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We use high-dimensional bosonization to derive an effective field theory that describes the
Pomeranchuck transition in isotropic two-dimensional Fermi liquids. We find that the transition
is triggered by the softening of an eigenmode that leads to spontaneous Fermi surface distortion.
The resultant theory in terms of this critical mode has dynamical critical exponent z = 2 and the
upper critical dimension is d. =4 — z = 2. As a result the system is at the upper critical dimension
in 2D, resulting in a Gaussian fixed point with a marginally irrelevant quartic perturbation.

Introduction. Quantum phase transitions in itinerant
electronic systems have been one of the key drivers of
research in condensed matter physics for many years [1].
Among them the simplest are Pomeranchuk transitions
that result in spontaneous deformation of the Fermi
surface, as Landau-Fermi liquid theory [2-4] already
allows for them (without additional ingredients), and
predicts the exact values of Landau parameters that
trigger these transitions. In this Letter, we study
the critical properties of Pomeranchuk transitions in
an isotropic two-dimensional (2D) Fermi liquid, where
rotation symmetry is broken spontaneously when a
Landau parameter fy reaches —1 [2, 4]. Such transitions
are closely related to the physics of nematic Fermi
liquid phases that have been observed experimentally
in Srz3RusO; (see [5] for a review) and iron-based
superconductors [6].

A Ginzburg-Landau-Wilson type theory for the
Pomeranchuk instabilities (PI) was first formulated in
Ref. [7] using the framework of Hertz-Millis theory
[8, 9]. In this approach, four-fermion interactions are
decoupled by Hubbard—Stratonovich transformations.
The fermionic degrees of freedom are then integrated
out, resulting in an effective theory expressed in terms of
the bosonic Hubbard—Stratonovich field which plays the
role of order parameter. Ref. [7] finds that the critical
theory is described by a Landau-damped mode with
dynamical exponent z = 3 and upper critical dimension
d. = 4—z =1, which is a common feature of Hertz-Millis
type theories, leading to mean-field critical properties
in all dimensions where such an instability can occur.
Subsequent studies [10, 11] have suggested that this
approach might be problematic, as integrating out the
gapless fermions is widely believed to be an uncontrolled
procedure. Numerical studies on the closely related Ising
nematic transition [12, 13] and ferromagnetic transition
[14] using sign-problem free quantum Monte Carlo see
regimes where the susceptibility follows z = 2 scaling
which is inconsistent with the corresponding Hertz-Millis
type theory.

In this Letter, we approach the PI using high-
dimensional bosonization (HDB) [15-26] which avoids
the issues encountered in the Hertz-Millis treatment. In

one-dimensional (1D) systems, bosonization is a powerful
yet simple tool to study low energy physics due to
the isomorphism between bosonic Fock space and fixed-
charge sector of fermionic Fock space (see Chapter 14
of [27]). In particular, one of us [28] used it to
study ferromagnetic transition in 1D metals. Its higher
dimensional counterpart has successfully reproduced the
results of Fermi liquid theory, but yielded relatively few
new results thus far [29]. We believe it is particularly
suitable to study Pomeranchuk transitions, because
they are driven by Fermi liquid interactions which
are incorporated exactly by bosonization (instead of
perturbatively in Hertz-Millis theory). In fact, one of
us [30] made this suggestion 20 years ago. Although
that premature attempt is now superseded by the present
work (which builds on insights provided by many other
works since then as we comment on below), it did
anticipate some of our key results here.

In the following we first reformulate HDB in 2D in a
way that is not only most convenient for our purpose, but
also closest to the much more familiar 1D bosonization in
its final form. We then analyze the quadratic part of the
bosonized action close to the instability, and show that PI
is triggered by softening of an ezxact eigenmode. While
this critical mode is damped in the (symmetric) Fermi
liquid phase, it becomes increasingly under-damped upon
approaching PI, where damping disappears. This is
the biggest difference between our approach and that of
Ref. [7] and Hertz-Millis type of theories, and leads to
dynamical exponent z = 2 instead of 3 as anticipated
in [30]. The resultant Gaussian fixed point describing
the critical point is at its upper critical dimension d. =
4 — z = 2, which we analyze toward the end. We
put special emphasis on ¢ = 2 channel physics, while
generalizations to other channels are straightforward.

