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Water vapor capture through free surface flows plays a crucial role in various industrial
applications, such as liquid desiccant air conditioning systems, water harvesting, and
dewatering. This paper studies the dynamics of a silicone liquid sorbent (also known
as water-absorbing silicone oil) flowing down a vertical cylindrical fibre while absorbing
water vapor. We propose a one-sided thin-film-type model for these dynamics, where the
governing equations form a coupled system of nonlinear fourth-order partial differential
equations for the liquid film thickness and oil concentration. The model incorporates
gravity, surface tension, Marangoni effects induced by concentration gradients, and non-
mass-conserving effects due to absorption flux. Interfacial instabilities, driven by the
competition between mass-conserving and non-mass-conserving effects, are investigated
via stability analysis. We numerically show that water absorption can lead to the forma-
tion of irregular wavy patterns and trigger droplet coalescence downstream. Systematic
simulations further identify parameter ranges for the Marangoni number and absorption
parameter that lead to the onset of droplet coalescence dynamics and regime transitions.
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1. Introduction

Thin liquid films flowing down vertical cylinders have been extensively studied due
to their wide range of technological applications, including fibre coating (Quéré 1999),
textiles (Minor et al. 1959; Patnaik et al. 2006), inkjet printing (Lohse 2022), and various
other fields (Chinju et al. 2000; Binda et al. 2013). Fibre coating, in particular, plays a
critical role in industrial processes, as coating materials are used to protect and lubricate
surfaces (Quéré et al. 1997). Beyond their practical relevance, these films display complex
and fascinating interfacial dynamics, including the formation of droplets and traveling
wave patterns (Gau et al. 1999; Kalliadasis & Chang 1994; Quéré 1990). Unlike thin
films on planar substrates, thin films on cylindrical substrates are inherently unstable
due to the additional azimuthal curvature of the free surface. The Rayleigh-Plateau (RP)
instability, driven by gravity and surface tension, leads to a wide variety of spatial and
temporal dynamics in these systems. Furthermore, coherent structures, such as droplet-
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like pulses and bound states, can be observed in viscous films flowing down vertical fibres
(Duprat et al. 2009).

The experimental study by Quéré (1990) identified a critical thickness for fibre coating
flows below which solitary wave solutions occur. It was observed that this critical
thickness scales with the cube of the fibre radius for the formation of a drop. Following
this experimental work, various long-wave models have been developed to analyze the
evolution of the film interface into an undulating surface, leading to the formation of
traveling waves and droplets along vertical cylinders. These include thin film models
developed by Trifonov (1992) and Frenkel (1992), and further studied by Kalliadasis &
Chang (1994) and Chang & Demekhin (1999); thick film models (Kliakhandler et al.
2001); asymptotic models (Craster & Matar 2006; Ji et al. 2019); integral boundary
layer (IBL) models (Sisoev et al. 2006); and weighted-residual integral-boundary-layer
(WRIBL) models (Ruyer-Quil et al. 2008; Ruyer-Quil & Kalliadasis 2012). Thin liquid
film models typically assume that the film thickness is much smaller than the cylinder
radius, while asymptotic models treat the film radius as negligible compared to its
characteristic length. Both approaches simplify the Navier-Stokes equations to a single
evolution equation for the film thickness, making them well-suited for low Reynolds
number flows. In contrast, the IBL and WRIBL models derive a system of evolution
equations for both the film thickness and volumetric flow rates, making them applicable
to thin-film flows with moderate Reynolds numbers. In addition, Novbari & Oron (2009)
used the energy integral method to study the dynamics of an axisymmetric liquid film
on a vertical cylinder at moderate Reynolds numbers. These models effectively capture
a variety of dynamic phenomena in liquid films on vertical cylinders, including the
formation of coherent structures and droplet coalescence (Duprat et al. 2007; Ji et al.
2021).

Kliakhandler et al. (2001) classified three flow regimes for axisymmetric sliding droplets
on cylindrical fibres: convective, RP, and isolated. In the convective regime [regime (a)],
faster-moving droplets collide with slower ones. In the RP regime [regime (b)], droplets
travel with nearly constant inter-droplet spacing and speed, and coalescence does not
occur. In the isolated droplet regime [regime (c)], the droplets are widely spaced, with
smaller wavy patterns in between. Similar flow regimes have also been experimentally
studied in asymmetric instabilities of thin-film flows along a vertical fibre by Gabbard
& Bostwick (2021). The dependence of flow regimes and their transitions on system
parameters has been identified using both lubrication-based and weighted-residual models
(Craster & Matar 2006; Ruyer-Quil et al. 2008; Ji et al. 2019).

In addition to the studies mentioned earlier, other research has explored effects such
as wall slip (Haefner et al. 2015; Ding & Liu 2011; Halpern & Wei 2017), rotation (Rietz
et al. 2017; Liu & Ding 2020; Mukhopadhyay et al. 2020; Chattopadhyay et al. 2025),
fibre geometry (Xie et al. 2021; Eghbali et al. 2022; Chao et al. 2024), and the extension
of dynamics to non-Newtonian liquids (Camassa et al. 2024). A significant portion of
the literature has also explored the dynamics and stability of falling liquid films on
vertical cylindrical fibres under thermocapillary effects, with a few notable studies by
Liu et al. (2017), Davalos-Orozco (2019), Liu & Liu (2014), and Ding & Wong (2017).
On the other hand, studies by Chattopadhyay & Ji (2024), Chattopadhyay (2024), and
Chao et al. (2020) have explored the dynamics of reactive liquid films along a vertical
fibre. The studies by Wray et al. (2013a,b) considered fibre coating dynamics in the
presence of an electric field. Moreover, recent works by Marzuola et al. (2020), Ji et al.
(2022), and Taranets et al. (2024) studied the well-posedness of PDE models for liquid
films flowing down a cylinder. Kim et al. (2024) and Biswal et al. (2024) also studied
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positivity-preserving numerical schemes and optimal boundary control of fibre coating
systems.
From a practical perspective, capturing water vapor has numerous engineering appli-

cations. Liquid desiccant cooling, for example, is an energy-efficient and environmentally
friendly option for air conditioning, especially under hot and humid climate conditions
(Gurubalan et al. 2019; Chen et al. 2020; Gurubalan & Simonson 2021; Fahlovi et al.
2023). The process of capturing water vapor is also critical in several freshwater gener-
ation techniques, such as harvesting ambient moisture, recovering vapor from cooling
towers in thermoelectric power plants, and utilizing humidification-dehumidification
(HDH) systems for desalination (Giwa et al. 2016; Sadeghpour et al. 2019). Traveling
liquid droplets generated through instability in thin film flow down vertical fibres and
act as very effective radial mass sinks. The enhanced mass transfer effectiveness, in turn,
helps make more compact, economical, and energy-efficient dehumidifiers (Sadeghpour
et al. 2019).
Most previous fibre coating models assume mass conservation, and the dynamics of

non-conservative systems remain poorly understood. In this study, we investigate a fibre
coating model in which mass is not conserved due to water vapor absorption from the
surrounding environment. We recognize a significant gap in the literature regarding the
theoretical understanding of flow dynamics in thin liquid films along a vertical fibre during
vapor absorption. Past studies have explored vapor condensation and fluid evaporation
in thin films, but only on (near) planar or inclined substrates. For example, Burelbach
et al. (1988) developed a one-sided model for evaporating or condensing liquid films
spreading on a uniformly heated or cooled horizontal plane, where the dynamics of the
vapor phase were decoupled from those of the liquid phase. Oron & Bankoff (1999, 2001)
analyzed the dynamics of condensing thin films influenced by intermolecular forces on
both horizontal and inclined substrates. Bourges-Monnier & Shanahan (1995) provided
experimental insights into the dynamics of volatile droplets, and Oliver & Atherinos
(1968) conducted experiments to understand the influence of carbon dioxide and oxygen
absorption by water films. Ajaev (2005), Shklyaev & Fried (2007), Ji & Witelski (2018),
among others, investigated the instability of volatile liquid films and droplets.
For thin film flows down vertical fibres, vapor absorption is expected to strongly

influence the flow regimes (Kliakhandler et al. 2001) and transitions among them.
Sadeghpour et al. (2017) and Ji et al. (2020b) demonstrated that the flow regime is
a sensitive function of the flow inlet conditions as well as flow rates. These, in turn,
govern the droplet’s size, speed, and spacing. Another key aspect is identifying the
factors that can trigger droplet collisions. For example, Ji et al. (2021) found that
applying a streamwise thermal gradient can trigger droplet coalescence. A comprehensive
understanding of droplet behavior is important as it governs the performance of heat and
mass transfer and particle capture (Sadeghpour et al. 2021).

The paper is organized as follows: In section 2, we propose a new lubrication model
for a thin liquid flowing down a vertical fibre, where the liquid absorbs water vapor
from the surrounding environment. Initially, the liquid is assumed to be purely a silicone
liquid sorbent (also known as water absorbing silicone oil), which begins to flow along the
fibre. A detailed characterization of this liquid is provided during parameter estimation
in section 3.2. As time progresses, the silicone liquid sorbent moves downward under the
influence of gravity while simultaneously absorbing water vapor. After a certain period,
the liquid mixture becomes saturated, and no further absorption occurs. Section 3 derives
the model equations for the film thickness and silicone liquid sorbent concentration. In
section 4, we perform a linear stability analysis of the model, focusing on time-dependent
base states for both film thickness and oil concentration. In section 5, we present numeri-
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Figure 1: Schematic of a thin liquid film down a vertical fibre with water vapor absorption
flux J .

cal simulations of the model to investigate various aspects of the dynamics influenced by
water vapor absorption and Marangoni effects, including droplet coalescence and regime
transitions, with concluding remarks provided in section 6.

