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Although BCS wave functions for superconductors under periodic boundary conditions are well
established, obtaining an explicit form of the many-body BCS wave function under open boundary
condition is usually a nontrivial problem. In this work, we construct the exact BCS ground-state
wave function of a one-dimensional spin- 1

2
superconductor with p + is pairing symmetry under

open boundary conditions for special sets of parameters. The spin magnetization on the edges is
calculated explicitly using the obtained wave function. Our work is useful for obtaining deeper
understandings of open p+ is superconducting chains on a wave-function level.

I. INTRODUCTION

Majorana fermions are particles that are their own
antiparticles, which were originally proposed in high-
energy physics [1] and later introduced into condensed
matter systems as emergent quasiparticles [2]. Majorana
zero modes are localized, zero-energy excitations at the
boundaries or defects of topological superconducting sys-
tems [3–7]. Because of their global topological features
[8], Majorana fermions and Majorana zero modes can en-
code quantum information nonlocally and save computa-
tional resources in fault-tolerant quantum computations
[9–14]. Experimental signatures hinting the existences
of Majorana zero modes have been reported in various
condensed matter systems [15–21].

Topological superconductors have attracted significant
attentions due to their potential to host Majorana zero
modes and Majorana fermions [5, 6, 22–24]. A well-
established route to realizing Majorana zero modes is
through p-wave topological superconductors. For in-
stance, applying external magnetic fields to metallic
nanowires in proximity with s-wave superconductors can
drive the nanowire into a topological superconducting
phase with effective spinless p-wave pairing, thereby cre-
ating the conditions necessary for the emergence of Ma-
jorana zero modes on the boundaries [3, 25–27]. Another
example is Sr2RuO4, a two-dimensional superconductor
that has been proposed as a candidate for unconventional
chiral p+ ip pairing, where topologically protected Majo-
rana zero modes can be created in vortices [28–32]. More
recently, the quasi-one-dimensional material K2Cr3As3
has been reported to exhibit possible p-wave supercon-
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ductivity and may be a promising platform for hosting
Majorana zero modes [33, 34].
The p±is superconducting state has recently attracted

growing interest as an unconventional topological phase
[35–44]. The p ± is pairing can be realized through two
distinct approaches. One is an “extrinsic” route, in which
an s-wave superconductor is placed in proximity to a p-
wave superconductor, thereby inducing a mixed pairing
state. The other is an “intrinsic” route, where the mate-
rial itself possesses an inherent p± is pairing symmetry.
The p±is pairing gives rise to several distinctive physical
phenomena, including axionlike electromagnetic response
[45–48] in which the relative phase between the p-wave
and s-wave components acts as an effective axion field,
propagating chiral Majorana fermions along domain wall
at the interface between adjacent p+is and p−is regions
and edge magnetizations [42].
In this work, we focus on the one-dimensional (1D)

p + is superconductors and demonstrate that at special
parameters under open boundary conditions (OBC), the
exact BCS many-body wave function for 1D p + is su-
perconductor can be obtained analytically, exhibiting a
recursive local form. We note that although the BCS
wave function is well established under periodic bound-
ary condition (PBC), obtaining the explicit form of the
many-body BCS wave function under OBC is usually
a nontrivial problem [49]. The obtained results remain
valuable even away from those special parameters, as long
as the system remains in the same phase.
The ground-state wave function under OBC can be

useful for obtaining a better understanding for various
physical properties of the p+ is superconducting system
on a wave function level. As an example, we further com-
pute the spin magnetization on the edges based on the
exact wave function, and show that the result reported
in Ref. 42 is not exact, but only an approximation valid
when the s-wave component is much smaller than the
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p-wave one. More precisely, the edge magnetization has
explicit dependence on the ratio between s- and p-wave
components as shown in Fig. 1, which reduces to the
result of 1

4magnetization in Ref. 42 in the small s-wave
limit.

Apart from the calculation using wave function, we
present another evaluation of edge magnetizations based
on local Majorana operators. The special sets of system
parameters which allow exact solutions of wave functions
have a prominent feature that the spectrum of Bogoli-
ubov eigen-modes is dispersionless. This allows the con-
struction of scattering eigen-modes in terms of local op-
erators. As a result, the contributions from boundary
modes and scattering modes are both local in space, pro-
viding a transparent understanding for the origins and
separations of these two types of contributions in edge
magnetizations.

The rest of the paper is organized as follows. In Sec. II
the model Hamiltonian for the spin-1/2 p+ is supercon-
ducting chain is discussed. Section III shows that the 1D
spin- 12 p-wave superconductor can be decomposed into
two Kitaev superconducting chains with unpaired Majo-
rana modes on the edges. In Sec. IV, the exact ground-
state wave function is obtained in an explicit form in
terms of creation operators. In Sec. V, the origin of
edge spins in p+ is superconductors is explored through
two approaches: calculation of edge magnetizations from
the exact ground state wave function and reexamination
within the picture of local Majorana modes. Section VI
summarizes the main results of the paper.

0 1 2 3 4 5
Δs/Δp

0.00

0.05

0.10

0.15

0.20

0.25

0.30

⟨
Δ G p
+
is
|S

z 1|
Δ G p
+
is
̃

FIG. 1. Numerical results for edge magnetization at site 1
as a function of ∆s/∆p shown by the red dots, calculated on
an open chain with N = 20 sites. Numerical values coincide

with the analytical expression 1
4
(1− ∆s/∆p√

1+(∆s/∆p)2
) plotted by

the black curve.

II. MODEL HAMILTONIAN

In this section, we briefly review the 1D p + is super-
conductivity and edge magnetizations [42].

A. The 1D p+ is superconductor

We first give a quick review on how the p ± is pair-
ing state arises based on a free-energy analysis [42]. The
Ginzburg Landau free energy of the system with coexist-
ing p- and s-wave superconducting pairing components
up to quartic order can be written as

F = αs|∆s|2 + αp|∆p|2 + βs|∆s|4 + βp|∆p|4

+γ|∆s|2|∆p|2 + η (∆∗
s∆

∗
s∆p∆p + c.c.) . (1)

It is clear that the free energy in Eq. (1) is invariant
under both time reversal (T ) and inversion (P) symme-
tries. The last term of the free energy F in Eq. (1) can
be rewritten as

η(∆∗
s∆

∗
s∆p∆p + c.c.) = 2η|∆s|2|∆p|2 cos (2ϕs − 2ϕp) ,

(2)

in which ϕs and ϕp are the phases of the complex order
parameters ∆s and ∆p, respectively, whereas |∆s| and
|∆p| are the amplitudes. For a positive η, minimizing
the free energy leads to a difference of ±π/2 between ϕs
and ϕp, giving rise to the p ± is pairing state. In what
follows throughout this work, we will focus on p±is pair-
ing, and choose ∆p and ∆s to be positive, representing
the amplitudes of the pairing components. In this con-
vention, the value of the order parameter for the s-wave
pairing is ±i∆s.
The 1D p ± is superconductor has been studied in

Ref. [42] using a continuum model. The Bogoliubov–de
Gennes (BdG) Hamiltonian of the 1D spin-1/2 p + is
superconductor can be written as

Ĥ1D =
1

2

∫
dxψ† (x) (ξkx

σ3 +∆kx
σ1τ1 −∆sσ1τ2)ψ (x) ,

(3)

in which x is the spatial coordinate for the 1D sys-

tem; ψ (x) =
(
c†↑ (x) c

†
↓ (x) c↑ (x) c↓ (x)

)T

is the Nambu

spinor formed by electron creation and annihilation op-
erators; σi and τi are the Pauli matrices in the spin and

particle-hole spaces, respectively; ξkx
= ℏ2

2mk
2
x − µ (x)

is the non interacting band dispersion; ∆kx
=

∆p

kf
kx is

the pairing gap function for the p-wave superconducting
component; kf is the Fermi wave vector; kx = −i∂x is
the momentum operator; µ (x) is the chemical potential;
∆s and ∆p are positive-valued amplitudes of the s- and
p-wave pairing amplitudes. The ∆k and ∆s terms in
Ĥ1D in Eq. (3) correspond to the p and s-wave pairing
components, respectively.
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When ∆s = 0, the Hamiltonian reduces to that of a
pure p-wave pairing superconductor. In this case, there
are four Majorana zero modes in total, with two localized
at each end of the system [42]. As a result, the ground
states are four fold degenerate. When ∆s ̸= 0, both in-
version (P) and time-reversal (T ) symmetries are broken,
though the system remains invariant under the combined
PT symmetry. In this case, the four fold degeneracy of
the Majorana zero modes is lifted and the ground state
becomes non degenerate.

B. Spin magnetizations on the edges

Since the system is 1D, there is no orbital angular mo-
mentum. However, it has been demonstrated that the 1D
p + is superconductors exhibit non vanishing spin mag-
netizations on the edges of an open chain [42].

Expressing the spin operators Sz
i in terms of the quasi

particle operators, the spin magnetizations in 1D p +
is superconductors can be calculated by evaluating the
expectation values over the ground state of the system.
In Ref. 42, the quasi particle operators for the four low-
energy Majorana modes are kept in the calculations, and
it was found that the edge magnetizations are ± 1

4 , where
the sign of the magnetization depends on the relative
phase between p- and s-wave components as well as the
location of the edge (i.e., left or right edge). Specifically,
the magnetization at the same end of the chain in the
p− is case is opposite to that in the p+ is case; and the
two edges carry opposite magnetizations as ensured by
the presence of the PT symmetry.

We note that although the treatments in Ref. 42 are
standard and rather straightforward, the calculations are
carried out based on the algebraic properties of the quasi
particle operators, not touching the many-body wave
functions. On the other hand, an explicit construction
of the many-body wave-function of the 1D p+ is super-
conductor under open boundary condition can be helpful
for obtaining a deeper and more intuitive understanding
of the system. In particular, it will be desirable to ex-
plicitly see how edge magnetization emerges on a wave
function level.

