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The Fermi-Hubbard model is a fundamental model in condensed matter physics that describes
strongly correlated electrons. On the other hand, quantum computers are emerging as powerful
tools for exploring the complex dynamics of these quantum many-body systems. In this work, we
demonstrate the quantum simulation of the one-dimensional Fermi-Hubbard model using IBM’s
superconducting quantum computers, employing over 100 qubits. We introduce a first-order Trot-
terization scheme and extend it to an optimized second-order Trotterization for the time evolution
in the Fermi-Hubbard model, specifically tailored for the limited qubit connectivity of quantum
architectures, such as IBM’s platforms. Notably, both Trotterization approaches are scalable and
maintain a constant circuit depth at each Trotter step, regardless of the qubit count, enabling us
to precisely investigate the relaxation dynamics in the Fermi-Hubbard model by measuring the ex-
pectation value of the Néel observable (staggered magnetization) for time-evolved quantum states.
Finally, our successful measurement of expectation values in such large-scale quantum many-body
systems, especially at longer time scales with larger entanglement, highlights the quantum utility of
superconducting quantum platforms over conventional classical approximation methods.

I. INTRODUCTION

Quantum computers are anticipated to play a crucial role in exploring the complex dynamics of many-body quantum
systems. Therefore, validating existing results on current quantum computers is essential for assessing their potential
future applications. Real quantum devices are emerging as effective programmable quantum platforms, capable
of accurately preparing intricate quantum many-body models. These platforms offer a valuable testing ground for
investigating novel phenomena that would be challenging or impossible to realize through experimental methods [1-3].

In this study, we focus on the large-scale quantum simulation of the Fermi-Hubbard model using IBM’s super-
conducting quantum computers, specifically examining its real-time dynamics and utilizing these quantum devices
as programmable platforms. The Fermi-Hubbard model [4] is a fundamental representation of itinerant, interacting
electrons on various lattice geometries and dimensionalities that captures many properties and phenomena found in
strongly correlated systems, such as the electronic behavior of solids with narrow bands, magnetism in ferromagnetic
transition metals, the Mott metal-insulator transition, and the electronic properties of high-temperature cuprate su-
perconductors in their normal state. Despite its seemingly simple structure, the Fermi-Hubbard model lacks analytical
solutions in general dimensions. However, the one-dimensional Fermi-Hubbard model [5, 6] (and references therein)
has a distinctive feature of being an integrable model and, importantly, serves not only as a model to understand
strongly correlated fermionic systems in one dimension but also provides the benchmark for the development of ap-
proximate and numerical methods. Moreover, the one-dimensional Fermi-Hubbard model displays a phenomenon
known as the spin-charge separation, where the spin and charge excitations propagate at different speeds due to
the interparticle interactions, a feature absent in higher dimensions [7-13]. Additionally, as an integrable model,
the one-dimensional Fermi-Hubbard model possesses an extensive set of conserved quantities that demonstrate how
non-thermal quantum quench dynamics lead to anomalous transport properties [14-19].

To study the real-time dynamics in a one-dimensional Fermi-Hubbard model, we present a first-order Trotterization
implementation, as well as qubit encoding, of the corresponding time evolution operator designed to be well-suited
for quantum computers having limited connections between qubits, such as superconducting quantum computing
platforms. Furthermore, we extend the first-order implementation to an optimized second-order Trotterization. Based
on the new implementations, we highlight the quantum utility of IBM’s quantum computers, demonstrated previously

for quantum many-body systems with more than 100 qubits [20-22], by investigating the quantum quench dynamics
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through the large-scale quantum simulation of the one-dimensional Fermi-Hubbard model. Quantum simulation
algorithms for the Fermi-Hubbard model have been studied extensively in [23-29], and on the real quantum computers
in [30-33]. Here, we specifically focus on the time evolution of the Néel state, which is a product state where single
spin-up electrons and single spin-down electrons occupy the even and odd sites of the chain, respectively, and is not
an eigenstate of the Fermi-Hubbard Hamiltonian, and capture the relaxation dynamics by determining the staggered
magnetization during the time evolution. Our approach ensures that the total circuit depth of the time-evolution
quantum circuit remains constant even as we increase the number of fermion sites L, which corresponds to the number
of qubits, N = 2L. As a result, our Trotterization method is scalable and capable of handling large-scale quantum
simulations, with limitations imposed by the coherence time and noises of the devices themselves. We therefore
employ a combination of quantum error mitigation techniques, including Twirled Readout Error Extinction (TREX),
dynamical decoupling (DD), Pauli twirling (PT), and zero-noise extrapolation (ZNE), to enhance the precision of
our observable measurements in large-scale simulations on real quantum devices. As a result, we achieve the time
evolution of the staggered magnetization for fermionic system sizes involving more than 100 qubits of IBM quantum
computers, which are beyond the capability of classical exact methods.

The structure of this paper is organized as follows. In section II, we provide a concise introduction to the one-
dimensional Fermi-Hubbard model and its mapping onto qubits. Section III presents our first-order and optimized
second-order Trotter circuits for the time evolution operator in the one-dimensional Fermi-Hubbard model. In sec-
tion IV, we describe the implementation of the Trotter circuits on IBM quantum computers. Section V discusses
the results of the variation in the expectation value of the Néel observable during the time evolution driven by the
Fermi-Hubbard Hamiltonian. Finally, we draw our conclusions in section VI. In Appendix A, we provide a detailed
discussion of the quantum error mitigation methods used in our study.

II. THE FERMI-HUBBARD MODEL

The Fermi-Hubbard model on L lattice sites in one dimension with the open boundary conditions is given by,
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where c}L o and c; 4 are the fermionic creation and annihilation operators associated to the site number j and spin state

a, and n;, = c;f’acjﬂ are the corresponding number operators. Besides, the total number of sites L is taken as an even
integer. The hopping term with coupling ¢ in Eq. (1) describes fermions with specific spin states tunneling between
the nearest-neighboring sites. The on-site interaction term with coupling U introduces a repulsion for U > 0 between
two electrons in opposite spin states at the site 7. Finally, the terms with couplings p; , represent the local chemical
potential associated with electrons at site j and spin state a. Besides, when we set uj+ = py and pj = py for
all sites, the Fermi-Hubbard model maintains integrability. The operators cf

.o and ¢; o satisfy the anticommutation
relatlons,

{Cj,avck,b} = {cj‘,mc;b} =0, {Cj,m C;rg,b} = jkéabv (2)
for j,k=0,..,L —1 and a, b =1,]. The empty lattice site |0) is defined by ¢;4]|0) = 0 for all j and a, and there
are four states, |0), c;(.’T|O>7 c}ﬁ”O) and c;r.ﬁc;i|0>, associated with every lattice site j. Therefore, the dimension of the
corresponding Hilbert space for L lattice sites is 4%.