2. Mathematical model

We consider a two-dimensional axisymmetric flow of a thin film of silicone liquid
sorbent along the outer surface of a vertical fibre of radius R (see Figure 1). Due to
vapor absorption, the liquid is a mixture of silicone liquid sorbent and water. Here, we
use cylindrical coordinates (r, z) to describe the geometry, where the radial r direction is
perpendicular to the fibre axis, and the streamwise z axis is directed downward along the
fibre axis. We use c(r, z, t) and η(r, z, t) = 1− c(r, z, t) to represent the concentration of
silicone liquid sorbent and water in the liquid mixture, respectively, where t denotes time.
The liquid-air interface is denoted by r = R + h, where h = h(z, t) represents the film
thickness at time t. Below, we lay out dimensional governing equations and boundary
conditions for the coupled dynamics of the film flow and the mixture concentration.

2.1. Model formulation

The dynamics of the liquid flow is governed by the continuity and Navier–Stokes
equations

r−1 (ru)r + wz = 0, (2.1a)

ρ (ut + uur + wuz) = −pr + µ
[
r−1 (rur)r + uzz − r−2u

]
, (2.1b)

ρ (wt + uwr + wwz) = −pz + µ
[
r−1 (rwr)r + wzz

]
+ ρg, (2.1c)

where ρ is the density, µ is the dynamic viscosity, g is the gravitational acceleration, p
represents the pressure, and u and w represent the velocity components in the radial and
axial directions, respectively.
The transport and diffusion of silicone liquid sorbent in the liquid mixture is described

by the advection-diffusion equation

ct + (uc)r + (wc)z = dm
[
r−1 (rcr)r + czz

]
, (2.1d)

where the constant dm is the molecular diffusivity.
4
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At the fibre wall r = R, we impose the usual no-slip and no-penetration conditions

u = 0, w = 0. (2.1e)

At the free surface r = R+ h(z, t), that is, at the liquid-air interface, the tangential and
normal stress balances lead to the boundary conditions

µ
[
(uz + wr)

(
1− h2z

)
+ 2 (ur − wz)hz

]
= (σz + hzσr)

(
1 + h2z

)1/2
, (2.1f )

pa − p+ 2µ
[
ur − (uz + wr)hz + wzh

2
z

] (
1 + h2z

)−1

= σ
[
hzz

(
1 + h2z

)−1 − r−1
] (

1 + h2z
)−1/2

, (2.1g)

where pa is the pressure in the atmosphere.
The kinematic boundary condition at the free interface r = R+ h(z, t) is

u− ht − whz = −J, (2.1h)

where J represents the net flux of water vapor absorbed at the liquid-air interface. The
negative sign indicates that water vapor enters the liquid. The specific form of J used in
this study is presented in section 2.2.
At the liquid-air interface r = R+ h(z, t), the normal component of the silicone liquid

sorbent’s diffusive flux balances the water vapor absorption rate at the interface. This
leads to the boundary condition at r = R+ h(z, t),

dm (cr − czhz)
(
1 + h2z

)−1/2
= −Jc. (2.1i)

Moreover, we impose no flux condition at the fibre wall (r = R) as

cr = 0. (2.1j )

We assume that the surface tension σ linearly varies with the concentration of silicone
liquid sorbent c as:

σ(c) = σwater − c (σwater − σoil) , (2.2)

where the oil concentration 0 < c < 1, σoil represents the surface tension of pure silicone
liquid sorbent, and σwater is the surface tension of pure water. Since σwater > σoil,
increasing the concentration of silicone liquid sorbent reduces the surface tension of
the liquid mixture. Equation (2.2) also ensures that as c → 1, the surface tension σ
approaches that of pure silicone liquid sorbent, σ → σoil. On the other hand, as c → 0,
we have σ → σwater. The other liquid properties, such as density ρ and dynamic viscosity
µ, are assumed constant.

2.2. Absorption flux

In the present study, we consider silicone liquid sorbent in contact with water vapor in
the air. The driving force for water absorption is the pressure difference, pv − pve, where
pv is the vapor pressure in the air above the free interface, and pve is the saturated water
vapor pressure within the liquid mixture. To model the absorption process, we assume the
absorption flux J is proportional to the pressure difference (Ji & Sanaei 2023; Karapetsas
et al. 2016):

J ∝ pv − pve. (2.3)

In practice, the vapor pressure pv can be controlled by adjusting the humidity of the
surrounding environment. The interplay between pv and pve determines the direction of

5
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mass transfer: water vapor is absorbed when pv > pve, the system remains at equilibrium
when pv = pve, and desorption into the gas phase occurs when pv < pve. In the present
study, we focus on the case of water vapor absorption.
According to Henry’s law (Henry 1832), the concentration of gas (water vapor in this

study) dissolved in a liquid is proportional to the partial pressure of the gas (water
vapor). Denoting η as the dissolved water concentration and ηs as the dissolved water
concentration at saturation in the liquid mixture, Henry’s law yields: η = Hpve and
ηs = Hpv, where H > 0 is Henry’s constant. Consequently, we arrive at

H (pv − pve) = ηs − η, where ηs > η. (2.4)

The absorption process in the silicone liquid sorbent-water mixture continues as long
as pv > pve, that is, until η < ηs. The absorption stops once the dissolved water
concentration in the liquid mixture reaches ηs. Using (2.4), we express the absorption
flux J in (2.3) as

J = J0 (ηs − η) , (2.5)

where J0 is the mass transfer coefficient.
Using the relationship between the oil concentration c and the water concentration η

(c = 1− η), the flux J in (2.5) can be written in terms of the oil concentration c as:

J = J0 (c− cs) , 0 < cs ⩽ c ⩽ 1, (2.6)

where cs = (1− ηs) is the saturated oil concentration in the liquid mixture. This form
of J is used in the final model equation (3.9).

2.3. Scalings and nondimensionalization

We use the following scaling to derive the dimensionless governing equations and
boundary conditions

z = Lz∗, (h, r,R) = H(h∗, r∗, R∗), t = (L/V) t∗, (u,w) = V (ϵu∗, w∗) ,

p = pa + Pp∗, J = J0J
∗, σ = σ0σ

∗, (2.7)

where the quantities marked with an asterisk denote dimensionless quantities. Here, H
is the mean thickness of the film, which we consider as the length scale along the radial
direction, V is the velocity scale, and P is the pressure scale. The surface tension σ is
scaled by σ0, where σ0 represents the surface tension of the silicone liquid sorbent at the
reference temperature, i.e., σ0 = σoil. We choose the length scale in the axial direction z
as L = H/ϵ. Following Ji et al. (2019, 2021), in this model, we set the aspect ratio ϵ by

balancing the surface tension and the gravity g, which leads to ϵ =
(
ρgH2/σ0

)1/3
. We

set the pressure scale P = ρgL and the velocity scale V = gH2/ν, where ν = µ/ρ is the
kinematic viscosity.
Using (2.7) in (2.1), we obtain the following system of equations in dimensionless form.

For simplicity, we have dropped the asterisk in the dimensionless variables.

r−1 (ru)r + wz = 0, (2.8a)

ϵ4Re (ut + uur + wuz) = −pr + ϵ2
[
r−1 (rur)r + ϵ2uzz − r−2u

]
, (2.8b)

ϵ2Re (wt + uwr + wwz) = 1− pz + r−1 (rwr)r + ϵ2wzz, (2.8c)

ct + (uc)r + (wc)z = δ
[
ϵ−2r−1 (rcr)r + czz

]
, (2.8d)

u = 0, w = 0, cr = 0 at r = R, (2.8e)
6
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ϵ2uz + wr

)
E + 2ϵ2 (ur − wz)hz =M (σz + hzσr)F at r = R+ h(z, t), (2.8f )

− p+ 2ϵ2
[
ur −

(
ϵ2uz + wr

)
hz + ϵ2wzh

2
z

]
F−2

= ϵ3We
[
hzz

(
1 + ϵ2h2z

)−1 − ϵ−2r−1
]
σF−1 at r = R+ h(z, t), (2.8g)

u− ht − whz = −ΛJ at r = R+ h(z, t), (2.8h)

cr − ϵ2
(
czhz − Λδ−1JcF

)
= 0 at r = R+ h(z, t), (2.8i)

where Re = VL/ν is the Reynolds number, M = σ0/ (ρgHL) is the Marangoni number,
Λ = LJ0/ (HV) is the absorption rate, Pe = VL/dm is the Peclet number, δ = Pe−1,

E = 1 − ϵ2h2z, and F =
(
1 + ϵ2h2z

)1/2
. The Weber number We is defined as the square

of the ratio of the capillary length lc to the radial length scale H, where lc =
√
σ0/(ρg).

