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Symmetry plays an important role in the topological band theory. In contrary, study on the
topological properties of the asymmetric systems is rather limited, especially in higher-dimensional
systems. In this work, we explore a new theory to study the topology in various one-dimensional
(1ID) and two-dimensional (2D) asymmetric systems with chiral boundary states. Starting from
the simple SSHm model, we show the chiral topology of its edge states by redefining sublattices.
Meanwhile, based on its Rice-Mele-like effective Hamiltonian, a new topological invariant Z can
be defined and the bulk-edge correspondence is established. With this clear physical picture, our
theory can be extended to the more complex asymmetric ladder models, or even the 2D asymmetric
systems. In the 2D BBH3 model, new chiral corner states with redefined lattices are found based
on our method. These corner states are independent of any spatial symmetry and exhibit the
characteristics of topological bound states in the continuum (TBICs). Moreover, the topological
invariant can be calculated by introducing Z into 2D. At last, we propose an acoustic experiment
of the BBH3 model where chiral corner states are numerically observed. Our work exhibits a new
approach to study the topological properties of asymmetric systems. By redefining sublattices, we
find that the models with entirely different structures might share the same topological origins.

I. INTRODUCTION

the latent symmetry [32, 42], which is defined by effec-

In the last few decades, topological insulator has at-
tracted much attention in both quantum and classic sys-
tems [1-4]. Since the discovery of spin-orbit-induced
topological insulators [5, 6], symmetry-protected topo-
logical (SPT) phases of matter play an important role
in the study of topological band theory. In nontrivial
SPT phases, symmetry-protected topological edge states
can be found for the systems under open boundary con-
dition (OBC) and the bulk-edge correspondence can be
established. For instance, in one-dimensional (1D) non-
superconducting systems, based on the tenfold classifica-
tion in topological insulators and superconductors [7, 8],
nontrivial topological phases protected by chiral symme-
try can be found. Moreover, for 1D systems with spa-
tial inversion symmetry, Abelian topological phases [9-
11] described by Zak phases [12] and non-Abelian topo-
logical phases [13, 14] described by quaternion groups are
extensively studied. As to the two-dimensional (2D) sys-
tems, with the development of higher-order topological
insulators [15, 16], topological corner states protected by
spatial symmetry [11, 17] or chiral symmetry [18, 19] are
found theoretically and experimentally [20-28].

Recently, studies have shown that rich topological phe-
nomena can also be observed in many 1D asymmetric
systems [29-40]. In particular, the topology protected by
“hidden symmetries” has attracted much attention. One
example is the sub-symmetry [31, 41] which is the chiral
symmetry defined on certain sublattices and can protect
nontrivial topology and chiral edge states in the presence
of certain symmetry-breaking terms. Another example is

* jlangxunya@fudan.edu.cn

tive Hamiltonian through isospectral reduction. When
the effective Hamiltonian is mirror symmetric, the non-
trivial topology described by the quantized Zak phases
can be observed. Meanwhile, new theoretical methods
have been utilized to study the topology of asymmet-
ric systems. A typical example is the non-Bloch theory
method [33, 43] which is based on the solution of periodic
systems in complex-k-w space. Very recently, the homo-
morphic mapping method to reconstruct the nontrivial
topology for Rice-Mele-like systems is found and can be
extended to the systems with asymmetric perturbations
[44].

These inspiring methods shed a light on the rich topo-
logical properties in asymmetric systems. However, so
far these methods all have their own limitations. For
example, for systems with sub-symmetry the topological
invariant is hard to define [31], for systems with latent
symmetry the specifically designed models from graph
theory [42] are required, while non-Bloch theory has dif-
ficulties to be extended to 2D systems [45]. These limita-
tions hinder the study of corresponding topological phe-
nomena. Therefore, to develop a more general theory to
illustrate the topological properties of different asymmet-
ric systems with clear physical picture is an urgent need.
With such theory, a topological invariant can be well de-
fined and new topological edge states or corner states can
be predicted for asymmetric systems. Even more, since
its clear and simple physical picture, such theory can be
extended to 2D or higher-dimensional systems.

In this work, by redefining sublattices, we develop a
new theory to study the topology for both 1D and 2D
asymmetric systems where new topological chiral edge
states (or corner states) are predicted and the corre-
sponding bulk-edge (edge-corner) correspondence can be
deduced. First, we introduce our theory step by step
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FIG. 1. (a) Schematic of SSHm model. (b) Band structure

versus t3 under OBC with ¢;1 = 1, t2 = 2. The edge states
located at the left (right) boundary are marked by blue (red)
lines. (c) The spatial distribution of the edge states marked
in (b).

with a class of the simplest 1D asymmetric chain mod-
els, namely the SSHm model. Based on the non-Bloch
theory, we analytically study the wavefunctions of the
possible edge states for the model and show that, under
redefined sublattices, all of them can be understood as
topological chiral edge states protected by sub-symmetry.
With the redefined lattices, we also predict the break-
ing of bulk-edge correspondence in the extended SSH3
model with inter-cell long-range hoppings. As to the
bulk-edge correspondence, we find that the chiral edge
states originate from the Rice-Mele-like effective Hamil-
tonian. Based on the reduced wavefunction of the ef-
fective Hamiltonian, a new quantized topological invari-
ant Z can be defined through normalization. With this
clear physical picture, our theory can be extended to
more complex systems. As an example, we establish
the bulk-edge correspondence in the asymmetric ladder
SSH model. To take a step further, we introduce our
theory into 2D systems. We construct the 2D BBH3
model where new topological chiral corner states with
redefined sublattices are found. These corner states are
independent of spatial symmetries and fundamentally
different from the conventional topological quadrupole
corner states. The corner states can even move into
the bulk continuous spectrum, exhibiting a new kind of
the topological bound states in the continuum (TBICs).
In terms of the topological invariant, we introduce Z
into 2D systems and establish the edge-corner correspon-
dence through the quantized normalized edge polariza-
tion pe®9¢. At last, our theory can be easily extended to
other systems, such as the acoustic or photonic systems.
We propose a laboratory acoustic experiment to test new
topological phenomena of the asymmetric BBH3 model
where the new chiral corner states could be numerically
observed. Our work discovers the topological chiral char-

acteristics of the boundary states in various asymmetric
systems. Moreover, by redefining sublattices, we show
that asymmetric models with entirely different structures
might share the same topological origins while the bulk-
edge correspondence can be established with a general
topological invariant.

II. TOPOLOGICAL CHIRAL EDGE STATES IN
SSHm MODEL

We would like to start with a class of the simplest 1D
asymmetric models, i.e. the SSHm model. As a natural
extension of the well-known SSH model [46], the SSHm
model is the 1D chain model whose unit cell contains m
sublattices [35]. As shown in Fig. 1(a), the Hamiltonian
of the SSHm model can be written as:

m—1
Hm = Z[Z tjcn’(j+1)cjz,j + tmc(n+1),1cjl,m + h.c
n j=1

(1)

where n is the index of the unit cell, j is the index of the
sublattice. Here we only consider the nearest-neighbour
hoppings. When ¢; # t; and m is odd, both spatial in-
version symmetry and chiral symmetry are broken. For
the case m = 3, the band structure and the edge state
wavefuntions of the asymmetric SSH3 model [34, 40, 47]
are shown in Fig. 1(b) and 1(c), respectively. Two crit-
ical phenomena can be observed. Firstly, the emergence
of the edge state does not coincide with the gap closing
[34], indicating that the conventional topological phase
transition cannot happen in this model. Secondly, for
the wavefunctions of the edge states, the amplitude at
certain sublattice remains zero [38], which shares some
similarity with the characteristics of the edge states pro-
tected by chiral symmetry [31].