The qubit layout of quantum devices with a heavy-hexagonal lattice topology only allows for nearest-neighbor
connectivity among the qubits. Therefore, we aim to encode fermionic states in a way that ensures hopping between
neighboring lattice sites or interactions between spin-up and spin-down electrons at a lattice site do not require
quantum gate operations on qubits that are far apart, which is critical for large systems, as such distant operations
would incur significant swap gate overhead. To achieve this, we associate the fermionic lattice site j with two
neighboring qubits positioned at 2j and 2j + 1 in the qubit register, resulting in a total of N = 2L qubits. The
fermionic states that span the local Hilbert space at site j can be mapped into the computational basis states of the
qubits |g2;,g2;+1) as follows,

10) = 10,0), ¢l [0) = [1,0), el 0} —10,1), ¢ e j0)y = |1,1). (3)

One immediate advantage of this qubit encoding is that the terms for the chemical potential, interactions, and hopping
in the Fermi-Hubbard Hamiltonian involve only single-qubit operations, nearest-neighbor qubit couplings, and next-
nearest-neighbor qubit couplings, respectively, with no couplings extending beyond this range when we employ the
spin-sector separated Jordan-Wigner transformation [34] to map the fermionic operators on qubit operators.



Specifically, the fermionic operators at lattice site j are mapped on qubit operators as,

Cj — Zo ® ZQ X Zgj_g ® (ng + Z}/QJ)/Q,
¢y = PrZy®Zs.. ® Zyj 1 © (Xgj41 +1Y2541)/2, (4)

where X, Y}, Z;, are the Pauli matrices acting on the k-th qubit. Here P, is the global parity factor defined as,

L—-1
Pr=1] 2. (5)
j=0

Under the action of the map Eq. (4), the Hamiltonian in Eq. (1) of the 1D Fermi-Hubbard model acting on 2L qubits
becomes,
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The total particle number operator, Nwt, in terms of the fermionic operators and the associated qubit operator Niot
are given by,

. ~ 1
Ntot = Z(n])'r + nJhL) — Ntot = 5 Z (I — Z)k . (7)

The z-component of the total spin operator, S Z.¢ in terms of fermionic operator and its associated qubit operator S’tzot
are given as,
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The total number of particles and the z-component of total spin are always conserved for the 1D Fermi-Hubbard
model due to

[H7 Ntot] = [H, Stzot] =0. (9)

Additionally, in the limit of y; , = 0 for all sites j and spin-state a, there is an extended set of conserved charges [35].
The = and y component of the spin operator at a site 7 on the chain is defined as,

go_ Lo i qu_ Lt i 10

7 = 5laciateein), S = oegpei1 — ¢ 6a), (10)

which can be mapped onto the spin operators acting on the qubits,
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whereas the z-component of the spin operator S 7 at the site j and its associated operator acting on the qubits S 7 can
be readily obtained from Eq. (8).
In this work we study the Néel observable, Ongel, defined in terms of fermionic operators and acting on L sites,

L-1 L—1
A 1 ~ 1
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=0 =0
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where ONéel is the corresponding operator acting on 2L qubits. Since the Néel observable has the relation [H, ONéel] #*
0, it will have non-trivial time evolution under the Fermi-Hubbard Hamiltonian. In particular, we determine the expec-
tation value of the Néel observable, (¢)(7)|Oneel|¢)(7)), With respect the time-evolved state, |1(7)) = e 7/ Mihyse).
Here, the initial Néel state is given as,

[neet) = ch+10) @ ¢l |[0) @) 0) @] ||0) @ ...ch_, |0y @l ]0), (13)

which in our qubit encoding becomes |nge1) = [10011001...1001).

III. REAL-TIME DYNAMICS OF FERMI-HUBBARD MODEL VIA TROTTERIZATION

The time evolution operator generated by the Fermi-Hubbard Hamiltonian is implemented for execution on a
quantum computer using its Trotter-Suzuki decomposition [36-38], commonly referred to as Trotterization. The
iHT/h

first-order Trotterization of the time evolution operator, U(7) = e~ , where H is the Jordan-Wigner-transformed

Fermi-Hubbard Hamiltonian in Eq. (6), acting on 2L qubits is given by,

U(l H UvTrotter;c (67—) (14)

k=1

where 67' = 7/r is the Trotter time-step, r is the number of Trotter steps associated with the simulation time 7,
and UT
=M™ H,, where M = 5L — 2 is the total number of terms in the Hamiltonian, the U’%rotter<57-) is given as,

rottor represents a single Trotter step. Now, for the Fermi-Hubbard Hamiltonian in Eq. (6), denoting as

1 - T
U’%‘rotter H e 0 /n (15)
By using the following operators,
Ipg=XpXg+VpYy, Kpg=2p2q— 2y — 2y, (16)

where, J, , and K, , operators act on p and g-th qubits of the qubit register, the unitary operator associated with
the hopping terms in Eq. (6) can be written as,

5 _o, % A - 5 L0, %
ot or S50 (Jaj2iratdajin2ies) ® i % T2 242 ® el G Tojrrzivs | ® ot % Jaj 2412 ® et 3 J2it12i43
=0 =0
g(mod 2)=0 j(mod 2)=1
(17)

where, we denote, 0; = t‘%. On the other hand, the unitary operator associated with the interaction terms in Eq. (6)
is written as,

L—1
jUST L1 f 0y
e~ IR 2o Kajzivn |y ®e—lTUK2j,2j+1 , (18)
=0

where 0y = UT‘ST. Finally, the unitary operator associated with the chemical potential terms in Eq. (6) is written as,

i(u?“"’ Z Lz ZL 1y ) L1 P
e\ 72 20t S T Zain — ® iz %2 @ ¢ F i ) (19)
7=0

where, we consider p; 1)) = pq(y) for sites j, but it can be straightforwardly generalized to site-dependent chemical

potential. Besides, we deonte 33 = £ Th‘ST and 8] = £ ih‘ST, respectively. Now, we associate the single Trotter step of the

first-order Trotterization with the quantum circuit shown in Fig. 1, denoting it as

Usoeer(07) = U(0:).00 (00). 0,1 (81, By) | (20)
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where, ﬂt, fIU, and [AIM are the unitary operators corresponding to the circuit layers associated with the hopping
terms, interaction terms and chemical potential terms described in Eq. (17), (18) and (19), respectively.