III. THE TOPOLOGICAL 1D p-WAVE
SUPERCONDUCTORS

In this section, we first briefly review Kitaev’s spinless
superconducting chain and the construction of its many-
body wave function under open boundary condition. Af-
ter that, we show that the spin- 12 p-wave superconductor
can be decomposed to two decoupled Kitaev’s spinless su-
perconducting chains. As a result, the wave function of
the spin- 12 p-wave superconductor under open boundary
conditions can be obtained correspondingly.

A. Review of Kitaev superconducting chain

We start with a brief review of Kitaev’s model for spin-
less superconducting chain with unpaired Majorana zero
modes on the edges [3].

1. Model Hamiltonian of Kitaev superconducting chain

The model Hamiltonian for the Kitaev superconduct-
ing chain of N sites under OBC is defined as

ĤK = −t
N−1∑
x=1

(
a†xax+1 + h.c.

)
−∆

N−1∑
x=1

(
a†x+1a

†
x +H.c.

)
−µ

N∑
x=1

a†xax, (4)

in which x (1 ≤ x ≤ N) is the label for the lattice site;
N is the number of sites; a†x and ax are creation and an-
nihilation operators of a spinless fermion at site x, with
no spin degrees of freedom; t is the nearest-neighbor hop-
ping amplitude; ∆ is the strength of the p-wave pairing
strength; and µ is the chemical potential.

2. Ground-state wave functions in real space

Consider two special sets of parameters of Kitaev’s su-
perconducting model: µ = 0, t > 0,∆ = ±t. At these
two points, the wave function in real space for the ground
states of the Hamiltonian in Eq. (4) under OBC can be
obtained analytically [49], which we briefly review here.
To begin with, we define two Majorana operators

γA,x, γB,x on each site x as

γA,x = −i
(
ax − a†x

)
,

γB,x = ax + a†x. (5)

For the case of ∆ = t, the Hamiltonian in Eq. (4) can
be rewritten as

ĤK,+ = −it
N−1∑
x=1

γB,xγA,x+1. (6)

The ground states of ĤK,+ are two fold degenerate
and can be constructed explicitly [49]. Denote |0⟩ to be
the vacuum state of the Fock space, namely, annihilated
by the operators ax (1 ≤ x ≤ N). The two degenerate
ground states |Ψ±(∆ = t)⟩ are given by

|Ψ±(∆ = t)⟩ =
N∏

x=1

1√
2

(
1± a†x

)
|0⟩, (7)

in which the convention is chosen such that the products
act from right to left. For instance,

N∏
x=1

(
1 + a†x

)
|0⟩ =

(
1 + a†N

)
. . .

(
1 + a†1

)
|0⟩. (8)
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Similarly, the Hamiltonian for ∆ = −t is given by

ĤK,− = −it
N−1∑
x=1

γB,x+1γA,x . (9)

In this case, the unpaired Majorana modes are γA,N and
γB,1. It can be observed that the ∆ = −t case is identi-
cal to the ∆ = t case except that the ordering of the
lattice sites is reversed. Therefore, the ground states
|Ψ±(∆ = −t)⟩ for ∆ = −t can be obtained by by re-
labeling the sites in the ground states in the ∆ = t case
from 1, 2, . . . , N to N,N − 1, . . . , 1. More explicitly,

|Ψ±(∆ = −t)⟩ =
1∏

x=N

1√
2

(
1± a†x

)
|0⟩, (10)

The Majorana operators γA,1 and γB,N act as −σy and
σz in the two-dimensional ground state subspace under
the basis states |Ψ±(∆ = t)⟩, while γA,N and γB,1 act as
−σy and σz under the basis states |Ψ±(∆ = −t)⟩. These
relations are explicitly verified in Appendix B.

B. Spin- 1
2
p-wave superconductor as two decoupled

Kitaev superconducting chains

In this section, we rewrite the spin- 12 p-wave supercon-
ducting chain as two decoupled Kitaev chains with oppo-
site pairing signs, which fixes the notation for subsequent
constructions of wave functions under OBC. The decou-
pling is a standard consequence of the Majorana rep-
resentation and decomposition of free-fermion supercon-
ducting Hamiltonians, which have been systematically
discussed in Refs. 50 and 51.

1. Decoupling of Hamiltonian under PBC

The Bogoliubov–de Gennes (BdG) Hamiltonian of a
1D periodic p-wave pairing superconductor in the mo-
mentum space can be written as

Ĥp =
1

2

∑
kx

ψ† (kx)Hp (kx)ψ (kx) , (11)

in which the matrix Hp(kx) can be obtained by setting
∆s as zero in Eq. (3), namely,

Hp (kx) =

 ξkx
0 0 ∆kx

0 ξkx
∆kx

0
0 ∆kx

−ξkx
0

∆kx
0 0 −ξkx

 . (12)

The operator vector ψ (kx) = (ckx,↑ ckx,↓ c
†
−kx,↑ c

†
−kx,↓)

T

is related to ψ†(x) in Eq. (3) via

ψ† (kx) =
1√
N

N∑
x=1

ψ†(x)e−ikxx, (13)

where kx = 2πn
N (n = 1, . . . , N).

Consider the following unitary transformation on the
electron creation and annihilation operators:

ax =
1√
2
(cx,↑ + cx,↓) ,

a′x =
1√
2
(cx,↑ − cx,↓) , (14)

where 1 ≤ x ≤ N . Then the BdG Hamiltonian can be
decomposed into a sum of two terms,

Ĥp = Ĥp,+ + Ĥp,−, (15)

in which

Ĥp,+ =
1

2

∑
kx

(
a†kx

a−kx

)(
ξkx ∆kx

∆kx −ξkx

)(
akx

a†−kx

)
,

Ĥp,− =
1

2

∑
kx

(
a′†kx

a′−kx

)(
ξkx −∆kx

−∆kx −ξkx

)(
a′kx

a′†−kx

)
.

(16)

Notice that up to the following gauge transformation

cj,↑ → eiπ/4cj,↑,

cj,↓ → eiπ/4cj,↓, (17)

which is equivalent to akx
→ eiπ/4akx

, a′kx
→ eiπ/4a′kx

,

both Ĥp,+ and Ĥp,− can be transformed to a spinless
Kitaev superconducting chain in momentum space, with
opposite sign of the pairing. Therefore, the spin- 12 p-
wave superconductor is equivalent to two copies of Kitaev
superconducting chains. We note that although Hp (kx)
in Eq. (12) can be decomposed into a direct sum of two
2× 2 matrices as well, the corresponding decomposition
of Ĥp does not consist of two Kitaev superconducting

chains, since c†j,↑, cj,↓ (similarly c†j,↓, cj,↑) do not form a
set of creation and annihilation operators for a single
species of spinless fermion.
Notice that Ĥp,+ and Ĥp,− in Eq. (16) differ in the

sign of the off-diagonal pairing term ±∆kx
. Hence,

Ĥp,+ (Ĥp,−) describes a continuum model with ∆ > 0
(∆ < 0). The two decoupled Kitaev superconducting
chains in Eq. 16 are both topologically nontrivial, al-
beit with opposite winding number +1 and −1, and
they lie in the same topological phases as those having
special sets of parameters (µ = 0, t > 0,∆ = t) and
(µ = 0, t > 0,∆ = −t), respectively. The topological
properties of the Kitaev model, including the winding
number and the phase diagram, are detailed in Appendix
A 2. Since we are primarily interested in the global topo-
logical properties of the system, Ĥp,+ (and Ĥp,−) can be
deformed into Kitaev superconducting chain with param-
eters (µ = 0, t > 0,∆ = t) [and (µ = 0, t > 0,∆ = −t)]
without affecting topological properties. A schematic
plot of the Hamiltonian Ĥp under OBC is shown in Fig.
2. In what follows in this work, we will make the simpli-
fication that the deformed Hamiltonian is considered.
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γA, 1 γB, 1 γA, 2 γB, 2 γA, 3 γB, 3 γA,N γB,N

γ ′
B, 1 γ ′

A, 1 γ ′
B, 2 γ ′

A, 2 γ ′
B, 3 γ ′

A, 3 γ ′
B,N γ ′

A,N

FIG. 2. Schematic plot of the pairing structure for the spin- 1
2

p-wave superconducting chain at special parameters as two
decoupled spinless Kitaev chains. The upper chain corre-
sponds a copy of Kitaev superconducting chain with ∆ = t,
described by the Hamiltonian Ĥp,+ in Eq. (16), while the
lower chain corresponds to ∆ = −t, described by the Hamil-
tonian Ĥp,−.

2. Ground state under OBC

Next we come back to OBC. After the above-
mentioned deformation, the Hamiltonian ĤD

p of an open

spin- 12 p-wave superconducting chain becomes the sum of
two Kitaev superconducting chains, with the two sets of
parameters (µ = 0, t > 0,∆ = t) and (µ = 0, t > 0,∆ =
−t), where the superscript “D” is “deformed” for short.

The Hamiltonian ĤD
p under OBC can also be rewritten

in terms of the Majorana operators as

ĤD
p = − i∆p

2

N−1∑
x=1

(
γB,xγA,x+1 + γ′B,x+1γ

′
A,x

)
, (18)

in which γA,x, γB,x and γ′A,x, γ
′
B,x are related to

cx,↑, cx,↓, c
†
x,↑, c

†
x,↓ via

γA,x = −i
(
ax − a†x

)
,

γB,x = ax + a†x,

γ′A,x = −i
(
a′x − a′†x

)
,

γ′B,x = a′x + a′†x , (19)

where ax and a′x are defined in Eq. (14).

The ground-state wave function of ĤD
p in Eq. (18) with

OBC can be explicitly written. Since the ground states
of each copy Kitaev superconducting chain are two fold
degenerate, the ground states of Ĥp are four fold degen-
erate, denoted as |Ψ++⟩, |Ψ+−⟩, |Ψ−+⟩, |Ψ−−⟩, which are
given by

|Ψ±±⟩ =
N∏

x=1

1√
2

(
1± a†x

) 1∏
x=N

1√
2

(
1± a′†x

)
|0⟩. (20)

The convention for the product is chosen as multiplying
from right to left as before. The first and second signs
in the superscripts Ψ correspond to the first and second
products, respectively.

