
DISTINCT DIFFERENCES OF SINGULAR MODULI

GUY FOWLER AND EMANUELE TRON

Abstract. Let E1, E2/C be non-isomorphic elliptic curves with complex multi-
plication. We prove that the pair (E1, E2) is characterised, up to isomorphism,
by the difference j(E1)− j(E2) of the respective j-invariants. In other words, we
show that if x1, x2, x3, x4 are singular moduli such that x1 − x2 = x3 − x4, then
either (x1, x2) = (x3, x4) or (x1, x3) = (x2, x4).

1. Introduction

Let E be an elliptic curve over C. Then E is characterised, up to isomorphism, by
its j-invariant j(E). In this article, we will prove that if E1, E2/C are non-isomorphic
elliptic curves that both have complex multiplication (CM), then the pair (E1, E2)
is characterised, up to isomorphism, by the difference j(E1)−j(E2) of the respective
j-invariants. The j-invariant of a CM elliptic curve is called a singular modulus.
Our main result is thus the following statement.

Theorem 1.1. Let x1, x2, x3, x4 be singular moduli. Then

x1 − x2 = x3 − x4

if and only if either (x1, x2) = (x3, x4) or (x1, x3) = (x2, x4).

The classical theory of complex multiplication shows that singular moduli are al-
gebraic integers which generate the ring class fields of imaginary quadratic fields.
Gross and Zagier [20] proved, under some technical hypotheses, a factorisation for-
mula for the absolute norm of the difference of two singular moduli. Their result
shows that such differences are “highly divisible”, in the sense that the prime factors
of the norm are very small compared to the size of the norm. This was generalised
to non-fundamental discriminants by Lauter and Viray [25].

Known results on singular moduli also suggest that many properties that singular
moduli enjoy ought to be shared more generally with differences of two singular
moduli. Some examples of interest to us:

• Singular moduli are never units in the ring of algebraic integers [6, Th. 1.1],
and neither are differences of singular moduli [26, Cor. 1.3].

• Singular moduli are hardly ever S-units [12, Cor. 1.1]; the same goes for
differences of singular moduli [21, Th. 1].

• Multiplicative relations among singular moduli are rare [31, Th. 1.2], and
similarly so are multiplicative relations among differences of singular moduli
[3, Th. 1.5], [19, Cor. 1.5].

We identify the modular curve Y (1) = SL(2,Z)\H with the affine line over C by
means of the j-invariant. We may then endow Cn with the structure of a Shimura
variety in this way. A point (x1, . . . , xn) ∈ Cn such that x1, . . . , xn are all singular
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moduli is a special point (i.e. a zero-dimensional special subvariety) of Cn. For
a description of the positive-dimensional special subvarieties, see e.g. [29, Def. 1.3].
Solutions in singular moduli to polynomial equations therefore correspond to special
points of subvarieties of Cn.

The André–Oort conjecture for Cn, proved by Pila [29], states that a subvariety
W ⊂ Cn contains only finitely many maximal special subvarieties. In particular,
a subvariety W contains only finitely many special points outside the union of the
positive-dimensional special subvarieties of W . Theorem 1.1 establishes this in com-
pletely explicit form for the subvariety W ⊂ C4 given by W = V(x−y−w+z). The-
orem 1.1 shows that the two positive-dimensional special subvarieties V(x−y, w−z)
and V(x− w, y − z) of W contain all the special points of W .

Let α ∈ Q \ {0}. That there are only finitely many special points (x1, x2) ∈ C2

such that x1 − x2 = α is a special case of André’s theorem [2]. Pila’s proof [29,
Th. 13.2] of the André–Oort conjecture for Cn implies that the number of special
points (x1, x2) ∈ C2 such that x1−x2 = α may be bounded by an ineffective constant
which depends only on [Q(α) : Q]. Kühne [22, Th. 4] subsequently proved that
this constant could be determined effectively; Edixhoven [15, Remark 7.1] (cf. [11,
Th. 3.1]) had previously shown this conditionally under GRH. Scanlon’s principle of
automatic uniformity, coupled with Pila’s proof of André–Oort, implies [32, Th. 4.2]
that the number of special points (x1, x2) ∈ C2 such that x1 − x2 = α is in fact
bounded by an absolute (i.e. independent of α) constant. The same result also
follows from [8, Th. 1.1]; both proofs are ineffective.

A subsequent result of Pila [30, Th. 1.3] implies that there are only finitely many
special points (x1, x2, x3, x4) ∈ C4 such that x1−x2 = x3−x4, but (x1, x2) ̸= (x3, x4)
and (x1, x3) ̸= (x2, x4). In other words, there are only finitely many α ∈ Q for which
there exist at least two distinct special points (x1, x2) ∈ C2 such that x1 − x2 = α.
This result was again ineffective.

Bilu and Kühne [7] proved the André–Oort conjecture effectively for linear subva-
rieties of Cn. In particular, their result [7, Th. 1.1] implies that if (x1, x2, x3, x4) ∈ C4

is a special point such that x1 − x2 = x3 − x4, but (x1, x2) ̸= (x3, x4) and (x1, x3) ̸=
(x2, x4), then max {|∆i| : i = 1, 2, 3, 4} < 1088. Here ∆i denotes the discriminant
(defined in Section 2.1) of the singular modulus xi. The constant here is far too
large for it to be feasible to deduce Theorem 1.1 by a computation (at least with
currently available resources). We therefore prove Theorem 1.1 directly, without
appealing to the main result of [7].

Explicit forms of the André–Oort conjecture are known for certain curves in C2

and surfaces in C3, e.g. [1, 5, 17]. Theorem 1.1 is, to our knowledge, the first example
of such a result for a subvariety of dimension 3 in C4.

1.1. Overview of proof. We now give a brief overview of the proof of Theorem 1.1
and an outline of the structure of the paper.

A result of the first author [18, Theorem 1.6] characterises explicitly when three
singular moduli are linearly dependent over Q. We will apply this to prove The-
orem 1.1 when either x1, x2, x3, x4 are not pairwise distinct (in Section 5.1), or at
least one of x1, x2, x3, x4 is rational (in Section 5.2).
Suppose then that x1, x2, x3, x4 are pairwise distinct singular moduli such that

x1 − x2 = x3 − x4.
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Let ∆i denote the discriminant of xi. The discriminant ∆i is a negative integer. We
may assume that |∆1| is maximal among the |∆i|. Our aim is to obtain a bound on
|∆1| which is sufficiently sharp as to rule out (after some computations in PARI as
necessary) there being any such x1, x2, x3, x4.
Among the singular moduli of a given discriminant ∆, there is a unique singular

modulus of largest absolute value (called the dominant singular modulus of that
discriminant). The singular moduli of a given discriminant ∆ form a complete set
of Galois conjugates over Q. We recall such background facts in Section 2. The
dominant singular modulus of discriminant ∆ has absolute value ≈ exp(π|∆|1/2),
while the absolute value of every other singular modulus of discriminant ∆ is ≪
exp(π|∆|1/2/2), see Lemma 2.1.

Applying a suitable Galois automorphism, we may assume that x1 is dominant.
The proof now naturally divides into four cases, according to how many of x2, x3, x4

are also dominant. If none of x2, x3, x4 is dominant, then it is clear that |∆1| must be
bounded, because |x1| ≫ exp(π|∆1|1/2), while |xi| ≪ exp(π|∆1|1/2/2) for i ≥ 2. If
exactly one of x2, x3, x4 is dominant, then an easy analytic lower bound (Lemma 2.4)

for eπ
√
n − eπ

√
n−1 suffices to conclude similarly. These two easy cases are handled

in Sections 5.3.1 and 5.3.2 respectively.
The remaining cases, where at least two of x2, x3, x4 are dominant, are more

challenging. In these cases, we would like to find an automorphism σ ∈ Gal(Q/Q)
such that σ(x1) = x1 and there are strictly fewer dominant singular moduli among
σ(x2), σ(x3), σ(x4) than among x2, x3, x4. We would then be able to reduce to one
of the previously-proved cases.

Unfortunately, we are not always able to find such an automorphism σ; indeed,
there are situations where no such σ can exist. Instead, in Section 3.1, we use
class field theory to prove a result (Proposition 3.1) which shows that if no such
automorphism σ exists, then the discriminants ∆1,∆2,∆3,∆4 must satisfy some
very strong restrictions. In Sections 3.2 and 4 we establish some consequences of
these restrictions on the discriminants. We then use these to show, under these
restrictions on the discriminants, that |∆1| must be bounded in the relevant cases.
The case where two of x2, x3, x4 are dominant is handled in Section 6, and the case
where all of x2, x3, x4 are dominant is handled in Section 7. This completes the proof
of Theorem 1.1.

1.2. Solving equations in singular moduli. The reader may wonder to what
extent our method could be adapted to handle other linear equations in singular
moduli with rational coefficients. It would be straightforward to extend our method
to handle all equations of the form

ϵ1x1 + ϵ2x2 + ϵ3x3 + ϵ4x4 = α,

where ϵ1, ϵ2, ϵ3, ϵ4 ∈ {±1} and α ∈ Q. However equations with coefficients of unequal
absolute value would pose an obstacle to our approach. For example, if x1 and x2

are the only dominant singular moduli occurring and |∆2|= |∆1| − 1, then our
proof obtains a bound on |∆1| by applying Lemma 2.4. We could not do this if
the coefficient of x1 was strictly smaller than the coefficient of x2 in absolute value,
because eπ

√
n ∼ eπ

√
n−1 as n → ∞.

