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Prediction of A15 Tilt Grain Boundary Structures
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In this work, we present a theoretical method to predict all coincidence site lattice (CSL) tilt
grain boundaries (GBs) in A15, especially high-> CSL GBs. This method includes a modified Farey
diagram (MFD) and a computational framework based on the 3D phase field crystal model. Applied
to [001] CSL symmetric tilt grain boundaries (STGBs) in A15, this method identifies building blocks
of A15 GBs, known as structural units (SUs). The MFD predicts the quantity and proportion of
SUs within GBs. The developed computational approach further determines the arrangement of
these SUs. The predictive rule reveals the SU arrangement of A15 [001] CSL STGBs.

I. INTRODUCTION

The unit cell of A15, as shown in Fig. [I} contains eight
spheres. Two spheres occupy positions in body-centered
cubic (BCC) lattice, referred to as lattice spheres. The
remaining three pairs of spheres, distributed on each face
in mutually orthogonal chain structures, are termed dec-
orative spheres [I]. A1l5 materials such as the NbsSn
intermetallic compound are superconducting materials
with high current density, critical temperature, and crit-
ical magnetic field, thus attracting much attention [2-
[4]. These materials often exist in polycrystalline forms
containing grain boundaries (GBs). The atomic arrange-
ment at GBs significantly influences electron transport
and flux pinning behaviors [BH7]. Therefore, identifying
the GB structure is crucial for the design of A15 materi-
als.
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FIG. 1. A15 structure. (a) The A15 unit cell contains eight
spheres. Two spheres occupy the corner (red) and the center
(blue), constituting a BCC lattice. The other three pairs
(pink, gray, light blue) reside equidistantly on each face along
the axes. The side length of the unit cell is a. (b) The view
of the A15 unit cell along the [100] direction. The spacing
between spheres is marked.

Most current studies on GBs in A15 materials focus
on GB diffusion [8HI0], GB compositions [I1], and con-
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ductive effects [7]. A few works have investigated the
structures of low-X coincidence site lattice (CSL) GBs
in A15 at the atomic scale, such as X1 (110), ¥5 (120),
and X3 (112) GBs [0, 10, 12]. However, polycrystalline
materials contain numerous high-» CSL GBs, whose
structures remain unknown. Existing studies lack a sys-
tematic theoretical framework for predicting the struc-
tures of high-3 CSL GBs and their atomic arrangement
rules. Moreover, experimental characterization methods
are limited, making it difficult to directly resolve atomic-
scale details of complex interfaces.

To fill the gap, this work proposes a structural pre-
diction method for all CSL GBs by developing a modi-
fied Farey diagram (MFD) and a computational frame-
work based on the 3D phase field crystal model [13-
[I6]. We systematically study [001] CSL symmetric tilt
grain boundaries (STGBs) in Al5 covering misorienta-
tion angles from 0° to 90°. By combining the struc-
tural unit model with numerical computations, we iden-
tify three categories of structural units (SUs), and find
three delimiting GBs: X1 (100) (0°), X5 (310) (36.9°),
and X1 (110) (90°) GBs. We divide misorientation an-
gles of [001] CSL GBs into two intervals: 0°-36.9° and
36.9°-90°, using the MFD to predict arrangement rules
of GB SUs in each interval. Finally, we apply the compu-
tational framework to determine specific arrangements of
GB SUs, establishing predictive rules for A15 GB struc-
tures.

II. THEORETICAL FRAMEWORK
A. Modified Farey diagram in A15 GBs

In this section, we introduce the structural unit model
and the MFD for A15 [001] CSL STGBs. Based on
SUs and delimiting GBs, we establish a hierarchical rela-
tionship between misorientation angles and SU arrange-
ments. By adjusting the initial fraction in the classical
Farey diagram, an MFD is developed to enable system-
atic prediction of SU compositions in GBs.
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FIG. 2. Low-X CSL [001] STGBs in A15 viewed along [001] direction. (a) X1 (100) (0°) GB. (b) X5 (310) (36.9°) GB. (c)
31 (110) (90°) GB. (d) X213 (510) (22.6°) GB. SUs are labeled A; (dark blue), Az (light blue), B:1 (yellow), By (orange), Ci
(purple), C> (pink). In these GBs, SUs arrange periodically as (A1Az), (B1Bz2), (C1C2), and (B1A1B2A2), respectively.