γA, 1 γB, 1 γA, 2 γB, 2 γA, 3 γB, 3 γA,N γB,N

γ ′
B, 1 γ ′

A, 1 γ ′
B, 2 γ ′

A, 2 γ ′
B, 3 γ ′

A, 3 γ ′
B,N γ ′

A,N

FIG. 3. Schematic plot of the pairing structure for the 1D
spin- 1

2
p + is superconducting model at special parameters.

The interactions in the p and s-wave pairing Hamiltonians
are represented by the horizontal black lines and vertical red
lines, respectively.

IV. EXACT WAVE FUNCTION FOR p+ is
SUPERCONDUCTING CHAIN

In this section, we construct the exact ground-state
wave function of an open spin- 12 p + is superconducting
chain.

A. Bogoliubov transformation

1. Majorana representation of p+ is Hamiltonian

Next we add s-wave component, considering a 1D p±is
superconductor with OBC. After performing the gauge
transformation in Eq. (17), the Hamiltonian ĤD

p+is after
deformation can be written as

ĤD
p+is = − i∆p

2

N−1∑
x=1

(
γB,xγA,x+1 + γ′B,x+1γ

′
A,x

)
+ Ĥs,

(21)

in which Ĥs is given by

Ĥs = ∆s

N∑
x=1

(
c†x,↑c

†
x,↓ +H.c.

)
=

i∆s

2

N∑
x=1

(
γA,xγ

′
B,x + γB,xγ

′
A,x

)
. (22)

Here we emphasize that after the gauge transformation,
the p+ is pairing becomes an s+ ip pairing, which is why
there is no phase factor for ∆s in Eq. (22).

A pictorial representation of the Hamiltonian ĤD
p+is in

Eq. (21) under OBC is shown in Fig. 3. In Fig. 3,
the black and red lines represent the quadratic Majo-
rana interactions in ĤD

p and Ĥs, respectively. Since Ĥ
D
p

(Ĥs) only contain intrachain (interchain) terms, the black
(red) lines are correspondingly horizontal (vertical).
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2. Orthogonal transformation of Majorana operators

We recapitulate the Hamiltonian for the p+ is super-
conducting chain as follows,

ĤD
p+is = Ĥbulk +

i∆s

2

(
γA,1γ

′
B,1 + γB,Nγ

′
A,N

)
, (23)

in which Ĥbulk is given by

Ĥbulk =

N−1∑
x=1

ΓT
x+1/2Hx+1/2Γx+1/2, (24)

where Hx+1/2 is a 4× 4 matrix given by

Hx+1/2 = − i

4

 0 −∆s ∆p 0
∆s 0 0 −∆p

−∆p 0 0 −∆s

0 ∆p ∆s 0

 , (25)

and Γx+1/2 is a four-component operator-valued column
vector defined as

Γx+1/2 = (γB,x γ
′
A,x γA,x+1 γ

′
B,x+1)

T . (26)

By introducing a set of Bogoliubov-transformed oper-
ators Γ̃x+1/2 = (γ̃B,x γ̃

′
A,x γ̃A,x+1 γ̃

′
B,x+1)

T according to

Γ̃T
x+1/2 = ΓT

x+1/2O, (27)

in which O is given by

O =


1 0 0 0

0
∆p√

∆2
s+∆2

p

− ∆s√
∆2

s+∆2
p

0

0 ∆s√
∆2

s+∆2
p

∆p√
∆2

s+∆2
p

0

0 0 0 1

 , (28)

the bulk Hamiltonian becomes

Ĥbulk =

N−1∑
x=1

Γ̃T
x+1/2H̃x+1/2Γ̃x+1/2, (29)

in which

H̃x+1/2 = − i

4

√
∆2

s +∆2
p

 0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

 . (30)

Notice that since the boundary Majorana modes are not
touched by the transformation in Eq. (27), the boundary
term in Eq. (23) remains unchanged, namely,

γ̃A,1 = γA,1,

γ̃B,N = γB,N ,

γ̃′B,1 = γ′B,1,

γ̃′A,N = γ′A,N . (31)

We emphasize that it is the special structure of the
p + is pairing that enables a simple form of exact solu-
tion to be possible. As shown in Fig. 4, when there is no
phase difference between p- and s-wave components, the
1D p + s superconducting model does not allow a sim-
ple reduction as Eq. (29), because the s-wave pairings
between the two chains in the p+ s case are nonlocal.

γA, 1 γB, 1 γA, 2 γB, 2 γA, 3 γB, 3 γA,N γB,N

γ ′
B, 1 γ ′

A, 1 γ ′
B, 2 γ ′

A, 2 γ ′
B, 3 γ ′

A, 3 γ ′
B,N γ ′

A,N

FIG. 4. Schematic plot of the pairing structure for the 1D
spin- 1

2
p + s superconducting model. The s-wave pairing,

indicated by red lines, is nonlocal, in contrast to the p + is
case.

γ̃A, 1 γ̃B, 1 γ̃A, 2 γ̃B, 2 γ̃A, 3 γ̃B, 3 γ̃A,N γ̃B,N

γ̃ ′
B, 1 γ̃ ′

A, 1 γ̃ ′
B, 2 γ̃ ′

A, 2 γ̃ ′
B, 3 γ̃ ′

A, 3 γ̃ ′
B,N γ̃ ′

A,N

FIG. 5. Decoupling of spin- 1
2
p+ is superconductor into two

spinless superconducting chains using γ̃-operators.

B. Decoupling to two chains

The bulk Hamiltonian can be written in a more trans-
parent form, as

Ĥbulk = − i

2

√
∆2

s +∆2
p

N−1∑
x=1

(
γ̃B,xγ̃A,x+1 + γ̃′B,x+1γ̃

′
A,x

)
.

(32)

As shown in Fig. 5, Eq. (32) is of the same decoupled
form as Fig. 2, except that the γ, γ′ operators have to be
replaced with γ̃, γ̃′. Therefore, we can follow the same
method in Sec. III B to construct the ground-state wave
function.
We introduce operators ãx, ã

†
x, ã

′
x, ã

′†
x (1 ≤ x ≤ N) in

a similar way as Eq. (19), i.e.,

γ̃A,x = −i
(
ãx − ã†x

)
,

γ̃B,x = ãx + ã†x,

γ̃′A,x = −i
(
ã′x − ã′†x

)
,

γ̃′B,x = ã′x + ã′†x , (33)

in which the bulk and boundary Majorana operators on
the left-hand side of the equations are given by Eqs. (27)
and (31), respectively. We also introduce vacuum state
|0̃⟩, which is annihilated by ãx and ã′x (1 ≤ x ≤ N).
Notice that |0̃⟩ can be constructed in the following way:

|0̃⟩ = 1

N
ΠN

x=1(ãxã
′
x)|0⟩, (34)

in which N is a normalization factor. A closer inspec-
tion over the transformation in Eq. (33) reveals that

ãx+1, ã
†
x+1, ã

′
x, ã

′†
x depend solely on ax+1, a

†
x+1, a

′
x, a

′†
x . As
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a result, it is convenient to rewrite |0̃⟩ as

|0̃⟩ = 1

N
ã′N ã1Π

N−1
x=1 (ãx+1ã

′
x)|0⟩. (35)

Further calculations show that |0̃⟩ can be expressed solely
in terms of electron creation operators as

|0̃⟩ =
N−1∏
x=1

(
u− va†x+1a

′†
x

)
|0⟩, (36)

in which

u =

√√√√1

2
+

∆p

2
√
∆2

s +∆2
p

,

v =

√√√√1

2
− ∆p

2
√
∆2

s +∆2
p

. (37)

Using Eq. (14), it is clear that |0̃⟩ in Eq. (36) has been
expressed in the electron basis, through the electron cre-

ation operators c†j,↑, c
†
j,↓. In Appendix B, we explicitly

verify the relations ãx|0̃⟩ = ã′x|0̃⟩ = 0.

The ground states |Ψ̃±±⟩ of the bulk Hamiltonian

Ĥbulk can be constructed in a way similar as Sec. III B,

by replacing a†i , a
′†
i with ã†i , ã

′†
i , yielding

|Ψ̃±±⟩ =
N∏

x=1

1√
2

(
1± ã†x

) 1∏
x=N

1√
2

(
1± ã′†x

)
|0̃⟩. (38)

The boundary terms in the full Hamiltonian in Eq. (23)
lift the ground-state degeneracy, given by

Ĥedge =
i∆s

2

(
γA,1γ

′
B,1 + γB,Nγ

′
A,N

)
, (39)

Define two sets of Pauli matrices σα, σ
′
β (α, β = x, y, z)

acting on the four-dimensional subspace spanned by
|Ψ̃±±⟩, in accordance with

σz|Ψ̃λµ⟩ = λ|Ψ̃λµ⟩,
σ′
z|Ψ̃λµ⟩ = µ|Ψ̃λµ⟩, (40)

where λ, µ = ±. The actions of γA,1, γB,N , γ′A,N ,and γ′B,1

can be derived as−σy, σz, −σxσ′
y, and σxσ

′
z, respectively,

in which the σx factors in γA,N and γB,1 are due to sign
flips in (1 ± ã†x)’s when commuting γ′A,N , γ

′
B,1 through∏N

x=1

(
1± ã†x

)
. As a result, the restriction of Ĥedge in the

four-dimensional subspace spanned by |Ψ̃±±⟩ becomes a
4× 4 matrix Hres, given by

Hres =
∆s

2
(σyσ

′
y − σzσ

′
z). (41)

The ground state of Hs,res can be easily solved as
1√
2
(1, 0, 0, 1)T , with energy −∆s

2 . Hence, the exact

ground state of the 1D p+ is superconductor under OBC
is given by

|G̃p+is⟩ =
1√
2

(
|Ψ̃++⟩+ |Ψ̃−−⟩

)
. (42)

C. Exact wave function

However, since ã†x and ã′†x contain both electron cre-
ation and annihilation operators, the expression of the
ground state in Eq. (42) is still not of the desired form
for the many-body wave function. We still need to elim-
inate the electron annihilation operators from Eq. (42).
As a first step, we move operators with the same site

index together, which can be achieved in a recursive way
as discussed in details in Appendix D. Here we briefly
sketch how the recursion is carried out. We introduce
the notations ϕ̃λn,m, ϕ̃

