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Abstract. We study statistical properties of Fourier coefficients of automorphic forms
on GL(n). For most Hecke-Maass cusp forms, we give the asymptotic number of non-
vanishing coefficients, show that there is a positive proportion of sign changes among
them, when these are real, and describe the asymptotic density of these signs. We
generalize the results by Jääsaari obtained in the case of self-dual forms of GL(3) and
our method moreover circumvents the assumption of the Generalized Ramanujan Con-
jecture.

1. Background

Automorphic forms arise in various fashion, ranging from arithmetic to spectral the-
ory, from geometry to representation theory. Langlands conjectures postulate they all
stem from automorphic forms on the general linear groups GL(n), giving a particular
importance to the understanding of these. Information about automorphic forms is often
obtained by studying their Fourier coefficients, and we investigate in this paper statistical
properties on the vanishing and the signs of the Fourier coefficients of automorphic forms
on GL(n).

Let H be an orthonormal basis of Hecke-Maass cusp forms [2] for SL(n,Z) with n ⩾ 3.
For T > 1, define

HT = {ϕ ∈ H : µϕ ∈ iRn, ∥µϕ∥2 ⩽ T}
where µϕ ∈ Cn is the Langlands parameters of ϕ ∈ H and ∥ · ∥2 is the Euclidean norm.

The Weyl law [12] for SL(n) states that #HT ≍ T d, where d = n(n + 1)/2 − 1. A
fundamental invariant attached to ϕ ∈ H is its Godement-Jacquet L-function [2], which
can be written

L(s, ϕ) =
∞∑

m=1

Aϕ(m, 1, . . . , 1)

ms
=
∏
p

n∏
j=1

(1− πϕ,j(p)p
−s)−1, (1.1)

for ℜ(s) ≫ 1, where the Aϕ(m1, . . . ,mn−1) are called the Fourier coefficients of ϕ, and
the πϕ,j(p) ∈ C are its Satake parameters at p. It is worth to note that the Fourier
coefficient Aϕ(m1, . . . ,mn−1) is multiplicative. The fact that the forms have the trivial
central character rephrases as πϕ,1(p)πϕ,2(p) · · ·πϕ,n(p) = 1, and the Generalized Ra-
manujan Conjecture (GRC) states that |πϕ,j(p)| = 1 for all 1 ⩽ j ⩽ n. This motivates
to parametrize the Satake parameters by

πϕ,j(p) = eiθϕ,j(p)
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where θϕ,j(p) ∈ [0, 2π) ∪ iR ∪ π + iR.

For κ = (κ1, . . . , κn−1) ∈ Nn−1
0 , the degenerate Schur polynomial is defined as

Sκ(x1, x2, . . . , xn) :=
det
(
x
∑n−i

l=1 (κl+1)
j

)
1⩽i,j⩽n

det
(
x
∑n−i

l=1 1
j

)
1⩽i,j⩽n

(1.2)

and we have

Aϕ(p
κ) := Aϕ(p

κ1 , . . . , pκn−1) = Sκ(πϕ,1(p), πϕ,2(p), · · · , πϕ,n(p)). (1.3)

If xj ∈ C is such that |xj | = 1 for all 1 ⩽ j ⩽ n, then there exist constants aκ < bκ only
depending on κ and n such that

aκ ⩽ |Sκ(x1, x2, . . . , xn)| ⩽ bκ.

When Aϕ(mn−1, . . . ,m1) = Aϕ(m1, . . . ,mn−1), we obtain that Aϕ(p
κ) ∈ R if we have

(κ1, . . . , κn−1) = (κn−1, . . . , κ1). Moreover, if the Generalized Ramanujan Conjecture
holds at p, then for (κ1, . . . , κn−1) = (κn−1, . . . , κ1), we have

aκ ⩽ Aϕ(p
κ) ⩽ bκ.