1. Structural unit model

The structural unit model has been used to study
structural characteristics of CSL GBs [I7H20], and it con-
tains two key concepts.

(i) SU representation [I7, 2I]. A GB is a combina-
tion of building blocks, where SUs represent their two-
dimensional projections. Fig. [2| shows four low-% [001]
CSL STGBs in Al5 viewed along the [001] direction.
The SU shape can be determined by lattice spheres, i.e.,
BCC lattice. SUs of A15 GBs include type A (diamond),
type B (kite-shaped), and type C (rectangular). These
SUs are further subdivided into Ay, As, B1, By, C1, and
C5 based on the colors of their lattice spheres. For in-
stance, the lattice sphere colors of A1 and A, are inter-
changed (blue «» red). The SU periodic arrangements of
21 (100), £5 (310), $1 (110), and $13 (510) GBs are
(AlAQ), (BlBQ), (0102) and (BlAlBQAQ), respectively.

(ii) SU combination [I7]. A GB composed of a sin-
gle type of SU is a delimiting GB [22]. For A1l5,
21 (100) (0°), 55 (310) (36.9°), and $1 (110) (90°) GBs
are delimiting GBs, each containing only type A, type
B, and type C SUs, respectively. A GB with misorien-
tation 6 between the angles (6, and 63) of two adjacent
delimiting GBs consists of their SUs in a ratio of
ny lg sin[(&z — 9)/2]

ng  lysin[(0—6y)/2] (1)
Here, n1 and no represent the numbers of SUs from two
delimiting GBs. [; and [, are lengths of SUs along the
GB plane in these two delimiting GBs. As an example,
Fig. 2(d) shows that £13 (510) GB with misorientation
22.6° € (0°,36.9°) consists of SUs A and Binal:1
ratio according to Eq. .

2. Modified Farey diagram

The Farey diagram was originally proposed to describe
the distribution of rational numbers [23]. As shown
in Fig. the classical Farey diagram is a binary tree
built by iteratively generating Farey sequences. The ini-
tial fractions of the classic Farey diagram are 0/1 and
1/1. The node between two adjacent fractions is derived
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FIG. 3. Classical Farey diagram. It is a binary tree built from
Farey sequences. The Farey sequence Fiv is an ordered set of
irreducible fractions with denominators not exceeding N. The
initial fractions are 0/1 and 1/1, and new node fractions are
generated by the Farey summation in Eq. .

through Farey summation
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where p = p; + p2 and ¢ = ¢q1 + ¢2. Classical Farey
fractions are all irreducible. The N-th generation Farey
sequence F is an increasing sequence of irreducible frac-
tions with denominators not exceeding N. For example,
the Farey sequence F3 is {0/1,1/3,1/2,2/3,1/1}.

Farey diagram has recently been extended to GBs
to describe the relationship between SU arrangements
in CSL GBs and the distribution of rational numbers
[24, 25]. Here, we develop a MFD to depict the hierarchy
of A15 [001] CSL STGBs, and further predict arrange-
ments of GB SUs, as shown in Fig. [d] Lattice spheres
form a BCC Bravais lattice with fourfold rotational sym-
metry, thus we investigate GBs with misorientation an-
gles between 0° and 90°. The MFD changes 0/1 in the
classical Farey diagram to 0/2. The Farey fraction 0/2
corresponds to X1 (100) GB. This modification ensures
that the first two Farey sequences correspond to delim-
iting GBs. The modified Farey sequence is denoted as
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FIG. 4. MFD illustrating the hierarchical structure of [001]
CSL GBs. It alters the initial fraction of the classic version
from 0/1 to 0/2. New node fractions are generated by Farey
summation in Eq. and may be reducible. The fraction
g/p maps to a GB with misorientation angle 2arctan(q/p),
annotated on the right side of the diagram.