′λ
m,n defined as

ϕ̃λn,m =
1

√
2
n−m+1 (1 + λã†n)(1 + λã†n−1)...(1 + λã†m),

ϕ̃′λm,n =
1

√
2
n−m+1 (1 + λã′†m)(1 + λã′†m+1)...(1 + λã′†n ),

(43)

in which λ = ± and 1 ≤ m < n ≤ N . It can be shown
that |Ψ̃++⟩ can be written as

|Ψ̃++⟩ = 1

2m
(
ϕ̃+m,1ϕ̃

′+
1,mĥ

++
m |0̃⟩+ ϕ̃−m,1ϕ̃

′−
1,mĥ

−−
m |0̃⟩

)
,

(44)

in which ĥ++
m and ĥ−−

m can be determined recursively
according to(

ĥ++
m−1

ĥ−−
m−1

)
=

(
1 + ã′†m −ã†m

(
1− ã′†m

)
ã†m

(
1 + ã′†m

)
1− ã′†m

)(
ĥ++
m

ĥ−−
m

)
,

(45)

where the recursion starts at m = N with ĥ++
N = 1,

ĥ−−
N = 0, and proceeds with decreasing m. As a result,

|Ψ̃++⟩ can be expressed as

|Ψ̃++⟩

=
1

2N
η̃T1

2∏
x=N

(
1 + ã′†x −ã†x

(
1− ã′†x

)
ã†x

(
1 + ã′†x

)
1− ã′†x

)
f++
N |0̃⟩,

(46)

where the column vectors are defined as

η̃1 =
(
(1 + ã†1)(1 + ã′†1 ), (1− ã†1)(1− ã′†1 )

)T
,

f++
N =

(
1, 0

)T
. (47)

For |Ψ̃−−⟩ , it suffices to replace f++
N with f−−

N , where

f−−
N =

(
0, 1

)T
.

Next, the electron annihilation operators need to be
removed from |Ψ̃++⟩ and |Ψ̃−−⟩. Notice that |0̃⟩ in

Eq. (46) contains factors as
(
u− va†ma

′†
m−1

)
, hence,

the following formulas for the actions of the operators

{1, ã′†m−1, ã
†
m, ã

†
mã

′†
m−1} on

(
u− va†ma

′†
m−1

)
are useful for
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further reduction(
1, ã′†m−1, ã

†
m, ã

†
mã

′†
m−1

) (
u− va†ma

′†
m−1

)

=
(
1, a′†m−1, a

†
m, a

†
ma

′†
m−1

) u 0 0 v
0 u −v 0
0 v u 0
−v 0 0 u

 , (48)

which eliminates the electron annihilation operators
am, a

′
m from the operators ãm, ã

′
m for Bogoliubov quasi-

particles. In what follows, we briefly sketch how the re-
moval of electron annihilation operators is carried out
in the expression of |Ψ̃++⟩, with details included in Ap-
pendix D.

Since u − va†ma
′†
m−1 is a bosonic operator, it can be

freely moved around. Then |Ψ̃++⟩ can be rewritten as

|Ψ̃++⟩ = 1

2N
η̃T1 (u− va†2a

′†
1 )

×

[
2∏

x=m−1

(
1 + ã′†x −ã†x

(
1− ã′†x

)
ã†x

(
1 + ã′†x

)
1− ã′†x

)
(u− va†x+1a

′†
x )

]
× ĝ++

m |0⟩. (49)

In Eq. (49), the operator ĝ++
m (2 ≤ m ≤ N) can be

shown to exhibit the form

ĝ++
m =

(
Jm − ã†mKm

Km + ã†mJm

)
, (50)

in which Jm and Km can be determined recursively as

Jm−1 = Λm
11Jm + Λm

12Km,

Km−1 = Λm
21Jm + Λm

22Km, (51)

where the constant operators Λm
ij (i, j = 1, 2) are given

by

Λm
11 = u+ ua′†m−1 + va†m − va†ma

′†
m−1,

Λm
12 = v + va′†m−1 − ua†m + ua†ma

′†
m−1,

Λm
21 = v − va′†m−1 + ua†m + ua†ma

′†
m−1,

Λm
22 = u− ua′†m−1 − va†m − va†ma

′†
m−1. (52)

The recursion starts at m = N with JN ,KN given by

JN = 1 + a′†N ,

KN = 1− a′†N , (53)

and proceeds by decreasing m until m = 2. The ex-
pression for |Ψ̃−−⟩ can be obtained in an exactly similar
recursive manner.

After obtaining the final operators J1,K1 by the end of
the recursion, and combining |Ψ̃++⟩, |Ψ̃−−⟩, the ground

state |G̃p+is⟩ can be simplified to

|G̃p+is⟩ =
1

√
2
2N+1

[(
1 + a†1

)
J1 +

(
1− a†1

)
K1

]
|0⟩

=
1

√
2
2N+1

ηT1

[
2∏

x=N

(
Λx
11 Λx

12

Λx
21 Λx

22

)](
1 + a′†N
1− a′†N

)
|0⟩,

(54)

in which Λm
ij (i, j = 1, 2) are given in Eq. (52), and η1 is

defined as

ηT1 = (1 + a†1, 1− a†1). (55)

Equation (54) is the desired wave function for p+ is su-
perconductor under OBC, which only contains electron
creation operators.
We note that the exact many-body wave function ob-

tained in Eq. (54) appears to exhibit a highly organized
internal structure. Its recursive local form suggests that
it may offer a useful starting point for future studies of
the entanglement properties of the open-chain ground
state, for possible matrix-product-state/tensor-network
descriptions, and for studying local measurements. In
addition, the local connectivity pattern shown in Fig. 4
suggests a possible relation to a fixed-point representa-
tive wave function of the underlying phase, in the sense
that a simple block decimation appears to preserve the
basic form of the couplings to the surrounding degrees
of freedom and hence indicates a degree of self-similarity
under coarse graining. We leave a systematic exploration
of these issues to future work.

V. EDGE MAGNETIZATION

In this section, we calculate the edge magnetizations
in p+ is superconducting chains using the exact ground-
state wave function obtained in Sec. IV. We also present
an alternative calculation of edge magnetizations based
on the local Majorana modes in Fig. 3.

A. Wave-function calculation of edge
magnetization

Having obtained the exact ground-state wave func-
tion, we next evaluate the edge magnetization on a wave-
function level using the form in Eq. (54).
We introduce the notations φ1,m and |φm,N ⟩ defined

as

φ1,m =
1

√
2
2m−1 η

T
1

[
1∏

x=m

(
Λx
11 Λx

12

Λx
21 Λx

22

)]

|φm,N ⟩ =
1

√
2
2N−2m+2

[
m+1∏
x=N

(
Λx
11 Λx

12

Λx
21 Λx

22

)](
1 + a′†N
1− a′†N

)
|0⟩.

(56)

For the magnetization at the site 1, the ground state
|G̃p+is⟩ can be expressed as

|G̃p+is⟩ =
1

√
2
3 η

T
1

(
Λ2
11 Λ2

12

Λ2
21 Λ2

22

)
|φ2,N ⟩. (57)

Then the magnetization of the ground state |G̃p+is⟩ at
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5 10 15 20
m

−0.05

0.00

0.05
⟨
⟨ G p
+
is
|S

z m
|
⟨ G p
+
is
̃

FIG. 6. Site-resolved magnetization ⟨G̃p+is|Sz
m|G̃p+is⟩ as a

function of site m at µ = 0, ∆p = ∆s = t on an open p + is
superconducting chain with N = 20 sites. The magnetiza-
tion in the bulk vanishes, while its values at the edge sites
1 and N agree well with the analytical results, which are

± 1
4

(
1− 1√

2

)
≈ ±0.073.

site 1 is

⟨G̃p+is|Sz
1 |G̃p+is⟩

=
1

8
⟨φ2,N |

(
Λ2†
11 Λ2†

21

Λ2†
12 Λ2†

22

)
ηT†
1 Sz

1η
T
1

(
Λ2
11 Λ2

12

Λ2
21 Λ2

22

)
|φ2,N ⟩

=
1

8
⟨φ2,N |

(
2(u− v)2 0

0 2(u− v)2

)
|φ2,N ⟩

=
1

4
(u− v)2 =

1

4

1− ∆s√
∆2

s +∆2
p

 . (58)

Notice that Eq. (58) reduces to 1
4 for small ∆s, and

approaches 0 when ∆s ≫ ∆p.

A similar calculation can also derive the magnetiza-
tion at site N . For the magnetization at the site N , the
ground state |G̃p+is⟩ can be expressed as

|G̃p+is⟩ =
1

√
2
4φ1,N−1

(
ΛN
11 ΛN

12

ΛN
21 ΛN

22

)(
1 + a′†N
1− a′†N

)
|0⟩. (59)

The magnetization of the ground state |G̃p+is⟩ at site N
is given by

⟨G̃p+is|Sz
N |G̃p+is⟩

=
1

16
⟨0|

(
1 + a′N 1− a′N

)(ΛN†
11 ΛN†

21

ΛN†
12 ΛN†

22

)
×φ†

1,N−1S
z
Nφ1,N−1

(
ΛN
11 ΛN

12

ΛN
21 ΛN

22

)(
1 + a′†N
1− a′†N

)
|0⟩

=
1

16
⟨0| − 4(u− v)2|0⟩ = −1

4
(u− v)2. (60)

The result shows that the magnetization at site N is
− 1

4 (1 − ∆s√
∆2

s+∆2
p

), which is opposite to the magnetiza-

tion at site 1, consistent with the PT -symmetry of the
system. We note that one can also evaluate the mag-
netization ⟨G̃p+is|Sz

N |G̃p+is⟩ by directly calculating the
expectation value using Eqs. (38) and (42).

0 5 10 15 20 25 30 35 40
m

−0.05

0.00

0.05

⟨
⟨ G p
+
is
|S

z m
|
⟨ G p
+
is
̃

FIG. 7. Site-resolved magnetization ⟨G̃p+is|Sz
m|G̃p+is⟩ as a

function of site m at ∆p = 5t, ∆s = t in the p + is super-
conductor with N = 40 sites, where the chemical potential is
chosen as µ = 0 (red), µ = t (blue), and µ = 1.7t (green).
The magnetization extends over several sites near the edge
and decays to zero toward the bulk.

