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Training machine learning interatomic potentials (MLIPs) on total energies of molecular clusters using dif-
ferential or transfer learning is becoming a popular route to extend the accuracy of correlated wave-function
theory to condensed phases. A key challenge, however, lies in validation, as reference observables in finite-
temperature ensembles are not available at the reference level. Here, we construct synthetic reference data
from pretrained MLIPs and evaluate the generalizability of cluster-trained models on ice-Th, considering sce-
narios where both energies and forces and where only energies are available for training. We study the
accuracy and data-efficiency of differential, single-fidelity transfer, and multi-fidelity transfer learning against
ground-truth thermodynamic observables. We find that transferring accuracy from clusters to bulk requires
regularization, which is best achieved through multi-fidelity transfer learning when training on both energies
and forces. By contrast, training only on energies introduces artefacts: stable trajectories and low energy
errors conceal large force errors, leading to inaccurate microscopic observables. More broadly, we show that
accurate reproduction of microscopic structure correlates strongly with low force errors but only weakly with
energy errors, whereas global properties such as energies and densities correlate with low energy errors. This
highlights the need to incorporate forces during training or to apply careful validation before production.
Our results highlight the promise and pitfalls of cluster-trained MLIPs for condensed phases and provide

guidelines for developing — and critically, validating — robust and data-efficient MLIPs.

I. INTRODUCTION

Machine learning interatomic potentials (MLIPs) have
emerged as powerful tools to reduce the computational
cost of first-principles-level simulations across chem-
istry!, materials science’*, and biology®. Tradition-
ally, MLIPs are trained on total energies and forces de-
rived from density functional theory (DFT), inheriting
the accuracy of DFT at a significantly reduced com-
putational cost. While this strategy has been highly
successful, DFT lacks a systematic path to quantitative
improvement, limiting its accuracy for many classes of
systems® ', Correlated wave-function theory (¢WFT),
by contrast, provides a hierarchy of systematically im-
provable methods that can approach experimental accu-
racy'' 1. Training MLIPs directly on ¢cWFT data is
therefore highly desirable, but poses many challenges:
the steep computational cost of cWFT calculations, the
high cost and complexity of computing energy gradients,
and the limited availability of periodic implementations,
which often requires training MLIPs for bulk systems
on molecular clusters'” 1. We refer to this process as
“cluster-to-bulk” generalization.

Several strategies have been proposed to reach cWFT-
level accuracy in MLIPs, with liquid water and ice serving
as prototypical systems. Early “machine-learning” ap-
proaches were rooted in the many-body expansion, with
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the water molecule as the basic unit, leading to accu-
rate water models such as MBpol??-?! and, more recently,
q-AQUA (-pol)??. These models are based on permuta-
tionally invariant polynomials®®, which learn up to three-
or four-body contributions, and a semi-empirical polariz-
able force field which approximates higher-order terms?®’.
In contrast, molecule-agnostic approaches have directly
applied MLIPs. In this context, Lan et al.?? carried out
a tour de force study, based on the Behler—Parrinello
framework?®, directly training on resolution-of-identity
MP22%6 total energies and forces, which required more
than 20,000 periodic configurations.

Considering the high data requirement of training on
cWFT data with standard MLIPs, many strategies have
been proposed. The first class of strategies eases the
learning task by using DFT as an intermediate level of
theory. For example, Chen et al.?” adopted a transfer
learning strategy®®: the MLIP was first pretrained on
DFT-level energies and forces, then fine-tuned on a much
smaller dataset of cWFT-level energies using the pre-
trained weights for initialization. This approach proved
data-efficient for CCSD??, CCSD(T)*°, and auxiliary-
field quantum Monte Carlo®!, requiring fewer than 200
total-energy evaluations for periodic configurations with
up to 100 atoms. However, validation was restricted to a
single thermodynamic state point in the NVT ensemble.
In a complementary effort, Daru et al.'” introduced a
differential learning framework®?, which was further sup-
plemented by a fixed point-charge Coulomb baseline and
short-range repulsion terms. Here, one model was trained
on total energies and forces at a local MP2 level, while
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a second captured the energy differences between local
MP2% and local CCSD(T)?**. Crucially, training relied
on nearly 20,000 small water clusters carved from peri-
odic MLIP simulations, substantially reducing the com-
putational and memory demands of generating cWFT
data. Validation was again limited to liquid water in the
NVT ensemble at a single state point.

A second class of approaches focuses on scalable MLIP
architectures that intrinsically require less training data.
Iterative schemes that construct high-body-order fea-
tures from tensor products of low-body-order terms>°,
most prominently within the atomic cluster expansion
(ACE) framework®®, enable systematically improvable
and data-efficient models. Graph neural network ar-
chitectures such as NequlP*", MACE?®, and GRACE?*’
extend the scalability of ACE features across chemi-
cal space through tensor reduction*’. Building on this,
Kaur et al.*' demonstrated that transfer learning, via
fine-tuning of the so-called MACE-MP-0 model® pre-
trained on the diverse “MPTrj” dataset??, further re-
duces data requirements compared to earlier architec-
tures and direct training with the MACE architecture.
Using fewer than 50 periodic configurations with up to
100 molecules, they achieved sub-1% density errors across
four ice phases at finite thermodynamic conditions, en-
abling RPA-quality simulations in the NPT ensemble.
More recently, Mészaros, Szab6, and Daru'® combined
ACE models with differential learning to train MLIPs
for liquid water on water clusters carved from the bulk
liquid. The ACE descriptors reduced the required train-
ing data from the 20,000 clusters reported in their earlier
work!” to just 1,000 clusters, while working in the NVT
ensemble. Building upon this, O’Neill et al.'® incorpo-
rated clusters of increasing radii from liquid water struc-
tures from the NPT ensemble and fitting a differential
learning model to the difference between local CCSD(T)
and DFT energies, achieving good agreement with ex-
periments. Independently, more advanced transfer learn-
ing strategies, notably multi-fidelity fine-tuning amongst
others**~6_ have been studied and demonstrated to out-
perform differential learning, separately for both molec-
ular?” and solid-state®® systems; however, this approach
remains to be tested on the cluster-to-bulk generalization
of MLIPs.