A. Non-Bloch Theory for SSHm Model

In this section, we would like to study the edge
states of the SSHm model utilizing the non-Bloch the-
ory [43, 48]. For the SSHm model with N unit
cells under OBC, its eigenstates take the form |¥) =
LAY S jln, §) with ¥ = ¥ j(21,2) =
clgbg.l)z? + 02¢§2)z§ where A is the normalization coef-
ficient, z, € C' is the generalized complex momentum
with & = 1,2. |¥) should satisfy the bulk condition, i.e.

{Za,, ¢§a)} are the solutions of the following bulk equation
with a given E:

o1 01
Ho(e) || =B |22
bm bm



where H,,,(z) can be obtained by applying the substitu-
tion e’ — 2 to the momentum-space Hamiltonian #,,, (k)
of the SSHm model:

0 f tm /%]
t1 0 i
ta 0 13
Hom(z) = LT 3)
tn—3 0 tm—2
tm72 0 tmfl
_th tmfl 0 .

From Eq. (2), we have z;29 = 1. Without loss of gener-
ality, let |z1| < |2z2]. On the other hand, |¥) should also
satisfy the boundary condition:

My[cr, o)’ =0 (4)
with
_| P(=) P(z2)
M= 410 4700 ©)
where P(zq) = —tm (2a) = —tm (a). When

det[M}] = 0, the nontrivial solution of Eq. (4 ) are exactly
the eigenstates of the SSHm model under OBC.
For | ) representing the localized edge states, we have

z1| < 1 < |z2|. Together with 2N+ 0, one can obtain:
g 1

det[My] = —25 T P(21)Q(22) = 0. (6)

Two solutions can be obtained from Eq. (6), i.e. P(z1) =
0 and Q(z2) = 0.

For P(z1) = 0, it follows that ¢§}J = (. Substituting
into Eq. (2) yields:

ElpM, . ) T
NG

%TLn—l[d) 9 a¢(1) ]T =

m(bll)'z1 +lm— 1¢m 1= =0

where

0 t O

ti 0t

m—1 —

tm—S 0 tm—Q

0 tuz 0

is the Hamiltonian of the subspace composed of the
sublattices 1 to m — 1. Moreover, Eq. (7) indicates

that [¢§1),. ,d) (1) J¥ is the eigenstate of HL ;. When
|z1| = [tm— 1¢(1) 1/tmgbgl)| < 1, |¥) stands for the edge
estate localized at the left boundary of the system:

N m

=AY 306 ), (9)
n=1 i

=1

FIG. 2.
sublattices diagonalizing the subspace (a) HE _1; (b) HE_,
marked by dashed box.

(a)-(b) Schematic of the SSHm model with redefined

Since Hgup—1 is (m — 1)-dimensional matrix, there are
m — 1 different eigenstates. Therefore, SSHm model has
at most m — 1 left-boundary edge states.

Similarly, for @Q(z2) = 0, it follows that gf)f) = 0, which
yields:

HE 657, 0] = B0, s 02T
., (10)

tmdD + 1168 2 =0

where HE | is the Hamiltonian of the subspace com-
posed of the sublattices 2 to m. When |z =

|tm¢7(ﬁ)/t1¢>§2)| > 1, |U) stands for the edge estate lo-
calized at the right boundary of the system:

N m
Ry =AY 27> 6P n,j). (11)
n=1 j=1

Since HE | is also (m — 1)-dimensional, at most m — 1
right-boundary edge states can be obtained. In summary,
all the possible edge states of the SSHm model are given
by Eq. (9) and Eq. (11). It is worth noting that similar
methods can also be utilized to analyze the topological
chiral edge states in the disordered SSH model [49].

B. Sub-Symmetry Protected Chiral Edge States
with Redefined Sublattices

In this section, we would like to study the topologi-
cal origin of the edge states obtained in the last section.
We first consider the edge states at the left boundary,
i.e. the |L) in Eq. (9). The form of |L) indicates that
the left-boundary edge states are composed of the eigen-
states of HL |, which is the Hamiltonian of the sub-
space marked by dashed line in Fig. 2(a). Therefore,
we perform a proper representation transformation U to



diagonalize HL _;:

Vi 0

, Var
HE UHE |\ UT = , . (12)

m—1 —

O ‘/(m—l)’

In this representation, the sublattices are redefined as
{I7h}, 7 = 1,..,m — 1. Then the Hamiltonian of the
SSHm model can be written as:

Vi 0 e ()
Var tar (k)
H{rn(k) = . ’

O Vv(mfl)’

(k) (k) et (R) 0

(13)

where tj (k) = wj 4+ vje® and w; and v, can be calcu-
lated by:

wjr = <naj,|Hm|n7m> = tm_l(bgnfl
(14)
Vjr = <n7m|Hm‘n + 1ajl> = tmd)Jl

Here qﬁg, is the component of the redefined |j’) on the
original sublattice |i) and H,, stands for the Hamiltonian
of SSHm model in Eq. (1). Asshown in Fig. 2(a), H.,(k)
is equivalent to m — 1 SSH models:

(m—1)'
Hy= > Hp¥T+ VP, (15)

j/:1/
where

SSH T
Hy 7 = Z W) CrmCy, i1+ Ujlc(n+1),j/CIL,m + h.c.
n

(16)

is the SSH model composed of [j’) and |m), Vs is the
effective onsite energy of |j') and Pj = )" |n,j")(n,j'|
is the projection operator over sublattice |j'). These m—1
SSH models aren’t independent. As shown in Fig. 2(a),
they share the same sublattice |m). The coupling terms
break the chiral symmetry of each SSH model:

(m—1) (m—1)
ol > HISMT, £ - Y HM, (17)
j/=1/ j’:l/

where I'yy =Y |n,i')(n, | — |n,m)(n, m|.
However, the sub-symmetry [31] on the redefined sub-
lattice |j') is still satisfied:

(m—1) (m—1)"
Ss S5
U, > HISHr,P=— Y HIMP.,  (18)

j'=1’ j'=1"

The sub-symmetry protects the zero-energy chiral edge
states |L;/) occupying sublattice |i'):

m—1)’

(19)
Py|Ly) = |Ly)
Together with Eq. (15), we can obtain:
Hy,|Lir) = Vir|Ly). (20)

Similar to the case of Rice-Mele model [44, 50], the
onsite terms V; only shift the energy of the chiral
edge state without affecting its wavefunction and topo-
logical property. Therefore, when |vy| > |wy]|, i.e.
|tm,1</>f,;_1 /tm¢]1/| < 1, the sub-symmetry-protected chi-
ral edge state with the energy of Vs can be found, which
is consistent with the solution given by Eq. 7.

Following the same strategy, we can also illustrate the
topological origin of the edge states at the right bound-
ary |R). To be precise, here we perform another repre-
sentation transformation to diagonalize HF | with the
redefined sublattices |j”'). The Hamiltonian can then be
written as:

[0 tyn (k) ton(k) - tan_1yr ]

ti//(k) ‘/1//
(k) = |t () Var ,
1y (R) 0 Vim—1y |

(21)

where t; (k) = w;» + vjre?* and wj» and v;» can be
calculated by:

wjrr = <n7 1|Hm‘n’j//>
. (22)
vgo = (7| Hl+1,1)

As shown in Fig. 2(b),H/ (k) also contains m —1 coupled
SSH models sharing sublattice |1). As a result, the chiral
edge states occupying |j”) are sub-symmetry-protected,
which are exactly the right-boundary edge states given
by Eq. (10).