Gaussian action. Our starting point is the bosonized
action describing 2D isotropic spinless Fermi liquid
written in terms of the field ¢(¢,x,60) whose normal
derivative p(t,x,0) = ng-V¢o,nyg = (cos b, sin 0) describes
local flucations of Fermi surface; see Fig. 1la. Its
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FIG. 1: Fluctuations and instabilities of the Fermi
surface. (a) Fields p(x, ) are local fluctuations of the
Fermi surface (solid line) from the circular reference
Fermi surface (dashed line) that corresponds to the
isotropic ground state. (b) Pomeranchuk instability via
condensation of p in the ¢ = 2 channel, resulting in a
nematic state with an elongated Fermi surface (red solid
line). n is a unit vector indicating the orientation of the
nematic Fermi surface, which is equivalent to —n.
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where F(6 — ') is the Fermi-liquid interaction and vg
is the Fermi velocity. To the best of our knowledge, it
was first put in the present form in Ref. [23] (inspired
by earlier works e.g. [16], see also [18, 19, 21, 25]; similar
construction was also discussed in the context of quantum
hall droplet [31, 32]). It is derived from the fermion
effective action for isotropic spinless Fermi liquid fixed
point [19, 33-35], where all other interaction terms are
irrelevant. Variable 6 is the momentum space “patch
index” in old literature [19, 21, 24]. Such continuous
treatment brings technical convenience and is harmless
in the large patch number limit.

In 1D bosonization, the density and current are
typically separated by defining (0.¢,0.0) = pr %+ prL
where pr (pr) is the density of right (left) movers [36].
Similar to the standard manipulations there [37], we
separate the odd and even angular harmonics of the
Fermi surface label 6 by writing ¢(8) = (¢(6) + ¢(0 +

m))/2,(0) = (¢(0) = 6(0 + 7)) /2:
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where we use the notation ng - V = Dy[38]. In the above
action we also define the even f = (F(0) + F(0 + 7))/2

and odd f = (F(#)—F(0+m))/2 parts of the Fermi-liquid
interaction. To write down a configuration space version
of the phase space action Eq. (2) [39], we note that
p(0) = Dy(p(0) + ¢(0)) and Fourier transform Eq. (2)

with respect to both x and 6:
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Here, Fourier transform with respect to 6 is defined as
2
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and the matrix My (see Eq. (A1)) is a tridiagonal matrix

that depends only on the even channel parameters g,.

Integrating out p, we get the effective action in terms of

P as
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The coupling matrix My depends on 4 since @¢(q)
carries angular momentum —¢ (see below). In the
bosonized action, rotation symmetry manifests itself as
the simultaneous rotation of space orientation and the
Fermi surface label § by the same angle (R_,.¢)(x,60) =
¢(Ra-x,0 + «) [40], which results in (R_,.@¢)(x) =
’Zagag(R X). My can be made a constant if we dress
P by a phase of angular momentum £. Defining ¢,(q) =
—ie~"*0a)(q), we find that ¢} behaves trivially under
spatial rotation (R_,.@})(q) = W(R .q). Rewriting the
action in terms of ¢’ renders the coupling Mj,, constant
(see Eq. (A2)), and allows the action to be expressed in
a simple real space form
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We remark here that all the manipulations so far are, in
spirit, parallel to 1D bosonization, although expressions
like Eq. (4) and Eq. (5) were never obtained for higher
dimensions before. In 1D, one has the freedom to keep
either the bosonic field ¢(z) or its dual 6(z) [37], similarly
here we have the freedom to keep ¢;(x) or ¢¢(x), which
are dual to each other [39]. On the other hand, in 1D
the Gaussian theory out of (abelian) bosonization is a
single free boson, while here we have a family of coupled
bosons, one for each angular momentum channel (either
all even or all odd).
The Pomeranchuk instability. Note that the coefficient
g; in the dynamical term of Eq. (5) already signals an
instability when any odd f; approach —1, triggering PI
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in the corresponding channel. As we will see below the
same is true in g;’s, as predicted by Fermi liquid theory
(Fig. 1b). In fact Eq. (5) is more suitable for detailed
study of PI in even channels; for odd channel Pls it is
better to use the dual version of (5). To be specific we
will consider PI in the £ = 2 channel below, with go — 07
and all other Landau parameters gex2, g¢ > 0.

