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Measuring the distribution of spin tilts—the angles between the spin vectors and the binary
orbital angular momentum—in stellar-mass binary black holes detected by LIGO-Virgo-KAGRA
would provide valuable insight into their astrophysical origins. Analyses of the 69 binary black holes
detected through LIGO-Virgo-KAGRA’s third observing run yielded model-dependent conclusions,
particularly regarding whether the spin tilt distribution exhibits a peak near alignment, as expected
for binaries formed in galactic fields. In this work, we simulate populations of up to 1500 binary
black hole systems with parameters consistent with the default GWTC-3 analysis, while introducing
a correlation that favors small spin tilts for binaries with mass ratios near unity. We find that: (a)
spurious peaks away from perfect alignment are possible even with catalogs of up to 300 sources;
(b) establishing a definitive peak at alignment remains difficult even with 1500 detections; (c)
integrated measurements – such as the fraction of events with tilt angles smaller than 10◦ or greater
than 90◦ – are more robust and should be preferred, achieving relative 90% credible uncertainties
of ∼ 20%− 80% with 1500 sources; and (d) even with the largest simulated catalogs, evidence for a
mass ratio–tilt correlation remains inconclusive. Our results suggest that identifying the formation
channels of merging black holes using spin tilts will remain challenging, but that model-independent
measurements may yield more informative insights over model parameters themselves.

I. INTRODUCTION

The field of gravitational-wave (GW) astrophysics will
become ten years old in September 2025. After the
momentous discovery of GW150914 [1], the LIGO [2]-
Virgo [3]-KAGRA [4] (LVK) collaboration and others
have published on the detection of nearly 100 binary
black hole (BBH) binaries [5–7]. With another ∼ 200
significant compact binary mergers [8] - most of which
are BBHs - reported in low-latency in GCNs during the
fourth observing run (O4) and yet to be published [9],
population analyses are likely to become more and more
constraining. These studies aim at characterizing the
properties of the underlying astrophysical population -
or populations - of the stellar-mass BBHs being detected
in LVK data [10, 11]. The ultimate goal would be to
understand how many such populations exist across the
universe, their merger rates over redshift, and the distri-
bution of BBH parameters (masses, spins, eccentricity,
though eccentricity is much harder to measure [12]) aris-
ing from each population. In practice, one deals with the
inverse problem: given a set of N ≫ 1 detected BBHs,
for each of which a noisy measurement of masses, spins,
etc. is obtained, what can be said about the astrophysical
populations that produced them?

To attempt answering this question, predictions about
the distributions of some or all parameters from each
population (also known as formation channel) should be
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available. Those can be either partial reasonable expec-
tations on only one or a subset of the parameters or very
detailed distributions of all parameters and their corre-
lations. These latter are generated by so called popu-
lation synthesis suites: end-to-end simulations that may
yield the distribution of all intrinsic parameters and their
correlations [13–18]. The analyst must thus decide what
level of expectations to fold in when setting up their mod-
els for the astrophysical distribution of BBH parameters.

The most conservative approach is to use flexible mod-
els [19–32]. This approach has the benefit of minimizing
the risk of biases but comes at the cost of larger statisti-
cal uncertainties driven by the large number of model’s
parameters. It also usually yields constraints about the
properties of the overall set of sources, without character-
izing eventual subpopulations. The next most conserva-
tive approach is to use parametric families of functions to
model some or all of the source properties (e.g., Refs. [33–
40]). This is the approach that was historically followed
first, as it is simple to implement and has the advantage
that at least some of the model’s parameters can approx-
imate astrophysical quantities of interest. More recently
there have been proposals to use directly the output of
populations synthesis codes as the model that enters the
population analysis [41–45]. The prospects of using pop-
ulation synthesis results as models for the analysis of GW
data is intriguing, as they could constrain the very pa-
rameters that affect binary evolution (e.g. the properties
of the progenitor stars initial mass function). At the same
time, limitations exist in the complexity and availabil-
ity of such population synthesis simulations everywhere
in the relevant parameter space. Using limited informa-
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tion can naturally lead to biases [46, 47]. In practice,
one might use a combination of all the methods above
in various steps of the analysis, or for different subset of
parameters [45, 48].

Among the tracers of BBHs formation channels there
are BH spins [33, 35, 49–57]. While predictions on the
expected spin magnitude have changed over the years
and are hard to make in a solid fashion (see for exam-
ple the introduction of Ref. [58] and references therein),
a rather simple prediction can be made about their di-
rection. That is that BBHs formed dynamically should
have spins that are randomly oriented, since no direction
is preferred, whereas black holes formed in galactic field
stellar binaries should have spins preferentially aligned
with the binary orbital angular momentum [59, 60]. The
exact degree of alignment is not known, as it depends
on the poorly-understood details of the supernovae ex-
plosions that generate the two BHs, for example, the ge-
ometry and amount of the fallback material, and on the
orbital separation at the time of the supernovae [61–63].

This expectation can be folded in a simple model for
the spin angles (called tilts and indicated with the letter
τ in this paper), that includes a mixture of two com-
ponents: one isotropic component and a preferentially-
aligned component. In Ref. [33] this preferentially-
aligned component was a Gaussian in cosine tilt space
centered at cos τ = 1 and with a fixed width. Ref. [35]
later extended the model by making the width of the
Gaussian a parameter measured from the data. This is
the model that was used in the default spin analyses of
the LVK up to their catalog GWTC-3 based on the end
of the third observing run (O3b). In their GWTC-3 pa-
per [40], the LVK finds that the data are consistent with
the tilt distribution having a peak at aligned spins but
also with a broad distribution (they find that 44+6

−11%

of BHs have cos τ ≤ 01). Ref [64] extended the spin
tilt model by allowing the location of the preferentially-
aligned component to be measured from the data and
re-analyzed GWTC-3 with it. They found that while the
data is not inconsistent with a peak at cos τ = 1 it does
not require it either. In fact, with this extended model
they obtain a mild preference for a broad peak in the
cos τ distribution away from unity. This unexpected re-
sult was corroborated in that same paper using different
parametric models [64] and by other independent analy-
ses [21, 24–26, 65].

The challenges of measuring the magnitude and tilt
of individual BHs with GWs has been known for a
long time [66–70], and naturally these uncertain mea-
surements on an event-by-event basis propagate at the
population level, making the choices of models, priors
and analyses details more important [64, 71]. Indeed,
Ref. [72] investigated the extent to which GW observa-
tions constrain the full spin distributions of BBHs beyond

1 As shown in our Fig 11 and Tab. IV, the prior for this fraction
peaks in the same region.

the commonly used effective spin parameters. Using sim-
ulated populations with identical effective spin distribu-
tions but differing component spin magnitudes and tilt
angles, they found that while gravitational waves do en-
code information about full spin vectors, this information
is extremely difficult to extract in practice.
In this work we focus on the measurability of the astro-

physical spin tilt distribution using simulated BBH popu-
lations. Our “true” population is chosen to be consistent
with what measured in GWTC-3 but we also endow the
population with a correlation between BBHs mass ratio
and spins (which does leave it consistent with GWTC-
3). We consider catalog sizes of up to 1500 sources. That
is, we attempt to make predictions about the evolution
of this measurements for the next several years. These
sources are analyzed with several of the models proposed
by Ref. [64], in order to assess model-dependence and
enable model selection. Our main findings are that:

• Even if the true cos τ distribution peaks at 1, spuri-
ous peaks away from unity are not impossible with
catalogs including as many as 300 sources. How-
ever, they become increasingly less likely as the
catalog size increases. Should a peak away from
cos τ = 1 still be observed in O4 data (which could
include ≃ 300 BBHs, based on public alerts [8]) it
might still go away as more sources are added.

• Even with 1500 BBH sources, some of the measure-
ments of key parameters — such as the fraction of
events in the non-isotropic component — are very
uncertain, and may depend on the exact model be-
ing used, especially for our most elastic model.

• While it is tempting to focus on marginalized pos-
teriors of the model parameters, as some of those
can be directly connected to interesting astrophysi-
cal quantities, it is better to work directly with the
posterior predictive distribution (PPD) of the rele-
vant source parameter or with integrated quantities
obtained from the PPD. Given the complexity of
these models, looking at marginalized posteriors of
individual parameters can be challenging and might
belie the whole story.

• For our simulated population, the true fraction
of sources with cos τ ≤ 0 is 38.9% and the true
fraction of sources with tilts within 10◦ from per-
fect alignment is 1.0%. Using a mixture model
with an isotropic spin component and a Gaus-
sian component with both location and width mea-
sured from the data, we measure these two frac-
tions to be 37.1+7.4

−7.8%, 41.8+3.9
−4.6%, 40.7+2.8

−2.2% and

1.0+0.3
−0.3%, 0.9+0.2

−0.2%, 0.9+0.1
−0.1% with catalogs includ-

ing N = 150, 500 and 1500 sources, respectively.

• Irrespective of the catalog size, we cannot reveal
in a definitive way the existence of the mass ratio–
spin tilt correlation. Both posterior-based analyses
and evidence-based analyses are inconclusive. In
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fact, the simplest model–that does not allow for the
existence of this correlation–is slightly preferred for
all catalog sizes, with most other models achieving
a similar evidence.

The rest of the paper is structured as follows: in Sec II
we discuss in detail the parameters of the simulated BBH
populations; in Sec. III we review the technical details
of hierarchical Bayesian analysis; in Sec. IV we list the
models used in the paper. Results are reported in Sec. V.
Sec. VI discusses our findings and future prospects.

