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ABSTRACT. In this work, we study real numbers = for which p(z) is
(absolutely) normal for every non-constant polynomial with integer
coefficients p. We call such numbers transcendentally normal. We prove
that almost every real number is transcendentally normal and provide
an explicit construction of such a number, based on Sierpinski’s covering
method and novel ideas involving stretch functions and Pdlya-type
inequalities. In the next step, we transform this construction into an
algorithm that computes the digits of a t-normal number recursively
in all integer bases. Moreover, we extend our covering approach to
construct and compute LIL-normal numbers whose discrepancies are of
the order predicted by the law of the iterated logarithm. We also take
the opportunity to discuss several interesting open problems.

1. INTRODUCTION

Since Borel showed that almost all real numbers are (absolutely) normal
[17], one of the biggest challenges in the field has been to prove that specific
mathematical constants such as e and 7 are normal. This problem remains
wide open. In fact, constructing even a single normal number is surprisingly
difficult; this was first achieved independently by Lebesgue and Sierpinski
[25, 40]. The first algorithm was proposed by Alan Turing [43], and his ideas
have been recently made rigorous in [11]. Today, there are several efficient
algorithms for the computation of normal numbers [2, 5, 10, 12, 14, 27]; the
fastest currently known construction runs in nearly linear time [27]. In this
paper, we want to extend the construction problem by a significant degree
of difficulty. To motivate our problem we propose the reasonable conjecture
that not only Euler’s number e itself is a normal number, but also p(e)
for any non-constant polynomial with integer coefficients p. We call such
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numbers transcendentally normal, or simply t-normal. In this context, the
natural question arises: is there an explicit example of a transcendentally
normal number? Our first main result in this paper is an affirmative answer
and the specification of an algorithm computing a t-normal number.

Theorem 1.1. The set Q0o of transcendentally normal numbers is of full
measure. Moreover, the explicit "Sierpiriski numbers” (§p(7))re0,1) (see
(3.11)) are transcendentally normal. The algorithm proposed in Section 5
computes a transcendentally normal number v € (0,1) digit-by-digit in all
integer bases b > 2. In particular v is computable.

In fact, in Section 3 we consider more general countable families of
continuous functions F and under mild conditions on F, we give a
construction of Sierpinski numbers (§#(7)),c(o,1) for which all numbers
(f(&x(r))) fer are simultaneously normal. The corresponding Theorem 3.2
can be seen as an (almost) optimal result on simultaneous normality. The
algorithm computing v in Section 5 relies on some specific quantitative
bounds on polynomials (see Proposition 2.8) and thus does not address
more general countable families of functions F. However, for a given family
of (regular enough) functions F the algorithmic approach can be easily
modified. As far as we know, a similar problem has only been discussed
in [13], where the authors present a continued-fraction type algorithm for
the computation of a real number z such that x and its reciprocal 1/z are
normal. Not only do we propose a different approach based on Sierpinski’s
cover method [10, 40], but we also vastly generalize the results in [13]. We
stress that prior to this work, even a concrete example for a number x such
that = and x? are normal has not been known.

It is often of interest how quickly the digit frequencies of a normal number
converge to their asymptotic value. This can be addressed in terms of the
discrepancy number Dy. For a sequence of real numbers (z;);en C [0,1)
one defines [2]

N
1
1.1 Dn((x5);):= sup |— 1 zi)— (8 —a)l,
(L.1) (@)= swp_ |5 g (@) = (B~ a)
which measures how equidistributed the numbers z1,...,zy are. For any

base b > 2 (or more generally any real number b > 1) we introduce the
function

(1.2) D}(z) = Dn(({t/""z});),

where {-} denotes the fractional part of a real number. A real number z
is normal if and only if limy_ s D?V(x) = 0 for all bases b > 2. Note
that the discrepancy number DY (x) slickly takes into account the frequency
of all finite b-ary words in a single function, and thus it is desirable to
bound D% (z) for some given (normal) number. Unfortunately, the rather
elementary algorithm computing the number v in Theorem 1.1 does not yield
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any control on the discrepancy number. Our second result will remove this
weakness. To motivate our findings, we first recall the behavior of D?V(a:)
for a random number z € [0, 1]. In a series of works [21, 22, 33] the following
version of the law of the iterated logarithm (LIL) has been established as
almost sure identity,

SR D o, if b=2,

: NDy(z) b+1 :

(1.3) h]{/nj;lop Jloglog N =1Ly := <, /ﬁ, if b odd,
% if > 4 even.

Although (1.3) is reminiscent of the LIL in the context of simple random
walks and Brownian motions, its proof is more involved and requires a
distinct analysis. LIL-type estimates for the discrepancy number were
originally conjectured by Erdés and Gal and the full solution (1.3) for all
bases b > 2 (in fact, for all positive real numbers § > 1) was given by
Fukuyama 40 years later [21]. We call a number x for which (1.3) holds for
all bases b > 2 an LIL-normal number and analogously one may also define
transcendentally LIL-normal numbers. Our second result establishes their
computability.

Theorem 1.2. The set QYUY of transcendentally LIL-normal numbers is of
full measure. Moreover, the modified Sierpinski numbers (571511“(7“))7"6(071] (see
(4.5)) are transcendentally LIL-normal. The algorithm proposed in Section 5
computes a transcendentally LIL-normal number vy, € (0,1) digit by digit
in all bases b > 2. In particular v, is computable.

Some comments are in order.

(1) Again, one may in fact allow for more general countable families
F for which the modified Sierpinski numbers are simultaneously
LIL-normal (see Corollary 4.1).

(2) Note that the LIL for the discrepancy number DS (x) implies
LIL-type bound for the frequencies of all finite b-ary strings. For
example, (1.3) guarantees that the number of occurrences of a
fixed digit among the first NV base-b digits of vy, deviates at most
O(V/N loglog N) from the expected value N/b.

(3) In some sense, vy, can be considered as a ”fully generic number”
- even though strictly speaking such a number does not exist [24].
The digits of v111, behave exactly as one would expect for a randomly
chosen number and that remains even true after applying elementary
algebraic operations. In that regard, Theorem 1.2 is optimal.

(4) Our proof yields non-asymptotic bounds on the discrepancy number

of the form
loglog N
DY (p(v)) < C(bvp)\/ N
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for any p € Z[X] with some computable constant C'(b, p). Even if one
only seeks for the best possible algorithm in terms of the discrepancy
number D?V and that only for the case p = x - at the possible expense
of sacrificing some of the number’s random character - the above
bound is essentially state of the art and beats for example Levin’s
remarkable approach [5, 26]. We only know about the rather recent
construction from [2], which is slightly better in this regard, as it
produces a bound of the form D% (v) < C(b)N~Y2. Tt is a very
difficult, yet also interesting, problem to construct numbers with
lower discrepancy numbers. One should note that even the existence
of numbers with lower discrepancy numbers is not guaranteed and
an open problem due to Bugeaud and Korobov asks for the best
possible bound on the discrepancy numbers.

So far, we have not discussed the complexity of our algorithms for the
simple reason that the algorithms in this work have exponential or worse
running time and are thus by no means efficient. On the other hand,
it is very unclear to us whether efficient algorithms should be expected
for the computational tasks considered. We propose that as a potentially
stimulating problem.

Open problem 1.3. Is there an efficient / polynomial algorithm computing
an LIL-normal number / a transcendentally normal number?

Besides the computational interest, we feel that the combination of
algebraic concepts and normality is of inherent mathematical importance.
This was in fact the original motivation for this work and we would like
to discuss that background in the following. Let us first recall two types
of results that have been established so far for normal numbers. First, it
has been shown that that the geometry of the set of non-normal numbers
is very intricate and in particular non-normal numbers form a comeager
set [6, 29, 31, 32]. Secondly, there is a range of beautiful results regarding
normality properties for different bases [18, 19, 20, 39]. Nevertheless, the
behavior of normality under algebraic operations is largely not understood.
One notable exception is Rauzy’s result on the so-called deterministic
numbers, which preserve normality when added to a normal number [35].
Unfortunately, a proof of the following conjecture seems elusive at the
moment.

Conjecture 1.4. Fvery irrational algebraic number o € R is normal.