These studies suggest that an affordable route to
cWFT-level MLIPs combines scalable architectures with
training on clusters, while leveraging differential or trans-
fer learning in conjunction with an intermediate level of
theory. However, a challenge associated with these ap-
proaches is their validation. Unlike DFT-based work,
the ground-truth observables in finite thermodynamic en-
sembles — against which the models should ultimately be
benchmarked — are prohibitive. As a result, validation
relies either on reproducing the energies of clusters ex-
tracted from the bulk trajectory'”, local convergence of
observables with respect to the dataset, or on comparison
with experiments'®. All these routes have certain limita-
tions. The first assumes that a model that yields stable

trajectories and low energy errors on clusters also yields
low errors on forces and other microscopic observables.
Similarly, the criterion based on the local convergence
of observables with respect to the dataset assumes that
the MLIPs trained on clusters can be systematically im-
proved to the ground truth. And finally, a comparison
with experiments doesn’t allow for disentangling error
cancellation between the MLIP and the cWFT reference.
A second important question is understanding how sensi-
tive the cluster-to-bulk generalization of MLIPs is to the
choice of training strategies, whether energies alone or
both energies and forces are used, the volume of training
data, and the size of clusters employed and their inter-
play.

In this work, we assess the ability of MLIPs trained
on molecular clusters to generalize to bulk phases, using
ice-Th as a prototypical molecular solid. We evaluate four
training strategies: (i) transfer learning via fine-tuning a
pretrained model, (ii) differential learning with respect
to a pretrained model, (iii) transfer learning with multi-
fidelity fine-tuning, and (iv) direct learning on cluster
data, which serves as a baseline. We benchmark these
strategies across two scenarios: training on energies and
forces versus training only on energies, assessing how well
both global and microscopic observables are recovered in
the NVT and NPT ensembles. Overall, we find that in-
corporating forces into training is highly beneficial, as it
improves stability and enables simultaneous accuracy in
both global properties (energies and density) and micro-
scopic structure. Notably, multi-fidelity transfer learning
performs best in this setting, reaching sub-meV /atom en-
ergy errors, densities within 1% of the reference, and ex-
cellent agreement with microscopic structure using as few
as 100 clusters. When trained only on energies, however,
models reproduce global properties such as energy and
density reasonably well, but consistently fail to capture
microscopic structure accurately. In this case, differential
learning performs best among the strategies considered.
Our findings critically evaluate the cluster-to-bulk gen-
eralization of MLIPs and provide practical guidelines for
developing and validating data-efficient MLIPs that can
reliably generalize to condensed-phase systems.

The paper is organized as follows: Section I introduces
the benchmark system, training strategies, datasets, and
test metrics. Section [1] examines model performance by
analyzing how well global and microscopic observables
are recovered as a function of training data volume in
the NVT and NPT ensembles. Section summarizes
the strengths and limitations of the different strategies
in the context of the cluster-to-bulk generalization, while
also considering extrapolation behavior and systematic
improvement with increasing cluster size, and outlines
directions for future work.
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FIG. 1. Schematic overview of the training strategies and datasets used in this work. Panels (a—d) illustrate the training

strategies:

direct learning, single-fidelity fine-tuning, differential learning, and multi-fidelity transfer learning, respectively.

Panels (e-g) respectively show the datasets: clusters carved from bulk ice-Ih for training, bulk configurations for validation, and
bulk configurations generated from molecular dynamics by the models for testing. In panel (c), the pretrained model serves as

the baseline.

1. METHODS

A. System

To assess the generalizability of MLIPs for bulk phases
when trained on molecular clusters, we use ice-Ih as a
benchmark system. This system has proven to be a suit-
able testbed for studying the data efficiency of trans-
fer learning®' via fine-tuning of pretrained MLIPs. The
guidelines derived from benchmarks for ice-ITh were shown
to apply to ice phases and the X23 dataset of rigid molec-
ular crystals®. Thus, we expect the insights gained from
this study to apply to other molecular systems.

B. Training strategies for MLIPs

We discuss four training strategies that combine high-
and low-fidelity data or levels of theory differently.
A qualitative overview of these strategies is shown in
Fig. 1(a)-(d). Here, high-fidelity level refers to the target
level of theory, and the corresponding high-fidelity
data consists of labelled energies and forces at this
level. Analogously, the low-fidelity level refers to an
intermediate theory — ideally much less expensive yet
semi-quantitatively accurate— that can be leveraged to
improve data efficiency relative to training solely on
high-fidelity data.