Following Ji et al. (2019), we adopt the scale ratio ϵ = We−1/3 and assume δ = O(1) in
the current model. Consequently, the term ϵ3We = 1 in (2.8g).
In (2.8), the scaled surface tension σ is obtained by substituting (2.7) into (2.2) as

σ(c) = 1 +Kση = 1 +Kσ(1− c), Kσ > 0, (2.9)

where η = 1− c is the concentration of water in the liquid mixture and Kσ = (σwater −
σoil)/σoil is a positive constant since σwater > σoil.
Under the lubrication approximation, we neglect the inertial contributions by assuming

that Re = O(1) and ϵ ≪ 1 (Craster & Matar 2006). Dropping the terms of O
(
ϵ2
)
and

higher from (2.8b)-(2.8c) and (2.8e)-(2.8h) yields the following leading order system of
equations:

pr = 0, r−1 (rwr)r = pz − 1, (2.10a)

u = 0, w = 0 at r = R, (2.10b)

wr =M (σz + hzσr) , p = σ(c)
(
ϵ−2r−1 − hzz

)
,

u = ht + whz − ΛJ at r = R+ h(z, t). (2.10c)

3. Cross-sectional averaging and asymptotic model

Following the approach by Jensen & Grotberg (1993) on modeling the spreading of heat
and soluble surfactant in thin liquid films, we express the concentration c by decomposing
it into an averaged component independent of r and a small fluctuation,

c = c0(z, t) + ϵ2δ−1c1(r, z, t), (3.1)

where the cross-sectional average of the fluctuation c1(r, z, t) is zero,

ĉ1(r, z, t) ≡
1

R+ h

∫ R+h

R

c1(r, z, t)rdr = 0. (3.2)

We define the flow rate q as q =
∫ S

R
rwdr and S(z, t) = R + h(z, t). Inserting (3.1)

into (2.8d) and averaging the obtained equation with respect to r using (3.2) yields the
following form after omitting terms of O

(
ϵ2
)
and higher:[

c0
(
S2 −R2

)]
t
+ 2 (qc0)z

= 2 (rc1,r)
S
R + δ

[
c0,z

(
S2 −R2

)]
z
− 2Sδc0,zhz + 2c0 (Sht + qz) . (3.3)

7
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Assuming the concentration only varies in the axial direction, we obtain the expression
for the streamwise velocity w by solving the system of equations (2.10) as

w = (1− pz)

[
S2

2
ln
( r
R

)
+

(
R2 − r2

)
4

]
−KσMS ln

( r
R

)
cz, (3.4)

and consequently, obtain the flow rate q as

q = (1− pz)

[
S4

4
ln

(
S

R

)
+

(
3S2 −R2

) (
R2 − S2

)
16

]

−KσMS

[
S2

2
ln

(
S

R

)
+
R2 − S2

4

]
cz. (3.5)

Substituting (3.5) into the mass conservative form of the kinematic boundary condition
(2.8h) yields

(1 + αh)ht + qz = (1 + αh)ΛJ, (3.6a)

where

q =
h3

3
(1− pz)ϕ(αh)−

M

2
h2ψ(αh)Kσcz (3.6b)

and α = 1/R. The parameter α also represents the aspect ratio between the characteristic
dimensional length scale in the radial direction to the dimensional fibre radius.
The shape factors ϕ(Y ) and ψ(Y ) in (3.6b) take the following forms:

ϕ(Y ) =
3
[
(1 + Y )4 (4 ln(1 + Y )− 3) + 4(1 + Y )2 − 1

]
16Y 3

, (3.6c)

ψ(Y ) =
(1 + Y )

Y 2

[
(1 + Y )2 ln(1 + Y )− Y

(
1 +

Y

2

)]
. (3.6d)

In the limit of Y → 0,

ϕ(Y ) = 1 + Y +
3Y 2

20
+O

(
Y 3
)
, ψ(Y ) = 1 +

4Y

3
+
Y 2

4
+O

(
Y 3
)
. (3.6e)

The pressure solution in the flow rate q is obtained by solving the system of equations
(2.10), yielding

p =
1

ς

(
α

(1 + αh)
− ςhzz

)
, (3.6f )

where ς = ϵ2. Here, we approximate σ(c) ≈ 1 in the expression for the dynamic pressure
in (2.10c), since for the silicone liquid sorbent considered in this study, the saturated
water concentration is close to 14% (Ahn et al. 2017) and does not significantly affect
the bulk surface tension of the liquid mixture. We retain the streamwise curvature term
ςhzz in the leading-order equation because the curvature of the liquid/vapor interface
can be large in certain regions, and omitting the stabilizing streamwise curvature term
may lead to ill-posedness in the lubrication model. Previous studies on similar geometries
by Craster & Matar (2006), Liu et al. (2018), and many others have also considered this
term in their analysis.
Substituting (3.1) into (2.8i) yields

(c1,r − δc0,zhz)r=S = −ΛJc0, c1,r|r=R = 0. (3.7)

Using (3.6) and (3.7) in (3.3) leads to the governing equation for the cross-sectional
8
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average concentration c0,[
c0

(
h+

α

2
h2
)]

t
+

[(
h3

3
(1− pz)ϕ(αh)−Mah2ψ(αh)cz

)
c0

]
z

= δ
[
c0,z

(
h+

α

2
h2
)]

z
, (3.8)

where Ma = KσM/2 is the modified Marangoni number. Equation (3.8) characterizes
the contributions from gravity, the bulk surface tension, the Marangoni effects induced
by the concentration gradient, and the diffusion to the dynamics of the oil concentration.

3.1. Nonlinear evolution equations of film thickness and oil concentration

We replace c0 by c in (3.8) for notational simplicity and introduce a change of time
scale t→ t/ϕ(α). Finally, we obtain the coupled dimensionless PDE system for the liquid
thickness h(z, t) and the concentration of the silicone liquid sorbent c(z, t) as(

h+
α

2
h2
)
t
+ qz = Λ (1 + αh) J, (3.9a)[

c
(
h+

α

2
h2
)]

t
+ (qc)z = δ

[
cz

(
h+

α

2
h2
)]

z
, (3.9b)

q = M(h)

[
1−

(
α

ς (1 + αh)
− hzz

)
z

]
−Mah2

ψ(αh)

ϕ(α)
cz, (3.9c)

where the mobility function M(h) is given by

M(h) =
h3

3

ϕ(αh)

ϕ(α)
, (3.9d)

and the dimensionless form of the absorption flux in (3.9a) is

J(c) = (c− cs) ⩾ 0, cs ⩽ c ⩽ 1, (3.9e)

where cs is the saturated concentration of silicone liquid sorbent in the liquid mixture
and satisfies 0 < cs < 1. The right-hand side of (3.9a) represents the mass flux due to
water vapor absorption. The first term in (3.9c) accounts for gravity, the second term
α/[ς(1 + αh)] − hzz describes the dual role of surface tension due to a destabilizing
azimuthal curvature term and a stabilizing streamwise curvature term, and the last term
in (3.9c) describes Marangoni effects induced by the concentration gradient in c.
The dynamics described by the coupled PDE system (3.9) are strongly influenced by

boundary conditions. For the downstream interfacial flow in the Raleigh-Plateau regime
away from the nozzle inlet, it is convenient to use periodic boundary conditions (Ji et al.
2019). To study the full dynamics, including the near-nozzle flow patterns, it is necessary
to incorporate the nozzle geometry and the flow rate in the boundary conditions (Ji et al.
2020b). In section 4, we will analyze the stability of the system (3.9) over a periodic
domain 0 ⩽ z ⩽ L, with a focus on the instability triggered by absorption. In section
5, we will numerically study the system with boundary conditions that are compatible
with spatially-dependent absorption influenced by near-nozzle dynamics.
It is useful to define the total mass of the liquid mixture and the total mass of silicone

liquid sorbent as

Ml(t) =

∫ L

0

(
h+

α

2
h2
)
dz, Mo(t) =

∫ L

0

c
(
h+

α

2
h2
)
dz. (3.10)

For dynamics over a periodic domain 0 ⩽ z ⩽ L, integrating (3.9a) and (3.9b) gives the
9
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rates of change of the total masses as

dMl

dt
= Λ

∫ L

0

(1 + αh)J dz ⩾ 0,
dMo

dt
= 0, (3.11)

indicating that the total mass of liquid increases if Λ > 0 and c > cs due to vapor
absorption, while the total mass of silicone liquid sorbent remains conserved over time.

We note that in the absence of Marangoni effects and vapor absorption (Ma = Λ = 0),
the equations for h and c in (3.9) become decoupled, and the governing equation for the
film thickness becomes(

h+
α

2
h2
)
t
+

[
M(h)

(
1 +

α2

ς (1 + αh)
2hz + hzzz

)]
z

= 0. (3.12)

This is consistent with the classical lubrication model for viscous thin liquid flowing
down a vertical fibre, which has been widely studied (Craster & Matar 2006; Ji et al.
2019). The incorporation of the non-mass-conserving effects due to the absorption flux
and Marangoni effects into the system is expected to yield more interesting and complex
dynamics. For αh → 0, equation (3.12) simplifies to the form derived by Kalliadasis
& Chang (1994), and in the absence of gravitational effects, it reduces to Hammond’s
equation (Hammond 1983).