Moreover, the qubit mapping described in Eq. (3) indicates that the fermionic hopping terms for the same spin states
(either up-spin or down-spin) between two nearest-neighbor sites correspond to next-nearest-neighbor interactions
between qubits, which is evident in the Jordan-Wigner-transformed Fermi-Hubbard Hamiltonian, Eq. (6), operating
on N = 2L qubits. In Ref. [21], efficient and scalable Trotter circuits were developed for one-dimensional Hamiltonians
with such next-nearest-neighbor interactions, specifically in scenarios where qubit connectivity of a real quantum
device is limited to nearest-neighbor connections. We will adopt a similar strategy by incorporating SWAP gates in
our Trotterization implementation. While the SWAP gate is relatively expensive and susceptible to noise due to its
decomposition into three CNOT gates, its effectiveness in implementation using SWAP gates was tested and validated
in Ref. [21] with up to 100 qubits on the IBM Heron rl processor, ibm_torino. Consequently, we present a detailed
construction of the Trotterization circuits for the JW-transformed Fermi-Hubbard model, extending the approach for
the qubit Hamiltonian with next-nearest-neighbor interactions.
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FIG. 1: Quantum circuit representation of the single Trotter step used in the first-order Trotterization for L = 4
fermion sites (N = 8 qubits).

The unitary operator associated with the hopping terms acting on the 2L qubits is given as,

ﬂt(gt) = IAjiayelrfl(at)'Itjiayer72(9t)7 (21)

whﬁere ﬂiayer_l and Ithayer_2 are denoted by straight-lined and dotted-lined boxes, respectively, in Fig. 1, and are
defined as,

L-1 L-1 L1
Ul yer1(6:) = Q) SWAPy; 19542 | - Ui(0:)25,2541 | - Q) SWAPy 1aj42 | . (22)
3=0 3=0 7=0
j(mod 2)=0 j(mod 2)=0
and
R L—-1 L—-2 R L—1
Ul pyer—2(6:) = ) SWAPy; 1542 | - | & Uil(0r)2)2541 | - Q) SWAPy 1542 [ - (23)
1=0 j=1 =0
j(mi)d 2)=1 ! j(m(JJd 2)=1

Here, the SWAP operator acting on the qubits (g2j41,¢2;+2) and the quantum circuit of the two-qubit gate ﬁt(ﬁt)
acting on (g2;, g2j+1) qubits for j =0,..,L — 1 is given by,
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which is based on the Yang-Baxter gate presented in Ref. [39].

The operator Uy in the single Trotter step in Eq. (20) is associated with the interaction terms of the Hamiltonian
and defined as,

L
Uy (0y) = U (0)24.2j41 » (24)
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where the two qubit gate Uy (6y) acting on the qubits (g2 ,gaj41) is given by

)
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The single Trotter term associated with the chemical potential terms ﬂﬂ(ﬁT, By) is given by,
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where the single qubit operators U .(B4) and U“(B 1) acting on g2 and g2j4+1 qubits, respectively, are represented by
the following quantum circuit,

@25+ — Uu(By) [~ P2j + — Rz(By)

q2j+1 ° — Uu(ﬁi) - 2j+1: — Rz(B))

The main advantage of the quantum circuit implemented using first-order Trotterization presented in this work is
that the depth remains constant with increasing fermion sites L, or the number of qubits N = 2L, and only depends
on the number of Trotter steps » which can be limited by the coherence time of quantum hardware.

The time evolution operator can be decomposed using second-order Trotterization as,

2)
(2) H U’%‘rotterk (26)

where 7 is the number of Trotter steps with 7 = 7/r the Trotter step size. A single Trotter step in the second-order
Trotterization is defined as,

o (9 o (Br BLY ¢ 0:\ ) X 0,\ 0
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The quantum circuit associated with the single Trotter step of the second-order Trotterization is presented in Fig. 2.
As in the case of the first-order Trotterization, the circuit depth of the quantum circuit associated with the second-
order Trotterization presented in this work remains constant with increasing fermion sites L or qubits N = 2L,
though the latter is significantly deeper. To reduce the circuit depth, we introduce additional optimizations to the
second-order Trotterization for a given number of Trotter steps. In Fig. 3, two Trotter steps in the second-order
Trotterization for L = 4 fermion sites are shown where the two Uiayerd(@t /2) quantum circuit layers in the straight-

lined box within a single Trotter step can be merged to ﬁiayePQ(Ht), and two Uy (Ay/2) quantum circuit layers in

the dotted-lined box from two consecutive Trotter steps can be merged to Uy (0uv) due to the property of unitary
operator U(61).U(02) = U(01 + 02). The merging of such quantum circuit layers leads to an optimized second-order
Trotterization,

R 9 r—1 ~ . 0
0p0ee =00 (%), (HU 00 61, 0) UUwU)) 061,81, 0.00 (%) )

k=1
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FIG. 2: Quantum circuit of the single Trotter step in the second-order Trotterization for L = 4 fermion sites (N = 8
qubits).
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FIG. 3: Quantum circuit of the second-order Trotterization with two Trotter steps r = 2 for L = 4 fermion sites
(N = 8 qubits).

FIG. 4: Quantum circuit of the optimized second-order Trotterization with three Trotter steps r = 3.

where fJ(Gt, B4, B)) is defined as

- N . 0 - - 0 -
U(ehﬂ'f’Bi) = UIJ« <B2T7 6;) 'Uiayerfl (;) 'Uiayer72(9t)'U£ayer71 (;) 'UH <52T7 5;) ) (29)

and shown in Fig. 4 for r = 3 Trotter steps.