Direct learning corresponds to standard regres-
sion, where the MLIP is trained from randomly initial-



ized weights solely on high-fidelity data as depicted in
Fig. 1(a). This is achieved by minimizing a loss function
that measures the discrepancy between the reference val-
ues and the model predictions. For the set of M training
configurations {qj}]M=1 and the set of the corresponding
high-fidelity total energies and forces, {Uj,fj}jM:l, the
loss is defined as
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with Ay and A¢ are referred to as the energy and the
force weights respectively, U is the potential energy
predicted by the MLIP (the explicit dependence on the
unit cell, the atomic identities, and the learnable weights
are not shown for brevity), f is the force predicted
by the model (the MLIPs considered in this work are
conservative with f = —VqU), and ||||, corresponds to
the I2 norm. In this work, the high-fidelity training data
comprises total energies and forces estimated on water
cluster configurations carved from bulk structures.
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Transfer learning with single-fidelity fine-
tuning involves two steps: pretraining of the MLIP on
low-fidelity training data, followed by fine-tuning of the
same model on high-fidelity training data. For a low-
fidelity dataset consisting of a set of M’ configurations
{d] jj\i/l and their total energies and forces {U7, f] };ZL,
the pretraining step involves direct training of an MLIP,
by minimizing the low-fidelity loss

direct _ /1 e\ M’
Llow—ﬁdelity =L |:{Uj’fj}j:1:| .

The final weights of this pretrained model will be referred
to as pretrained weights. Low-fidelity data can comprise
larger and more complex configurations, including the
target bulk phase.

In the single-fidelity fine-tuning step, as depicted in
Fig. 1(b), the MLIP is initialized to the pretrained
weights and optimized on a new loss defined for the high-
fidelity training data comprising molecular clusters

‘Cﬁ;?hc—%delity =L [{Uja fj };w:l} .

Differential learning learns the difference between
high- and low-fidelity levels for a given dataset®?, as de-
picted in Fig. 1(c). It requires a low-fidelity model, which
need not share the same architecture as the MLIP being
trained, or even be an MLIP. In the first step, the M
high-fidelity configurations {q; }]Ail are evaluated using
the low-fidelity model to obtain the corresponding low-
fidelity energies and forces, {UJ,f/}]1,. A new set of
target values is constructed

{6U;, 6811, = {U; — U, 85 — 311,

representing the difference between the high- and low-
fidelity predictions. The MLIP is trained, starting from
randomly initialized model weights, to minimize the loss

£diﬁerential =L [{6U], 5f] }]Z\il]

The final model prediction is obtained by summing the
low-fidelity model and the MLIP: U = U’ + §U with 6U
representing the differential model.

Transfer learning with multi-fidelity fine-tuning
utilizes low-fidelity data during both the pretraining and
fine-tuning stage, as depicted schematically in Fig. 1(d).
In the first step, the MLIP is first pretrained on low-
fidelity training data. To facilitate the explanation of
the rest of the approach, we introduce terminology for
different components of the MLIPs. The output block
of the pretrained model, a small multilayer perceptron
that predicts low-fidelity energies and forces U”, f, will be
referred to as the pretraining (pt) head. The remainder
of the network will be referred to as the shared layers.
During the fine-tuning stage, the model is augmented
with an additional output block tasked with predicting
high-fidelity energies and forces U £, referred to as the
default head. With two output heads, the model can be
trained simultaneously on low- and high-fidelity data by
minimizing a weighted sum of their corresponding direct
losses

’Cmultl_ﬁdehty = )\Pt L:iic:\l:\i%tdclity + Adcfault ‘Cg;;}lc—%dclity (2)
where Apt and Agefaurt control the relative importance of
the two loss contributions. The model weights are ini-
tialized using the pretrained values for the shared layers
and both the pretraining and default heads. The multi-
fidelity approach offers flexibility in dataset selection —
for example, enabling pretraining on a diverse low-fidelity
dataset and fine-tuning on a more specialized low-fidelity
dataset that closely resembles the target system. In the
context of the cluster-to-bulk generalization of MLIPs,
a desirable option that leverages the computational ad-
vantages of both fidelity levels is to use low-fidelity bulk
configurations with total energies and forces alongside
high-fidelity total energies for clusters.

C. Datasets and test metrics

Levels of theory: Although the ultimate goal of this
work is to evaluate training strategies for cWFT meth-
ods, we employ pretrained MLIPs as inexpensive proxies.
This step is essential, since extensive benchmarking in
finite thermodynamic ensembles against known ground
truth values would be computationally prohibitive with
c¢WFT methods, making it otherwise impossible to assess
the accuracy of the cluster-to-bulk training paradigms.

We select the MACE-MP-0 model, trained at the
generalized gradient approximation density functional



PBE, as the low-fidelity level, and the MACE-OFF-23
model, trained at the van der Waals (vdW)-inclusive
hybrid-functional level wB97M-D3(BJ), as the high-
fidelity level. We recognize that pretrained MLIP proxies
may introduce artifacts, owing to their locality and the
use of training data restricted to clusters or small unit
cells. To address this, we validate our conclusions
with explicit DFT calculations, which confirm that the
trends observed with proxy MLIPs also hold for true
electronic structure calculations, as shown in Fig. S3 of
the Supporting Information (SI).

Training and validation datasets: The high-
fidelity training sets consist of total energies and forces
for molecular clusters. As shown in Fig. 1(e), these clus-
ters are carved from bulk configurations. To systemati-
cally explore data efficiency, we construct subsets of in-
creasing size, containing 50, 100, 200, 400, 800, and up to
1000 clusters for each cluster size defined by the cluster
radius 7. € {4.0,4.5,6.0} A. Most of the results presented
in this work are based on 4.5 A sized clusters containing
15 water molecules on average.

