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Quantum state-agnostic work extraction (almost) without dissipation
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We investigate work extraction protocols designed to transfer the maximum possible energy to a
battery using sequential access to N copies of an unknown pure qubit state. The core challenge is
designing interactions to optimally balance two competing goals: charging of the battery optimally
using the qubit in hand, and acquiring more information by qubit to improve energy harvesting in
subsequent rounds. Here, we leverage exploration-exploitation trade-off in reinforcement learning to
develop adaptive strategies achieving energy dissipation that scales only poly-logarithmically in N .
This represents an exponential improvement over current protocols based on full state tomography.

Introduction—Given sequential access to finite, iden-
tical samples of an unknown quantum system, what is
the optimal strategy for extracting work from them and
charging a battery? The extraction of useful work from
available resources has long been a central problem in
classical thermodynamics and continues to attract signif-
icant attention in the quantum domain. While numerous
protocols have been proposed [2–4, 6, 25], the majority
assume that the agent has full knowledge of the quan-
tum state—these are so-called state-aware protocols. In
practice we may not always know how the state is pre-
pared, leading us to the state-agnostic scenario at hand.
In this case, how can do we design a protocol for work
extraction?

A natural strategy might involve first performing quan-
tum state tomography to estimate the unknown state,
followed by work extraction based on this estimate
[11, 31, 32]. Indeed, knowledge of the quantum state
is essential for efficient work extraction; consider, for
example, Szilard’s engine, where the information about
the system’s configuration—such as the position of a
particle—enables work to be extracted [27]. However,
with only finitely many samples available, any estimate of
the true state has statistical uncertainty [9, 21], resulting
in unavoidable heat dissipation during work extraction
[22]. Furthermore, quantum systems that are measured
during state tomography are no longer available for work
extraction and therefore contribute to irreversible heat
dissipation. Combining these observations, we will show
that any two-step procedure that first uses tomography
to inform an efficient work extraction procedure will lead
to a cumulative dissipation that scales at least as Ω(

√
N)

in the number N of copies of the unknown state. Such
strategies are only minimally adaptive though and this
raises a natural question: Can more adaptive strategies,
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which simultaneously balance learning and work extrac-
tion, offer better performance in terms of cumulative dis-
sipation? We answer this in the affirmative, showing an
exponential improvement for pure qubit states.

⋮ ⋮
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Figure 1. Sketch of the sequential work extraction protocol
with a thermal reservoir. At each time step k ∈ [N ], the agent
receives a copy of an unknown qubit state ψ and performs a
thermal operation involving the reservoir and a battery. A
measurement in the battery system is carried out to determine
the extracted work ∆Wk, which is then used as feedback to
improve the extraction strategy in subsequent rounds.

More specifically, we consider a source that sequen-
tially emits a total of N identical unknown pure qubit
states, which are used to charge a battery using an inter-
action that couples the qubit and battery to a thermal
reservoir. For this we adopt a semi-classical thermody-
namic model where the battery is represented as a clas-
sical weight that stores energy via vertical displacement.
We then design a state-agnostic protocols that controls
the interaction between the qubit and the battery de-
pending on data collected in previous rounds and exam-
ine how the cumulative dissipation scales with the num-
ber of available samples. We find that adaptive strategies
can result in an exponential improvement of the cumula-
tive dissipation: whereas tomography-based algorithms
yield a cumulative dissipation that scales as Ω(

√
N), we

show that a scaling of O(polylog(N)) is possible for suit-
able adaptive work-extraction algorithms for pure states.
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Our main technical contribution is an upper bound on the
cumulative dissipation in this model. This result builds
on a novel connection between adaptive quantum con-
trol and classical reinforcement learning [15], which we
believe to be of independent interest. More precisely, we
show that the dissipation in our framework can be inter-
preted as the regret incurred during the learning of pure
quantum states, formulated within a multi-armed bandit
setting [17, 18].
Extracting work from knowledge—We consider a
commonly studied extraction model, where the goal is
to extract energy from a qubit system in contact with a
thermal bath [10, 25]. Energy extraction is quantified by
its use to raise the potential energy of an external bat-
tery — represented by the lifting of an external weight.
Here, we assume that the qubit system is initially un-
known. The three physical subsystems involved in the
process are:

• Unknown pure state source (System A): A qubit in a
pure state ψA = |ψ⟩⟨ψ| with a degenerate Hamiltonian
HA = ω1/2. This is the system from which free energy
is to be extracted.

• Battery (System B): A semi-classical weight described
by a continuous-variable state φ(x) ∈ L2(R). The bat-
tery Hamiltonian is defined as HBφ(x) = xφ(x), where
x represents the height of the weight. The energy of
the battery can be changed by translating the weight
up by a certain height x0, described by the translation
operator ΓBx0

φ(x) = φ(x− x0).

• Thermal reservoir (System R): A heat bath at a fixed
inverse temperature β, modeled as a supply of qubit
states γβ(ν) = ZR(ν)

−1e−βHR(ν), where the Hamilto-

nian is HR(ν) = ν |1⟩⟨1| and ZR(ν) = tr
(
e−βHR(ν)

)
is

the partition function. Here, |0⟩ and |1⟩ are energy
eigenstates, and ν is the energy gap. This energy gap
can be tuned.

We consider a degenerate system Hamiltonian, such that
every orthogonal basis is an energy eigenbasis. This
choice avoids the phenomenon of “work-locking” — the
inability of thermal operations to extract work from co-
herence in the energy eigenbasis [16]. In contrast, sys-
tems with non-degenerate Hamiltonian requires addi-
tional energy expenditure. Further details are provided
in Appendix B.

We consider an agent with oracle access to the
unknown system A over a finite number of rounds
N ∈ N, indexed by k ∈ [N ]. The goal is to convert the
maximum amount of free energy from A and store it
in the battery B through interactions with a thermal
reservoir R. However, since the state ψ of the system
is unknown, the agent cannot extract work optimally
from the outset. Instead, it must gradually improve its
strategy by learning from each round, where the learning
is done by measuring the battery. The work extraction
protocol is defined by two key components: a policy that

updates the agent’s guess ψk of the unknown state ψ at
each round, and a sequence {ϵk}Nk=1 that determines the
accuracy of these guesses. Both quantities can be chosen
adaptively and together they determine the dissipation
at each round. We first present the general structure
of the protocol and later discuss how the dissipation
depends on these choices, and how to optimize them for
best performance. The protocol proceeds as follows at
each round k ∈ [N ]:

1. The agent receives a sample of the unknown qubit
state ψ.

2. Based on the outcomes from previous rounds, the
agent selects a direction ψk on the Bloch sphere, sets
an accuracy ϵk ∈ [0, 1] and defines a basis {ψk, ψ⊥

k }
for system A. This computation is done using the
previously selected directions and measured battery
energies {ψs, µs}k−1

s=1 .

3. We first implement a unitary on the system qubit in
the form of

Uk = |0⟩⟨ψk|+
∣∣1〉〈ψ⊥

k

∣∣ , (1)

satisfying [HA, Uk] = 0 which tries to diagonalize the
system qubit in computational basis.

4. The agent then performs a thermal operation by re-
peatedly appending a reservoir qubit R, applying an
energy-conserving unitary on the combined system
ABR to transfer energy from R to the battery B and
discarding R. Specifically, for each of M repetitions
(indexed by τ ∈ [M ]), the agent:
• Sets the energy gap of the reservoir qubit to ν(τ, ϵk)
(see Eq. (6)) and gets a fresh qubit state γβ(ν(τ, ϵk)).

• Applies the following unitary

Vψk,τ =
∑
i,j

|i⟩⟨j|A ⊗ |j⟩⟨i|R ⊗ ΓB(i−j)ν(τ,ϵk), (2)

satisfying [HA +HB +HR, Vψk,τ ] = 0 to ABR.
• Discards the reservoir qubit.

5. After completing the M steps, the agent measures the
energy of the battery in its eigenbasis and records the
energy µk.
For the above protocol, the expected work extracted

at round k ∈ [N ], as a function of the chosen direction
ψk and accuracy parameter ϵk, is given by

E[∆Wk] = β−1 [D(ψ∥1/2)−D(ψ∥∆2ϵk(ψk))] , (3)

where ∆ϵ(ρ) = (1 − ϵ)ρ + ϵ1/2 denotes the depolarizing
channel and D(ρ∥σ) = tr(ρ(ln ρ− lnσ)) is the quantum
relative entropy. The maximal expected work per round,
β−1D(ψ∥I/2), is achieved when the agent perfectly esti-
mates the state, i.e., when ψk = ψ and ϵk = 0. Accord-
ingly, we define the dissipation at round k as:

W k
diss := max

ψk,ϵk
E[∆Wk]− E[∆Wk] = β−1D(ψ∥∆2ϵk(ψk)).