0 1 2 3 4 5
Δs/t

0.00

0.05

0.10

0.15

0.20

0.25

0.30

N
/2 ∑ i=
1⟨

Δ G p
+
is
|S

z i|
Δ G p
+
is
̃

FIG. 8. Magnetization
∑N/2

i=1 ⟨G̃p+is|Sz
i |G̃p+is⟩ summed over

half of the chain for µ = 0 (red), µ = t (blue) and µ =
1.7t (green) with ∆p = 5t and N = 240 sites. The summed
magnetization evolves from + 1

4
to 0 with increasing strength

of ∆s.

For the magnetization in the bulk at the site m, the
ground state |G̃p+is⟩ can be written as

|G̃p+is⟩ =
φ1,m−1
√
2
4

(
Λm
11 Λm

12

Λm
21 Λm

22

)(
Λm+1
11 Λm+1

12

Λm+1
21 Λm+1

22

)
|φm+1,N ⟩.

(61)

The result shows magnetization vanishes in the bulk

⟨G̃p+is|Sz
m|G̃p+is⟩ (1 < m < N)

=
1

16
⟨φm+1,N |

(
Λm+1†
11 Λm+1†

21

Λm+1†
12 Λm+1†

22

)(
Λm†
11 Λm†

21

Λm†
12 Λm†

22

)
Sz
m

(
Λm
11 Λm

12

Λm
21 Λm

22

)(
Λm+1
11 Λm+1

12

Λm+1
21 Λm+1

22

)
|φm+1,N ⟩

=
1

16
⟨φm+1,N |

(
0 0
0 0

)
|φm+1,N ⟩ = 0 (62)

Aside from the analytical approach, spin magnetiza-
tions can also be obtained numerically. The numerical
results for a chain of N = 20 sites are shown in Figs.
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1 and 6. The magnetizations are confined solely to the
edges and vanish in the bulk. These numerical results
at the edges are in good agreement with the analytical
expressions obtained earlier, which is ± 1

4 (1−
∆s√

∆2
s+∆2

p

).

As long as the spin- 12 p-wave superconducting chain is
in the same phase (see Appendix A 2 for the phase dia-
gram), the inclusion of an additional s-wave component
will lead to similar behaviors, though the restriction of
the spin magnetization solely to the boundary sites only
applies to the special cases (µ = 0,∆p = ±t). For more
general situations, the magnetization is distributed over
several sites near the edges and gradually decays to zero
in the bulk. Although the edge magnetizations can no
longer be calculated using many-body wave functions,
they can be obtained by numerical calculations. Figure
7 shows the distribution of the spin magnetizations for
(µ = 0,∆p = 5t,∆s = t), (µ = t,∆p = 5t,∆s = t), and
(µ = 1.7t,∆p = 5t,∆s = t), which confirms the distri-
bution of magnetizations beyond the boundary sites. In
addition, by summing the magnetization over this edge
region, the total edge magnetization at the two edges
evolves from ± 1

4 to 0 with increasing strength of the s-
wave component, as shown in Fig.8.

B. Local Majorana picture of edge spin

We present an alternative derivation of the edge spin
magnetization in terms of the local Majorana operators
shown in Fig. 3. The advantage of this approach is that it
allows one to clearly separate the contributions of bound-
ary modes and scattering states to the edge magnetiza-
tion.

The eigen operators of a spin- 12 p+ is superconductor
contain both boundary eigen-modes and scattering eigen-
modes. While the boundary modes are bound states in
the spectrum having wave function localized in the vicin-
ity of the boundaries, the scattering modes are extended
throughout the whole chain. Reference 42 considers a 1D
p + is superconductor in the continuum limit with the
Hamiltonian defined in Eq. (3), in which it is found that
the edge modes carry spin magnetizations ± 1

4 . We have
revealed that at the special parameters (µ = 0,∆p = ±t),
the edge magnetization is given in Eq. (58), which differs
from ± 1

4 by

Mscat = ± ∆s

4
√
∆2

s +∆2
p

. (63)

This difference lies in the fact that Ref. 42 does not take
into account the contributions from the scattering modes.

In the general cases, the scattering modes have their
wave functions extended over the whole system, as the
case of the continuum model defined in Eq. (3). On the
other hand, the edge magnetizations are local quantities,
which are localized around the boundary points within
a range of localization length. The distinction between

non localness of scattering modes and the localness of
edge magnetizations makes the scattering mode contri-
butions to the edge magnetizations not as intuitive as
the boundary mode contributions.
However, the parameters (µ = 0,∆p = ±t) consid-

ered in this work have the advantage that the energy
spectrum of the scattering modes is dispersionless, hav-

ing the uniform value ± 1
2

√
∆2

s +∆2
p as shown in Eq.

(32), where the plus and minus signs correspond to
quasi particle creation and annihilation operators, re-
spectively. This dispersionless feature has an impor-
tant consequence that the otherwise nonlocal scattering
eigen modes can be properly combined into local ones
γ̃B,x, γ̃A,x+1, γ̃

′
B,x+1, γ̃

′
A,x defined in Eq. (33). As a re-

sult, the contribution from scattering modes can be ren-
dered much more transparent which we discuss below.
Using Eqs. (14)and (19), the local Majorana operators

γA,x, γB,x, γ
′
A,x, γ

′
B,x are related to c†x↑, c

†
x↓, cx↑, cx↓ via

(γA,x, γB,x, γ
′
A,x, γ

′
B,x) = (c†x↑, c

†
x↓, cx↑, cx↓)U, (64)

in which

U =
1√
2

 i 1 i 1
i 1 −i −1
−i 1 −i 1
−i 1 i −1

 . (65)

The local spin operators Sz
x = 1

2

(
c†x↑cx↑ − c†x↓cx↓

)
(1 ≤

x ≤ N) can be written in terms of the local Majorana
operators as

Sz
x =

i

4
(−γA,xγ

′
B,x + γB,xγ

′
A,x). (66)

According to Fig. 3, when x = 1, γA,1 and γ′B,1 in Eq.

(66) are boundary modes, whereas γB,1 and γ
′
A,1 are scat-

tering modes in the bulk, as they appear in the bulk
Hamiltonian in Eq. (24). Notice from Eq. (23) that the
edge Hamiltonian contains a term i∆s

2 γA,1γ
′
B,1, which is

minimized when iγA,1γ
′
B,1 = −1. Hence, the boundary

mode contribution − i
4γA,1γ

′
B,1 to the ground-state value

of Sz
1 is 1

4 , consistent with Ref. 42.
To evaluate the scattering mode contribution, we

rewrite i
4γB,1γ

′
A,1 in terms of γ̃A,x, γ̃B,x, γ̃

′
A,x, γ̃

′
B,x as

i

4
γB,1γ

′
A,1 = − i∆s

4
√
∆2

s +∆2
p

γ̃B,1γ̃A,2

+
i∆p

4
√
∆2

s +∆2
p

γ̃B,1γ̃
′
A,1. (67)

Recall from Sec. IVB that for the exact solution, the
system consists of two decoupled chains as Fig. 5, ex-
cept that the operators in (γA,1, γB,1, γ

′
A,1, γ

′
B,1) in Fig.

5 have to be replaced with (γ̃A,1, γ̃B,1, γ̃
′
A,1, γ̃

′
B,1). There-

fore, iγ̃B,1γ̃A,2 acquires the expectation value −1 in the
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ground state; whereas the expectation value of iγ̃B,1γ̃
′
A,1

is zero since γ̃B,1 and γ̃′A,1 create quasi particle excita-
tions in the upper and lower chains in Fig. 5, respectively,
which drive the system out of the ground-state subspace.
This demonstrates that only the first term in Eq. (67)
has a non vanishing contribution to the ground-state ex-
pectation value of i

4γB,1γ
′
A,1. Hence, the scattering mode

contribution to the spin magnetization is

⟨ i
4
γB,1γ

′
A,1⟩ =

∆s

4
√
∆2

s +∆2
p

, (68)

which is exactly Mscat in Eq. (63).

Finally, we also note that the local Majorana picture
may have broader applications than edge spin magne-
tizations. It is known that p + is superconductors have
exotic response properties including axion electrodynam-
ics, magneto electric effects, and gravitational responses.
The local Majorana picture at special sets of parameters
may provide transparent and local pictures for these ex-
otic response properties, which will be helpful for estab-
lishing a better and more intuitive understanding of these
phenomena and will be left for future investigations.

VI. SUMMARY

In summary, we have investigated the edge magnetiza-
tion of the 1D spin- 12 p±is superconductor using both an-
alytical and numerical approaches. We show that oppo-
site magnetizations emerge at the two ends of the system
and evolve continuously with the strength of the s-wave
pairing component. The edge magnetization is consis-
tently supported by exact solutions and numerical calcu-
lations. Exact analytical ground-state wave functions are
obtained at special parameter points. The system admits
an effective description in terms of two coupled Kitaev
spinless superconducting chains.
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Appendix A: Review of Kitaev model

1. Quasi particle annihilation and creation operators of Kitaev model

From the Majorana operators γA,x and γB,x, a set of quasi particle annihilation and creation operators dx+1/2, d
†
x+1/2

can be defined on each bond (connecting sites x and x+ 1) as

dx+1/2 =
1

2
(γB,x − iγA,x+1) =

1

2

(
−ax+1 + a†x+1 + ax + a†x

)
, (A1)

in which the site index x runs from 1 to N − 1.
For the case of ∆ = t, the Hamiltonian ĤK,+ can be further written as

ĤK,+ = t

N−1∑
x=1

(
2d†x+1/2dx+1/2 − 1

)
. (A2)

Notice in particular that the Hamiltonian does not contain γA,1 and γB,N , which form zero-energy modes of the
system. Since γA,1 and γB,N can be recombined to a single complex fermion (with creation and annihilation operators

being γA,1 ± iγB,N ), the ground states are two fold degenerate. Since the states (1± a†x+1)(1± a†x)|0⟩ are annihilated
by the operator dx+1/2, the two degenerate ground states |Ψ±(∆ = t)⟩ can be obtained immediately as

|Ψ±(∆ = t)⟩ =
N∏

x=1

1√
2

(
1± a†x

)
|0⟩, (A3)

For the Hamiltonian ĤD
p , by defining d†x and d′†x as

d†x+1/2 =
1

2

(
ax+1 + a†x+1 + ax − a†x

)
,

d′†x+1/2 =
1

2

(
a′x+1 + a′†x+1 + a′x − a′†x

)
, (A4)



12

the Hamiltonian ĤD
p can be rewritten as

ĤD
p = 2t

N−1∑
x=1

(
d†x+1/2dx+1/2 + d′†x+1/2d

′
x+1/2 − 1

)
. (A5)

Therefore, the system has a flat excitation spectrum since the energy is raised by a uniform amount of 2t by applying

d†x+1/2 or d′†x+1/2 for any x (1 ≤ x ≤ N − 1).