We are currently very far from proving Conjecture 1.4: so far, it has
only been shown that the number of ’1’s within the first N digits in the
binary representation of irrational algebraic numbers grows at least as fast
as VN [9, 44]. Most likely irrational algebraic numbers are normal for
very different reasons than transcendent constants such as e and w. The
concept of transcendental normality sets e and 7 nicely apart from algebraic
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numbers. More generally, one may introduce an analogue of the algebraic
degree in the context of normal numbers.

Definition 1.5. For a real number x € R we define its algebraic normality
degree as

(1.4) deg,,(x) :=inf{k € N| there exists a polynomial p € Z[X]
(1.5) with deg(p) = k s.t. p(x) is not normal}

if the set on the RHS is not empty, and otherwise deg,, (x) = co. A number
x 1s transcendentally normal if and only if deg,,, (z) = oo.

If we denote by deg, the ordinary algebraic degree of a number, we
obviously have deg,,,(z) < deg,(z). In particular a transcendentally normal
x is transcendent in the usual sense. In the above definition, considering
rational polynomials p € Q[X] instead of integer polynomials does not affect
the algebraic normality degree. If one further allows the coefficients of p to
be algebraic numbers o € Q, a finite algebraic normality degree might be
lowered in view of Conjecture 1.4. However, an interesting open problem is
to prove or disprove whether p(zx) is normal for any t-normal number x and
any algebraic non-constant polynomial p € Q[X] with algebraic coefficients.

The concept of normality degree allows a reformulation of Conjecture 1.4.
Namely, Conjecture 1.4 is equivalent to the equality

(1.6) deg,, (z) = deg,(z) if deg,(z) < oo.

This motivates the study of the geometry of the sets €2 of numbers
with algebraic normality degree k& € N U {oco} to gain some insight on
Conjecture 1.4. At this point, the methods in the field are not strong
enough to show anything of interest about the sets 2. It is not even known
whether Q5 # 0 for 2 < k € N. So far, only some recent partial results
exists which imply the existence of a non-normal number = for which ¢(z)
is normal provided ¢ is a non-affine polynomial or, more generally, an
analytic function [4, 8, 23, 30]. This illustrates how currently unattainable
a proof of Conjecture 1.4 appears to be. We propose as a first step towards
a better understanding of the behavior of normal numbers under algebraic
operations the following interesting question:

Open problem 1.6. Show that the sets Q) are of Hausdorff dimension 1
(or at least of positive Hausdorff dimension). Construct an explicit number
x € Qi for all (some) k € N.

In this work, we begin this mathematical journey by studying the set
of t-normal numbers ., which is of full measure in contrast to the sets
of finite algebraic normality degree (see Corollary 2.5 below). Hence, the
existence of a t-normal number is guaranteed and the real challenge here is
to give an explicit example of a t-normal number, i.e. to ”find a hay in the
haystack”. This is exactly the purpose of our main results Theorem 1.1 and
Theorem 1.2. In the course of proving our results, we provide techniques
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that are robust enough to construct a simultaneously normal number for
more general countable families of functions.

We briefly sketch the structure of this work and give an overview of our
methods:

(1)

In Section 2, we introduce some notation and show that for any
countable collection of nonsingular functions (f)scr all numbers
f(z) are simultaneously normal for almost every z € R (see
Prop. 2.4). A key technical tool, the so-called stretch function sy
associated to a measurable function f, is defined (see Definition 2.6).
Most importantly we show that the stretch function sy is continuous
(see Lemma 2.7) and derive a convenient bound in the case of
polynomials with integer coefficients, which depends only on the
degree of the polynomial (see Proposition 2.8).

In Section 3, we generalize Sierpinski’s argument [40] to give
an explicit construction of F-normal (and more specifically of a
t-normal) numbers. We first recall Sierpinski’s construction in
the original setup of normal numbers following the modernized
presentation [10]. In a next step, we explain how the tools of
Section 2 can be used to construct modified covers Ur(r) coping
with countable families of functions F and corresponding generalized
Sierpiniski numbers £z(r), which turn out to be F-normal (see
Theorem 3.2). We close this section by discussing some interesting
properties of the Sierpiriski numbers £x(r) (see Proposition 3.3 and
Proposition 3.5).

In Section 4 we extend our Sierpinski-type approach from Section 3
to deal with the case of LIL-normality. Section 4 is the most technical
part of this work. The main challenge is not the simultaneous control
for all non-constant polynomials with integer coefficients - this can be
addressed exactly as in Section 3 before -but rather the replacement
of Sierpinski’s cover by a finer analysis up to the LIL case. This is
largely due to the fact that the proof of the law of iterated logarithm
for the discrepancy number is technically involved and constructing
a LIL-cover essentially requires turning all the asymptotic assertions
in the proof to non-asymptotic bounds. Since Fukuyama’s proof
relies on many previous works [15, 33, 42] it is rather tedious to use
exactly his argument as a blueprint for our construction. Instead,
we give a simplified approach which is still inspired by the works
[15, 21] but allows for a self-contained approach without martingale
comparisons and invariance principles.

In the last Section 5, we deal with the computability of
transcendentally (LIL)-normal numbers. Based on ideas in [10], we
turn the constructions of Section 3 and Section 4 into an algorithm.
We first discuss the theoretical backbone of our algorithm in form of
Proposition 5.2 which works under the assumption that our covers
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are weakly computably measurable (see Definition 5.1). We believe
that this approach is in fact flexible enough to deal with many ”hay
in the haystack” problems, where elements with a desired property
are highly likely with respect to some probability measure, but it
is hard to give examples for such elements. In a second step, we
show how to cope with the countable collection of polynomials: the
preimages of polynomials preserve the computable measurability
under the assumption that truncations of countable unions can
be controlled in a computable manner (see Proposition 5.5). This
part largely relies on Proposition 2.8. In a final step, we put the
pieces together and give explicit estimates for the truncations of our
Sierpinski-type covers.

2. PRELIMINARY CONSIDERATIONS

In the following, 1 and u* denote Lebesgue measure and Lebesgue outer
measure on the real line, respectively. Integrals and null sets are understood
with respect to p, and measurability always means Lebesgue measurability.
Moreover, we recall some standard terminology. We say that a real number
x € R is simply b-normal for some integer b > 2 if all digits {0,1,...,b —
1} are asymptotically equidistributed in the b-ary representation of z. If
not just the digits but all finite words w € |J32,{0,1,...,b — 1}* appear
with asymptotic frequency b~*! in the b-ary decomposition, we call = a
b-normal number. Finally, x is an (absolutely) normal number if z is
b-normal with respect to every integer base b > 2. We denote by N
the set of normal numbers, and AN¢ stands for its complement, the set of
non-normal numbers. We recall the nonstandard notion of LIL-normality
for real numbers satisfying the law of the iterated logarithm (1.3). The
respective set is denoted by A and of course N C V.

It is natural to generalize the notion of t-normal numbers to an arbitrary
collection of functions.

Definition 2.1. Let F C RR be a collection of real-valued functions. We
say that a number x € R is F-normal if f(x) is a normal number for every
f € F. The set of F-normal numbers is denoted by Nx. Similarly, x € R
is FYW_normal if f(x) is a LIL-normal number for every f € F. The
FUL_normal numbers form the set N]I;IL.

In the next two subsections, we characterize the countable sets F for
which almost every number is F-normal (or F“"-normal) and introduce
some technical tools on which our construction of t-normal numbers will
rely.

2.1. Nonsingular functions. We recall the concept of non-singularity for
real-valued functions.

Definition 2.2. A function ¢ : R — R is called nonsingular if, for every
null set N C R, one has u*(p~1(N)) = 0.
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Note that we do not require nonsingular functions to be measurable. A set
of outer measure zero is Lebesgue measurable, so the definition is compatible
with all later measure statements. Non-singularity should not be confused
with Lusin’s N-property, which requires p*(¢(N)) = 0 for every null set
N C R. The following sufficient criterion for non-singularity is folklore.
Lemma 2.3. Let p: R — R be a C'-function. Then, if

(2.1) p({z eR[¢(z) = 0}) =0,

the function o is nonsingular. In particular, every non-constant polynomial
p 1S nonsingular.

To be self-contained, we sketch the easy proof of Lemma 2.3.