3.2. Parameter estimation

In this section, we briefly discuss the system parameter ranges relevant to the current
study. The present study considers silicone liquid sorbent, known as Dow XX-8810, which
has been used in gas and vapor transport applications such as dehumidification (Ahn
et al. 2017). This silicone liquid sorbent has density ρ = 1.031 × 103kg m−3, kinematic
viscosity ν = 3.492 × 10−5m2s−1, and surface tension σ0 = 22 × 10−3N m−1 at 20◦C.
At 20◦C and 80% relative humidity, the present silicone liquid sorbent can absorb up
to 14.4% of water vapor by weight, corresponding to a saturated silicone liquid sorbent
concentration of cs ≈ 0.86.

We consider a typical fibre coating experiment where the fibre radius is R = 3×10−4m
and the dimensional volumetric flow rate Qm = 8 × 10−6kg s−1. Following Ruyer-Quil
et al. (2008) and Ji et al. (2019), we define the characteristic film thickness H by the
Nusselt solution that satisfies Qm =

[
2πρRgH3ϕ(H/R)

]
/ (3ν). This leads to H = 2.8×

10−4m, and the corresponding dimensionless system parameters α ≈ 0.93 and ς ≈ 0.11.
For all numerical results in the rest of the paper, we set α = 0.93, ς = 0.11, and the
diffusion parameter δ = 0.01.

The modified Marangoni number Ma = KσM/2, due to the concentration gradient,
and the absorption parameter Λ are two key system parameters that quantify the
relative importance of Marangoni effects and non-mass-conserving effects. Since the
surface tension of water at 20◦C is σwater = 72.74 × 10−3N m−1, we have Kσ =
(σwater − σ0)/σ0 ≈ 2.3. Correspondingly, the modified Marangoni number Ma ≈ 11, and
we explore the ranges Ma ∈ [0, 30] for theoretical analysis. The absorption parameter
Λ is more difficult to estimate due to the uncertainty in the J0 scale in (2.6), which
represents the characteristic mass transfer velocity at which water molecules are absorbed
into the silicone liquid sorbent. In this study, we consider both weak and moderate
absorption rates by setting Λ ∈ [0, 5] and explore how water vapor absorption affects
droplet dynamics.

10
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4. Linear stability analysis

In this section, we perform the linear stability analysis of the liquid-air interface using
the model (3.9) to investigate the impact of water vapor absorption on the system.
This section employs periodic boundary conditions along the axial direction. However,
in section 5, for the numerical simulation of the full model, we apply Dirichlet boundary
conditions at the inlet and Neumann boundary conditions at the outlet, which are more
physically appropriate for capturing the system’s dynamics.
We expand the film thickness h(z, t) and the oil concentration c(z, t) around their base

states h and c,

h(z, t) = h(t) + h̃(z, t), c(z, t) = c(t) + c̃(z, t), (4.1)

where the tilde denotes the perturbed quantity. We will discuss two separate cases based
on the properties of the base states. In subsection 4.1, we consider the case where the base
state c̄ remains at the saturated concentration, c̄ ≡ cs, which corresponds to the scenario
without vapor absorption. In subsection 4.2, we discuss the case of slow absorption with
c > cs, using the frozen time approach (Shklyaev & Fried 2007; Burelbach et al. 1988; Ji
& Witelski 2018) by assuming quasi-static base states h̄ and c̄.
While the saturated silicone liquid sorbent concentration cs was found to be approxi-

mately 0.86 in section 3.2, we choose a lower value of cs for the stability analysis. When
cs is close to the initial concentration c = 1, the liquid film rapidly reaches saturation,
and the influence of water absorption on the stability of the system is not prominent.
To allow absorption to persist over a longer period and enhance instability driven by
water absorption, we consider a smaller saturated concentration cs = 0.2 instead. For
the numerical studies of the PDE (3.9) in section 5, we revert to the estimated value
cs = 0.86.

4.1. Stability with saturated water concentration

For the case when the base state c is identical to the saturated oil concentration cs,
c ≡ cs, from (3.9e) we have the absorption flux J(c̄) = 0. Also, from (3.9e), the total
amount of liquid mixture is conserved in this case, Ml(t) = Ml(0), indicating that the
base state of the liquid film thickness h̄ remains constant over time.
For simplicity, we set the base state h = 1 and express the perturbation as an

infinitesimal Fourier mode disturbance

h̃(z, t) = ĥ exp [ikz +Ω(t)] , (4.2)

where k is the wavenumber, Ω(t) is the growth rate of the perturbation starting from a

small initial amplitude ĥ ≪ 1. Inserting h = 1 + h̃ into (3.9) and linearizing around the
base state h̄ = 1 yields the dispersion relation for the growth rate Ω(t) = Ωr(t) + iΩi(t),
where the real and imaginary parts of the dispersion relation are obtained as

dΩr

dt
=

k2

3(1 + α)

(
α2

ς(1 + α)2
− k2

)
,

dΩi

dt
= −3ϕ(α) + αϕ′(α)

3(1 + α)ϕ(α)
k, (4.3)

where prime denotes the derivative.
This is consistent with the linear stability results of the uniform Nusselt solution

for liquid flowing down a vertical fibre previously studied by Craster & Matar (2006).
The first equation in (4.3) gives the linear growth rate, and the second describes the
nondispersive linear wave speed, cL = [3ϕ(α) + αϕ′(α)] / [3(1 + α)ϕ(α)]. Equation (4.3)
also shows that when the silicone liquid sorbent is saturated with water vapor, the
growth rate and wave speed resemble those of a simple gravity-driven liquid film along
a vertical fibre. It also recovers the results of Ji et al. (2019) when wall slipperiness and
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additional stabilization are neglected in their study. Additionally, (4.3) predicts a critical
wavenumber kc = α/ [

√
ς(1 + α)] by setting the first equation of (4.3) to zero, below which

the flow is linearly unstable. On the other hand, for k > kc, the flow is linearly stable.
This critical wavenumber corresponds to the Rayleigh-Plateau instability. Moreover, we
obtain the fastest growing mode km = α/

[√
2ς(1 + α)

]
.

4.2. Stability with weak water vapor absorption

For the scenario with weak absorption (Λ ≪ 1) and a base state for oil concentration
c̄ > cs, vapor absorption occurs, leading to a slowly increasing film thickness (h) and
decreasing in the oil concentration (c) over time t. In this case, we express the time-
dependent base states h and c in (4.1) as h = hb(t) and c = cb(t). To analyze the
stability of the free surface under weak absorption, we assume that the base states are
quasi-static and adopt the frozen time approach (Shklyaev & Fried 2007; Burelbach et al.
1988; Ji & Witelski 2018), with the solutions to (3.9) taking the form

h(z, t) = hb(t) + χĥ exp [ikz + λh(t)] , c(z, t) = cb(t) + χĉ exp [ikz + λc(t)] , (4.4)

where χ ≪ 1, χĥ and χĉ are the initial amplitudes of the perturbation, ĥ, ĉ = O(1),
λh(t) and λc(t) represent the growth of the perturbation satisfying λh(0) = λc(0) = 0,
and cs < cb(0) ⩽ 1.

Substituting (4.4) into (3.9) and linearizing the system about the base states gives the
O(1) and O(χ) equations,

O(1) :
dhb
dt

= Λ (cb − cs) , cb

(
hb +

α

2
h2b

)
= ⟨Mo⟩ , (4.5a)

O(χ) :
dλh
dt

+ iEk+[
h3bϕ (αhb)

3ϕ(α) (1 + αhb)

(
k2 − α2

ς (1 + αhb)
2

)
+

Mah2bψ (αhb)

ϕ(α) (1 + αhb)

ĉ

ĥ
exp(λc − λh)

]
k2 = ΛΓ,

(4.5b)

dλc
dt

+
cbΛ(

hb +
α

2
h2b

) [1 + αhb + α (cb − cs)
ĥ

ĉ
exp(λh − λc)

]

+
ikM (hb)(
hb +

α

2
h2b

) + δk2 = 0. (4.5c)

In (4.5), ⟨Mo⟩ is the average mass of silicone liquid sorbent per unit length along the
domain, i.e., ⟨Mo⟩ = Mo/L, where the total mass of silicone liquid sorbent Mo in the
system is defined in (3.10) and

Γ =
α (cb − cs)

1 + αhb
+
ĉ

ĥ
exp(λc − λh), E =

3h2bϕ (αhb) + αh3bϕ
′ (αhb)

3ϕ(α) (1 + αhb)
. (4.6)