The Sato-Tate conjecture postulates the asymptotic distribution of the Satake param-
eters for each form ϕ ∈ H when p grows. Even though this horizontal statement is out
of reach for general automorphic forms, a vertical version of the Sato-Tate conjecture —
where p remains fixed but the form varies — was established by Matz and Templier [11].
Further, [8] obtained a quantitative version with an explicit rate of convergence, which
states that

1

|HT |
∣∣{ϕ ∈ HT : θϕ(p) ∈ I/Sn

}∣∣ = ∫
I/Sn

dµp +O

(
log p

log T

)
, (1.4)

where I =
∏

j [aj , bj ] is a box in [0, 2π)n and the p-adic Plancherel measure is defined by

dµp(θ) =
n∏

j=2

1− p−j

1− p−1

∏
1⩽ℓ<m⩽n

|eiθℓ − p−1eiθm |−2dµST(θ) (1.5)

where the Sato-Tate measure is given by

dµST(θ) =
1

n!(2π)n−1

∏
1⩽ℓ<m⩽n

|eiθℓ − eiθm |2dθ1 · · · dθn. (1.6)

2. Number of nonzero coefficients

The following theorem is the analogue of [5, Theorem 4]; it gives the asymptotic
number of nonvanishing coefficients Aϕ(m

κ) for a Hecke-Maass cusp form ϕ. Here we do
not require Aϕ(m

κ) to be real and they are arbitrary complex numbers. Moreover, by
using knowledge about the exceptional set of automorphic forms, i.e. those violating the
Generalized Ramanujan Conjecture, we are able to state an unconditional result.
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Theorem 2.1. Let c log T ⩽ X ⩽ e(log T )/k(T ) for a constant c > 0, where k(T ) =
o(log T ) and k(T )/

√
log T → ∞ as T → ∞. As T → ∞, there exists HT,κ ⊂ HT such

that for all Hecke-Maass cusp forms ϕ ∈ HT,κ, we have

# {m ⩽ X : Aϕ(m
κ) = Aϕ(m

κ1 , . . . ,mκn−1) ̸= 0} ≍ X
∏
p⩽X

Aϕ(pκ)=0

(
1− 1

p

)

and, letting d = 1
2n(n+ 1)− 1,

#(HT \HT,κ) ≪ T de−(cκ,1 log T )/ logX + T de−cκ,2 logX

for some constants cκ,1 and cκ,2.

Proof. The upper bound is a classical result valid in a general setting under mild as-
sumptions, as a consequence of sieve methods (see [3]); we briefly recall the argument for
completeness. Put

B = {p ∈ P : Aϕ(p
κ) = 0}.

The set of integers m ⩽ X such that Aϕ(m
κ) ̸= 0 is covered by two sets:

S1 = {m ⩽ X : p < X and p ∈ B =⇒ p ∤ m} , (2.1)

S2 =
{
m ⩽ X : (m,PX) > 1 and (m,PX)2 | m

}
, (2.2)

where we let
PX =

∏
p⩽X
p∈B

p. (2.3)

Indeed, by multiplicativity of Fourier coefficients and by factoring m into product of
primes, Aϕ(m

κ) ̸= 0 only if m contains no primes in B (which corresponds to m ∈ S1),
or for any prime p in B which divides m, p2 | m, (which corresponds to m ∈ S2).

We use the sieve method to control the size of both sets, starting with S1. Introduce
A = {m ∈ N : m ⩽ X} and define the sifting set

S(A,B, z) := #{m ∈ A : ∀p ∈ B, p < z =⇒ p ∤ m}, (2.4)

for a parameter z ⩾ 1. This set is exactly S1 when z = X. We explain how the claimed
upper bound is a consequence of [4, Theorem 2.2], of which we follow the notations. Set
Ad := {m ∈ A : m ≡ 0 mod d} for integers d ⩾ 1, and introduce

Rd := |Ad| −
1

d
X. (2.5)

Let ω(p) = 1p∈B and ω(d) :=
∏

p|d ω(p), we verify the three hypotheses (denoted by (Ω1),

(Ω2(κ)), (R) therein) required to apply [4, Theorem 2.2]: first of all,∑
w<p<z

ω(p) log p

p
⩽ A log

z

w
+A (2.6)

for a certain A > 0, as a direct consequence of Mertens’ estimates, and this fulfills
hypothesis (Ω2(κ)) in [4]; moreover