(4)
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Figure 2. Illustration of the repetitions of the thermal oper-
ation in the full system ABR, where arrows represent Bloch
vectors of states, showing that the system qubit becomes more
and more mixed as the process goes. The energy gaps {νk,i}i
of successive reservoir Hamiltonian forms a strictly decreasing
sequence, making the successive thermal states more mixed.
At each step, we take a new qubit from the reservoir and
swap the system qubit with the reservoir qubit, the energy
from reservoir will flow into the battery. At the end of the
process, the qubit in system A is the thermal state.

This expression highlights a key trade-off: to reduce dis-
sipation, the agent must align ψk with the true state
ψ, but it cannot set ϵk too small unless the estimate
is sufficiently accurate, as otherwise the divergence be-
comes large. The parameter ϵk thus plays a dual role,
quantifying both the uncertainty in the estimate and its
thermodynamic penalty. The agent’s objective is to ex-
tract the maximum amount of work into the battery us-
ing the N copies of the unknown system. Equivalently,
the agent aims to minimize the cumulative dissipation
over N rounds, which is given by

Wdiss(N) = β−1
N∑
k=1

W k
diss =

N∑
k=1

D(ψ∥∆2ϵk(ψk)). (5)

Going back to the protocol we note that the unitary
Vψk,τ in Eq. (2) swaps the states of the unknown sys-
tem A and the thermal reservoir R. This operation in-
duces an energy exchange determined by the energy gap
ν(τ, ϵk) between the two systems. The energy difference
is transferred to the battery through a translation op-
eration ΓB(i−j)ν(τ,ϵk) to conserve the total energy of the

combined system.
To maximize the extractable non-equilibrium free en-

ergy from system A, it is essential to minimize dissipa-
tion during the energy transfer to the battery. This can
be achieved by ensuring that the process is quasi-static
— that is, slow and nearly reversible. Under such condi-
tions, the system qubit remains close to the thermal state
of the reservoir’s Hamiltonian, thereby suppressing heat
flow during the interaction. Conversely, if the process is
carried out rapidly, i.e., the system state deviates from
reservoir’s thermal state, the system will appear out of
thermal equilibrium with the reservoir, resulting in heat
exchange, which contributes to the entropy production

during the protocol. The fundamental trade-off between
efficiency and power in such protocols is well established:
in general, the reduction in work output scales as 1/τ0
where τ0 denotes time taken for extraction protocol [30].
This can also be characterized by discrete number of in-
teractions required to implement the transformation [29].
To approximate a quasi-static process, we repeat the

thermal interaction M times within each round. In the
limitM →∞, the process becomes effectively reversible.
At each repetition τ ∈ [M ], we introduce a slight mis-
match between the energy levels of system A and the
reservoir R by varying the energy gap. We use the fol-
lowing parametrization of the gap

ν(τ, ϵk) = β−1 ln

(
1− τ

2M −
(
1− τ

M

)
ϵk

τ
2M +

(
1− τ

M

)
ϵk

)
, (6)

where ϵk ∈ [0, 1] controls the mismatch. The choice of
ϵk will be discussed later for specific protocols. Further
details on this gap parametrization can be found in Ap-
pendix B. The full interaction of systems A, B, and R
through the unitary Vψk,τ is illustrated in Figure 2.
To compute the total extracted work, we evaluate at

each repetition τ ∈ [M ] how much energy is transferred
to the battery. This is done by considering the two initial
input states that can trigger a swap operation, namely
|0⟩A |1⟩R and |1⟩A |0⟩R. When the unitary Eq. (2) is ap-
plied repeatedly, there is a certain probability that the
states of the system and reservoir qubits are swapped,
thereby enabling energy exchange with the battery. In
the quasi-static limitM →∞, each of these initial states
contributes a fixed amount of energy ∆Wk = µk+1 − µk
to the battery, which are respectively

wk,0 := β−1(D(ψk∥1/2) + ln(1− ϵk)),
wk,1 := β−1(D(ψ⊥

k ∥1/2) + ln ϵk).
(7)

To build intuition for wk,i, consider wk,0 as an example.
This represents the extracted work given ψk. The rela-
tive entropy D(ψk∥1/2) reflects the non-equilibrium free
energy of ψk, which corresponds to the extracted work
in the quasi-static limit. The logarithmic term arises be-
cause the process is not entirely quasi-static — it is quasi-
static for all but the first repetition. During the first rep-
etition, the system qubit |0⟩⟨0| is swapped with the reser-
voir qubit (1−ϵk) |0⟩⟨0|+ϵk |1⟩⟨1|. This swap generates en-
tropy ∆S = −ϵk ln ϵk−(1−ϵk) ln(1− ϵk) and yields work
extraction ∆U = −β−1ϵkν(1, ϵk) = −β−1ϵk ln

ϵk
1−ϵk .

Combining both, the resulting change in free energy of
the system and the battery is ∆U−β−1∆S = ln(1− ϵk),
which precisely accounts for the logarithmic term. A
similar argument holds for wk,1.
We now consider the case where the initial state is ψ,

the total energy extracted will be distributed as

Pr(∆Wk = wk,i) = i+ (−1)i|⟨ψ|ψk⟩|2, (8)

which combined with Eq. (7) gives the expected extracted
work stated in Eq. (3). More details of this computation
are provided in Appendix B.
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Extracting work after learning—An attentive reader
may notice that achieving sublinear dissipation in the
number of copies N is, in principle, not difficult. The
sequence of battery measurement outcomes follows the
distribution Eq. (8), which corresponds to a measure-
ment in the direction ψk on the unknown state ψ. Hence,
these outcomes can be used to perform state tomog-
raphy of ψ and then select ψk and ϵk that minimizes
D(ψ∥∆2ϵk(ψk)). A natural strategy is to allocate a frac-
tion αN , with 0 ≤ α ≤ 1, of the available copies to
learning the unknown state and producing an estimate

that will fix a direction ψ̂ and ϵ̂, then use the remaining

(1 − α)N copies for work extraction by setting ψk = ψ̂
and ϵk = ϵ̂. However, such a two-phase approach is fun-
damentally limited by the sample complexity needed to
achieve accuracy in relative entropy. Standard tomogra-
phy algorithms are not designed to minimize dissipation
during learning and typically result in linear dissipation.
The cumulative dissipation for this approach can be lower
bounded as

Wdiss(N) = Ω (αN + (1− α)NϵαN ) , (9)

where ϵαN is the smallest achievable relative entropy er-
ror using αN copies. This error is lower bounded as
ϵαN = Ω( 1

αN ) for αN samples [5, 7, 9], which implies

Wdiss(N) = Ω
(
αN + 1

α

)
. Minimizing this expression

over α yields a lower bound of Wdiss(N) = Ω(
√
N).

Moreover, a matching upper bound Wdiss(N) = O(
√
N)

can be achieved using an optimal learning algorithm for
relative entropy [7]. This naturally raises the question of
whether the dissipation for pure states can be further re-
duced through more adaptive or integrated strategies, or
whether the Ω(

√
N) scaling already represents the fun-

damental limit in this setting.
Extracting work while learning—Indeed, using a
more adaptive approach, it is possible to surpass the√
N barrier. To achieve this, we use the fully adap-

tive state tomography algorithm studied in [18], which
is based on the multi-armed bandit algorithm from [19].
The algorithm assumes sequential access to N identical
copies of an unknown pure qubit state |ψ⟩ and performs
adaptive single-copy measurements using rank-1, two-
outcome POVMs. At each round k ∈ [N ], the algorithm
selects a direction ψk and performs a projective measure-
ment in the basis {ψk, ψ⊥

k }. The binary outcome after
the measurement or “reward” rk ∈ {0, 1} is distributed
according to Born’s rule

Pr(Rk = rk) =

{
|⟨ψk|ψ⟩|2, rk = 1,

1− |⟨ψk|ψ⟩|2, rk = 0.
(10)

These outcomes match the energy distribution of the
thermal protocol Eq. (8), and can be used within that
framework by setting rk = i if ∆Wk = wk,1−i for
i ∈ {0, 1}.