II. SIMULATED POPULATION

We simulate BBH mergers from a population that is
consistent with GWTC-3 data [40]. Specifically, the joint
distribution for the source-frame primary mass (m1) and
mass ratio (q) is the Power Law + Peak model [34] with
hyper parameters: αm1 = 3.4,mmin = 5M⊙,mmax =

87M⊙,mlam = 0.04,mµ = 34M⊙,mσ = 3.6M⊙, δm =
4.8M⊙, βq = 1.1. The spin magnitudes are assumed to
be independent and identically distributed from a beta
distribution [73], with parameters αχ = 1.67, βχ = 4.43.
The redshifts are draws from the power law redshift
model [36] with slope λz = 2.73. Fig. 17 in App. A shows
the hyper posteriors for the default LVK model [40] for
GWTC-3 (as run by Ref. [64]) in blue, and mark the
values of the hyper parameters we used to simulate our
sources with yellow lines.

The cosine of the black hole spin tilt angles are drawn
from a distribution that is a mixture of an isotropic dis-
tribution, and a Gaussian peaking at cos τ = 1 (i.e., spin
vector aligned with the angular momentum). In order to
verify if and when it will be possible to reveal eventual
correlations between the distribution of the spins tilts and
other parameters, we make the branching ratio between
the preferentially aligned component and the isotropic
component a function of the mass ratio. Specifically:

p(cos τ1, cos τ2|q, fq=1, σcτ , µcτ , n) =
1− fa(q, fq=1, n)

4
+ fa(q, fq=1, n)N (cos τ1|µcτ , σcτ )N (cos τ2|µcτ , σcτ ), (1)

where N indicates a normal distribution. We have de-
fined the mass-ratio-dependent fraction of preferentially
aligned systems as

fa(q, fq=1, n) ≡ fq=1
g(q, n)− g(0.1, n)

g(1, n)− g(0.1, n)

g(q, n) ≡ exp [(q − 0.1)n − 0.9n] (2)

and set fq=1 = 1, σcτ = 1.15, µcτ = 1 and n = 2.
This non-linear correlation results in a higher fraction

of systems with preferentially aligned spins as the mass
ratio of the system gets closer to unity, and is shown in
Fig. 1. While this functional form is not meant to repre-
sent a correlation based on solid astrophysical grounds,
it can at least qualitatively capture one possible scenario
in which dynamical environments, where isotropic spins
are expected, produces BBHs with unequal masses.

To better visualize how the population we simulate
compares with the default LVK results from GWTC-3,
in the top panel of Fig. 2 we show the resulting distribu-
tion of the cosine tilts (marginalized over the mass ratio),
and the 90% credible interval from the LVK analysis for
comparison. The bottom panel shows the distribution of
cosine tilts conditional on the mass ratio for q in 4 dif-
ferent intervals together with the GWTC-3 90% credible
interval. We notice that because the mass-ratio distribu-
tion peaks at equal masses (see e.g. Fig. 10 of Ref. [40]),
in practice most sources in our simulated population will
be drawn from a cos τ distribution with a value of the
aligned fraction fa close to 1.

0.2 0.4 0.6 0.8 1.0

q

0.0

0.2

0.4

0.6

0.8

1.0

f a

FIG. 1. Fraction of sources in the preferentially aligned-spin
component as a function of the binary mass ratio. This distri-
bution is used when generating the synthetic catalog of BBHs.

We generate a catalog of 1599 detectable BBHs2 from
this distribution, and add them into simulated LIGO-
Virgo Gaussian noise, with a sensitivity corresponding to
that of the fourth observing run, using the power spec-
tral densities (PSD) provided by [74]. To mitigate the

2 Ask me about this number next time you see me at a conference.
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FIG. 2. The distribution of cosine tilts in the simulated uni-
verse (yellow), compared with the 90% credible interval from
GWTC-3 (blue). The top panel shows the distributions for
the two tilts (which are identical) marginalized over the mass
ratio, while the bottom panel shows the conditional distribu-
tion for cos τ1,2 for q in four disjoint intervals.

problems highlighted by Ref. [75], we define detectability
based on the matched filter signal-to-noise ratio (SNR),
rather than the optimal SNR. Specifically, a source is de-
tectable if its network matched-filter SNR — defined as
the square root of the sum of the squares of the SNR of
each detector — is greater than 11. We run the parame-
ter estimation algorithm Bilby [76, 77] on the detectable
sources, using the IMRPhenomXP [78] waveform model and
the relative binning likelihood [79]. We do not include
higher-order modes to keep the computation cost man-
ageable (See discussion in Sec. VI). These sources are
used to form catalogs of various size and analyzed us-
ing GWPopulation [80] to measure the hyper parameters,
using the models described in Sec. IV.

III. HIERARCHICAL LIKELIHOOD AND
SELECTION EFFECTS

Bayesian inference3 on catalogs of GW sources can be
performed given a model for the underlying astrophysical
population, parametrized by hyper parameters Λ [81–85]:

p(Λ|D) ∝ π(Λ)

Nevents∏
i=1

p(di|Λ)
α(Λ)

, (3)

where α(Λ) is the population-dependent fraction of de-
tectable events (see Eq. 8); π(Λ) the hyper prior; D =
{d1, . . . , dNevents

} is the data in the catalog; and p(di|Λ)
are the likelihoods of the individual events. This ex-
pression assumes that the merger rate has already been
marginalized over using a log-uniform prior.
The choice of the population model affects the

individual-event likelihoods which, upon explicit
marginalization of the individual-event source parame-
ters θ, can be written as [86]:

p(di|Λ) =

∫
dθ p(di|θ)π(θ|Λ)

∝
∫

dθ p(θ|di,PE)
π(θ|Λ)
π(θ|PE)

. (4)

The parameter estimation (PE) label indicates that the
posterior p(θ|di,PE) is evaluated using a parameter es-
timation software, with associated prior π(θ|PE). We
notice that this integral is formally inconsistent with
our data selection procedure [75], since we condition de-
tectability on the true values of each event source param-
eters (see also the discussion around Eq. (30) of Ref. [26])
but the systematics this approximation introduces are
smaller than statistical uncertainties, see App. B. In prac-
tice, the integral in Eq. 4 is evaluated numerically as a
Monte Carlo integral:

p(di|Λ) ≃
1

M

M∑
j=1

π(θj |Λ)
π(θj |PE)

∣∣∣∣
θj∼p(θ|di,PE)

. (5)

The precision of this estimation depends on the number
of posterior samples that are available. We run Bilby
with the Dynesty [87] sampler and 4000 live points.
This results in at least 16,000 posterior samples for each
source.
In order to properly account for selection effects, the

analyst must be able to calculate α(Λ), the fraction of
detectable sources (with a definition of detectability that

3 The reader familiar with data analysis for gravitational-wave
populations can skip this section (though they might find
Sec. III A interesting).
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is self-consistent with that used to select the catalog)
for all plausible values of the model hyper parameters.
Specifically,

α(Λ) =

∫
dθ p(ρ↑|θ)π(θ|Λ), (6)

where the first term is the probability of a source with
parameters θ to have detection statistics above threshold.
This can be written as:

p(ρ↑|θ) =
∫

dD↑ p(D↑|θ), (7)

where the integration domain is the data (i.e. noise real-
ization) that would result on the source with parameters
θ to be detectable. Plugging this expression into the pre-
vious one we have:

α(Λ) =

∫∫
dθ dD↑ π(θ|Λ)p(D↑|θ), (8)

which can be evaluated by introducing a sampling distri-
bution ζ from which the values of θ can be drawn:

α(Λ) =

∫∫
dθ dD↑

π(θ|Λ)
ζ(θ|Hζ)

p(D↑|θ)ζ(θ|Hζ)

=

∫∫
dθ dD↑

π(θ|Λ)
ζ(θ|Hζ)

p(D↑θ|Hζ)

=
1

Ntot

Ndetectable∑
i=1

π(θi|Λ)
ζ(θi|Hζ)

∣∣∣∣
θi∼ζ(θ|Hζ)

, (9)

where we have numerically evaluated the integrals over
data and θ by sampling values of θ from the sampling
distribution ζ(θ|Hζ) and sampling values of the data (i.e.
adding the signal associated to θ to a random segment of
noise, real or simulated) and only keeping sources for
which the resulting data stream corresponds to a de-
tectable source [88]. Ntot sources will have to be drawn
from ζ(θ|Hζ) before Ndetectable are collected and in gen-
eral Ntot ≫ Ndetectable, with the exact ratio depending
on the details of the proposal distribution (e.g. the max-
imum redshift at which sources can be, and the mass
function). A list of detectable sources to be used for
evaluating the sum above during the analysis can be pre-
pared in advance and stored to disk.

In general, the approximated estimate of α(Λ) will be
better with more detectable sources [89, 90], and with a
proposed distribution that is similar to the (unknown) as-
trophysical population. We create a catalog of detectable
sources in two steps. First, we generate ∼8.3 millions de-
tectable sources drawing their parameters from the same
population model used to generate the sources in the
catalog, i.e., ζ(θ|Hζ) = p(θ|Λtrue). Then, we generate
∼2.4 millions detectable sources drawing their parame-
ters from a population model that has the same mass

and redshift distribution as the previous one, but has
uniform spin magnitude and cosine tilt distribution. The
two sets are then combined using the method described
by Ref. [91] and the overall list of 10.7 million sources are
used to evaluate α(Λ) numerically. In order to obtain
O(107) detectable sources we have to generate O(109)
sources, i.e., around 1% of sources are detectable. Unless
otherwise stated, we run GWPopulation with a maximum
total variance of 2 for the log likelihood [90], i.e., when
sampling the hyper parameter space, samples that cor-
responds to a variance larger than 2 are rejected. In
practice, for most of the runs the actual variance is much
lower, and we will enforce a more stringent cut as dis-
cussed below.
We will often show the PPD of the astrophysical pa-

rameters that characterize individual sources, i.e., spins,
masses and redshift. This can be thought of as the ex-
pected distribution of those parameters in light of the
detected sources. It can be written as:

p(θ|D) =

∫
dΛ π(θ|Λ)p(Λ|D)

=
1

M

M∑
i=1

π(θ|Λi)|Λi∼p(Λ|D) (10)

That is, the PPD is the expectation of the population
model calculated with draws from the posterior p(Λ|D).
To make the notation lighter, we’ll often use PPD(θ) to
mean p(θ|D).