The (now g-independent) coupling matrix M}, has,
when go = 0, two exact nontrivial eigenvectors of zero
(1)
1

eigenvalues; u™ = (...,0,—1,1,0,...) with u
—u™ =1, and u® = (...,—1,1,0,0,1 — 1,...) with
u§2) = u(_2% = 0 (Appendix A). This renders ® = (@} —
¢L1)/V2and ¥ = (P5+¢L3) — (&5 +@L5) + (7 +@Lq) —

- as two potential critical fields that are real (instead
of complex). ¥ is not normalizable and has vanishing
overlap with ps. Furthermore, when g, turns negative,
® becomes an eigenstate with eigenvalue go = —|gal,
while the corresponding eigenvalue of ¥ is ~ —g3 and
therefore much higher for small |ga| (Appendix A). Upon
projection to the critical subspace (details in Ref. [41]),
we have:

p(0,q) = |afsin(2(0 — b)) ®(q)/V2 (6)
or pa(q) = —2&5|q|e*2i9qCI>(q). Thus, ¢ is the critical

field and ¥ can be safely ignored in the critical theory.

Unlike the Hertz-Millis approach, the critical theory
derived from bosonization does not feature a Landau-
damped critical mode. Close to criticality (g2 —
0", gera > g¢2), the matrix My, can be mapped to
a classical Caldeira-Leggett type system [42] where the
critical mode @ is coupled to an infinite bath of harmonic
oscillators via the coupling go. The spring constant of
® is also g (illustrated in Fig. 2a). Intuitively, the
critical oscillator is damped by the infinite bath, but
the damping rate would be suppressed by a factor of g3.
This impression is confirmed in the calculation of effective
action of the critical oscillator (see below), which renders
damping rate I' ~ go and quality factor:

Qo) = ~ gy 2. (7)
where wp ~ /g2 is the resonance frequency of critical
mode. Thus, the critical mode is underdamped, and
becomes sharper and sharper as we approach criticality
(Fig. 2c). This is because as go — 0, at the scale of wg
the remaining blocks are effectively all locked together
(because their couplings are much stronger than go) and
form a single infinitely massive block behaving just like
a fixed wall (see Fig. 2b), rendering the & oscillator
undamped.

To illustrate this important point more explicitly and
quantitatively, we set all other Landau parameters to
zero (gex2 = Ge = 1), in which case exact results can be
obtained. Integrating out the non-critical modes exactly
in the Gaussian action, we get the effective Lagrangian

for ® in Euclidean signature as [41] (see Appendix A for
a derivation and sanity check using free-fermion density-
density correlation)
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where a(s) = 2s(s+V1+5s?),s = |w|/(vp|q|). Thus
we have imaginary part of retarded self-energy being

/ 2, which gives the previous damping rate

I' = —ImXR(wr)/wr ~ g, and quality factor @ ~ 92_1/2
(eq. (7)). Expanding Eq. (8) in powers of g2/a(s) and

keep to second order of go, we get
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Again, we see that in this regime, the real part of
the self-energy yields w ~ /g2vr|q| dispersion and the
leading order damping term is g3/s ~ gg/ % which is
subleading to the dispersion term [43]. The critical mode
is underdamped in a finite window close to criticality. On
the other hand, one can set go = 1 in the last term of
Eq. (8) and take the lowest order of the damping term
(which is s) to obtain a Hertz-Millis-type theory.