In addition, the circuit depth is an important measure of how many operations one can implement in parallel on
the qubit register of a quantum computer. As contemporary quantum computers have finite coherence time, the
circuit depth will essentially capture the reliability of our Trotterization circuit being run on them. Based on our
quantum circuit implementations and two-qubit quantum gates U (6;), Uy (6y) and U,(By, 8), the circuit depths
associated with the quantum circuit of the single Trotter step for the first-order Trotterization (Fig. 1) and second-

order Trotterization (Fig. 2) are dgg o = 23 and dgizgle = 46, respectively, and remain constant as a function of the

fermion site number L or qubit numiers N = 2L. Here, we only consider the quantum operations presented in the

Trotterization circuits. Therefore, the total circuit depth for » Trotter steps scales for first-order and second-order
1)

Trotterization circuits as d;; = rdgilggle and dﬁﬁi = ngizgle, respectively. Consequently, the total circuit depth becomes
2) _

substantially larger for the second-order Trotterization compared to the first-order as it scales as dgot = 2d£i2. On the
other hand, the optimized second-order Trotterization circuit that we introduce in Eq. (28) provides a smaller total
circuit depth for » number of Trotter steps, as shown in Fig. 5.
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FIG. 5: The total circuit depth with respect to the number of Trotter step for the quantum circuit of the first-order,
second-order, and optimized second-order Trotterization describing the time evolution driven by the Fermi-Hubbard
model.

So far, we have developed Trotterization circuits for the Fermi-Hubbard model with open boundary conditions.
However, when considering periodic boundary conditions, the hopping term between the first and L-th lattice sites
under JW transformation leads to additional terms such as XZZ..ZX +YZZ..ZY in the JW-transformed Fermi-
Hubbard Hamiltonian Eq. (6). These terms involve Z-strings acting on intermediate qubits, resulting in a circuit depth
of O(N) for each Trotter step. In contrast, the Trotterization circuits we developed for the Fermi-Hubbard model
with open boundary conditions do not depend on the system size or total number of qubits, leading to a total circuit
depth that is independent of these factors. However, for periodic boundary conditions, the total circuit depth now has
an additional polynomial dependence on the number of qubits. As a result, for larger systems, this increase in total
circuit depth for Trotterization significantly limits the simulation time, particularly since real quantum computers
have finite coherence times. Consequently, we have chosen not to simulate the Fermi-Hubbard model with periodic
boundary conditions in this work, reserving it for a future study.

IV. EXPERIMENTAL REALIZATIONS ON IBM QUANTUM COMPUTERS

We study the real-time dynamics of the one-dimensional Fermi-Hubbard model with open boundary conditions for
L = 10 sites (N = 20 qubits) and L = 52 sites (N = 104 qubits) using IBM quantum computers. The couplings
related to hopping and the on-site interaction are set to t = 1 and U = 1, respectively. Additionally, for simplicity,
we work with the model that assumes a zero chemical potential, y1;, = 0 for all sites j and spin states a. Our
observable is the Néel observable defined in Eq.( 12), which captures the relaxation of the staggered magnetization
in the Fermi-Hubbard chain with time. For both cases with L = 10 sites (N = 20 qubits) and L = 52 sites (N = 104
qubits), we evolve the initial Néel state, [t)nse1), for time 7 = 5, given in the units of i/ E, where E has the dimension
of energy and associated with intrinsic energy scale of the Fermi-Hubbard Hamiltonian. We use r = 10 Trotter steps
with Trotter step-size being 67 = 0.5 in both first-order and the second-order Trotterization simulations. We chose
the Néel state as the initial state to minimize the circuit depth, as it requires only one circuit depth and is not an
eigenstate of the Fermi-Hubbard Hamiltonian. Such a choice enables us to avoid the larger circuit depth associated
with any other initial-state preparation circuit, allowing us to carry out as many number of Trotter steps as possible
and limiting the effects of device noise.

The experiments are run on IBM Quantum’s ibm marrakesh and ibm kingston, Heron r2 processors with 156
fixed-frequency transmon qubits and tunable couplers and heavy-hexagonal lattice topologies. Both quantum pro-
cessing units (QPUs) have the basis gate set consisting of single-qubit gates id, rx, rz, x and sx; and the two-qubit
gates cz and rzz. Properties associated to these two QPUs acquired during experimentation are given in Table I.
Figure 6 presents the qubit mappings of our chosen one-dimensional Fermi-Hubbard systems on the ibm_marrakesh
and ibm_kingston for different numbers of sites, L.



Parameters ibm_marrakesh ibm_kingston
Median energy relaxation time, 71 195.74 ps 272.99 ps
Median dephasing time, 75 106.81 us 135.96 us

Median sx error rate (single-qubit gate) 2.834 x 107* 2,515 x 1074
Median cz error rate (two-qubit gate) 2.521 x 1072 1.931 x 1073
Median readout error rate 8.972x 1073 8.667 x 1073

TABLE I: The parameters for ibm marrakesh and ibm kingston.

(a) ibm kingston, L = 10 sites (b) ibm marrakesh, L = 52 sites (c) ibm_kingston, L = 52 sites
(N = 20 qubits) (N = 104 qubits) (N = 104 qubits)

FIG. 6: The qubit mapping representing the 1D Fermi-Hubbard chain with open boundary conditions on
ibm kingston and ibm marrakesh. Active (used) qubits are represented in blue, while inactive (unused) qubits are
shown in black. The figures were generated using the plot_gate map() method from
qiskit_device_benchmarking [40].

A. Circuit depth and two-qubit gate count

Table IT and Table IIT present the total circuit depth, the cz depth that ignores the single-qubit operations executed
in parallel on the qubit register, and the number of cz gates associated after each value of total Trotter steps in our first-
order and optimized second-order Trotterization circuit implementation on the ibm marrakesh and ibm _kingston,
after transpiling the Trotterization circuits on their basis gate sets. We see that the circuit depth and cz depth are
close to each other for L = 10 sites (N = 20 qubits) and L = 52 sites (N = 104 qubits) after r Trotter steps, which
reaffirms the scalability of our Trotterization circuit mentioned in Section III.

