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In this paper we have examined spherical accretion onto Schwarzschild–MOG Black Holes within
the framework of Modified Gravity. Using isothermal test fluids, we analyze the behavior of the
flow near the critical (sonic) point for various values of the equation of state parameter k. Depend-
ing on the fluid type, the flow exhibits either subsonic or supersonic behavior, with ultra-stiff and
ultra-relativistic fluids allowing both regimes, while radiation and sub-relativistic fluids show more
restricted dynamics. Phase space analysis helps visualize these transitions. We also compute the
mass accretion rate and find that it increases with both radial distance and the MOG parameter α,
highlighting the role of modified gravity in enhancing accretion processes around black holes.

I. INTRODUCTION

Black holes (BHs) stand as some of the most capti-
vating and enigmatic objects in the universe, embody-
ing the final act in the life cycle of massive stars. The
groundbreaking detection of gravitational waves from
binary BH mergers, achieved through the Laser Inter-
ferometer Gravitational-Wave Observatory (LIGO), has
brought their existence into sharp focus [1]. Adding to
this evidence, the discovery of star–black hole binary
systems using radial velocity measurements offers yet
another testament to their profound presence in the cos-
mos.

Moffat [2] introduced a Modified Gravity (MOG) the-
ory that explains the movement of galaxies and clus-
ters of galaxies in the present universe without need-
ing dark matter. This theory has also successfully ex-
plained observations in the solar system, galaxy rota-
tion curves, and the motion of galactic clusters, the de-
velopment of cosmic structures, the distribution of mat-
ter on large scales, and the acoustic patterns observed in
the cosmic microwave background (CMB) spectrum[3–
8]. J. W. Moffat investigated BHs under the framework
of Modified Gravity (MOG) [9]. This theory modifies
the gravitational interaction by introducing an effective
gravitational constant G = GN(1 + α), where α is a di-
mensionless parameter and GN is Newton’s constant. It
also includes a repulsive component characterized by a

gravitational charge Q = (αGN)
1/2M, with M repre-

senting the mass of the BH. The possibility of detecting
such BHs with the Event Horizon Telescope (EHT) has
been explored in [10, 12]. The motion of particles around
rotating BHs and BHs in magnetic fields, along with the
phenomena of strong and weak gravitational lensing by
clusters and supermassive BHs, has been thoroughly ex-
plored [13–16].
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Accretion refers to the process through which a grav-
itating object gathers surrounding matter, resulting in
an increase in its mass and angular momentum [17].
The accretion of matter onto BHs is a significant phe-
nomenon of enduring interest to astrophysicists. In
1952, Bondi pioneered the study of accretion by devel-
oping a model for the spherically symmetric accretion
but context of Newtonian physics [18, 19]. Later on,
Michel [20] discussed the BH accretion in the context
of GR and also investigated the accretion onto charged
BHs. Shapiro made significant contributions to the un-
derstanding of BH accretion by studying the luminosity
and frequency spectra of infalling gas [21], the effects
of interstellar magnetic fields [22], and the dynamics of
accretion onto rotating BHs [23]. The role of gas backre-
action in influencing the accretion rate was further an-
alyzed by [24]. Babichev et al. [25] investigated the ac-
cretion of dark energy onto a Schwarzschild BH, show-
ing that, unlike normal matter, dark energy accretion
can lead to a decrease in BH’s mass. Debnath [26] ex-
tended this analysis by formulating a general model for
static accretion onto static, spherically symmetric BHs.
Accretion in higher-dimensional spacetimes has been
considered in works such as [27, 28]. More recently,
Das et al. [29] studied spherical accretion in higher-
dimensional Reissner-Nordström BHs, contributing to a
greater understanding of accretion in modified gravity
frameworks. Recently, accretion onto BH with backre-
action effects on cylindrical symmetrically BHs was dis-
cussed [30].

Accretion BHs in the framework of Scalar-Tensor-
Vector Gravity (STVG) was initially explored by [31],
with later developments focusing on accretion disks
around MOG BHs [32]. Several recent works have fur-
ther expanded on accretion dynamics in MOG through
analytical and numerical methods [33–38]. In this study,
we investigate spherical accretion onto a Schwarzschild-
MOG (SH-MOG) BH, analyzing how various types of
fluid behave in this modified gravity background. We
derive the SH-MOG metric, formulate the general con-
servation laws governing the accretion process, and
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compute critical physical quantities such as the speed of
sound at the sonic point. Compared to the classical SH
solution in GR, the presence of the MOG parameter in-
troduces deviations in the gravitational potential, which
in turn affect accretion rates, sonic point locations, and
flow dynamics. Throughout our analysis, we use stan-
dard relativistic conventions, adopting the metric signa-
ture (−,+,+,+) with geometric units with c = G = 1.