The directions of the measurements are chosen to en-
sure low infidelity with the unknown state, which can be

converted into a bound on the relative entropy. This can
be done by selecting ϵk such that 1− |⟨ψ|ψk⟩|2 ≤ ϵk ≤ 1

2
with high probability and then bound D(ψ∥∆2ϵk(ψk)).
This can be done applying [7, Proposition 2.34] which
leads to

Wdiss(N) ≤ β−1
N∑
k=1

16ϵk(2− ln ϵk). (11)

Now we review the exact updating rule of ψk at each
time step k ∈ {1, 2, . . . , N}. Each ψk is adaptively based

on the previous rewards {rs}k−1
s=1 and measured directions

{ψs}k−1
s=1 . The updating rule is formulated in the Bloch

vector representation. The algorithm works in K∗ ∈ N
stages where for each stage k∗ ∈ [K∗] performs t mea-
surements on the Bloch vector directions {ak∗,i}4i=1 ⊂ R3

which we are going to define. The total number of rounds
is then N = 4tK∗. The sampled reward are then used to
build the following t weighted least-square estimators

θ̃wk∗,j = V −1
k∗

k∗∑
l=1

1

σ̂2
l

4∑
i=1

al,i(2rl,i,j − 1), (12)

where rl,i,j ∈ {0, 1} is the reward for the measurement
direction along al,i for l ∈ [K∗] and j ∈ [t]. Then σ̂2

l is
an upper bound on the variance of rl,i,j and Vk∗ is the
design matrix

Vk∗ = 1+

k∗∑
l=1

1

σ̂2
l

4∑
i=1

al,i(al,i)
⊺. (13)

As studied in [18, 19], a weighted least-squares estima-
tor boosts learning along directions with low variance,
which are precisely those close to ψ, since Var(rk) ≤
1 − |⟨ψk|ψ⟩|2. For the specific update used by the al-

gorithm, it can be shown that σ̂2
l ∼ 1/

√
λmax(Vk∗−1),

(where λmax(·) denotes the maximum eigenvalue) pro-
vides an upper bound on the outcome variances and en-
sures well-defined least-squares estimators. However, a
single estimator is not sufficient to guarantee proximity
to the unknown state. For this reason, the algorithm
constructs multiple estimators and combines them into a
normalized weighted median-of-means θwMoM

k∗ , which sat-
isfies the required probabilistic guarantees to be close to
ψ. Details on the construction of θwMoM

k∗ are provided in
Appendix A. Finally it outputs the measurement direc-
tions on the Bloch sphere representation {ak∗+1,i}i=1,2,3,4

of

ãk∗+1,i = θwMoM
k∗ − (−1)i√

λmin(Vk∗)
vk∗,⌈ i

2 ⌉
, (14)

where λmin(Vk∗) is the minimum eigenvalue of Vk∗ and
{vk∗,0, vk∗,1} are the two eigenvectors of Vk∗ with small-
est eigenvalues. The normalized Bloch vectors ak∗+1,i

are used to update the measurement directions ψk for
round k in stage k∗ + 1. More details can be found in
Appendix A.
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It has been proven [18, Theorems 9 and 11] that, with
high probability, the algorithm achieves an infidelity scal-
ing of 1−|⟨ψk|ψ⟩|2 ≤ C ln(N)/k for all k ∈ {1, 2, . . . , N}.
The same bound also holds in expectation. We can thus
use this guarantee to set ϵk = C ln(N)/k in the ther-
mal protocol, using the measurement directions ψk given
by Eq. (14), and since ϵk upper bounds the infidelity be-
tween ψ and ψk we can use the dissipation bound Eq. (11)
to obtain the following result.
Main Result—There exists an explicit protocol for the
semi-classical battery model that adaptively updates the
direction ψk and the accuracy ϵk based on the rewards
{rs}k−1

s=1 , achieving, with probability at least 1− δ

Wdiss(N) = O

(
β−1 ln2(N) ln

(
N

δ

))
. (15)

Notice that in this model, measurements in the energy
eigenbasis of the battery were performed. According to
Laudauer’s principle, such measurements reduce entropy
and thus incur an energetic cost associated with informa-
tion erasure. This form of dissipation — arising from cost
of resetting memory—should also be taken into account.
In Appendix D we show that the dissipation required by
Landauer’s principle also scales as O(polylog(N)) when
our adaptive algorithm is employed.

Furthermore, this algorithm is not specific to the work
extraction protocol discussed above. We have also ap-
plied it to an alternative protocol modeled using the
Jaynes-Cummings Hamiltonians, where the battery is
represented as a uniform energy ladder. In this setting,
the work dissipation similarly exhibits O(polylog(N))
scaling. Interested readers are referred to Appendix C

for further details.

Conclusion and outlook—We are the first to frame
sequential work extraction as an instance of the
exploration-exploitation trade-off and to quantify cumu-
lative dissipation in the finite-copy regime. Beyond es-
tablishing a provable upper bound on the total dissipa-
tion, we explicitly construct an adaptive algorithm that
achieves it. Our approach not only advances the un-
derstanding of work extraction under partial informa-
tion but also opens a pathway for extending this frame-
work to the extraction of other quantum resources be-
yond free energy—such as entanglement, coherence, and
magic—within their respective resource theories.
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[2] J. Åberg. “Truly work-like work extraction via a single-
shot analysis”. Nature communications 4(1): 1925 (2013).

[3] A. E. Allahverdyan, R. Balian, and T. M. Nieuwenhuizen.
“Maximal work extraction from finite quantum systems”.
Europhysics Letters 67(4): 565 (2004).

[4] F. G. Brandao, M. Horodecki, J. Oppenheim, J. M.
Renes, and R. W. Spekkens. “Resource theory of quan-
tum states out of thermal equilibrium”. Physical review
letters 111(25): 250404 (2013).

[5] S. Chen, B. Huang, J. Li, A. Liu, and M. Sellke. “When
Does Adaptivity Help for Quantum State Learning?”. In
2023 IEEE 64th Annual Symposium on Foundations of
Computer Science (FOCS), pages 391–404, (2023).

[6] C. Elouard and A. N. Jordan. “Efficient quan-
tum measurement engines”. Physical review letters
120(26): 260601 (2018).

[7] S. T. Flammia and R. O’Donnell. “Quantum chi-squared
tomography and mutual information testing”. Quantum
8: 1381 (2024).

[8] J. Goold, M. Paternostro, and K. Modi. “Nonequilib-
rium Quantum Landauer Principle”. Phys. Rev. Lett.
114: 060602 (2015).

[9] J. Haah, A. W. Harrow, Z. Ji, X. Wu, and N. Yu.
“Sample-Optimal Tomography of Quantum States”.
IEEE Transactions on Information Theory 63(9): 5628–
5641 (2017).

[10] R. C. Huang, P. M. Riechers, M. Gu, and
V. Narasimhachar. “Engines for predictive work ex-
traction from memoryful quantum stochastic processes”.
Quantum 7: 1203 (2023).
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Appendix A: Learning pure quantum states (almost) without regret

In this Section we review the quantum state tomography algorithm presented in [18]. They considered sequential
access to an unknown pure quantum state |ψ⟩ and at each time step k ∈ {1, . . . , N}, a reward measurement is
performed on the direction |ψk⟩. Formally the reward measurement is described by a rank-1 two-outcome POVM
{ψk, ψ⊥

k } where ψk = |ψk⟩⟨ψk| corresponds to Rk = 1 and ψ⊥
k = I− ψk corresponds to Rk = 0. The observed reward

Rk is distributed accordingly to Born’s rule, i.e

Pr (Rk = rk) =

{
|⟨ψk|ψ⟩|2, rk = 1,

1− |⟨ψk|ψ⟩|2, rk = 0.
(A1)

The goal of this work was to design an algorithm that uses measurements that minimally disturb the unknown state
|ψ⟩. They used as a figure of merit for this task the regret which is defined as

Rgrt(N) =

N∑
k=1

(1− |⟨ψk|ψ⟩|2), (A2)

and is the cumulative sum of infidelities between the unknown state |ψ⟩ and the selected direction ψk. The algorithm
is formulated in terms of the Bloch vector which means that at each time step k, the algorithm uses the previous
and current information of the reward {r1, . . . , rk} and corresponding directions {|ψ1⟩ , . . . , |ψk⟩} to output a vector
ak+1 ∈ R3 that is normalized ∥ak+1∥ = 1 and it is linked to the next reward measurement described by the two-
outcome POVM {ψk+1, ψ

⊥
k+1} (or the direction |ψk+1⟩) as

ψk =
1

2
(I+ ak · σ), (A3)

where σ = (σx, σy, σz) are the Pauli matrices (or any other basis of 2× 2 Hermitian matrices). The pseudo-code for
how the algorithm updates the reward measurements can be found in Algorithm 1 (LinUCB Vanishing Variance Noise)
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and now we describe all the involved quantities. The algorithm presented in [18] was formulated for a more general
case but here we focus for the specific qubit case.