2. Topological properties

The topological properties of the Kitaev chain can be characterized by a winding number for the mapping from k
space to a two-dimensional parameter space.

For the discussion of topological winding number, we consider PBC, such that the momentum kx is a good quantum
number. The Hamiltonian H(kx) in momentum space for Kitaev’s superconducting model in Eq. 4 is given by

HK (kx) = (−2t cos kx − µ) τz − 2∆ sin kxτy

= hz (kx) τz + hy (kx) τy, (A6)

in which τy and τz are the Pauli operators in the particle-hole space. The real-valued vector h⃗(kx) = (hy(kx), hz(kx))
defines a mapping from the momentum space to two-component vectors. To characterize the topological property of
this mapping, we define a complex function q(kx) as

q (kx) =
hz (kx) + ihy (kx)

|⃗h (kx) |
. (A7)

As k varies from 0 to 2π, the complex function q(kx) traces out a closed loop in the complex plane. The winding
number ω is defined as the number of times this loop winds around the origin. More explicitly, ω is given by

ω =
1

2π

∫ 2π

0

d arg [q (kx)]

dkx
dkx. (A8)

The winding number is an integer-valued topological invariant that can be used to distinguish different topological
phases of the Kitaev superconducting chain. The phase diagram of the Kitaev’s model is shown in Fig.9. The
parameter choice µ = 0, t > 0,∆ = t lies in the topological phase with winding number ω = +1, while ∆ = −t lies in
a distinct topological phase with the winding number ω = −1. Both of these two topological phases support unpaired
Majorana fermions on the edges of the chain, though with different unpaired Majorana operators. Because of the
robustness of the topological properties, even if the parameters are away from the above-mentioned special points,
one still expects the emergence of one Majorana zero mode at each edge, as long as the winding number remains to
be 1 or −1. In contrast, the ω = 0 case corresponds to the trivial phase, in which no unpaired Majorana zero modes
exist at the edges.

It is worth to note the continuum limit of the lattice model when the Fermi level lies close to the band bottom.
The hopping term t in Eq. (4) gives a band dispersion of the form −2t cos(kx), which has band bottom at kx = 0
with energy −2t. When chemical potential is slightly above −2t, the Fermi wave vector kF = arccos( µ

2t ) is very small,
hence,only small wave vectors are important for low-energy physics. An expansion of the band dispersion −2t cos(kx)
around −2t gives a parabolic dispersion −2t + tk2x + O(k4x), with effective mass m = 1/(2t). Therefore, in the weak

pairing limit ∆ ≪ k2
F

2m , the lattice model in Eqs. (4)and(A6) reduces to the following continuum model:

HK,cont =
1

2m
(k2x − k2F )τz − 2∆kxτy. (A9)

When ∆ > 0 and ∆ < 0, the system described by HK,cont in Eq. (A9) resides at the lower left corner of the ω = 1
phase and lower right corner of the ω = −1 phase, respectively. Therefore, as can be inspected from Fig. 9, the
continuum models with ∆ > 0 and ∆ < 0 are in the same topological phase as the special points (∆ = t, µ = 0) and
(∆ = −t, µ = 0), respectively. As a result, if one is only interested in topological properties, it is legitimate to use
(∆ = t, µ = 0) [or (∆ = −t, µ = 0)] for the continuum model with ∆ > 0 (or ∆ < 0).
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FIG. 9. The phase diagram of the Kitaev’s model in the (∆/t, µ/t) plane. The topologically trivial regions (ω = 0) occur for
|µ| > 2|t| (white). The system is topologically nontrivial for small chemical potential, |µ| < 2|t|. The two distinct topological
phases are determined by the sign of ∆/t: ω = +1 for ∆/t > 0 (red) and ω = −1 for ∆/t < 0 (blue). Two points with special
parameter choices are marked in green within the topological regions.

Appendix B: The Summary of relations of operators

The relations between ax and cx are given by

ax =
1√
2
(cx,↑ + cx,↓) ,

a′x =
1√
2
(cx,↑ − cx,↓) ,

cx,↑ =
1√
2
(ax + a′x) ,

cx,↓ =
1√
2
(ax − a′x) . (B1)

The relations between γx and ax are given by

γA,x = −i
(
ax − a†x

)
,

γB,x = ax + a†x,

ax =
1

2
(iγA,x + γB,x) ,

a†x =
1

2
(−iγA,x + γB,x) . (B2)

The relations between γx and cx can be expressed in a matrix form


γA,x

γB,x

γ′A,x

γ′B,x

 =
1√
2

−i −i i i
1 1 1 1
−i i i −i
1 −1 1 −1



cx,↑
cx,↓
c†x,↑
c†x,↓

 . (B3)
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The action of γA,1 and γB,N on |Ψ±(∆ = t)⟩ can be derived as follows. For γA,1, we have

γA,1|Ψ±(∆ = t)⟩ = −i
(
a1 − a†1

) 1
√
2
N

(
1± a†N

)
. . .

(
1± a†1

)
|0⟩

= −i 1
√
2
N

(
1∓ a†N

)
. . .

(
1∓ a†2

)(
a1 − a†1

)(
1± a†1

)
|0⟩

= ∓i 1
√
2
N

(
1∓ a†N

)
. . .

(
1∓ a†2

)(
1∓ a†1

)
|0⟩

= ∓i|Ψ∓(∆ = t)⟩. (B4)

Similarly, for γB,N , we have

γB,N |Ψ±(∆ = t)⟩ =
(
aN + a†N

) 1
√
2
N

(
1± a†N

)
. . .

(
1± a†1

)
|0⟩

= ± 1
√
2
N

(
1± a†N

)
. . .

(
1± a†1

)
|0⟩

= ±|Ψ±(∆ = t)⟩. (B5)

The action of γA,N and γB,1 on |Ψ±(∆ = −t)⟩ is given by

γA,N |Ψ±(∆ = −t)⟩ = −i
(
aN − a†N

) 1
√
2
N

(
1± a†1

)
. . .

(
1± a†N

)
|0⟩

= −i 1
√
2
N

(
1∓ a†1

)
. . .

(
1∓ a†N−1

)(
aN − a†N

)(
1± a†N

)
|0⟩

= ∓i 1
√
2
N

(
1∓ a†1

)
. . .

(
1∓ a†N−1

)(
1∓ a†N

)
|0⟩

= ∓i|Ψ∓(∆ = −t)⟩,

γB,1|Ψ±(∆ = −t)⟩ =
(
a1 + a†1

) 1
√
2
N

(
1± a†1

)
. . .

(
1± a†N

)
|0⟩

= ± 1
√
2
N

(
1± a†1

)
. . .

(
1± a†N

)
|0⟩

= ±|Ψ±(∆ = −t)⟩. (B6)

Thus, we obtain the following relations:

γA,1|Ψ±(∆ = t)⟩ = ∓i|Ψ∓(∆ = t)⟩,
γB,N |Ψ±(∆ = t)⟩ = ±|Ψ±(∆ = t)⟩,

γA,N |Ψ±(∆ = −t)⟩ = ∓i|Ψ∓(∆ = −t)⟩,
γB,1|Ψ±(∆ = −t)⟩ = ±|Ψ±(∆ = −t)⟩ (B7)

The quasiparticle annihilation operators of |Ψ±±⟩ satisfy

dx+1/2 =
1

2
(γB,x − iγA,x+1) =

1

2

(
ax + a†x − ax+1 + a†x+1

)
,

d†x+1/2 =
1

2
(γB,x + iγA,x+1) =

1

2

(
ax + a†x + ax+1 − a†x+1

)
,

d′x+1/2 =
1

2

(
γ′B,x+1 − iγ′A,x

)
=

1

2

(
a′x+1 + a′†x+1 − a′x + a′†x

)
,

d′†x+1/2 =
1

2

(
γ′B,x+1 + iγ′A,x

)
=

1

2

(
a′x+1 + a′†x+1 + a′x − a′†x

)
, (B8)
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and

γA,x+1 = −i
(
d†x+1/2 − dx+1/2

)
,

γB,x = dx+1/2 + d†x+1/2,

γ′A,x = −i
(
d′†x+1/2 − d′x+1/2

)
,

γ′B,x+1 = d′x+1/2 + d′†x+1/2. (B9)

These operators satisfy the fermionic anticommutation relations

{ai, a†j} = δij ,

{γi, γ†j} = 2δij ,

{di, d†j} = δij . (B10)

The transformation of γ and γ̃ is given by


γB,x

γA,x+1

γ′A,x

γ′B,x+1

 =


1 0 0 0

0
∆p√

∆2
s+∆2

p

∆s√
∆2

s+∆2
p

0

0 − ∆s√
∆2

s+∆2
p

∆p√
∆2

s+∆2
p

0

0 0 0 1




γ̃B,x

γ̃A,x+1

γ̃′A,x

γ̃′B,x+1

 . (B11)

The relations between ãx and ax are given by

ã†1 = a†1,

ã†x =
1

2
(−iγ̃A,x + γ̃B,x) (x ≥ 2)

=
1

2

−
 ∆p√

∆2
s +∆2

p

(
ax − a†x

)
− ∆s√

∆2
s +∆2

p

(
a′x−1 − a′†x−1

)+ ax + a†x

 ,
ã′†N = a′†N ,

ã′†x =
1

2

(
−iγ̃′A,x + γ̃′B,x

)
(x ≤ N − 1)