Moreover, another fact that necessarily complicates the casework and final answer
in such extensions is that plenty of solutions in pairwise distinct singular moduli
to linear equations with coefficients of unequal absolute values do exist, unlike in
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Theorem 1.1. Examples of such can be generated by variously combining Galois
orbits of singular moduli of degree ≤ 4, or by more involved combinations like the
solution to

83 x1 − 49005 x2 = 262144 (x3 + x4)

with x1 = j
(
(−1 +

√
−115)/2

)
, x2 = j

(
(−1 +

√
−75)/2

)
, x3 = j

(
(−1 +

√
−55)/2

)
,

x4 = j
(
(−3 +

√
−55)/8

)
.

Linear equations in more than 4 variables also seem to require new ideas beyond
the methods used here. In particular, the arguments in Section 6.2 seem to make
essential use of the fact that a linear equation in 4 singular moduli yields an equality
between fields generated by linear combinations of 2 singular moduli, which then
enables us to apply the results on such fields contained in Section 4 to this situation.

On the other hand, the part of our approach that uses class field theory can be
readily applied to other situations. Indeed, Proposition 3.1 is entirely general and
does not even require that the equations being considered are linear. We therefore
expect that it can be used to prove other effective André–Oort results. To prove
Proposition 3.1, we use a result of Cohn [13, Th. 8.3.12]. Cohn’s result and its
generalisation by Kühne [23, Cor. 1.2] have been applied previously to prove effective
André–Oort results [7, 10]. In these previous applications, these results from class
field theory are used to show that the size of the Galois orbit of a singular modulus
x over some particular field L is ≫ c[Q(x) : Q] for some constant c > 0. This
though leads to implied constants which are astronomical in size, even for relatively
simple equations, see e.g. [7, (40)]. In contrast, our Proposition 3.1 shows only
that the Galois orbit of x over L is non-trivial, but it does so without introducing
such astronomical constants. It is therefore much better suited to cases where, as
in Theorem 1.1, one wants to find all the solutions in singular moduli to a given
equation explicitly.

2. Background

2.1. Singular moduli. The discriminant ∆ of a singular modulus x is defined
to be the discriminant of the endomorphism order of an elliptic curve E/C with
j(E) = x. In particular, ∆ is a negative integer satisfying ∆ ≡ 0, 1 mod 4. We may

write ∆ = f 2D, where D is the discriminant of the quadratic imaginary field Q(
√
∆)

and f ∈ Z>0. Call D the fundamental discriminant of x and f the conductor of x.
Singular moduli are algebraic integers. The singular moduli of a given discrimi-

nant form a complete Galois orbit over Q, see e.g. [14, Prop. 13.2]. The number of
distinct singular moduli of discriminant ∆ is equal to the class number of ∆, which
we denote h(∆).

Let j : H → C denote the modular j-function, which has the q-expansion

j(z) =
1

q
+ 744 +

∑
n≥1

c(n)qn,

where c(n) ∈ Z for all n and q = exp(2πiz). The map

(a, b, c) 7→ j

(
−b+ |∆|1/2i

2a

)
gives a bijection between the set

{(a, b, c) ∈ Z3 : b2 − 4ac = ∆, gcd (a, b, c) = 1, and
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either − a < b ≤ a < c or 0 ≤ b ≤ a = c}

and the set of singular moduli of discriminant ∆. Given a singular modulus x,
the denominator of x is defined to be the integer a in the corresponding triple
(a, b, c). This well-known description of the singular moduli of a given discriminant
corresponds to taking, for each singular modulus, its unique preimage (for j) in the
standard fundamental domain for the action of SL(2,Z) on H.

For each ∆ < 0 such that ∆ ≡ 0, 1 mod 4, there exists a unique singular modu-
lus with discriminant ∆ and denominator 1, which is called the dominant singular
modulus of discriminant ∆. The dominant singular modulus is given explicitly by

j

(
−k + |∆|1/2i

2

)
where k ∈ {0, 1} is such that k ≡ ∆ mod 4. It follows from the q-expansion of the
j-function that j(z) ∈ R if ℜ(z) ∈ {−1/2, 0}. Consequently, the dominant singular
modulus of a given discriminant is always real. Moreover, for x the dominant singular
modulus of discriminant ∆, one has that x > 0 if and only if ∆ ≡ 0 mod 4.

The following bound is also a consequence of the q-expansion. Observe that both
the lower and upper bounds are monotonically increasing in |∆| and monotonically
decreasing in a. More sophisticated and precise versions are known (see e.g. [28,
Lemma 2.5]), but we only need this much.

Lemma 2.1. Let x be a singular modulus of discriminant ∆ and denominator a.
Then

eπ|∆|1/2/a − 2079 ≤ |x| ≤ eπ|∆|1/2/a + 2079.

Proof. This is an immediate consequence of [9, Lemma 1] and the above description
of the singular moduli of a given discriminant. □

Lemma 2.2. Let ∆ = f 2D be a discriminant with fundamental discriminant D
and conductor f . Let x be a singular modulus with fundamental discriminant D and
conductor g. If g < f , then

|x| ≤ e−π|D|1/2eπ|∆|1/2 + 2079 ≤ 0.005eπ|∆|1/2 + 2079.

Proof. We follow the argument in [16, §4.2]. Observe that

eπg|D|1/2 ≤ eπ(f−1)|D|1/2 ≤ e−π|D|1/2eπ|∆|1/2 ≤ e−π
√
3eπ|∆|1/2 ,

since |D| ≥ 3. The result then follows from Lemma 2.1, since e−π
√
3 = 0.0043 . . . □

Proposition 2.3 ([8, Lemmata 5.1 & 5.3]). Let x1, x2 be distinct singular moduli of
respective discriminants ∆1,∆2. Suppose that |∆2| ≤ |∆1|. If x1 is dominant, then
|x2| < |x1|.

2.2. An analytic estimate.

Lemma 2.4. Let d ∈ R. If d ≥ 5, then

eπ
√
d − eπ

√
d−1 > eπ

√
d/
√
d.

Proof. For x > 1, let

f(x) =
√
x
(
1− exp(π(

√
x− 1−

√
x))

)
.
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Note that √
x− 1−

√
x =

−1√
x− 1 +

√
x
,

so

f(x) =
√
x

(
1− exp

(
−π√

x− 1 +
√
x

))
≥

√
x

(
1− exp

(
−π

2
√
x

))
.

Recall that

e−y < 1− y +
y2

2
for every y > 0. Hence, for x > 1,

f(x) ≥ π

2
− π2

8
√
x
.

In particular, if x ≥ 5, then f(x) > 1 as required. □

3. Some class field theory

3.1. Automorphisms of fields generated by singular moduli. Let D1, D2 be
distinct fundamental discriminants and let x be a singular modulus of discriminant
∆ = f 2D1 for some f ∈ Z>0. The main result of this section (Proposition 3.1)
will show that there exists an automorphism σ ∈ Gal(Q/Q) such that σ(x) ̸= x,
but σ(y) = y for every singular modulus y of fundamental discriminant D2, unless
∆ is a 2-elementary discriminant (defined below). Proposition 3.1 will be vital to
the proof of Theorem 1.1, because it allows us to reduce the number of dominant
singular moduli of distinct fundamental discriminants that occur in an equation

x1 − x2 = x3 − x4.

In Section 3.2, we will then prove some characterisations of 2-elementary discrimi-
nants, which will enable us to handle those cases in the proof of Theorem 1.1 where
no such automorphism σ exists.

Let K be an imaginary quadratic field. Write D for the discriminant of K. Let
f ∈ Z>0. Define the ring class field of K of conductor f , which is denoted by K[f ],
to be equal to K(x), where x is any singular modulus of discriminant ∆ = f 2D.
This definition is independent of the choice of x, by e.g. [14, Th. 11.1]. The ring class
field K[f ] is an abelian extension of K and a Galois extension of Q. The Galois
group Gal(K[f ]/K) is isomorphic to the class group of discriminant ∆, denoted
cl(∆). See [14, p. 180]. We now recall some terminology from [5].

A group G is called 2-elementary if every element of G has order ≤ 2. Note that a
2-elementary group is always abelian and a finite 2-elementary group is isomorphic
to (Z/2Z)n for some n ∈ Z≥0.

A finite field extension L/K is called 2-elementary if the extension L/K is Galois
and the Galois group Gal(L/K) is 2-elementary. A number field L is called 2-
elementary if the extension L/Q is 2-elementary.

A discriminant ∆ = f 2D is called 2-elementary if the finite field extensionK[f ]/K

is 2-elementary, where K = Q(
√
D).

Proposition 3.1. Let ∆ = f 2D1 be a discriminant, where D1 is the corresponding
fundamental discriminant. Suppose that ∆ is not 2-elementary. Let D2 be a fun-
damental discriminant such that D2 ̸= D1. Then there exists σ ∈ Gal(Q/Q) such
that:
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(1) if x is a singular modulus of discriminant ∆, then σ(x) ̸= x.
(2) if y is a singular modulus with fundamental discriminant D2, then σ(y) = y.

Note that some condition on the discriminant ∆ is necessary in Proposition 3.1,
because there do exist singular moduli x, y with distinct fundamental discriminants
for which Q(x) = Q(y), see [1, Table 2] for a list; the discriminants of such x, y are
2-elementary.

To prove Proposition 3.1, we will use the following result of Cohn [13]. Before
stating his result, we give a definition. The transfer field of an imaginary quadratic
field K, denoted by Ktf , is defined by

Ktf =
⋃

f∈Z>0

K[f ].