Algorithm 1: LinUCB-VVN

Require: λ0 ∈ R>0, t ∈ N
Set initial design matrix V0 ← λ0I.
Set initial estimate of variance σ̂2

1 ← 1.
Set initial Bloch vectors a1,1 = ( 1√

2
, 0, 1√

2
)⊺, a1,2 = (− 1√

2
, 0, 1√

2
)⊺, a1,3 = (0, 1√

2
, 1√

2
)⊺, a1,4 = (0,− 1√

2
, 1√

2
)⊺.

for k∗ = 1, 2, . . . do

Optimistic action selection

for i = 1, 2, 3, 4 do

Perform t independent measurements for each ak∗,i

for j = 1, ..., t do
Measure the unknown |ψ⟩ in the Bloch vector directions given by ak∗,i and receive outcomes rk∗,i,j

Update design matrix

Vk∗ ← Vk∗−1 +
1
σ̂2
k∗

∑4
i=1 ak∗,ia

⊺
k∗,i

Update LSE for each subsample

for j = 1, 2, ..., t: do

θ̃wk∗,j ← V −1
k∗
∑k∗

s=1
1
σ̂2
k∗

∑4
i=1 as,i(2rs,i,j − 1)

Update Bloch vectors for estimates

Compute θwMOM

k∗ using {θ̃wk∗,j}j=1,...t according to Eq. (A6)

Update Bloch vectors for measurements

Select Bloch vectors ak∗+1,i using θ
wMOM

k∗ according to Eq. (A9)

Update estimator of variance for ak∗+1,i

σ̂2
k∗+1 ←

2ζ√
λmax(Vk∗ )

The algorithm described in Algorithm 1 takes as input a parameter t that is used to control the success probability
and updates the measurements in stages. Each stage k∗ contains 4 groups labeled by i ∈ {1, 2, 3, 4}, and each group i
contains t rounds labeled by j ∈ {1, . . . , t}. Each round k can also be labeled by its stage k∗, group i and group index
j where k = 4t(k∗ − 1) + 4(j − 1) + i. At each time stage k∗, the algorithm takes 4 Bloch vectors {ak∗,i}i=1,...,4 and
performs t independent reward measurements defined by ak∗,i in each group i. The updates for ak∗,i can be defined
recursively given the previous information of outcomes and measurements. At each stage k∗ the algorithm computes
the following t weighted least-square estimators of the Bloch vector of the unknown state |ψ⟩ as

θ̃wk∗,j = V −1
k∗

k∗∑
l=1

1

σ̂2
l

4∑
i=1

al,i(2rl,i,j − 1), (A4)

where rl,i,j ∈ {0, 1} is the outcome of the reward measurement defined by al,i in round (l, i, j), σ̂2
l is the estimate of

reward variances in stage l and Vk∗ is the design matrix defined as

Vk∗ = Vk∗−1 +
1

σ̂2
k∗

4∑
i=1

ak∗,ia
⊺
k∗,i, (A5)

where the initial design matrix is setup to be V0 = λ0I for some parameter λ0 > 0. Then the algorithm does an extra

step that outputs a normalized version θwMoM
k∗ of median of means with the k weighted least squares estimator θ̃wMoM

k∗

in the following way

θwMoM
k∗ =

θ̃wMoM
k∗

∥θ̃wMoM
k∗ ∥2

(A6)

where

θ̃wMoM

k∗ := θ̃k∗,j∗ , (A7)
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where

j∗ = argmin
j∈[t]

median{∥θ̃t∗,j − θ̃t∗,j′∥Vk∗ : j′ ∈ [k]/j}, (A8)

and ∥x∥2Vk∗ = ⟨x, Vk∗x⟩ is the weighted norm given by Vk∗ and ⟨·, ·⟩ is the standard inner product between real vectors.
Then the update of the measurements is defined as

ak∗+1,i =
ãk∗+1,i

∥ãk∗+1,i∥2
, (A9)

where

ãk∗+1,i = θwMoM
k∗ − (−1)i√

λmin(Vk∗)
vk∗,⌈ i

2 ⌉
(A10)

where {vk∗,0, vk∗,1} are the two eigenvectors of Vk∗ with smallest eigenvalues, λmin(Vk∗) is the smallest eigenvalue of
Vk∗ and the estimate of reward variances σ̂2

k∗ is set to

σ̂2
k∗ =

2ζ√
λmax(Vk∗)

, (A11)

where λmax(Vk∗) is the largest eigenvalue of Vk∗ and ζ is any constant such that ζ ≥ 334812
√
2 + 1296

√
6. The

particular form σ̂2
k∗ given by Eq. (A11) guarantees that σ̂2

k∗ is a good upper bound for the variance of the outcomes
rk∗,i,j that are sampled after performing a measurement on the directions given by ak∗,i. With this choice as argued

in [18] it allows to obtain rigorous concentration bounds such that θ̃wMoM
k∗ is a good estimator for the Bloch vector of

the unknown state |ψ⟩.
Now we state the main theorem from [18] that states how the regret scales with the time horizon N and also how

the infidelities between the unknown state |ψ⟩ the directions |ψk⟩ scale with respect to the unknown state |ψ⟩.

Theorem 1 ([18, Theorem 9 and 11]). Fix K∗ ∈ N, t = ⌈24 ln (K∗/δ)⌉ for some δ > 0 and time horizon N = 4tK∗.
Then we have that the quantum state tomography Algorithm 1 over an unknown state |ψ⟩ achieves with probability at
least 1− δ the regret Eq. (A2) scaling

Rgrt(N) ≤ C1 ln

(
N

δ

)
ln(N), (A12)

for some universal constant C1 > 0. Also for all k ∈ {1, . . . , N} the selected 2-outcome POVM’s given by the rank-1
projector ψk = |ψk⟩⟨ψk| achieve infidelity

1− |⟨ψk|ψ⟩|2 ≤ C2

ln
(
N
δ

)
k

, (A13)

for some universal constant C2 > 0. Moreover setting δ = 1
N∗ it holds

E[Rgrt(N)] = C3 ln
2(N), E[1− |⟨ψk|ψ⟩|2] ≤ C4

ln(N)

k
, (A14)

for some universal constants C3, C4 > 0 and the expectation is taken over the probability distribution of outcomes and
measurements induced by the policy.

Appendix B: ρ∗-work extraction protocol

Here we discuss more details about the work-extraction protocol that is used, we adapted the protocol formalized in
Skrzypczyk’s paper [25]. Just as in their formulation, the expected work extracted from a known state ρ will precisely
be given by the state’s non-equilibrium free energy, which equals the relative entropy between the state and Gibbs’
state, γβ with inverse temperature β, i.e.

β E(W ) = D(ρ∥γβ). (B1)
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We will be applying the protocol to a degenerate Hamiltonian. Discussion on non-degenerate Hamiltonian will be
discussed towards the end of the section.

We focus on a specific time step within the N rounds of extraction, doing so simplifies notation by removing the k
index. In a specific round, the agent is given a partially unknown qubit system state ψ, and a classical description of

the direction ψ̂ and an accuracy ϵ. The agent will then choose to optimize the protocol for a state ρ∗ = (1−ϵ)ψ̂+ϵψ̂⊥.
Along the unknown state ψ, he also has access to a heat bath at inverse temperature β and a battery state φ(x).
The Hamiltonian of the system is HA = ω1/2. The heat bath can provide any amount of thermal state with any
Hamiltonian at inverse temperature β. We will mainly consider qubit thermal states γβ(ν) =

1
ZR(ν)e

−βHR(ν) where

ZR(ν) = tr
(
e−βHR(ν)

)
with Hamiltonian HR(ν) = ν |1⟩⟨1| where {|i⟩}i=0,1 are the energy eigenstates. The battery

is modeled as a weight at a certain height whose state is described by φ(x) ∈ L2(R) and Hamiltonian HB such that
HBφ(x − x0) = xφ(x − x0). We will assume φ(x − x0) to be a battery state whose energy is sharply centered at
x0. The energy of the battery can be changed by translating the weight up by a certain height x0, described by the
translation operator ΓBx0

φ(x) = φ(x− x0). We aim to extract work from the partially unknown system system state
into the battery. We will design the work extraction protocol for the state ρ∗, i.e. the protocol optimally extracts
work from ρ∗, see Algorithm 2.

To simplify calculation as well as maintain generality later, we will denote ψ as ρ, ψ̂ as |ϕ0⟩ and ψ̂⊥ as |ϕ1⟩, likewise
we denote p0 = 1− ϵ and p1 = ϵ, so ρ∗ =

∑
i pi |ϕi⟩⟨ϕi|.

Algorithm 2: ρ∗-ideal work extraction

Require: An unknown system state ψ, a classical description of the state ρ∗, a battery state φ(x) with the
battery energy µ = 0, a reservoir at inverse temperature β
Set {ϕi}i and {pi}i to be the eigenvectors and eigenvalues of ρ∗

Unitary Rotation

Apply unitary U =
∑
i |i⟩⟨ϕi| to try to diagonalize the system qubit in computational basis.

for τ = 1, 2, . . . ,M do

Prepare a fresh a reservoir qubit and exchange it with the system

Take a fresh thermal qubit γβ(ν(τ, ϵ)) =
1

ZR(ν(τ,ϵ))e
−βHR(ν(τ,ϵ)) where ν(τ, ϵ) = β−1 ln

p0,τ
p1,τ

,

pi,τ = pi − (−1)iτδp and δp = 1
M (p0 − 1

2 ) from the reservoir.
Apply the swap unitary Vρ∗,τ =

∑
ij |i⟩⟨j|A ⊗ |j⟩⟨i|R ⊗ Γ(i−j)ν(τ,ϵ) on the system, the battery and the

reservoir qubit.
Discard the reservoir qubit.