TABLE II: First-order Trotterization

L =10 sites (N = 20 qubits) at ibm_kingston|L = 52 sites (N = 104 qubits) at ibm_marrakesh
Trotter Step number [Circuit depth[cz depth] No. of cz Circuit depth[cz depth] No. of cz
1 50 19 98 53 19 539
2 102 37 208 99 34 1153
3 150 52 318 157 55 1767
4 208 73 428 209 73 2381
5 260 91 538 255 88 2995
6 306 106 648 313 109 3609
7 362 127 758 359 124 4223
8 416 145 868 417 145 4837
9 466 163 978 469 163 5451
10 518 181 1088 515 178 6065

The circuit depth, cz depth, and number of cz gates with number of Trotter steps in first-order Trotterization for L = 10
sites (N = 20 qubits) and L = 52 sites (N = 104 qubits) at ibm kingston and ibm_marrakesh, respectively, after transpilation
with optimization level 3 in Qiskit.
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TABLE III: Optimized Second-order Trotterization

L =10 sites (N = 20 qubits) L = 52 sites (N = 104 qubits)
Trotter Step number [Circuit depth[cz depth[No. of cz[Circuit depth[cz depth[No. of cz

1 93 29 180 95 29 978
2 176 55 340 180 55 1852
3 259 81 500 265 81 2726
4 342 107 660 350 107 3600
5 425 133 820 435 133 4474
6 508 159 980 520 159 5348
7 591 185 1140 605 185 6222
8 674 211 1300 690 211 7096
9 757 237 1460 775 237 7970
10 840 263 1620 860 263 8844

The circuit depth, cz depth, and number of cz gates with number of Trotter steps in optimized second-order Trotterization
for both L = 10 sites (N = 20 qubits) and L = 52 sites (N = 104 qubits), at ibm_ kingston, after transpilation with
optimization level 3 in Qiskit.

V. RESULT AND DISCUSSION

We benchmark the accuracy of our time evolution experiments on the IBM quantum computers using a classical
exact method for the small system size (L = 10 sites or N = 20 qubits) and a classical approximation method based
on Matrix product state (MPS) and time-dependent variational principle (TDVP) for the large-scale system (L = 52
sites or N = 104 qubits). Besides, we set t = 1 and U = 1 in this work. Choosing large U > |¢| would lead to the
t — J model where there is no double occupancy at a single site [5]. Furthermore, for strong repulsion, U > |¢| and
at half-filling where the total number of electrons Ni,; equals the number of lattice sites L and a single lattice site is
occupied precisely by a single electron, the excitations of an antiferromagnetic spin chain effectively describe the low-
lying excitations of the Fermi-Hubbard model. Also, we limit ourselves to the repulsive regime of the Fermi-Hubbard
model, U > 0, to avoid the quantum phase transition at U = 0.

The exact method is the straightforward computation of the time-evolved expectation value of the Néel observable
(¥(7)|Oneger|t)(7)) using the vector-matrix-vector product of conjugate state vector, operator, and the state vector.
The evolved quantum state is |¢)(7)) = e “#7/"|¢in¢a), which is determined by the matrix exponentiation of the
Hamiltonian H, a 4° x 4% Hermitian matrix acting on the Hilbert space of dimension 4. We have implemented
this approach using QuSpin [41]. This method is the simplest and most accurate, however, becomes computationally
intractable for calculating the time evolution of state vectors with N > 40 qubits due to the Hilbert space’s dimension-
ality increasing exponentially with the number of qubits. Therefore, we validate our qubit mapping, Trotterization
circuits, and real device computations using the exact method only for L = 10 sites.

A. L =10 sites (20 qubits)

In Fig. 7, we can see that the expectation values of the Néel observable computed with respect to the time-
evolved state |1(7)) from the initial Néel state |¢)nse1) using ibm kingston agree well with the exact method and the
noiseless Qiskit simulation for the Fermi-Hubbard model with L = 10 sites. Here, we implement both the first-order
Trotterization and optimized second-order Trotterization for the time evolution and the quantum error mitigation
(QEM) methods detailed in App. A to mitigate the error due to the noisy quantum computer. In addition, we report
the averaged value of the expectation value of the Néel observable after five runs at each value of total Trotter steps,
as can be seen from Table IV. Besides, repeating the experiment, particularly by implementing the Trotterization
circuits alongside quantum error mitigation techniques, to accurately determine the expectation value for different
total numbers of Trotter steps, demonstrates the correctness and reliability of our approach, as indicated by the low
standard deviation observed in both the first-order and optimized second-order Trotterization circuits in Table IV.
Additionally, the results from the second-order Trotterization demonstrate greater accuracy than those from the
first-order Trotterization, as shown in Fig. 7.
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FIG. 7: The time evolution of the Néel observable (1(7)|Oneel|t0(7)) for L = 10 sites (N = 20 qubits) with open
boundary conditions where [¢)(7)) = e~ "7/"|4)nse1). Here, the simulation time 7 is in the unit //E where E is the
intrinsic energy scale of the Fermi-Hubbard Hamiltonian. The Trotter step-size is 67 = 0.5. Here, we report the
averaged value of the Néel observable using five instances at each value of total Trotter steps.

Trotter step number Expectation value of the Néel observable

First-order Trotterization Optimized second-order Trotterization

1 0.16683985 £ 0.00529411 0.14742564 £ 0.00601736
2 —0.09839842 £ 0.00179805 —0.1236192 £ 0.00493785
3 0.00926564 £ 0.00197287 —0.00574502 £ 0.00310491
4 0.02491771 £ 0.00153204 0.05110036 £ 0.00294584
5 —0.0014325 £ 0.00128873 —0.00982269 + 0.00376725
6 —0.01319128 £ 0.00217597 —0.01471911 £ 0.00110681
7 0.0023625 £+ 0.00113029 0.00956843 £ 0.00094424
8 0.00397195 £ 0.00067883 0.00488513 £ 0.00115636
9 —0.01536343 £ 0.00128149 —0.00222088 =+ 0.00065659
10 0.00926116 £ 0.00084341 0.0010144 + 0.00072793

TABLE IV: Average expectation value (with £ terms representing the standard deviation) of the Néel observable
for L = 10 sites (N = 20 qubits) after five instances at each value of the total Trotter steps at ibm_kingston.

B. L =52 sites (104 qubits)

The simulation results for the Fermi-Hubbard model with L = 52 sites from the IBM quantum computers are
compared against classical time evolution methods based on the matrix product states (MPS) [42, 43]. Unlike classical
approximation methods such as the Quantum Monte Carlo (QMC) method, which face significant limitations in time
evolution computations due to the onset of the dynamical sign problem, as pointed out in Ref. [23], the Matrix
Product State (MPS)-based method does not suffer from these constraints. Therefore, we have chosen MPS-based
time evolution computation as our classical verifier for results from large-scale real quantum computers, a task that
exceeds the capabilities of classical exact methods.