II. SCHWARZSCHILD-MOG BLACK HOLE

The Schwarzschild-MOG (SH-MOG) BHs represents
a static, spherically symmetric vacuum solution to
the modified Einstein field equations. The metric in
Boyer–Lindquist coordinates xα = (t, r, θ, φ) is given by
[9, 11]

ds2 = − f (r)dt2 +
1

f (r)
dr2 + r2(dθ2 + sin2 θdφ2), (1)

where,

f (r) = 1 − 2(1 + α)M

r
+

α(1 + α)M2

r2
. (2)

Here M denotes the BH’s mass, α is the MoG parame-

ter defined as α = G−GN
GN

where GN being the Newton’s

gravitational constant and the parameter α characterizes
the deviation from standard gravity and ranges −1 to ∞.
The horizons of (1) are given as

r± = M(1 + α±
√

1 + α). (3)

The r+ is being thr event horizon and r− is considered
as the Cauchy horizon. Clearly, α = 0 reduces it to the
Schwarzschild BH. The geodesic equations are given as
[39]

ṫ =
ǫ

f
, (4)

ṙ = ǫ2 − f (ǫ − L2

r2
) (5)

φ̇ =
L2

r2
, (6)

here, ǫ denotes the specific energy, L is the angular mo-
mentum, and a dot indicates differentiation with respect
to an affine parameter λ. The value ǫ = 0 corresponds
to a null geodesic, while ǫ = 1 indicates a timelike
geodesic.

Curvature invariants can signals the presence of a
spacetime singularity. The curvature invariants of SH-
MOG BH in (1) are

I1 = gµνRµν = 0, (7)

I2 = RµνRµν =
4M4α2(1 + α)2

r8
, (8)

I3 = RµνρσRµνρσ =
8M2(1 + α)2

r8

(

6r2 (9)

−12Mrα + 7M2α2
)

. (10)

From the above equations, we find that curvature is fi-
nite all over the region except r = 0. Thus at r = 0,
we have a physical singularity and we have a coordi-
nate singularity at horizon. We can remove the coor-
dinate singularity by transforming the metric into Ed-
dington–Finkelstein coordinates. For this, first we can
re-write the metric as

ds2 = − (r − r+)(r − r−)
r2

dt2 +
r2

(r − r+)(r − r−)
dr2+

r2(dθ2 + sin2 θdφ2).

(11)

For radial null geodesics, we get

±dt =
r2dr

(r − r−)(r − r+)
, (12)

which on integration gives

±t = t′ + ln
∣

∣

∣

r

r+
− 1

∣

∣

∣

r2
+

r+ − r−
− ln

∣

∣

∣

r

r−
− 1

∣

∣

∣

r2
−

r+ − r−
,

(13)
where t− is for in-going particles and t+is for outgoing
particles. This correspond to the advanced EF and re-
tarted EF coordinates respectively. We consider advance
EF coordinate given as

dt′ = dt + dr

[

(r+ + r−)r + (r+r−)
(r − r−)(r − r+)

]

(14)

Also Eq. (3) gives

r−r+ = α(1 + α)M2, (15)

r− + r+ = 2(1 + α)M. (16)

Substituting 15 and 16 in 14, we get

dt′ = dt +
[ (1 + α)2Mr + α(1 + α)M2

r2 − (1 + α)2Mr + α(1 + α)M2

]

dr.(17)

Hence, the metric becomes:

ds2 = −
[

1 − (1 + α)M

r

(

2 − αM

r

)

]

dt′2

+2
[

2(1 + α)Mr + α(1 + α)M2
]

dt′dr

+
[

1 − (1 + α)M

r

(

2 − αM

r

)

]

dr2

+r2(dθ2 + sin2 θdφ2).

The above equation (18) is in EF Coordinate and coordi-
nate singularity is removed.