The low-fidelity training data comprises two types.
The first type corresponds to a subset of configurations
sampled from the MPTrj — the dataset used to train the
MACE-MP-0 model. The second type corresponds to
a set of ice-Ih configurations extracted from molecular
dynamics*'. For differential learning — which does not
require low-fidelity training data per se, but rather a
low-fidelity model — we use the MACE-MP-0 model as
the reference baseline. The validation dataset consists of
25 periodic ice-Ih configurations evaluated at the high-
fidelity level of theory (see Fig. 1(f)). For the isolated
atomic energies, we use the MACE-OFF-23 isolated
atomic energy values of Uy = -13.571964772646918 eV,
Uo = -2043.933693071156 eV where Uy is the energy of
hydrogen and Up of oxygen and in the case of differential
learning, where one trains on differences in energies and
forces, we use Uy = -12.412976535265937 eV, dUp
= -2041.8522316415601 eV, where each energy is the
difference between MACE-OFF-23 and MACE-MP-0
references.

Test ensembles and metrics: Building on our ear-
lier observation that validation errors do not reflect out-
of-domain performances in molecular dynamics ensem-
bles*!, we evaluate each model’s ability to generalize by
performing molecular dynamics simulations in the NVT
and NPT thermodynamic ensembles. In the NVT en-
semble, we report the energy errors on configurations
sampled from trajectories generated by the MLIPs, as
depicted in Fig. 1(g). While these configurations are not
drawn from the high-fidelity distribution, the resulting
energy error can be interpreted — via thermodynamic per-
turbation theory — as a measure of the MLIP’s ability to
represent the true ensemble®®, provided it is interpreted
with care. In the NPT ensemble, in addition to energy
errors, we also report the predicted density. Density er-

rors are computed relative to the reference density ob-
tained from molecular dynamics simulations performed
using the high-fidelity MACE-OFF-23 model under iden-
tical thermodynamic conditions. In Fig. S1 of the SI, we
report the density, the O—O pair correlation function, and
the O—H bond distribution at both high- and low-fidelity
levels.

D. Computational details

Machine learning: The MACE architecture®® is
used to represent the MLIPs, and all numerical experi-
ments are performed using version 0.3.9. Unless stated
otherwise, the MACE models used in this work corre-
spond to the “medium” architecture from Ref. 2 and
are trained in 64-bit floating-point precision. Training
is performed using the AMSGrad variant of the Adam
optimizer with default parameters: 8, = 0.9, S = 0.999,
and € = 1078, for 150 epochs. We use a learning rate of
0.001, an exponential moving average scheduler with a
decay factor of 0.995, and apply gradient clipping with
a maximum norm of 100. After 150 epochs, and 500 for
differential learning, the energy loss weight was increased
by 20%, and training continued for an additional 150
and 500 epochs, respectively. The larger number of
epochs for differential learning was used to account for
its slower learning dynamics. The final model is selected
from the checkpoints (across both training stages) that
minimize the validation loss.

Molecular dynamics: All molecular dynamics sim-
ulations are performed using the i-PI code °?, using an
ASE client®3, for calculating total energy and forces for
the MLIPs. All simulations are thermalized using a
Langevin thermostat with a time constant of 100 fs; for
NPT simulations, we utilize the fully flexible Martyna-
Tuckerman-Tobias-Klein barostat with a relaxation time
of 1 ps, and both the system and the barostat “piston”
are coupled with a Langevin thermostat with a time con-
stant of 100fs. We use a timestep of 0.5 fs, and sam-
ple positions, potential energies, and densities every 200
timesteps for 50 ps. The first 10 ps of the simulations are
discarded as equilibration.

. RESULTS

Before testing the performance of the models in the
thermodynamic ensembles, we report total energy and
force validation RMSEs across all strategies as a func-
tion of the training set size (number of 4.5 A clusters) in
Fig. S2 of the SI. The left panels correspond to train-
ing with high-fidelity forces included, and the right pan-
els to training without forces. To arrive at these re-
sults, we perform for each strategy, a hyperparameter
sweep over energy and force weights, with Ay, A\ €
{0.001,0.01,0.1, 1,10, 100, 1000}, and report the RMSEs
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FIG. 2. Panels (a,c,e) show NVT energy RMSEs, O-O pair correlation functions, and O-H bond distributions for models
trained on high-fidelity energies and forces. Panels (b,d,f) show the same quantities for models trained on high-fidelity energies
only. ‘High-fidelity reference’ corresponds to the MACE-OFF-23 model. ‘Differential (best)’ refers to the delta learning model

that achieved the lowest energy RMSE and was trained on 400 clusters.

corresponding to the models that minimize the validation
error. Hyperparameter optimization yields more than
an order-of-magnitude improvement in energy and force
RMSEs, with the optimal weights differing across train-
ing strategies. Table S1 of the SI reports the optimal
weights used across the different strategies.

A. Test errors in the NV'T ensemble

The accuracy and data efficiency of the training
strategies in the NVT ensemble are summarized in
Fig. 2. Results are shown separately for two scenarios:
training on high-fidelity energies and forces, and training
on high-fidelity energies (i.e., with forces omitted).
As a first step, we report an error metric on a global
observable — the average RMSE associated with poten-
tial energy. This metric is fundamental: in practice,
the total energies of bulk systems or clusters carved
from them at cWFT levels are the only reference data
for validating a model'™'%27,  We further examine

‘Transfer’ is the single-fidelity fine-tuning method.

microscopic observables with respect to the ground
truth thermodynamic averages, namely the first two
peaks of the O-O pair correlation function and the
distribution of O-H bond lengths. This assessment is
important, as average structural observables are often
inaccessible at high-fidelity levels; it is typically assumed
that low energy RMSEs are a sufficient condition for the
identification of an accurate model.