C. The Breaking of Sub-Symmetry by Inter-Cell
Long-Range Hoppings in the Extended SSH3 Model

While in this work we mainly focus on the systems with
nearest-neighbour hoppings, we note that our method
might also bring new insights to the models with long-
range hoppings. In recent years, the topological property
of the systems with long-range hoppings has attracted
much attention [19, 26, 27, 51, 52], including the ex-
tended SSH3 model [37, 38, 53]. In previous study of
the extended SSH3 model, the intra-cell and inter-cell



Intra-Cell Hopping t3 Inter-Cell Hopping t,

2 T
E 0 0
-2
— T
4 — .
- 0 T
(d) k

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
@
V2 VZ 1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1

(e)
o) . (]
< 05 ° latqce 1 i = 05 ﬂ
E T 1atlCe 2eescnnansarsns | 5 v
g‘ 0.5 lattice 3 “ﬂ E‘ 0.5 v
= <
o 5
E o0sf] E 05 /\L
2 T P
5-05 | g-05)
< <
= g
= 05 r 0.5 1
B .._‘)‘.[ )i :2 4_'_11\)!\‘.”\'\/‘./\
a / {
205 : 205
< <
3 (5]
£ 05 T os o,
P . = i M
£.05 g.05 4
< <
site site
FIG. 3. (a) Schematics of the extended SSH3 models. In

the left column, only the intra-cell hopping t3 is considered.
In the right column, only the inter-cell hopping ¢4 is consid-
ered. In this section, the parameters are set to t1 = 1, t2 = 3,
ts = 1 for the left column and t; = 1, t2 = 2, t4 = 5 for the
right column. (b) The energy spectrum of the extended SSH3
models. The edge states are colored in red while their indexes
are marked in the figure. (c¢) The bulk bands of the extended
SSH3 models. The Zak phases are marked on the correspond-
ing bands. (d) The schematics of the models with redefined
sublattices. The dashed lines indicate negative hoppings. (e)
The spatial distribution of the edge states.

long-range hoppings are equally treated while their dif-
ferences are not highlighted. From the perspective of
sub-symmetry protected topology and redefined sublat-
tices, in this section we would like to distinguish these
two kinds of long-range hoppings from the perspective of
sub-symmetry protected topology.

As illustrated in Fig. 3(a), here we consider the topo-

logical properties of the extended SSH3 model with only
the intra-cell long-range hopping ¢3 and the one with only
the inter-cell long-range hopping t4, respectively. The
band structure under OBC is shown in Fig. 3(b), where
two pairs of two-fold degenerate edge states can be ob-
served for both models.

However, we find that the topological properties of the
edge states in these two cases are quite different. Since
both of the extended SSH3 models considered here are
mirror symmetric, we can analyze their topological prop-
erties from filling anomaly and the quantized Zak phases
[54]. In Fig. 3(b), we find that the indexes of the edge
states with ¢t3 are N, N + 1, 2N, 2N + 1, which satisfies
the filling anomaly. In contrary, the indexes of the edge
states with t4 are N—1, N, 2N +1, 2N +2 and the filling
anomaly is violated. In Fig. 3(c), we also calculate the
Zak phase for both cases, which further confirms that the
edge states with t3 are topologically nontrivial while the
ones with ¢4 are trivial.

The difference between intra-cell and inter-cell long-
range hopping can be understood from the perspective
of sub-symmetry. In Fig. 3(d) we plot the schemat-
ics of both models with the redefined sublattices in Sec.
II(B). It clearly shows that the intra-cell long-range hop-
ping t3 only affects the value of effective hoppings while
the sub-symmetry remains intact. The inter-cell long-
range hopping t4, on the other hand, introduces long-
range hoppings in the redefined sublattices and therefore
breaks the sub-symmetry. The difference between t3 and
t4 also manifests itself in the spatial distribution of the
edge states. As shown in Fig. 3(e), the edge states of
the extended SSH3 model with ¢35 exhibit clear evidence
of topological chiral edge states as the amplitude of the
wavefunction on certain sublattice is pinned to zero. For
the edge states with t4, the chiral characteristics can not
be observed.

It is worth noting that same conclusion can be drawn
for any extended SSHm model: As long as the long-range
hoppings are kept intra-cell, the model can always be
transformed into the form shown in 2(a)-(b) while chiral
edge states with zero amplitude at sublattice 1 or m can
be observed.

III. THE TOPOLOGICAL INVARIANT AND
THE BULK-EDGE CORRESPONDENCE FOR 1D
ASYMMETRIC SYSTEMS

In Sec. II, we show the hidden sub-symmetry protected
topological chiral edge states in the SSHm model by re-
defining sublattices. However, as stated in Ref. [31],
defining a topological invariant in a system with sub-
symmetry is not straightforward. In this section, based
on isospectral reduction, we propose a proper topological
invariant to establish the bulk-edge correspondence. For
the asymmetric model with chiral edge states, we show
that its effective Hamiltonian might have a Rice-Mele-like
form. Then, the mirror symmetry of its reduced wavefun-



tion can be reconstructed through normalization. There-
fore, a quantized Z can be calculated by the normalized
reduced wavefunction. Our new topological invariant can
be utilized in more complex systems beyond the simplest
1D chain models. As an example, we introduce our topo-
logical invariant to 1D asymmetric ladder SSH model,
and the bulk-edge correspondence can be established.

A. Chiral Edge States in Rice-Mele-Like Effective
Hamiltonian

To begin with, we would like to briefly introduce the
concept of isospectral reduction proposed in latent sym-
metry [32, 42, 55]. For a system with a Hamiltonian
H(k), the sublattices in each unit cell can be divided into
two sets: S and its complement S. Here set S is com-
posed of all the sublattices related to the inter-cell hop-
ping terms. Then the Hamiltonian can be represented
as:

Hss(k) /HSS}
H(k) = . 23

(k) { Hss  HMss (23)
The eigenequation of H (k) can be reduced into the gen-
eralized eigenequation of set S:

Hs(k, E)ps(k) = Eds(k) (24)
with
Hs(k,E) = Hss — Heg(Hgs — EI) "Hgg.  (25)

If Hg(k, E) possesses mirror symmetry, (k) is referred
to as being latent symmetric [42].

The merit of isospectral reduction is to describe a
given system with minimum sublattices while the intra-
cell structure is neglected. Comparing with the original
Hamiltonian, the effective Hamiltonian Hg might reveal
the properties of the system in a more fundamental way.
For the SSHm model discussed in Sec. II, we can obtain
Hs with S = {|1),|m)}. In this case Hg(k) takes the
form of Rice-Mele model:

~, U1 (E)

Fis(h E) = h(k, E)

Wk B) ea(E) | 20)
which supports chiral edge states when E = v (F) or
E = vy(FE). These chiral edge states have zero amplitude
at sublattice m or 1, which exactly corresponds to the
|L) or |R) obtained in Sec. II(A), respectively. Taking
the SSH3 model as an example, we have S = {|1), |3)}.
As shown in Fig. 4(a), Hs(k, E) reads as [47, 56]:

Y 4 bl 4 tye'k
Hsk,E)=|,, B . F o .o @27
BT ise 3

2 2
where chiral edge states can be found at % =F or % =

E, ie. E = 4t; or E = +t,, which are exactly the
energies of the edge states shown in Fig. 1(b).

(b) ——
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FIG. 4. (a) Schematic of the effective Hamiltonian of SSH3
model with S = {|1),]3)}. (b)-(c) Schematic of the topologi-
cal phase transition (b) with gap closing and (c) without gap
closing. Here t stands for the systems parameter where t. is
the critical point. The corresponding topological edge states
are marked by magenta lines. The topological invariant, i.e.
the conventional Zak phase Z and the normalized Zak phase
Z are also plotted in (b) and (c), respectively.

While we have shown that the chiral edge states
in SSHm model originates from its Rice-Mele effective
Hamiltonian, for the more complicated 1D systems (e.g.
ladder model) or even 2D systems, chiral edge states can
also be found if its effective Hamiltonian take a Rice-
Mele-like form:

(28)

here h(k,E) can be a matrix of any dimension, vi(FE),
vo(F) are the effective onsite terms, and I is the identity
matrix. Its generalized eigenequation reads as:

(B ik E)) [64(8)] 1 [6a(h)
sy i) [oa] =5 o] @

where the sublattice set S is further divided into two
sets A and B (A = {|1)} and B = {|m)} for SSHm
model). In this case, Hg(k, E) also supports two chiral
edge states when E = v1(E) and E = vy(FE). These



chiral edge states have zero amplitude over sublattice A
and sublattice B respectively, which are exactly the chiral
edge states of the original system.