III. GENERAL EQUATIONS FOR SPHERICAL
ACCRETION IN MOG

We begin by formulating the equations that govern
spherical accretion, assuming the infalling matter be-
haves as a perfect fluid. The analysis focuses on both the
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accretion rate and the flow dynamics, grounded in the
conservation laws of particle number and energy. De-
noting the particle number density by n and the fluid’s
four-velocity by uµ, the current density is given by

Jµ = nuµ. (18)

Based on the principle of particle number conservation,
the total number of particles remains constant; in other
words, the four-divergence of the current density van-
ishes. Mathematically, this is expressed as:

∇µ Jµ = 0, (19)

The symbol ∇µ denotes the covariant derivative. The
energy-momentum tensor for a perfect fluid takes the
form given by

Tµν = (e + p)uµuν + pgµν (20)

with e tands for the energy density and p represents
the pressure. Conservation of energy and momen-
tum is ensured by the vanishing divergence of the en-
ergy–momentum tensor,

∇µTµν = 0. (21)

Because Bondi-type accretion is steady and spherically
symmetric [33, 34], all physical quantities vary only with
the radial coordinate r. To analyze the fluid’s accretion
properties, we employ a Hamiltonian approach. The
general analysis for a static, spherically symmetric met-
ric has been presented in [17]; here, we make use of the
following results from that work:

r2nur = c1, (22)

h2[ f + (ur)2] = c2, (23)

where we denoted the particle number density by n and
the fluid’s four-velocity by uµ, h is the specific enthalpy,
f is a metric function, and c1, c2 are integration con-
stants.

IV. SONIC POINT

The sonic point is where the fluid’s inward velocity
matches the local speed of sound. At this critical radius,
the accretion flow reaches its maximum accretion rate.
The local speed of sound at this point is given by

a2 =

(

ur

ut

)2

, (24)

where a denotes the sound speed. If the pressure is
assumed to remain constant, the specific enthalpy de-
pends solely on the particle number density, i.e., h =
h(n), indicating that the fluid is barotropic. Under this
condition, the equation of state simplifies to

dh

h
= a2

(

dn

n

)

. (25)

Using normalizing condition uµuµ = −1, we can also
write (23) as

h2(ut)2 = c2. (26)

Now differentiating (22) and substituing (26) in it we
get:

ur dur

dr
= − (aut)2

n

dn

dr
− 2(1 + α)M

r2
(27)

+
α(1 + α)M2

r3
. (28)

Now differentiating (23), we get

1

n

dn

dr
= −2

r
− ur dur

dr
(29)

and substituting in (27) and simplified, we get

[(ur

ut

)2
− a2

]

∂r(ln ur) =
1

r(u2
t )

[

2(aut)
2 (30)

− (1 + α)M

r

(

1 − αM

r

)

]

.(31)

As at sonic point a2
∗ = ( ur

ut
)2, so we obtain:

2a2
∗(ut∗)

2 =
(1 + α)M

r∗

(

1 − αM

r∗

)

. (32)

After substituting above in (24), we have

(ur∗)2 =
(1 + α)M

2r∗

(

1 − αM

r∗

)

. (33)

Using the equations (26), (32) and (33), we get he value:

a2
∗ =

(1 + α)(r∗ − αM)M

2r2∗ − 3(1 + α)r∗M + α(1 + α)M2
. (34)

Using Eq. (33) and (34), we can find the critical points
(r∗, ur

∗).

V. TEST FLUIDS

The isothermal test fluid model represents accret-
ing matter, where the temperature remains constant
throughout the flow. This assumption ensures that the
speed of sound remains uniform at all radial distances,
simplifying the analysis of the accretion process. As the
fluid has a high velocity, there is minimal heat exchange
with the environment, effectively causing the flow to be-
have adiabatically despite the isothermal condition. The
equation of state (EoS) for such a fluid is expressed as:

p = ke, (35)



4

where p denotes the pressure, e represents the energy
density, and k is a dimensionless state parameter con-
strained to the range 0 < k ≤ 1. This proportional re-
lationship between pressure and energy density simpli-
fies the study of accretion dynamics, allowing for ana-
lytical and numerical investigation. Specific values of
k, such as k = 1 for an ultra-stiff fluid or k = 1/3 for
a radiation-dominated fluid, highlight different physi-
cal regimes [34]. The adiabatic sound speed is given

by a2 = dp/de. By applying the equation of state for

isothermal fluids, it can be determined that a2 = k. Since
the process is isentropic, the entropy remains constant,
leading to TdS = 0, where S denotes the entropy. This
condition aligns with the first law of thermodynamics,
the change in energy density with respect to particle
number density is given by

de

dn
=

e + p

n
= h, (36)

where h is the specific enthalpy. Integrating this relation
yields

n = n∗

(

e

e∗

)
1

k+1

, (37)

where n∗ and e∗ are the particle number density and en-
ergy density at the sonic point, respectively. Comparing
this to enthalpy, we get:

h =
(k + 1)e∗

n∗

(n

n ∗

)k
. (38)