Measure the extracted work

Measure the battery energy, obtain the battery energy µ′ and compute the extracted work ∆W = µ′ − µ.
In the first stage of the protocol, we rotate the unknown qubit via unitary

U =
∑
i

|i⟩⟨ϕi| . (B2)

This operation attempts to diagonalize the system qubit in the computation basis. We then interact the system with
the battery. The state of the system together with the battery is

ρAB =
∑
ij

⟨ϕi| ρ |ϕj⟩ |i⟩⟨j|A ⊗ φ(x)B . (B3)

In the second stage of the protocol, we perform M repetitions of the following process. In repetition τ , we take
a fresh thermal qubit γβ(ν(τ, ϵ)) with Hamiltonian HR(ν(τ, ϵ)) from the reservoir where ν(τ, ϵ) = β−1 ln

p0,τ
p1,τ

, pi,τ =

pi − (−1)iτδp and δp = 1
M (p0 − 1

2 ). Note that the reservoir qubit we take depends on which repetition we are in.
Then we perform the swap unitary

Vρ∗,τ =
∑
ij

|i⟩⟨j|A ⊗ |j⟩⟨i|R ⊗ Γ(i−j)ν(τ,ϵ) . (B4)

This unitary swaps the system and the fresh qubit from the reservoir, extracts work into the battery due to the
different energy gap between {|i⟩A}i=0,1 and {|i⟩R}i=0,1 and conserves energy of the system, the qubit from the
reservoir and the battery. Finally, the qubit from the reservoir is discarded. At the end of each repetition τ , the
reduced state is

ρAB,τ = trR

(
Vρ∗,τ (ρAB,τ−1 ⊗ γβ(ν(τ, ϵ)))V †

ρ∗,τ

)
, (B5)
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After the first repetition, we obtain

ρAB,1 =
∑
i

pi,1 |i⟩⟨i|A ⊗ ρB,i,1, (B6)

where

ρB,i,1 =
∑
j

⟨ϕj | ρ |ϕj⟩φ(x− (i− j)ν(τ, ϵ)), (B7)

and after repetition τ where τ ≥ 2, we obtain

ρAB,τ =
∑
i

pi,τ |i⟩⟨i|A ⊗ ρB,i,τ , (B8)

where

ρB,i,τ =
∑
j

pj,τ−1Γ(i−j)ν(τ,ϵ)ρB,j,τ−1Γ
†
(i−j)ν(τ,ϵ). (B9)

From Eq. (B8), we observe that the reduced state of the system changes gradually, which resembles a quasi-static
process in thermodynamics. This is the reason why we take the swap unitary in repetition.

1. Work distribution

In this section, we will use the Lagrange mean value theorem and the first mean value theorem for definite inte-
grals [26] as follows:

Theorem 2. Let f : [a, b] → R be a continuous on the closed interval [a, b] and differentiable on the open interval
(a, b). Then there exists c ∈ (a, b) such that

f(b)− f(a) = f ′(c)(b− a). (B10)

Theorem 3. Let f : [a, b]→ R be a continuous function on the closed interval [a, b]. Then there exists c ∈ (a, b) such
that ∫ b

a

f(x)dx = f(c)(b− a). (B11)

We will show the following theorem in the following subsection.

Theorem 4. Let {ϕi}i=0,1 and {pi}i=0,1 be the eigenvectors and eigenvalues of ρ∗, ∆W be the extracted work (which
is a continuous random variable) and M be the number of repetitions as in Algorithm 2. It holds that: if the extraction
protocol is operated on a state ρ that is the eigenstate of ρ∗, i.e., ρ = ϕi, then then the expected extracted work E[∆W ]
converges to a fixed value wi and the extracted work ∆W converges in probability to its expectation E[∆W ]. To be
precise, it means

lim
M→∞

E[∆W ] = wi, (B12)

where

wi := β−1(D(ϕi∥1/2) + ln pi), (B13)

and for any ϵ > 0

lim
M→∞

Pr[|∆W − E[∆W ]| ≥ ϵ] = 0. (B14)

Proof. We consider the case where ρ = ϕi. We assume that p0 >
1
2 as we deal with an estimate for a pure state in

Algorithm 2, although similar proof holds for other cases. According to Eq. (B6), the state after the first repetition
can be viewed as a classical state described as follows: the state after repetition 1 is ϕx1

where x1 is a random bit
sampled from {0, 1} according to the probability distribution (p0,1, p1,1); the extracted work after the first repetition
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conditioned on x1 is (x1− i)ν(1, ϵ). According to Eq. (B8), the evolution in repetition τ where τ ≥ 2 can be viewed as
a classical process described as follows: the state after repetition τ is ϕxτ

where xτ is a random bit sampled from {0, 1}
according to the probability distribution (p0,τ , p1,τ ); the extracted work in repetition τ conditioned on xτ−1xτ and is
(xτ − xτ−1)ν(τ, ϵ). Suppose that the random bits sampled during the above process is x1 . . . xM after M repetitions.
The extracted work after repetition M conditioned on x1 . . . xM is

∆W = (x1 − i)ν(1, ϵ) +
M∑
τ=2

(xτ − xτ−1)ν(τ, ϵ) = −iν(1, ϵ) +
M−1∑
τ=1

xτ (ν(τ, ϵ)− ν(τ + 1, ϵ)) + xMν(M, ϵ), (B15)

recall that

ν(τ, ϵ) = β−1 ln
p0 − τδp
p1 + τδp

. (B16)

where δp = 1
M (p0 − 1

2 ). The expected extracted work is

E[∆W ] = −iν(1, ϵ) +
M−1∑
τ=1

E[xτ ](ν(τ, ϵ)− ν(τ + 1, ϵ)) + E[xM ]ν(M, ϵ). (B17)

Notice that, from the definition of xτ , E[xτ ] = p1,τ = p1 + τδp, we obtain

E[∆W ] = −iβ−1 ln
p0 − δp
p1 + δp

+ β−1
M−1∑
τ=1

(
ln
p0 − τδp
p1 + τδp

− ln
p0 − (τ + 1)δp

p1 + (τ + 1)δp

)
(p1 + τδp). (B18)

We now use the definition of ν(τ, ϵ) in Eq. (B16) as well as the Lagrange mean value theorem in Theorem 2 to obtain

β(ν(τ, ϵ)− ν(τ + 1, ϵ)) = ln
p0 − τδp
p1 + τδp

− ln
p0 − (τ + 1)δp

p1 + (τ + 1)δp
=

1

ξτ (1− ξτ )
δp, (B19)

for some ξτ ∈ [p0 − (τ + 1)δp, p0 − τδp].
Therefore, Eq. (B18) can be simplified to

E[∆W ] = −iβ−1

(
ln
p0
p1
− δp

ξ0(1− ξ0)

)
+ β−1

M−1∑
τ=1

p1 + τδp

ξτ (1− ξτ )
δp

= −iβ−1 ln
p0
p1

+ β−1
M∑
τ=1

p1 + τδp

ξτ (1− ξτ )
δp

+ iβ−1 δp

ξ0(1− ξ0)
− β−1 δp

2ξM (1− ξM )
.

(B20)

We will approximate the sum in the second line of Eq. (B20) with an integration, where the remainder is bounded
due to first mean value theorem for definite integrals as in Theorem 3. Namely,

β−1
M∑
τ=1

p1 + τδp

ξτ (1− ξτ )
δp = β−1

∫ p0

1
2

dp

p
+ β−1R1(δp) = β−1 ln p0 + β−1 ln(2) + β−1R1(δp), (B21)

where R1(δp) is the remainder given by

R1(δp) =

M∑
τ=1

p1 + τδp

ξτ (1− ξτ )
δp−

∫ p0

1
2

dp

p
=

M∑
τ=1

(
p1 + τδp

ξτ (1− ξτ )
δp−

∫ p0−(τ−1)δp

p0−τδp

dp

p

)
(B22)

=

M∑
τ=1

(
p1 + τδp

ξτ (1− ξτ )
− 1

ξ′τ

)
δp =

M∑
τ=1

ξτ (1− ξτ )− ξ′τ (p1 + τδp)

ξ′τξτ (1− ξτ )
δp, (B23)

where from the first line to the second line, we have used the first mean value theorem for definite integrals Theorem 3
that ∫ p0−(τ−1)δp

p0−τδp

dp

p
=

1

ξ′τ
δp, (B24)
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for some ξ′τ ∈ [p0 − τδp, p0 − (τ − 1)δ]. Therefore, the remainder satisfies

|R1(δp)| ≤
M∑
τ=1

∣∣∣∣ξτ (1− ξτ )− ξ′τ (p1 + τδp)

ξ′τξτ (1− ξτ )

∣∣∣∣ δp ≤ M∑
τ=1

∣∣∣∣p1 + τδp+ ξτ
ξ′τξτ (1− ξτ )