The transfer field Ktf is an abelian extension of K and a Galois extension of Q. In
particular, if x is singular modulus of discriminant ∆ such that Q(

√
∆) = K, then

x ∈ Ktf .

Proposition 3.2 ([13, Th. 8.3.12], cf. [23, Cor. 1.2]). Let K1 ̸= K2 be distinct,
imaginary quadratic fields. Then the group

Gal(Ktf
1 ∩K1K

tf
2 /K1)

is 2-elementary.

Kühne [23] proved a generalisation of Cohn’s result. Cohn’s result was previously
applied by Binyamini [10, §2.3] to obtain some effective André–Oort results.

Before proving Proposition 3.1, we first establish some auxiliary results.

Lemma 3.3. Let K1 ̸= K2 be distinct, imaginary quadratic fields with respective
discriminants D1, D2. Suppose that f ∈ Z>0 is such that

K1[f ] ⊂ K1K
tf
2 .

Then the discriminant f 2D1 is 2-elementary.

Proof. By assumption, K1[f ] ⊂ K1K
tf
2 . Hence,

K1[f ] ⊆ Ktf
1 ∩K1K

tf
2 .

So Gal(K1[f ]/K1) is isomorphic to a quotient of the group Gal(Ktf
1 ∩K1K

tf
2 /K1). By

Proposition 3.2, the group Gal(Ktf
1 ∩K1K

tf
2 /K1) is 2-elementary. Hence, the group

Gal(K1[f ]/K1) is also 2-elementary, i.e. the discriminant f 2D1 is 2-elementary. □

We recall the following fact from Galois theory.

Proposition 3.4 ([24, Th. VI.1.12]). Let L/k be a Galois extension and let F/k be
an arbitrary extension. Then LF/F and L/L ∩ F are both Galois extensions and

the map σ 7→ σ|L is an isomorphism Gal(LF/F )
∼−→ Gal(L/L ∩ F )

We need one more lemma.

Lemma 3.5. Let K1 ̸= K2 be distinct, imaginary quadratic fields with respective
discriminants D1, D2. Suppose that f ∈ Z>0 is such that the discriminant f 2D1 is
not 2-elementary. Then K1[f ]K

tf
2 /K1K

tf
2 is a proper Galois extension.
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Proof. The extension K1[f ]/K1 is Galois. Hence, by Proposition 3.4, the extensions
K1[f ]K

tf
2 /K1K

tf
2 and K1[f ]/K1[f ] ∩ K1K

tf
2 are both Galois and have isomorphic

Galois groups.
By assumption, the discriminant f 2D1 is not 2-elementary. Hence, by Lemma 3.3,

we have that K1[f ] ̸⊂ K1K
tf
2 . So K1[f ] ⊋ K1[f ] ∩ K1K

tf
2 . Hence, the group

Gal(K1[f ]/K1[f ] ∩ K1K
tf
2 ) is non-trivial, and so the group Gal(K1[f ]K

tf
2 /K1K

tf
2 )

is also non-trivial. In particular, K1[f ]K
tf
2 /K1K

tf
2 is a proper Galois extension. □

We are now in a position to deduce Proposition 3.1.

Proof of Proposition 3.1. For i = 1, 2, let Ki = Q(
√
Di). Then K1 ̸= K2. Since ∆ =

f 2D1 is not 2-elementary, the extensionK1[f ]K
tf
2 /K1K

tf
2 is a proper Galois extension

by Lemma 3.5. Hence there exists a non-identity element σ ∈ Gal(K1[f ]K
tf
2 /K1K

tf
2 ).

In particular, σ must act non-trivially on K1[f ]. If x is a singular modulus of
discriminant ∆, then K1(x) = K1[f ], and so we must have that σ(x) ̸= x. If y is a
singular modulus with fundamental discriminant D2, then y ∈ Ktf

2 and hence σ(y) =
y. The proposition thus follows by taking an extension of σ to an automorphism of
Q. □

3.2. Characterising 2-elementary discriminants. We will now show that 2-
elementary discriminants are of a particularly special form. We will use these facts
later in Sections 6 and 7.

Tatuzawa [34, Th. 2] proved that Siegel’s [33, (1)] classical, and classically in-
effective, lower bound for the class number of imaginary quadratic fields can be
made effective, apart from possibly a single exceptional imaginary quadratic field.
The following result about 2-elementary fundamental discriminants is an explicit
consequence of his theorem.

Proposition 3.6. There exists a fundamental discriminant D∗ with the following
properties:

(1) h(D∗) ≥ 128,
(2) if ∆ = f 2D is a 2-elementary discriminant, then either D = D∗ or h(∆) ≤

16.

In particular, |D∗| > 8000. If ∆ is a 2-elementary discriminant with h(∆) ≤ 16,
then |∆| ≤ 7392.

Proof. The first two properties are [5, Prop. 2.11]. The rest is a simple calculation in
PARI. One may verify that if D is a fundamental discriminant such that |D| ≤ 8000,
then h(D) ≤ 120. Similarly, one checks that every 2-elementary discriminant ∆ with
h(∆) ≤ 16 satisfies |∆| ≤ 7392. For the latter computation, we use the fact [18,
Prop. 7.3] that h(∆) ≤ 32 implies that |∆| ≤ 166147. □

Note that there may not exist any 2-elementary discriminants ∆ with h(∆) > 16.
In this case, any fundamental discriminant D∗ with h(D∗) ≥ 128 satisfies Proposi-
tion 3.6; for definiteness of notation, we set D∗ to be the least (in absolute value)
such fundamental discriminant, so D∗ = −8399 . If there do exist 2-elementary
discriminants ∆ with h(∆) > 16, then D∗ is uniquely determined.
We will now show that the conductors of 2-elementary discriminants are bounded.

Lemma 2.2 and Proposition 3.7 together imply a bound on the absolute value of a
singular modulus x with 2-elementary discriminant ∆ = f 2D solely in terms of the
fundamental discriminant D.



DISTINCT DIFFERENCES OF SINGULAR MODULI 9

Proposition 3.7. Let ∆ = f 2D be a 2-elementary discriminant. Then f ≤ 60 and
f | 23 · 3 · 5 · 7. If D ̸= D∗, then f ≤ 8.

This is a strengthening of a special case of [5, Propositions 2.9 & 2.10], which
imply that any such conductor f satisfies f ≤ 28560. The proof requires a couple of
easy lemmata. The second is an immediate consequence of the first, since quotients
of 2-elementary groups are themselves 2-elementary.

Lemma 3.8 ([1, Prop. 3.1]). Let K be an imaginary quadratic field. Write D for
the discriminant of K and let f, g ∈ Z>0. Then

K[f ]K[g] ⊆ K [lcm (f, g)] .

Lemma 3.9. Let ∆ = f 2D be a 2-elementary discriminant and set K = Q(
√
D).

If g ∈ Z>0 is such that K[g] ⊆ K[f ], then the discriminant g2D is 2-elementary. In
particular, the discriminant D is 2-elementary (since K[1] ⊆ K[f ] by Lemma 3.8).

Now we may prove Proposition 3.7.

Proof of Proposition 3.7. Let ∆ = f 2D be a 2-elementary discriminant. If D ̸= D∗,
then |∆| ≤ 7392 by Proposition 3.6. We may then verify in PARI that f ≤ 8 by
checking all such ∆. So we may assume subsequently that D = D∗. In particular,
D ̸= −3,−4.

The proof now follows the approach in [5, Prop. 2.9]. Since ∆ is 2-elementary, D
is 2-elementary by Lemma 3.9. Therefore, by [5, (2.9)], we have that

h(∆) = 2ρ2(∆) and h(D) = 2ρ2(D),

where ρ2(∆) denotes the dimension of cl(∆)/cl(∆)2 as an F2-vector space and anal-
ogously for ρ2(D). By [5, Prop. 2.3], ρ2(D) = ω(D) − 1 and ρ2(∆) ≤ ω(∆), where
ω(·) denotes the number of distinct prime divisors function. Therefore,

ρ2(∆)− ρ2(D) ≤ ω(∆)− ω(D) + 1 ≤ ω(f) + 1.

Let

Ψ = f
∏
p|f

(
1− (D/p)

p

)
,

where (D/p) denotes the Kronecker symbol. From the class number formula [5,
(2.4) & (2.5)], we have that

h(∆) = h(D)Ψ.

Hence,
Ψ = 2ρ2(∆)−ρ2(D).

So Ψ is a power of 2 and Ψ | 2ω(f)+1. This certainly implies that [5, (2.12)] holds.
We may thus argue as in the proof of [5, Prop. 2.9] to obtain [5, (2.15)], i.e.

f = 2kp1 · · · pm
for some non-negative integers k,m and distinct odd primes p1 < . . . < pm not
dividing D. Note that k = 0 and m = 0 are both allowed. Further, for each pi,
either pi − 1 or pi + 1 divides Ψ (and hence is a power of 2).

First, we show that k ≤ 3. Suppose that k ≥ 1. Then ω(f) = m+ 1. Hence,

2m+2 = 2ω(f)+1 ≥ Ψ ≥ 2k−1(p1 − 1) · · · (pm − 1) ≥ 2m+k−1.

Therefore, m+ k − 1 ≤ m+ 2, and so k ≤ 3.
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Suppose that ω(f) = 1. So Ψ | 4 and either f = 2k for some k ≤ 3 or f = p1 for
some odd prime p1 such that either p1− 1 or p1+1 divides Ψ. Thus, if f = p1, then
p1 ∈ {3, 5}. We are thus done in this case.