Global observable: In panels (a) and (b) of Fig. 2,
we report the energy RMSE across NV'T' trajectories
generated by the MLIPs, as a function of the number
of clusters in the training set. We first consider the
scenario when high-fidelity forces are included in train-
ing. As shown in Fig. 2(a), all methods achieve sub- or
near-meV /atom energy RMSE for the largest training set
volume. Direct learning yields unstable trajectories and
high RMSEs for small training sets, but improves sys-
tematically and achieves a sub-meV/atom RMSE with
1000 configurations. Differential learning yields unstable
trajectories for 100 clusters, but with more training data,



shows improvement in simulation stability, although the
energy RMSEs remain saturated around 1meV/atom.
Transfer learning approaches lead to stable simulations
across the full data range, with single-fidelity fine-tuning
leading to larger errors for small dataset sizes and even-
tually reaching the lowest energy error for 1000 clus-
ters. Multi-fidelity learning yields near-constant sub-
meV /atom errors, even with just 50 clusters.

We next consider the scenario when high-fidelity forces
are not included in the training. Results from the direct
learning are omitted in Fig. 2(b), as the trajectories were
unstable. This occurs despite these models reporting
systematically improving learning curves on the valida-
tion set, and achieving a sub-meV/atom energy RMSE
for 1000 clusters (see Fig. S2 of the SI). Differential
learning is unstable when training with 100 clusters, but
improves with more data, saturating at ~2meV/atom
with 1000 configurations. Standard transfer learning
maintains stable performance across all training set
sizes, reaching ~b5meV/atom error. Multi-fidelity
transfer learning, by contrast, yields stable simulations
but consistently higher errors of ~10meV /atom.

Microscopic observables: We now examine if low-
energy RMSEs correlate with a good description of the
microscopic structure. We begin with the scenario in
which high-fidelity forces are included in training. Fig-
ure 2(c) shows the oxygen—oxygen pair correlation func-
tions up to the second peak for models trained on 1000
clusters. Direct learning and both transfer learning ap-
proaches (single-fidelity and multi-fidelity fine-tuning) re-
produce the reference distribution within statistical er-
ror. By contrast, differential learning yields broadened
first and second peaks. It is important to note that
the differential learning model trained with 1000 con-
figurations is not the one that achieves the lowest en-
ergy RMSE. For this reason, we also examine the best-
performing differential learning model trained on 400
configurations. This model shows an improved agree-
ment with the reference but still exhibits a mild system-
atic broadening. Turning to the O—H bond length distri-
butions in Fig. 2(e), all models—including both differen-
tial learning models—accurately reproduce the reference
distribution.

We next consider the scenario in which forces are not
included in training. As shown in Fig. 2(d), all strategies
(with the exception of direct learning, which yields unsta-
ble trajectories) reproduce the first peak of the O-O pair
correlation function with quantitative accuracy. The dif-
ferential learning model trained only on energies outper-
forms its counterpart, which is trained on both energies
and forces. This suggests that, for differential learning,
including forces in the training set leads to overfitting on
clusters, hindering generalization to the bulk phase. For
the second peak, however, all methods exhibit a mild
over-structuring. The O-H bond length distributions
in Fig. 2(f) reveal further issues. All approaches per-
form poorly for this O-H mean values and fluctuations.

Here, both transfer learning approaches predict unphys-
ical bond lengths, with single-fidelity fine-tuning yield-
ing shorter and multi-fidelity fine-tuning yielding longer
bond lengths. In contrast, differential learning shows the
best performance but systematically overestimates the
bond length by 0.003A. As an absolute, this deviation
is small, but it is in the same ballpark as the changes
in the O—H bond length when nuclear quantum effects
are incorporated®®. These differences can modulate O-H
autoionization®>°% and lead to changes in the vibrational
spectra by over 100 cm™!°7. A possible explanation for
the poor description of O—H modes is that when training
on forces — which fluctuate strongly for high-frequency
modes as opposed to the energy — the loss effectively as-
signs greater weight to these modes®. When training
only on energies, this weighting is absent, which explains
the systematically worse performance for high-frequency
O-H compared to low-frequency O-O distributions.

These results may seem puzzling given the low energy
RMSEs and stable trajectories; however, they are readily
explained by the force RMSEs (calculated across the tra-
jectories) shown in Fig. S4(a) and S4(b). Training only
on high-fidelity energies (a global quantity) can lead to
low-energy RMSEs but high-force RMSEs, which corre-
lates with the poor description of microscopic properties.
These findings highlight several caveats for the cluster-
to-bulk generalization of MLIPs, which are further tested
in the NPT ensemble. (1) Stable trajectories and low en-
ergy errors do not imply accurate forces, (2) Agreement
on global properties, such as total energy, does not guar-
antee correct microscopic structure.

B. Test errors in the NPT ensemble

We next evaluate model performance in the NPT en-
semble. This represents a more stringent test ensemble,
as energy and force errors directly affect the instanta-
neous pressure, which in turn can impact the stability
of the simulation as well as global and microscopic
observables. Moreover, it allows us to assess another
important thermodynamic quantity, the density.