∣∣∣∣ (δp)2 ≤ M∑
τ=1

4

p1
(δp)2 ≤ (2p0 − 1)

2

p1
δp. (B25)

Therefore, the second line in Eq. (B20) is finite while the third line is infinitesimal, and we obtain

E[∆W ] = −iβ−1 ln
p0
p1

+ β−1 ln p0 + β−1 ln(2) +O(δp) (B26)

= −β−1 tr(ϕi ln1/2)− iβ−1 ln
p0
p1

+ β−1 ln p0 +O(δp) (B27)

= −β−1 tr(ϕi ln1/2) + β−1 ln pi +O(δp) (B28)

= β−1 [D (ϕi∥1/2) + ln pi] +O(δp). (B29)

Since δp ∝ 1
M , we then obtain that

E[∆W ] = β−1 [D (ϕi∥1/2) + ln pi] +O

(
1

M

)
. (B30)

Taking M →∞, we obtain

lim
M→∞

E[∆W ] = β−1 [D (ϕi∥1/2) + ln pi] . (B31)

Now we demonstrate the convergence of ∆W towards its expectation value, recall from Eq. (B15), we have that

∆W = −iν(1, ϵ) +
M−1∑
τ=1

xτ (ν(τ, ϵ)− ν(τ + 1, ϵ)) + xMν(M, ϵ). (B32)

By the Lagrange mean value theorem,

ν(τ, ϵ)− ν(τ + 1, ϵ) = ln
p0 − τδp
p1 + τδp

− ln
p0 − (τ + 1)δp

p1 + (τ + 1)δp
=

δp

ξτ (1− ξτ )
, (B33)

for some ξτ ∈ [p0 − (τ + 1)δp, p0 − τδp] and τ = 1, . . . , (M − 1) satisfying

|ν(τ, ϵ)− ν(τ + 1, ϵ)| ≤ 2

p1
δp. (B34)

We thus obtain that xτ (ν(τ, ϵ)−ν(τ +1, ϵ)) ∈ [0, 2
p1
δp] for τ = 1, . . . , (M −1). Besides, ν(M, ϵ) = 0. The convergence

rate to the expectation, by the Hoeffding inequality, is given by

Pr[|∆W − E[∆W ]| ≥ ε] ≤ 2e
− ε2∑M−1

τ=1 ( 2
p1

δp)
2

≤ 2e
− p21ε2M

(2p0−1)2 . (B35)

Taking M →∞, we obtain

lim
M→∞

Pr[|∆W − E[∆W ]| ≥ ϵ] = 0. (B36)

Theorem 4 demonstrates that the extracted work is close to either w0 or w1, with probability close to ⟨ϕ0| ρ |ϕ0⟩ and
⟨ϕ1| ρ |ϕ1⟩ respectively. Therefore, measuring the extracted work ∆W from the state ρ in Algorithm 2 is effectively
measuring the state ρ in the basis {ϕi}i=0,1 up to an error probability exponentially vanishing with respect to the
number of repetitions M in Algorithm 2. When ρ is a pure state i.e., ρ = |ψ⟩⟨ψ|, the energy measurement of the
battery is equivalent to the reward measurement in the quasi-static limit of Algorithm 1, and their correspondence is
(without loss of generality assuming w0 ≥ w1)

r =

{
1, ∆W ≥ w0+w1

2 ,

0, ∆W ≤ w0+w1

2 .
(B37)
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The distribution of the reward is

Pr[R = r] =

{
|⟨ϕ0|ψ⟩|2 + ϵerror, r = 1,

1− |⟨ϕ0|ψ⟩|2 − ϵerror, r = 0,
(B38)

where |ϵerror| ≤ O(e−CM ) for some constant C. In the limit of M →∞, the correspondence reduces to

r =

{
1, ∆W = w0,

0, ∆W = w1,
(B39)

and the distribution of the reward reduces to

Pr[R = r] =

{
|⟨ϕ0|ψ⟩|2, r = 1,

1− |⟨ϕ0|ψ⟩|2, r = 0,
(B40)

Note that as Algorithm 2 proceeds with increasing k, the error probability that the algorithm can tolerate in
the dreward measurement decreases polynomially, which requires the number of repetitions M increases poly-
logarithmically.

2. Extracted work for different inputs

Theorem 5. Let {ϕi}i=0,1 and {pi}i=0,1 be the eigenvectors and eigenvalues of ρ∗ and wi be the value of work
extracted defined in Theorem. 4. It holds that,

1. When applying the protocol to any state ρ, the probability of measuring ∆W = wi is given by

Pr(∆W = wi) = ⟨ϕi| ρ |ϕi⟩ . (B41)

2. When the extraction protocol is operated on a state ρ where ρ ̸= ρ∗, the expected work extracted is given by

E[∆W ] = β−1 [D(ρ∥1/2)−D(ρ∥ρ∗)] , (B42)

where the second term can be defined as the the dissipation due to the agent’s imperfect knowledge of ρ.

Proof. We first observe that the off-diagonal term ⟨ϕi| ρ |ϕj⟩ |i⟩⟨j|A⊗φ(x)B of the join state in Eq. (B3) does not affect
Eq. (B6). Therefore, it is identical for the case where the input is ρ and the case where the input is

∑
i ⟨ϕi| ρ |ϕi⟩ϕi.

The latter case can be viewed as a probabilistic mixture of cases where the input is ϕi with probability ⟨ϕi| ρ |ϕi⟩.
Therefore, Statement 1 in Theorem 5 holds, i.e.,

Pr(∆W = wi) = ⟨ϕi| ρ |ϕi⟩ . (B43)

Next, to prove Statement 2, we consider the case where a protocol optimized for ρ∗ =
∑
i pi |ϕi⟩⟨ϕi| is applied onto

an arbitrary state ρ with possibly ρ ̸= ρ∗. Using Eq. (B13) and (B41), the extracted work is given by

E[∆W ] = ⟨ϕ0| ρ |ϕ0⟩β−1 [D (ϕ0∥1/2) + ln p0] + ⟨ϕ1| ρ |ϕ1⟩β−1 [D (ϕ1∥1/2) + ln p1] (B44)

= β−1 [⟨ϕ0| ρ |ϕ0⟩ (− tr(ϕ0 ln1/2) + ln p0)− ⟨ϕ1| ρ |ϕ1⟩ (− tr(ϕ1 ln1/2) + ln p1)] (B45)

= β−1 [tr(P(ρ) ln ρ∗)− tr(P(ρ) ln1/2)] = β−1 [tr(ρ ln ρ∗)− tr(ρ ln1/2)] , (B46)

where P(ρ) =
∑
i ϕiρϕi the pinching map. We can also express the expected work in term of relative entropy:

E[∆W ] = β−1 [tr(ρ ln ρ∗)− tr(ρ ln1/2)] = β−1 [D (ρ∥1/2)−D(ρ∥ρ∗)] . (B47)

Note that in the event ρ∗ = ρ, i.e., the agent is fully aware of the identity of the quantum state and is able to ensure
the work extraction protocol to be entirely quasi-static. Then the extract work is given by

E[∆W ] = p0β
−1 [D (ϕ0∥1/2) + ln p0] + p1β

−1 [D (ϕ1∥1/2) + ln p1] (B48)

= β−1(−p0 tr(ϕ0 ln1/2) + p0 ln p0 − p1 tr(ϕ1 ln1/2) + p1 ln p1) (B49)

= β−1 [tr(ρ ln ρ)− tr(ρ ln1/2)] = β−1D(ρ∥1/2) . (B50)

We retrieve the full non-equilibrium free energy. Therefore, the dissipation due to agent’s imperfect knowledge of the
true state ρ can be quantified as

Wdiss = max
ρ∗

E[∆W ]− E[∆W ] = β−1D(ρ∥ρ∗). (B51)
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3. Cumulative dissipation

In this section, we consider the setting where we have oracle sequential access to an unknown pure qubit state ψ,
and our goal is to extract the maximal amount of work into a battery system. To achieve this, we can use Algorithm 1
with the rewards (B39) to learn an approximate direction of the state, and then run Algorithm 2 to extract work
based on the approximate input. In general, we can consider mixed-state estimator ρ̂k. Assuming sequential access to
the unknown state over N rounds, and using the expected extracted work from Theorem 5, we define the dissipation
at round k ∈ [N ] with respect to the optimal protocol as

W k
diss := β−1D(ψ∥ρ̂k), (B52)

and the cumulative dissipation over all N rounds as

Wdiss(N) := β−1
N∑
k=1

W k
diss = β−1

N∑
k=1

D(ψ∥ρ̂k). (B53)

Algorithm 3: Thermal work extraction

Require: sequence {ϵk}∞k=1
for k = 1, 2, . . . do

Receive unknown |ψ⟩ and couple to battery state φ(x− µk−1)

Compute direction |ψk⟩ with Algorithm 1 using {ψs, rs}k−1
s=1

Set ρ̂k = ∆2ϵk(ψk)
Extract work using Algorithm 2 with input ρ̂k and get extracted work ∆Wk and energy µk
Set reward rk = {0, 1} according to (B39)

To minimize the cumulative dissipation, we use Algorithm 3, which takes as input a sequence of accuracies {ϵk}∞k=1.
At each round, the estimator uses ψk, the direction output by Algorithm 1, and sets ρ̂k = ∆2ϵk(ψk), where ∆2ϵk is
the completely depolarizing channel. If ϵk is a good approximation of the infidelity between the true state ψ and the
estimate ψk, then the dissipation W k

diss is controlled by ϵk. This is formalized in the following theorem.