Proof. Let N C R be a null set. For m € N consider the open set
[e.e]
Un ={z €R:|¢/(z)] > 1/m} = | Ttm,
k=1

where the Iy, ,, are its pairwise disjoint connected components. Since ¢’ has
a constant sign on each Iy ,,, the restriction of ¢ to Iy, is injective. The
change-of-variables formula therefore gives

-1
(™ (V) N I, —/ INW) o S mu(N) =0
( ) ) o(Tem) )\90’(90 L)l (N)
Moreover,
{z:¢(x) #0} = | J Un.
m=1
Consequently,

o™ (V) < p{w () = 0)) + Y > (™ (N) N Iim) = 0.

Note that Lemma 2.3 implies that every non-constant polynomial p is
nonsingular since the set {x € R|p'(z) = 0} is always finite.

The following proposition gives a simple sufficient criterion for the set of
FML_normal numbers to be of full measure.

Proposition 2.4. Let F be a countable set of real-valued functions. If every
f € F is nonsingular, the set of F"'“-normal numbers is of full measure,
i.€.

(2.2) p({z € Rz is not F'"-normal}) = 0.
Proof. We observe that the set
(23) NLIL U f NLIL )

feFr
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is the countable union of null sets, since (AN*%)¢ has zero measure in view of
the law of the iterated logarithm [21] and each f € F is nonsingular. Thus,
p((VE)©) = 0. O

Note that if one only wants to show that the /F-normal numbers form
a set of full measure, one only needs to employ Borel’s theorem [17] and
the proof of Proposition 2.4 becomes completely elementary. Of course,
Proposition 2.4 is not a deep result, yet it is rather general and useful for
our purposes. In particular, we arrive at the following

Corollary 2.5. The set Qs of transcendentally normal numbers and the
set QXY of transcendentally LIL-normal numbers are of full measure, but
meager (or of first category).

Proof. Since non-constant polynomials are nonsingular, QX (and Q. is a
larger set) is of full measure by Proposition 2.4. Since the normal numbers
form a meager set [31, 32] and taking p(X) = X shows that every t-normal
number is normal, both Q.. and QLI are subsets of a meager set. 0

2.2. Stretch functions: general properties. While non-singularity gives
an easy condition for F-normal numbers to be generic, its qualitative nature
does not allow for an explicit construction. To obtain quantitative control
on how a map distorts the size of sets, we introduce the stretch function s
for measurable functions f.

Definition 2.6. Let I = [0,1] and let f : I — R be measurable. We define
the corresponding stretch function by

(2.4) s7(0) :=sup{u(f~*(A)) : A C R measurable and p(A) < §}.
Let us collect some elementary properties of the stretch function.

Lemma 2.7. Let f:[0,1] = R be measurable with stretch function s;.
(1) The function sy : [0,00) — [0,1] is increasing and subadditive, and
lims 00 5£(6) = 1.
(2) The function sy is continuous on [0,00).
(3) The function f is nonsingular if and only if s¢(0) = 0.

Proof. Let v be the push-forward of Lebesgue measure on [0, 1] under f,

that is,
v(4) == u(f~(A)).
The monotonicity of sy is immediate. If u(A) < 61 + d2, the non-atomicity
of Lebesgue measure permits a decomposition A = A; U A with u(A4;) < ;.
Hence
V(A) < sp(d1) + s£(02),
and taking the supremum proves subadditivity. Furthermore,

lim v((—n,n)) =v(R) =1,

n—oo

which implies lims_, 5¢(6) = 1.
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For continuity, write the Lebesgue decomposition of v as
v=v*+1°
with respect to Lebesgue measure. If S is a null set supporting v°, then
sy(0) = v*(R)
and, for every § > 0,
(2.5) sp(6) = (R) +9(6),  g(0) := sup v*(A).
w(A)<s

Indeed, the upper bound follows from v*(A) < v°(R), while the reverse
bound is obtained by replacing A with AU S. Since v° is a finite absolutely
continuous measure, it is uniformly absolutely continuous: g(¢) — 0 ast | 0.
The function g is increasing and subadditive, and therefore, for 0 < z <y,

0<g(y) —g(x) <g(y —z).

Thus g, and hence sy, is continuous. Finally, s;(0) = 0 is precisely the
statement that the preimage of every null set is null. ([l

The key point of Lemma 2.7 is that for a nonsingular measurable function
the preimages of sets of small measure are uniformly small: u(f~(4)) <
sf(pu(A)) and sf(t) - 0ast ] 0.

2.3. Stretch function for polynomials. To give an explicit algorithm
that computes a transcendentally normal number, the general continuity of
stretch functions is not precise enough. We instead need an a priori bound
on s, for polynomials p € Z[X].

Proposition 2.8. Let p € Z[X] be a non-constant polynomial of degree
d>1. Then

(2.6) sp(0) < KgoY?,  Kq:=4d.

Before we turn to the proof, some remarks are in order.

(1) The exponent 1/d is optimal, as can be seen by considering the
monomial z¢.

(2) The fact that the constant depends only on d crucially uses p € Z[X].

(3) The explicit constant K; = 4d is not optimal. Its precise value has
only a minimal impact on the algorithm in Section 5.

Proposition 2.8 is based on the following form of Pélya’s inequality.

Lemma 2.9. Let g € Z[X]+ R be a polynomial of degree d > 0 with integer
coefficients except for a possible real constant term. Then

(2.7) p{z € [0,1] : |g(z)] < ¥} < 4e.

Lemma 2.9 is a standard consequence of Pdlya’s inequality [34], or of
Remez’ inequality [36]. In Appendix B we give an elementary proof of a
weaker bound which would also suffice for the computability arguments.
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Proof of Proposition 2.8. The assertion is immediate for d = 1. Suppose
d> 2, let A C R be measurable with u(A) <4, and set

E:=p '(A)n]o,1], m = p(E).

If m = 0 there is nothing to prove. The one-dimensional area formula and
the fact that every value has at most d preimages give

(2.8) /E|p'(a:)\ dx = /A#{a: € E:p(x) =y}dy < dd.

Consequently, the set

2d6
Ey := {aj eE:|p(n) < }
m

has measure at least m/2. Since p’ € Z[X] has degree d — 1, Lemma 2.9

yields
m 246\ /(@=1)
mea(2)T
2 - m
Hence
m < 2487715 < (4d)%s.
Taking the supremum over A proves (2.6). (]

3. CONSTRUCTION OF F-NORMAL NUMBERS

In this section we give an (abstract) explicit construction of F-normal
numbers for a family F of continuous nonsingular functions. To this end,
we first discuss Sierpinski’s method in the simpler setting of normal numbers
and extend the technique in a second step.

3.1. Sierpinski’s cover method for normal numbers. Sierpinski’s
method is based on the following elegant idea. Suppose we can find an
open cover U of the set of non-normal numbers N¢ N [0,1] such that
W :=1[0,1]\ U # 0. Then, W is a closed nonempty set and in particular

;= inf
Ew x1é1Wx€WCN,

i.e. & is a concrete normal number! To construct an explicit normal, one
”only” needs to find a suitable open cover U - which is the core of Sierpinski’s
seminal work [40].

Let us recall Sierpinski’s explicit open cover(s) (see also [10]). We fix some
r € (0, 1] controlling the size of the cover and set

o

0o oo b—1
(31) U(T) = U U U U Ub,m,n,d

b=2m=1 n=n,, ;(r) d=0

with some union of intervals Up,, g defined below. The integers b > 2

correspond to the various bases, m controls the fluctuation of the frequency

of the digit d from the ”mean value” % in the b-ary representation, the integer
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n represents the length of the fractional representation under consideration
and last but not least the integers 0 < d < b — 1 form the set of possible
digits in a b-ary expansion of some number z. We introduce for any d € Z
the counting function Cy : ZM — Ny

The open set Uy 4 is then defined as

n
(32) Ub,m,n,d = U Z—; + <_b_”7 2b_n),
(q1,1Gn) €{0,....b—1}" j=1
ICa(q1;-.,qn)/n—1/b|21/m
where the addition is understood as translation of the interval (—b~",207")
by the constant Z?Zl % to the right. Recall that a number is b-normal if
and only if it is simply b¥-normal for every k > 1 (see, for example, [24, 28]).
Since the union in (3.1) ranges over every integer base, it is therefore
enough to cover failures of single-digit frequencies. In particular, the union
Uzo:nm o(r) Upmmn,a covers all real numbers x for which the asymptotic
frequericy of the digit d in its b-ary representation deviates more than 1/m
from the "normal” value 1/b. The key point is that this is true for any
integer n,, . That is, one is free to choose n,,; as big as needed to control

the measure of the whole open cover. In fact, the explicit choice
24mS5p?
(3.3) Pom(r) = { = J +2

r
is good enough:

Proposition 3.1 ([10, 40]). Let r € (0,1] and U(r) be the open set from
(3.1). Then, [0,1]NN° C U(r) and p(U(r)) < r. In particular, the Sierpinski
numbers

(3.4) &(r) :=inf{x € [0,1] |z ¢ U(r)}

exist and are normal.