A. A note about efficient production of detectable
sources

We notice that producing a list of detectable signals
for the evaluation of α(Λ) can be computationally very
expensive, as one in general has to calculate the SNR of
all sources, even those that won’t eventually end up be-
ing detectable. This problem is even more severe when
estimating the sensitivity of real GW searches, as one
needs to also run search algorithms, not just calculate
SNRs [39, 92, 93]. The problem becomes more important
if one is sampling many low-mass and/or high-redshift
sources, a smaller fraction of which are detectable. For
our purposes, the process can be trivially parallelized
over as many CPU cores as possible. To further enhance
the efficiency of the algorithm, we also pre-build a look-
up table as follows:

• For a given source-frame total mass, we assume
equal masses, and take both spins magnitudes equal
to 0.99 and aligned with the angular momentum.
We generate a waveform with these intrinsic pa-
rameters.

• For each detector in the network, we calculate the
optimal SNR that the source would have if it were



6

overhead and face-on. We calculate the square root
of the squared sum of these SNRs. We calculate the
redshift at which this SNR would be equal to 11.

We notice that – given our setup – both steps are
conservative: a) for a given total mass, a system with
equal masses produces the strongest signal (if higher or-
der modes are neglected, as in our waveforms). Similarly,
maximal spins aligned with the binary orbital angular
momentum yield higher SNRs; b) a face-on source pro-
duces the strongest signal and obviously a source cannot
be overhead to all detectors in the network. Thus, with
both steps we are overestimating the optimal SNR that
the source would produce4.

With this method, we obtain a mapping zmax(Mtot)
that can be quickly interpolated anywhere in the mass
range where our population model is defined. This gives
a very conservative estimate of the maximum redshift at
which a source with given masses could be detectable.
Therefore, when we sample ζ(θ|Hζ), we can compare the
proposed redshift with zmax(Mtot) and only compute the
waveform if the proposed redshift is below the maximum.
For this waveform, a random noise realization is gener-
ated and a matched filter SNR calculated to decide if the
source is detectable or not, in a way that is consistent
with the way we selected the detectable sources of the
simulated population we analyze. With our population,
this precomputed look-up table with an over-conservative
value of the horizon reduces to 20% (of O(109) draws) the
number of sources for which a waveform must be gener-
ated. We have not attempted to optimize this process,
and it is certainly possible that a further speed-up could
be obtained.

B. A note on variances

In this work we will consider catalogs comprising up
to 1500 sources and a variety of models. It is well known
that the total variance on the hyper log likelihood esti-
mator depends on the catalog size [89, 90]. As mentioned
above, samples with log likelihood variance larger than 2
are rejected already during sampling. In practice, with
our settings, the total variance is usually smaller than 1
for all but the largest catalogs, comprising 1500 sources.
In Fig. 3 we show the distribution of variances for the
models described in Sec. IV and three exemplary catalog
sizes. Each histogram represent the distribution of vari-
ances across hyper samples for one run. For the smaller

catalogs, variances are usually as small as ∼ 0.1, though
we do occasionally have hyper samples that yield much
larger variances. We treat those as outliers — samples
that explore region of the parameter spaces where our
numerical estimation of the likelihood is unusually un-
certain and should not be trusted — and remove them
when reporting numerical results and plots henceforth,
unless otherwise stated. Specifically, we use the follow-
ing thresholds for the various catalog sizes, informed by
the highest 90% percentile of the total variance across
models for any given catalog size:

0.1

V [logL]

p
(V

[l
o
g
L]

)

N = 150

0.3

V [logL]

N = 500

1

V [logL]

N = 1500

LVK

Isotropic + Gaussian

Isotropic + Beta

Isotropic + Tukey

FIG. 3. Distribution of total variances for all models (de-
scribed in Sec. IV) and catalog sizes (we do not show . The
variances for correlated models look visually identical.

• N = 69, V[logL] < 0.3

• N = 150, V[logL] < 0.75

• N = 300, V[logL] < 1.0

• N = 500, V[logL] < 1.0

• N = 1500, V[logL] < 1.1

IV. HYPER MODELS

In this paper we will use a subset of cos τ models from
Ref. [64]:

4 To decide whether any given source is detectable or not, we use
the matched filter SNR, as mentioned above. The use of the op-
timal SNR while building this lookup table is not self-consistent,
but also not consequential because our setup is so conservative
that in practice we are only excluding sources that have an SNR
well below our threshold of 11. Given that matched filter SNR

and optimal SNR rarely differ by more than ∼ 1, and often less,
this inconsistency is not problematic. An indirect proof that this
is indeed the case, is the fact that our redshift PPD— which is
very sensitive to eventual issues with the estimation of the de-
tectors’ sensitivity—is not biased; see App. B.
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LVK : p(cos τ1, cos τ2|σcτ , fa) =
1− fa

4
+ fa

2∏
i=1

N (cos τi, µcτ = 1, σcτ ) (11)

Isotropic + Gaussian : p(cos τ1, cos τ2|µcτ , σcτ , fa) =
1− fa

4
+ fa

2∏
i=1

N (cos τi, µcτ , σcτ ) (12)

Isotropic + Beta : p(cos τ1, cos τ2|αcτ , βcτ , fa) =
1− fa

4
+ fa

2∏
i=1

B(cos τi, αcτ , βcτ ) (13)

Isotropic + Tukey : p(cos τ1, cos τ2|Tx0, Tk, Tr, fa) =
1− fa

4
+ fa

2∏
i=1

T (cos τi, Tx0, Tk, Tr). (14)

where B and T indicate a beta distribution and Tukey
window, respectively, as defined in Eq. E.1 of Ref. [64].
For primary mass, mass ratio, spin magnitude and red-
shift, we use the same parametric models employed when
generating the sources. We set hyper priors equal to
Tab. G2 of Ref. [64] (the location of the Isotropic +
Gaussian’s Gaussian component is restricted in the range
[−1, 1]), with the only difference that the two param-
eters controlling the beta component of Isotropic +
Beta are uniform in the range [0.05, 7]. These models
can be run either assuming that the branching ratio fa
is constant, or that it is correlated with the mass ratio,
with the same functional form we used when simulating
the sources, Eq. 2. For all models, the priors on fa is
U [0, 1] and – when enabling correlations – the prior on
n is U [0.01, 12]. When correlations are allowed we will
append “corr” to label of the model (e.g., Isotropic +
Beta corr)
We stress that the correlated Isotropic + Gaussian

model can exactly match the true astrophysical distribu-
tion. This constitutes an unrealistic best case scenario,
since in general for real data we won’t have the luxury of
believing that our parametric model is a perfect match to
nature, for some values of its parameters. This specific
analysis will thus represent the absolute best that can
be done given the available data, when all of the possi-
ble sources of systematics, namely model mismatch, have
been removed. The results obtained with it will consti-
tute a useful quantitative assessment of what one might
possible hope to obtain, in optimal conditions.

V. RESULTS

A. Is a peak at cos τ ̸= 1 significative?

The broad peak or plateau found in the cos τ distribu-
tion of the GWTC-3 data [21, 24, 25, 64] is surprising,
as it is not obviously predicted or associated with any
of the main astrophysical formation channels. At the
same time, GWTC-3 only included 69 BBHs, and cos τ
is notoriously hard to measure, with most BBH sources

producing very broad posteriors [70, 94].
The first question we want to address is thus whether

– given a limited catalog size – one could expect a peak
in the PPD of cos τ away from cos τ = 1 even if the
spins in the true underlying distribution were in fact born
that way. The answer will clearly depend on what the
true distribution is and—for distributions that peak at
cos τ = 1—exactly how broad the distribution is. Given
that running these analyses is still relatively computa-
tionally expensive, we use our fiducial set of sources, de-
scribed in Sec. II to attack this question5. To that end,
we generated 20 catalogs of 69, 150, and 300 BBHs each,
drawing from the 1500 sources for which we have pro-
duced single-event posteriors. We chose these three sizes
to be somewhat representative of the sizes of the GWTC-
3 catalog, and what might be available at the end of O4a
and O4b. For each of these catalogs we perform the pop-
ulation analysis with the Isotropic + Gaussian model,
without allowing for correlations 6. In other words, we
consider the minimal extension to the LVK model intro-
duced in Vitale et al. [64].
In the top panel of Fig. 4 we show the hyper poste-

rior measurements for µcτ for each of the catalogs of
69 BBH (solid curves) and, for reference, the posterior
obtained in Ref. [64] using the Isotropic + Gaussian
on the GWTC-3 data (yellow curve). We find that—
depending on the realization of events in each catalog—
µcτ can have rather different shapes: some catalogs yield
relatively narrow distributions peaked at 1 (i.e. the true
value) while others return more shallow distributions or
plateau. The GWTC-3 hyper posterior is consistent with
what we find here, and we conclude that it is not impos-
sible that a true underlying distribution with a broad
peak at cos τ = 1 might have yielded a measurement like
GWTC-3’s. We notice that for only 10% of our catalogs

5 In Sec. VI we will comment on how these results could change
given a different true distribution.

6 We will show later that even much larger catalogs cannot defini-
tively reveal such a correlation, and thus we are not significantly
biasing the analyses in this section by not allowing for it.
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FIG. 4. Posteriors of µcτ for each of 20 catalogs containing 69
(top panel), 150 (middle panel) and 300 (lower panel) sources.
The yellow line shows the posterior obtained by Ref. [64] using
the Isotropic + Gaussian model on GWTC-3.
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FIG. 5. For each value µcτ in the abscissa, the fraction of
catalogs for which the 5th percentile of p(µcτ |d) is larger than
µcτ . The catalog size is given in the legend and the average
is taken over 20 catalogs for each size. The analyses are all
performed with the Isotropic + Gaussian model.

of 69 BBH is the 5th percentile for µcτ positive. This
fraction increases to 85% (100%) with catalogs made of
150 (300) BBHs, as seen in the middle and bottom panels
of Fig. 4.