Generalization to the case where PI occurs in an
arbitrary £ = 2n channel, go,, = 0, is straightforward.
Similar to the ¢ = 2 case, the Fourier symbols for the
eigenvectors of zero eigenvalues are u(™) () = sin(f) —
sin(30) 4+ --- + (=1)"*t'sin((2n — 1)0) and u®(9) =
cos((2n + 1)0) — cos((2n + 3)0) + ---, whose Fourier
transformations give the vectors u(*) and u(? (Appendix
A). Consequently, we get p() oc u(0)cos(d) ~
sin(2nd), which means that the instability occurs in the
angular momentum 2n channel, as expected.

Critical theory. For the critical mode, we need to
introduce the next order term in the gradient expansion
to stabilize the action [28, 30]. This term arises from
interactions of the kind Dy@(0)V2De @(0") (|Vp|? in
terms of densities). Apart from the q* prefactor, such
a term features exactly the same coupling structure as
the q? term, resulting in the following effective Gaussian
action for the Fermi liquid near a PI in an even channel
2n (we rescale 7,x,® to make vp = 1 and V?® has
coefficient 1):

vE 2 2 9 4
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or in a real space form,
So = /d2xdt (62 — (14 fon) VO — (V2)?]. (1)

This action is the 2D generalization of that in Ref. [28],
and has dynamical exponent z = 2 at the PI f5, = —1.
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FIG. 2: Schematic representations of Fermi liquid modes close to the Pomeranchuk instability. (a) After scaling out
the |q|? factor, the Hamiltonian M}, resembles a soft oscillator ® weakly coupled to an infinite transmission line.
(b) Near criticality (g2 — 0), the oscillators in the bath are coupled infinitely strongly in units of go, thus effectively
forming a single block with infinite mass. (c¢) The spectral function A(w) for the soft mode for different go and (d)
quality factors Q(g2) of our theory versus Hertz-type theories.

It is also known as the quantum Lifshitz model in field-
theory description of Lifshitz points [44, 45]. Our main
result is that it is the proper critical theory describing the
2D Pomeranchuk transition in any even channel ¢ = 2n.

Setting ¢ = 2 for simplicity, Eq. (11) with suppressed
time dependence takes the form of the quadratic part
of Ginzburg-Landau theory, in which ®(x) is related to
the local nematic order parameter via Eq. (6). More
precisely, the magnitude and phase of ps are given by
2v/2|V®| and 20y respectively. The orientation of the
nematic order, n (see Fig. 1b) is given by n ~ Vo
[46]. Moreover, i and —n are identified with the same
order parameter configuration, as the nematic order
is a headless director (the same statement is true for
all even-channel densities). This does not change our
critical theory but will determine the properties of the
ordered state. Finally, the transformation ®(x) —
—®(x), p2(x) = —p2(x) rotates the nematic orientation
globally by 7/2 (w/2n for PI in 2n-channel), which is a
particle-hole transformation in the density channel that
features the instability.

Higher-order terms and RG analysis. We first note
that any coupling between the non-critical z = 1 Fermi
liquid modes and the critical field ® beyond the quadratic
|q|? level is irrelevant, as under z = 2 RG scaling these
modes become infinitely stiff (or equivalently, the Fermi
velocity flows to infinity) [30, 41]. This includes couplings
which are generated at the quadratic level but at higher-
order in the gradient expansion (beyond the |q|* term
considered above). Thus, we only need to concern ourself
with SO(2) symmetric self-interaction terms of ®. In
what follows, we analyze the stability of the Gaussian
fixed point (Eq. (11)) in the presence of all such terms.