F};, where N > 2. For example, Fj = {0/2,1/3,1/1}
and Fj = {0/2,1/3,2/4,1/1}. Unlike the classical Farey
fractions, modified Farey fractions may be reducible. The
misorientation angle of the GB corresponding to Farey
fraction ¢/p is @ = 2arctan (¢/p). We divide misorienta-
tion angles 6 from 0° to 90° into two ranges (0°-36.9° and
36.9°-90°) based on delimiting GBs. For 6 € (0°,36.9°)
(0 < q/p < 1/3), the GB consists of SUs A and B; for
6 € (36.9°,90°) (1/3 < ¢/p < 1), it comprises SUs B
and C. Eq. indicates that (pg0) GB is composed of
SUs from (p1¢10) and (p2¢20) GBs, with the number of
symbols in former’s SU periodic sequence equaling sum
of latter two. Taking 0/2H 1/3 = 1/5 as an example,
the SU periodic sequence (B;A; B2Az) of £13 (510) GB
consists of (A1 A43) from X1 (100) GB and (B;Bz) from
35 (310) GB. The proportion and quantity of various SUs
in SU periodic sequences of CSL GBs could be predicted
by the positions of Farey fractions.

B. Computational framework for GBs

Now, we present a computational framework capable of
accurately calculating [001] CSL STGBs in A15, particu-
larly high-> CSL GBs. We use phase field crystal model
[26] 27] to calculate GBs, with the free energy functional

B0 = s L {510+ 9
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where ¥ (r)(r = (z,y,2)7) is the local 3D atomic den-
sity. Q is a region in R?, whose volume is V(). Mass
conservation requires

1
m/ﬂ Y(r)dr = 0. (4)

The time evolution follows a conserved dynamics equa-
tion
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where Py = ¢ — ﬁ Jo @(r)dr serves as a projection
operator imposing the mass conservation constraint.
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FIG. 5. Schematic of [001] STGBs in A15. Planes x = —L
and x = L divide the 3D space into regions. Grain 1 (Grain
2) rotates clockwise (counterclockwise) by 6/2 around [001]
direction, occupying the half-space x < —L (x > L). A tran-
sition region containing GBs lies between them. The coordi-
nate system and crystal orientations are labeled.

The GB simulation employs a 3D phase field crys-
tal model, with the schematic shown in Fig. Planes
x = L partition the 3D space. Grain 1 (Grain 2), lo-
cated in the half-space < —L (z > L), undergoes a
clockwise (counterclockwise) rotation of §/2 about [001]
axis. Here, 0 is the misorientation angle between the two
grains. The transition zone between the two planes con-
tains GBs accommodating structural relaxation. The GB



structure is periodic along y and z directions. In the x di-
rection, nonhomogeneous Dirichlet boundary conditions
are imposed, while A15 crystal structure is maintained
at x = +L.

Next, we establish the discrete scheme of Eq. . The
model parameters 7 = 0.0 and v = 1.3 are selected ac-
cording to the stable A15 region of the phase diagram
[28]. The A15 structure can be represented by a Fourier
series,

h)Tr] ,

= do(h)

heZ?

(6)

exp

where the 3 x 3 matrix Gy = bl represents the recipro-
cal lattice, with b being the length of reciprocal lattice
vectors. Driven by the minimization of the free energy
functional, alternating iterations of Gy and 1y(h) are
performed to obtain a stable A15 structure [29]. The op-
timal side length of the A15 unit cell is a = 27 /b = 14.7.
The [100], [010], and [001] directions of Al5 correspond
to the x, y, and z axes of the coordinate system. Ro-
tating clockwise (counterclockwise) around [001] by 6/2
generates grain 1 (grain 2), denoted as (s = 1,2),

1#5(7“) =1 (Rz'l")

=Y wo(h)

heZ3

cos(fs) —sin(fs) 0
sin(fs) cos(fs) 0O

0 0 1
with §; = —60/2 and 0 = /2. CSL GBs require tan(6/2)
to be a rational number [30]. Rs, and R, are the first
row and the last two rows of R, respectively, and 7 =
(y,2)T. The terms 1&0( Yexp [i (RszGoh) x] and R.Go
are rewritten as 1/35(35, h) and Gy, respectively. Therefore,
Ys(r) can be simplified to

Here, the rotation matrix is Ry =

Ys(x,T) = Z Us(2, h) exp {z (Gsh)T f} )

heZ3

(7)

Since CSL GBs are periodic in the y-z plane, we can
find a common periodic function space,

W = span {exp [z (Gh)" F] , he Z2} . (8)

This function space is composed of linear combinations

of 2D periodic exponential functions. Grains and GB can

be uniformly represented within the function space W.
The two grains in Eq. are re-expressed as

(,7) = Y dylz,h)exp [2 (Gh)" f} .

heZ?