In Fig. 5 we show for each of the catalog sizes the
fraction of catalogs for which the 5th percentile of the µcτ

posterior is above the value given in the abscissa. We see
that even for our larger catalogs there is a rather sudden
drop of this fraction for abscissas in the range [0, 0.4].
For none of our simulated catalogs can we significantly
constrain µcτ to be above 0.5.

Even with larger catalogs comprising 300 sources it
is not impossible or even unusual to find posteriors of
µcτ that peak far from 1, in some cases with peaks in
the range 0 ≤ µcτ ≤ 0.5. These posteriors in µcτ are
usually paired with broad posteriors for σcτ , such that
the resulting inference in cos τ still supports a wide range
of possibilities. This is a common issue with looking at
individual, fully marginalized, posteriors of complicated
models with many parameters. We usually still indulge
in that exercise because it is often the case that some
of these parameters have a clear and useful physical or
astrophysical interpretation, and are directly linked to
what the analysis is trying to measure.

Ultimately, what is being constrained is the high-
dimensional shape of the model’s parameters, which we
can plot through the PPD of the relevant part of the
model. It would be unpractical to show 20 sets of cos τ
PPD for each of the three catalog sizes we have consid-
ered in this section. Instead, for each size we chose three
exemplary catalogs: one that yields a rather flat poste-
rior, one that yields a peak away from unity, and one
that peaks at unity. These are shown in Fig. 6: in each
panel, the green dot-dashed line is the median and the
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N = 150 (middle row) and N = 300 (bottom row) three
exemplary PPDs for cos τ . In each panel the yellow curve
shows the truth, the cyan solid line the median, and the dark
band the 90% credible interval. For the N = 300 catalogs,
one can still get either broad 90% posterior plateaus (bottom
left) or even peaks away from unity (bottom mid) though
those are more rare than in smaller catalog sizes.

green solid lines enclose the 90% central credible region.
Dotted lines enclose the central 90% of the prior and the
solid yellow line shows the true distribution of cos τ . We
see that it is not impossible for even a catalog with 300
BBHs to produce a flat PPD in cos τ , like the one we
show in the bottom left panel. However, it is much more
common for catalogs of that size to result in PPDs that
peak toward unity, like the bottom right panel.

We thus conclude that, to the extent that the true
distribution of cos τ in nature is similar to what simu-
lated here, it would not be surprising to measure spuri-
ous peaks in the PPD distribution away from unity after
150 BBHs are collected, and it would not be impossible
(though more unlikely) after 300 BBHs are collected.

B. The long road to alignment

In this section we report on the measurements we ob-
tain with three catalogs, with N = 150, N = 500 and
N = 1500 sources. Our data release also includes cat-
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FIG. 7. Fraction of sources in the preferentially aligned com-
ponent for the LVK and Isotropic + Gaussian models. The
prior is marked with a dotted line (in this case, the same for
both models).

alogs with N = 300 and N = 1000 sources but we are
not showing these in the body of the paper to keep plots
less busy. Given the current median merger rate form
BBHs, this implies we are able to make projections that
span the fourth and the fifth observing run7. We’ll first
focus on the results one obtains using models that do not
allow for the cos τ–q correlation we have introduced in
our simulated universe in Sec. VB1 (LVK and Isotropic
+ Gaussian models) and VB2 (Isotropic + Beta and
Isotropic + Tukey models). We allow for that correla-
tion in Sec. VB3.

1. Uncorrelated models: LVK and Isotropic + Gaussian

Hyper parameters

The only thing that all models have in common, in
addition to yielding a PPD for the same set of single-
event parameters (masses, spins, redshift), is that they
all include the fraction of sources in the non-isotropic
component - fa- as one of their parameters. Therefore,
this parameter can always be compared across models
and catalog sizes. We show the posterior on fa for the
LVK and Isotropic + Gaussian models in Fig. 7. The
plot shows that the two models perform similarly well,
and that while the uncertainty shrinks as the number of

7 Even though we used power spectral density representative of
O4, our results can be used to make projections for O5 because
the main impact of a more sensitive network is to increase the
number of detectable sources.
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sources increases, even the largest catalogs can’t exclude
small values of fa. While even with the smallest catalog
size we find that fa = 0 is excluded at high credibility,
values as small as fa ≳ 0.3 cannot be ruled out even after
1500 sources.

It may be surprising that the uncertainty for fa shrinks
relatively slowly as the number of events increases. In
fact, for all the hyper parameters that control the spin
tilt distributions it is not the case that the uncertain-
ties scale with the square root of the number of events.
The reason why this happens can be better understood
by looking at a corner plot of all parameters that con-
trol the tilt distribution: fa, µcτ and σcτ , which is shown
in Fig. 8. As more and more events are added to the
catalog, the main effect is that the joint fa-σcτ projec-
tion shrinks along its semi-minor axis. This mainly helps
exclude configurations with a large fraction of aligned
sources (large fa) and a narrow Gaussian peak (small
σcτ ) centered close to µcτ = 1. Once that is done, it is
harder to further exclude parts of the parameter space
because—given the very uncertain measurement of cos τ
on an event by event basis—the analysis cannot easily dif-
ferentiate between a universe with the true value of σcτ

and another universe with a smaller value of σcτ which
also produces slightly fewer sources with preferentially
aligned spins8. We are left to contend with a correlated,
high-dimensional parameter space oddity, where differ-
ent combinations of the hyper parameters controlling the
spin tilt distribution result in similar likelihoods. As we
show below, quantities based on PPD should be preferred
over marginalized hyper parameters.

For the Isotropic + Gaussian model, the parame-
ter µcτ has a clear astrophysical interpretation as the
location of the peak of the non-isotropic component of
the cos τ distribution. Because of this direct interpre-
tation, we quote uncertainties for it, the caveats about
marginal posteriors notwithstanding. The top left panel
of Fig. 8 shows the marginalized µcτ posteriors for the
catalogs with 150 and 1500 sources. We see that while
in both cases the posterior peaks at 1, it is rather
wide and smaller values are not excluded. We measure
µcτ = 0.74+0.24

−0.42, µcτ = 0.72+0.25
−0.41 and µcτ = 0.74+0.13

−0.30 for
N = 150, N = 500 (not shown in the corner plot) and
N = 1500 sources, respectively.

PPD and derived quantities

In Fig. 9 we show the 90% credible intervals of the
PPDs for cos τ (PPDs for the other parameters are shown
in App. B) obtained using the LVK and Isotropic +
Gaussian models, with the yellow curve indicating the
true distribution and dotted curves enclosing 90% of the
prior. For each catalog size, the truth is included in
the 90% credible interval everywhere in the domain of
cos τ for both models. The main difference we observe

8 Similar patterns can be found in the LVK model.
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FIG. 8. Parameters that control the cos τ part of the
Isotropic + Gaussian model. To keep the corner plot
lighter we only plot results for N = 150 and N = 1500. The
yellow line shows the true values (note: there is no true value
for fa since the true distribution has a q-dependent fraction
of aligned events, Fig. 1). The contours in the 2D plots en-
close 68.3%, 95.4%, and 99.7% of the posterior volume. The
vertical dashed lines in the diagonal panels enclose 90% of the
posterior. Priors are uniform for all parameters.

is that for the two larger catalog sizes the Isotropic +
Gaussian model yields a flatter distribution for positive
cos τ .
We can more easily compare the width of the uncer-

tainty regions by plotting slices of the PPD at fixed val-
ues of cos τ . For example, we show a slice of the PPD
cos τ = 1 for the catalog including 1500 sources in Fig. 10.
Both models do well and, as one might have imagined, the
simpler model with fewer parameters (and with µcτ = 1
by construction) yields a narrower PPD. The tail on
the left of the Isotropic + Gaussian PPD corresponds
to those flatter posteriors characteristic of the measure-
ments obtained with that model. Smaller catalogs have
correspondingly larger uncertainties: for the Isotropic
+ Gaussian model at cos τ = 1 the 90% uncertainty is
0.16 with 1500 sources, which becomes 0.21 (0.36) for
catalogs of 500 (150) sources. This is roughly a twofold
reduction in the uncertainty at cos τ = 1 as the number
of sources increases tenfold. Slicing at different values,
we find shrinkage between 2 and 3 compared to the cata-
log with 150 sources. Similar considerations can be made
for the LVK model, for which the shrinkage is larger, be-
tween 3 and 4 going from 150 to 1500 sources, depending
on where one slices. We quote uncertainties on the PPD
sliced at other values in Tabs. II and III in App. C.
We can recast our PPD into an integrated estimation of
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FIG. 9. PPD for cos τ for catalogs of 150, 500, 1500 events
using the uncorrelated LVK model (top) and Isotropic +