Theorem 6 (Theorem 2.34 in [7]). Let ρ and ρ̂ be d-dimensional quantum states achieving infidelity 1 − F (ρ, ρ̂) ≤
ϵ ≤ 1

2 . Then we have

D(ρ∥∆2ϵ(ρ̂)) ≤ 16ϵ

(
2 + ln

(
d

2ϵ

))
. (B54)

Given the above bound we can use the fidelity guarantee of Algorithm 1 in Theorem 1 to prove a bound on the
cumulative dissipation.

Theorem 7. Given a finite time horizon N ∈ N and δ ∈ (0, 1) there exists an explicit sequence of accuracies {ϵk}∞k=1
such that Algorithm 3 achieves

Wdiss(N) = O

(
β−1 ln2(N) ln

(
N

δ

))
. (B55)

Proof. We can choose

ϵk = min

{
C
ln
(
N
δ

)
k

,
1

2

}
, (B56)

where C is the constant in Theorem 1 for the fidelity bound of the direction ψk. Then we can use Theorem 6 combined
with the fidelity guarantee of Theorem 1 to get that with probability at least 1− δ we have

Wdiss(N) ≤ β−1
N∑
k=1

16ϵk(2− ln ϵk). (B57)

The result follows by noting that, for a sufficiently large constant k∗, we have ϵk = C
ln(N

δ )
k for all k ≥ k∗. The

dissipation incurred during the first k∗ rounds contributes a constant term. For the remaining rounds k ≥ k∗,
using − ln ϵk ≤ lnN for k ≤ N and summing the corresponding dissipation terms yields the claimed polylogarithmic
scaling.
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4. Non-degenerate Hamiltonian

So far we have discussed the case for when the system Hamiltonian is degenerate, in general though we can consider
Hamiltonian’s with energy gap of ω, i.e., HA = ω |E1⟩⟨E1|. In this case, there is a pre-defined energy eigenbasis,
hence all the swapping operations will have to be done in such basis. As mentioned before, under the constraint of
strict energy conservation, there is no way for one to extract the full non-equilibrium free energy if the initial state
is not diagonalized in the energy eigenbasis. However, it is possible if we relax the constraint to energy conservation
on average, in which case a unitary rotation, Uρ∗ can be carried out on the system qubit before the swap operations
were applied. The energy difference inccured during the rotation can be shifted into the battery via the unitary,

Uρ∗ =
∑
i

|Ei⟩⟨ϕi| ⊗ ΓBei , (B58)

where ei = tr(ϕiHA) − ωi is the energy difference. This operation obeys average energy conservation as long as the
input is diagonalized along the eigenbasis of {ϕi}i. However, when the input is not diagonalized, which is usually
the case where input is unknown, this operation is non-energy conserving even on the average and hence will require
additional energy be supplied. The amount of additional work required is at least the energetic difference between
the unknown state and the pinched version of it. Although a possible experimental setup was proposed in [25], it
is based on the implementation of a time-dependent interaction Hamiltonian. This in turn would require additional
resources to keep track of time and change the Hamiltonian smoothly [33]. More recent work has shown that such an
operation can only be realized if one has access to unbounded coherence [1, 14], while this can potentially be achieved
approximately using lasers, the energy from the laser also has to be accounted for. In order to avoid including
unnecessary technicality and shift the focus of the paper, we focus on the degenerate Hamiltonian.

Appendix C: Jaynes-Cummings work extraction protocol

Algorithm 4: Jaynes-Cummings work extraction

Require: A sequence of unknown states |ψ⟩
for k = 1, 2, . . . do

Receive the unknown state |ψ⟩
Compute direction |ψk⟩ using Algorithm 1
Expose it to a field that induces Hamiltonian HA = ω |ψk⟩⟨ψk|.
Turn on the interaction between the system and the battery whose interaction Hamiltonian is
HI =

Ω
2 (a⊗

∣∣ψk〉〈ψ⊥
k

∣∣+ a† ⊗
∣∣ψ⊥
k

〉〈
ψk
∣∣) for a time tk = πΩ−1(nk + 1)−

1
2 .

Measure the battery energy to obtain nk+1

Set reward rk = {0, 1} according to Eq. (C11)

We consider the Jaynes-Cummings work extraction protocol in Algorithm 4 which extracts the energy from a field
into a battery.

The systems involved in this protocol includes a system in an unknown state |ψ⟩ with a tunable Hamiltonian in the
form of HA = ν |ϕ⟩⟨ϕ| where ν and ϕ can be controlled by the strength and the direction of a field, respectively, as
well as a battery system with the Hamiltonian of the battery given by HB = ωa†a where a =

∑∞
n=1

√
n |n− 1⟩⟨n| and

a† =
∑∞
n=0

√
n+ 1 |n+ 1⟩⟨n|. We are also allowed to turn on an interaction HI = Ω

2 (a⊗
∣∣ψk〉〈ψ⊥

k

∣∣+ a† ⊗
∣∣ψ⊥
k

〉〈
ψk
∣∣)

between the system and the battery.
The protocol works in round k = 1, 2, . . . , N .
In each round k, we possess a battery state |nk⟩, receive an unknown state |ψ⟩ and compute a direction |ψk⟩ from

previous records of {ns}ks=1.
We then expose the system to a field that induces Hamiltonian HA = ω |ψk⟩⟨ψk|, which transfer energy from the

field to the system.
We turn on the interaction HI between the system and the battery for time tk = πΩ−1(nk + 1)−

1
2 . The time

evolution of the system and the battery is under the total Hamiltonian

H = ω(|ψk⟩⟨ψk|+ a†a) +
Ω

2
(a⊗

∣∣ψk〉〈ψ⊥
k

∣∣+ a† ⊗
∣∣ψ⊥
k

〉〈
ψk
∣∣). (C1)

This is exactly given by the famous Jaynes-Cummings model [12], which is nowadays a textbook model [24]. One
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may verify that the eigenstates of the total Hamiltonian are |0⟩ |ψ⊥
k ⟩ as well as

|n,+⟩ = 1√
2
(|n− 1⟩ |ψk⟩+ |n⟩ |ψ⊥

k ⟩), |n,−⟩ = 1√
2
(|n− 1⟩ |ψk⟩ − |n⟩ |ψ⊥

k ⟩), (C2)

for n = 1, 2, . . . and the eigenvalues are respectively E0 = 0 and

En+ = nω +
Ω

2

√
n, En− = nω − Ω

2

√
n. (C3)

for n = 1, 2, . . .. The state |nk⟩ |ψ⟩ is decomposed into 4 eigenstates |nk,±⟩ and |nk + 1,±⟩, i.e.

|nk⟩ |ψ⟩ =
1√
2
⟨ψ⊥
k |ψ⟩(|nk,+⟩ − |nk,−⟩) +

1√
2
⟨ψk|ψ⟩(|nk + 1,+⟩+ |nk + 1,−⟩). (C4)

These eigenstates gains phase factors during the time evolution. After time tk = πΩ−1(nk + 1)−
1
2 , the state evolves

to, up to an irrelevant global phase,

e−iHtk |nk⟩ |ψ⟩ =
1√
2
⟨ψ⊥
k |ψ⟩(eiθk |nk,+⟩ − e−iθk |nk,−⟩) +

1√
2
e
i ωπ

Ω
√

nk+1 ⟨ψk|ψ⟩(i |nk + 1,+⟩ − i |nk + 1,−⟩) (C5)

= ⟨ψ⊥
k |ψ⟩(i sin θk |nk − 1⟩ |ψk⟩+ cos θk |nk⟩ |ψ⊥

k ⟩) +
1√
2
ie
i ωπ

Ω
√

nk+1 ⟨ψk|ψ⟩ |nk + 1⟩ |ψ⊥
k ⟩ , (C6)

where θk = π
2

√
nk

nk+1 .

We finally measure the battery energy. The measurement outcome is nk+1. The probability distribution of nk+1 is
given by

Pr[nk+1] =


|⟨ψk|ψ⟩|2, nk+1 = nk + 1,

|⟨ψ⊥
k |ψ⟩|2 cos2 θk, nk+1 = nk,

|⟨ψ⊥
k |ψ⟩|2 sin

2 θk, nk+1 = nk − 1.