A proof can be found in [40]. Our analysis in Appendix A essentially
provides a simplified derivation of Proposition 3.1.

3.2. Extending Sierpinski’s approach to F-normal numbers. Based
on Sierpinski’s strategy, we give now a construction for an JF-normal
number. We will only consider countable families F of nonsingular
continuous functions. Compared to the setting of Proposition 2.4, we need
here to restrict to continuous functions in order to guarantee that preimages
of open sets remain open.

Let r € (0,1]. We first extend the open cover U(r) from (3.1) to the whole
real line:

(3.5) Ut(r)=Jz+U (2‘%)
2EZL
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Note that p(UT(r)) <r and N¢ C Ut (r). Let fi, fo,... be an enumeration
of the countable set F. Since each fi is nonsingular, Lemma 2.7 allows us
to make this choice monotonically. For 0 < u < 1, set

(3.6) np () = %sup{t € (0,1] : 55, () < u}.

Then n¢, (u) > 0, the map u — ny, (u) is increasing, and s, (95, (u)) < wu.
We define

(3.7) U LU * (g, (277))).

By construction, Ux(r) is open and contains every x € [0, 1] which is not
F-normal. Moreover,

wUF(r) < D sp (WU (ng (2751))))

g 1 [™]8

Let us define the generalized Sierpinski numbers

(3.8) §r(r) = nf{z € [0,1] |z ¢ Ur(r)},

which are F-normal and well-defined for » € (0,1] by the above. We
summarize our findings in the following

Theorem 3.2. Let F be a countable family of continuous and nonsingular
functions. For any r € (0,1], the generalized Sierpiniski number {x(r) €
[0,1) is F-normal.

Since the definition of £x(r) involves the inverses of f and its stretch
function sy, it is considerably more involved and less explicit than the
construction of the original Sierpinski numbers (3.4). As our setting is rather
general, one cannot expect an equally explicit procedure.

In the case of non-constant polynomials with integer coefficients, one can
be more specific. Since integer translations preserve absolute normality, a
number is t-normal if and only if it is P-normal, where P denotes the family
of polynomials

P = {p € Z[X]\ {0} [ p(0) = 0}.

In a first step, we want to fix our enumeration of the countable set P. Let
us introduce the norm

d
= 2|ayl.
P k=1

It is clear that for any number K € N the corresponding ball By :=
{p|llpll» < K} is a finite set. This allows us to define a total order =<
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on P as follows:

dp dq
p=> a’ <q=> bt < |pllp <|qlp or
k=1 k=1
(3.9) Ipllp = llall» and ax, > by, with ko = min{k | ax # by}

This order specifies a unique enumeration starting from the minimal element
p1 = x and choosing always the well-defined successor. Moreover, in view
of Proposition 2.8, we may replace the implicit inverses of stretch functions,
that is,

> 2Ky o
3.10 U = “1lut
(3.10) P(r) kL:lek ( Ko, > ,

where d, denotes the degree of the polynomial and Ky is the constant from
Proposition 2.8. For every k,

2~k o
w | 10,1] ﬁplzl Ut (K ) < 27k,
dp,

and the same set contains every x € [0, 1] for which pg(x) is non-normal.
Hence Up(r) covers the complement of the t-normal numbers in [0, 1] and
has measure less than r. Note that this definition does not coincide with
(3.7) for F =P. Accordingly, one defines the Sierpiniski numbers
(3.11) Ep(r) :=inf{x €[0,1] |z ¢ Up(r)},

Apart from the algebraic inverses in (3.10), this construction is as explicit
as Sierpinski’s original one.

3.3. Properties of Sierpinski numbers. In the following proposition, we
collect two elementary properties of the Sierpiriski numbers £z (7).

Proposition 3.3. Let F be a countable family of continuous nonsingular
functions. Then:

(1) The map (0,1] 3 7+ Ex(r) is increasing and lim, o {x(r) = 0.

(2) If 0 ¢ N, then the family (§7(r))re,1) is infinite.
Proof. By construction, Ur(r) C Ur(r') whenever 0 < r < 7/ < 1, and
hence £x(r) < Ex(r'). Moreover,

[0,&x(r)) C Ur(r),

so that

(3.12) §r(r) < p(Ur(r)) <

This proves the first assertion. If 0 is not F-normal, then 0 € Uz(r); since
the latter set is open, £x(r) > 0. Define

§1:= f]:(l/Q)a Ent1 = éf(gn)
By (3.12), 0 < &n41 < &, which proves infinitude. O
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Let us turn to the computational perspective, where we restrict ourselves
to F = P. The algorithm in Section 5 does not compute a Sierpinski
number, but another t-normal number. For rational parameters, the
Sierpinski numbers are nevertheless computably enumerable.

Definition 3.4 ([10]). A real number r is called computably enumerable if
there is an algorithm producing rational numbers q, such that ¢, < qn+1 and
Gn — T

Proposition 3.5. The Sierpinski number {p(r) is computably enumerable
for every rational r € (0, 1].

Proof. For rational r, the open set Up(r) admits a computable enumeration

Up(r) = U p;(lk)(fk),
=1

where the I have rational endpoints. Let

K
Uk = |J oy Ur), &k o= min((0, 1]\ Uk).
k=1

The complement is nonempty because pu(Ux) < 1. The sequence {x is
increasing and bounded above by {p(r). If & := limg £k, then, for every
fixed K, one has &y € [0,1] \ Ug for M > K. Since this complement is
closed, &, ¢ Uk for every K, and therefore &, ¢ Up(r). Hence & = {p(r).
Each Ug is a finite union of intervals with computable algebraic
endpoints, obtained by isolating the real roots of finitely many polynomials
with rational coefficients. Thus £k is computable. Choose a rational
g with &g — 278 < g < €k and set gk = max;<x q;. Then (k) is
increasing and converges to {p (7). O

4. CONSTRUCTION OF FML_NORMAL NUMBERS

We turn to the more sophisticated covers for LIL-normal numbers. As
in Section 3, the passage from one exceptional set to a countable family of
functions is handled by stretch functions.

Corollary 4.1. Let (UM(r)),c(1) be a family of open sets such that
(4.1) WHen, 1 c UM (), wUM(r) <.

Given a countable family F = (fx)ren of continuous nonsingular functions,
set

(4.2) UF(r) = | £, (U™ (np.(27Fr))),
k=1

vty = | (s + 0 (525))

2€7Z
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where ny, s chosen as in (3.6). Then

(4.3) () = inf{x € [0,1] : x ¢ UL (r)}

is FYN_normal. In the polynomial case one may use the explicit cover
LI LIL 2%y o

(4.4) Uk U it [ UF (%)

The corresponding numbers

(4.5) L (r) = inf{x € [0,1] : x ¢ U™ (r)}

are transcendentally LIL-normal.

Proof. Integer translations preserve the fractional parts of &~z for every
integer base b. Thus UX'(s) covers all non-LIL-normal real numbers and
has measure less than s. The stretch-function estimate gives

ULIL < Z 2=

The polynomial assertion follows from Pr0p051tlon 2.8; here the power dp,
is essential. 0

We can further reduce the construction to a fixed base.

Lemma 4.2. Suppose that, for every integer b > 2 and r € (0,1], the set
UMY (r) is open, has measure less than r, and every x € [0,1] \ UM(r)
satisfies the LIL in base b. Then

(4.6) Ut (r) = Upt (270
b=2
meets the assumptions of Corollary 4.1.