So we may assume that ω(f) ≥ 2. So m ≥ 1. Suppose that pm > 7. One of pm−1
and pm + 1 is a power of 2, so pm ≥ 17. Therefore,

2m+2 ≥ 2ω(f)+1 ≥ Ψ ≥ (p1 − 1) · · · (pm − 1).

If m ≥ 2, then

2m+2 ≥ (3− 1)(5− 1)m−216 = 21+2m

and so 1 + 2m ≤ m + 2, which is false since m ≥ 2. So we must have that m = 1,
and hence ω(f) = 2. Hence, f = 2kpm for some k ≥ 1. We thus have that

8 = 2ω(f)+1 ≥ Ψ ≥ 2k−1(pm − 1) ≥ 16,

which is absurd. So pm ≤ 7.
So p1, . . . , pm ∈ {3, 5, 7}. In particular, m ≤ 3 and so ω(f) ≤ 4. Suppose that

ω(f) = 4. Then f = 2k · 3 · 5 · 7 for some k ≥ 1. Thus

25 = 2ω(f)+1 ≥ Ψ ≥ 2k−1(3− 1)(5− 1)(7− 1) ≥ 48,

which is false. So ω(f) ≤ 3.
Suppose that ω(f) = 3. So Ψ ≤ 24. If k = 0, then f = 3 · 5 · 7 and hence

24 ≥ Ψ ≥ (3− 1)(5− 1)(7− 1) = 48,

which is absurd. So k ≥ 1 and hence m = 2. So f = 2kp1p2 with p1, p2 ∈ {3, 5, 7}.
If p1 = 5 and p2 = 7, then

24 ≥ Ψ ≥ 2k−1(5− 1)(7− 1) ≥ 24,

which is absurd. If p1 = 3 and p2 = 7, then

24 ≥ Ψ ≥ 2k−1(3− 1)(7− 1) = 12 · 2k−1,

and so k = 1 and f = 2 · 3 · 7 = 42. If p1 = 3 and p2 = 5, then

24 ≥ Ψ ≥ 2k−1(3− 1)(5− 1) = 8 · 2k−1,

and so k ≤ 2 and f | 22 · 3 · 5 = 60.
If ω(f) = 2, then f ≤ 23 · 7 = 56. This completes the proof. □

Finally, we recall a helpful set of equivalent characterisations of 2-elementary
discriminants, which we will use in Section 4.2.

Proposition 3.10 ([1, Cor. 3.3]). Let x be a singular modulus of discriminant

∆ = f 2D and K = Q(
√
D). The following are equivalent:

(1) The discriminant ∆ is 2-elementary.
(2) The extension K[f ]/Q is abelian.
(3) The number field K[f ] is 2-elementary.
(4) The extension Q(x)/Q is Galois.
(5) The extension Q(x)/Q is abelian.
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4. Fields generated by singular moduli

4.1. Some preliminary results. Here we recall some useful facts, which we will
use repeatedly in the proof of Lemma 5.1 and in Section 6.2. The first is a primitive
element theorem for rational linear combinations of two singular moduli. In partic-
ular, it shows that the difference x1 − x2 of distinct singular moduli x1, x2 is always
a primitive element for the field Q(x1, x2).

Proposition 4.1 ([4, Ex. 1.4 & Th. 1.5], [16, Th. 4.1]). Let x1, x2 be distinct singular
moduli of respective discriminants ∆1,∆2. Let ϵ ∈ Q \ {0}. If

Q(x1 + ϵx2) ⊊ Q(x1, x2),

then

[Q (x1, x2) : Q (x1 + ϵx2)] = 2

and

(1) either ∆1 = ∆2 and ϵ = 1;
(2) or all of the following hold:

(a) ∆1 ̸= ∆2,
(b) Q(x1) = Q(x2) and this field is a degree 2 extension of Q,
(c) ϵ = −(x1 − x′

1)/(x2 − x′
2) /∈ {±1}, where x′

i denotes the non-trivial
conjugate of xi over Q.

Proposition 4.2 ([4, Lemma 7.1]). Let x1, x
′
1 be singular moduli of discriminant ∆1

and let x2, x
′
2 be singular moduli of discriminant ∆2. Write D1, D2 for the respective

fundamental discriminants. Suppose that Q(x1, x
′
1) = Q(x2, x

′
2).

(1) If D1 ̸= D2, then Q(x1) = Q(x2).
(2) If D1 = D2, then K(x1) = K(x2), where K = Q(

√
D1) = Q(

√
D2).

Proposition 4.3. Let x1, x2 be distinct singular moduli with respective discriminants
∆1,∆2 and fundamental discriminants D1, D2.

(1) If D1 ̸= D2 and Q(x1) = Q(x2), then the discriminants ∆1,∆2 are 2-
elementary and |∆1|, |∆2| ≤ 7392.

(2) If D1 = D2 and K(x1) = K(x2), where K = Q(
√
D1) = Q(

√
D2), then

either x1, x2 ∈ Q or ∆1/∆2 ∈ {1, 4, 1/4}.

Proof. (1) follows from [5, Prop. 2.8 & Cor. 2.13] and Proposition 3.6. For (2),
recall that the dominant singular modulus of a given discriminant is always real.
Hence, every singular modulus has a real Galois conjugate over Q. In particular,
any singular modulus contained in an imaginary quadratic field must in fact be
rational; hence either K = K(x1) = K(x2) and x1, x2 ∈ Q, or K ̸= K(x1) = K(x2),
in which case the desired result follows from [4, Lemma 7.2]. □

4.2. Singular moduli generating 2-elementary fields. We now introduce a fur-
ther bit of terminology from [5, §2.2.2]. Call a finite abelian group G almost 2-
elementary if G has a 2-elementary subgroup of index 2. A discriminant ∆ = f 2D is
called almost 2-elementary if the group Gal(K[f ]/K) is almost 2-elementary, where

K = Q(
√
D). Note that every 2-elementary discriminant is almost 2-elementary.

In this section, we will prove the following result, which shows that if 2 of the
singular moduli occurring in the equation x1 − x2 = x3 − x4 have 2-elementary
discriminants, then the discriminants of the other two 2 singular moduli are either
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2-elementary or almost 2-elementary and equal to one another. We will use this fact
repeatedly in Sections 6.2, 6.3, and 7.

Proposition 4.4. Let x1, x2, x3, x4 be pairwise distinct singular moduli with respec-
tive discriminants ∆1,∆2,∆3,∆4. Suppose that a1, a2, a3, a4 ∈ Q \ {0} are such
that

a1x1 + a2x2 + a3x3 + a4x4 ∈ Q.

If ∆1,∆2 are both 2-elementary, then:

(1) either ∆3,∆4 are both 2-elementary,
(2) or ∆3 = ∆4 is almost 2-elementary and a3 = a4.

Proof. The result follows immediately from Lemmata 4.5 and 4.6 below, since

Q
(
x1 +

a2
a1

x2

)
= Q

(
x3 +

a4
a3

x4

)
. □

Lemma 4.5. Let x1, x2 be singular moduli such that their respective discriminants
∆1,∆2 are both 2-elementary. Let ϵ ∈ Q. Then the field Q(x1+ϵx2) is 2-elementary.

Proof. For i = 1, 2, Proposition 3.10 implies that the extension Q(xi)/Q is Ga-
lois and Gal (Q (xi) /Q) ∼= (Z/2Z)ni for some ni ∈ Z≥0. Hence, the extension
Q(x1, x2)/Q is Galois and has Galois group isomorphic to a subgroup of (Z/2Z)n1 ×
(Z/2Z)n2 . In particular, the extension Q(x1, x2)/Q is 2-elementary, and hence the
extension Q(x1 + ϵx2)/Q is also 2-elementary. □

Lemma 4.6. Let x1, x2 be distinct singular moduli with respective discriminants
∆1,∆2. Let ϵ ∈ Q \ {0}. Suppose that the field Q(x1 + ϵx2) is 2-elementary. If
either ∆1 ̸= ∆2 or ϵ ̸= 1, then the discriminants ∆1,∆2 are 2-elementary. If
∆1 = ∆2 and ϵ = 1, then this discriminant is almost 2-elementary.

Proof. For i ∈ {1, 2}, letKi = Q(
√
∆i). By assumption, the extensionQ(x1+ϵx2)/Q

is Galois and
Gal (Q (x1 + ϵx2) /Q) ∼= (Z/2Z)n

for some n ∈ Z≥0. For each i ∈ {1, 2}, we have the following diagram of field
extensions:

Ki(x1, x2)

Ki(x1 + ϵx2)

Q(x1 + ϵx2) Ki

Q(x1 + ϵx2) ∩Ki

Q.

By Proposition 3.4, we have that Ki(x1 + ϵx2)/Ki is a Galois extension and

Gal (Ki (x1 + ϵx2) /Ki) ∼= Gal (Q (x1 + ϵx2) /Q (x1 + ϵx2) ∩Ki) ∼= (Z/2Z)mi
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for some mi ≤ n.
Suppose that Ki(x1 + ϵx2) = Ki(x1, x2). So the extension Ki(x1, x2)/Ki is Galois

and

Gal (Ki (x1, x2) /Ki) ∼= (Z/2Z)mi .

In particular, the group Gal(Ki(xi)/Ki) is isomorphic to a quotient of (Z/2Z)mi and
hence must be 2-elementary. Hence, the discriminant ∆i is 2-elementary.

So we may suppose that, for some i ∈ {1, 2},

Ki(x1 + ϵx2) ⊊ Ki(x1, x2).