=
1

2

−
 ∆s√

∆2
s +∆2

p

(
ax+1 − a†x+1

)
+

∆p√
∆2

s +∆2
p

(
a′x − a′†x

)+ a′x + a′†x

 . (B12)

Then we can verify the relations ãm+1|0̃⟩ = ã′m|0̃⟩ = 0. We first rewrite |0̃⟩ as

|0̃⟩ =
(
u− va†m+1a

′†
m

)
|0̃m⟩. (B13)

Notice that ãm+1 and ã′m can be written in terms of u and v:

ãm+1 =
1

2

am+1

1 +
∆p√

∆2
s +∆2

p

+ a†m+1

1− ∆p√
∆2

s +∆2
p

− a′m
∆s√

∆2
s +∆2

p

+ a′†m
∆s√

∆2
s +∆2

p


=

(
u2am+1 + v2a†m+1 − uva′m + uva′†m

)
,

ã′m =
1

2

am+1
∆s√

∆2
s +∆2

p

− a†m+1

∆s√
∆2

s +∆2
p

+ a′m

1 +
∆p√

∆2
s +∆2

p

+ a′†m

1− ∆p√
∆2

s +∆2
p


=

(
uvam+1 − uva†m+1 + u2a′m + v2a′†m

)
. (B14)
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Then we act ãm+1 and ã′m on the vacuum state |0̃⟩:

ãm+1|0̃⟩ =
(
u2am+1 + v2a†m+1 − uva′m + uva′†m

)(
u− va†m+1a

′†
m

)
|0̃m⟩

=
(
−u2va′†m + uv2a†m+1 − uv2a†m+1 + u2va′†m

)
|0̃m⟩

= 0,

ã′m|0̃⟩ =
(
uvam+1 − uva†m+1 + u2a′m + v2a′†m

)(
u− va†m+1a

′†
m

)
|0̃m⟩

=
(
−uv2a′†m − u2va†m+1 + u2va†m+1 + uv2a′†m

)
|0̃m⟩

= 0. (B15)

Appendix C: Degenerate perturbation for p+ is superconducting chain

In this appendix, we treat the s-wave component in a perturbative manner. Exact solutions are discussed in Sec.
IV. The strategy is to treat the s-wave pairing using degenerate perturbation based on the equivalence between
the 1D spin- 12 p-wave superconductor and two decoupled Kitaev spinless superconducting chains established in Sec.
III. The many-body ground-state wave function under open boundary conditions will be obtained within degenerate
perturbation, and edge magnetizations are explicitly calculated from the obtained wave function.

1. Wave function in degenerate perturbation

When ∆s = 0, the red lines vanish and the system in Fig. 3 reduces to two decoupled Kitaev superconducting
chains as expected. Since the excitation spectrum of ĤD

p is gapped, we can apply degenerate perturbation to the
s-wave component. The inclusion of the s-wave component will lift the four fold degeneracy of the ground states in
the ∆s = 0 case.
Degenerate perturbation theory requires evaluating the matrix element ⟨Ψ±±|Ĥs|Ψ±±⟩. Separating the edge and

bulk terms, the Hamiltonian Ĥs can be rewritten as

Ĥs = Ĥs,edge + Ĥs,bulk, (C1)

in which

Ĥs,edge =
i∆s

2

(
γA,1γ

′
B,1 + γB,Nγ

′
A,N

)
,

Ĥs,bulk =
i∆s

2

N−1∑
x=1

(γB,xγ
′
A,x + γA,x+1γ

′
B,x+1). (C2)

Notice that since

Ĥs,bulk = ∆s

N−1∑
x=1

(
d†x+1/2d

′†
x+1/2 + d′x+1/2dx+1/2

)
. (C3)

Ĥs,bulk maps ground states to excited states. As a result, ⟨Ψ±±|Ĥs,bulk|Ψ±±⟩ = 0, and it is enough to consider the

Ĥs,edge term.
Define two sets of Pauli matrices σα, σ

′
β (α, β = x, y, z) acting on the four-dimensional subspace spanned by |Ψ±±⟩,

in accordance with

σz|Ψλµ⟩ = λ|Ψλµ⟩,
σ′
z|Ψλµ⟩ = µ|Ψλµ⟩, (C4)

where λ, µ = ±. Using Eq. (B7), the actions of γA,1, γB,N , γ′A,N , and γ′B,1 can be derived as −σy, σz, −σxσ′
y,

and σxσ
′
z, respectively, in which the σx factors in γA,N and γB,1 are due to sign flips in (1 ± a†x)’s when commuting
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γ′A,N , γ
′
B,1 through

∏N
x=1

(
1± a†x

)
. As a result, the restriction of Ĥs,edge in the four-dimensional subspace spanned

by |Ψ±±⟩ becomes a 4× 4 matrix Hs,res, given by

Hs,res =
∆s

2
(σyσ

′
y − σzσ

′
z). (C5)

The ground state of Hs,res can be easily solved as 1√
2
(1, 0, 0, 1)T , with energy −∆s

2 . Hence, the ground state of the

1D p+ is superconductor under OBC is non degenerate, which, in degenerate perturbation theory, is given by

|Gp+is⟩ =
1√
2

(
|Ψ++⟩+ |Ψ−−⟩

)
, (C6)

in which |Ψ++⟩ and |Ψ−−⟩ are given in Eq. (20).

2. Edge magnetization in degenerate perturbation

Using the ground-state wave function obtained from degenerate perturbation theory, we next evaluate spin magne-
tizations on the edges.

The spin operator at site m is given by

Sz
m =

1

2

(
c†m,↑cm,↑ − c†m,↓cm,↓

)
=

1

2

(
a†ma

′
m + a′†mam

)
, (C7)

where am, a
′
m are defined in Eq. (14). It is straightforward to verify that, for m ̸= m′, the spin operator Sz

m commutes

with (1± a†m′).
For notational convenience, we introduce the symbols ϕλn,m (λ = ± and 1 ≤ m < n ≤ N) as

ϕλn,m =
1

√
2
n−m+1 (1 + λa†n)(1 + λa†n−1)...(1 + λa†m),

(C8)

and ϕ′λm,n (λ = ± and 1 ≤ m < n ≤ N) as

ϕ′λm,n =
1

√
2
n−m+1 (1 + λa′†m)(1 + λa′†m+1)...(1 + λa′†n ). (C9)

Then |Ψ++⟩ and |Ψ−−⟩ can be rearranged as

|Ψ++⟩ =
1

2

[
(1 + a†N )ϕ+N−1,1ϕ

′+
1,N−1 + (1 + a†N )a′†Nϕ

−
N−1,1ϕ

′−
1,N−1

]
|0⟩,

|Ψ−−⟩ =
1

2

[
(1− a†N )ϕ−N−1,1ϕ

′−
1,N−1 − (1− a†N )a′†Nϕ

+
N−1,1ϕ

′+
1,N−1

]
|0⟩. (C10)

The ground-state wave function |Gp+is⟩ consequently becomes

|Gp+is⟩ =
1

2
√
2
[(1 + a†N − a′†N + a†Na

′†
N )ϕ+N−1,1ϕ

′+
1,N−1 + (1− a†N + a′†N + a†Na

′†
N )ϕ−N−1,1ϕ

′−
1,N−1]|0⟩. (C11)

Alternatively, we can express the ground state in terms of electron creation and annihilation operators as

|Gp+is⟩ =
1

2
√
2
[(1 +

√
2c†N,↓ − c†N,↑c

†
N,↓)ϕ

+
N−1,1ϕ

′+
1,N−1 + (1−

√
2c†N,↓ − c†N,↑c

†
N,↓)ϕ

−
N−1,1ϕ

′−
1,N−1]|0⟩, (C12)

which makes the spin structure at site N transparent. Clearly, only the c†N,↓ terms contribute a nonzero spin for Sz
N .

Since the weight of c†N,↓ in 1
2 (1±

√
2c†N,↓ − c†N,↑c

†
N,↓) is

1
2 , the spin expectation value of Sz

N over the ground state is

equal to − 1
4 . This discussion makes the origin of the edge spin to be transparent on a wave function level. At the

opposite edge, namely site 1, the magnetization has the opposite sign and takes the value + 1
4 . One can also evaluate

the magnetization ⟨Gp+is|Sz
N |Gp+is⟩ by directly calculating the expectation value.
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We also demonstrate that the spin magnetization is confined exclusively to the edges, by showing that the magne-
tization vanishes in the bulk. By breaking the products at site m, |Ψ++⟩ and |Ψ−−⟩ can be rearranged as

|Ψ++⟩ =
1

2
[ϕ+N,m+1ϕ

+
m−1,1ϕ

′+
1,m−1ϕ

′+
m+1,N |0⟩+ a†mϕ

−
N,m+1ϕ

+
m−1,1ϕ

′+
1,m−1ϕ

′+
m+1,N |0⟩

+a′†mϕ
−
N,m+1ϕ

−
m−1,1ϕ

′−
1,m−1ϕ

′+
m+1,N |0⟩+ a†ma

′†
mϕ

+
N,m+1ϕ

−
m−1,1ϕ

′−
1,m−1ϕ

′+
m+1,N |0⟩], (C13)

and

|Ψ−−⟩ =
1

2
[ϕ−N,m+1ϕ

−
m−1,1ϕ

′−
1,m−1ϕ

′−
m+1,N |0⟩ − a†mϕ

+
N,m+1ϕ

−
m−1,1ϕ

′−
1,m−1ϕ

′−
m+1,N |0⟩

−a′†mϕ+N,m+1ϕ
+
m−1,1ϕ

′+
1,m−1ϕ

′−
m+1,N |0⟩+ a†ma

′†
mϕ

−
N,m+1ϕ

+
m−1,1ϕ

′+
1,m−1ϕ

′−
m+1,N |0⟩]. (C14)

Notice that for 1 < m < n < N , all the eight terms in |Gp+is⟩ = 1√
2
(|Ψ++⟩+ |Ψ−−⟩) are linearly independent. Since

a†m and a′†m are both equal weight combinations of c†m,↑ and c†m,↓, each of the eight terms in |Gp+is⟩ has zero net spin
Sz
m at site m. Therefore, the ground state does not have any spin magnetization in the bulk for 1 < m < N , at least

within the approximation of degenerate perturbation theory for small ∆s.
It is clear why there is no scattering mode contribution to the edge magnetization within degenerate perturbation

theory. In degenerate perturbation, the wave function is the bulk is untouched, namely, all the vertical red lines in
Fig. 3 are absent. In this case, there is no mixing of Majorana operators in the bulk, and as a result, γ̃B,1 = γB,1,
γ̃′A,1 = γ′A,1. Unlike Eq. (67), we have i

4γB,1γ
′
A,1 ≈ i

4 γ̃B,1γ̃
′
A,1 in degenerate perturbation, which has zero expectation

value as discussed below Eq. (67).