Proof. The set is open, it covers (V)¢ N[0, 1], and

W(UM(r)) < rzz—
([

4.1. Outline for the construction of UMY (r). Fix an integer base b > 2.
For 0 < a < d <1, write

N
(4.7) DE (2) = % D gy ({V12}) — (o = a)|.
j=1

Fukuyama’s proof of the discrepancy LIL consists of two ingredients. First,
for fixed a,a’ one has

fDaa ( )
4.8 li
(4.8) lfvnffop v2loglog N

=04y forae. z,
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where o, 4 is explicit. Secondly, the contribution of intervals whose length
tends to zero is negligible:

VND% (z)
4.9 lim limsup sup ————=n "2
(4.9) L= Nooo |g—a’|<2-L V210glog N

We make both ingredients effective. For b-adic endpoints, the sequence
of indicators is finitely dependent and can be split into independent blocks.
The second ingredient is obtained from the Fukuyama—Philipp discretization
argument.

The construction will prove the following theorem.

=0 for a.e. x.

Theorem 4.3. Let r € (0,1], and let Eg’a/(s) and Dy(s) be the open sets
defined in (4.37) and (4.47). Set

(4.10) UgJIL(T) =Dy (g) U Ej U ﬁ’Z/vak//bL (2_(L+1)b_2Lr) ‘
L=1 0<k<Kk'<bL

Then U™ (r) is open, p(UM(r)) < r, and every x € [0, 1)\UL™(r) satisfies

VNDy(x)

4.11 lim su = Ly,
( ) N—)oop Vv log logN ’

\/84/81, b=2,
Ly=4+/(b+1)/20b-1)), b odd,
V(b +1)(b—2)/(2(b—1)3), b>4 even.

4.2. Effective bounds for the standard LIL. For N > 3, set

on = /2N loglog N.

The following proposition gives the effective form of the standard LIL
estimates needed below.

where

Proposition 4.4. Let Y1,Ys,... be i.i.d. bounded random variables, let
pw=EY;, 0 = Var(Y1) > 0, and set Sy = Zjvzl Y;. For § >0, define

(4.12) Ve = U ISy — 1| > (1 +8)on).
N>Np
For 0 < § < 1, define

N
(4.13) Viwe = | {ISnr = uN*| < (1= 8)odpe}.
N>Ng k=2

There are explicit tail functions R5"(No) and RI°V(Ny), depending only on
J, o, a bound for |Y1 — p|, and the third absolute centered moment, such that

(4.14) P(Vi%,) < RP(No),  P(V3%) < RY™(No),
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and both right-hand sides tend to zero as Ng — oo. More precisely, for
suitable constants ¢; = ¢;(0) > 0,

(4.15) RP(No)<er Y. j17%,
Jj=>c2log No
Nes
low
(416) R§ (NO) < Z exp <_Cl(10g]\f)c2> .
N>Np

If the law of Y1 has computable finite support, these bounds and a valid
starting index are computable uniformly from the law and §.

Proof. Put X; :=Y;—pu, T, := Y 7_; X;, and choose B such that |X;| < B.
We use two standard inequalities (see, for example, [48]). First, the maximal
Bernstein inequality gives, for ¢t > 0,

t2
41 P Tl >t) <2exp (o,
(4.17) <Imngif| |2 t> =P < 2(no? + Bt/3)>

Secondly, the Berry-Esseen theorem gives, with p3 := E|X;|*> and the
standard normal distribution function &,

m

(4.18) sup

@ ovm — o3y/m’
We also use the elementary lower Mills bound
—z2/2

(4.19) 1—®(x) > ¢ >0

1+’ =5

with a universal ¢y > 0.
For the upper bound, choose # > 1 and € > 0 so small that

(14 0)?

. 0(1+¢) =

and set n; = [¢7]. For all sufficiently large j, monotonicity of ¢, (4.17),
and n;41 < 0nj + 1 imply

]P’( max \Tm]>(1+5)0¢m>

nj§m<nj+1
<P ( max |Tp,| > (1+ 5)0¢nj) < Cj .
mInj41
Here the term Bt/3 in (4.17) is absorbed into the factor 1 + ¢ for large 7,
and loglogn; =logj + O(1). Summation over the blocks proves (4.15).
For the lower bound, let
N
By = ({|Tne| < (1 = 8)odpr}.
k=2
For 2 <k < N — 1, define the independent increments

Zn g = Tyrsr — Ty, myy = NFE - NF,
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On By,
(4.20) |ZNk < (1 —=0)o(dnk+1 + Ok ).
Uniformly for 2 < k < N — 1, and for all sufficiently large N,
(1= O)oyinn +om) _
N o

Set 8 := (1 —6/2)* < 1. Applying (4.18) and (4.19) to Zn, and using
mpy > N?(N — 1), yields, uniformly in 2 <k < N — 1,

(k4 1)log N)=#
\/log k+1)logN)

for large N. Indeed, the Berry-Esseen error is O(lek/Q), which is

uniformly negligible compared with the displayed Gaussian lower bound.
Independence and 1 — x < e™* now give
N—1
((k+1)1log N)=#
P(By) < exp _CZ ((k+1)log N) .
7 /1og((k+1)log N)
Restricting the sum to [N/2] < k: < N — 1 gives at least N/2 — 1 terms,

each bounded below by a constant multiple of N~#(log N)=#~1/2. Thus,
after increasing the starting index,

NP
/
P < o ()

The union bound over N > Ny proves (4.16). All constants arise from
explicit inequalities. For a finite computable law, the moments are
computable and one can search for a starting index at which the finitely
many displayed elementary inequalities hold. O

(4.21) 1—6/2)y/2log((k +1)log N).

(4.22) P(|Znkl > (1 = 0)o(dnktr + dnn)) >

4.3. A cover for b-adic intervals. Fix two b-adic numbers

a*gZ< a %, 0< qq < qu < b
Define
(423)  wyle) = PR, X(@) = L g(w().
Then
(4.24) D% (2 ZX (a/ —a)].

Under Lebesgue measure, (X)) is stationary, and every subcollection (X;);cs
with pairwise distances at least L is independent.
For M € N, let

Jp={(k—1)L(M+1)+1,....(k—1)L(M +1) + LM},
Jp = {(k = 1)L(M +1) + LM +1,... . kL(M + 1)},
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and set

(4.25) vMe=>"x;,  zl'=) X,

jGJk ]Ejk
Both (Y M), and (ZM) are i.i.d.; the law of ZM is the same as that of Y}

Lemma 4.5. Let

1
2 M 2
Then
2 2
(4.26) A}lgloo oM = Ogars
where

(4.27) _/ b dx+zz/ Yoo (@) (V) da

and ¢a,a’( ) - ]l [a,a’) ({x}) (CL, - a’)'

Proof. Expanding the square and using the independence of X} and X for
|k — k'| > L gives

E[(YM -~ ML(d' - a) LM/ V2,

+Z 2LM—2g/waa YooV z) da

Division by LM proves the claim. U

We next define open exceptional sets. The rational cutoffs below avoid any
decision problem caused by equality with a computable real threshold. The
random variables Y and Z}M are non-constant whenever 0 < @’ —a < 1:
the constant base-b word (b — 1)(b — 1)--- makes every summand vanish,
whereas a word whose first L digits represent an integer in [q,, ¢,) makes
at least one summand equal to one. Hence all variances below are strictly
positive. For M > 2 and ¢ > 3, choose computable rational numbers u& o
Uy o0 and v such that

(4.28) <1 + ) VLMo < uMq <1 + ]\14> VLMo g,
(4.29) (1 - M> VLMoo, < uy, < <1 — 2}\4) VLMo,
(4.30) ;\/Za@q <vf <2vVLoig,
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Let
v q
I M
Eyoi=S D YM —LMg(d —a)| > uf;, ¢,
J=1
qk
Y,— M k —
By ok = g Yi¥ — LMq (a —a)| < Unr g (0
=1
5 q
[ M
Eypg = g 7' — Lq(d' —a)| > v,
=1