This implies that

Q(x1 + ϵx2) ⊊ Q(x1, x2).

We thus must be in one of the two exceptional cases in Proposition 4.1. If we are
in exceptional case (2) of Proposition 4.1, then

[Q(x1) : Q] = [Q(x2) : Q] = 2

and so certainly ∆1,∆2 are 2-elementary. We may thus assume that we are in
exceptional case (1) of Proposition 4.1, i.e. ∆1 = ∆2 and ϵ = 1.

Therefore, K1 = K2 and K1(x1) = K1(x2). Proposition 4.1 also implies that

[Q (x1, x2) : Q (x1 + x2)] = 2,

and hence

[K1 (x1) : K1 (x1 + x2)] = 2.

Consequently,

Gal (K1 (x1) /K1) /Gal (K1(x1)/K1(x1 + x2)) ∼= (Z/2Z)m1 .

In particular, the group Gal(K1(x1)/K1) is almost 2-elementary, and hence the
discriminant ∆1 is almost 2-elementary. □

5. Beginning the proof of Theorem 1.1

The “if” direction of Theorem 1.1 is obvious; we will prove the “only if”. Let
x1, x2, x3, x4 be singular moduli. Suppose that

x1 − x2 = x3 − x4.(1)

We want to prove that either (x1, x2) = (x3, x4) or (x1, x3) = (x2, x4). Suppose then
that (x1, x2) ̸= (x3, x4) and (x1, x3) ̸= (x2, x4). We will show that this leads to a
contradiction.

The proof splits into several cases. First, in Section 5.1, we will dispense with the
case where x1, x2, x3, x4 are not pairwise distinct. Next, in Section 5.2, we handle
the case where at least one of x1, x2, x3, x4 is rational. Then, in Section 5.3, we set
up the proof of the general case, where x1, x2, x3, x4 are pairwise distinct and none
of them is rational. The proof of this general case is then split over Sections 5.3, 6,
and 7.



DISTINCT DIFFERENCES OF SINGULAR MODULI 14

5.1. The non-pairwise distinct case. Clearly, equation (1) implies that x1 = x2

if and only if x3 = x4. Similarly, x1 = x3 if and only if x2 = x4. We may thus
assume that x1 ̸= x2, x3 ̸= x4, x1 ̸= x3, and x2 ̸= x4. So if x1, x2, x3, x4 are not
pairwise distinct, then either x1 = x4 or x2 = x3, but not both. The equation (1)
thus reduces to either 2x1 = x2 + x3 or 2x2 = x1 + x4, where the three singular
moduli occurring in the equation are pairwise distinct. This though contradicts the
following result.

Lemma 5.1. The equation 2x1 = x2 + x3 has no solutions with x1, x2, x3 pairwise
distinct singular moduli.

Proof. Suppose that x1, x2, x3 are pairwise distinct singular moduli such that

2x1 = x2 + x3.(2)

Then |x1| ≤ max{|x2|, |x3|}. Since we may assume, by taking Galois conjugates,
that x1 is dominant, we must have that |∆1| < max{|∆2|, |∆3|} by Proposition 2.3.

Suppose first that x1 ∈ Q. Then

Q(x2 + x3) = Q.

Hence, by Proposition 4.1, either x2, x3 ∈ Q, or ∆2 = ∆3 and h(∆2) = 2. It is
straightforward to check in PARI that there are no such solutions to equation (2).
So we may assume that x1 /∈ Q.

Suppose that x2 ∈ Q. Then

Q(x3 − 2x1) = Q.

Hence, by Proposition 4.1, we must have that

∆1 ̸= ∆3,Q(x1) = Q(x3) is a degree 2 extension of Q, and 2 =
x3 − x′

3

x1 − x′
1

,

where x′
1, x

′
3 are the non-trivial Galois conjugates of x1, x3 respectively. It is easy to

check in PARI that there are no such ∆1,∆3. The case where x3 ∈ Q is analogous. So
assume subsequently that x1, x2, x3 /∈ Q. This implies, in particular, that min{|∆i| :
i = 1, 2, 3} ≥ 15.

By Proposition 4.1, we thus have that

Q(x2) = Q(2x1 − x3) = Q(x1, x3)

and
Q(x3) = Q(2x1 − x2) = Q(x1, x2).

Hence x2 ∈ Q(x3) and x3 ∈ Q(x2), so that Q(x2) = Q(x3). If ∆2 ̸= ∆3, then
Proposition 4.1 implies that

Q(x1) = Q(x2 + x3) = Q(x2, x3) = Q(x2) = Q(x3).

If ∆2 = ∆3, then, by Proposition 4.1 again,

Q(x1) = Q(x2 + x3) ⊂ Q(x2, x3) = Q(x2) = Q(x3)

and
[Q (x2) : Q (x1)] = [Q (x3) : Q (x1)] ≤ 2.

If
Q(x1) = Q(x2) = Q(x3),

then equation (2) and [18, Th. 1.5] imply that this field must be a degree 2 extension
of Q. Hence, ∆2 ̸= ∆3 in this case, else x2 + x3 ∈ Q, contradicting the fact that
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x1 /∈ Q. It is then easy to verify in PARI, by making use of Lemma 2.1, that there
are no such solutions to equation (2).

So we must have that
Q(x1) ⊊ Q(x2) = Q(x3).

By equation (2) and [18, Th. 1.5] again, x1 must be of degree 2 and x2, x3 of degree
4 and ∆2 = ∆3. Applying a suitable Galois automorphism, we may assume from
now on that x2 is dominant, and so x3 is not dominant. If D1 = D2, then, by [18,
Prop. 7.8],

|∆2| ≥ 9|∆1|/4.
Hence, by Lemma 2.1 and equation (2), we must have that

eπ|∆2|1/2 − 2079 ≤ 2(e2π|∆2|1/2/3 + 2079) + (eπ|∆2|1/2/2 + 2079).

This implies that |∆2| ≤ 8, a contradiction. So we must have that D1 ̸= D2. The
possible (∆1,∆2) may then be computed in PARI, as in [18, Prop. 7.6]. Applying
the bound in Lemma 2.1 to equation (2) for these (∆1,∆2), we see that the only
possibility is that (∆1,∆2) = (−235,−240) and, in this case, x1 must be dominant as
well. But then x1 < 0 and x2 > 0, and so |2x1−x2| > |x2| > |x3|, a contradiction. □

Thus we may assume subsequently that x1, x2, x3, x4 are pairwise distinct.

5.2. The case where some xi ∈ Q. Suppose xi ∈ Q for some i. The remaining
xj, xk, xl then satisfy

ϵ1xj + ϵ2xk + ϵ3xl = xi(3)

for some ϵ1, ϵ2, ϵ3 ∈ {±1}, precisely one of which is = −1. Hence, by [17, Theo-
rem 1.1], we must have that either xj, xk, xl ∈ Q, or else one of xj, xk, xl, say xj,
is in Q and the other two (i.e. xk, xl) are of degree 2 and conjugate over Q with
ϵk = ϵl = 1 and ϵj = −1. In the second case, equation (3) rearranges to

xi + xj = xk + xl.

It is an easy check in PARI to verify that both cases are impossible. Thus we
may assume subsequently that x1, x2, x3, x4 /∈ Q. In particular, this implies that
|∆i| ≥ 15 for every i.

5.3. Beginning the general case. We may thus assume that

x1 − x2 = x3 − x4,(4)

where x1, x2, x3, x4 are pairwise distinct, non-rational singular moduli. We may
further assume without loss of generality that

|∆1| ≥ |∆2|, |∆3|, |∆4| ≥ 15.

By taking Galois conjugates, we may also assume that x1 is dominant.
The proof of Theorem 1.1 now divides into four cases according to how many of

x2, x3, x4 are also dominant. The first two cases are straightforward and are handled
in Sections 5.3.1 and 5.3.2. The remaining two cases require more work and are
handled in Sections 6 and 7.

5.3.1. None of x2, x3, x4 is dominant. Then equation (4) and Lemma 2.1 imply that

eπ|∆1|1/2 − 2079 ≤ 3(eπ|∆1|1/2/2 + 2079),

and this implies that |∆1| ≤ 8, a contradiction.
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5.3.2. Exactly one of x2, x3, x4 is dominant. Say i ∈ {2, 3, 4} is such that xi is
dominant; write xk, xl for the remaining two of x2, x3, x4. Note that |∆i| < |∆1|,
since there is a unique dominant singular modulus of a given discriminant. So

|x1| − |xi| ≥
eπ|∆1|1/2

|∆1|1/2
− 2 · 2079,

by Lemmata 2.1 and 2.4. On the other hand, Lemma 2.1 also implies that

|xk|+ |xl| ≤ 2(eπ|∆1|1/2/2 + 2079)

These bounds and equation (4) imply that |∆1| ≤ 10, a contradiction.

