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We report the existence of algebraically localized eigenstates embedded within the continuum spectrum of
2D non-Hermitian systems with a single impurity. These modes, which we term algebraic states in continuum
(AICs), decay algebraically as 1/|r| from the impurity site, and their energies lie within the bulk continuum
spectrum under periodic boundary conditions. We analytically derive the threshold condition for the impurity
strength required to generate such states. Remarkably, AICs are forbidden in Hermitian systems and in 1D
non-Hermitian systems, making them unique to non-Hermitian systems in two and higher dimensions. To
detect AICs, we introduce a local density of states as an experimental observable, which is readily accessible in

photonic/acoustic platforms.

Introduction.— The distinction between localized and ex-
tended states, which determines essential properties such as
conductivity, is fundamental to understanding diverse phases
of matter [1-3]. In Hermitian systems, localized states typi-
cally have discrete energies and are separated from the con-
tinuum of extended scattering states [4]. An exception to this
rule is the bound state in the continuum (BIC), a localized
state whose energy resides within the continuum spectrum.
BICs in Hermitian systems are structurally fragile and typi-
cally require fine-tuning of system parameters. This fragility
arises from the necessity for BICs to decouple from surround-
ing extended scattering states to remain localized. Such de-
coupling often relies on symmetry protection or interference-
based mechanisms. For example, an odd-parity BIC can re-
main localized if the continuum states have even parity, pre-
venting hybridization due to symmetry mismatch [5]. More-
over, BICs in Hermitian systems exhibit exponential localiza-
tion in arbitrary space dimensions. These limitations and char-
acteristics motivate us to investigate BICs in non-Hermitian
systems [6-20] through the following questions: (i) Is there
a universal mechanism for the emergence of BICs in non-
Hermitian systems that does not rely on symmetry protection
or fine-tuning? (ii) What is the localization behavior for such
BICs in non-Hermitian systems?

The questions above are both reasonable and compelling,
given the fundamental differences in two key aspects be-
tween Hermitian and non-Hermitian systems: spectral struc-
ture and wavefunction localization. Unlike Hermitian sys-
tems, where the energy spectrum lies along the real-energy
axis, non-Hermitian systems typically feature complex en-
ergy eigenvalues that can span a finite area in the complex
plane [21]. This results in a fundamentally distinct spec-
tral structure and density of states, beyond the constraints
of Hermitian systems. Moreover, non-Hermitian systems of-
ten exhibit the non-Hermitian skin effect(NHSE), where a
macroscopic number of eigenstates become localized at sys-
tem’s boundaries [21-46]. Importantly, the non-Hermitian
skin effect can exhibit either exponential or algebraic local-
ization, depending on spatial dimensionality and other fac-

tors [24, 39, 47, 48]. Although the non-Hermitian skin effect
typically requires fully open boundaries, a single impurity that
weakly breaks translational invariance can still exhibit local-
ization behavior related to the skin effect. These key factors
lead to the emergence of algebraic states in continuum (AICs)
in non-Hermitian systems, which are fundamentally distinct
from BICs in Hermitian systems.

We first analytically investigate the emergence of AICs in a
two-dimensional continuum model with a delta-function im-
purity potential. Our analysis shows that the appearance of
AICs requires only that the system’s Bloch spectrum spans a
finite area in the complex-energy plane, indicating that AICs
are a generic feature of non-Hermitian systems, without the
need for fine-tuning. We further demonstrate that AICs can
arise in periodic-boundary lattice systems in the thermody-
namic limit and derive the threshold condition for the impu-
rity strength required to induce them. Beyond these isolated
AIC states, we find that the continuum states are modified
into a coherent superposition of plane waves and AIC com-
ponents. Additionally, a pronounced peak in the local den-
sity of states(LDOS) appears at the AIC energy, exhibiting a
resonance-like feature reminiscent of Hermitian systems.