These are finite unions of half-open intervals with rational endpoints. Put

Y ._ 9—q—23—(M+1)gL+1
Phrg =292 ( JaL+1
~Y e o—q—k—27—(M+1)¢*L+1
qu,k =271 b x )
— 9—1—2}~ (M+1)gL—L+1

PM
Define
Y7
(431)  Wlad) = U (BYG+ ok b))
q>N
(4.32) y}\?%b( );: U ﬂ ( qu+ ﬁAY4,q,k7ﬁJ\Y4,q,k))’
q>N k=2
Z7
(4.33) Z\ap(a,a’) = U (EM,J(; + (_pﬁmpfmq)) '
q>N

The additions are Minkowski sums. The first event at level ¢ is measurable
with respect to the first (M + 1)gL — 1 base-b digits, the event in (4.32)
at (q, k) with respect to the first (M + 1)¢*L — 1 digits, and the last event
with respect to the first (M + 1)gL + L — 1 digits. Consequently, the total
measure added by the neighborhoods in each of (4.31)—(4.33) is at most
2~N. Proposition 4.4 and (4.28)(4.30) therefore imply

(4.34) PN (@) < R | opn (N) +277,
(4.35) PR p(aa)) < R 1/ (V) + 2=,
(4.36) W2\ plaa)) < R (V) + 2N,

Here the subscript indicates the increment law to which Proposition 4.4 is
applied.

For r € (0,1) choose Njs(r) so large that the sum of the three right-hand
sides in (4.34)—(4.36) is smaller than 2= r. If r is computable, this choice
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is effective. Set

(4.37)
)= (yNM s (@) UVEY o y(ad) UZR (r)7M’b(a,a')).
M=2

Proposition 4.6. The set Eg’a/ (r) is open, has measure less than r, and
every x € [0,1] \LZ’a/ (r) satisfies

VND% (z)
4.38 li N " g
( ) ljffrl_?gop 2loglog N %a,

For computable r, the defining union and its tail bounds are computable.

Proof. Openness and the measure estimate follow from the construction.
Fix M > 2 and put

To(z) =) (Xj(z) = (@' —a)),  ng:=L(M+1)q.
j=1

At the cycle endpoints,

q q
(VM —LM(d - a))+ > (2} - L(d' - a)).
j=1 j=1
If = lies outside the three exceptional sets associated with M, then, for all
sufficiently large g,

q
Z (VM — LM(d' — a))| < <1+A14> VLMo by,

q
> (2} — L(d - a))| < 2VLo1¢,.

Jj=1

Moreover, for every sufficiently large integer @ there is a k € {2,...,Q}
such that, with ¢ = QF,

q
S (WM —LM(d —a))| > <1 - ;4) VIMoy¢,.
7j=1

The difference between T,, and the nearest cycle endpoint is bounded by
L(M + 1), hence it is negligible after division by /2nloglogn. Since

q 1
V/2nq loglogng L(M+1)
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we obtain Writing

) M_ (1 2

= —— oy — o1,

M M1 M) M T AT r1 !
M 1 9

By = 1+ —

M M+1<+M)UM+ +101,

we obtain

T
Ay < limsupw <B
Nooo V2N loglog N
Letting M — oo and using Lemma 4.5 proves (4.38). The splitting into
independent subsequences is closely related to the classical arguments of
Kac [46] and Maruyama [47]. O

4.4. The Fukuyama—Philipp discretization argument. We now make
the small-interval estimate (4.9) effective. We first recall the deterministic
decomposition used by Philipp. Fix L € N and K € {0,...,2% — 1}, and
write a(K, L) = K2~F. For n large, let

and let € = (er41,...,€em,) € {0,1} =L Put

K - ¢
— J
wni=gp+ Y, 55 L<h<H,
j=L+1

with the empty sum interpreted as zero, and define the mean-zero step
functions

1 —(uns1 —up), L<h<Hy,
439)  plf(2) = funsuny ) {7}) = (unta _U:I) <h<
’ Ly g, +2-1n)({2}) =277, h = H,.
Thus the centering in the first line is exactly 2_(h+1)eh+1, Set

M+N
LK L LK /77
(4.40) FM7N7h7E(:c) = Phe (Yx)|.
j=M+1

The following is the deterministic part of Philipp’s argument [33, Lemma 4].

Lemma 4.7. Let a(K,L) < a' < a(K,L)+271 and 2" < N < 2"*L. There
are a bit string € and integers 0 < my < 2"¢ such that

(4.41)
H,
K,L),a' LK LK
NDAUED (1) < SN Fomp@+ > Fr g2t o p (@) | F2VN.

h=L [n/3]<t<n
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For algorithmic purposes, we again use rational cutoffs. Fix the absolute
constant C'p occurring in Philipp’s estimates. Choose rational numbers 7, 5,
and 7, p, ¢ satisfying

Cp2 " 8¢on < 1 py < (Cp +1)27 "B,
Cp2~ 82530 < T pp < (Cp +1)27 182630,
Define
GEE(n e, h) = {2 €[0,1] : Fyon p (2) > Tun},

~ LK ~
GEE (n, e h,t,m) :={x € [0,1]: F2n+m2£72g,17h76(:1:) > Toht)s

and let EX%(ng) be the union of these sets over
n>ng, L<h<H, ec{0,1}"" [n/3]<t<n, 0<m<2"

where the G-terms are omitted in the first part of the union.

Each individual set is a finite union of half-open intervals with rational
endpoints, uniformly computable from its indices. If A is such a finite union
and n > 0 is rational, let O(A,n) denote the open set obtained after merging
its components and enlarging each of the resulting ¢ intervals by 7/(4¢) on
both sides; by convention, O(&,n) = &. Then

(4.42) ACO(An),  wO(An) <u(d)+n.

At every fixed level n, let Qﬁ’K be the number of sets occurring above, and
define Eﬁ’K(no) by replacing every level-n set A with

2—n—1
O <.A, QLJ() .
n
This replacement is preferable to assigning a single radius before the number
of interval components has been counted.

Lemma 4.8. There are absolute effectively computable constants Cp,Cgp >
0 and ne € N such that, for ng > max{ng,2L},

C
(4.43) u(E-5 (ng)) < =2
no
Moreover,
LK Co  n
(4.44) WELT (no)) < = +277.
0

For x ¢ Eﬁ’K(no),

NDa(K,L),a’
(4.45) lim sup sup VNDy (@)
N—oo a(K,L)<a'<a(K,L)+2-L V/2loglog N

with an absolute constant C'.

< CQ*L/8
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Proof. The estimate (4.43) is the quantitative content of Philipp’s Lemma 5
[33]; all constants in that proof are explicit and uniform for integer b > 2. By
(4.42), the total increase of measure at level n is at most 27"~!. Summing
over n > ng proves (4.44).

If v ¢ E{:’K(no), then none of the original exceptional events occurs.
Inserting the rational upper bounds for the functions F' into (4.41), summing
the geometric factors 27/ and 2¢="73, and using ¢on = ¢, gives (4.45).
The term 2v/N vanishes after normalization. O

For r € (0,1), choose nr(r) > max{ne,2L} computably so that
Ca

27l < 972y,
n(r)

(4.46)

Set

(4.47) Do) =) U EFTmc).

L=1 0<K<2L

Proposition 4.9. The set Dy(r) is open, u(Dy(r)) < r, and every x €
[0,1] \ Dy(r) satisfies

VND% (z)
4.48 lim limsup sup —=D 2 =0
( ) L=00 Nooo |g—a’|<2-L V21loglog N
For computable r, the set has a uniformly computable enumeration by
rational open intervals and computable tail bounds.

Proof. The measure estimate follows from (4.46):
o0
w(Dy(r)) < Z oLo=2Ly —
L=1

An interval of length at most 277 meets at most two adjacent dyadic cells of
order L. Decomposing its contribution into a bounded number of intervals
anchored at dyadic endpoints and applying (4.45) proves (4.48). The
effective assertion follows because the tail beginning at level n is bounded
by Co/n+27". O

Proof of Theorem 4.3. The measure assigned to the L-sets at level L is less
than

p2L 9= (L+1)p=2L,. _ 9—(L+1),.
Together with p(Dy(r/2)) < r/2, this proves u(UMY(r)) < r.