The O(1) equations (4.5a) govern the dynamics of the base states hb and cb over
time. During the absorption process, the leading-order concentration profile cb gradually
decreases and approaches the saturated concentration cs as t → ∞, while the leading-
order film thickness hb increases and approaches a terminal height hs. Here, we have
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Figure 2: Base state profiles from (4.5a)

cs(hs + αh2s/2) = ⟨Mo⟩ based on the conservation of oil mass. For all discussions and
plots in section 4.2, we set the parameters cs = 0.2 and ⟨Mo⟩ = 0.0512.
Figure 2 presents the typical evolution of the base state profiles for film thickness (hb)

and oil concentration (cb) over time, obtained by numerically solving the O(1) equations
(4.5a) with several values of the absorption parameter Λ. With an initial concentration
cb(0) = 1, the initial base state of the film thickness is determined from the second

equation of (4.5a) as hb(0) =
(
−1 +

√
1 + 2α ⟨Mo⟩

)
/α. The plots in Figure 2 show

that a larger absorption rate Λ leads to a more rapid increase in the film thickness
hb(t), while the concentration cb(t) decays correspondingly and approaches the saturated
concentration cs = 0.2. For higher values of cs, the total amount of absorbed water
decreases, and the leading-order dynamics, governed by (4.5a), become less sensitive to
Λ.
From (4.5c), we observe that the real part of the growth rate of the perturbation in

oil concentration is given by

dλc,r
dt

= −

 cbΛ(
hb +

α

2
h2b

) [1 + αhb + α (cb − cs)
ĥ

ĉ
exp(λh,r − λc,r)

]
+ δk2

 < 0. (4.7)

The growth rate is negative since Λ, hb, α, δ are all positive, and 0 < cs ⩽ cb ⩽ 1.
Therefore, with the initial exponent λc(0) = 0, we have λc,r(t) < 0 for t > 0, that
is, the magnitude of the perturbation in concentration is expected to decay in time.
For nontrivial dynamics with pattern formation, we expect the effective growth of the
perturbation in film thickness λh,r to satisfy λh,r(t) ⩾ 0 > λc,r(t), which indicates that
the term with Ma in (4.5b) becomes negligible for the effective growth rate and the
second term of Γ in (4.6) will be dropped.
Consequently, from (4.5b), we approximate the effective growth rate of perturbations
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Figure 3: Linear growth rate vs. wavenumber for different values of (a) hb; (b,c) Λ.

in film thickness by

dλh,r
dt

≈ ΛΓ +

[
h3bϕ (αhb)

3ϕ(α) (1 + αhb)

(
α2

ς (1 + αhb)
2 − k2

)]
k2, (4.8)

where hb is determined by solving the first equation of the O(1) equation (4.5a), and cb
in Γ is obtained from the second equation of (4.5a). For Λ = 0 and hb = 1, that is, for the
case without vapor absorption, the effective growth rate (4.8) exactly recovers equation
(4.3).
Figure 3 illustrates the effect of weak absorption rate Λ and base film thickness hb on

the linear growth rate curves as the wavenumber k varies. In Figure 3a, the linear growth
rate’s dependence on k is shown for different values of hb when absorption is present
(Λ = 10−3). We have selected five representative values of hb: 0.05, 0.09, 0.21, 0.41, and
0.69, corresponding to times t = 0, 10, 20, 30, 40, respectively, based on solutions to the
ODE (4.5a). The results indicate that increasing the base film thickness intensifies the
flow instability but over a narrower range of wavenumbers. This observation is consistent
with Ji et al. (2019). To examine the effect of Λ on the linear growth rate, Figures 3b
and 3c display the results at two values of hb: hb = 0.09 and hb = 0.21, corresponding
to times t = 10 and t = 20, respectively, from Figure 3a. Four typical values of Λ are
considered: Λ = [1 − 4] × 10−3 to explore its impact. The findings show that a higher
absorption rate broadens the wavenumber range, enhancing flow instability. However,
comparing the figures in the bottom panel, we observe that higher absorption increases
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Figure 4: Neutral stability curve as a function of hb corresponding to different Λ.

flow instability for larger values of hb, but the range of wavenumbers remains almost
unchanged.
Figure 3 illustrates the existence of a critical wavenumber k = kc for the base liquid

thickness (hb) and the absorption parameter (Λ), where 0 < k < kc results in linear
instabilities. To determine this kc, we set dλh,r/dt = 0 in (4.8) and this yields

kc =

√
X+

√
X2 + 4SΛΓ
2S

, where X =
Sα2

ς (1 + αhb)
2 , S =

h3bϕ (αhb)

3ϕ(α) (1 + αhb)
. (4.9)

The expression (4.9) demonstrates that the critical wavenumber is affected by the base
thickness hb(t), base concentration cb(t), and the absorption parameter Λ. In Figure 4,
we present the neutral stability curve as a function of hb for different values of Λ. The
figure demonstrates that, for a fixed film thickness hb, an increase in Λ broadens the
unstable region. Conversely, for a fixed Λ, the unstable range of wavenumbers decreases
as hb increases. Additionally, we observe that for thinner films, the differences between
the curves corresponding to different values of Λ are more pronounced, while for thicker
films, the curves nearly overlap. These findings align with the results shown in Figure 3.
Moreover, we obtain the most unstable mode k = km by setting the derivative of

dλh,r/dt with respect to k to zero. This gives km = α/[
√
2ς (1 + αhb)], which is indepen-

dent of the absoption parameter Λ. For the special case Λ = 0 (without absorption), the
expressions for the critical wavenumber kc and the most unstable mode km reduce to
those obtained for mass-conserving fibre coating systems (Liu & Ding 2017; Halpern &
Wei 2017; Ji & Witelski 2018), except that in those cases, the base state hb is assumed
to be static.
To provide an illustration of the instability described by (4.5) and (4.8), we consider

an example with weak absorption rate Λ = 10−3 and the initial condition

h0(z) = 0.05 +
χ

2
cos

(
4πz

L

)
, c0(z) = 1 +

χ

2
cos

(
4πz

L

)
, (4.10)

over a periodic domain of length L = 20, where χ = 0.002. Here, the initial base thickness
hb(0) = 0.05, the initial base oil concentration cb(0) = 1, and the wavenumber k =
k∗ = 4π/L ≈ 0.63. The simulation in Figure 5a shows that in the early stage, the film
thickness ⟨h⟩ increases monotonically over time with small spatial perturbations. Figure

15



Fibre coating with absorption S. Chattopadhyay, Z. Yu, Y. S. Ju, H. Ji

0.05

0.15

0.25

0 L/2 L

t
h

z

(a)

0

cs

0.5

1

0.1 1 10 100 10
3

10
4

hs

〈c〉

〈h〉

t

(b)

Figure 5: (a) PDE simulation of (3.9) starting from the initial data (4.10) over a periodic
domain showing the elevated average film thickness ⟨h⟩ over time, which evolves into
traveling droplets. (b) The average film thickness ⟨h⟩ and the average concentration ⟨c⟩
(solid curves) over time, compared against predictions from the ODE (4.5a) (dashed
curves). The system parameters are L = 20, Ma = 20, Λ = 10−3.
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Figure 6: (a) Contour plot of the effective growth rate dλh,r/dt in (4.8), showing that
for k = k∗ = 4π/L ≈ 0.63, the flat film is linearly unstable for 0 < hb < hs. (b) Plot of
hmax − hmin over time for the simulation in Figure 5a compared against the prediction
χ exp(λh,r(⟨h⟩)) as the average film thickness ⟨h⟩ increases.

5b compares the average film thickness ⟨h⟩ and the average concentration ⟨c⟩ against
predictions from the leading-order ODE in (4.5a), showing that the trajectories of the
base states match well with the prediction.
At the later stage, the ODE predicts that the average film thickness and the av-

erage concentration approach the terminal height hs and saturation concentration cs,
respectively. However, the spatial perturbations in the PDE solutions grow significantly
and eventually evolve into two moving droplets. This observation is consistent with the
prediction from the effective growth rate (4.8), as depicted in the contour plot in Figure
6a. This plot shows that for k = k∗, the liquid film is linearly unstable for 0 ⩽ hb ⩽ hs.
Figure 6b presents the magnitude of the spatial perturbation in film thickness, quantified
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as the difference between the maximum and minimum values of the film height over time,
hmax−hmin, where hmax(t) = maxz h(z, t) and hmin(t) = minz h(z, t). By solving the ODE

dλh,r
dhb

=

ΛΓ +

[
h3bϕ (αhb)

3ϕ(α) (1 + αhb)

(
α2

ς (1 + αhb)
2 − k2

)]
k2

Λ (cb − cs)
, (4.11)

we obtain the analytical prediction for the spatial disturbances χ exp(λh,r(⟨h⟩)) as a
function of the average film thickness (dashed curve in Figure 6b), where χ = 0.002. This
comparison shows that the stability analysis provides a good prediction for the linear
growth rate of the spatial perturbations until the PDE solutions become dominated by
the nonlinear dynamics during droplet formation.