Gaussian model (bottom).The thickness of the curves indi-
cates the catalog size and each set of curves spans the 90%
credible interval. The yellow curve is the true distribution.

the fraction of tilts in the population that have cos τ be-
low (or above) any threshold. In Fig 11 we show the frac-
tion of BHs with cos τ ≤ 0 (top) and cos τ ≳ 0.98 (bot-
tom) – that is, spin vectors closer than 10◦ relative to per-
fect alignment – for the LVK and Isotropic + Gaussian
models, with the yellow lines marking the true values. We
find that both models do well for both bounds. The true
fraction of systems with negative tilts in the population is
38.9%; using the LVK model we find 36.5+6.8

−7.9%, 41.4+3.7
−4.2%

and 40.0+2.8
−1.6% with N = 150, 500, and 1500 events,

respectively. The Isotropic + Gaussian model yields
37.1+7.4

−7.8%, 41.8+3.9
−4.6%, 40.7+2.8

−2.2%. The true fraction of
sources with cos τ ≳ 0.98 is 1.0%; using the LVK model
we find 1.1+0.4

−0.2%, 1.0+0.2
−0.1% and 1.0+0.1

−0.1% with N = 150,
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FIG. 10. Slice of the PPD for cos τ at cos τ = 1 for the catalog
with 1500 sources. The truth is indicated with a yellow line.

500 and 1500 events, respectively. The Isotropic +
Gaussian model yields 1.0+0.3

−0.3%, 0.9+0.2
−0.2%, 0.9+0.1

−0.1%.
For both bounds we find that uncertainty shrinks from
by a factor of ∼ 3− 4 as the number of events increases
tenfold. Other values are tabulated in Tabs. IV and V in
App. C.

2. Uncorrelated models - Isotropic + Beta and
Isotropic + Tukey

We now shift focus to the two other uncorrelated mod-
els included in this work, where the non-isotropic com-
ponent is either a (possibly singular) beta distribution or
a Tukey window. Those models have been introduced by
Ref. [64] and used to analyze GWTC-3 data. They are
more generic than the LVK model and its Isotropic +
Gaussian extension in such that they can capture a more
diverse set of morphologies, with non-Gaussian peaks or
plateaus. We show the PPD for cos τ obtained with both
models in Fig. 12. At cos τ ≃ 1 the higher end of the 90%
credible interval for the Isotropic + Beta model is out
of scale due to some hyper samples that result in a singu-
lar beta distribution. The number of these samples de-
creases as the catalog size increases. For the Isotropic
+ Tukey model we find that the true is slightly outside
of the 90% credible interval for cos τ ≳ 0.7, whilst it is
included in the 90% credible interval for all other cases.
For N = 150, the Isotropic + Tukey model shows a
peak in the upper 90% credible interval, which is washed
out as more events are added to the catalog.
The fact that the Isotropic + Tukey model slightly

underestimates the value of the cos τ PPD toward unity
can be seen by plotting a slide of the PPD, as done for the
LVK and Isotropic + Gaussian models in Fig. 10. We
do this for the catalog comprising 1500 sources and both
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FIG. 11. (Top) derived posterior on the fraction of sources
with cos τ ≤ 0 for the LVK and Isotropic + Gaussian models
and three catalog sizes. The true value is indicated with a yel-
low line. (Bottom) The same, but for the fraction of sources
with cos τ ≳ 0.98 (i.e. within 10◦ from perfect alignment).

Isotropic + Gaussian and Isotropic + Tukey mod-
els in Fig. 13, where we actually slice at cos τ = 0.99
instead of 1.0 to avoid numerical issues with the large
values that singular beta posteriors can take in the last
bin. The true value is in the right-hand side of the sliced
PPD for both models.

Relatedly, both models underestimate fa, the fraction
of tilts in the non-isotropic component. However, it’s
worth stressing again that because these two models are
more elastic and do not enforce a Gaussian peak, the
possible morphologies of the non-isotropic component are
much richer, and include anything from a cosine peak, to
a broad plateau or a skewed peak. This implies that
the same value of fa across models can result in rather
different PPDs for cos τ . This is another reason why
is useful to work directly with quantities that are born
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FIG. 12. PPD for cos τ for catalogs of 150, 500, 1500
events using the uncorrelated Isotropic + Beta model (top)
and Isotropic + Tukey model (bottom).The thickness of the
curves indicates the catalog size and each set of curves spans
the 90% credible interval. The yellow curve is the true distri-
bution.

off the PPD: they can be readily compared across mod-
els, irrespective of how they are parametrized (or even if
they are non-parametric). We do this by looking again
at the fraction of events with negative cos τ and with
cos τ above ∼ 0.98 for both models, Fig. 14. In most
cases, the true value are included within the 90% cred-
ible intervals. Specifically, for the fraction of sources
with cos τ ≤ 0 the Isotropic + Beta (Isotropic +
Tukey) model yields 35.0+8.0

−7.9%, 40.9+4.6
−5.0% and 40.2+1.7

−1.8%

(37.4+12.0
−9.8 %, 41.8+4.6

−5.0% and 40.8+2.9
−2.1%) for N = 150,

500 and 1500 respectively, where the true value was
38.9%. The fraction of systems with cos τ ≳ 0.98 for
the Isotropic + Beta (Isotropic + Tukey) model is
measured to be 0.9+3.2

−0.6%, 0.7+1.5
−0.2%, 0.6+0.2

−0.2% (0.9+0.6
−0.4%,
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FIG. 13. Slice of the PPD for cos τ at cos τ = 0.99 for the
catalog with 1500 sources. The truth is indicated with a yel-
low line.

0.9+0.2
−0.2%, 0.9+0.1

−0.1%) for N = 150, 500, 1500, respectively,
where the true value was 1.0%.

3. Correlated models

In this section we focus on the results obtained when
the branching fraction between the two components of
the tilt models is allowed to vary with the mass ratio.
This introduces another hyper parameter that we call
n. The mass ratio-dependent branching fraction is thus
parametrized by two quantities that are measured from
the data, fq=1 and n, which are combined as in Eq. 2 to
give fa(q). Qualitatively speaking, fq=1 is the fraction
of sources in the non-isotropic component at q = 1 and
n controls how quickly the branching ratio evolves as q
increases, with n = 0 yielding a uniform branching ratio,
and larger n corresponding to a steeper increase of f(q)
as q approaches 1.

We begin by anticipating that the results in this sec-
tion are to a large extent the same as what presented in
Secs. VB1 and VB2 because even for our largest cata-
logs it proves to be extremely challenging to measure this
correlation. The main difference we observe is that the
PPD for cos τ obtained with the correlated models can
be slightly more uncertain than what obtained with the
corresponding non-correlated model even when the prior
90% region is smaller, i.e., favoring more uniform distri-
butions. For example, in Fig. 15 we compare the PPD
obtained with the Isotropic + Gaussian corr model
with that of the Isotropic + Gaussian, for the catalog
with 150 sources.

Therefore, in this section we will not show updated
versions of the plots of Secs. VB1 and VB2 for the cor-
related models, as they will too look similar to justify

0.25 0.30 0.35 0.40 0.45 0.50

Fraction of sources with cos τ below 0

0

5

10

15

20

25

30

N
o
rm

a
li

ze
d

co
u

n
ts

N=150

N=500

N=1500

Isotropic + Beta Isotropic + Tukey

Posterior

Prior

Truth

Posterior

Prior

Truth

0.000 0.005 0.010 0.015 0.020

Fraction of sources with cos τ above 0.98

0

100

200

300

400

500

N
o
rm

a
li

ze
d

co
u

n
ts

N=150

N=500

N=1500

Isotropic + Beta Isotropic + Tukey

Posterior

Prior

Truth

Posterior

Prior

Truth

FIG. 14. Same as Fig. 11 but for the Isotropic + Beta and
Isotropic + Tukey models.

the space they take. Instead, we will focus specifically
on how well the mass ratio dependent branching frac-
tion can be measured and whether the analysis can prove
that there indeed is correlation in the data. In Fig. 16
we show the 90% credible interval for the measurement
of f(q) obtained using the Isotropic + Gaussian corr
model (the LVK corr model yields virtually the same set
of curves). The truth (yellow solid curve) is included in
the 90% credible intervals except at the right edge, which
is expected given that the 95th percentile must be smaller
than the maximum, and the maximum cannot be larger
than 1 for the branching ratio.
Three main things are worth stressing. First, the mea-

surement is somewhat informative, meaning that we do
not simply get the hyper prior back. That is shown
in the figure as two dotted black lines enclosing 90%
of the hyper prior. Second, the uncertainty bands are
extremely wide, even for the largest catalog, highlight-
ing the difficulty of measuring f(q) even with a model
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FIG. 15. PPD for cos τ for catalogs of 150 events using
the Isotropic + Gaussian model (green solid lines) and
Isotropic + Gaussian corr model (lime solid lines). The
yellow curve is the true distribution and the dotted lines are
the priors.

that can perfectly match the truth. Third, the width
of the uncertainty bands does not trivially shrink as the
catalog size increases, especially at small q. We inter-
pret this as a sign that not only the catalog size matters,
but also which specific sources are included in the cat-
alog. This can be understood because a good measure-
ment of f(q) at small q requires the detection of sources
with small q. Given that we are using a true mass-ratio
distribution that favors equal-mass sources (compatibly
with the LVK’s measurement in GWTC-3) there are not
that many small mass ratio sources in our catalogs to
start with. This, together with the fact that fq=1 and
n are heavily correlated with one another and partially
correlated with the other spin magnitude and spin tilt
parameters implies that the resulting posterior on f(q)
can appear to have this non-obvious progression with the
number of sources.