Let # ¢ ULE(r). Proposition 4.6 gives (4.38) for every pair of b-adic
endpoints. Proposition 4.9 permits arbitrary intervals to be approximated
by b-adic intervals: the two endpoint errors have lengths tending to zero and
hence vanish after LIL normalization. Consequently,

 RDh@)
lim sup —F—————— = sup Uk/bL,k’/bL'

Nooo V2loglog N B L>1

0<k<k'<bl
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The map (a,a’) — 04, is continuous. Indeed, for an arbitrary interval I =
[a,a’), write ¢y = 17 — |I| and let P, be the transfer operator of z — {bz}.
For every mean-zero function f of bounded variation, the one-dimensional
Koksma inequality applied to the shifted b~7-mesh gives

1B} flloo < b~/ Var(f).

Consequently, the covariance series

1 1 '
/Ow%mz:/o Pr(z)pr (V) de

Jj>1
converges uniformly over all intervals I. Each summand is continuous
in (a,a’) with respect to L', so the sum is continuous; for b-adic
endpoints it reduces to (4.27). Hence the displayed supremum agrees
with supg<gcq/<1 0aa- Fukuyama’s explicit computation [21, Section 5]
gives B -
\@ Sup  Oga’ = Ly,
0<a<a’<1
which proves (4.11). O

5. COMPUTING TRANSCENDENTALLY LIL-NORMAL NUMBERS

In this final section, we address the computability of transcendentally
(LIL)-normal numbers. We first isolate the simple principle behind the
algorithms. We then show that finite unions of polynomial preimages are
effectively measurable and explain how computable tail bounds allow us to
pass to the countable covers constructed in Sections 3 and 4.

5.1. The big idea. The main idea goes back at least to [10] in the context
of Sierpinski’s covering method. Let U C R be open and suppose that
uw(UN[0,1]) <1 — ¢ for some € > 0. If the measures of intersections of U
with rational intervals can be computed, one may recursively select nested
intervals on which a positive measure deficit remains. Their unique limit
then lies outside U.

Definition 5.1. A measurable set U C R is called weakly computably
measurable on [0,1] (wem) if there is an algorithm which, given rational
numbers 0 < a < f < 1 and n € N, returns a rational number l,(c, 3)
satisfying

(5.1) (U N (a,B8)) = ln(a, B)] <277

Since finite sets have Lebesgue measure zero, the same algorithm also
computes the measures of intersections with rational half-open or closed
intervals.

Proposition 5.2. Let U C R be open and wem on [0, 1]. Suppose that
(5.2) wUN0,1])<1-—¢
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for some positive computable number €. Then there is a computable real
number v € [0, 1]\ U. If v is irrational, its digits in every integer base b > 2
are computable.

Proof. Replacing € by a smaller positive rational number, we may suppose
that ¢ € Q. Put

10:[0,1), d():O, Ep = ¢.

Inductively, suppose that for some N > 1 we have already constructed

7 _ldy-1 dy-1+1
N=L= "N TN
with
1
(53) ,U,(U N IN—l) < — —en_1-

- N!
Split Iny_1 into the N 4 1 intervals
Ty (N+1)dn-1+k (N+1dn_1+k+1
Mok == (N+1)! (N +1)!

By the wem property, compute rational numbers Iy such that

). k=0l

EN-1
5.4 Ing—pn(UNI <
(5.4) Nk — 1 N < N +1)
Choose the smallest ky for which /y j is minimal and set
EN-1
5.5 dy = (N +1)dy_ k Iy =1 =
(6.5) dy:= (N +1)dy_1+kn, N Nk EN SN+ 1)

Averaging the approximants and using (5.3) gives

1
l < —
Nkv S N1 ZZN,k
k=0
1 EN-1 EN-1
< — .
SINFD N+l AN+
Together with (5.4), this yields
1
. In) < ————— —epN.

Thus the induction continues.

For each N, the interval Iy contains a point zy ¢ U by (5.6). The
intervals are nested and have length 1/(N + 1)!, so their endpoints form
a computable Cauchy sequence with a unique limit v. Since xy — v and
[0,1] \ U is closed, one has v ¢ U.

Finally, suppose that v is irrational. Given b,n € N, compute the nested
intervals Iy until one of them is contained in a single interval

o™, (G +1)p7")
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for some integer j. Such an N exists because v is not a b-adic rational. The
integer j determines the first n base-b digits of v. O

The remaining task is to verify the wem property of the covers used above.
We begin with finite unions.

Lemma 5.3. Let V = Uszl(ak,bk) be a finite union of bounded intervals
with computable endpoints. Then V is wem on [0, 1].

Proof. If all endpoints are rational, merge the intervals into disjoint
components and compute the length of their intersection with any rational
interval exactly. In the general case, for a prescribed precision 27" choose
rational approximations ay, by with ay < b and

lax — ax| + b —/l;k‘ < K~to™,
Then

K K N K R
[ ((U(%ﬁk)) A (U@M’k))) <D (lan —ax| + by — i) <27

k=1 k=1 k=1
The assertion follows from the rational case and the triangle inequality. [J

5.2. Polynomial preimages. The next lemma treats polynomial
preimages. In particular, it does not assume that the values of a polynomial
at the endpoints of a dyadic interval determine its behavior in the interior.

Lemma 5.4. Let p1,...,pny € Z[X] and, for each n, let V,, be a finite union
of bounded open intervals with computable endpoints. Then

N
(5.7) Ve=Jp, (V)
n=1

is wem on [0, 1].

Proof. 1t is enough to treat a single polynomial p of degree d and a single
interval I = (a,b). Fix m € N. Choose rational numbers a < a, < by, < b
such that

(5.8) (am — @) + (b—b) < <2;:>d

This can be done effectively by successively refining rational enclosures of
the computable numbers a < b. By Proposition 2.8,

(5.9) p ([0, 17N p~ D)\ P~ ((am, b))

< sp((am —a) + (b—byp)) <27™.
The set [0,1] N p~1((am, bm)) is a finite union of intervals whose endpoints
belong to {0,1} or are real roots of the two integer polynomials obtained

by clearing denominators in p — a,, and p — b,,. Sturm’s algorithm isolates
these roots and computes their order. Hence these endpoints are uniformly



ON TRANSCENDENTALLY NORMAL NUMBERS 29

computable, and Lemma 5.3 applies. Allocating the error among finitely
many intervals and polynomials proves the result. O

We now pass to countable unions. The precise formulation keeps separate
the tail in the polynomial index and the tail within each target cover.

Proposition 5.5. Let (py)n>1 C Z[X] be a computable sequence of
non-constant polynomials and let

(5.10) U= Uni' @, Une= b
n=1 k=1

where the I, are bounded open intervals with uniformly computable
endpoints. Assume the following.

(1) There is a computable sequence sy, such that

(5.11) M([Oa n p,:l(Un)) <2,

n==sm

(2) For every n there is a computable sequence t,, ,, such that

(5.12) pl U Inw) <27
k:tn,m

Then U is wem on [0, 1].
Proof. Fix a desired precision 27" and put s := s, 2. The contribution of

the indices n > s is at most 272, For each 1 < n < s, choose an integer
Jn so large that

. 27m72
5.13 K, 9 dn/dpn « =
(5.13) Ion ~ max{l,s — 1}’

and set t, := t,j,. Proposition 2.8 and (5.12) imply

s—1 o)
plonJe' | U Ik
n=1

k=t,,
s—1
< 3 Ky e <o
n=1

The remaining set
s—1 tn—1
Um .— U p,;l (U In,k)
n=1 k=1
is wem by Lemma 5.4. Compute its intersection measure with error at most

27~ The two tail estimates and the triangle inequality give a total error
at most 27, (]
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5.3. Putting the pieces together. We first treat ordinary transcendental
normality. Recall the Sierpinski cover U(r) from (3.1). The following
quantitative truncation is proved in Appendix A.