Using (37) in (23) we get:

nk
√

f (r) + (ur)2 = c3. (39)

Comparing (39) and (22), we Get

√

f (r) + (ur)2 = c3r2k(ur)k. (40)

Also for isothermal Equation, Eqs (33) and (34) lead to

(ur
∗)

2 =
1

4
r∗ f∗,r∗ = k

(1

4
r∗ f∗,r∗ + f∗

)

. (41)

and the Hamiltonian for the accretion flow can be de-
fined as [17, 40, 41]

H =
f 1−k

v2kr4k(1 − v2)1−k
, (42)

where v represents the three-velocity of the radial flow

in the equatorial plane, and is given by v ≡ dr
f dt . Hence,

v2 =
( u

f ut

)2
=

u2

u2
t

=
u2

f + u2
, (43)

where ur = u = dr
dτ , ut = dt

dτ and the time component of

the covariant four-velocity is ut = − f ut.
To extend the analysis from a single point to a con-

tinuous flow of fluids, we now examine the behavior of
the fluid under different physical conditions by varying
the state parameter k. Specifically, we consider several
representative cases: k = 1 for Ultra-Stiff Fluid (USF),

k = 1
2 for Ultra-Relativistic Fluid (URF), k = 1

3 for Ra-

diation Fluid (RF), and k = 1
4 for Sub-Relativistic Fluid

(SRF).

A. Ultra-Stiff Fluid (k = 1)

An USF describes a case where the pressure is equal
to the energy density, corresponding to an equation of
state parameter k = 1 and Eq. (40) turns out to be:

√

f (r) + (ur)2 = c4r2(ur), (44)

simplifying above, we get

(ur)2 =
f (r)

c4r4 − 1
. (45)

From Eq. (41) we find that f∗ = 0 and hence r∗ = r+ =
rh. The Hamiltonian in this case will take the form as
given by

H =
1

(vr2)2
. (46)

We have plotted Eq.(46) in phase space, with the pa-
rameters chosen as k = 1, M = 1, and α = 0.5. The plot
in figure (1) illustrates the trajectories of solutions. The
black curves indicate the solutions at the critical point
where H = Hc. The red and green curves show solu-
tions with higher Hamiltonian values, specifically H =
H∗ + 50.004 and H = H∗ + 100.007, respectively. In
contrast, the magenta and blue curves represent lower
values, with H = H∗ − 50.004 and H = H∗ − 100.007.
The plot illustrates two branches of fluid motion: the
upper region corresponds to supersonic accretion flows
(v > 0), while the lower region represents subsonic
flows (v < 0).

B. Ultra-Relativistic fluid (k = 1/2)

An URF refers to a theoretical fluid where the particles
are moving at speeds very close to the c i.e speed of light.
This type of fluid is described by a specific EoS as: p =
e/2. So it turns out that in an URF the energy density is
half of the pressure and Eq. (40) turns out to be:

√

f (r) + (ur)2 = c4r(ur)1/2, (47)
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rh 1.5 2

r

-0.4

0.4

1

-1

v

FIG. 1. Phase space trajectories for different values of the
Hamiltonian H. The black curves indicate the solutions at
the critical point where H = Hc. The green and red curves
show solutions with higher Hamiltonian values, specifically
H = H∗ + 50.004 and H = H∗ + 100.007, respectively. In
contrast, the magenta and blue curves represent lower values,
with H = H∗ − 50.004 and H = H∗ − 100.007.

simplifying above, we get

ur = c4r2 ± 1

2

√

c5r4 − 4 f (r). (48)

The expressions for critical point can be find by the ex-
pression r∗ f∗,r∗ − 4 f∗ = 0. Hence,

r∗ =
10M2α(1 + α)4r2

∗
[

18M(1+ α
] , (49)

and from Eq. (42)

H =
f

1
2

(1 − v2)
1
2 vr2

(50)

Figure (2) displays the phase space trajectories of the so-
lutions to Eq. (50) for α = 0.5, k = 1/2, and M = 1. The
black curve represents the solution at the critical point
where H = Hc. The green, magenta, red, and blue
curves correspond to Hamiltonian values of H∗ + 30.04,
H∗ + 60.09, H∗ + 90.04, and H∗ + 120.09, respectively.
The plot shows two distinct regions of motion: super-
sonic flow occurs where v > 0, and subsonic flow oc-
curs where v < 0. Vertical lines indicate regions where
the fluid exhibits unphysical behavior.