The MPS is a one-dimensional array of tensors linked together, with each tensor corresponding to a site or particle
of the many-body system. The indices connecting the tensors in the MPS are called bond indices, which can take up
to x values (also known as bond dimensions). The open indices of each tensor correspond to the physical degrees of
freedom of the local Hilbert space associated with a site or a particle of the system, which can take up to d values
(for our fermionic system, d = 4). While the MPS can represent any quantum state of the many-body system, the
bond dimension x needs to be exponentially large in the system size to cover all states in the Hilbert space. The time
evolution of the MPS is determined using the time-dependent variational principle (TDVP) [44, 45], which we dubbed
the MPS-TDVP method, and facilitated by ITensor [46, 47]. The time-dependent variational principle constrains the
time evolution to a specific manifold of matrix product states with a given bond dimension. It projects the action
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of the Hamiltonian into the tangent space to this manifold and then solves the time-dependent Schrodinger equation
solely within the manifold. We use ITensor’s GPU backend on a single NVIDIA A100 with 40GB to carry out the
MPS-TDVP computation up to 7 = 5 where we set the time step-size, maximum bond dimension, and cutoff error
as 07rove = 0.25, Ymax = 1000 and ecuior = 1078, respectively. Consequently, we have Nsweeps = 20 (given by
7/dTrpvp) in the MPS-TDVP computation.

L =52 sites (N= 104 qubits)
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0.3f ¢ ibm_kingston: Optimized Second-order Trotterization 7]
T
= 0.2r 1
E '
Z 0.1f X 1
< e 3
— X X
c ¢
— 0.0f ¢ x 2 Y ®
= ¢ v X
~— x X X x x
-0.1} x o~ .
¢
X
— PR B P S S S S S S S |
0.2 1 2 3 4 5
time, 7

FIG. 8: The time evolution of the Néel observable (1)(7)|Onea|t(7)) for L = 52 sites (N = 104 qubits) with open
boundary conditions where |¢)(7)) = e~*17/"|ahnge1). The Trotter step-size is d7 = 0.5. Besides, the time step-size,
maximum bond dimension, and truncation cutoff in the MPS-TDVP computation are taken as d7rpyp = 0.25,
Xmax = 1000, and €cutoff = 1078,

In Fig. 8, we present the expectation value of the Néel observable, computed from the time-evolved state starting
from the initial Néel state for a system with L = 52 sites (N = 104 qubits). We utilized first-order Trotterization and
optimized second-order Trotterization circuit implementations on ibm marrakesh and ibm_kingston, respectively,
along with QEM methods to reduce errors in the noisy quantum computers. We observe good agreement between
the results obtained from the IBM quantum computers and those from the classical MPS-TDVP method up to a
simulation time of 7 < 4. However, at larger times, such as 7 > 4, we encounter issues due to the increasing number
of noisy two-qubit controlled-Z (cz) gates, which have a higher median error rate. This problem arises with an
increasing number of Trotter steps in the N = 104 qubit system, as outlined in Table IT and Table III. Consequently,
the computations suffer from greater errors that are not efficiently mitigated by the QEM methods.

On the other hand, the MPS-TDVP method experiences increasing truncation errors because, at larger times,
the time-evolved state demands the MPS with exponentially increasing bond dimensions. This requirement quickly
surpasses the maximum bond dimension set within the MPS-TDVP method. In fact, in Fig. 9 (upper right figure),
we observe that the maximum link dimension representing the maximum dimension of the link in the time-evolved
MPS, increases exponentially with time, ultimately getting truncated at the fixed maximum bond dimension Xmax
defined prior to the computation. In addition, the maximum truncation error during a single sweep in the MPS-TDVP
method represents the largest of the truncation errors €. associated with discarding the smallest singular values A,
at each link in the time-evolved MPS, as follows,

_ Znediscardcd >\72L (30)

€truc = Z )\2 ’
n’‘n

To keep the maximum error within the given cutoff €.yioff, the maximum bond dimension ymax has to be set to a
higher value. As we can see in Fig. 9 (lower left figure), a smaller ymax results in significantly larger truncation errors
at longer time intervals. Consequently, as shown in Fig. 9 (upper left figure), a smaller maximum bond dimension
Xmax leads to deviations in the computed expectation values compared to those obtained with a larger maximum
bond dimension. Therefore, we do not use the MPS-TDVP results for 7 > 4 as validation for the results obtained
from the IBM quantum computers. Furthermore, increasing the maximum bond dimension ymax > 1000 for the
fermionic system with L = 52 sites rapidly exceeds the total memory capacity of the 40GB NVIDIA A100 GPU,
failing ITensor’s MPS-TDVP computations after more than Ngweeps > 10. In retrospect, MPS-based methods can
efficiently simulate low-entanglement states, such as ground states, in one-dimensional quantum systems. However,
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FIG. 9: (Upper left figure) The expectation of the Néel observable with respect to the time-evolved state during the
time evolution using the MPS-TDVP method for the Fermi-Hubbard chain with L = 52 sites with two different
maximum bond dimensions ymax = 500 and Ymax = 1000. (Upper right figure) The maximum link dimension
associated with the time-evolved MPS during the time evolution in the MPS-TDVP method. (Lower left figure) The
maximum truncation error associated with the time-evolved MPS during the time evolution. (Lower right figure)
The execution time during each sweep in the MPS-TDVP method with time.

under time evolution, quantum states that are not eigenstates of the Hamiltonian can develop long-range correlations,
leading to volume-law scaling of entanglement entropy, meaning that entanglement entropy scales with the size of
the corresponding subsystem. Representing such highly entangled states requires a bond dimension that increases
exponentially with the system size. Consequently, simulating these evolved states during time evolution, even in
large one-dimensional quantum systems, demands prohibitive computational resources. We have already observed
this increased computational demand with the MPS-TDVP method while analyzing the Fermi-Hubbard model with
over 100 qubits. In contrast, although current noisy quantum computers have limited coherence times that restrict
simulation duration, future quantum computers, in conjunction with the scalable quantum simulation circuits devel-
oped in this work, will be capable of extending simulation times for larger systems, allowing simulations that surpass
the capabilities of classical MPS-based methods and overcoming the entanglement barrier.