Here we emphasize how AICs differ from other localiza-
tion phenomena. In Hermitian 2D media, a point scatterer
generates an outgoing cylindrical wave with envelope || ~
r~1/2; this follows from flux conservation (constant 27r Jr) or,
equivalently, from the Hankel/stationary-phase asymptotics
of integrating over the one-dimensional constant-energy con-
tour [49]. By contrast, in our non-Hermitian setting where
the Bloch spectrum covers a finite area in the complex-energy
plane, a single impurity yields AICs whose envelope is alge-
braically localized, with the form of || ~ r~!. The change
of exponent is tied to k-space geometry: the non-Hermiticity
reduces the constant-energy manifold from a 1D curve to iso-
lated points.

Moreover, while both NHSE and AICs depend on the same
bulk criterion (a finite PBC spectral area) [21], AICs are non-
topological in nature. AICs require neither point-gap topology
nor dislocations, remain O(1) in number, and display the char-
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acteristic 7~ profile. Thus AICs are fundamentally different
from other topologically originated localization phenomena in
non-Hermitian systems. For example, the dislocation induced
non-Hermitian skin effect(DNHSE) [50-54], which is a topo-
logical response of point-gapped bands, is triggered when the
Burgers-vector line B - k = m winds nontrivially, and produces
O(L) exponentially localized modes at the dislocation core(s).

Algebraic states in continuum with a delta-type poten-
tial.— Consider a two-dimensional non-Hermitian Hamilto-
nian Hy(—idy, —idy) with a delta-function impurity potential
V = A6(x,y), where A € C in general. The eigenvalues form
a continuous spectrum in the thermodynamic limit. In Her-
mitian systems, a given energy Ej inside this continuum typi-
cally corresponds to a continuum of momentum solutions: the
momentum-space solution set,

S(Eo) := {plEo = Ho(p), P = (px. Py) € BZ}, 6]

forms a continuous contour in BZ. In contrast, for non-
Hermitian systems whose spectrum spans a finite area in the
complex-energy plane, S (Ey) is discrete [21]. This difference
in k-space structure underlies the emergence of AICs.

For simplicity, we assume that Ey = Hy(po) is nondegen-
erate and take pp = 0. A first-order expansion Hy(p) =
Eq + (8p,Ho)px + (9,,Ho)py reduces the eigenvalue equation
to

[—i8, — iad, + A5(x, Y)y(x,y) =0, )

where A = 1/8,,, Holp=p,» and a = 8, Hy/8,, Holp=p, is a non-
real number. The fact that Ima # 0 means that the system’s
spectrum around Ej locally occupies a finite area and vice
versa. Eq. (2) can be solved via Fourier transform, yielding
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Without loss of generality, we assume Im(a) > 0,x > 0,y > 0.
Evaluating Eq. (A1) by residue theorem [55],we obtain

- 1 0
Wi y) = 19(0,0)—— o <O 4
y—ax

-
Notably, Ima # 0 is crucial for the algebraic localization,
which is guaranteed by the finite-area condition for contin-
uum spectrum, thus making AICs unique to non-Hermitian
system in two and higher dimensions. In the Hermitian case,
where a € R, the integral in Eq. (A1) diverges, indicating
the absence of such AIC solutions. This also aligns with the
established theorem that BICs cannot arise in Hermitian sys-
tems with spatially confined impurity potentials [5, 56]. No-
tably, as the system transitions from Hermitian to weak non-
Hermitian, AICs emerge once the spectrum acquires any fi-
nite area ,and c(6) in Eq. (4) is controlled by Jacobian of H
at po,i.e., maxg |c(8)| o« J(po)~' [55].

Note that, while we focus on delta-type potentials in two
dimensions here, algebraic decay is in fact a generic feature
of non-Hermitian systems in dimensions d > 1. It arises

from two ingredients: (i) the continuum spectrum occupies
a finite region in the complex-energy plane, and (ii) break-
ing translational invariance. Both conditions remain valid in
higher dimensions and for more realistic impurity potentials,
provided that their tails decay sufficiently fast (e.g., screened
Coulomb or Gaussian potentials). Dimensionality, however,
changes the decay exponent. In general d > 1 dimensional
case, AICs generally decay as =2 with ! as exception for
specific directions. We provide a detailed derivation concern-
ing above points in the Supplemental Material [55].