0 ⩽
ω(p)

p
⩽ 1− 1

A
(2.7)
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for any A > 2; which implies hypothesis (Ω1) in [4]; and finally

|Rd| ⩽ ω(d) (2.8)

for all squarefree d with no prime factor in B (this is exactly [4, Example 1 with y = X]),
and this is the content of hypothesis (R) in [4]. Therefore [4, Theorem 2.2] ensures that

S(A,B, z) ≪ X
∏
p<z

(
1− ω(p)

p

)
. (2.9)

for all z ⩽ X, which in particular is of the claimed order of magnitude as in Theorem 2.1
by taking z = X.

It remains to take into account the elements in S2, i.e. including those m ⩽ X such
that Aϕ(m

κ) ̸= 0 which are not grasped in S(A,B, X). These correspond to positive
integers m which contain high powers of primes in B. Applying [4, Theorem 2.2] again,
the carninality of S2 is bounded by (letting d = (m,PX))∑

d|PX

∑
0<m⩽X/d2

(m,PX/d)=1

1 ≪
∑
d|PX

X

d2

∏
p|PX/d

(
1− 1

p

)

≪ X
∏
p|PX

(
1− 1

p

)∑
d|PX

∏
p|d

1

p2 − p

≪ X
∏
p<X
p∈B

(
1− 1

p

)
. (2.10)

Combining (2.9) and (2.10), we obtain the upper bound claimed in Theorem 2.1.

We turn to the proof of the lower bound. We only prove the case that κ = (κ1, . . . , κn−1) ̸=
(κn−1, . . . , κ1) =: κι. Otherwise, the proof is similar with obvious modifications.

Define ∥κ∥ :=
∑n−1

j=1 (n− j)κj and |κ| =
∑n−1

j=1 κj . If κ ̸= κι, by [6, (2.3)], we have

Aϕ(p
κ)2 =

∑
ξ ̸=0

∥ξ∥⩽2∥κ∥

dξκκAϕ(p
ξ). (2.11)

Here ξ ̸= 0 is assured by the fact that {Sκ(e
iθ1 , eiθ2 , . . . , eiθn) : κ = (κ1, . . . , κn−1) ∈

Nn−1
0 } forms an orthonormal set under the inner product with repect to the measure

dµST(θ), see [6, (2.4)].

Introduce the exceptional set

E(T, p) =
{
ϕ ∈ HT : max

1⩽ℓ⩽n
|πϕ,ℓ(p)| > 2

}
.

Then by [11, Corollary 1.8], #E(T, p) ≪ T d−c0/ log p for p ⩽ X, where c0 is a constant
depending only on n. Hence, there exits a constant c1 only depending on n such that⋃

p⩽X

#E(T, p) ≪ e(log T )/k(T )T d−c0/ logX ≪ T de−c1(log T )/ logX .
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For any ϕ ∈ HT \
⋃

p⩽X #E(T, p), we have |Aϕ(p
κ)| ⩽ Bκ for some positive constant

Bκ only depending on κ. Then, by (2.11) and the Hecke relations [6, (4.5)] with κ =
(κ1, . . . , κn−1), we have

∑
p⩽X

Aϕ(pκ) ̸=0

1

p
⩾

∑
log2025 X⩽p⩽X1/2025

ReAϕ(pκ)<0

1

p

⩾
∑

log2025 X⩽p⩽X1/2025

(ReAϕ(p
κ))2 −BκReAϕ(p

κ)

2B2
κp

⩾
∑

log2025 X⩽p⩽X1/2025

Aϕ(p
κ)2 +Aϕ(pκ)

2
+ 2|Aϕ(p

κ)|2 − 2BκAϕ(p
κ)− 2BκAϕ(pκ)