At the PI fixed point, the order parameter ® has
engineering dimension [®] = 0. Let us consider the
lowest dimension terms of ®’s n-th power, O,, ~ \,|V®|"
(powers of @ are not allowed since a constant shift of ® is

a change of gauge). These terms can be generated from
nonlinearity of the fermion dispersion and possible higher
order interactions [y, V(01,...,0,) [T;2, (Do, @)™
Under z = 2 scaling (x’ = x/(,t' = t/(?), A\, scales
as A, = \,("*, thus O, is irrelevant for n > 4 and
marginal for n = 4.

Self-interaction terms O, of odd n are not allowed
in the effective theory because they are non-analytic in
gradient expansion. Thus we only need to include the
marginal term Oy in the critical theory [47] and arrive at
the Ginzburg-Landau action

S =S8y — )\4/d2xdt il (12)

where V@ plays the role of Landau’s magnetization. The
one-loop correction to the coefficient A4 is given by

A(C) = Ay — 3672 /A g /oo P (13)
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Thus, A4 is marginally irrelevant and we find the (-
function

B(As) = =927 + O(A)). (14)

Finally, let us comment on the time-dependent higher-
order terms constructed in Ref. [25]. Firstly higher
order terms with a single time derivative shift the
phase space structure of the action in Eq. (2), and the
configuration-space Lagrangian needs to be re-derived
from the beginning. On the other hand, if the subleading
dynamical terms were to be manually projected to our
critical theory, they will not generate any relevant self-
interaction terms in ® [48]. This completes our proof of
the fact that the Pomeranchuk transition in any even
channel ¢ > 2 is governed by a Gaussian fixed point
with z = 2. The theory behaves as if it is at its upper
critical dimension; the correlators are mean-field like with



logarithmic corrections (namely 8 = 1/2,y = 1,v =
1/2,n = 0, = 0, as a result of which the hyper scaling
relations v + 28 = (d+ z)v, = (d+2z -2+ n)v/2
and « = 2 — (d + 2)v are satisfied for d = z = 2),
just like classical ¢* theory in 4 dimensions [44]. Such
log corrections from the marginally irrelevant terms are
known to exist in the gapless Luttinger liquid in 1d, see
[49], while in 2d from the stable FL side they are linear
in one-loop RG [50].

Summary and Outlook. In this work, we further
developed the framework of  high-dimensional
bosonization and wused it to study Pomeranchuk
transitions in 2D. The critical theory turns out to be a
z = 2 Gaussian theory for a real scalar field (Eq. (11))
at its upper critical dimension, with only one marginally
irrelevant perturbation. We thus expect mean-field
critical properties, with logarithmic corrections. This is
possible because Fermi liquid interactions, which drive
the Pomeranchuk transition, enter as quadratic terms in
the bosonized action, which can (and must) be treated
ezactly, on equal footing with the free fermion terms. In
fact, hints of our central result, namely z = 2, already
exist for closely related transitions [12-14], for which
our general arguments are expected to apply. Indeed,
it would be useful to derive the critical theory for the
Ising nematic transition using the formulation of 2D
bosonization as presented in this letter. We leave this
line of inquiry to future works. Besides the z = 2 critical
mode, there is also a companion z = 1 propagating mode
of velocity vp/v/2, as we discussed in Appendix. B,
which might also be experimentally probed.

In an earlier work (Ref. [51]) on the the critical
theory for Pomeranchuk transitions also based on
bosonization, all density £ # 2 modes are integrated
out following a Hubbard—Stratonovich transformation on
the free-fermion term. Expanding the (p_2(—q)p2(q))
propagator close to the instability, the authors find
contributions from z = 2 and z = 3 poles and conclude
that the critical point is governed by z = 3 scaling. A
similar conclusion was reached by Ref. [52]. As we show
in Appendix B, the z = 3 contribution comes from non-
critical part of po. The z = 2 mode we discuss in this
Letter is the only critical field in the theory. Curiously,
Ref. [51] also discusses a (finite velocity) z = 1 pole
that is sharp, but sits inside the particle-hole continuum.
We find this second decoupled mode as well (Appendix
B), and the reason it remains sharp at the instability is
similar to the critical ® field.