Lattice implementation and Green’s function.— The alge-
braically decaying state described above can be explicitly es-
tablished in a lattice model. We consider a two-dimensional
non-Hermitian tight-binding Hamiltonian H, with PBC, per-
turbed by a single on-site impurity at the origin, 4|0) (0] with
A € C. The full Hamiltonian is

H=Hy+2|0)(0],1€C. (5)

Using the Green’s function method [55, 57, 58], the eigen-
state [i)) with eigenvalue E can be related to the Green’s func-
tion Go(E) = (E — Hy)™" as

(Xlyry = x| (Eo — Ho) ™" 0) (Ol . (©6)

Inserting the resolution I = .5, |K) (k| and denoting the
Bloch Hamiltonian by Hy(k) = (K| ﬁo k), k = (kg k), we
have

(xk) (k|0)

Go(Eo,x) := (x| (Eg — Ho)™' |0) = Z Eo — Hy(k)’

keBZ

Since the spatial profile ¥(x)/(Ay(0)) corresponds directly to
Go(Ey, x), we use these two quantities interchangeably.

We first focus on AICs and their spatial profiles. In the
thermodynamic limit, the summation over k in Eq. (A6) can
be replaced by an integral [71]. In contrast to the Hermitian
case, where S (E() forms a one-dimensional contour, and the
associated singularity produces scattering states, in the non-
Hermitian case the set S (Ey) is discrete [Fig 1(a)] and no di-
vergence occurs, as discussed above. These discrete momenta
dominate the Green’s function behavior at large |x|. Thus,
Eq. (A6) can be approximated by expanding around these iso-
lated solutions kg € S (Ey),

Z o ) eik-x
c(ko)e™ fd K——r—, 3
koeS (Eo) kx + Cl(ko)ky
) 1 Oky Ho
where c(ko) = —(2m)" (0 Ho)" I, » and a(ko) = 757l

Each term in Eq. (8) reproduces the continuum solution for
the delta impurity given by Egs. (2) and (Al), so the eigen-
state is a superposition of algebraically localized components,
modulated by phase factors e,

A numerical illustration is shown in Fig. 1. The model is
chosen as Hy(k) = 0.6¢™ + 0.4e7*: + 0.7ie’™ + 0.4ie™™ with
energy Eyp = —0.21 + 0.98i. Two discrete peaks in Fig. 1(a)
correspond to two singular points, kf)l) ~ (1.57,0.78), kf)z) ~
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FIG. 1: The AIC with E, = —0.21 + 0.98/ in model Hamiltonian

Hy(k) = 0.6e™ +0.4e~* +0.7ie™ +0.4ie~™* . (a) The absolute value
of momentum-resolved Green’s function, |Ey — Hy(K)|™'. The two
peaks represent two momentum solutions, kf)l) ~ (1.57,0.78), kéz) X
(2.00, —0.76). The spatial profile Go(E, x) along the x-axis in (b) and
along the x = y direction in (c). The green points are calculated from
direct numerical integration of Eq. (A6), and the red solid line is the
asymptotic approximation calculated from Eq. (8) with the singular-
ity points k(ol), kf)z). (d)The log-log plot of the spatial profile along x
axis.

(2.00,-0.76), each giving rise to an algebraically localized
component, as demonstrated in Figs. 1(b) and (c). Numeri-
cal simulations (green points) show excellent agreement with
the analytic results derived in Eq. (8) (solid curves). The
algebraic decay of the profile can be verified in the log-log
plot[Fig. 1(d)]. We emphasize that for [x| > 0, the spatial
profile is dominated by the singularity points, and the con-
tribution from other detailed features, for example, the finite
local maximum around k” = (—1.6,0) in Fig. 1(a), can be ne-
glected .

In the Supplemental Material [55], we demonstrate that the
same result can be derived through asymptotic analysis as
|x] — oo. Specifically, we present a concrete example in which
the algebraic decay emerges naturally by applying standard
asymptotic expansion techniques to the Green’s function.