Through the effective Hamiltonian, the difference be-
tween intra-cell and inter-cell long-range hoppings in the
extended SSHm model can also be understood. Based
on the definition of set S, intra-cell long-range hoppings
keep S unchanged. Therefore, Hg is still in Rice-Mele
form and supports chiral edge states. In contrary, the
existence of inter-cell long-range hoppings will introduce
additional sublattices into .S, which consequently breaks
the Rice-Mele form of Hg.

B. The Normalized Zak Phase Z

For a given system with Rice-Mele-like effective Hamil-
tonian Hg(k, E), we define HZ(k, E) as its counterpart
without onsite terms:

0 Ak E)

o B
Hs(k,E) - hT(k‘,E) 0 . (30)
If ﬂ%(k‘, E) further possesses mirror symmetry, i.e.:

where M, = 0,®1, we can define the normalized reduced
wavefunction over set A and B respectively:

ot = |20 ] o) = —osseth), 52

with ¢ = A, B. Tt can be proved that g (k) is mirror
symmetric, i.e. the normalized reduced wavefunction at
+k is related by M, up to a phase factor §(k) [Appendix
Al:

Mg (k) = e Fg(—k) (33)

Therefore, the Zak phase defined by z/?s(k) is quantized
[57):

Zj=i / dk (P (k)| 0k% (k) = 0 or , (34)

where j is the band index.

For the conventional SPT phases, as illustrated in Fig.
4(b), the topological phase transition takes place at the
gap closing point. As a result, the degenerate edge states
always come in pairs and the Zak phases of adjacent
bands always change simultaneously. With the normal-
ized Zak phase Z, we find another type of topological
phase transition in asymmetric systems. As shown in
Fig. 4(c), accompanied by the appearance of chiral edge
states, the normalized Zak phase Z of the jth band takes
an abrupt change. Compared with the conventional SPT
phase transition, the normalized Zak phase of each band
can change independently and the edge states do not have

to come in pairs. These features are in good match with
the topological properties of chiral edge states in asym-
metric systems, indicating the bulk-edge correspondence
can be established.

We note that Z is also a Z, invariant. That is to
say, Z remains unchanged when even number of edge
states emerge simultaneously from the same band (e.g.

the second band of SSH3 model).

C. The Bulk-Edge Correspondence in Asymmetric
Ladder SSH Model

The advantage of our new invariant Z is that it can be
utilized in more complicated systems, e.g. the 1D ladder
models or even 2D models. As an example, in this section
we would like to extend Z into the asymmetric ladder
SSH model and establish the bulk-edge correspondence.
As shown in Fig. 5(a), the Hamiltonian of asymmetric
ladder SSH model can be written as:

0Lt 000
50 0ts 00
ts 000 0 t5 0

Hladder(k) = 0 ts 00 0 ts P (35)
0 0ts O 0 Iy
000t 0
where ll = t1 + tgeik, lg = t3 + t4€ik. ‘When t5 75 tﬁ,

the spatial inversion symmetry is broken; When t; # t3
and ty # ty4, the Cy rotation symmetry is broken. The
breaking of spatial symmetry makes the conventional Zak
phase unquantized. On the other hand, H;sqder (k) pos-
sesses chiral symmetry, which makes the band structure
symmetric around E = 0.

The band structure versus ¢t under OBC with t; = 5,
t2=1, t3=2, t4:4, t5 :t—|—1, t6 =t is shown 1nF1g
5(b). Two pairs of edge states marked by red and blue
lines can be observed in the second and fourth gaps. The
energies of the edge states are F = +t5 and E = +ig
while the critical points are t = 5 and ¢ = 6, respectively.
The spatial distribution of the edge states are shown in
Fig. 5(d), which exhibits characteristics of chiral edge
states in a way that only part of the sublattices are oc-
cupied. ~

We first consider the effective Hamiltonian Hg(k, E)
with S = {|1),2),]5),|6)}. As shown in Fig. 5(c), in the
base A = {|1),]6)} and B = {|2),|5)}, Hs(k, E) exhibits
a Rice-Mele form:

Ashp)= | 2 MEE (36)
th(kvE) ESIQ
with
_ [t Attt Bl
wnm) = [ LET, E (37)

2 2
When F = %" or E = %, the system supports chiral edge
states with zero amplitude over set B or A respectively,
which are exactly the edge states in Fig. 5(d).
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FIG. 5. (a) The schematic of the asymmetric ladder SSH
model. (b) The band structure versus ¢ under OBC with
tih =50, ta =1,t3 =2,ta =4,ts =t+1, t¢ = t. The edge
states are marked by blue and red lines. (c¢) The schematic
of the effective Hamiltonian with S = {|1),]2),]5),|6)}. (d)
The spatial distribution of the edge states of the asymmetric
ladder SSH model, showing typical characteristics of chiral
edge states. (e)-(f) Schematic of the redfined sublattices di-
agonalizing the subspace composed of (e) {|1),]3),]4),]6)};
(f) {12),13),4),15)}. In the redefined sublattices, the onsite
energies are distinguished by different colors while the hop-
ping terms are 1/4/2 of the ones sharing the same color in
the original sublattices. The dashed lines indicate negative
hoppings. (g) The normalized Zak phase Z of the second and
third band.

As to the topological invariant, since the effective
Hamiltonian without onsite terms H2 (k) is mirror sym-
metric, Z can be calculated by the normalized reduced
wavefunction ¢g(k). In Fig. 5(e), Z of the second (third)
band exhibits an abrupt change at t = 6 (¢t = 5), which
coincides with the appearance of the chiral edge states
shown in Fig. 5(b).

The topological origin of the edge states can be fur-

ther understood through the sub-symmetry protected
topology with redefined sublattices. For the edge states
with zero amplitude over set B = {|2),|5)}, we per-
form the representation transformation to diagonalize
the subspace composed of the complement set B =

{11),13),14),16)}:

1) = (1) +13), Vi =t6

@) = 2(14) +16)), Vir = to

13") = Z5(11) = 13)), Var = —ts

S

6) = (1)~ [6)). Vor = g

As shown in Fig. 5(f), the Hamiltonian after transfor-
mation can be written as:

Hlladder = Hﬁj/\,42,5,4’} + H{I?SJ’\:I2,5,6/} (39)

where H{'", 5\ stands for the Rice-Mele ladder [44] de-
fined on sublattices |a), |8), |7), [6). It is known that
Rice-Mele ladder supports chiral edge states occupying
the opposite sublattices. Since these two Rice-Mele lad-
ders share the same sublattices |2) and |5), based on the
analysis in Sec. II(B), the chiral edge states occupy-
ing sublattice |1’), |4') and |3'), |6") are sub-symmetry
protected. The detailed derivation can be found in Ap-
pendix B. These are exactly the 4N'" and (2N + 1)
states shown in Fig. 5(d).

Similarly, for the edge states with zero amplitude over
set A, we diagonalize the subspace composed of the com-
plement set A = {|2), |3),]4),]5)}:

27) = 2(12) + 14)), Vor =15

3") = 5 (13) +15)), Var =t5

5

: (40)
47y = 3 (12) — 4)), Var = —t5

5") = 5(13) = [5)), Vor = ~t5

which also results in two coupled Rice-Mele ladders shar-
ing sublattices 1), |6) shown in Fig. 5(g):

Higgder = Hﬁ{\g”ﬁ“,ﬁ} + Hﬁ%/,&s//,ﬁ}- (41)

In this case, the chiral edge states occupying sublattice
|27}, 13"} and |4”), |5”) are sub-symmetry protected,
which correspond to the (4N + 1) and 2N states in
Fig. 5(d).