Subsequent work using bosonization has considered a
critical boson coupled to (otherwise) free Fermi gas [25,
53], where they also find z = 3. This is not inconsistent
with our results; such works consider a z = 1 critical
boson coupled to the fermions via a constant Yukawa-
type coupling, whereas in our critical theory a z = 2
mode gets decoupled from the particle-hole continuum at
criticality (Fig. 2a).

In the accompanying work [41] we will flesh out the
details of the full Gaussian action of the ¢ modes and
show that it reproduces the known free-fermion results,
including the zero and higher sound modes. More
importantly, we will study the single fermion correlator
at the critical point, where we expect non-Fermi liquid
behavior (which is the original motivation of high-
dimensional bosonization but with very limited success
so far). Finally, we will consider the ordered phase and
discuss its properties including Goldstone modes and
topological defects.
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END MATTER

Appendix A: Zero modes of the Hamiltonian at the Pomeranchuk instability

The coupling matrix that appeared in Eq. (3),

" do i(¢'—0)0 2 ™ dodo’ i(€'0'—£0) ’ /
M (q) = —e cos“ (0 — 0q) + 5 cos(6 — fy) cos(8' —04)f(6 —0), (A1)
0 0
after a basis change @,(q) = —ie~*%a3)(q), which removes the phase factors on off-diagonals, is

ga g4+ g2 g2
M’:} 92 g2+4go Qo . (A2)
9o go + 92 g2
g2 g2+ 94 g4

where gy =1+ f; and ¢_¢(—q) M e (q) = &L (—a) My, 5 (q).
When a given gs, = 0, the Hilbert space fragments into two decoupled sectors; a finite-dimensional part consisting
of the modes (4,5’_(2n_1), 95/—(2n—3)’ ..., @b, 1) and an infinite-dimensional part consisting of all the other modes. From

the finite sector, we have the zero mode uy) = (71)2771,5 e{-2n—-1),—(2n —3),...,2n — 1}. It is easy to verify
that this is an exact zero mode:

M uM = 92(n—1) = 92(n—1) T Go(n—1) = (G2(n—1) + G2(n—2)) + G2(n—2) + --- — Gan—1) = 0. (A3)
After another basis change to ay = M\g*"’@, Be = 'L\/g*"@,f > 0, the action eq. (4) becomes
2 w2 * * UFkQ * « * B « B
So = | dwd’k Z -y (agoe + By Be) — T(aeMwaé’ + Bi My Ber) | = S5 + Sy (A4)
£>1,4e0dd

where a’s and f’s look like semi-infinite chains with nearest neighbor couplings

290+ 92 g2 g2 92
g2 ga+g2 G4 g2 ga+9g2 g4
Moc — A , Mﬂ — . . (A5)

94  Ga+9ge - ga  9ga+gs

From this we can see that critical mode ® for go = 0 is nothing but 31, while the other unnormalizable zero mode ¥
isa; —ag+as —---.
With ge+o = 1 we can obtain an effective action for ® by integrating out the rest of the degrees of freedom on

[-chain. To that end, we first perform a fourier sin transform X (u) = \/gzn% odd Pnsin((n — 3)u) on Bs, Bz, ... to
get the (Euclidean signature) action Sg’(E) = [ dwd?qLP

Eﬁ 2 gQ * 2 1+92 *
vr? (S + Z) BB+ <5 + 1 )5353
g2 /2 s
+ Z(ﬂfﬁg +cc)+ / du KUZ + cos? u) X*X +c(u)(X*B3 +cc)| (A6)
0 F

where c(u) = %\/gsin@u), s? = w?/k?. Standard gaussian integration over X (u) then over 33 gives rise to eq. (8).

A sanity check on eq. (8) can be obtained as follows. Observing that total fermion density is po(q) ~ |qla1(q) and
that the a-chain only differs from (-chain by an a; onsite term (eq. (A5)), one immediately has the a; correlator

_w? L (2+g2)vrlal® 93 vrlal® g:=1 vrg?