Threshold eliminated by Bloch Saddle Point.— Now that
the existence of algebraic impurity states in the continuum
has been established, let us investigate the impurity strength
threshold required to induce such states.

Evaluating Eq. (6) at x = 0, we define

fu(E) == 17 = Go(E, 0), )

and denote P(1) = {E|fy(E) = 0}. It follows that an AIC with
energy E is excited by an impurity with strength A only when
Ey € P(1), and its spatial profile is given by Eq. (8). Thus, the
number of AICs excited is given by the cardinality of P(1),
which is O(1). Furthermore, this requirement defines a func-
tion relating the impurity strength A and the energy E of AIC,
i.e., A(E) = Go(E,0)"!, with E in the continuum spectrum of
H.

Since Gy(E, 0) is continuous for E in the continuum band,
A(E) is also continuous there [72]. Consequently, the image
set, {A(E)|[E = Hy(k),k € BZ}, forms a connected region in
the complex plane. Physically, for a given system, only an
impurity with strength A inside the image set of A(E) can gen-
erate an AIC.

Thus, if the image set of A(E) covers the origin, i.e.,
A(E.) = 0, or equivalently, the integral for Gy(E,, 0) diverges,
for some E., no threshold impurity strength is required. Oth-
erwise, there exists a finite threshold strength, explicitly given
by ming |A(Hy(k))|,necessary to induce the algebraically local-
ized states.

As discussed above, the integral defining Go(E, 0) is con-
vergent if the gradient of Hy(k), VHy(Kk) ,is non-zero for all k
[73]. Conversely, Ref [58] demonstrates that the integral di-
verges at Bloch Saddle Point (BSP, k. such that VHy(k,.) = 0)
if BSP exists [74].

Physically, this implies that a finite impurity threshold is
required to induce algebraically localized states if and only
if the group velocity, VHy(K), is nonzero everywhere in the
Brillouin zone.

AIC as scattering wavefunction.— In the Hermitian case,
resonance provides a route to obtain localized, but unstable,
scattering states in the continuum spectrum [1]. Similarly, in
non-Hermitian systems, the general solution of the eigenvalue
problem for the Hamiltonian in Eq. (5) can be expressed as

o) = k) + (E = Ho)™'V |y, (10)

where |K) is a plane wave with eigenvalue E. Here, we omit
+i0* prescription in Green’s function that distinguishes ingo-
ing/outgoing limits in Hermitian scattering. More precisely,
in higher-dimensional non-Hermitian systems with area-type
spectrum, the elements of Green’s function in position space
are well-defined, i.e., (r| (E — Hy)~' ') is finite and decays
algebraically as |r — r’|~! for all r,r’ and E within continuum
spectrum, as shown above. Physically, +i0* can be under-
stood as the on-shell constraint during the scattering process
via the Sokhotski-Plemelj formula [49, 55]. In non-Hermitian
case, this on-shell constraint no longer holds in the absence of
energy conservation.

For each plane wave k) , Eq. (10) defines a correspond-
ing solution |yy), thus it describes all continuum states of
perturbed system H [55]. Furthermore, by specifying V =
110)<0] in Eq. (10) and evaluate it with (x = 0|, one gets
AW (0)f1(E) = (0|k). And thus Eq. (10) can be reduced into

_ .
i) = W (0) | fa(E) 0K + Go(E) |0>)- (1m)

Once recognize |[AIC) = GO(E) |0 as AIC part, one can show
that all states in the continuum spectrum can be written as a
superposition of plane wave part and AIC part. And there are
specific states with energy E such that f3(E) = 0,i.e,no plane
wave part and fully algebraically localized. Those specific
states are exactly AICs we discuss in previous sections. In
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FIG. 2: (a) Perturbed spectrum of Hj under a 80 x 80 lattice with impurity Ay. The parameter is same as Fig. 1. Red cross(E) is the nearest
eigenstate to E, and gray cross(E,) is an arbitrary state. Note that a bound state [58] with energy E;, =~ —0.22 +2.00i is not shown in the figure,
since it’s not our focus here. (b1)[(b2)] Green dots: the spatial profile of Gé(E 1s X)[G(I;(Ez, x)] along the x-axis; Blue dots: the spatial profile
subtracted by the extended plane wave part; red solid line: the asymptotic approximation of the algebraic decay calculated from Eq. (8) . (c)
The LDOS p(E, 0) of the system, with red cross and gray cross indicating the energy of E; and E, respectively.

supplemental material [55], we provide a more detailed dis-
cussion on finite lattice case.