4.3. Absolute and convective instability

To investigate the effect of the water vapor absorption on the absolute and convective
(A/C) instability, we multiply (4.5b) by i =

√
−1 and neglect the terms associated

with
(
ĉ/ĥ
)
exp(λc − λh) as per the discussion after (4.7). Further, using the following

transformation

i

(
dλh
dt

, Λ

)
→ E4/3

(3S)1/3

(
dλ†h
dt

, Λ†

)
, k →

(
E
3S

)1/3

k† (4.12)

and dropping the † sign yields the following:

dλh
dt

= ΛΓ + k +
ik2

3

(
β − k2

)
,

β =

(
3h2bϕ (αhb) + αh3bϕ

′ (αhb)

3h3bϕ (αhb)

)−2/3
α2

ς (1 + αhb)
2 . (4.13)

When Λ = 0, equation (4.13) aligns with the one derived by Frenkel (1992). Duprat
et al. (2007) determined that flow instability transitions between absolute and convective
(A/C) regimes depending on whether β is above or below a critical threshold, βc ≡[
(9/4)×

(
−17 + 7

√
7
)]1/3 ≈ 1.507. This leads to the absolute/convective instability

threshold for the present study as

3h3bϕ (αhb)

3h2bϕ (αhb) + αh3bϕ
′ (αhb)

(
α2

ς (1 + αhb)
2

)3/2

>

[
9

4

(
−17 + 7

√
7
)]1/2

≈ 1.8495. (4.14)

Equation (4.14) demonstrates that the A/C marginal curve is influenced by the film
thickness hb, which, in turn, is affected by the absorption parameter Λ. As Λ increases, hb
also increases (see Figure 2), thus affecting the A/C marginal curve due to water vapor
absorption. In Figure 7, we present the A/C instability regimes predicted by (4.14).
The figure reveals the presence of a critical value for α, denoted by αc ≈ 0.785, below
which the instability remains convective for any hb. When α > αc, the instability initially
appears as convective over a large range of hb, then becomes absolute over a smaller range
of hb. Furthermore, for higher values of α beyond αc, the instability remains convective
over a smaller range of hb. This study considers α = 0.93 [see section 3.2], and for this
value of α, the convective regime transitions to the absolute regime at higher hb values.
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Figure 7: The absolute and convective (A/C) instability regimes from (4.14).

5. Numerical studies

After gaining initial insights into water absorption from the stability analysis in section
4, where periodic boundary conditions were applied to study the system’s response
to perturbations, we now shift to consider more realistic boundary conditions. In this
section, we examine the full dynamics of the model (3.9) with Dirichlet boundary
conditions at the inlet and Neumann boundary conditions at the outlet. These boundary
conditions are more appropriate for capturing the system’s behavior in a finite domain,
allowing for a detailed exploration of film thickness evolution and concentration under
weak and strong absorption effects.
For the rest of the study, we focus on the flow pattern in the whole physical domain

influenced by spatially-dependent water vapor absorption and Marangoni effects. Follow-
ing Ji et al. (2021, 2020b), we impose the following Dirichlet boundary conditions at the
inlet z = 0

h(0, t) = hIN, q(0, t) = qIN, c(0, t) = 1, (5.1a)

and the Neumann boundary conditions at the outlet z = L,

hz(L, t) = 0, hzz(L, t) = 0, cz(L, t) = 0, (5.1b)

where h(0, t) = hIN incorporates the nozzle geometry into the system, qIN is the imposed
flow rate, and c(0, t) = 1 specifies that the liquid entering the domain is purely silicone
liquid sorbent. As vapor absorption occurs, the oil concentration is expected to decay
downstream along the fibre. The initial conditions for the film thickness h and the oil
concentration c as

h(z, 0) =

{
hIN + (0.2− hIN) z/zL if z < zL,

0.2 if z ⩾ zL.
and c(z, 0) ≡ 1. (5.2)

For all simulations shown in this section, we set hIN = 2, qIN = 1/3, and zL = 10. Based
on the available sorption data, the saturated silicone liquid sorbent concentration is set to
be cs = 0.86, which corresponds to the saturated water concentration ηs = 1− cs = 0.14
(see the discussion in section 3.2). The other parameters are set to ς = 0.11, α = 0.93,
and δ = 0.01. We apply the centered finite difference method and Newton’s method to
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Figure 8: Numerical solutions to the PDE model (3.9), subject to the boundary conditions
(5.1) and initial conditions (5.2), at time t = 760 for (a) the film thickness h(z, t)
and (b) the oil concentration c(z, t), compared against the quasi-static profile C(z) in
(5.10), showing that droplet coalescence occurs at z = zcol ≈ 142. (c) The average
droplet spacing ⟨∆Z⟩T as a function of z, showing increased variance in droplet spacing
downstream for z > zcol. The system parameters are Λ = 0.0084 and Ma = 20.

numerically solve the nonlinear PDE model (3.9) coupled with the boundary conditions
(5.1) and initial conditions (5.2).
To numerically capture the droplet dynamics, we observe three characteristics of the

droplets: the height of the droplet peaks H(z, t), the velocity of the droplets V(z, t),
and the spacing between droplets ∆Z(z, t), as functions of space z and time t. At any
time t in the range T1 ⩽ t ⩽ T2, there is a train of N(t) droplets in the subdomain
z1 ⩽ z ⩽ z2, where N(t) depends on t. The subdomain z1 ⩽ z ⩽ z2 is selected to ensure
that the captured downstream droplet characteristics are minimally influenced by inlet
and outlet boundary effects (Ji et al. 2020a). For the ith droplet in this subdomain, we
denote the corresponding location and the height of the peaks as Zi(t) and Hi(t) for
1 ⩽ i ⩽ N(t). We then define the peak-to-peak distance between the ith droplet and its
right neighbor droplet as

∆Zi(t) = Zi+1(t)− Zi(t), i = 1, 2, · · · , N(t)− 1. (5.3)

The velocity of droplets, Vi(t), is approximated using finite differences applied to two
consecutive snapshots separated by one unit of time. We define the inter-droplet spacing,
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height, and velocity functions ∆Z(z, t), H(z, t), and V(z, t) as

∆Z(z, t) =

N(t)−1∑
i=1

∆Zi(t)1Zi(t), H(z, t) =

N(t)∑
i=1

Hi(t)1Zi(t),

V(z, t) =

N(t)∑
i=1

Vi(t)1Zi(t), (5.4)

where 1z1(z) is the indicator function in space defined as

1z1(z) =

{
1 if z = z1,

0 if z ̸= z1.
(5.5)

We then take the time-average of ∆Z(z, t), H(z, t), and V(z, t) as

⟨X ⟩T (z) =
1

T2 − T1

∫ T2

T1

X (z, t)dt, (5.6)

where X = ∆Z,H,V.
For all the simulation results presented in this section, we set z1 = 20 and z2 = 160 for

the subdomain, and T1 = 700 and T2 = 900 for the time horizon. Numerical observations
indicate that this downstream spatial and temporal domain selection yields representative
droplet configurations in each flow regime. The time-averaged quantities defined in
(5.6) for each spatial location z over the subdomain z1 ⩽ z ⩽ z2 are approximated
by numerically tracking the droplet characteristics over a small neighborhood of z and
averaging the corresponding quantities over time.
Figure 8 presents a typical numerical solution of the PDE model (3.9) for the film

thickness profile and the associated oil concentration where droplet coalescence occurs.
This simulation corresponds to the absorption parameter Λ = 0.0084 and the Marangoni
number Ma = 20. Figure 8a shows the film thickness h(z, t) at t = 760, where two
droplets collide around z = 142, forming a larger droplet. Figure 8b displays the
corresponding oil concentration profile c(z, t) along the domain as a solid line. The scatter
plot of the average peak-to-peak distance ⟨∆Z⟩T as a function of z is shown in Figure 8c.
In Figure 8b, the concentration decreases to its saturated value cs, which causes ⟨∆Z⟩T to
decrease in the range 20 < z < 130. This droplet compression behavior ultimately leads
to droplet coalescence further downstream. As time progresses, more collisions occur at
z ⩾ 142, resulting in an increase in ⟨∆Z⟩T with greater variance, as shown in Figure 8c.

5.1. Quasi-static concentration profiles

A simplified ODE model can describe the long-time quasi-static profile of the oil
concentration c(z, t). Using (3.9a), we rewrite the PDE (3.9b) as(

h+
α

2
h2
)
ct + qcz = δ

[
cz

(
h+

α

2
h2
)]

z
+ Λc(1 + αh)J. (5.7)

We expand the film thickness and the oil concentration profile as

h(z, t) = 1 + δh1(z, t), c(z, t) = C(z) + δc1(z, t), (5.8)

where the diffusion parameter δ ≪ 1.
Substituting (5.8) into (5.7) and using (3.9c)–(3.9e), we obtain the O(1) equation for

the leading-order concentration profile C(z) as(
1

3
−Ma

ψ(α)

ϕ(α)
Cz

)
Cz = ΛC(z)(1 + α)(cs − C), (5.9)
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Figure 9: Spatiotemporal diagrams for (a) Λ = 0.003 < ΛI→II, (b) Λ = 0.0084 > ΛI→II,
and (c) Λ = 0.01 > ΛI→II, showing that droplet coalescence occurs at z = zcol for
Λ > ΛI→II, and larger Λ values can trigger the onset of coalescence closer to the inlet.
The other settings are identical to those used in Figure 8.

where the constant 1/3 in (5.9) arises from the mobility function M(h) when evaluated
at h = 1.
When the water absorption is weak, then Cz ≪ 1, and consequently the Ma term

will be dropped from (5.9). In this scenario, combining the boundary condition for c in
(5.1a), equation (5.9) reduces to a first-order logistic equation for C(z) as

dC

dz
= 3Λ(1 + α)C(cs − C), C(0) = 1, (5.10)

which yields the following leading-order profile for the oil concentration:

C(z) =
cs

1 + (cs − 1) exp [−3Λ(1 + α)csz]
. (5.11)

For z → ∞, the quasi-static concentration C(z) → cs. This suggests that the oil con-
centration asymptotically approaches the saturation concentration further downstream
due to vapor absorption along the domain. Figure 8b presents a comparison between the
quasi-static concentration profile C(z) (dashed curve) in (5.11) and the PDE solution
c(z, t) (solid curve) from a long-time simulation of the PDE (3.9), showing that the
quasi-static profile qualitatively captures the decreasing concentration trend over space.
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Figure 10: Average peak height ⟨H⟩, spacing ⟨∆Z⟩, and droplet velocity ⟨V⟩ as functions
of Λ with Ma = 20, showing that coalescence occurs for ΛI→II < Λ < ΛII→I, where
ΛI→II ≈ 0.0083 and ΛII→I ≈ 0.32. All other settings are identical to those in Figure 8.