8B2
κp

=
∑

log2025 X⩽p⩽X1/2025

∑
ξ1 ̸=0

∥ξ1∥⩽2∥κ∥

dξ1κκAϕ(p
ξ1) +

∑
ξ2 ̸=0

∥ξ2∥⩽2∥κι∥

dξ2κικιAϕ(p
ξ2)

8B2
κp

+
∑

log2025 X⩽p⩽X1/2025

2 + 2
∑

ξ3 ̸=0
∥ξ3∥⩽n|κ|

dξ3κκιAϕ(p
ξ3)− 2BκAϕ(p

κ)− 2BκAϕ(pκ)

8B2
κp

=
1 + o(1)

4B2
κ

log logX +
∑

log2025 X⩽p⩽X1/2025

∑
ξ1 ̸=0

∥ξ1∥⩽2∥κ∥

dξ1κκAϕ(p
ξ1) +

∑
ξ2 ̸=0

∥ξ2∥⩽2∥κι∥

dξ2κικιAϕ(p
ξ2)

8B2
κp

+
∑

log2025 X⩽p⩽X1/2025

∑
ξ3 ̸=0

∥ξ3∥⩽n|κ|

dξ3κκιAϕ(p
ξ3)− 2BκAϕ(p

κ)− 2BκAϕ(pκ)

8B2
κp

.

On the other hand, by [6, Theorem 1.1] with j = [(logX)/2025 log logX], we have

∑
ϕ∈HT \

⋃
p⩽X #E(T,p)

∣∣∣∣∣∣
∑

log2025 X⩽p⩽X1/2025

Aϕ(p
ξ)

p

∣∣∣∣∣∣
2j

≪ (logX)2j
∑

0⩽ℓ⩽logX

∑
ϕ∈HT

∣∣∣∣∣∣
∑

2ℓ log2025 X⩽p⩽2ℓ+1 logX

Aϕ(p
ξ)

p

∣∣∣∣∣∣
2j

≪ (logX)2j
∑

0⩽ℓ⩽logX

T d

(
C2
κj

2ℓ log2025X log(2ℓ log2025X)

)j

+ T d−1/2

(
CκQ

L∥κ∥

log(2ℓ log2025X)

)2j
 .
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Define

E(pξ) =

ϕ ∈ HT \
⋃
p⩽X

#E(T, p) :

∣∣∣∣∣∣
∑

log2025 X⩽p⩽X1/2025

Aϕ(p
ξ)

p

∣∣∣∣∣∣≫ log logX

 .

Then #E(pξ) is bounded by

(logX)2j
∑

0⩽ℓ⩽logX

T d

(
C2
κj

2ℓ log2025X log(2ℓ log2025X)

)j

+ T d−1/2

(
CκQ

L∥κ∥

log(2ℓ log2025X)

)2j


≪ T de−c2 logX .

Therefore, for any ϕ in the set

HT,κ =

(
HT \

⋃
p⩽X

#E(T, p)
)
\
( ⋃

ξ1 ̸=0
∥ξ1∥⩽2∥κ∥

E(pξ1)
⋃
ξ2 ̸=0

∥ξ2∥⩽2∥κι∥

E(pξ1)
⋃
ξ3 ̸=0

∥ξ3∥⩽n|κ|

E(pξ3)

)

\
(⋃

E(pκ)
⋃

E(pκ
ι
)

)
,

we have ∑
p⩽X

ReAϕ(pκ)<0

1

p
≫ log logX. (2.12)

The lower bound follows by [3, Theorem 1] with P = {p ⩽ x : ReAϕ(p
κ) ̸= 0} and

E = {p ⩽ x : ReAϕ(p
κ) = 0}.

□

3. Positive proportion of sign changes

The following theorem is the analogue of [5, Theorem 3]; it states that there is a positive
proportion of sign changes among the real Fourier coefficients of almost all forms, in a
quantitative way.