Appendix D: The recursive form of the exact ground-state wave function

We first prove the state |Ψ̃±±⟩ can be written in the following recursive matrix product form. We consider the

state |Ψ̃++⟩:

|Ψ̃++⟩ = 1

2N

((
1 + ã†1

)(
1 + ã′†1

) (
1− ã†1

)(
1− ã′†1

)) 2∏
x=N

(
1 + ã′†x −ã†x

(
1− ã′†x

)
ã†x

(
1 + ã′†x

)
1− ã′†x

)
f̂++
N |0̃⟩. (D1)

We assume that the state |Ψ̃++⟩ can be written as the following representation for arbitary m > 1.

|Ψ̃++⟩ =
1

2N

[(
1 + ã†m

) (
1 + ã†m−1

)
. . .

(
1 + ã†1

)(
1 + ã′†1

)
. . .

(
1 + ã′†m−1

) (
1 + ã′†m

)
ĥ++
m |0̃⟩

+
(
1− ã†m

) (
1− ã†m−1

)
. . .

(
1− ã†1

)(
1− ã′†1

)
. . .

(
1− ã′†m−1

) (
1− ã′†m

)
ĥ−−
m |0̃⟩

]
. (D2)

The state |Ψ̃++⟩ can be rewritten as

|Ψ̃++⟩ =
1

2N

[(
1 + ã†m−1

)
. . .

(
1 + ã†1

)(
1 + ã′†1

)
. . .

(
1 + ã′†m−1

) (
1 + ã′†m

)
ĥ++
m |0̃⟩

+
(
1− ã†m−1

)
. . .

(
1− ã†1

)(
1− ã′†1

)
. . .

(
1− ã′†m−1

)
ã†m

(
1 + ã′†m

)
ĥ++
m |0̃⟩

+
(
1− ã†m

) (
1− ã†m−1

)
. . .

(
1− ã†1

)(
1− ã′†1

)
. . .

(
1− ã′†m−1

) (
1− ã′†m

]
ĥ−−
m |0̃⟩

−
(
1 + ã†m−1

)
. . .

(
1 + ã†1

)(
1 + ã′†1

)
. . .

(
1 + ã′†m−1

)
ã†m

(
1− ã′†m

)
ĥ−−
m |0̃⟩

]
=

1

2N

[(
1 + ã†m−1

)
. . .

(
1 + ã†1

)(
1 + ã′†1

)
. . .

(
1 + ã′†m−1

)
ĥ++
m−1|0̃⟩

+
(
1− ã†m−1

)
. . .

(
1− ã†1

)(
1− ã′†1

)
. . .

(
1− ã′†m−1

)
ĥ−−
m−1|0̃⟩

]
. (D3)

The recursive relation between ĥm−1 and ĥm can be derived as follows:(
ĥ++
m−1

ĥ−−
m−1

)
=

(
1 + ã′†m −ã†m

(
1− ã′†m

)
ã†m

(
1 + ã′†m

)
1− ã′†m

)(
ĥ++
m

ĥ−−
m

)
. (D4)
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For the state |Ψ̃++⟩, when we take m = N , it is clear that ĥ++
N = 1 and ĥ−−

N = 0. Accordingly, the initial matrix of

|Ψ̃++⟩ is given by f++
N =

(
1 0

)T
. For the state |Ψ̃−−⟩, the recursive relation is the same as the previous case, except

that the initial matrix is different, which is f−−
N =

(
0 1

)T
.

We define the column vector η̃1 for convenience

η̃1 =
((

1 + ã†1

)(
1 + ã′†1

)
,
(
1− ã†1

)(
1− ã′†1

))T

(D5)

After obtaining the recursive form in Eq. (D1), we factor out the operators u− va†xa
′†
x−1 from the state |0̃⟩ to derive

an expression without ã† and ã′†. For the state |Ψ̃++⟩, we first apply the matrix at x = N on f̂++
N and define the

corresponding column vector ĝ++
N as

ĝ++
N |0⟩ =

(
1 + a′†N

)
ĥ++
N − ã†N

(
1− a′†N

)
ĥ−−
N(

1− a′†N

)
ĥ−−
N + ã†N

(
1 + a′†N

)
ĥ++
N

 |0⟩ =
(
JN + ã†NJ

′
N

KN + ã†NK
′
N

)
|0⟩. (D6)

The column vector ĝ++
m satisfies the recursive relation with ĝ++

m−1:

ĝ++
m−1|0⟩ =

 1 + ã′†m−1 −ã†m−1

(
1− ã′†m−1

)
ã†m−1

(
1 + ã′†m−1

)
1− ã′†m−1

 ĝ++
m

(
u− va†ma

′†
m−1

)
|0⟩, (D7)

(
Jm−1 + ã†m−1J

′
m−1

Km−1 + ã†m−1K
′
m−1

)
|0⟩ =

(
1 + ã′†m−1

) (
Jm + ã†mJ

′
m

)
− ã†m−1

(
1− ã′†m−1

) (
Km + ã†mK

′
m

)(
1− ã′†m−1

) (
Km + ã†mK

′
m

)
+ ã†m−1

(
1 + ã′†m−1

) (
Jm + ã†mJ

′
m

)
(

u− va†ma
′†
m−1

)
|0⟩,

(D8)

from which the recursion relations follow:

Jm−1 = (uλm1 + uλm2 + vλm3 − λm4 ) Jm + (−vλm1 − vλm2 + uλm3 − uλm4 ) J ′
m,

J ′
m−1 = (−uλm1 + uλm2 + vλm3 + vλm4 )Km + (−vλm1 + vλm2 − uλm3 − uλm4 )K ′

m,

Km−1 = (uλm1 − uλm2 − vλm3 − vλm4 )Km + (vλm1 − vλm2 + uλm3 + uλm4 )K ′
m = −J ′

m−1,

K ′
m−1 = (uλm1 + uλm2 + vλm3 − vλm4 ) Jm + (−vλm1 − vλm2 + uλm3 − uλm4 ) J ′

m = Jm−1, (D9)

in which

λm1 = 1, λm2 = a′†m−1, λm3 = a†m, λm4 = a†ma
′†
m−1. (D10)

Since for all x we have K ′
x = Jx and J ′

x = −Kx, the recursive relations can be simplified to the matrix product form

that involves only Jx and Kx. Thus, the state |Ψ̃++⟩ is given by

|Ψ̃++⟩ =
1

2N
η̃T1

2∏
x=N

(
1 + ã′†x −ã†x

(
1− ã′†x

)
ã†x

(
1 + ã′†x

)
1− ã′†x

)
f̂++
N |0̃⟩

=
1

2N
η̃T1

2∏
x=N

[(
u+ va†xa

′†
x−1

)(
1 + ã′†x −ã†x

(
1− ã′†x

)
ã†x

(
1 + ã′†x

)
1− ã′†x

)](
ĥ++
N

ĥ−−
N

)
|0⟩

=
1

2N
η̃T1

(
u− va†2a

′†
1

) 2∏
x=N−1

[(
1 + ã′†x −ã†x

(
1− ã′†x

)
ã†x

(
1 + ã′†x

)
1− ã′†x

)(
u− va†x+1a

′†
x

)]
ĝ++
N |0⟩

=
1

2N
η̃T1

(
u− va†2a

′†
1

) 2∏
x=m−1

[(
1 + ã′†x −ã†x

(
1− ã′†x

)
ã†x

(
1 + ã′†x

)
1− ã′†x

)(
u− va†x+1a

′†
x

)]
ĝ++
m |0⟩

=
1

2N
η̃T1

(
u− va†2a

′†
1

) 1 + ã′†2 −ã†2
(
1− ã′†2

)
ã†2

(
1 + ã′†2

)
1− ã′†2

(
u− va†3a

′†
2

) ĝ++
3 |0⟩

=
1

2N
η̃T1

(
u− va†2a

′†
1

)
ĝ++
2 |0⟩

=
1

2N
η̃T1

(
J2 − ã†2K2

K2 + ã†2J2

)(
u− va†2a

′†
1

)
|0⟩. (D11)
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By iteration, we obtain the explicit form of ĝ++
2 . For 3 ≤ m ≤ N , the recursion relations satisfy

Jm−1|0⟩ =
(
1 + ã′†m−1

) (
Jm − ã†mKm

) (
u− va†ma

′†
m−1

)
|0⟩,

Km−1|0⟩ =
(
1− ã′†m−1

) (
Km + ã†mJm

) (
u− va†ma

′†
m−1

)
|0⟩,

We can extend the definition to J1 and K1, and the state |Ψ̃++⟩ can be expressed as

|Ψ̃++⟩ =
1

2N

[(
1 + a†1

)(
1 + ã′†1

)(
J2 − ã†2K2

)
+

(
1− a†1

)(
1− ã′†1

)(
K2 + ã†2J2

))(
u− va†2a

′†
1

]
|0⟩

=
1

2N

[(
1 + a†1

)
J1 +

(
1− a†1

)
K1

]
|0⟩. (D12)

For the ground state |G̃p+is⟩, the vector ĝ++
N is replaced by ĝN , with ĥ++

N = ĥ−−
N = 1√

2
. We factor out the prefactor

1√
2
to the front. Finally, by expanding J1 and K1 in the above expression via the recursive relations back to the initial

operators JN and KN , the proof is completed.
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