C. Radiation Fluid (k = 1/3)

A RF is a theoretical model of a fluid in which the en-
ergy density is dominated by radiation, such as photons
or other massless particles. It is particularly relevant in
astrophysics and cosmology for describing the behavior
of matter in the early universe or in highly energetic as-
trophysical environments. For radiation fluid EOS will

1 2 3 4

-0.2

-0.1

0.1

0.2

FIG. 2. Phase space trajectories of the solutions to Eq. (50) for
α = 0.5, M = 1, and k = 1/2. The black curve represents
the critical solution (H = Hc), while the green, magenta, red
and blue curves correspond to increasing values of the Hamil-
tonian: H∗ + 30.04, H∗ + 60.09, H∗ + 90.04, and H∗ + 120.09,
respectively. Supersonic motion appears in the region v > 0,
and subsonic motion in v < 0. Vertical lines highlight regions
of unphysical fluid behavior.

be p = e/3. So it turns out that in a RF the energy den-
sity is three times of the pressure and Eq. (40) turns out
to be:

√

f (r) + (ur)2 = c3r2/3(ur)1/3, (51)

simplifying above, we get

(ur)2 =

(

f (r) + (ur)2
)3

c6
4 r4

. (52)

The expression to find the critical point will be r∗ f∗,r∗ −
2 f∗ = 0. Hence,

2r2
∗ − 6M(1 + α)r + 4M2α(1 + α) = 0 (53)

and from Eq. (42)

H =
f

2
3

(1 − v2)
2
3 v

2
3 r

4
3

(54)

The phase space trajectories of the solutions to Eq. (54)
are shown in Figure (3) for the parameters k = 1/3,
M = 1, and α = 0.5. The black curve corresponds to the
solution near the critical point, with H = Hc + 10.04.
The green, red, magenta, and blue curves represent so-
lutions with Hamiltonian values H = H∗ + 15.04, H =
H∗ + 18.09, H = H∗ + 22.04, and H = H∗, respectively.
As seen in Figure (3), the fluid velocity remains below
the local speed of sound, indicating that all trajectories
in this case correspond to subsonic flow.
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rh
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-0.4
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FIG. 3. Phase space trajectories of the solutions to Eq. (54) for
α = 0.5, M = 1, and k = 1/3. The black curve corresponds to
the solution near the critical point with H = Hc + 10.04, while
the red, green, magenta, and blue curves represent solutions
for H = H∗ + 15.04, H = H∗ + 18.09, H = H∗ + 22.04, and
H = H∗, respectively.

D. Sub-Relativistic Fluid (k = 1/4)

A SRF represents a theoretical model with a spe-
cific proportionality between pressure and energy den-
sity. While not commonly tied to specific physical sub-
stances, it serves as a useful approximation in theoretical
studies of fluid dynamics, particularly in astrophysical
or cosmological scenarios where sub-relativistic veloci-
ties and moderate compressibility are relevant. For SRF,
equation of state will be p = e/4. So it turns out that the
energy density is quarter of the pressure and Eq. (40)
become:

√

f (r) + (ur)2 = c3r(ur)1/4, (55)

simplifying above, we get

(ur)2 =

(

f (r) + (ur)2
)2

c2
4 r2

. (56)

The expression for finding critical point will be
3r∗ f∗,r∗ − 4 f∗ = 0. Hence,

2r2
∗ − 7M(1+ α)r + 5M2α(1 + α) = 0. (57)

and from Eq. (42)

H =
f

3
4

(1 − v2)
3
4 v

1
2

r, (58)