6. Exactly two of x2, x3, x4 are dominant

This will be the most challenging case to handle. Write xi, xj for the two dominant
singular moduli and xk for the non-dominant singular modulus among x2, x3, x4.
Since x1, xi, xj are pairwise distinct and dominant, we have that |∆i|, |∆j| < |∆1| and
∆i ̸= ∆j. Dominant singular moduli are real, so xk ∈ R also. Let ϵ1, ϵ2, ϵ3 ∈ {±1}
with #{n : ϵn = −1} = 1 be such that

x1 = ϵ1xi + ϵ2xj + ϵ3xk.(5)

Our first aim is to show that we can reduce this case to the following list of cases:

(1) ∆i,∆j are both 2-elementary and |∆i|, |∆j| ≤ 7392;
(2) ∆i,∆j are both 2-elementary, |∆i| ≤ 7392, and Dj = D∗;
(3) ∆i,∆j are both 2-elementary, Di = D∗, and |∆j| ≤ 7392;
(4) ∆i,∆j are both 2-elementary and Di = Dj = D∗;
(5) ∆i is 2-elementary, ∆j is not 2-elementary, |∆i| ≤ 7392, and Dj = D1;
(6) ∆i is not 2-elementary, ∆j is 2-elementary, Di = D1, and |∆j| ≤ 7392;
(7) ∆i is 2-elementary, ∆j is not 2-elementary, Di = D∗, and Dj = D1;
(8) ∆i is not 2-elementary, ∆j is 2-elementary, Di = D1, and Dj = D∗.

To do this, we first show in Section 6.1 that at least one of Di, Dj must not be
equal to D1. This part of the proof is straightforward. We then prove in Section 6.2
that if Di ̸= D1, then ∆i is 2-elementary (and analogously for j). This part of the
proof will take substantially more work.

In Section 6.3, we deduce, by using these two facts, that we must be in one of the
cases (1)–(8) above. We then eliminate each of these cases in turn. This elimination
relies mostly on the bounds from Section 2 and on the facts about 2-elementary
discriminants established in Sections 3 and 4

6.1. At least one of Di, Dj is not equal to D1. Suppose that D1 = Di = Dj.
Then, by Lemmata 2.1 and 2.2,

|xi|+ |xj|+ |xk| ≤ 2(0.005eπ|∆1|1/2 + 2079) + (eπ|∆1|1/2/2 + 2079).

Since, by Lemma 2.1 again,

|x1| ≥ eπ|∆1|1/2 − 2079,

we thus obtain from equation (5) that |∆1| ≤ 8 and so x1 ∈ Q, a contradiction. So
we may assume subsequently that at least one of Di, Dj is not equal to D1.
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6.2. If Di ̸= D1, then ∆i is 2-elementary. Suppose that Di ̸= D1. Assume,
towards a contradiction, that ∆i is not 2-elementary. Then, by Proposition 3.1,
there exists σ1 ∈ Gal(Q/Q) such that σ1(xi) ̸= xi and σ1(x1) = x1. Write x′

n for
σ1(xn). Note that x′

i is not dominant. By equation (5),

x1 = ϵ1x
′
i + ϵ2x

′
j + ϵ3x

′
k.

If at least one of x′
j, x

′
k is also not dominant, then we have reduced to one of the

cases handled in Sections 5.3.1 and 5.3.2. So we may assume that x′
j, x

′
k are both

dominant. In particular, x′
j = xj and x′

k ̸= xk, and so

x1 = ϵ1x
′
i + ϵ2xj + ϵ3x

′
k.(6)

We obtain from equations (5) and (6) that

ϵ1(xi − x′
i) = −ϵ3(xk − x′

k).(7)

Hence

Q(xi − x′
i) = Q(xk − x′

k).

So, by Proposition 4.1,

Q(xi, x
′
i) = Q(xk, x

′
k).

If Di ̸= Dk, then Q(xi) = Q(xk) by Proposition 4.2 and so ∆i is 2-elementary by
Proposition 4.3, which contradicts our assumption. So we must have that Di = Dk.
Then, by Propositions 4.2 and 4.3, we have that

∆i/∆k ∈ {1, 4, 1/4}.

Suppose ∆i ̸= ∆k. Then {∆i,∆k} = {∆, 4∆} for some ∆. Note that xi, x
′
k are dom-

inant and x′
i, xk are not dominant. Equation (7) thus implies, thanks to Lemma 2.1,

that

e2π|∆|1/2 − 2079 ≤ 3(eπ|∆|1/2 + 2079).

This however is impossible for all discriminants ∆. So we must have that ∆i = ∆k.
If Dj ̸= D1 and ∆j is not 2-elementary, then we could repeat the above argument

with ∆j in place of ∆i to obtain that ∆j = ∆k also. This would contradict the fact
that ∆i ̸= ∆j. Therefore, either Dj = D1 or ∆j is 2-elementary.

Note that x′
k = xi, since both are dominant and ∆i = ∆k. So equation (7) yields

ϵ1(xi − x′
i) = −ϵ3(xk − xi),

which rearranges to

xi(ϵ1 − ϵ3) = ϵ1x
′
i − ϵ3xk.

Since xi is dominant and x′
i, xk are not dominant, Proposition 2.3 implies that

ϵ1 = ϵ3. So x′
i = xk and ϵ2 = −1. Equation (5) thus rearranges to

x1 + xj = xi + xk.(8)

We now split into two cases, according to whether ∆1 is 2-elementary. We will
obtain a contradiction in each case, and thus show that ∆i must be 2-elementary.
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6.2.1. The case where ∆1 is not 2-elementary. The first case is relatively straight-
forward. Suppose that ∆1 is not 2-elementary. Since D1 ̸= Di = Dk, Proposition 3.1
implies that there exists σ2 ∈ Gal(Q/Q) such that σ2(x1) ̸= x1 but σ2(xi) = xi and
σ2(xk) = xk. Write x′′

1, x
′′
j for σ2(x1), σ2(xj) respectively. Applying σ2 to equation

(8) and subtracting the resulting equation from equation (8), we see that

x1 − x′′
1 = x′′

j − xj.(9)

In particular, x′′
j ̸= xj. So x′′

1, x
′′
j are not dominant. Hence, by Lemma 2.1,

|x′′
1|+ |x′′

j | ≤ 2(eπ|∆1|1/2/2 + 2079)

On the other hand, by Lemmata 2.1 and 2.4,

|x1| − |xj| ≥
eπ|∆1|1/2

|∆1|1/2
− 2 · 2079.

These two bounds and equation (9) then imply that |∆1| ≤ 10, which is impossible.

6.2.2. The case where ∆1 is 2-elementary. The second case will require more work.
Suppose then that ∆1 is 2-elementary. Then, by Proposition 3.6, either |∆1| ≤ 7392
or D1 = D∗. We now split into four subcases and derive a contradiction in each.

Subcase 1. Suppose that |∆1| ≤ 7392 and Dj = D1. Since ∆1 is 2-elementary and
|∆1| ≤ 7392, Proposition 3.7 implies that f1 ≤ 8. Hence, by Lemmata 2.1 and 2.4,

|x1| − |xi| ≥
eπ|∆1|1/2

8|D1|1/2
− 2 · 2079.

Lemmata 2.1 and 2.2 imply that

|xj|+ |xk| ≤ e−π|D1|1/2eπ|∆1|1/2 + eπ|∆1|1/2/2 + 2 · 2079.
These two inequalities and equation (8) together imply that

1

8|D1|1/2
≤ e−π|D1|1/2 + e−π|∆1|1/2/2 + (4 · 2079)e−π|∆1|1/2

≤ 2e−π|D1|1/2 + 8316e−2π|D1|1/2 ,

where the second inequality holds since f1 ≥ fj + 1 ≥ 2. We obtain that |D1| ≤ 3
and hence |∆1| ≤ 192. We may then verify in PARI that for any (∆1,∆i,∆j,∆k)
satisfying these conditions, the inequality

(10) eπ|∆1|1/2 − 2079 > (eπ|∆i|1/2 + 2079) + (eπ|∆j |1/2 + 2079) + (eπ|∆k|1/2/2 + 2079)

holds. This though contradicts equation (8) by Lemma 2.1.
Subcase 2. Suppose that |∆1| ≤ 7392 and Dj ̸= D1. Hence, as argued in the third

paragraph of Section 6.2, the discriminant ∆j must be 2-elementary. By Proposi-
tion 4.4, this implies that ∆i = ∆k and this discriminant is almost 2-elementary.
Lemma 2.1 and equation (8) together imply that

(11) eπ|∆1|1/2 − 2079 ≤ (eπ|∆i|1/2 + 2079) + (eπ|∆j |1/2 + 2079) + (eπ|∆k|1/2/2 + 2079).

In PARI, we find 19 possibilities for (∆1,∆i,∆j,∆k) satisfying these conditions.
For each such possibility, we verify that equation (8) does not hold with x1, xi, xj

the dominant singular moduli of respective discriminants ∆1,∆i,∆j and xk any
non-dominant, real singular modulus of discriminant ∆k.
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Subcase 3. Suppose thatD1 = D∗ andDj ̸= D1. As in Subcase 2, the discriminant
∆j is 2-elementary, since Dj ̸= D1. Hence |∆j| ≤ 7392 by Proposition 3.6. So

|xj| ≤ eπ
√
7392 + 2079

by Lemma 2.1. Also,

|x1| − |xi| − |xk| ≥
eπ|∆1|1/2

|∆1|1/2
− eπ|∆1|1/2/2 − 3 · 2079

by Lemmata 2.4 and 2.1. We thus obtain from equation (8) that |∆1| ≤ 7638.
Hence, |D∗| ≤ 7638, which contradicts Proposition 3.6.

Subcase 4. Suppose that Dj = D1 = D∗. Hence, by Lemmata 2.1 and 2.2,

|xj|+ |xk| ≤ eπ|∆1|1/2e−π|D∗|1/2 + eπ|∆1|1/2/2 + 2 · 2079

≤ eπ|∆1|1/2(e−π|D∗|1/2 + e−π|∆1|1/2/2 + 4158e−π|∆1|1/2).