Global observables: In Fig. 3(a) and Fig. 3(b), we
report the energy RMSEs across NPT trajectories gen-
erated by the MLIPs, as a function of the number of
clusters used for training. We first consider the scenario
in which training includes both energies and forces. As
shown in Fig. 3(a), direct models are unstable up to 400
clusters but improve systematically with larger training
sets, reaching sub-meV/atom energy RMSEs. Differen-
tial learning models do not exhibit instability in the N PT
ensemble but clearly show signs of overfitting: the model
trained on 200 clusters achieves the lowest RMSE, while
adding more data leads to unstable simulations. Both
transfer learning approaches achieve the lowest-energy
RMSEs, with multi-fidelity fine-tuning performing bet-
ter in the low-data regime, and single-fidelity fine-tuning
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trained on high-fidelity energies only. ‘Low-fidelity reference’ is the MACE-MP-0 reference.

outperforming at larger training set sizes. We also con-
sider the density as another global observable. In this
case, we also contextualize the performance of the mod-
els with respect to the low-fidelity reference density. As
shown in Fig. 3(c), direct learning and both transfer
learning strategies predict densities to within 2% of the
reference. Differential learning, on the other hand, leads
to a systematic overestimation of the density up to 400

clusters (this value is close to the low-fidelity reference),
and unstable simulations occur beyond this point.

We next consider the scenario when high-fidelity
forces are not included in the training. As shown in
Fig. 3(b), the overall energy RMSEs are higher compared
to the scenario where forces are incorporated in the
training. This secondary effect is induced by errors
in sampling, as understood by the high force RMSEs



in Figs. S4(c) and S4(d). Direct learning leads to
unstable simulations across the full range of training
data. Both types of transfer learning saturate in the
range of 5-10 meV/atom errors. Differential learning
leads to energy RMSEs in the 2-11 meV /atom range. We
next analyze the density in Fig. 3(d), while comparing
with the low-fidelity ground truth density estimate to
understand if the errors arise from an undercorrection
or an overcorrection. The description of the density is
overall worse compared to the scenario when forces are
included in the training. Differential learning leads to an
overestimation of the density, to nearly the same extent
as when training on both energies and forces, and close
to the low-fidelity estimate. This suggests that differ-
ential learning undercorrects. Single-fidelity fine-tuning
leads to sub-2% agreement with the reference, while
multi-fidelity fine-tuning leads to an underestimation
of the density, which suggests both these approaches
(over)correct for the density difference between the two
fidelity levels.

Microscopic observables: We first consider the
scenario in which forces are included in the training.
Fig. 3(e) shows the oxygen—oxygen radial distribution
functions along with the low- and high-fidelity references.
For the first peak of the distribution, both direct and
transfer learning approaches yield a quantitative agree-
ment with the reference. On the other hand, the best
differential learning model (trained on 200 clusters) leads
to a small underestimation of the nearest O—O distance.
This deviation is in the same direction as the low-fidelity
distribution, again implying that differential learning un-
dercorrects. For the second peak, direct learning and
multi-fidelity fine-tuning yield a quantitative agreement,
while single-fidelity fine-tuning and differential learning
yield a distribution skewed towards the low-fidelity esti-
mate. Fig. 3(g) shows the O-H bond distribution with
all methods yielding quantitative agreement with the ex-
pectation of differential learning, which exhibits mild
overstructuring. These results show that the accuracies
achieved by the different approaches when training with
forces in the NVT ensemble carry over to the NPT en-
semble, and the artifacts are more pronounced.

We next consider the scenario in which high-fidelity
forces are excluded from the training, starting the O-O
distribution. From the NVT analysis, we already antic-
ipate a poor performance, but we check further if the
low-fidelity level biases the microscopic structure. As
shown in 3(f), the distribution of both the first and
second peaks deviates from the reference for all the ap-
proaches. Single-fidelity fine-tuning skews the distribu-
tions to longer O-O distances, implying an overcorrec-
tion. The multi-fidelity fine-tuning method skews the dis-
tributions towards longer distances. Differential learning
shows the smallest errors, but systematically skews the
distributions towards the low-fidelity reference. For the
O-H distances, shown in Fig. 3(h), we note that differen-
tial learning and the multi-fidelity fine-tuning models are

skewed towards the low-fidelity reference. Single-fidelity
fine-tuning model overcorrects towards the high-fidelity
reference. In summary, the NPT ensemble highlights
the same caveats identified in NVT, but in a more pro-
nounced form. It further shows that, when models are
trained only on energies, differential learning and multi-
fidelity fine-tuning tend to inherit the bias of the low-
fidelity reference, whereas single-fidelity fine-tuning tends
to overcorrect.

IV. DISCUSSION

In summary, we investigate how well MLIPs generalize
to bulk properties when trained with direct, differential,
and transfer learning on high-fidelity total energies
and/or forces estimated for molecular clusters. We
utilize pretrained MLIPs as proxies to the low- and
high-fidelity levels, enabling us to estimate ground-truth
observables in NVT and NPT ensembles. We consider
both global properties, such as the total energy and
density, as well as microscopic properties, including the
intermolecular (O-O) and intramolecular (O-H) distri-
butions. We first summarize the identified strengths
and limitations of the four strategies and then discuss
the best recipes for the cluster-to-bulk generalization of
MLIPs. It should be noted, however, that the ability
of an MLIP to generalise depends on how the implicit
atomic body order is represented, which in turn is
sensitive to the underlying architecture®. Accordingly,
our conclusions are limited to ACE-based MLIPs.

Direct learning: Direct learning is feasible with only
a few hundred clusters, provided both total energies
and forces are included in the training set, yielding an
excellent description of both global and microscopic
properties. The main drawback of direct learning is that
MLIPs are not robust to extrapolation. We arrive at this
conclusion by performing temperature extrapolations,
summarized in Fig. 89, in which NPT simulations
were performed up to 300K in 50K increments in
the metastable solid phase. These show that, despite
excellent performance at 100K, direct learning on total
energies and forces fails to produce stable simulations at
higher temperatures.