Figure ( 4) presents the phase space trajectories of the
solutions to Eq. (58), with parameters set to k = 1/4,
M = 1, and α = 0.5. The black curve corresponds to
the critical solution where H = Hc. The green and red
curves represent solutions with slightly lower Hamilto-
nian values, H = H∗ − 1.04 and H = H∗ − 1.09, re-
spectively. In contrast, the magenta and blue curves cor-
respond to higher values, H = H∗ + 1.04 and H =

rh 1.5 2

r

-0.9

-0.4

0.4

vc

-vc

0.9

v

FIG. 4. Phase trajectories corresponding to solutions of Eq. (58)
for α = 0.5, M = 1, and k = 1/4. The black curve shows
the critical solution where H = Hc, while the red and green
curves represent lower Hamiltonian values (H∗ − 1.04 and
H∗− 1.09). The magenta and blue curves correspond to higher
values (H∗ + 1.04 and H∗ + 1.09). The figure highlights the
transition between supersonic (v > vc) and subsonic (v < vc)
flow regimes.

H∗ + 1.09. The plot illustrates a clear distinction be-
tween two flow regimes: supersonic flow occurs when
v > vc, while the region where v < vc represents sub-
sonic motion.

VI. BLACK HOLE’S ACCRETION RATE

The mass accretion rate of a BH, denoted by Ṁ repre-
sents the rate at which the BH accumulates mass from
its surroundings. It is a fundamental parameter in BH
astrophysics, quantifying the amount of matter accreted
per unit time. Mathematically, the accretion rate is de-
fined as the product of the event horizon area and the
flux of matter crossing it. This process drives the growth
of BHs and significantly impacts their interaction with
the surrounding environment. As matter falls toward
a BH, it generally forms an accretion disk, where vis-
cous and frictional forces facilitate angular momentum
loss, allowing the material to spiral inward. The gravi-
tational energy of the infalling matter is converted into
heat, producing intense radiation across multiple wave-
lengths. In this section explores how the accretion rate
changes with radial distance. The expression used to
determine the rate of accretion is: [17]

Ṁ = 4πA1(e + p). (59)

For isothermal fluids p = ke, which implies that (e +
p) = e(1 + k). Hence,

e =

(

A2
0r4 − 4A4

1

)

4A2
1r4 f (r)

. (60)
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Putting (60) into (59), we get

Ṁ =
2π

(

A2
0r4 − 4A4

1

)

A1r2 [r2 − 2M(1+ α)r + M2α(1 + α)]
. (61)

Α=1´10
3

Α=2´10
3

Α=3´10
3

Α=4´10
3

0 200 400 600 800
0.0

0.2

0.4

0.6

0.8

1.0

r

M
 

FIG. 5. The plot illustrates the variation in mass accretion rate
for different values of the MOG parameter α, considering an
USF characterized by k = 1. The other parameters are fixed
and set to M = A0 = A1 = 1. The plot demonstrates that the
accretion rate increases with both the radial distance and the
MOG parameter, indicating the enhanced influence of modi-
fied gravity on the accretion process.

In the figure 5 shows the variation of the mass accre-
tion rate for different values of the MOG parameter α,
chosen from within the range −1 ≤ α ≤ ∞. The plot
illustrates how the accretion rate changes as α varies. It
is observed that the accretion rate increases with the ra-
dial distance r and larger values of the MOG parameter
α also lead to a higher accretion rate.

VII. CONCLUSION

Accretion onto BHs remains a key area of inter-
est in theoretical astrophysics, particularly in the con-
text of modified gravity theories. In this work, we

have investigated the process of spherical accretion onto
Schwarzschild–MOG (SH-MOG) BHs. The analysis be-
gan with the removal of coordinate singularities, fol-
lowed by the formulation of the general accretion frame-
work and identification of the sonic point. Notably,
by setting the MOG parameter α = 0, we recovered
the classical Schwarzschild accretion scenario, consis-
tent with general relativity.

We explored the accretion dynamics of isothermal test
fluids by varying the equation of state parameter k,
which characterizes different fluid types. For k = 1
(USF), the phase space reveals two distinct branches cor-
responding to supersonic (v > 0) and subsonic (v < 0)
flows. Similar behavior was observed for k = 1/2
(URF), although some trajectories exhibit unphysical
features marked by vertical boundaries. For k = 1/3
(RF), the flow remains entirely subsonic. In the case of
k = 1/4 SRF), the flow once again separates into super-
sonic and subsonic regimes, divided by a critical veloc-
ity vc.

Furthermore, we discussed the influence of the MOG
parameter α on the mass accretion rate. Our findings
indicate that the accretion rate increases with both the
radial distance r and the value of α, suggesting that the
effects of modified gravity enhance the inflow of matter
onto BHs.
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