Moreover, the average execution (QPU) time for the first-order Trotterization and optimized second-order Trotter-
ization from 7 = 0.5 (single Trotter step) to 7 = 5 (ten Trotter steps) on the ibm kingston system is 14 minutes
and 54.8 seconds and 16 minutes and 26.8 seconds, respectively, for L = 10 sites (20 qubits). On the other hand, for
L = 52 sites ( 104 qubits) it takes 15 minutes and 49 seconds for the first-order Trotterization on ibm marrakesh and
15 minutes and 40 seconds for the optimized second-order Trotterization on ibm kingston. In contrast, the execution
time during each sweep of the time evolution in the MPS-TDVP computation increases rapidly as time progresses
and requires significantly more time for larger values of xmax. For example, as seen in Fig. 9 (lower right figure), in
MPS-TDVP computation, after more than 10 sweeps, the bond dimension of the MPS state quickly reaches its max-
imum limit, with each sweep requiring 600 seconds to complete. Therefore, the IBM quantum computers can more
straightforwardly explore larger time scales compared to out-of-the-box packages executing MPS-TDVP on setups
like a single GPU, where dedicated multi-CPU and/or multi-GPU configurations are needed to achieve competitive
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results.

VI. CONCLUSION AND OUTLOOK

In this work, we present a first-order Trotterization for the one-dimensional Fermi-Hubbard model, which is effi-
cient on quantum computers with limited connectivity between qubits, such as superconducting quantum computing
platforms. We then extend the first-order implementation to an optimized second-order implementation. Our Trot-
terization requires only the nearest-neighbor and next-nearest-neighbor qubit interactions to implement the hopping
terms, interaction terms, and chemical potential terms of the Fermi-Hubbard model. Based on the proposed Trotter-
ization implementations, we investigate the real-time dynamics in the model using IBM’s superconducting quantum
computers, which feature over 100 qubits. Specifically, we investigate the relaxation dynamics of the staggered mag-
netization (or Néel order) in the Fermi-Hubbard model by computing the expectation value of the Néel observable
with respect to the time-evolved state. We perform our computations on the quantum devices ibm marrakesh and
ibm kingston for two cases: one with L = 10 sites (10 qubits) and another with L = 52 sites (104 qubits). Moreover,
our first-order and second-order Trotterization circuits are scalable as the corresponding circuit depth associated with
a single Trotter step does not depend on the number of qubits. Therefore, in our case, the maximum number of
Trotter steps, which sets the total simulation time, is limited only by the total coherence time of the IBM quantum
devices. As detailed in Table II, for implementation of first-order Trotterization across ten Trotter steps, with a
Trotter step size of 7 = 0.5, and simulating up to a time 7 = 5, the circuit depth and two-qubit gate depth (specifi-
cally, the cz gate depth) are 518 and 181, respectively, for a system with L = 10 sites (20 qubits) at ibm_kingston.
In contrast, for L = 52 sites (104 qubits) at ibm marrakesh, the circuit depth and cz gate depth are 515 and 178,
respectively. Additionally, as shown in Table III for the optimized second-order Trotterization implementation, with
the same simulation time of 7 = 5, the circuit depth and cz gate depth are 840 and 263, respectively, for L = 10
sites, whereas, for L = 52 sites, the values are 860 and 263, respectively. We observe that for both the first-order
and the optimized second-order Trotterization circuits across ten Trotter steps, the circuit depth and cz gate depth
remain nearly identical for 20 qubits and 104 qubits, which supports our scalable implementation of the time evolution
operator for the one-dimensional Fermi-Hubbard model. Finally, for the basis gate set consists of single-qubit gates
rx, rz, x, sx and a two-qubit gate cz, the circuit depth approximately scales as d(Tlr)Otter ~ 52r and d%)otter ~ 907r
with the number of Trotter steps r, for first-order and optimized second-order Trotterization circuits, respectively,
independent of the system size or total number of qubits. On the other hand, for the first-order and optimized second-

order Trotterization, the scaling of the total number of two-qubit gate cz, Gg? with respect to the total number of

Trotter steps 7 and total number of qubits N = 2L are G ~ 4.53 r102N1-04 and G2 ~ 7.84 7098 N1-03_ respectively,
showing polynomial dependence on r and N.

We observe excellent agreement between our exact computations and the results obtained from both first-order
and optimized second-order Trotterization, combined with quantum error mitigation techniques, using ibm_kingston
for the case of the fermionic system with L = 10 sites (20 qubits), which validates our Trotterization circuit imple-
mentation of the time evolution operator in the one-dimensional Fermi-Hubbard model. In the case of the larger
system with L = 52 sites (104 qubits), we find good consistency between the temporal variation of the expectation
value of the Néel observable, calculated using ibm marrakesh for first-order Trotterization, and using ibm_kingston
for optimized second-order Trotterization. These results align well with those obtained through a classical approxi-
mation method, referred to here as the MPS-TDVP method, which is based on the matrix product state (MPS) and
the time-dependent variational principle (TDVP) and is executed using the ITensor GPU backend on a single 40GB
NVIDIA A100 GPU, covering a simulation time up to 7 = 5.

Finally, our work demonstrates the potential of IBM superconducting quantum computers to investigate the proper-
ties of large-scale quantum systems. Furthermore, we can expand their applicability to study more intricate scenarios
involving the real-time dynamics of the one-dimensional Fermi-Hubbard model on a larger scale, which includes
probing the spatially resolved propagation of quantum correlations, the separate dynamics of spin and charge, the
dynamics of entanglement entropy, and the scrambling of quantum information. In passing, the Bose-Hubbard model
also describes the dynamics of bosons on a lattice, which, similar to the Fermi-Hubbard model, is characterized
by the competition between the particle hopping and on-site interaction terms, and the quantum simulation of the
Bose-Hubbard model is straightforward by mapping the bosonic creation and annihilation operators onto the qubit
operations. However, unlike the Fermi-Hubbard model, which adheres to the Pauli exclusion principle (allowing a
maximum of two fermions at a single lattice site), the Bose-Hubbard model permits an arbitrary number of bosons
at a single site. This results in a larger-dimensional Hilbert space for each site. Consequently, capturing this higher-
dimensional Hilbert space in quantum simulation requires additional qubits, thereby increasing qubit overhead for
larger systems. Finally, our work illustrates that IBM quantum computers can explore larger time scales more effec-
tively in scenarios involving large entanglement, as in the case of the Fermi-Hubbard model, compared to standard



15

tensor network methods based on out-of-the-box packages run on single GPUs and necessitate dedicated numerical
implementations on multi-CPU or multi-GPU configurations to achieve competitive results for such classical methods.
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Appendix A: Quantum Error Mitigation

One of the key obstacles in executing quantum algorithms on current quantum hardware, such as IBM Quantum
processors, is the prevalence of errors and noise. To overcome these limitations, researchers have developed quantum
error correction (QEC) strategies. However, implementing quantum error correction (QEC) is not practical for large
problems on today’s noisy quantum computers because QEC needs a huge number of extra qubits, more than what
is currently available, even with new optimizations [28, 48].