(9)

Boundary conditions along x direction of the system are
defined by matching the values and normal derivatives of

exp [i (RsxGoh) ]exp{ (R Goh )TF}

the grains at © = £,

O™ (x, T) _0™Yi(x,7)
dz™ - Oam ’
r=—L r=—L (10)
(‘3"%(3:,?) B 8m’(/)2(l‘,17')
dxm  Oam ’
=L x=L

for m = 0, 1. The initial value of the system can be con-
structed by connecting two grains with a smooth func-
tion,

POz, h) = [1 = b(@)] 1z, h) + ba)da(z, k), (1)
where b(z) = [1 —tanh(oz)] /2 with ¢ = 0.1, ensuring
that b(—L) = 0 and b(L) = 1 to satisfy the boundary

conditions in Eq. (| .
The temporal discretization of Eq. (5|) employs a semi-
implicit scheme [29], with time step size At.

[aﬁ —(2k* —2) 2 + k' —2k* + 1 + Alt] YD (2, h)

(12)
where k Gh is the reciprocal vector. These terms
(i) (z, h) = [ dF? (z,7)exp {—z (Gh)" } ,j =2,3 can

be efﬁc1ently calculated by the pseudospectral method
[31]. We use generalized Jacobi polynomials to discretize
the variable z in Eq. [32]. The generalized compu-
tational framework for arbitrary interfaces can be found
n [I3] [I4]. Tt has been preliminarily applied to calculate
CSL and non-CSL GBs for hexagonal and face-centered
cubic crystalline materials [I3] [30].

III. RESULTS AND DISCUSSION

In this section, we combine the MFD with the com-
putational framework to predict GB structures in two
misorientation intervals.

1. Predicting GBs for 6 € (0°,36.9°)

GBs with misorientation angles § € (0°,36.9°) con-
tain type A and B SUs, corresponding to Farey fractions
between 0 and 1/3. Fig. |§| displays concrete shapes of
SUs A, As, Bi, and Bs in delimiting GBs and several
specific CSL GBs. Dashed boxes contain basic shapes
of each SU in delimiting GBs. As the denominator of
Farey fraction increases (the generation of Farey sequence
rises), SUs undergo deformations, including splitting (S),
emergence (£), and disappearance (D). We use sub-
scripts “1” and “2” to distinguish deformations of lat-
tice spheres and decorative spheres. A lattice sphere



02 i 15 1/7
X1 (100) ;X138 (510) 225(710)

1/5

2/8
$17 (410)

&

072 15 1/7

: 1/5
© 1 (100) : D13 (510) %25 (710) : 35 (310)

$13 (510)

FIG. 6. Shapes and deformations of SUs A, As, B, and B in GBs with 0°-36.9° misorientation angles within MFD in
Fig. [l SUs are categorized by type and ordered by ascending Farey denominators. If the same SU appears in multiple GBs,
we retain the SU instance with the smallest Farey denominator and remove duplicates. Dashed boxes indicate basic SUs in
delimiting GBs. Green symbols denote deformation types, where subscript “1” represents lattice spheres and “2” represents
decorative spheres. SU deformations include splitting of lattice spheres (S1), splitting of decorative spheres (S2), emergence of
new decorative spheres (€2), and disappearance of decorative spheres (D2).
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FIG. 7.  Structural prediction of [001] CSL STGBs in Al5 with misorientation angles 0°-36.9° by MFD and theoretical
calculations. SUs of ¥13 (510) GB are periodically arranged as (B1 A1 B2A2). ¥25 (710) GB (irreducible fraction 1/7) exhibits
a periodic SU sequence (B1A1A1B2A2A5), consistent with MFD prediction as it comprises SUs from both X1 (100) and
13 (510) GBs. The periodic sequence of SUs in ¥17 (410) GB (reducible fraction 2/8) is (B2B1 A1), which constitutes half of
the sequence predicted by MFD.



splits into two, labeled &;. Transformations of decora-
tive spheres involve splitting into two (Ss2), new decora-
tive spheres emerging (&;), and disappearing (D2). SU
A; evolves from 0/2 to 1/5 via 1Sz, then to 1/7 through
&>. We obtain the deformation process of Aj, which is

0/2 —% 515, 1/5 %5 1/7. Similarly, the deformation pro-

cess of Ay is 0/2 5152, 1/5 == i 1/7, that of By is
2/8, and that of B is

1/3 515222 1/5 and 1/3 222,

1/3 === 1/5. With increasing Farey fraction denomi-
nator (i.e., higher sequence generation), the deformation
of SUs becomes more complex compared with shapes of
basic SUs in delimiting GBs. SUs derived from the same
basic SU retain their category.