5.2. Droplet coalescence triggered by absorption

In this section, we investigate how the droplet coalescence shown in Figure 8 can be
triggered by water absorption. To this end, we present numerical simulations of (3.9),
varying only the Λ value while keeping all other parameters identical as in Figure 8.
Figure 9 displays the spatiotemporal diagrams of droplet dynamics for three Λ values:

Λ = 0.003, 0.0084, 0.01. For Λ = 0.003, as shown in Figure 9a, the trajectories of the
peaks remain nearly parallel without intersecting. This indicates that the train of droplets
moves uniformly to the outlet boundary without any coalescence. This behavior closely
resembles the RP regime described by Ji et al. (2019, 2021), which we refer to as Regime
I. Figure 9b corresponds to the case shown in Figure 8 for Λ = 0.0084, where two peaks
merge at z = zcol ≈ 142, indicating the occurrence of droplet coalescence. This behavior
is similar to the convective regime described by Ruyer-Quil et al. (2008) and Ji et al.
(2021), and we refer to it as Regime II. In Figure 9c, for Λ = 0.01, droplet coalescence
occurs at z = zcol ≈ 70, which is closer to the inlet. These numerical results suggest
the existence of a threshold value Λ = ΛI→II at which a regime transition takes place.
No coalescence occurs when Λ < ΛI→II, as shown in Figure 9a. In contrast, coalescence
can take place when Λ > ΛI→II, as shown in Figures 9b and 9c. A comparison between
Figures 9b and 9c shows that increased water absorption promotes the onset of droplet
coalescence, and stronger absorption leads to coalescence occurring further upstream.
Later in this subsection, we will investigate another regime transition from Regime II to
Regime I, at a second threshold value for the absorption parameter Λ = ΛII→I.
To better understand how the regime transition depends on the absorption parameter

Λ, we perform a set of numerical simulations for 10−4 ⩽ Λ ⩽ 5 while keeping the other
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settings identical to those used in Figure 8. To capture the global characteristics of the
droplets, we also define the spatial-temporal average of the peak-to-peak spacing, droplet
height, and velocity by taking the spatial average of the functions ⟨∆Z⟩T (z), ⟨H⟩T (z),
and ⟨V⟩T (z) defined in (5.6):

⟨X ⟩ = 1

z2 − z1

∫ z2

z1

⟨X ⟩T dz, (5.12)

where X = ∆Z,H,V.
In Figure 10, we show the dependence of the average droplet peak height ⟨H⟩, peak-to-

peak spacing ⟨∆Z⟩, and droplet velocity ⟨V⟩ on the absorption parameter, plotted on a
semi-logarithmic scale. These spatial-temporal averaged values are numerically obtained
by averaging the functions defined in (5.6) over the subdomain z1 ⩽ z ⩽ z2. This plot
indicates that the droplet dynamics transition from Regime I to Regime II at around
ΛI→II = 0.0083, consistent with the transition observed in Figure 9, and reenter Regime
I at around ΛII→I = 0.32. The onset of droplet coalescence is only observed for absorption
parameter values within the range ΛI→II < Λ < ΛII→I.

For Λ < ΛI→II, the droplet spacing ⟨∆Z⟩, height ⟨H⟩, and velocity ⟨V⟩ decrease with
increasing Λ, indicating a more closely packed droplet configuration with smaller heights
and velocities, eventually leading to coalescence when Λ reaches ΛI→II. The droplet
and concentration profiles immediately after this transition (Λ = 0.0084 > ΛI→II) are
presented in Figure 8. In Regime II, coalescence occurs, and the droplet height ⟨H⟩,
spacing ⟨∆Z⟩, and velocity ⟨V⟩ become highly sensitive to Λ, exhibiting large variance.
This corresponds to the flow of Regime II dynamics with repeated coalescence events.
For Λ > ΛII→I, the flow reenters Regime I, where a train of non-coalescing droplets flows
down the fibre. In this case, all three characteristics increase with respect to Λ, where
the increasing average spacing ⟨∆Z⟩ indicates that the droplets become more separated
along the fibre. The average height ⟨H⟩ of fully developed droplets increases with the
stronger absorption rate, and the corresponding average velocity ⟨V⟩ also increases. The
comparison between weak absorption (Λ < ΛI→II) and strong absorption (Λ > ΛII→I)
cases suggests that absorption can lead to complex trends in droplet configuration due
to the non-mass-conserving effects.
Figure 11 displays typical simulation results with representative values of Λ in each

regime. When Λ = 0.003 < ΛI→II, the droplets are in Regime I. They maintain similar
heights, move at similar speeds, and have a slow downstream decrease in oil concentration
before reaching the outlet boundary. When ΛI→II < Λ = 0.03 < ΛII→I, the droplets are in
Regime II, where collisions occur repeatedly, forming larger droplets. The concentration
reaches the saturated value cs at a much faster rate. When Λ = 0.8 > ΛII→I, coalescence
no longer occurs and the droplets move at nearly the same velocity. This indicates a
return to Regime I. Additionally, in this case, the oil concentration distribution is more
uniform along the domain as it reaches saturation very close to the nozzle inlet.

5.3. Regime transition influenced by absorption and Marangoni effects

The droplet regimes are also strongly influenced by the Marangoni effects, which are
induced by the concentration gradient. This section focuses on the combined effects of
the Marangoni number Ma and the absorption rate Λ on droplet dynamics. In Figure
12, we present a phase diagram of Regimes I and II for 0 ⩽ Λ ⩽ 1 and 0 ⩽ Ma ⩽ 30.
This diagram is obtained by numerically simulating the PDE (3.9) with varying values
of Ma and Λ. For simulations with a specific value of Ma, we set the increment in
Λ to 10−3 for Λ ⩽ 0.02 and 10−2 for Λ > 0.02, and numerically observe the droplet
dynamics until time t = T2 = 900. The shaded area in the diagram indicates Regime
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Figure 11: Film thickness h(z, t) and oil concentration c(z, t) profiles with representative
values of Λ in each regime: (a) Regime I with Λ = 0.003 < ΛI→II; (b) Regime II with
ΛI→II < Λ = 0.03 < ΛII→I; (c) Regime I with Λ = 0.8 > ΛII→I. The other settings are
identical to those in Figure 8.

II, where droplet coalescence occurs, while the unshaded area indicates Regime I, where
no coalescence takes place. The two regimes are separated by two threshold curves,
ΛI→II and ΛII→I, both of which are functions of Ma (see Figure 12). For a given value
of Ma, these curves provide the two threshold values of Λ for the transitions between
Regime I and Regime II, as discussed previously (see Figure 10 for an example with
Ma = 20). These two curves meet at a critical Marangoni number Ma = Mac ≈ 8.28,
ΛI→II(Mac) = ΛII→I(Mac) = Λc, with the corresponding critical absorption parameter
Λ = Λc ≈ 0.063.

Based on the observations, we summarize three cases for droplet dynamic regimes:

• Case 1: Λ = 0 (no water vapor absorption): In this case, the concentration c remains
constant over time, i.e., c(z, t) ≡ C0. The droplets remain in Regime I, with the average
spacing ⟨∆Z⟩ is relatively constant across the domain, and no coalescence occurs.
• Case 2: Λ > 0 and 0 < Ma < Mac (weak Marangoni effects): In this case, the
concentration profile c decays over space (similar to those in Figure 11), but droplet
coalescence does not occur and the droplets remain in Regime I. For a fixed value ofMa,
the average spacing ⟨∆Z⟩ decreases with increasing Λ, leading to a more packed droplet
configuration without coalescence.
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Figure 12: Phase diagram of droplet dynamics parameterized by the Marangoni
parameter Ma and the absorption parameter Λ, showing Regime I (no coalescence) and
Regime II (coalescence, shaded area). The critical values are Ma = Mac ≈ 8.28 and
Λ = Λc ≈ 0.063. The three black squares correspond to the numerical results displayed
in Figure 11. Two typical values, 0 < Ma1 = 7 < Mac (Case 2) and Ma2 = 20 > Mac
(Case 3), correspond to the average mass plots shown in Figure 13.

• Case 3: Λ > 0 and Ma > Mac (strong Marangoni effects): In this case, the droplet
regime depends on the absorption rate Λ. For a specific value ofMa, for Λ < ΛI→II (weak
absorption) and Λ > ΛII→I (strong absorption), the droplets remain in Regime I without
coalescence. For intermediate absorption rates ΛI→II < Λ < ΛII→I, droplet coalescence
occurs, and the dynamics fall into Regime II (shaded area in Figure 12). The droplet
characteristics in Figure 10 describe the influence of Λ on the regime transition for this
case. The threshold value ΛI→II (ΛII→I) is a decreasing (increasing) function of Ma, and
we have ΛI→II = ΛII→I = Λc for the critical Marangoni number Ma =Mac.