(n(—a)en(a)) = - 1 25 (s+vVits?) tg, 4 2

L+ss+V2+1)] (A7)
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2 3 . . .
where s = |w|/(vr|q]). And so (po(—q)po(q)) = & (a1(—q)ai(q)) = % (1 — 1‘3_52> yields the free fermion density-
density two points function.

On the other hand, with gsx2 =1 in eq. (A5) we can solve the following eigenvalue equations

Miut = -2\, i=a,f (A8)

for positive A%, A and normalizable solutions u’ = (c}, c3,...). The solution goes as

i ], n=1 -
Cpn = { Ai($+(Ai))n_2, n 2 2 1= O‘vﬁ (Ag)
and —1 <z;(A\) = —-1—-X++/(A+1)2—1 < 0. They satisfy the equations
(242X + @) + 92Aa =0, (2N + go)? + 245 =0 (A10)
where \*, \? are related to g by
a(A*)b(A* a(M\)d(\P
gy = —_AAMBO) gy = —_A)AN) (A11)

~a(A) +b(A\)’ ~a(M8) + d(\P)
with a(A) = 1+22+ 2. (\) = A+ /(A +1)2 = 1,b(A) = 2X + 2 and d(A\) = 2\. Expanding the right hand sides of
Eq. (A11) to leading orders of A%, A® one finds

go = _\/ﬁ_"_ O(()\@)B/Q)7 go = _2A6 + O(()\ﬁ)3/2) (A12)

Thus we conclude that when go < 0, ® evolves into a state of energy g while ¥ evolves into a state of energy —g3
higher that gs.

Appendix B: Propagator of (p_2p2)

In this section, we discuss the propagator {(p_2(—q)p2(q)), which includes contributions from modes with dynamical
exponents z = 1,2 and 3. As we will see, the z = 2 pole is our critical field ®, the z = 1 pole is a companion propagating
mode (there are 2n — 1 such modes for £ = 2n channel Pomeranchuk transition), while the z = 3 pole is not a mode,
but incoherent superpositions of particle-hole pairs, just as in free Fermi gas.

Define real fields ay = M\;;Lem),ﬁe iw,f > 1 in Appendix A. In this basis, ® = [, ¥ =

2523(—1)(5_1)/2044, and po is represented as (recall Eq. (6), see also [41])

lal 00 . .
= ——e " —1 + —1 . B1
p2(a) = NG (ar(a) —ifi(a) + as(a) —ifs(q)) (B1)
In the Gaussian theory, {o,} are completely decoupled from {B,}. Assuming g;x2 = 1 and integrating out
{ae, Br}e=s57,. .., we have (in Euclidean signature) the respective inverse propagators for a1, a3 and £, f8s:
G~ s2+1/2+ g2 /4 ga/4 Gl ~ s2+g2/4 g2/4
@ ga2/4 2+ 1/4+ga/d—r(s)/4 )’ B g2/4 S+ 1/4+go/d —r(s)/4
(B2)

where r(s) = 14257 — 25V/1+ 52,5 = |w|/(vpq). Setting go = & + kg, 6 — 0T, s> + kg in G5 corresponds to
our z = 2 critical mode and s? + 1/2 in G_! is a companion z = 1 mode. The (2,2) elements of both G;! and
GEl stand for the effective actions of the rest of the two chains on their first sites. These effective actions mimic the
behavior of free fermi gas density-density effective action which features Landau damping because of the coupling to
the particle-hole continuum (an infinite bath). Putting go = d + r¢?,6 — 0T, the term (G, 1)22 = (Ggl)m is

5 252 — 25\/1 + 52
(S)/4:32+1+,§q2_%+3_

§ + kg?
—r
4

s+ 1/44+ (B3)

Balancing sv/1 + s2 ~ s versus the kg? term, we find z = 3 behavior, which is the claimed critical mode in Ref. [51].
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