomial
in n variables. For all § > 0, the measure of the set
{(91, C,0y) € 0,27 ‘P (ewl, . 69)‘ < 5} (3.1)

is bounded by 6%/2"
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Proof. We proceed by induction on the number of variables n, the result being straight-
forward for n = 1 where in this case the polynomials are linear. Assume n > 2 and
denote the algebraic form of P by

Y1 Tn
P=>"> ay X - X0, (3.2)

t1=0 tn=0

where the a¢, 1, € C are the coefficients of P and vy, ..., 7, = 0 are the degrees associated
with Xi,...,X,, respectively. Since P is non-constant, we can assume -, > 1. We can
therefore write

71

Tn Tn
P, ... €)= g e E ag,. 1, €10 .. gitnfn — Z (e, ... en-1)eihfn
t1=0  t,=0 k=0

where we group all the terms indexing t1,...,¢,_1 into b,, which is a polynomial of n —1
variables in €1, ... -1 We decompose the interval [0,27] in even subintervals of
length ¢ of the form [symd, (sp + 1)7d] for 1 < £ <n—1and 0 < sp<2/§—1. For each
1<l<n—1,let 0 < sy <2/0—1such that 0y € [synd, (s¢ + 1)7d]. For 0 < k < v,
Taylor approximation ensures that

br(et, ... efn=1) = b1, L e 1) 4 0(6),

where the implied constant only depends on P. Therefore, |P(e®1, ... )| < § implies
Tn
Z bk(eislms’ el eisn,17r§)eik9n < 57
k=0
i.e.
b'Yn (615171*67 o 7ezsn,1m§) H(ezen - Zj) < 5’
j=1
where the z; denote the roots of the polynomial )" b(et1m .. eisn-1m9) 2k in C.
If by, (ei17m0 | eisn—17) s, 61/2, then the product of the e*r —z; is small and therefore

|ein — zj| < §1/2 for at least one j. This implies that the values of 6, are constrained
in a set of length bounded by §'/2 and the result follows. If b, (™1™, ... n-1™) <«

81/2, the result follows by induction since by, is a polynomial in the n — 1 variables
e . etdn-t, O

Proof of Theorem 3.1. By [9, Corollary 3], the sequence {A4(m")},>1 has a positive
proportion of sign changes as T" — oo if and only if Ag(m”™) < 0 for some m > 1 and
Ay(m”) # 0 for a positive proportion of integers.

By [6, Theorem 1.5] with P = {all the primes}, Kk = {k1,...,kn—1} and § = 1, there
exits a subset H/. C Hrp satisfying that for any ¢ € H/, there exists a natural number m >
1 such that Ay(m”) < 0 and #(Hr\H}) < Tde=C2loeT/1082T where Cy and the implied
constants depend on k and n.
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By [13, Theorem 14], to prove that Ag(m") # 0 for a positive proportion of integers,
it suffices to prove that
1
Z — < oQ.

p

P
Ay (pF)=0

The vanishing of Ay(p") implies strong constraints on the parameters 0, and this
cannot happen too often by the known average versions towards the Ramanujan conjec-
ture [8]. More precisely, we have that for 6 > 0, the set

{¢ € Hr = [Ag(p™)] = 0}

is a subset of the union of

: 1 0 3.3
{6 e s s tog )] > 0} (33)
and

{d) € Hr : ¢ satisfies GRC and |A4(p")| < p_5} . (3.4)
In the second case, since Ag4(p") = S (e01P)  e.n(P)) is a polynomial in the vari-
ables (e*1(P) %)) Lemma 3.1 ensures that the measure of the corresponding

0, € [0,27]" is smaller than p~9/%" for all § > 0. Therefore, applying [8, Theorem 1.1]

to (3.3) and applying [8, Theorem 1.2, (5), (6)] to (3.4), we have that

#{¢€HT:|A¢(p“)|=0}<< 1 log p

#Hr pd/2* " logT’
We deduce
1 1 1 lo
S X e#u S (m tir) <#
vy sx P — P\p log T
T P P
Ag(pF)=0

for any X > 1 satisfying log X < logT when T is sufficiently large. By Chebyshev
inequality, there hence exists an absolute constant C' > 0 and S}, C Hr such that, for all
Hecke-Maass forms in 8., we have

1 c
<= 3.5
> > S o (3.5)

p<X
Ag(p)=0

and #(H7\S}) < e#Hr. In particular, the series (3.5) converges as T’ grows if we choose
X such that X — oo as T'— oo. By [13, Theorem 14], this implies that there is a positive
proportion of m such that Ag(m") # 0, and hence concludes the proof by putting

Sr = Sh M.
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4. FOURIER COEFFICIENTS OF SAME SIGNS

The following theorem is the analogue of [5, Theorem 6].

Theorem 4.1. Let ¢ > 0 and k € N"™1 such that (Ay(m"))m>1 is real. Then there
exists a subset S C Hrp with at least (1 — e)#Hr elements such that for any ¢ € S7
asymptotically half of non-zero coefficients {Ay(m") # 0}ym>1 are positive and half of
them are negative as T — oo.

Proof. Let Hr ,, and St be defined as in Theorem 2.1 and Theorem 3.1 respectively. Put
Sl = HT,H N Sr.

Then S/ contains at least (1 —€)#Hr elements. Furthermore, for any ¢ € S7, by (2.12)

and (3.5), we have

1
E — > loglog X
p<X
Ay (p™)<0

>

<X
Ag(pr)=0

Then the theorem follows by [10, Lemma 2.4].

and
o
< —.
2e

K=

0
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