Theorem 3.1. Let ε > 0 and κ ∈ Nn−1 such that (Aϕ(m
κ))m⩾1 is real. Then there

exists a subset ST ⊂ HT with at least (1− ε)#HT elements such that for any ϕ ∈ ST the
sequence {Aϕ(m

κ)}m⩾1 has a positive proportion of sign changes as T → ∞.

Remark. For instance, assuming κ = (κ1, . . . , κn−1) = (κn−1, . . . , κ1) ensures that the
coefficients Aϕ(m

κ) are real.

We will appeal to the following lemma controlling the size of the pre-image for which
corresponds to the small values of a mulivariate polynomial on a product of unit circles.

Lemma 3.1. Let n ⩾ 1. Let P ∈ C[X1, . . . , Xn] be a non-constant complex polynomial
in n variables. For all δ > 0, the measure of the set{

(θ1, . . . , θn) ∈ [0, 2π]n :
∣∣∣P (eiθ1 , . . . , eiθn)∣∣∣ < δ

}
(3.1)

is bounded by δ1/2
n
.
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Proof. We proceed by induction on the number of variables n, the result being straight-
forward for n = 1 where in this case the polynomials are linear. Assume n ⩾ 2 and
denote the algebraic form of P by

P =

γ1∑
t1=0

· · ·
γn∑

tn=0

at1...tnX
t1
1 · · ·Xtn

n , (3.2)

where the at1...tn ∈ C are the coefficients of P and γ1, . . . , γn ⩾ 0 are the degrees associated
with X1, . . . , Xn respectively. Since P is non-constant, we can assume γn ⩾ 1. We can
therefore write

P (eiθ1 , . . . , eiθn) =

γ1∑
t1=0

· · ·
γn∑

tn=0

at1...tne
it1θ1 · · · eitnθn =

γn∑
k=0

bk(e
iθ1 , . . . , eiθn−1)eikθn

where we group all the terms indexing t1, . . . , tn−1 into bn, which is a polynomial of n−1
variables in eiθ1 , . . . , eiθn−1 . We decompose the interval [0, 2π] in even subintervals of
length δ of the form [sℓπδ, (sℓ + 1)πδ] for 1 ⩽ ℓ ⩽ n− 1 and 0 ⩽ sℓ ⩽ 2/δ − 1. For each
1 ⩽ ℓ ⩽ n − 1, let 0 ⩽ sℓ ⩽ 2/δ − 1 such that θℓ ∈ [sℓπδ, (sℓ + 1)πδ]. For 0 ⩽ k ⩽ γn,
Taylor approximation ensures that

bk(e
iθ1 , . . . , eiθn−1) = bk(e

is1πδ, . . . , eisn−1πδ) +O(δ),

where the implied constant only depends on P . Therefore, |P (eiθ1 , . . . , eiθn)| < δ implies∣∣∣∣∣
γn∑
k=0

bk(e
is1πδ, . . . , eisn−1πδ)eikθn

∣∣∣∣∣≪ δ,

i.e. ∣∣∣∣∣∣bγn(eis1πδ, . . . , eisn−1πδ)

γn∏
j=1

(eiθn − zj)

∣∣∣∣∣∣≪ δ,

where the zj denote the roots of the polynomial
∑γn

k=0 bk(e
is1πδ, . . . , eisn−1πδ)zk in C.

If bγn(e
is1πδ, . . . , eisn−1πδ) ≫ δ1/2, then the product of the eiθn−zj is small and therefore

|eiθn − zj | ≪ δ1/2 for at least one j. This implies that the values of θn are constrained

in a set of length bounded by δ1/2 and the result follows. If bγn(e
is1πδ, . . . , eisn−1πδ) ≪

δ1/2, the result follows by induction since bγn is a polynomial in the n − 1 variables
eis1 , . . . , eisn−1 . □

Proof of Theorem 3.1. By [9, Corollary 3], the sequence {Aϕ(m
κ)}m⩾1 has a positive

proportion of sign changes as T → ∞ if and only if Aϕ(m
κ) < 0 for some m ⩾ 1 and

Aϕ(m
κ) ̸= 0 for a positive proportion of integers.