IV. TOPOLOGICAL CHIRAL CORNER STATES
WITH REDEFINED SUBLATTICES IN 2D
SYSTEMS

In this section, we would like to extend our theory into
2D systems where a new kind of higher-order topology
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FIG. 6. (a) Schematic of the BBH3 model. The dashed
lines indicate negative hoppings. (b) The bulk bands of the
BBH3 model. All the bands are two-fold degenerate over the
whole Brillouin Zone. (c¢) The band structure versus ¢4 under
OBC with 1 = t2 = 2, t3 = 1. (d) The spatial distribution of
the corner states, exhibiting typical characteristics of chiral
corner states. (e) Schematics of the BBH3 model with two
types of redefined sublattices.

can be found. With redefined sublattices, new topolog-
ical chiral corner states protected by sub-symmetry are
discovered and new topological phases can be defined.
These corner states remain intact even when the spatial
symmetry is fully broken, exhibiting a fundamental dif-
ference with the conventional quadrupole corner states.
Here we construct the 2D BBH3 model as a prototype
to exhibit our findings. By breaking the spatial symme-
try, higher-order topological phase transition without gap
closing is observed. Even more, some of the chiral cor-
ner states can move into the bulk continuum, exhibiting
typical characteristics of the TBICs. As to the topologi-
cal invariant, we introduce our new topological invariant
Z into 2D and the edge-corner correspondence is estab-
lished through the normalized edge polarization p°%9¢.

A. BBH3 Model

Here we consider a 2D model whose unit-cell structure
is shown in Fig. 6(a). It can be regarded as stacking the

SSH3 model and its mirror-symmetric counterpart alter-
natively along y direction. Mimic the BBH model [20],
here we introduce a 7 flux in each plaquette by setting
negative hoppings in y direction, which are marked by
dashed lines in Fig. 6(a). In this sense, we define this
model as the BBH3 model. The Hamiltonian of BBH3
model can be written as:

0 t1 hi hay 0 O

t1 0 to O O O

h* ¢ 0 0 0 —h
Hepas(ks, ky) = h% 02 0 0 £ h12 , (42)

00 0 t2 0 #
0 0 —hS BE t; 0

where hy = tqe™*= hy = t5 + tse~*v. The bulk bands of
the BBH3 model are shown in Fig. 6(b).

In terms of symmetry, BBH3 model has pro-
jective inversion symmetry P, YeE a3lks, ky)Pr =
HBBHS(_km —ky) with PI2 = —1. AlOIlg with the
time-reversal symmetry 7T, it gives rise to two-fold band
Kramers degeneracy over the whole Brillouin Zone [58].
When t; = to, BBH3 model is also mirror symmetric in
both z and y directions.

In the following, we would like to discuss the higher-
order topological properties of the BBH3 model under
three different settings. In Sec. IV(B)-(C), we first con-
sider the mirror-symmetric case, i.e t; = to. In Sec.
IV(D), we investigate the general situation where t1 # ts.
Additionally, in Sec. IV(E), we introduce the asymmetric
BBH3 model where all the spatial symmetry is broken.

B. Chiral Corner States in Mirror-Symmetric
BBH3 Model

In this section, we first consider the corner states in
mirror-symmetric BBH3 model by setting t; = t5. The
band structure versus t;, under OBC with t; = t5 = 2,
ts = 1 is shown in Fig. 6(c). When t4 passes the critical
point, accompanied by the closing and reopening of both
gaps, four-fold degenerate corner states localized at four
corners can be observed in each gap, which are marked
by magenta lines in Fig. 6(c). The indexes of the eight
corner states are 2N2 — 1, 2N2, 2N2 + 1, 2N? + 2 and
4N? — 1, 4N?, 4N? 4 1, 4N? 4 2 respectively, indicat-
ing a filling anomaly [54] which further confirms their
nontrivial topology. In Fig. 6(d), we exhibit the spatial
distribution of these corner states. All of them show typ-
ical chiral characteristics in a way that the amplitudes of
the wavefunctions at certain sublattices remain zero.

To investigate the topological origins of these corner
states, we redefine the sublattices in a way similar to
Sec. III(C). As shown in Fig. 6(e), we first take the rep-
resentation transformation to diagonalize the subspace
composed of {|1),]2),|5),|6)}, which results in two cou-
pled 2D Rice-Mele models [44] sharing sublattices |3) and
|4):

Hpprs = H{ 3 usy + Hiz e (43)



where H?o’? g“]‘f 5} stands for the 2D Rice-Mele model de-

fined on sublattices |«), |8), |7), |6). It is known that
2D Rice-Mele model supports four chiral corner states
occupying one of the sublattices. Therefore, the four chi-
ral corner states occupying the redefined sublattices |17),
|2}, 15"), |6') respectively are sub-symmetry protected.
As to the other four corner states, we perform an-
other representation transformation to diagonalize the
subspace composed of {|2),]3),[4),|5)}. The Hamilto-

nian after transformation reads as:
1 _ 772DRM 2DRM
HBBH3 = H{l,2”,4”,6} +H{1,3”,5”,6} (44)

and the four chiral corner states occupying the redefined
sublattices |2”), |4”), |5"), |6") respectively are also sub-
symmetry protected. Therefore, all of the eight corner
states shown in Fig. 6(c) and Fig. 6(d) are chiral corner
states with redefined sublattices.

C. The Edge-Corner Correspondence for
Mirror-Symmetric BBH3 Model

Generally speaking, the higher-order topology can be
described by two methods. One is the bulk-corner corre-
spondence where the topological property of the corner
state is illustrated by the quantized bulk invariant, such
as the 2D Zak phase [21] and the quadrupole moment
[11]. The other is the edge-corner correspondence which
relies on the topological properties of the edge bands
under ribbon structure, such as the edge polarization
[58, 59] and the effective boundary Hamiltonian [60]. In
this section, we surprisingly find that the bulk-corner cor-
respondence fails in the mirror-symmetric BBH3 model
even though a quantized bulk invariant can be calculated.
However, the edge-corner correspondence can still be es-
tablished by the edge polarization.

Firstly, we would like to exhibit the failure of bulk
topological invariant. The presence of mirror symme-
try M., M, and projective inversion symmetry Pr guar-
antees vanishing 2D Zak phase as well as quantized
quadrupole moment ¢, [11]. In Fig. 7(a), we calcu-
late g, versus t4 with ¢t =to =2, t3 = 1 at 1/3 filling,
where an abrupt change from 0 to 0.5 can be observed at
t4 = 1.86. The change of g, is associated with the van-
ishing of the Wannier band gap shown in Fig. 7(b) as well
as the change of nested Wilson loop p”. The relationship
between g, and p” satisfies the typical characteristics of
Type-1 quadrupole topological insulator [59]:

Quy = 2D3" Dy - (45)

However, as shown in Fig. 6(c), the critical point of the
degenerate corner states is at t4 = 2, which is inconsistent
with gz,. That is to say, although a nontrivial bulk topo-
logical phase can be defined in mirror-symmetric BBH3
model, the bulk-corner correspondence can not be estab-
lished. This mismatch between corner states and g,y in-
dicates a fundamental difference between our new chiral

10

@ — () 4=18 ts=1.86 ty =1.92
0.5 ‘\ 1,05 pzi?;/: ol v05 L\//J v,0.5
a \‘ -t 0 o7 - 0 T
Loy | k, ke
‘ _ _
0 J 0.5 p =05 0.5 ( ] 1 V0.5 TQ;’X =0 q
1.7 0 -
(©
2 3 4 5
ty
FIG. 7. The bulk-corner and edge-corner correspondence

of the mirror-symmetric BBH3 model. (a) The quadrupole
moment ¢gy versus t4 at 1/3 filling. (b) The Wannier band
vz (ky) and vy (k) at 1/3 filling, showing a topological phase
transition at t4 = 1.86. (c) Schematic of the y-open ribbon
structure of the BBH3 model. (d) The band structure of the
y-open system in (c). Three pairs of two-fold degenerate edge
bands are plotted in different colors while the parities of the
lowest two edge bands at high-symmetry points are marked
by =+ signs. (e) The edge polarization of the lowest two edge
bands with the y-open ribbon structure versus 4.

corner states and the conventional symmetric-protected
quadrupole corner states.