To verify that nothing is wrong with the model it-
self (meaning that we are not affected by a bug), we
have verified that running the population code with the
Isotropic + Gaussian corr model fixing all parame-
ters to their true values but either of fq=1 or n in turn,
returns a 1D posterior that includes the corresponding
true value. Even in the unrealistic scenario captured by
this test (all hyper parameters known but one) the mea-
surements are noisy. For example, when only n is as-
sumed unknown we get n = 1.30+5.96

−1.17, n = 5.00+6.10
−3.21 and

n = 2.15+1.73
−1.04 for N = 150, 500 and 1500 respectively.

Only the largest catalog yields a 1D posterior that peaks
at the true value, but still has a relative uncertainty of
≳ 100%. The two remaining models yield the same qual-
itative results, with the Isotropic + Beta corr under-
estimating f(q) for large q in the smaller catalogs.
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FIG. 16. Posterior on the mass ratio-dependent branching
ratio f(q) obtained with the Isotropic + Gaussian corr

model. The green curves enclose the 90% credible regions
while the yellow line is the true branching ratio and the black
dotted lines enclose the 90% credible region of hyper prior
draws.

We end this section by focusing on the remaining ques-
tion we wanted to address: can the analyst even claim
that this q− cos τ correlation exists in the detected pop-
ulation? Based on the fact that the PPDs of the corre-
lated and uncorrelated models are so similar, it should
not be surprising that the answer is not positive. Indeed,
a constant, horizontal, f(q) line can be drawn within the
90% credible intervals of Fig. 16 for any catalog size (the
sharp decline on the left is due to the prior). In Tab. I we
show for all our runs the natural log Bayes factor between
each model and the ”correct” model, i.e. the LVK corr.
We find that for all catalog sizes the simpler LVK model
that does not allow for the correlation is slightly preferred
(though it should be remembered that the uncertainty on
the Bayes factors we calculate with Dynesty with our set-
tings is of the order of ∼ 0.4). The model with the largest
number of hyper parameters, Isotropic + Tukey corr
is consistently ranked last. The table highlights that none
of the models is definitively ruled out, and that it is not
the case that the models allowing for the correlation are
ranked higher.

VI. CONCLUSIONS

In this paper, we looked into the prospects for mea-
suring the astrophysical distribution of spin tilts (i.e.,
the angle between the spin vectors and the binary or-
bital angular momentum) for the stellar-mass black holes
in the binaries detected by LIGO, Virgo and KAGRA.
This is known to be a challenging problem, owing to
the uncertain event-by-event measurements of this quan-
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Model ln Bayes Factor

150 events

LVK +0.5

Isotropic + Gaussian −0.1

Isotropic + Beta −0.1

Isotropic + Beta corr −0.4

Isotropic + Tukey −0.5

Isotropic + Gaussian corr −0.7

Isotropic + Tukey corr −0.7

500 events

LVK +0.6

Isotropic + Gaussian 0.0

Isotropic + Beta −0.4

Isotropic + Beta corr −0.4

Isotropic + Tukey −0.4

Isotropic + Gaussian corr −0.5

Isotropic + Tukey corr −0.8

1500 events

LVK +1.1

Isotropic + Gaussian +0.5

Isotropic + Tukey 0.0

Isotropic + Beta −0.1

Isotropic + Gaussian corr −0.7

Isotropic + Tukey corr −1.0

Isotropic + Beta corr −1.2

TABLE I. For each group of runs with the same number of
sources, the second column reports the natural log of the
Bayes factor between the model given in the first column and
the LVK corr model run with the corresponding number of
events. A positive value favors the model in the row over the
LVK corr. In each group, models are sorted by the Bayes fac-
tor.

tity. We have generated a synthetic population of 1599
BBH whose masses, redshifts and spins are drawn from a
true underlying population that is consistent with what
the LVK has measured in GWTC-3 data. Specifically,
the spin tilts for both black holes are drawn from a dis-
tribution that has two components: one that produces
isotropically distributed spin vectors and one that pro-
duces spins vectors that are drawn from a Gaussian dis-
tribution centered at cos τ = 1 with a width of 1.15. The
branching ratio between these two components is mass-
ratio dependent – Fig. 1 — representing an hypothetical
scenario in which isolated binaries form with more equal
masses while dynamically-formed binaries tend to have
unequal masses. We used this large dataset to tackle
four main questions.

Is a peak at cos τ ̸= 1 surprising? - In Ref. [64] we
showed that GWTC-3 is consistent with the astrophysi-
cal cos τ distribution having a peak away from cos τ = 1,
a result later corroborated by others. This is surprising
since such a peak away from 1 does not have any known
astrophysical interpretation. We have formed 20 catalogs

with a random collection of 69 BBHs each, i.e., having
the same size of GWTC-3 and analyzed them with the
Isotropic + Gaussian model, where the mean of pref-
erentially aligned cos τ component is a free hyper param-
eter. We found that spurious peaks away from cos τ = 1
are not uncommon. We repeated this experiment with 20
catalogs of 150 or 300 sources, which are realistic catalog
sizes at the end of O4a and O4b9. We find that, even for
the largest catalog sizes, peaks away from 1 are not im-
possible, even though they become less common. Broad
plateaus that span most of the positive cos τ domain re-
main somewhat common. Indeed, it becomes much easier
to at least constrain the mean of the preferentially aligned
cos τ component – µcτ– to be positive. That is possible
for only 10% of the catalogs with 69 sources but with
100% for the catalogs with 300 sources. We conclude
that the results based on GWTC-3 alone do not neces-
sarily imply that the astrophysical cos τ distribution does
not have a peak at cos τ = 1.
To the extent that our assumed population is repre-

sentative of nature’s, these results suggest that several
hundred sources will be required before claims about the
location of such peak, if one exists, can be made.
Can we measure the location of a peak? - Next,

we used our simulated sources to create even larger cat-
alogs with N = 150, 500 or 1500 sources. Each of these
was analyzed using 4 different spin tilt models (from
Ref. [64]) that do not allow for any correlations. We
found that measuring individual fully marginalized hyper
parameters is challenging, due to the non-trivial correla-
tions between them, and can depict a landscape grimmer
than what we are actually facing. These includes the hy-
per parameters that control the fraction of non-isotropic
spins, and the location of the non-isotropic component.
In this sense, revealing the presence of a peak at cos τ = 1
like the one we simulated remains extremely challeng-
ing. We also looked at the PPD of the spin tilts. The
Isotropic + Gaussian and Isotropic + Tukey mod-
els find very broad plateaus for the cos τ distribution,
spanning most of the positive cos τ range even for the cat-
alog with 1500 sources. The Isotropic + Beta model
does find a peak at cos τ ≃ 0.6. However, all models
yield PPDs consistent with the truth within 90% credi-
ble intervals for all catalog sizes with the exception of the
Isotropic + Tukey model, that for N = 1500 slightly
underestimates the true cos τ distribution at cos τ ≳ 0.6.
These results are partially driven by the fact that the
true shape of the preferentially-aligned tilt component is
quite broad (consistently with what found in GWTC-3).
These findings highlight the inherent difficulty in con-

clusively identifying a peak at perfect alignment, unless
the underlying astrophysical distribution is significantly
narrower than the one we have modeled.

9 When we performed the bulk of these analysis, the LVK had not
yet announced that there would be an O4c. [9]
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Can we measure precisely the fraction of events
with negative tilt or nearly aligned spins? - While
finding the evidence of a peak might be elusive, all of the
models we used did well in quantifying the fraction of
systems with either negative tilts or with nearly aligned
tilts. For example, using the Isotropic + Gaussian we
measured the fraction of sources with negative cos τ to
be 37.1+7.4

−7.8% with the catalog comprising 150 sources.
The true value for our population is 38.9% and cal-
culating this quantity with prior draws10 one gets for
the Isotropic + Gaussian model 50.0+15.1

−15.8, thus this is
truly a data-driven measurement. For our largest cata-
log, one gets 40.7+2.8

−2.2%, that is a reduction of the un-
certainties by a factor of ∼ 3 with a tenfold increase in
the number of sources. All models measure this param-
eter well, with the true value contained inside the 90%
credible interval.

Perhaps even more interestingly, given the apparent
difficulty in revealing peaks in the PPD for cos τ , is the
measurement of the fraction of sources with tilts within
a 10◦ angle from alignment (i.e., with cos τ ≳ 0.98). For
our population, this is only 1% of black holes. For the LVK
and Isotropic + Gaussian models the effective prior
on this fraction peaks slightly below 1% (Fig. 11 bottom
panel). For all catalog sizes the posterior shifts toward
the truth, compared to the prior and shrinks as more
sources are added. For the catalog with 1500 sources the
Isotropic + Gaussian model measures this fraction to
be 0.9+0.1

−0.1%. The more general Isotropic + Beta and
Isotropic + Tukey models do a similarly well for the
fraction of negative tilts, with posteriors that include the
truth and are significantly different from the respective
priors. While the Isotropic + Tukey model does well
even in measuring the fraction of sources with nearly
aligned spin, the Isotropic + Beta model underesti-
mate that fraction. The catalog with 150 sources yields a
measurement that is barely different from the prior. The
precision increases with the number of sources, at the ex-
pense of the accuracy: for the largest catalog the truth
is just outside the 90% credible interval.

Overall, these results suggest that integral quantities—
such as the fraction of sources within a particular param-
eter range—are both less model dependent and have lower
uncertainties than the marginal posteriors of model pa-
rameters, even when the two seem to have similar mean-
ings.