In contrast, quantum error mitigation (QEM) accepts the inherent noise and imperfections of near-term quantum
devices and applies pre- and post-processing or circuit-level techniques to suppress or reduce their impact on computa-
tional outcomes. Unlike QEC, QEM generally requires little to no additional qubit overhead, making it more feasible
for current hardware. Over the past few years, a diverse set of QEM strategies, ranging from zero-noise extrapolation
to symmetry-based methods, have been developed and successfully demonstrated in practical quantum computing
applications [20-22, 49, 50]. To mitigate the effects of hardware-induced errors and noise in our experiments, we
integrate four complementary QEM techniques, each targeting different stages of the computation: Twirled Readout
Error Extinction (TREX) for measurement error symmetrization, Dynamical Decoupling (DD) for mitigating deco-
herence during idle periods, Pauli Twirling (PT) for converting coherent errors into stochastic noise, and Zero-Noise
Extrapolation (ZNE) for estimating noiseless expectation values. Detailed descriptions and implementations of each
method are provided in the following subsections A 1-A 4.

1. Twirled Readout Error Extinction

Twirled Readout Error Extinction (TREX) is a straightforward method for mitigating measurement errors in
quantum computers [51]. It works by randomly applying a flip (a Pauli-X gate) to certain qubits right before they’re
measured. After the measurement, the corresponding classical bits are then flipped back, correcting for the effect
of the applied gate. This simple trick helps to reduce the impact of errors that occur during the final readout step.
Although this method has no effect in a perfect, noise-free environment, it has a powerful effect when real-world
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noise is present. By introducing random flips, the method transforms complicated, state-dependent errors into a
simpler, uniform scaling factor, making the errors much easier to correct. By randomly changing the way it measures,
TREX simplifies complex measurement errors, turning them into a much more predictable problem. Instead of being
intertwined and unpredictable, each qubit’s error becomes independent, affecting only its own result. This makes the
errors easy to correct. One of the biggest advantages is that TREX doesn’t need a detailed understanding of the
specific noise in the system, which makes it a robust solution even when the noise is difficult to figure out. However,
it is not as effective at fixing errors that are strongly connected between multiple qubits. We use 10 samples for the
TREX process in our experiments.

2. Dynamical Decoupling

Dynamical Decoupling (DD) is a quantum error mitigation technique aimed at suppressing decoherence and crosstalk
effects, particularly those induced by interactions with spectator qubits. It achieves this by applying carefully designed
periodic sequences of fast control pulses that average out system-environment couplings, thereby effectively canceling
their contribution to the error dynamics [52]. In practice, DD applies sequences of single-qubit rotations to otherwise
idle qubits, effectively toggling their basis and averaging out noise contributions from environmental interactions and
neighboring qubits. As a result, the effective coherence time of the circuit is extended. The effectiveness of DD has
been verified through practical tests in various environments [20, 49, 50, 53, 54]. In these experiments, we use (¢/4,
X, t/2, X, t/4) sequence in every idling period for the DD implementation, where X represents the XGate and ¢ is
the idling time except for the two XGate pulse durations.

3. Pauli Twirling

Pauli twirling is a method that converts structured, coherent errors in a quantum circuit into random, noise-like
errors. It does this by essentially scrambling the errors. Averaging over a specific set of operations eliminates the
predictable, off-diagonal parts of the error in the Pauli basis, {I,0%,0¥,0%} and leaves only a form of random noise,
making the errors easier to handle and mitigate [55-57]. In PT, each Clifford gate is conjugated by Pauli operators
applied before and after the gate, resulting in a transformation that is algebraically equivalent to the original Clifford.
The efficiency of this approach has been demonstrated in prior studies [20, 21, 49, 58, 59]. Figure 10 illustrates the
PT method used in this study. We apply this technique specifically to the cz gates, which function as the counterpart
of CX gates in our implementation. The method searches all the combinations of Pauli gates that are mathematically
identical up to the global phase, with only the Clifford gate, cz. Since the Pauli gate set has four elements and we
have four positions, the search domain is 256(= 4*) cases. The trivial case is placing the identity gate in the position,
1,2,3, and 4 in Fig. 10. One non-trivial case is putting %, 0%, 0%, and ¢” at 1,2, 3, and 4, respectively. We generated
ten instances of the base quantum circuit, each incorporating a randomly selected Pauli-twirling gate sequence from
the predefined set, which was then applied to the corresponding Clifford gate as outlined in Fig. 10.

cz =
g

cz

FIG. 10: A circuit diagram for Pauli twirling for cz gate. At positions 1, 2, 3, and 4, Pauli gates, {I,0%,0¥,0%} are
placed.

4. Zero-Noise Extrapolation

Zero-Noise Extrapolation (ZNE) is an error mitigation technique that estimates the noise-free expectation value
by extrapolating from measurement outcomes obtained at systematically varied noise levels. By analyzing how the
results change as the noise increases, it’s possible to project what the result would have been if there were no noise
at all [60-62]. In our experimental setup, we employ local unitary gate folding [62] as the noise-scaling mechanism
for Zero-Noise Extrapolation. This procedure is selectively applied to two-qubit cz gates, as their error rates are
empirically observed to exceed those of single-qubit gates by more than an order of magnitude. To realize noise
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amplification, we fold the cz operations with scaling factors of 1 (noiseless baseline), 3 (single fold), and 5 (double
fold), thereby generating circuits with systematically increased effective noise while preserving the ideal logical action
of the original circuit. ZNE operates under the assumption that noise can be systematically amplified in a controlled
fashion, even though the corresponding extrapolation curve may exhibit nonlinearity. In practice, however, quantum
noise is frequently non-Markovian and time-dependent, such that noise scaling does not necessarily yield predictable
modifications to the circuit output. Consequently, when the underlying noise model is inaccurate or unstable, the
extrapolation procedure may produce unreliable or even misleading estimates. When the exact expectation value
is known, it is possible to construct a precise fitting curve for extrapolation. This curve, obtained from small-scale
estimations, can be extended to larger systems under the assumption that the noise model remains consistent during
scaling. However, this assumption frequently fails as the number of qubits increases.
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