With the failure of bulk-corner correspondence, next
we would like to establish the edge-corner correspon-
dence. As shown in Fig. 7(c), here we consider the
y-open ribbon structure of the BBH3 model. From the
band structure shown in Fig. 7(d), three pairs of edge
bands marked by different colors can be observed. We
note that all the edge bands are two-fold degenerate due
to the projective inversion symmetry. When t; passes
the critical value, the edge gaps close and reopen while
the parity of the edge states at the high-symmetry point
flips, indicating the topological phase transition of the
edge bands.

To exhibit the topological property of the edge band,
we can calculate its polarization:

7

27

edge _

P / A (62 (k) O 1 (k) (46)

where 9 (k,) stands for the wavefunction of the jth edge
band. Fig. 7(e) exhibits pt?9¢ of the lowest two edge
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FIG. 8. (a) The band structure of the BBH3 model versus

ts under OBC with t; = 2, t2 = 3, t3 = 1. (b) The band
structure of the y-open system. (c) Schematic of the effec-
tive Hamiltonian of the y-open ribbon structure of the BBH3
model. (d) The edge polarization of the lowest two edge bands
versus t4. The edge polarization is no longer quantized due
to the breaking of mirror symmetry. (e) The normalized edge
polarization versus t4.

bands (marked by magenta lines in Fig. 7(d)) versus
ty. When t4 = 2, one can see an abrupt change from
pidge =0 to pidge = 40.5, which is consistent with the
appearance of the chiral corner states. In this way, the
edge-corner correspondence can be established through
the edge polarization p©®9¢.

We note that p°®¢ is quantized only in mirror-
symmetric systems. Therefore, for the general BBH3
model discussed in the next section, new method is

needed to illustrate its higher-order topology.

D. Chiral Corner States in BBH3 Model without
Mirror Symmetry

By setting ¢1 # t2 in the BBH3 model, we can break
the mirror symmetry in both z and y directions while
preserving the spatial inversion symmetry. In this case,
the band structure versus t, under OBC with ¢; = 2,
ts = 3, t3 = 1 is plotted in Fig. 8(a). By breaking the
mirror symmetry, the four-fold degenerate corner states
in each gap split into two sets of two-fold degenerate cor-
ner states marked by different color with different energy
and different critical point. Meanwhile, the emergence
of the corner states is not accompanied by the closure of
the band gaps, exhibiting similar characteristics of the
asymmetric SSH3 model.

The split of the corner states can be understood
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through the redefined sublattices. Based on the Hamil-
tonian defined in Eq. (43), Eq. (44) and the topological
properties of 2D Rice-Mele model, we can deduce the en-
ergies and the critical points of chiral corner states as
follows [Appendix C]:
E=4ty, ti> max{tg,tg}
: (47)
E= tto, tg > max{thtg}
which matches the band structure in Fig. 8(a).

In terms of the edge-corner correspondence, as shown
in Fig. 8(b), three pairs of two-fold degenerate edge
bands can still be observed. However, due to the break-
ing of mirror symmetry, the edge polarization in Fig.
8(d) is no longer quantized. Meanwhile, we notice that
the y-open ribbon structure of the BBH3 model illus-
trated in Fig. 7(c) is effectively a 1D system, indicat-
ing that the methods introduced in Sec. III might be
utilized. Therefore, in Fig. 8(c) we illustrate the effec-
tive Hamiltonian 7:[5(]636, E) of the ribbon structure with
S = {|6n—5),|6n—3),|6n—2),|6n)}, wheren =1,...,. N
is the index of the unit cell in y direction. Hg(ks, E)
show typical properties of Rice-Mele-like structure with
A={|6n —5),|6n)} and B = {|6n — 3),|6n —2)}:

t?I
BinN
(ko) E)

h(kz, E)

: (48)
d1y

Meanwhile, the effective Hamiltonian without onsite
terms H%(k,) is mirror symmetric. Therefore, through
the normalization of the reduced wavefunction in Eq.
(32), similar to the normalized Z defined in Sec. III(B),
we can calculate the normalized edge polarization:

P = o / o (0L (ko) O, 02 (2)). (49)

The pc%9¢ of the lowest two edge bands are shown in
Fig. 8(e). pc9¢ is quantized and an abrupt change from
ped9e = 0 to pe?9¢ = +£0.5 can be observed at t4 = 2,
which coincides with the band structure in Fig. 8(a).

It is worth noting that the normalized p¢?9¢ also has
the Z, feature similar to the normalized Z defined in Sec.
ITI(B). That is to say, it cannot describe the case where
even sets of corner states emerge simultaneously from the
same edge band, such as the edge bands marked in green
in Fig. 8(b).

E. Chiral Corner States in Asymmetric BBH3
Model without any Spatial Symmetry

To take a step further, in this section we would like
to break the inversion symmetry in BBH3 model. As
illustrated in Fig. 9(a), we introduce the extra parame-
ter t5 and tg so that all the spatial symmetry is broken.



edge

2 |
max
i -0.5
* *
2 3 4 5
—————— “====min ty
FIG.9. (a) Schematic of the asymmetric BBH3 model with-

out spatial inversion symmetry. (b) The bulk bands of the
asymmetric BBH3 model. (c¢) The band structure versus t4
under OBC with t1 = 2, to = 5, t3 = 1, ts = 4, te = 3. (d)
Schematics of the asymmetric BBH3 model with two types of
redefined sublattices. The system can no longer be decoupled
into two 2D Rice-Mele models since the redefined sublattices
on the opposite positions share different onsite energies. (e)
Spatial distributions of the corner states marked by stars in
(c¢). (f) The normalized edge polarization of the two lowest
edge bands versus t4.

The Hamiltonian of the asymmetric BBH3 model can be
written as:

0 t, B, hy, 0 0
1 0 t, 0 0 0
Bty 0 0 0 —H

Hasppus(ke ky) = , (50)

By 0 0 0 t5 K
00 0 t5 0 tg
0 0 —hy By tg 0

where b} = tyetFs| hly = t3 + tse”*v. As a result, one
can see in Fig. 9(b) that the two-fold degeneracy of the
bulk band is lifted. Surprisingly, as to the band structure
under OBC shown in Fig. 9(c), the eight in-gap corner
states remain intact. Moreover, by turning the inter-cell
hopping term tg, the corner states marked by red and
magenta lines move into the bulk continuum while their
wavefunctions in Fig. 9(e) are still localized at the cor-
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ners, exhibiting the typical characteristics of the TBICs.

In Fig. 9(e), we also find that these corner states ex-
hibit chiral characteristics. However, they can no longer
be understood as the sub-symmetry protected chiral cor-
ner states with the redefined sublattices. When t; # ¢
and ty # t5, as illustrated in Fig. 9(d), the system af-
ter representation transformation can not be decomposed
into two 2D Rice-Mele models since the redefined sublat-
tices on the opposite positions, for example [1’) and |5'),
|2) and |6'), etc., share different effective onsite energies.
Instead, these corner states can be explained as the sub-
symmetry protected generalized chiral states [15, 31] as
they only occupy one of the redefined sublattices. Based
on the analysis in Appendix D, we find that the ener-
gies and the critical points of these corner states can be
written as:

E = :l:tl, ty > maX{t27 tg}
E=+4ty, tyi> maX{thtg}
: (51)
E=+tg, tg> max{t5,t3}
E=+4t5, ts> maX{t(;,tg}

which is consistent with the band structure in Fig. 9(c).
As to the edge-corner correspondence, in Fig. 9(f) we
plot the normalized edge polarization p¢29¢ of the lowest
two edge bands. Two abrupt changes can be observed at
ty = t1 and t4 = tg respectively, which exactly correspond
to the critical points of the two lowest corner states.