Depending on the flow regime, the total amount of liquid contained in the droplets
over a fixed spatial region varies as a function of Λ in different manners. To study this
behavior, we numerically calculate the instantaneous mass of liquid over the subdomain
z1 ⩽ z ⩽ z2 and define the averaged liquid mass over time following the definition of
Ml(t) in (3.10),

⟨Ml⟩T =
1

T2 − T1

∫ T2

T1

∫ z2

z1

(
h+

α

2
h2
)

dz dt. (5.13)

We note that the rate of change of the instantaneous mass is determined by the flux q at
z = z1 and z = z2, as well as the non-mass-conserving flux J due to water absorption.
As a result, although the flow rate at the inlet z = 0 is fixed, the instantaneous mass
is not expected to be conserved over time, and the time-averaged liquid mass ⟨Ml⟩T is
expected to highly depend on the flow regime.
In Figure 13, we present the averaged total liquid mass ⟨Ml⟩T in the subdomain z1 ⩽

z ⩽ z2 for two typical values ofMa, withMa1 = 7 < Mac (Case 2) andMa2 = 20 > Mac
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I  II II  I

Figure 13: The total mass of the droplets in the subdomain z1 ⩽ z ⩽ z2 averaged in
time with Ma = Ma1 and Ma = Ma2 marked in Figure 12. The dotted line is for the
total mass of the parabolic approximation when Ma = Ma1. ΛI→II and ΛII→I are the
transition threshold for Ma2 only, and they are the same as those in Figure 10. The
subplot shows the parabola approximation compared with the real droplet profile.

(Case 3), which are marked in Figure 12. The thresholds ΛI→II and ΛII→I for regime
transitions with Ma = Ma2 are also marked by two vertical dashed lines in Figure 13.
We observe that while Ma =Ma1 and Ma =Ma2 lead to significantly different droplet
dynamics in the intermediate absorption rate regime, the trends of ⟨Ml⟩T in the weak
and strong absorption rate limits for Ma = Ma1 and those of Ma = Ma2 are similar.
Specifically, in the weak absorption limit, the mass ⟨Ml⟩T decreases as Λ → 0+; In the
strong absorption limit as Λ → ∞, the mass ⟨Ml⟩T increases as the absorption rate
increases.
To understand the trend in the total mass as the absorption rate varies, we approximate

the total mass as a function of the average droplet height ⟨H⟩ and average droplet spacing
⟨∆Z⟩. Although the droplet profiles are asymmetric due to the nature of gravity-driven
flows, we neglect gravity and surface tension gradient in this approximation and assume
that the droplets are quasi-static and symmetric.
We consider a quasi-static symmetric droplet placed at the origin z = 0. By setting

Λ = Ma = 0 in (3.9) and neglecting the gravity contribution, we obtain the ODE for a
quasi-static symmetric droplet profile H̄(z),

α

ς(1 + αH̄)
− H̄zz = p, (5.14)

where the pressure p is a constant [see pressure solution in (3.6f)]. The ODE (5.14) admits
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a homoclinic droplet profile with its peak H̄ = hmax and the associated precursor layer
thickness H̄ = hmin. Integrating (5.14) once with respect to z and using the conditions
H̄z = 0 when H̄ = hmax and H̄ = hmin gives

p =
1

ς (hmax − hmin)
ln

(
1 + αhmax

1 + αhmin

)
. (5.15)

Following Glasner & Witelski (2003) and Ji & Witelski (2024), we approximate the
core of the droplet by a parabola

H̄(z) ∼ A(ω2 − z2) ∼ −Az2 + hmax, (5.16)

where the constant A > 0, and ω is the half-width of the droplet Matching the peak
of the parabola with the peak of the droplet yields H̄max(z) = H̄(0) ∼ Aω2 = hmax. A
sample droplet with its parabolic approximation is shown in the subplot of Figure 13. In
the core region of the droplet, we approximate the curvature H̄zz as H̄zz ≈ α

ς(1+αhmax)
−

p in (5.14), which combined with the parabolic approximation (5.16), leads to A =(
p− α

ς(1+αhmax)

)
/2. Using (5.16), we also define the effective half-width of the droplet

as the half-width of the droplet ω′ at the precursor layer thickness level h = hmin,
ω′ =

√
(hmax − hmin) /A. The subplot in Figure 13 presents the comparison between

a droplet profile obtained from the PDE simulation and its parabolic approximation,
showing that the parabolic approximation captures the core of the droplet −ω′ ⩽ 0 ⩽ ω′.
Here, we pick the minimum of the parabolic approximation hmin at the edges z = ±ω′

so that it matches the thickness of the precursor layer.
Using these estimates, we approximate the mass of a single droplet using a function

parametrized by the peak height hmax as

Mdrop(hmax;hmin) =

∫ ω′

−ω′

(
H̄(z) +

α

2
H̄2(z)

)
dz = F(hmax;hmin)ω

′, (5.17a)

where

F(hmax;hmin) =
(
8αh2max + 4αhmaxhmin + 3αh2min + 20hmax + 10hmin

)
/15. (5.17b)

To approximate the overall liquid mass on the subdomain z1 ⩽ z ⩽ z2 where a train of
nearly equally-spaced traveling droplets coexist, we consider the mass contribution from
both the droplets and the precursor layer and write

⟨Ml⟩T ≈ ⟨Mdrop⟩N +Mpre, (5.18)

where the average total mass over time, ⟨Ml⟩T , is defined in (5.13). The average mass
of individual droplets is approximated by ⟨Mdrop⟩ ≈ Mdrop (⟨H⟩), where ⟨H⟩ is de-
fined in (5.12). The number of droplets on the subdomain is approximated by N =
(z2 − z1) / ⟨∆Z⟩T , and the mass of the precursor layer, Mpre, is given by

Mpre =

∫
z2−z1−2Nω′

(
hmin +

α

2
h2min

)
dz =

(
hmin +

α

2
h2min

)
(z2 − z1 − 2Nω′) . (5.19)

In (5.19), we have assumed that the precursor layer thickness matches the minimum of
the approximated droplet profile hmin and is spatially uniform.
Figure 13 shows a comparison of the numerically obtained total mass ⟨Ml⟩T (solid

curve) for the Marangoni numbers Ma =Ma1 = 7 and its approximation (dotted curve)
based on (5.18). This comparison shows that the parabolic approximation qualitatively
captures the trend in the total mass for both weak and strong absorption regimes. The
mass increases monotonically for the weak absorption regime until reaching a peak, after
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which the mass decreases dramatically with increasing Λ before starting to increase again
in the strong absorption limit. This is consistent with the trends in total mass from PDE
simulations. In this approximation, we set the precursor layer thickness hmin = 0.455
based on numerical observations. This approximation neglects the spatial variation in the
liquid film interface between droplets and simplifies the gravity-driven droplet profiles to
parabolic shapes. This figure concludes that the change in total mass can be estimated
by equation (5.18) in Regime I and the trend can be predicted by the average droplet
height ⟨H⟩ and spacing ⟨∆Z⟩ curves in Figure 10.

6. Conclusions

In this study, we have developed a lubrication-type model for the dynamics of thin
liquid films flowing down a cylindrical fibre while absorbing water vapor. The model
consists of a coupled PDE system for the liquid film thickness and the water concentra-
tion, featuring the interplay between the substrate geometry, surface tension, Marangoni
effects, and vapor absorption. Unlike most existing models for liquid flowing down a
cylindrical fibre, where the total mass of liquid is conserved, our model accounts for
non-mass-conserving situations that give rise to more complex and interesting droplet
dynamics. Stability analysis based on the frozen-time approach shows that the stability
of liquid films of nearly flat thickness and concentration profiles highly depends on
the non-mass-conserving effects. Numerical simulations demonstrate that with Dirichlet
inlet boundary conditions, the concentration gradient caused by strong vapor absorption
triggers droplet coalescence. We numerically identified the influence of the Marangoni
number and absorption rate on the regime transition between Regime I (non-coalescence)
and Regime II (coalescence) and characterized the corresponding droplet configurations.
With weak absorption, the gradually changing concentration profile leads to an array
of moving droplets with non-uniform inter-droplet spacings. For stronger absorption,
the water concentration exhibits a more rapid decay near the inlet, and when coupled
with a sufficiently large Marangoni effect, droplet coalescence can take place. The onset
location of the coalescence depends on the absorption rate, and with stronger absorption,
the coalescence tends to occur closer to the nozzle.

Our model is relatively simple compared to other models (Ji & Witelski 2018; Burel-
bach et al. 1988) for volatile fluid. Neglecting inertial effects, for example, reduces the
order of our model but also introduces limitations. To account for the flow dynamics with
low to moderate inertial effects, one may consider deriving a weighted-residual model for
a more comprehensive understanding of water-absorbing liquid dynamics. The effects
of concentration-dependent viscosity and nozzle geometry are also potential topics of
further investigation.
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