By Lemmata 2.1 and 2.4, we also have that

|x1| − |xi| ≥
eπ|∆1|1/2

|∆1|1/2
− 2 · 2079 = eπ|∆1|1/2

(
1

|∆1|1/2
− 4158e−π|∆1|1/2

)
.

Thus, equation (8) implies that

1

|∆1|1/2
− 4158e−π|∆1|1/2 ≤ e−π|D∗|1/2 + e−π|∆1|1/2/2 + 4158e−π|∆1|1/2 .

Since ∆1 is 2-elementary, Proposition 3.7 implies that |D∗|1/2 ≤ |∆1|1/2 ≤ 60|D∗|1/2.
So,

1

60|D∗|1/2
≤ (2 · 4158 + 1)e−π|D∗|1/2 + e−π|D∗|1/2/2.

We thus obtain that |D∗| ≤ 22, which contradicts Proposition 3.6.

6.3. Synthesis. By Section 6.2, if ∆i is not 2-elementary, then Di = D1. If ∆i is
2-elementary, then, by Proposition 3.6, either |∆i| ≤ 7392 or Di = D∗. The same
holds for ∆j. Hence, at least one of ∆i,∆j is 2-elementary, since D1, Di, Dj are not
all equal by Section 6.1. We have therefore reduced to the eight cases stated at the
beginning of Section 6, namely:

(1) ∆i,∆j are both 2-elementary and |∆i|, |∆j| ≤ 7392;
(2) ∆i,∆j are both 2-elementary, |∆i| ≤ 7392, and Dj = D∗;
(3) ∆i,∆j are both 2-elementary, Di = D∗, and |∆j| ≤ 7392;
(4) ∆i,∆j are both 2-elementary and Di = Dj = D∗;
(5) ∆i is 2-elementary, ∆j is not 2-elementary, |∆i| ≤ 7392, and Dj = D1;
(6) ∆i is not 2-elementary, ∆j is 2-elementary, Di = D1, and |∆j| ≤ 7392;
(7) ∆i is 2-elementary, ∆j is not 2-elementary, Di = D∗, and Dj = D1;
(8) ∆i is not 2-elementary, ∆j is 2-elementary, Di = D1, and Dj = D∗.

We will now obtain a contradiction in each case. We do not treat cases (3), (6),
and (8), because they are evidently analogous to cases (2), (5), and (7) respectively.

Note as well that if ∆i,∆j are both 2-elementary, then, by Proposition 4.4, either
∆1,∆k are 2-elementary, or: ∆1 = ∆k and this discriminant is almost 2-elementary
and

x1 + xk = xi + xj.
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6.3.1. Case 1. Lemma 2.1 implies that

|xi|+ |xj| ≤ 2(eπ
√
7392 + 2079)

and
|x1| − |xk| ≥ (eπ|∆1|1/2 − 2079)− (eπ|∆1|1/2/2 + 2079).

We thus obtain from equation (4) that |∆1| ≤ 7429.
Lemma 2.1 and equation (4) imply that

eπ|∆1|1/2 − 2079 ≤ (eπ|∆i|1/2 + 2079) + (eπ|∆j |1/2 + 2079) + (eπ|∆k|1/2/2 + 2079).

We may find in PARI all the possibilities for (∆1,∆i,∆j,∆k) satisfying these con-
ditions with |∆1| ≤ 7429. For each such (∆1,∆i,∆j,∆k), we may then verify that
equation (4) does not hold whenever x1, xi, xj are the dominant singular moduli
of respective discriminants ∆1,∆i,∆j and xk is any non-dominant, real singular
modulus of discriminant ∆k.

6.3.2. Case 2. By Lemmata 2.1 and 2.4,

|x1| − |xj| ≥
eπ|∆1|1/2

|∆1|1/2
− 2 · 2079

and, by Lemma 2.1,

|xi|+ |xk| ≤ eπ
√
7392 + eπ|∆1|1/2/2 + 2 · 2079.

We obtain from equation (4) that |∆1| ≤ 7638. In particular, |D∗| ≤ |∆j| ≤ 7638,
which contradicts Proposition 3.6.

6.3.3. Case 4. Without loss of generality, assume that |∆j| < |∆i|. So, by Lem-
mata 2.4, 2.2, and 2.1,

|x1| − |xi| − |xj| − |xk| ≥
eπ|∆1|1/2

|∆1|1/2
− e−π|D∗|1/2eπ|∆i|1/2 − eπ|∆1|1/2/2 − 4 · 2079.

Hence, equation (4) implies that

e−π|D∗|1/2eπ|∆i|1/2 ≥ eπ|∆1|1/2
(

1

|∆1|1/2
− e−π|∆1|1/2/2 − 8316e−π|∆1|1/2

)
.

Note that
1

|∆1|1/2
− e−π|∆1|1/2/2 − 8316e−π|∆1|1/2 ≥ 1

2|∆1|1/2
if |∆1| ≥ 13. Since |∆1| ≥ 15, we thus must have that

e−π|D∗|1/2eπ|∆i|1/2 ≥ eπ|∆1|1/2

2|∆1|1/2
.

The function g(t) = exp(π
√
t)/2

√
t is increasing for t > 1/π2. So

e−π|D∗|1/2eπ|∆i|1/2 ≥ eπ|∆i|1/2

2|∆i|1/2
.

Since ∆i is 2-elementary, fi ≤ 60 by Proposition 3.7, and so |∆i|1/2 ≤ 60|D∗|1/2. So

e−π|D∗|1/2 ≥ 1

2|∆i|1/2
≥ 1

2 · 60|D∗|1/2
,

which is impossible, since |D∗| ≥ 3.
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6.3.4. Case 5. By Lemma 2.1, we have that

|x1| > eπ|∆1|1/2 − 2079

and also, thanks to Lemma 2.2,

|xi|+ |xj|+ |xk| ≤ eπ
√
7392 + 0.005eπ|∆1|1/2 + eπ|∆1|1/2/2 + 3 · 2079.

We thereby obtain from equation (4) that |∆1| ≤ 7392.
Equation (4) and Lemmata 2.1 and 2.2 imply that

eπ|∆1|1/2 − 2079 < (eπ|∆i|1/2 + 2079) + (0.005eπ|∆1|1/2 + 2079) + (eπ|∆k|1/2/2 + 2079).

Thus,

0.995eπ|∆1|1/2 < eπ|∆i|1/2 + eπ|∆k|1/2/2 + 8316.

Since |∆k| ≤ |∆1|, we have that

eπ|∆1|1/2(0.995− e−π|∆1|1/2/2 − 8316e−π|∆1|1/2) < eπ|∆i|1/2 .

The discriminants ∆1,∆i,∆j are pairwise distinct and are all ≥ 15 in absolute
value. So |∆1| ≥ 19, since discriminants are ≡ 0, 1 mod 4. So

0.995− e−π|∆1|1/2/2 − 8316e−π|∆1|1/2 > 0.995− e−π
√
19/2 − 8316e−π

√
19 > 0.9845.

Hence,

0.9845eπ|∆1|1/2 < eπ|∆i|1/2 .

Thus,

|∆1|1/2 − |∆i|1/2 <
− log(0.9845)

π
< 0.005.

We may therefore obtain that

|∆1| < |∆i|+ 0.01|∆i|1/2 + 0.000025 < |∆i|+ 1,

since |∆i|1/2 ≤
√
7392 < 86. This though contradicts the fact that |∆1| ≥ |∆i|+ 1.

6.3.5. Case 7. Since ∆1 ̸= ∆j, Proposition 4.4 implies that ∆k is not 2-elementary.
Note also that D1 ̸= D∗, since D1, Di, Dj are not all equal. So, if ∆1 is 2-elementary,
then |∆1| ≤ 7392 by Proposition 3.6. But then |D∗| = |Di| ≤ 7392, which contra-
dicts Proposition 3.6. So we may assume that ∆1 is not 2-elementary.

Suppose that Dk ̸= D1. Since ∆k is not 2-elementary, there exists, by Proposi-
tion 3.1, σ1 ∈ Gal(Q/Q) such that σ1(xk) ̸= xk but σ1(x1) = x1 and σ1(xj) = xj.
Writing x′

n for σ1(xn), we obtain from equation (5) that

ϵ1(xi − x′
i) = −ϵ3(xk − x′

k).

We may now obtain a contradiction by arguing as in the paragraph following equa-
tion (6). If Di ̸= Dk, then ∆k is 2-elementary, a contradiction. If Di = Dk, then
∆i/∆k ∈ {1, 4, 1/4}. If ∆i ̸= ∆k, then we obtain a bound max{|∆i|, |∆k|} ≤ 11,
which is impossible. So we must have that ∆i = ∆k, and this contradicts the fact
that ∆k is not 2-elementary.

So Dk = D1 = Dj. By Proposition 3.1, there exists σ2 ∈ Gal(Q/Q) such that
σ2(x1) ̸= x1 but σ2(xi) = xi. We may thus obtain from equation (5) that

x1 − x′′
1 = ϵ2(xj − x′′

j ) + ϵ3(xk − x′′
k),(12)

where x′′
n denotes σ2(xn). In particular, x′′

1 is not dominant. Lemma 2.1 implies that

|x1| > eπ|∆1|1/2 − 2079.(13)
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Suppose that ∆k ̸= ∆1. Then, by Lemma 2.2, we also have that

|x′′
1|+ |xj|+ |x′′

j |+ |xk|+ |x′′
k| ≤ (eπ|∆1|1/2/2 + 2079) + 4(0.005eπ|∆1|1/2 + 2079).