(C7)

The extracted work is defined as ∆Wk = ω(nk+1 − nk). The expected extracted work is given by

E[∆Wk] = ω(|⟨ψk|ψ⟩|2 − |⟨ψ⊥
k |ψ⟩|2 sin2 θk) = ω(|⟨ψk|ψ⟩|2(1 + sin2 θk)− sin2 θk), (C8)

where we have used |⟨ψ⊥
k |ψ⟩|2 = 1− |⟨ψk|ψ⟩|2. It is obvious that E[∆Wk] increases as |⟨ψk|ψ⟩|2 increases, therefore,

E[∆Wk] is maximized at |⟨ψk|ψ⟩| = 1,

max
|ψk⟩

E[∆Wk] = ω. (C9)

The dissipation in this round is thus given by the difference between the maximal and the actual expected extracted
work

W jc,k
diss = max

|ψk⟩
E[∆Wk]− E[∆Wk] = ω(1 + sin2 θ2k)(1− |⟨ψk|ψ⟩|2) ≤ 2ω(1− |⟨ψk|ψ⟩|2). (C10)

The correspondence between the reward measurement and the battery energy measurement is given by

rk =

{
1, nk+1 = nk + 1,

0, otherwise.
(C11)

The probability distribution of the reward is

Pr[Rk = rk] =

{
|⟨ψk|ψ⟩|2, rk = 1,

|⟨ψ⊥
k |ψ⟩|2, rk = 0.

(C12)

The regret in this round is thus

Rgrtk = 1− |⟨ψk|ψ⟩|2. (C13)
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The dissipation and the regret in this round is thus related by

W jc,k
diss ≤ 2ωRgrtk . (C14)

The cumulative dissipation over N rounds is thus

W jc
diss(N) =

N∑
k=1

W jc,k
diss ≤ 2ω

N∑
k=1

(1− |⟨ψk|ψ⟩|2). (C15)

Which is related to the cumulative dissipation in extracting work from knowledge via

W jc
diss(N) ≤ 2ωRgrt(N), (C16)

Theorem 8. There exists an explicit protocol for extracting work from knowledge that adaptively updates the estimate

|ψ̂k⟩ and the probe state |ψk⟩ based on the rewards {rs}k−1
s=1 , achieving, with probability at least 1− δ,

W jc
diss(N) = O

(
ω ln(N) ln

(
N

δ

))
. (C17)

Appendix D: Cost of measurement and erasure

The measurement as well as erasure of memory of the agent does not come for free. The cost of measurement along
with the cost of memory erasure can be lower bounded by a quantity known as QC-mutual information, IQC , which
is a measure of how much information a measurement carries about the quantum system [23]. IQC is then upper
bounded by the entropy of the classical memory register itself. Hence the total cost of measurement and erasure can
be loosely lower bounded by just the entropy of the memory register itself. By Landauer’s principle [8, 23, 28], the
heat dissipation required to erase the register is lower bounded by the entropy change ∆S of the memory register via

βQ ≥ ∆S. (D1)

Furthermore, it is widely accepted that the lower bound can be achieved in the quasi-static limit when the state to
be erased is known [13, 20, 22]. In our work extraction model, we repeatedly perform measurements in the energy
eigenbasis, which requires memory erasure in order to store new measurement outcomes. With the assumption on the
probability distribution of work values scaling linearly with fidelity, when |ψ⟩ is known, the measurement outcome
is deterministic and there is no energy dissipation. However, when |ψ⟩ is unknown, the measurement outcome is
stochastic and there is energy dissipation. This may also be taken into account in the dissipation, that is,

W ′
diss(N) =Wdiss(N) + β−1

N∑
k=1

∆Sk, (D2)

where ∆Sk is the entropy change of the memory register in round k. Let ϵk = 1− |⟨ψk|ψ⟩|2 be the infidelity in round
k. ∆Sk is closely related to ϵk in both models we consider. In the semi-classical battery model, the entropy change
is upper bounded by

∆Sk = −(1− ϵk) ln(1− ϵk)− ϵk ln ϵk ≤ ϵk − ϵk ln ϵk, (D3)

and the dissipation is upper bounded by

W sc,∗
diss (N) =W sc

diss(N) + β−1
N∑
k=1

(ϵk − ϵk ln ϵk). (D4)

In the Jaynes-Cummings battery model, the entropy change in round k is upper bounded by

∆Sk = −(1− ϵk) ln(1− ϵk)− ϵk ln ϵk − ϵk(cos2 θk ln cos2 θk + sin2 θk ln sin
2 θk) ≤ 2ϵk − ϵk ln ϵk, (D5)

and the dissipation is upper bounded by

W jc,∗
diss (N) =W jc

diss(N) + β−1
N∑
k=1

(2ϵk − ϵk ln ϵk). (D6)
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The quantum state tomography algorithm in [18] ensures a polylogarithmic cumulative infidelity with a high
probability. Now we focus on the case where the cumulative infidelity is upper bounded by ln N

δ lnN with high
probability 1− δ, that is, for some constant C,

N∑
k=1

ϵk ≤ C ln
N

δ
lnN. (D7)

By taking the derivative (−ϵk ln ϵk)′ = − ln ϵk − 1, it is obvious that when 0 < ϵk ≤ e−1, −ϵk ln ϵk increases with ϵk
while e−1 ≤ ϵk ≤ 1, −ϵk ln ϵk decreases with ϵk. Now we consider two cases:

Case 1: C(ln(N/δ) lnN)/N ≤ e−1. This happens when N is large enough. As a result, −ϵk ln ϵk monotonically
increase with respect to ϵk when ϵk ≤ C(ln(N/δ) lnN)/N . On the one hand, for ϵk ≤ C(ln(N/δ) lnN)/N ,

−ϵk ln ϵk ≤
C ln N

δ lnN

N
ln

N

C ln N
δ lnN

, (D8)

On the other hand, for ϵk > C(ln(N/δ) lnN)/N ,

−ϵk ln ϵk ≤ ϵk ln
N

C ln N
δ lnN

, (D9)

Then,

−
N∑
k=1

ϵk ln ϵk = −
∑

ϵk:ϵk≤
C ln N

δ
lnN

N

ϵk ln ϵk −
∑

ϵk:ϵk>
C ln N

δ
lnN

N

ϵk ln ϵk (D10)

≤
∑

ϵk:ϵk≤
C ln N

δ
lnN

N

C ln N
δ lnN

N
ln

N

C ln N
δ lnN

+
∑

ϵk:ϵk>
C ln N

δ
lnN

N

ϵk ln
N

C ln N
δ lnN

(D11)

≤ C ln
N

δ
lnN ln

N

C ln N
δ lnN

+ C ln
N

δ
lnN ln

N

C ln N
δ lnN

≤ 2C ln
N

δ
lnN ln

N

C ln N
δ lnN

. (D12)

Case 2: C(ln(N/δ) lnN)/N > e−1. This happens when N is not very large. Therefore, N/e ≤ C ln(N/δ) lnN and
certainly N ≥ 2. Using the fact that −ϵk ln ϵk ≤ e−1, we obtain

N∑
t=1

ϵk ln
1

ϵk
≤ N

e
≤ C ln

N

δ
lnN. (D13)

Combining both cases, we conclude that

−
N∑
t=1

ϵk ln ϵk ≤ O((lnN)3). (D14)

Substituting into Eq. (D2), we obtain the dissipation for for the semi-classical model,

W sc,∗
diss (N) ≤W sc

diss(N) + β−1O((lnN)3) = O((lnN)3). (D15)

and the Jaynes-Cummings battery model,

W jc,∗
diss (N) ≤W jc

diss(N) + 2β−1O((lnN)3) = O((lnN)3), (D16)

Therefore, the regret still scales as O(polylog(N)) even if we take the energy dissipation due to Landauer’s principle
into account.

As mentioned above, in order to achieve Landauer’s bound, the erasure process must necessarily be done quasi-
statically. This is not something that a sequential adaptive agent can accomplish since it needs to measure and decide
on its action in real time. To circumvent this, an array of empty memory registers can be first prepared. Suppose the
agent will be extracting work for N steps, we first prepare a memory register M0, consisting of N empty registers.

M0 = {0, 0, . . . , 0︸ ︷︷ ︸
N

} (D17)
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At every time step, rather than erasing the old memory that has the previous outcome remembered, the agent simply
records the outcome of the measurement on the battery into a new empty register. In order words, after time step t,
the memory register takes the form

Mt = {r1, r2, . . . , rt, 0, . . . , 0} for t ∈ {1, 2, . . . N} . (D18)

At the end of all the extractions, the memory MN can then be quasi-statically reset. As previously calculated, as
t→ N , the distribution of rt becomes more peaked and the total entropy of the memory registers scale with O(lnN)3,
likewise for the cost of measurement. The resultant dissipation therefore still scales with O(polylog(N)).
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