V. TOPOLOGICAL CHIRAL CORNER STATES
IN 2D ASYMMETRIC ACOUSTIC CRYSTALS

Mimic the experimental realization of the acoustic
BBH model [24, 61], in this section we propose an experi-
mental design to realize the asymmetric BBH3 model and
the corresponding chiral corner states. Here we utilize
the air cavity working at the P,-dipole modes to emulate
the sublattices of the tight-binding model. As shown in
Fig. 10(a), the size of the air cavity is set to w = I = 8cm,
h = 10cm, which presents a P,-dipole mode with eigen-
frequency wy = 1716Hz. By connecting two identical
air cavities with tubes, the effective Hamiltonian of the
composed system can be written as [24]:

H= [‘20 o’jo} , (52)

where x stands for the coupling strength between the
P, modes. For positive (negative) coupling, the [1,1]
([1,—1]7) eigenmode has a higher frequency. As shown
in Fig. 10(a), the positive and negative hoppings can
be obtained through different types of connecting tubes
between the air cavities, i.e. the straight tubes marked
in blue and the twisted tubes marked in yellow. Mean-
while, the coupling strength can be tuned by the width



13

(a) Positive

1702.7Hz

1727.5Hz
(d) dy=dyd, =ds(e)
1740

P

frequency

1702.3Hz

1731.1Hz

1 1.5 2
dg(cm)

(f)  dy #dy,dy # dy

© . di=dydy=ds
1730 1730 ‘f
S o
= 21720 : Q00
= 1720 H !j E: ..... or
B é o
§ @ Z1710 ° o
g1710 ﬁ 5
= 1700 i S B e
~ 0 50 100 150 5 Min Max
index [
1700
T X M Y r

FIG. 10.  (a) Acoustic design for the positive and negative hoppings. The size of the air cavity is set as w = [ = 8cm,
h = 10cm, s = 3cm, d = 2cm. (b) Schematic of the acoustic BBH3 model. (c) The bulk bands of the acoustic BBH3 model
with di = d4 = lem, d2 = d3 = 1.5cm, ds = 0.5cm, ds = lcm. (d) The band structure versus dg for a finite-sized (5 X 5 unit
cells) sample under OBC with di = ds = lecm, d2 = d3 = 1.5cm, ds = 0.9cm. The corner states are marked by red and blue
lines. (e) The spatial distribution of the corner states in acoustics BBH3 model. The other four corner states can be obtained
by inversion symmetry. (f) The band structure of the asymmetric BBH3 model under OBC with di = 0.9cm, d2 = 1.8cm,
ds = 1.5cm, ds = 1.2cm, ds = 0.8cm, d¢ = 1.4cm. The spatial distribution of the chiral corner states marked by red points are

plotted on the right side.

of the connecting tube d. Based on these results, we de-
sign the acoustic BBH3 model, whose unit cell structure
containing six air cavities is shown in Fig. 10(b).

We first consider the special case with di = d4 and
ds = d3, which corresponds to the BBH3 model discussed
in Sec. IV(D). The six dipole bulk bands are plotted in
Fig. 10(c). Similar to the tight-binding model, the bands
are almost two-fold degenerate. In order to demonstrate
the corner states, in Fig. 10(d) we plot the band struc-
ture versus dy for a finite-sized (5 x 5 unit cells) sam-
ple under OBC. As expected, two pairs of two-fold de-
generate in-gap corner states marked by different colors
can be observed with the critical points d¢ = d; and
dg = ds respectively, which shares similar property with
the band structure of the BBH3 model in Fig. 8(a). Fig.
10(e) shows the spatial distributions of the acoustic cor-
ner states. They also exhibit typical chiral characteris-
tics in a way that only some of the air cavities in each
unit cell are occupied. At last, we consider the general
case with dy # d4 and dy # d3, which corresponds to the
asymmetric BBH3 model discussed in Sec. IV(E). In Fig.
10(f), we find that two eigenstates marked by red circles
are still chiral corner states even though they move into
the bulk continuum. Therefore, all the topological chiral
corner states obtained in Sec. IV can be realized in the
acoustic crystals proposed in this section.

VI. CONCLUSION

In summary, we systematically study the topologi-
cal chiral boundary states in three different asymmet-
ric models, i.e. 1D chain model, 1D ladder model and
2D model. Starting from the simplest SSHm model,
we find that all its possible edge states can be under-
stood as the sub-symmetry protected chiral edge states
with redefined sublattices. In terms of topological in-
variant, we define the quantized normalized Zak phase
Z through the Rice-Mele-like effective Hamiltonian. The
advantage of Z is that it can be easily extended to more
complicated systems. As an example, we establish the
bulk-edge correspondence in the asymmetric ladder SSH
model. Furthermore, we introduce our methods into the
2D systems. We construct the 2D BBH3 model as a
prototype to show our findings where new chiral corner
states are found with redefined sublattices. These edge
states are robust against any spatial symmetry, show-
ing a fundamental difference with the spatial-symmetry
protected quadrupole higher-order topology. The corner
states can even move into the bulk continuous spectrum,
exhibiting the characteristics of TBICs. Meanwhile, we
also introduce the normalized Z into 2D and establish
the edge-corner correspondence through the normalized
edge polarization pe®¢. Finally, we propose an experi-



mental realization of the acoustic BBH3 model and the
chiral corner states are numerically observed. Our work
establish the topological theory and the corresponding
topological invariant for various asymmetric 1D and 2D
asymmetric systems with chiral boundary states. By re-
defining sublattices, we find that models with entirely
different structures might share the same topological ori-
gins. Utilizing our method, the discovery of the topo-
logical properties in many asymmetric systems can be
expected.
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Appendix A: The Symmetry of the Normalized
Reduced Wavefunction

In this appendix, we would like to show that the re-
duced wavefunction of the effective Hamiltonian satisfy-
ing Eq. (28) and Eq. (31) can reconstruct its symmetry
through normalization. The generalized eigenequation in

) can be decoupled into two parts:

h(k, E)hT (k, E)pa(k) = M(E)¢a(k)
(A1)
hi(k, E)h(k, B)¢p (k) = M(E)¢p (k).
w1th M(E) = [E — v1(E)]|[E — v2(E)]. Meanwhile, from
g- (31) on can get
h(k,E) = h'(~k, E). (A2)

Since all the systems under consideration here have time-
reversal symmetry, we have ¢4(k) = ¢%(—k), ¢p(k) =

¢ (—k). Therefore, the second equation in Eqs. (Al)
can be rewritten as:
h(=k, E)A =k, E)é(k) = M(E)¢p(k),  (A3)

which indicates that the difference between ¢p(k) and
¢a(—k) is up to a constant:

¢p(k) = |Crle?P pa (k).
Following the normalization performed in Eq. (32), we
have ¢ (k) = €W 4(—k), pa(—k) = ¢4 (), dp(—k) =
¢p(k). It is easy to see that the normalized reduced
wavefunction 1g (k) is mirror symmetric:

weisth) = [ 7] [aosy] -
o[ _Gal

e—i@(k)éA(k)] = " Whg(—k).

Furthermore, as long as QZ)S(k) is well-defined, it has a
definite parity at the high-symmetry point kg = 0, 7:

Mys (ko) = +1ps (ko). (A6)

(A4)

(A5)
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Appendix B: Detailed Derivation of the
Sub-Symmetry Protected Chiral Edge States in
Asymmetric Ladder SSH Model

In this appendix, we would like to give a detailed form
of Eq. (39) and show that the edge states are sub-
symmetry protected. Hj, ;.. can be written as:

Hl/adder = Hl(ai;der + Hl(ci;der + t6P1/»4/ - t6P3/76/ (Bl)

where
gD
ladder Z
¥

ts 4 ts ta )
+ECTL7QC”74/ + ﬁcn)5cn,4, + ﬁcn_‘_lﬁcn,éy + h.c.

to t t5 +
cn 2C, 1+ ﬁcn 2Cp41,10 T \/50”75%71’

t1 to s
g% = Z L tpact o+ e ac! — 2 epset
ladder n,26n 3/ 1,200,413/ 1,560, 3/
— 2 V2 V2
ts t ts t ta f
+Ecn7gcn76, - ﬁcnﬁcn,ﬁ, — ﬁcm_lﬁcn,ﬁ/ + h.c.