These bounds and equation (12) imply that |∆1| ≤ 9, which is impossible.
So ∆k = ∆1. By Proposition 3.1, there exists σ3 ∈ Gal(Q/Q) such that σ3(xj) ̸=

xj but σ3(xi) = xi. Equation (5) thus yields that

x1 − x′′′
1 = ϵ2(xj − x′′′

j ) + ϵ3(xk − x′′′
k ),(14)

where x′′′
n denotes σ3(xn). Suppose that xk = x′′′

k . Then x1 ̸= x′′′
1 , since xj ̸= x′′′

j . So
x′′′
1 is not dominant. Lemmata 2.1 and 2.2 imply that

|x1| ≥ eπ|∆1|1/2 − 2079

and

|x′′′
1 |+ |xj|+ |x′′′

j | ≤ (eπ|∆1|1/2/2 + 2079) + 2(0.005eπ|∆1|1/2 + 2079).

These bounds and equation (14) then imply that |∆1| ≤ 8, which is impossible.
So xk ̸= x′′′

k . If x1 = x′′′
1 , then we may argue similarly (applying first a suitable

automorphism to (14) to make xk dominant) and obtain a contradiction. So x1 ̸= x′′′
1

as well. In particular, x′′′
1 is not dominant.

If x′′′
k is not dominant, then Lemmata 2.1 and 2.2 imply that

|x′′′
1 |+ |xj|+ |x′′′

j |+ |xk|+ |x′′′
k | ≤ 3(eπ|∆1|1/2/2 + 2079) + 2(0.005eπ|∆1|1/2 + 2079).

Equation (14) and the bound (13) then imply that |∆1| ≤ 9, which is impossible.
So assume that x′′′

k is dominant, i.e. x′′′
k = x1. Lemmata 2.1 and 2.2 then yield

that

|x′′′
1 |+ |xj|+ |x′′′

j |+ |xk| ≤ 2(eπ|∆1|1/2/2 + 2079) + 2(0.005eπ|∆1|1/2 + 2079).

If ϵ3 = 1, then

|x1 + ϵ3x
′′
k| ≥ 2(eπ|∆1|1/2 − 2079).

And so equation (14) implies that |∆1| ≤ 7, a contradiction. If ϵ3 = −1, then ϵ2 = 1
and equation (14) rearranges to

xk − x′′′
1 = xj − x′′′

j .(15)

Since xj ̸= x′′′
j , we have that xk ̸= x′′′

1 . Taking suitable Galois conjugates, we may
now assume that xk is dominant, and so x′′′

1 is not dominant. Thus, by Lemma 2.1,

|xk| − |x′′′
1 | ≥ (eπ|∆1|1/2 − 2079)− (eπ|∆1|1/2/2 + 2079),

while, by Lemma 2.2,

|xj|+ |x′′′
j | ≤ 2(0.005eπ|∆1|1/2 + 2079).

These bounds and equation (15) together imply that |∆1| ≤ 8, a contradiction.

7. All of x2, x3, x4 are dominant

In this case, ∆1,∆2,∆3,∆4 are pairwise distinct, since x1, x2, x3, x4 are dominant
and pairwise distinct.
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7.1. Equal fundamental discriminants. If D1 = D2 = D3 = D4, then Lem-
mata 2.1 and 2.2 and equation (4) together imply that

eπ|∆1|1/2 − 2079 ≤ 3 (0.005eπ|∆1|1/2 + 2079),

and hence |∆1| ≤ 8, a contradiction. We may thus assume that the fundamental
discriminants D1, D2, D3, D4 are not all equal.

7.2. An inductive argument. Let i ∈ {2, 3, 4} be such that Di ̸= D1. Suppose
that ∆i is not 2-elementary. Then, by Proposition 3.1, there exists σ ∈ Gal(Q/Q)
such that σ(xi) ̸= xi and σ(x1) = x1. In particular, σ(xi) is not dominant, and so
applying σ to equation (4) reduces us to one of the previously proved cases where
at most two of x2, x3, x4 are dominant.

We may thus assume subsequently that, for every i ∈ {2, 3, 4}, either Di = D1 or
∆i is 2-elementary. In particular, at least one of ∆2,∆3,∆4 is 2-elementary, since
D1, D2, D3, D4 are not all equal. To finish the proof of Theorem 1.1, we distinguish
two final cases, according to whether or not ∆1 is 2-elementary.

7.3. The case where ∆1 is not 2-elementary. Suppose ∆1 is not 2-elementary.
Then, by Proposition 4.4, at most one of ∆2,∆3,∆4 is 2-elementary, since the four
discriminants are pairwise distinct. Therefore, there exists a unique i ∈ {2, 3, 4}
such that Di ̸= D1, since ∆i is 2-elementary for any such i by Section 7.2. For the
remaining j, k ∈ {2, 3, 4}, we have that Dj = Dk = D1 and hence, by Lemma 2.2,

|x| ≤ 0.005eπ|∆1|1/2 + 2079(16)

for every singular modulus x of discriminant ∆j or ∆k.

Since ∆1 is not 2-elementary, by Proposition 3.1 there exists σ ∈ Gal(Q/Q) such
that σ(x1) ̸= x1 and σ(xi) = xi. In particular, σ(x1) is not dominant. Write x′

n for
σ(xn). There are ϵ1, ϵ2, ϵ3 ∈ {±1} such that

x1 = ϵ1xi + ϵ2xj + ϵ3xk

and
x′
1 = ϵ1xi + ϵ2x

′
j + ϵ3x

′
k.

Hence,
x1 = x′

1 + ϵ2(xj − x′
j) + ϵ3(xk − x′

k).

This equation, Lemma 2.1, and equation (16) together imply that

eπ|∆1|1/2 − 2079 ≤ (eπ|∆1|1/2/2 + 2079) + 4(0.005eπ|∆1|1/2 + 2079).

From this we obtain that |∆1| ≤ 9, a contradiction.

7.4. The case where ∆1 is 2-elementary. So we may assume subsequently that
∆1 is 2-elementary. Since the fundamental discriminants D1, D2, D3, D4 are not all
equal, there exists i ∈ {2, 3, 4} such that Di ̸= D1. Then ∆i is 2-elementary by
Section 7.2. Therefore, Proposition 4.4 implies that all of ∆1,∆2,∆3,∆4 must be
2-elementary, since they are pairwise distinct.

Suppose that D1 = D∗. Then, for each j ≥ 2, either

Dj = D1 and |xj| ≤ 0.005eπ|∆1|1/2 + 2079

by Lemmata 2.1 and 2.2, or

Dj ̸= D1 and |∆j| ≤ 7392
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by Proposition 3.6. These bounds, Lemma 2.1, and equation (4) then imply that
|∆1| ≤ 7452 and thus |D∗| ≤ 7452, which contradicts Proposition 3.6.

So we may assume thatD1 ̸= D∗. Hence, |∆1| ≤ 7392 by Proposition 3.6. Further,
Lemma 2.1 and equation (4) imply that

(17) eπ|∆1|1/2 − 2079 ≤ (eπ|∆2|1/2 + 2079) + (eπ|∆3|1/2 + 2079) + (eπ|∆4|1/2 + 2079)

We may then find in PARI all the possibile (∆1,∆2,∆3,∆4) satisfying the above
conditions and, for each possibility, verify that equation (4) does not hold for the
corresponding dominant singular moduli. This completes the proof of Theorem 1.1.
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(2020), 17–35, with an appendix by E. Kowalski.

[11] F. Breuer, Heights of CM points on complex affine curves, Ramanujan J. 5 (2001), no. 3,
311–317.

[12] F. Campagna, On singular moduli that are S-units, Manuscripta Math. 166 (2021), 73–90.
[13] H. Cohn, Introduction to the construction of class fields, Dover Publications, Inc., New York,

1994, Corrected reprint of the 1985 original.
[14] D. Cox, Primes of the form x2 + ny2, John Wiley & Sons, Inc., New York, 1989.
[15] B. Edixhoven, Special points on the product of two modular curves, Compositio Math. 114

(1998), no. 3, 315–328.
[16] B. Faye and A. Riffaut, Fields generated by sums and products of singular moduli, J. Number

Theory 192 (2018), 37–46.
[17] G. Fowler, Equations in three singular moduli: the equal exponent case, J. Number Theory

243 (2023), 256–297.
[18] G. Fowler, Some uniform effective results on André-Oort for sums of powers in Cn, Math.
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351 cours de la Libération, 33405 Talence, France
Email address: emanuele.tron@math.u-bordeaux.fr

http://pari.math.u-bordeaux.fr/
http://pari.math.u-bordeaux.fr/

	1. Introduction
	1.1. Overview of proof
	1.2. Solving equations in singular moduli

	2. Background
	2.1. Singular moduli
	2.2. An analytic estimate

	3. Some class field theory
	3.1. Automorphisms of fields generated by singular moduli
	3.2. Characterising 2-elementary discriminants

	4. Fields generated by singular moduli
	4.1. Some preliminary results
	4.2. Singular moduli generating 2-elementary fields

	5. Beginning the proof of Theorem 1.1
	5.1. The non-pairwise distinct case
	5.2. The case where some xi in Q
	5.3. Beginning the general case

	6. Exactly two of x2, x3, x4 are dominant
	6.1. At least one of Di, Dj is not equal to D1.
	6.2. If Di neq D1, then Delta i is 2-elementary.
	6.3. Synthesis

	7. All of x2, x3, x4 are dominant
	7.1. Equal fundamental discriminants
	7.2. An inductive argument
	7.3. The case where Delta 1 is not 2-elementary
	7.4. The case where Delta 1 is 2-elementary

	References