Lemma 5.6. For every rational v € (0,1) and every k € N one can compute
a finite union UK (r) of intervals with rational endpoints such that

(5.14) Ry cue),  wUE)\UH@r) <27,
For instance, one may retain only

2<b< By =2k, 1<m< M =281,

5.15
(5:15) N p(r) < n < Np := 122732,

The same conclusion holds for UT(r). Indeed, first truncate the integer

translations in
Ut (r) = Ler (40 (2| o))

the omitted translates have total measure bounded by 271%0/=1 when |2| >
|z0]. Then apply Lemma 5.6 to the finitely many remaining covers.
Fix a rational r € (0,1) and write

5 . <2—7’Lr>dpn
" den '

The polynomial tail of Up(r) satisfies

(5.16) u( Upn (U*(s )<r22 n< ol

Enumerating the intervals in successive expanding boxes as in Lemma 5.6,
and listing every interval only once, turns the same estimates into the tail
bound required in the second hypothesis of Proposition 5.5. Hence Up(r)
is wem on [0, 1]. Taking, for example, r = 1/2, Proposition 5.2 produces a
computable number

v e [0,1]\ Up(1/2).

It is transcendentally normal and therefore irrational, so its digits are
computable in every base. This completes the proof of Theorem 1.1.
We finally consider LIL-normality.

Lemma 5.7. Let r € (0,1) be computable. There is a uniformly computable
enumeration

(5.17) UM (r U I(
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by bounded open intervals with rational endpoints and a computable sequence
tr(r) such that

o0

(5.18) pl U L) <27®
J=ty(r)

The construction is uniform in r.

Proof. We spell out the truncation because it is needed for the algorithm.
Enumerate the constituent exceptional events in successive finite stages,
always listing all interval components of an event consecutively and never
listing the same event twice. In the base decomposition (4.6), the tail over
b > B has measure at most

r E 270 =278,

b>B

Thus only finitely many bases are needed at any prescribed accuracy.

Fix one of these bases and consider U (s) from (4.10). For the set
Dy(s/2), the total measure assigned to dyadic levels larger than Lo is
bounded by a geometric tail. At a fixed level (L, K), truncating the union
defining Ei’K (nr(s/2)) at a level ng leaves a set of measure at most

% 4+ 270
no
by Lemma 4.8. Both bounds tend effectively to zero.

For the second part of (4.10), the total measure assigned to orders L > L
is again bounded by a geometric tail. For each of the finitely many retained
pairs of b-adic endpoints, the tail over M > My in (4.37) is at most a
geometric sum of the budgets 2™ . For fixed M, truncating the unions
in (4.31)—(4.33) at ¢ = qo leaves measure bounded by the corresponding
computable functions in (4.34)-(4.36), with N replaced by qo + 1. These
bounds tend effectively to zero by Proposition 4.4.

Allocate the error 27% among these tails and choose every cutoff at stage
k+1 at least as large as at stage k. Every retained event is a finite union of
base-b cylinder intervals enlarged by a rational radius, and hence is a finite
union of rational open intervals. Let tx(r) be the first index after all events
retained at stage k£ have been listed. By the preceding union bounds, every
event listed from that index onward belongs to one of the omitted tails,
so (5.18) holds. The union of all stages contains every defining event and
therefore equals UM (r). All choices are effective because the tail bounds
and cutoffs in Section 4 are computable. O

As before, truncating the integer translations and applying Lemma 5.7

gives a computable interval enumeration of UM (r) with computable

ULIL

measure tails. The outer polynomial tail of U™ (r) is bounded exactly as
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in (5.16). Proposition 5.5 therefore shows that U™(r) is wem. Taking
r = 1/2 in Proposition 5.2 produces a computable

v, € 0,1\ U™ (1/2).
This number is transcendentally LIL-normal, hence irrational, and its digits
can be computed in every integer base. Theorem 1.2 follows.
APPENDIX A. QUANTITATIVE BOUNDS FOR SIERPINSKI'S COVER

We give the quantitative estimates used in Lemma 5.6. Recall the sets
Ubmn.a from (3.2).

Lemma A.1. For integers b > 2, m,n>1, and 0 < d < b,

12m

(Al) M(Ub,m,n,d) < 2
Proof. Each interval in (3.2) has length 3b™". Interpreting a word
(q1,--.,qn) as n independent uniform base-b digits, the counting variable
Cg is binomial with success probability 1/b. Hence

Cy 1 1

M(Ub,m,n,d) <3P < i ) .
n b m

Let X be a Bernoulli variable with parameter 1/b, put o? = Var(X) and
ps = E (X —1/b)*. Independence gives the exact fourth-moment identity

4
(A.2) E (Cd - %) = npg + 3n(n — 1)o™.

Since py < 1/b and o* < 1/b? < 1/b, it follows that

cy 1\*'_ 4
e Z) <=
E(n b> ~ bn?

Markov’s inequality proves (A.1). O
Lemma A.2. For b, N > 2 andm > 1,

oo b—1 4
(A3) 2 ( U U Ub,m,n,d) < ]i?rr_nl

n=N d=0
Moreover, for b> 2 and M > 2,

00 b—1

(A4) 1% U U U Ub,m,n,d < m7

m=M n=n, 3(r) d=0
and for B > 2,

oo

0o 0 b—1
(A.5) o) U U U U Ub,m,n,d < Bi 1
d=0

b=B m=1n=n, ()
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Proof. By Lemma A.1 and the telescoping estimate

1 - 1 1
> L S
n? nn—1) N-1
n=N n=N
we obtain (A.3). Since
24m°b*
N p(r) — 1> p—

formula (A.3) gives

[e%S) b—1 r
K U U Ubmnd | < b2

N=Nyy, p (1) d=0

Summing over m > M proves (A.4); summing first over all m and then over
b > B proves (A.5). O

Proof of Lemma 5.6. Let By, My, Ni, be as in (5.15) and retain exactly the
corresponding finite collection of intervals. The omitted part is contained
in the union of three tails: b > By, or b < By, and m > My, or b < By,
m < My and n > Ni. Lemma A.2 gives

My,
12B, . 12ByM?
T, <
"N mzzzl - Ng

With the explicit choices in (5.15),
Ty+ T+ T <27F.

All retained endpoints are rational and are computable uniformly from the
rational parameter r. O

APPENDIX B. ELEMENTARY PROOF OF A WEAK POLYA-TYPE
INEQUALITY

For completeness, we give an elementary bound which is weaker than
Lemma 2.9, but still sufficient for all computability arguments in this paper.

Lemma B.1. For d > 1, let A be the (d + 1) x (d + 1) Vandermonde
matric
A =gt 1<ij<d+l.

Its least singular value satisfies

(B.1) Smin(AD) > (d + 1)~ = ¢ 1,
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Proof. The Vandermonde determinant is nonzero, so A is invertible. More
explicitly, if

d
Y v =0, i=1,...,d+1,
j=0

then the polynomial Z?:o fyj+1a:j has d + 1 distinct zeros and hence all
coefficients vanish.

The product of the singular values equals | det A(d)|, which is a positive
integer and therefore at least one. Every singular value is at most the
Frobenius norm, and

JADE < (d+1)*(d+1)* = (d+1)*
Consequently,
smin(A@) > [ AD |71 > (d+ 1)1,
O

Lemma B.2. Let g € Z[X]|+R be a polynomial of degree d > 0 with integer
coefficients except for a possible real constant term. Then, for every e > 0,

(B.2) p{z € [0,1] : |g(x)| < ¥} < 4d3(d+ 1) e
Proof. The case d =1 is immediate, so assume d > 2. Put
E:={zec[0,1]:|q(z)| <.
2d

The boundary points of E in (0,1) are zeros of the polynomial ¢? — £24,
which has degree 2d. Hence F has at most d + 1 connected components.
Fix y € R and expand

d
aly+1) =D bit).
j=0

For § > 0, set
w; = q(y + 19), v = (bo, b16, ..., bgd")T, i=1,...,d+1.
Then w = A@y. Since the leading coefficient by is a nonzero integer,
Lemma B.1 gives
, &4 5\ p
(B.3) | Jnax lg(y+id)| > AT = <Ld> , Ly = (Cqgv/d+ 1)/,

Choose § = 2L4e. If a connected component of £ had length greater than
(d + 1)d, one could choose y so that all points y + 6,...,y + (d + 1) lie in
that component. This would contradict (B.3). Therefore

w(E) < 2(d+1)*Lae.
Since Lg = (d + 1)#1+1/(2d) and d > 2, the elementary inequality
2(d+1)2Lg < 4d3(d + 1)%+?
proves (B.2). O
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