(B2)

and P, g stands for the projection operator over sublat-
tice |a), |B). We note that the relationship between Eq.
(39) and Eq. (B1) reads as:

H{Y 50y = = Hy e + 6P
(B3)
(2)
H{3jf\42 56’} — = Hyggger — te P36
For Hl(;;der + Hl(jc)lder, the sub-symmetry over [17), |4/)

and |3'), |6") are satisfied:
1 1 2
(1)[Hl(a;der + Hl(a;der]r(l)Pll 4= _[Hl(ac)lder + Hl(at)ider]PllA/

T (1) _ (1) (2)
Uiy Hiagaer + Hladder]F(Q)P3/v6' = ~[Hyyager T Higgaer| Ps 6

(B4)
where I'(1y = P14 — Po 5, I'(2) = P3¢ — P2 5. Therefore,
the zero-energy chiral edge states occupying sublattices
[17), ]4") and |3"), |6) are sub-symmetry protected:
2 i 2 i
Zi:l Hl(aEider|R1/v4'> = Zi:l Hl(agider|R3/16,> =0
(B5)

Py y|Rya) = |Rya), Pyel|Rye)=|Rse)
Together with Eq. (B1), we have:
Higqaer|Bv ar) = to|R1v,a),  Hgager B3 6) = —t6| Rz 6),

(B6)

i.e. chiral edge states can be found in asymmetric ladder
SSH model at F = +tg.

Appendix C: The Detailed Topological Properties of
the Chiral Corner States in BBH3 Model

In this section, we would like to deduce the energies
and the critical points of the chiral corner states in BBH3



model. The two 2D Rice-Mele models defined in Eq. (43)
can be written as:

gpeorv [0l Myl oppy [ hila Hp
{1',3,4,5'} ”H;T RE {27,3,4,6} "Hg 0
(C1)
with
g — L[t tae™e ty o tgemthy
1= v2 —tg—t462ky t2+t4€_lkm
(€2)

, 1 [—tattae™ ty 4 tgem
Hy = =5 ik —iky
V2 | tg +tgev ty — tye e

Based on the topological property of 2D Rice-Mele model
[44], for H%Eg% 5y when the inter-cell hopping ex-
ceeds the maximum of intra-cell hoppings, i.e. ¢4 >
max{te, t3}, there exist chiral corner states occupying
sublattice [1), |5') with E = ¢;. For H%Q,@%G’}’ chiral
corner states occupying sublattice |2'), |6") with E = —t;
can be observed also when t4 > max{to, t3}.

The two 2D Rice-Mele models defined in Eq. (44) can
be written as:
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0.5
42DRM 0 HY 42DRM 0 Hy
{127,476} = |t 4oL, |0 {137,576} = |yt o1,
(C3 Uy e
with -0.5¢ ‘
N — L b1+ taetr b3+ tye v 0 t3 * °
L7 VR [ty — tae™ g + gk 5
" a1 (C4) FIG. 11. (a) Schematic of the asymmetric BBH model. (b)
q— L t1 — t4€f * lg+tse™" v The band structure versus t5 under OBC with t; = 1, to = 3,
2 V2 |tg + taefy  —ty + tye e ts = 2, t4 = 4. The spectrum is divided into three regions

Therefore, when ¢4 > max{ty,t3}, there exist chiral cor-
ner states occupying sublattice |2”), [4”) (]3"), |5")) with
E =ty (E = —t3).

Appendix D: The Generalized Chiral Corner States
in Asymmetric BBH Model

In this appendix, we would like to analyze the proper-
ties of the generalized chiral corner states in the asym-
metric BBH model. As shown in Fig. 11(a), the Hamil-
tonian of the asymmetric BBH model can be written as:

0 mi1 Mo 0
mf 0 0 ms

HAS’BBH(kz7ky) = m; 0 0 my ) (Dl)
0 my mj; O
where my = t1 + tse'f=, mo = to + tse v, mg =

—tg —tse v, my =t +tse’™+. With the unequal intra-
cell hopping terms, both the mirror symmetry and spa-

tial inversion symmetry are broken. As to the non-spatial

according to the number of zero-energy corner states. (c)
The quadrupole moment g5y versus ¢s. (d) The gdadrupole
winding number N, versus t5. (e)-(f) The band structure of
the z-open ribbon structure at (e) t5 = 3 and t5 = 4. (g) The
Wannier band versus t5 at half filling. The edge polarization
pzdge is marked by red and blue lines.

symmetry, the asymmetric BBH model has time-reversal
symmetry and chiral symmetry. The band structure ver-
sus t; under OBC with t1 = 1, t3 = 3, t3 =2, t4, = 4
is plotted in Fig. 11(b), which can be divided into three
regions according to the gap-closing points t5 = 3 and
ts = 4. In these three regions, the number of the zero-
energy corner states is N =0, N = 2 and N = 4, re-
spectively. This is quite different from the conventional
BBH model [20] and the extended BBH model [19] where
the number of the zero-energy corner states has to be a
multiple of 4. The difference is also verified through the
bulk invariant. Although both the quadrupole moment
gzy and the quadrupole winding number N, are quan-
tized due to chiral symmetry [18, 19], neither of them is
able to establish the bulk-corner correspondence.



The properties of the zero-energy corner states can be
explained through the generalized chiral symmetry. For
a system composed of n sublattices in each unit cell, the
generalized chiral symmetry is represented as [15, 62]:

Fﬁlﬂirn =Hit1,

n—1
Zj:() H;j=0

where Hg is the system Hamiltonian and I',, is the gen-
eralized chiral operator:

(D3)

.2 —1
j2m(n=1)
o

For the zero-energy corner state protected by the T,
its wavefunction only occupies one of the sublattices
[15]. Obviously, Hasppw(ks,ky) possesses the general-
ized chiral symmetry I'y. Therefore, the zero-energy cor-
ner states |C,,) occupying sublattice o = 1,2, 3,4 should
satisfy:

<6|Coz> = 5043;

Haspp|Co) =0

B=1,23,4
(D4)
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Therefore we have:
|Cy) : t5 > max{t1,t2}
|CQ> tty > max{tl,t4}

(D5)
|Cg> cty > maX{tg,t;;}

|Cy4) : t5 > max{ts, ta}

which coincides with the band structure exhibited in Fig.
11(b).

The topological property of the asymmetric BBH
model can be described through the edge polarization
p°¥9¢. In Fig. 11(e)-(f), we plot the band structure of
the z-open ribbon structure. Due to the breaking of spa-
tial inversion symmetry, the degeneracy of the edge bands
marked in blue and red is lifted. As a result, they share
different topological transition points, which corresponds
to the gap-closing points in Fig. 11(b). It is worth not-
ing that the edge bands are not isolated from the bulk
bands, so the p°@° can not be directly calculated by Eq.
(46). Instead, in Fig. 11(g) we calculate the Wannier
spectrum v, at half filling. The edge states in v, marked
in color stands for p°?9¢, where the abrupt change takes
place at t5 = 3 and t; = 4 respectively, indicating the
edge-corner correspondence is established.

As to the sub-symmetry property, the chiral corner
states occupying sublattice |«) is preserved as long as
the following relationship is satisfied [31]:

n—1
> H;Py =0, (D6)
i=0

where H; is deﬁnedJ in Egs. (D2), P, is the projection
operator P, = |a){a|. Meanwhile, the onsite term over
sublattice o V,, only shifts the energy of the chiral corner
states without affecting its spatial distribution. There-
fore, for the asymmetric BBH3 model with redefined sub-
lattices shown in Fig. 9(d), the generalized chiral corner
states occupying sublattices |17), |2/), |5'), [6'), [2"), |3"),
|4"), |5”) are preserved, which are exactly the eight cor-
ner states shown in Fig. 9(c) and Fig. 9(e).
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