Transfer learning — single-fidelity fine-tuning:
Single-fidelity fine-tuning is found to be data-efficient
and robust with respect to the stability of the simula-
tions. When trained on both energies and forces, this
strategy yields quantitative accuracy for both global
and microscopic properties in the NVT and NPT
ensembles. When trained only on energies, its accuracy
is sensitive to the observable and the thermodynamic
ensemble. For the total energy and O-O distribution
functions, quantitative agreement is achieved in the
NVT ensemble, while higher energy RMSEs and skewed
(overcorrected) O-O distributions are observed in the



NPT ensemble. For O-H bond distributions, both
ensembles exhibit shorter (overcorrected) bond lengths.
We also investigated whether using larger cluster sizes
in the training set fixes these limitations when training
only on energies. As summarized in Figs. S6 and S7,
we do not observe systematic improvements with larger
clusters: energy and force errors are saturated nearly to
the same extent as for 4.5 A clusters. In fact, the good
agreement with the density obtained for 4.5 A clusters
is degraded when larger clusters are used.

Differential learning: We observe artifacts asso-
ciated with differential learning in the context of the
cluster-to-bulk generalization. When trained on both
energies and forces, differential learning is noted to
overfit to cluster data, which results in an overall poor
description of global and microscopic properties and
unphysical simulations with 400 clusters. Overfitting
is reduced when training only on energies, but the
accuracy of the MLIPs is sensitive to the observables.
Considering global properties, the total energy RMSEs
decrease by ~2meV/atom in both ensembles, and the
density error is reduced to ~2% with 1000 clusters. In
contrast, the O—O and O—H distributions remain skewed
toward the low-fidelity reference, with the deviations
significantly larger in the NPT ensemble than in NVT.
It is important to note, however, that all strategies
performed poorly when trained only on energies, with
differential learning yielding the best results among
them. We also tested for the temperature extrapolation
of MLIPs trained with differential learning on energies
only, and note that while all simulations are stable, the
errors in the predicted density increase with temperature
towards the low-fidelity reference. Thus, the results of
differential learning simulations must be interpreted with
caution, as stable trajectories do not necessarily imply
accuracy with respect to the reference. A positive aspect
of this approach is that its performance can be improved
by increasing the cluster size in the training set. As
shown in Fig. S6, the description of global properties in
the NPT ensemble shows a modest improvement with
6 A clusters compared to 4.5 A clusters. For microscopic
properties (Fig. S7), the accuracy of O-H distributions
improves using larger clusters, whereas the error in the
0O-0O distributions is essentially unchanged. Given the
systematically improvable nature of differential learning,
we anticipate that data augmentation strategies could
help mitigate its limitations.

Transfer learning — multi-fidelity fine-tuning:
Multi-fidelity fine-tuning emerges as the most data-
efficient and accurate approach for both global and mi-
croscopic properties across both ensembles when trained
on energies and forces. As shown in Fig. S8, multi-fidelity
models also display excellent extrapolation of the density
up to 300 K, despite training clusters being representative
of 100K only. There, it should be the method of choice,
then the training data comprises both total energies and
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forces. Alongside these strengths, we identify two areas
where multi-fidelity fine-tuning can be improved. First,
we do not observe systematic improvements with increas-
ing cluster size. When trained on 4 A clusters comprising
only five water molecules, multi-fidelity fine-tuning is the
only approach that yields stable simulations with semi-
quantitative agreement for the density and O—-O and O-H
bond lengths, as shown in Fig. S5. In contrast, training
on 6 A clusters results in slightly worse descriptions of
these observables as shown in Figs. S6 and S7. This
suggests that the fine-tuning dynamics considered here
do not exhibit “size consistency” and may require a ded-
icated hyperparameter optimization per dataset. Sec-
ond, when trained only on energies, the method per-
forms poorly for microscopic observables, showing sig-
nificant deviations in O—H bond distributions, and thus,
the recipe considered here is not recommended. Overall,
multi-fidelity fine-tuning remains the most flexible ap-
proach in terms of combining low- and high-fidelity data.
Given its demonstrated success on both clusters*® and
bulk systems*’, we expect that future work focused on
data augmentation could yield a robust recipe for the
cluster-to-bulk generalization when training on energies.

As far as the cluster-to-bulk generalization of MLIPs
is concerned, our results show that this approach can
be successfully applied to a range of molecular systems,
provided validation is performed thoroughly. For an
MLIP to be robust, it must accurately describe atomic
forces in addition to energies. We reach this conclusion
by noting that quantitative agreement with microscopic
properties correlates strongly with low force errors, but
only weakly with low energy errors or stable simulations.
This highlights that in scenarios where forces are unavail-
able, it is crucial to obtain indirect probes of force accu-
racy, for example, by examining multiple global and mi-
croscopic observables associated with high-frequency in-
tramolecular modes — which, by definition, are governed
by large forces. We further find that generalization to the
NPT ensemble is considerably more demanding than to
NVT, making careful validation essential. Finally, the
strong correlation between accurate microscopic proper-
ties and low-force errors across trajectory ensembles mo-
tivates two key directions for future work: (i) develop-
ing MLIP strategies capable of accurate force prediction
when training only on energies, and (ii) advancing effi-
cient, mainstream implementations of gradients®® %2 for
c¢cWFT methods, both for clusters (training) and bulk
phases (validation), to enable robust and cost-effective
cluster-to-bulk generalization.
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S1. REFERENCE OBSERVABLES AT LOW- AND HIGH-FIDELITY
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FIG. S1. Comparison of microscopic properties from NPT simulations of hexagonal ice using the
medium (M) MACE-MP-0 and MACE-OFF-23 models. (a) O-O pair correlation functions, (b)
distributions of O-H bond lengths, and (c) average densities from the NPT trajectories.