S§1852&2

Next, we propose the SU arrangement rule in GBs
based on MFD. Fig. [7] displays SU arrangement within
one period for five GBs corresponding to Farey fractions
between 0 and 1/3 in F§. Except for delimiting GBs, SU
periodic sequences in other GBs are composed of com-
binations of (B1A;...A;) and (B2As ... As), where the
number of A; SUs may be zero. We compare the pre-
dicted sequences from MFD with GBs calculated theo-
retically, classifying Farey fractions as irreducible or re-
ducible. When Farey fraction is irreducible, we can di-
rectly obtain SU periodic sequence for corresponding GB.
For example, the Farey fraction 1/7 = 0/2 H 1/5 im-
plies that SU sequence (B1A1A1B2A2A5) in ¥25 (710)
GB combines SU sequences (41 45) in X1 (100) GB and
(B1A1B2A3) in X113 (510) GB. When Farey fraction is re-
ducible, the MFD-predicted sequence requires reduction
to match SU periodic sequence. For instance, 317 (410)
GB, with Farey fraction 2/8 = 1/3 B 1/5, has pre-
dicted sequence (ByB1 A1 B1 By As), combining (B Bs) in
ever, SU periodic sequence of theoretically calculated
Y17 (410) GB is (B2B1 A1), which is half of the pre-
dicted sequence. Comparing sequences (ByBiA;) and
(B1B2As), we hypothesize that GBs retain the subse-
quence with more A; SUs.

Thanks to the computational framework proposed
in Sec.[[TB] high-¥ CSL GBs can be accurately cal-
culated. We verify Farey fractions 2/12 and 2/16,
corresponding to 337 (610) and X65 (810) GBs, re-
spectively, as shown in Fig. In Fig. a), since
2/12 =1/5H1/7, the predicted sequence through MFD
is (BQAQBlAlAl‘BlAlBQAQAQ), with A1 count of 2
and 1 in two parts. Furthermore, theoretical calculation
reveals that 37 (610) GB has the (ByAsBiA1A;)
periodic arrangement, which is half of the predicted
sequence where the number of A; is larger. Similarly, in
Fig.[§(b), 2/16 = 1/781/9 = 1/7T81/7H0/2, the MFD
predicts that the periodic arrangement of 65 (810) GB
is (BQAQAQBlAlAlAl|B1A1A1.BQA2A2A2). The
theoretically calculated SU periodic sequence is
(ByA3AsB1 A1 A1 Ay), also consistent with the ar-
rangement rule proposed above. The predicted rule
developed for A15 GBs is different from the previous
work for FCC GBs, where the predicted sequence of

MFD does not require reduction [24].

2. Predicting GBs for 6 € (36.9°,90°)

After exploring SU arrangement rules in GBs with mis-
orientation angles in the range of 0° to 36.9°, we now
focus on the range of 36.9° to 90°. GBs in this range
are composed of SUs B and C, and corresponding Farey
fractions range from 1/3 to 1. Fig. [9] shows concrete
shapes of SUs B;, By, (7, and C5 within delimiting
GBs and several low-X CSL GBs. Dashed boxes con-
tain basic shapes of SUs in delimiting GBs. Compared
with deformation types in Fig. [6] SUs lack Dy but ex-
hibit a new deformation where two decorative spheres
fuse into one (F2). The S; deformation of SUs of type
B in Fig. [f[c)(d) occurs at the leftmost lattice sphere,
while in Fig. [0] it occurs at the rightmost lattice sphere,
resulting in different shapes of the SU B across the two
ranges. The deformation process of SU 31 following

Farey fractions is 1/3 222, 2/4 22, 3/5 22, 4/6, that

of By is 1/3 215222, 3/5 % 5/9 and 1/3 —> 3/7 that
of 01 is 1/1 222 974 54 35 52 4/6 6/8 and
3/5 22 5/9 and that of Cy is 1/15 2% 3/5 2122 6/8

and 1/ 15 22 5 /7. SU classification remains unaffected
by deformations.