By [6, Theorem 1.5] with P = {all the primes}, κ = {κ1, . . . , κn−1} and δ = 1, there
exits a subsetH′

T ⊂ HT satisfying that for any ϕ ∈ H′
T , there exists a natural numberm ⩾

1 such that Aϕ(m
κ) < 0 and #(HT \H′

T ) ≪ T de−C2 log T/ log2 T , where C2 and the implied
constants depend on κ and n.



8 DIDIER LESESVRE, MING HO NG, YINGNAN WANG

By [13, Theorem 14], to prove that Aϕ(m
κ) ̸= 0 for a positive proportion of integers,

it suffices to prove that ∑
p

Aϕ(pκ)=0

1

p
< ∞.

The vanishing of Aϕ(p
κ) implies strong constraints on the parameters θϕ, and this

cannot happen too often by the known average versions towards the Ramanujan conjec-
ture [8]. More precisely, we have that for δ > 0, the set

{ϕ ∈ HT : |Aϕ(p
κ)| = 0}

is a subset of the union of {
ϕ ∈ HT : max

1⩽ℓ⩽n
log |πϕ,ℓ(p)| > 0

}
(3.3)

and {
ϕ ∈ HT : ϕ satisfies GRC and |Aϕ(p

κ)| < p−δ
}
. (3.4)

In the second case, since Aϕ(p
κ) = Sκ(e

iθϕ,1(p), . . . , eiθϕ,n(p)) is a polynomial in the vari-

ables (eiθϕ,1(p), . . . , eiθϕ,n(p)), Lemma 3.1 ensures that the measure of the corresponding

θϕ ∈ [0, 2π]n is smaller than p−δ/2n for all δ > 0. Therefore, applying [8, Theorem 1.1]
to (3.3) and applying [8, Theorem 1.2, (5), (6)] to (3.4), we have that

# {ϕ ∈ HT : |Aϕ(p
κ)| = 0}

#HT
≪ 1

pδ/2n
+

log p

log T
.

We deduce ∑
ϕ∈HT

∑
p⩽X

Aϕ(pκ)=0

1

p
⩽ #HT

∑
p⩽X

1

p

(
1

pδ/2n
+

log p

log T

)
≪ #HT

for any X > 1 satisfying logX ≪ log T when T is sufficiently large. By Chebyshev
inequality, there hence exists an absolute constant C > 0 and S ′

T ⊂ HT such that, for all
Hecke-Maass forms in S ′

T , we have ∑
p⩽X

Aϕ(pκ)=0

1

p
⩽

C

2ε
(3.5)

and #(HT \S ′
T ) ⩽ ε#HT . In particular, the series (3.5) converges as T grows if we choose

X such that X → ∞ as T → ∞. By [13, Theorem 14], this implies that there is a positive
proportion of m such that Aϕ(m

κ) ̸= 0, and hence concludes the proof by putting

ST = S ′
T ∩H′

T .

□
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4. Fourier coefficients of same signs

The following theorem is the analogue of [5, Theorem 6].

Theorem 4.1. Let ε > 0 and κ ∈ Nn−1 such that (Aϕ(m
κ))m⩾1 is real. Then there

exists a subset S ′′
T ⊂ HT with at least (1 − ε)#HT elements such that for any ϕ ∈ S ′′

T
asymptotically half of non-zero coefficients {Aϕ(m

κ) ̸= 0}m⩾1 are positive and half of
them are negative as T → ∞.

Proof. Let HT,κ and ST be defined as in Theorem 2.1 and Theorem 3.1 respectively. Put

S ′′
T = HT,κ ∩ ST .

Then S ′′
T contains at least (1− ε)#HT elements. Furthermore, for any ϕ ∈ S ′′

T , by (2.12)
and (3.5), we have ∑

p⩽X
Aϕ(pκ)<0

1

p
≫ log logX

and ∑
p⩽X

Aϕ(pκ)=0

1

p
⩽

C

2ε
.

Then the theorem follows by [10, Lemma 2.4].

□
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