S2. VALIDATION ERRORS

A. Energy and force RMSEs
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FIG. S2. RMSE:s for ice-Th on the validation set as a function of the number of 4.5 A clusters in the
training set. Panels (a) and (c) show the energy-per-atom and mean force RMSEs, respectively, for
models trained on both high-fidelity energies and forces. Panels (b) and (d) show the corresponding
results for models trained on high-fidelity energies only.



B. Hyperparameter optimization

Training protocol [(Biams Fiin)] 00 A O] Bhirems Fan) |08 A8

Direct (0.3, 33.4) (1000, 10)| (0.6, 342.2) | (1000, 0)
Differential (0.2,56.1) | (1000, 1)| (0.3,102.8) | (1000,0)
Transfer (0.1, 16) (10, 10) (0.3,101.3) (100,0)
Multi-fidelity transfer| (0.2, 28.5) | (100, 10) | (0.3, 250.9) | (10, 0)

TABLE S1. Hyperparameter optimization results for energy and force errors, as well as the optimal

training weights, across four training strategies. (Ef{f/[SE,FéﬁSE) denote the energy and force

RMSEs obtained when training on clusters of size 4.5 A. ()\in )\Zf) denote the corresponding optimal

energy and force weights when training on 4.5 A clusters.



S3. VALIDATION WITH DFT DATA

The high-fidelity DFT calculations were revPBE-D3, with zero-damping in the D3 dis-
persion, and the low-fidelity was a medium MACE-MP-0 model with the pretrained head set
to the MPTrj dataset. The reference bulk density was calculated from periodic calculations
in the Vienna ab initio Simulations Package (VASP)"?. We used hard projector augmented
wave (PAW) potentials (version 54) and an energy cutoff of 1000 eV on the I'-point. The
cluster calculations were performed in ORCA v5.0.3% for the def2-QZVPPD basis set. The
isolated atomic energies were Uy = -13.72710738642251 eV and Up = -2042.922011881597
eV for the revPBE-D3 data.
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15 1@ 1)
° 10! 4 ]
> E E
Q ] ]
é 10° E W E \—/\\
L E E
2 1 1
< 107! 4 3
> E E
2 ] Trained on high-fidelity energies & forces ] Trained on high-fidelity energies & forces
g T T T T T T T T
() —— High-fidelity reference (d)
,’E 1.1 4 —$— Muilti-fidelity transfer 114
]
E Lo- \_‘\r' 1 — 3 1.0 -
= —K\’\k‘ =
a 0.9 7 0.9 A T
c
]
a 0.8 - - . e . 0.8 - . - e -
: Trained on high-fidelity energies & forces : Trained on high-fidelity energies & forces
T T T T T T T T
0 200 400 600 800 0 200 400 600 800
Number of 6.0 A training clusters Number of 6.0 A training clusters

FIG. S3. Validation energy RMSEs and average densities of NPT trajectories for models trained
on 6.0 A clusters: panels (a,c) show results using synthetic data, and panels (b,d) show results
using DFT data. ‘High-fidelity reference’ in panel (c) corresponds to the MACE-OFF-23 reference
density, whereas the high-fidelity reference in panel (d) is the revPBE-D3 reference density.



S4. FORCE RMSE IN THE NVT AND NPT ENSEMBLES
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FIG. S4. Force RMSEs under different training conditions: (a,c) trained on high-fidelity energies
and forces; (b,d) trained on high-fidelity energies only. Results are shown for testing in the NVT
(a,b) and NPT (c,d) ensembles.



S5. TRAINING ON 4 A AND 6 A CLUSTERS

A. 4 A clusters
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FIG. S5. (a) Energy RMSEs, (b) densities of NPT trajectories, (¢) O-O pair correlation functions,
and (d) O-H bond distributions obtained with the multi-fidelity transfer learning approach trained
on 4.0 A clusters. ‘Multi-fidelity transfer (best)’ refers to the multi-fidelity transfer model that
achieved the lowest energy RMSE and was trained on 400 clusters.



B. 6 A clusters
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FIG. S6. Energy RMSEs and average densities from NPT simulations for models trained on 6.0
A clusters. Left-hand panels show results for models trained on both high-fidelity energies and
forces, tested in the NVT (a) and NPT (c,e) ensembles. Right-hand panels show results for
models trained on high-fidelity energies only, tested in the NVT (b) and NPT (d,f) ensembles.
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FIG. S7. Structural properties from NPT simulations using models trained on 6.0 A clusters.
Left-hand panels show results for models trained on both high-fidelity energies and forces, tested
in the NVT (a,c) and NPT (e,g) ensembles. Right-hand panels show results for models trained
on high-fidelity energies only, tested in the NVT (b,d) and NPT (f/h) ensembles.
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S6. TEMPERATURE EXTRAPOLATIONS

A. Density
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FIG. S8. Relative densities of structures sampled from NPT simulations at four temperatures
shown for different training methods relative to the high-fidelity reference values.
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B. Microscopic observables
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FIG. S9. O-O pair correlation functions (a,c,e,g) and O-H bond-length distributions (b,d,f,h) of
NPT trajectories for the temperature extrapolation simulations.
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