Fig. [I0] shows GBs corresponding to Farey fractions
between 1/3 and 1 in modified Farey sequence Fj.
SU periodic sequences of these GBs are composed of
(B1C1C5C ...) and (BoCyC1Cy. .. ), where the num-
ber of type C' may be 0, otherwise the last symbol is
either C'y or (5. Farey fractions are also classified as
irreducible or reducible. For irreducible fractions, SU
periodic sequences can be directly deduced from MFD.
For example, 3/5 = 2/4H 1/1 implies that SU periodic
sequence of ¥17 (530) GB is composed of (B;Cy B2C?) in
Y5 (210) GB and (C1C3) in 31 (110) GB. For reducible
fractions, the MFD-predicted sequence requires reduc-
tion. The Farey fraction corresponding to 35 (210) GB is
2/4 =1/3H1/1. The SU periodic sequence predicted by
the MFD is (B;C1|B2C5), while the theoretical calcula-
tion result is (B1C4), which retains half of the predicted
sequence that contains B;. High-¥ CSL GBs such as
%13 (320) and £25 (430) GBs have SU periodic sequences
(B1C1C5Ch) and (B1C1C5C1CoCY), respectively, which
also follow this reduction rule.

IV. CONCLUSIONS

In this work, we establish a theoretical approach in-
corporating MFD and computational framework to pre-
dict tilt A15 CSL GBs, particularly high-> CSL ones.
We investigate [001] A15 CSL STGBs with misorienta-
tion angles from 0° to 90°. SUs A;, Ay, B1, Bs, Cy,
and Cy are identified, along with three delimiting GBs:
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FIG. 8. SU arrangements in high-3 CSL GBs corresponding to reducible Farey fractions. (a) For 337 (610) GB (Farey
fraction 2/12), the theoretical SU sequence is (B2A2B1A41A1), while the MFD predicts (B2A2B1A1A1|B1A1B2A2As). (b)
For 365 (810) GB (Farey fraction 2/16), the theoretical sequence (B2 A2A2B1 A1 A1 Ay) contrasts with the predicted sequence
(BgAzAQBlAlAlAl|BlA1AlBQA2A2A2) from the MFD.
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FIG. 9. Shapes and deformations of SUs Bi, Bz, C1, and C2 in GBs with 36.9°-90° misorientation angles within MFD in
Fig. SUs are ordered by ascending Farey denominators within each category. Where identical SUs appear across multiple
GBs, we retain the instance with the smallest Farey denominator, removing duplicates. Dashed boxes indicate the basic SUs in
delimiting GBs. Green symbols denote deformation types of SUs, where subscripts “1” and “2” represent lattice spheres and
decorative spheres, respectively. SU deformation modes include splitting of lattice spheres (S1), splitting of decorative spheres
(S2), emergence of new decorative spheres (£2), and fusion of adjacent decorative spheres (F2).
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CSL STGBs in A15 with misorientation angles from 36.9° to 90°

using MFD and

theoretical calculations. An SU binary tree is constructed based on MFD in Fig. ] by positioning GBs near corresponding Farey
fractions. For irreducible Farey fractions (e.g., 3/5, 5/7), the periodic sequences of SUs from theoretical calculations match
MFD predictions. For reducible fractions (e.g., 4/6, 6/8), both theoretical GB structures and MFD predictions are displayed.



%1 (100) (0°), X5 (310) (36.9°), and X1 (110) (90.0°).
Dividing the misorientation range into two intervals (0°-
36.9° and 36.9°-90°), we predict SU configurations using
the MFD. The computational framework is then applied
to numerical simulations of A15 [001] CSL STGBs to
determine specific arrangements of SUs. When Farey
fractions are irreducible, the MFD’s predictions match
theoretical calculations of GB structures. For reducible
Farey fractions, the prediction sequence requires reduc-
tion to align with theoretical SU periodicity. Specifically,
in the 0°-36.9° misorientation range, the theoretical se-
quence retains the subsequence with more A; SUs. In
the 36.9°-90° range, the subsequence containing By SU
remains. This work establishes a universal methodology
for predicting GB structures in A15 materials, providing
theoretical guidance for microstructure design.
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