Can we reveal a correlation between tilt angles
and mass ratio? - Given the large number of BBH
sources simulated for this work, we thought it would be
worth to not only assess the measurability of the spin
tilt distribution but also whether an underlying astro-
physical correlation can be revealed in the data. Given
the GWTC-3 median merger rate estimate, even at O5
sensitivity it will take years to collect 1500 sources [95].

10 For the simple Isotropic + Gaussian model, this number can
actually be calculated analytically as 50+13

−13%.

We therefore are probing what could be done toward the
end of this decade. Sadly, the answer is disappointing.
At least with the correlation and population we have as-
sumed, we find that even the largest catalogs cannot mea-
sure a mass ratio-dependent branching fraction f(q) that
is definitively non-constant, i.e. correlated. The PPD on
cos τ obtained with models that allow for this correla-
tion are not very different from the corresponding mea-
surements performed with models that do not include
such correlation. The fact that the data is not very in-
formative about the correlation in our population was
confirmed calculating Bayes factors between each model
(with or without correlation) and the LVK corr model,
which is the “true” one that was used to simulate the
sources. We find that for all catalog sizes, the simpler
LVK model that does not include correlations is favored,
with natural log of the Bayes factor between 0.5 and 1.0
relative to the LVK corr model. All other models have
either Bayes factors close to zero or are slightly disfavored
relative to the LVK corr model. We notice that given our
sampler settings, Bayes factors whose absolute values is
smaller than ∼ 0.4 should not be considered significant.
These results indicate that confidently revealing subtle

correlations between spin tilt angles and mass ratios—
like the one we simulated—from GW observations will
likely require substantially larger datasets, beyond what
advanced detectors alone will provide this decade (but see
caveats below).

Outlook - Is it possible our choices for the simulated
BBH population led to results there are too pessimistic?
Here we lay down a series of caveats that might affect
how the informed reader will think of this question. A
peak at cos τ = 1 would likely be easier to reveal than
what we reported here under a few scenarios: a) if there
is a preferentially aligned component with a peak signif-
icantly narrower (e.g., a small σcτ in our Isotropic +
Gaussian and LVK models) than what we simulated; b)
if the true distribution of spin magnitude were to pro-
duce more high-spin sources than what simulated here,
since the tilt of large spins is usually easier to measure
than that of small spins [70]; c) if the true distribution
of mass ratios were to produce more often unequal mass
black holes than what assumed here, since the primary
spins of black holes in large mass ratio systems are usually
easier to measure 11. Any combination of these three fac-
tors would likely improve the measurement of the cos τ
distribution, and in particular the existence of peak at
nearly aligned spins.

However, it is important to admit that is possible that
our simulated population is in fact more generous than
nature’s: we have assumed that systems with compara-
ble masses (i.e. the majority) fq=1 = 1, while in reality

11 This happens because for large mass ratios, the primary spin is
more and more similar to χeff [96–98] which is the best measured
spin parameter [99]
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the fraction of systems in the nearly-aligned component
might be much smaller, making the measurement of the
properties of that component more challenging. It is also
entirely possible that the true spin magnitude distribu-
tion produces fewer systems with medium or large spin
magnitudes, leaving the tilt measurements comfortably
numb to subtle features.

It is also worth discussing caveats associated with infer-
ence models and waveforms. We included in our suites of
models two that can perfectly well match the truth (LVK
corr and Isotropic + Gaussian corr). We have done
that to assess possible best-case scenarios that set a lower
limit for the statistical and systematic uncertainties aris-
ing from the modeling of the populations. In reality, it is
very unlikely any one of the parametric models currently
used is a good representation of nature. Non-parametric
models can be used, in either one or multiple dimen-
sions, but the mitigated risk of systematics comes at the
expense of increased statistical uncertainties, implying
that even more sources than what we have considered
would be required to reach a comparable level of sta-
tistical uncertainty. Regardless, it is noteworthy that,
despite potential challenges from likelihood approxima-
tions [25, 89] and models’ systematics [72] we are always
able to correctly infer the underlying BBH distributions
within uncertainties for all our models and parameters
(App. B).

Everywhere in our analysis we used the same waveform
family - to simulate the BBH added into synthetic noise,
to analyze their properties and to evaluate the sensitivity
of the detectors. This has removed the risk of system-
atic errors in a way that is probably not representative of
what would happen when analyzing real data [71]. Ad-
ditionally, we have not used waveforms with higher or-
der modes, which could improve the measurements of
some parameters, for heavy systems [100]. Furthermore,
there is some evidence that numerical relativity surro-
gates [101] might yield more precise spin posteriors - at
least for certain sources [94]. Should that be the case
for enough sources, it might lead to more stringent con-
straints of the spin population parameters.

As advanced ground based detectors get more sensitive
in the next few years, hundreds and then thousands of
binary black holes will be detected. Next-generation de-
tectors will reveal hundreds of thousands of these sources

annually. We emphasize that accurate measurements of
integrated properties of the astrophysical distribution of
spin tilts are at reach already in the advanced detec-
tor era, though uncertainties are likely to remain larger
than 10%. We encourage the population synthesis com-
munity to produce and quote these integrated numbers
(e.g., the fraction of tilts above or below certain thresh-
olds), wherever possible. Obtaining percent-level mea-
surements or revealing more subtle features such as cor-
relation between tilts and other parameters might have
to wait for next-generation detectors. Eventually, under
pressure from larger datasets, the balance will tilt toward
a more detailed understanding of the origins of merging
black hole binaries. One fine day we shall see clearly the
details, as well as the big picture.
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Appendix A: Simulated population and GWTC-3 results

As mentioned in the body of the paper, the BBH population we simulated is consistent with that measured using
the LVK model in GWTC-3 data [64]. This is shown in Fig. 17 below, where posteriors from GWTC-3 are shown in
blue, and the yellow marks the values used for our simulations. Notice that the fraction of sources in the non-isotropic
tilt component, fa, is mass-ratio dependent in our population.
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FIG. 17. The corner plot shows the GWTC-3 hyper posterior of the LVK model. The yellow lines mark the values used to
generate our synthetic population.
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Appendix B: PPD for other hyper parameters

Even though the focus of this paper are the tilt angles, we should at least mention that the measurements of all
other parameters – primary mass m1, mass ratio q ∈ [0.1, 1], redshift z and spin magnitude χ – are also unbiased for
all models and catalog sizes.

In Fig. 18 we show the PPDs for these parameters obtained with the Isotropic + Gaussian model and all three
catalog sizes. The solid curves enclose 90% of the posterior and the dotted lines 90% of the prior. The yellow curves are
the true distributions of these parameters and are generally included within the 90% credible intervals. No significant
biases are seen anywhere. The PPDs for mass, mass ratio and redshift are nearly indistinguishable when our other
models are used. For the Isotropic + Beta and Isotropic + Beta corr models only, a small difference is visible
in χ’s PPD: the upper edge of the credible region moves up by ∼ 10% at χ ∈ [0 − 0.2] compared to the Isotropic
+ Gaussian and all other models.
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FIG. 18. PPD for the parameters m1, q, χ, and z for the Isotropic + Gaussian model. Posteriors are shown for catalogs
with 150, 500, and 1500 sources.
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Appendix C: Tables

We provide some tabulated values for median and 90% uncertainties for posterior and priors for the PPD sliced
at −1,−0.5, 0, 0.5, 1 in Tab. II (uncorrelated models) and Tab. III (correlated models). Tab. IV and Tab. V report
median and 90% uncertainties for posterior and priors for the fraction of sources with cos τ ≤ −0.98, cos τ ≤ 0 and
cos τ ≥ 0.98. The true values are given in all tables for every quantity.

cos τ Truth Model 150 events 500 events 1500 events Prior

-1 0.28

LVK 0.28+0.10
−0.11 0.34+0.08

−0.07 0.30+0.05
−0.04 0.34+0.14

−0.25

Isotropic + Gaussian 0.25+0.13
−0.12 0.32+0.08

−0.09 0.28+0.06
−0.06 0.47+0.20

−0.28

Isotropic + Beta 0.30+0.11
−0.18 0.36+0.07

−0.14 0.31+0.07
−0.19 0.29+7.61

−0.26

Isotropic + Tukey 0.27+0.14
−0.20 0.32+0.10

−0.15 0.26+0.10
−0.10 0.50+0.21

−0.40

-0.5 0.39

LVK 0.36+0.07
−0.09 0.41+0.04

−0.05 0.40+0.02
−0.03 0.42+0.07

−0.27

Isotropic + Gaussian 0.36+0.08
−0.09 0.41+0.04

−0.05 0.39+0.03
−0.03 0.50+0.19

−0.18

Isotropic + Beta 0.34+0.09
−0.09 0.40+0.05

−0.06 0.38+0.04
−0.04 0.47+0.46

−0.34

Isotropic + Tukey 0.35+0.18
−0.13 0.41+0.11

−0.09 0.40+0.08
−0.08 0.50+0.30

−0.33

0 0.51

LVK 0.50+0.02
−0.12 0.51+0.01

−0.06 0.51+0.01
−0.02 0.50+0.02

−0.17

Isotropic + Gaussian 0.52+0.08
−0.09 0.52+0.05

−0.05 0.53+0.05
−0.03 0.52+0.09

−0.05

Isotropic + Beta 0.44+0.19
−0.10 0.48+0.12

−0.06 0.51+0.06
−0.06 0.52+0.50

−0.31

Isotropic + Tukey 0.55+0.11
−0.25 0.55+0.06

−0.16 0.57+0.04
−0.07 0.50+0.20

−0.30

0.5 0.62

LVK 0.65+0.09
−0.07 0.59+0.05

−0.04 0.61+0.03
−0.02 0.59+0.26

−0.08

Isotropic + Gaussian 0.65+0.11
−0.09 0.60+0.06

−0.05 0.62+0.03
−0.03 0.50+0.20

−0.17

Isotropic + Beta 0.65+0.21
−0.14 0.62+0.13

−0.10 0.65+0.09
−0.07 0.47+0.46

−0.34

Isotropic + Tukey 0.64+0.22
−0.19 0.59+0.10

−0.05 0.60+0.04
−0.03 0.50+0.29

−0.34

1 0.67

LVK 0.72+0.24
−0.12 0.63+0.11

−0.06 0.65+0.04
−0.04 0.62+0.59

−0.11

Isotropic + Gaussian 0.63+0.18
−0.19 0.58+0.10

−0.11 0.61+0.06
−0.10 0.47+0.20

−0.27

Isotropic + Beta(1) 0.67+1.63
−0.44 0.46+0.94

−0.16 0.43+0.38
−0.11 0.32+3.26

−0.29

Isotropic + Tukey 0.62+0.37
−0.27 0.58+0.10

−0.15 0.59+0.05
−0.09 0.50+0.18

−0.40

TABLE II. PPD (median and 90% credible interval) of cos τ at fixed values of cos τ (first column) for the uncorrelated models.

The prior and true value are also reported. (1) For the Isotropic + Beta only, the slice is actually taken at cos τ = 0.99
numerical issues with the large values that singular beta posteriors can take in the last bin.
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cos τ Truth Model 150 events 500 events 1500 events Prior

-1 0.28

LVK corr 0.33+0.10
−0.11 0.37+0.06

−0.08 0.30+0.05
−0.04 0.43+0.06

−0.15

Isotropic + Gaussian corr 0.32+0.14
−0.12 0.36+0.07

−0.09 0.29+0.06
−0.06 0.49+0.10

−0.13

Isotropic + Beta corr 0.33+0.09
−0.12 0.38+0.06

−0.09 0.31+0.07
−0.16 0.41+3.73

−0.19

Isotropic + Tukey corr 0.33+0.11
−0.15 0.37+0.07

−0.12 0.27+0.09
−0.09 0.50+0.09

−0.19

-0.5 0.39

LVK corr 0.37+0.09
−0.09 0.41+0.05

−0.05 0.39+0.02
−0.03 0.46+0.04

−0.14

Isotropic + Gaussian corr 0.38+0.10
−0.11 0.41+0.05

−0.05 0.39+0.03
−0.03 0.50+0.10

−0.08

Isotropic + Beta corr 0.35+0.08
−0.09 0.40+0.05

−0.05 0.38+0.04
−0.04 0.49+0.22

−0.17

Isotropic + Tukey corr 0.36+0.14
−0.11 0.40+0.08

−0.07 0.39+0.10
−0.09 0.50+0.14

−0.15

0 0.51

LVK corr 0.48+0.04
−0.11 0.49+0.02

−0.07 0.51+0.01
−0.03 0.50+0.01

−0.09

Isotropic + Gaussian corr 0.51+0.07
−0.10 0.51+0.05

−0.06 0.52+0.05
−0.03 0.51+0.04

−0.02

Isotropic + Beta corr 0.43+0.15
−0.09 0.46+0.10

−0.05 0.51+0.07
−0.06 0.51+0.25

−0.14

Isotropic + Tukey corr 0.48+0.16
−0.19 0.52+0.08

−0.14 0.57+0.04
−0.07 0.50+0.10

−0.13

0.5 0.62

LVK corr 0.63+0.09
−0.08 0.59+0.05

−0.05 0.61+0.03
−0.02 0.54+0.13

−0.04

Isotropic + Gaussian corr 0.64+0.12
−0.11 0.60+0.06

−0.05 0.62+0.04
−0.03 0.50+0.09

−0.09

Isotropic + Beta corr 0.61+0.21
−0.11 0.59+0.13

−0.09 0.65+0.09
−0.07 0.49+0.22

−0.17

Isotropic + Tukey corr 0.64+0.23
−0.25 0.60+0.13

−0.08 0.60+0.05
−0.03 0.50+0.13

−0.15

1 0.67

LVK corr 0.73+0.27
−0.16 0.65+0.14

−0.08 0.66+0.05
−0.04 0.56+0.30

−0.05

Isotropic + Gaussian corr 0.62+0.23
−0.15 0.59+0.11

−0.11 0.61+0.06
−0.11 0.49+0.09

−0.15

Isotropic + Beta corr(1) 0.75+1.52
−0.47 0.56+0.89

−0.21 0.43+0.41
−0.11 0.42+1.44

−0.19

Isotropic + Tukey corr 0.63+0.45
−0.27 0.58+0.16

−0.17 0.59+0.05
−0.10 0.50+0.08

−0.20

TABLE III. PPD (median and 90% credible interval) of cos τ at fixed values of cos τ (first column) for the correlated models.

The prior and true value are also reported. (1) For the Isotropic + Beta only, the slice is actually taken at cos τ = 0.99
numerical issues with the large values that singular beta posteriors can take in the last bin.
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cos τ Truth Model 150 events 500 events 1500 events Prior

cos τ ≤ −0.98 0.4

LVK 0.4+0.2
−0.2 0.5+0.1

−0.1 0.4+0.1
−0.0 0.5+0.2

−0.4

Isotropic + Gaussian 0.4+0.2
−0.2 0.5+0.2

−0.1 0.5+0.0
−0.1 0.7+0.3

−0.4

Isotropic + Beta 0.5+0.2
−0.3 0.5+0.2

−0.2 0.4+0.1
−0.3 0.5+6.6

−0.4

Isotropic + Tukey 0.4+0.2
−0.3 0.5+0.2

−0.2 0.4+0.2
−0.1 0.7+0.4

−0.6

cos τ ≤ 0.00 38.9

LVK 36.5+6.6
−7.9 41.3+3.7

−4.2 40.2+2.6
−1.2 42.0+7.2

−24.3

Isotropic + Gaussian 37.2+7.4
−7.7 41.7+4.0

−4.5 40.4+3.1
−1.6 50.0+15.1

−15.8

Isotropic + Beta 35.0+7.6
−7.9 40.7+4.3

−4.9 40.4+2.3
−1.4 49.9+33.1

−33.1

Isotropic + Tukey 37.1+8.2
−9.5 41.9+4.4

−5.1 41.0+1.9
−1.5 50.0+26.0

−25.3

cos τ ≥ 0.98 1.0

LVK 1.1+0.4
−0.2 1.0+0.2

−0.1 1.0+0.2
−0.2 1.0+0.9

−0.2

Isotropic + Gaussian 1.0+0.3
−0.3 0.9+0.2

−0.2 0.9+0.1
−0.2 0.7+0.3

−0.4

Isotropic + Beta 0.9+3.4
−0.6 0.7+1.6

−0.3 0.6+0.2
−0.2 0.5+6.7

−0.4

Isotropic + Tukey 0.9+0.6
−0.4 0.9+0.2

−0.2 0.9+0.1
−0.1 0.7+0.3

−0.6

TABLE IV. Median and 90% credible interval on the percentage of sources with cos τ in the range given in the first column for
the uncorrelated models. Truth and priors are also reported.

cos τ Truth Model 150 events 500 events 1500 events Prior

cos τ ≤ −0.98 0.4

LVK corr 0.5+0.2
−0.2 0.6+0.1

−0.1 0.5+0.1
−0.1 0.6+0.2

−0.2

Isotropic + Gaussian corr 0.5+0.2
−0.2 0.5+0.1

−0.2 0.4+0.1
−0.1 0.7+0.2

−0.2

Isotropic + Beta corr 0.5+0.2
−0.2 0.6+0.1

−0.1 0.4+0.1
−0.1 0.6+3.1

−0.3

Isotropic + Tukey corr 0.5+0.2
−0.2 0.6+0.1

−0.2 0.4+0.1
−0.2 0.7+0.2

−0.3

cos τ ≤ 0.00 38.9

LVK corr 37.5+7.9
−8.5 41.4+4.5

−4.6 40.4+2.2
−1.4 46.2+3.5

−12.7

Isotropic + Gaussian corr 38.9+9.4
−9.2 41.8+4.8

−4.6 39.9+1.8
−3.1 50.0+8.4

−7.4

Isotropic + Beta corr 36.4+7.6
−8.1 40.9+4.9

−4.7 40.0+2.0
−1.0 50.1+15.8

−15.4

Isotropic + Tukey corr 37.1+10.9
−9.4 41.3+5.2

−5.4 40.8+2.1
−2.1 50.0+11.5

−10.9

cos τ ≥ 0.98 1.0

LVK corr 1.1+0.4
−0.3 1.0+0.2

−0.2 1.0+0.1
−0.1 0.9+0.5

−0.1

Isotropic + Gaussian corr 0.9+0.4
−0.3 0.9+0.2

−0.2 0.9+0.2
−0.1 0.7+0.2

−0.2

Isotropic + Beta corr 1.1+3.1
−0.7 0.8+1.5

−0.3 0.6+0.2
−0.1 0.6+3.2

−0.3

Isotropic + Tukey corr 1.0+0.7
−0.4 0.9+0.2

−0.3 0.9+0.1
−0.2 0.7+0.2

−0.3

TABLE V. Median and 90% credible interval on the percentage of sources with cos τ in the range given in the first column for
the correlated models. Truth and priors are also reported.
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