In Fig. 2, an illustration of the structure of perturbed bulk
eigenstates is presented. Fig. 2(a) shows the spectrum of
Hy on an 80 x 80 lattice with impurity g = Go(Ep,0)™" =
—0.20 + 2.04i, corresponding to AIC at Ej in the thermody-
namic limit. We focus on the spatial profile of the eigenstate
closest to Ey, labeled E|(red cross), and another arbitrarily
chosen state E,(gray cross). Since E is close to Ey, its plane
wave component is negligible, and the spatial profile is dom-
inated by the algebraically localized component. In contrast,
E, exhibits a significant plane wave component. Quantita-
tively, Figs. 2(b1) and (b2) show the spatial profile of E; and
E, along the x-axis (indicated by green dots), respectively.
After the subtraction of the plane wave component(blue dots),
the remaining term can be well-approximated by AIC calcu-
lated in Eq. 8 (red solid line).

LDOS peak at AIC energy.— In Hermitian systems, a char-
acteristic signature of a resonance is a peak in the local density
of states (LDOS) at the impurity site [49]. The LDOS at the
impurity 0 is defined as the density of states weighted by the
wavefunction amplitude at the impurity,

P(E,0) := > 6(E - Eplyi(O). (12)
In non-Hermitian systems, the extension of this definition is
not unique, since one may choose the weight to be the ampli-
tude of the left, right, or biorthogonal eigenstates. As we shall
see, however, this choice does not affect the qualitative con-
clusions below. For definiteness, we use the right-eigenstate
weight [yR(0)>.

In non-Hermitian systems, there is also a peak at the AIC
energy for p(E,0). For generic continuum energies, the cor-
responding eigenstate is a superposition of a localized (AIC-
like) component and a plane-wave component, with the lat-
ter vanishing exactly at the AIC energy. Since the plane-
wave part generally reduces the weight at the impurity site by
delocalizing the wavefunction, states with energies near the
AIC energy carry larger weight than typical continuum states.
Consequently LDOS develops a peak at the AIC energy. As a

demonstration, Fig. 2(c) shows the LDOS at the impurity site
for the model, with a pronounced peak located at Ej.

Direct in situ measurement of the LDOS at a complex
eigenenergy is indeed challenging, especially in quantum plat-
forms, because standard local probes access the response only
at real excitation frequencies. However, the LDOS and the
AIC wavefunction can be inferred indirectly by reconstruct-
ing the Green’s function from real-frequency measurements.
This type of Green’s-function tomography has already been
implemented in higher-dimensional acoustic lattices, where
complex spectra and biorthogonal eigenmodes are extracted
directly from experiment [59].

Discussions and conclusions.— Since the number of AICs,
i.e., the cardinality of P(X), is of order one, they constitute
only a negligible fraction of the system’s total degrees of free-
dom. One might question their experimental accessibility.
This issue can be addressed using a perturbative approach: for
a generic continuum eigenstate, one can compare its spatial
profile with and without the impurity.This difference is ex-
pected to exhibit algebraic decay in space, indicating a clear
experimental signature.

As a final remark, although we focus on PBC throughout,
the concept of AICs can be extended to OBC [55]. Specif-
ically, for systems with corner skin effect [48, 60-63], al-
gebraically modified states also exist in the sense that they
correspond to solutions of f(E) = 0 within continuum spec-
trum. Intuitively, with the exponential suppression of skin ef-
fect, such states generally behave as O(fr — rimpl’le""r ) with
I'imp as the position of the impurity. For systems with algebraic
skin effect [48],the generalization of AICs is subtle since bi-
orthogonal decomposition is challenging in this case. We con-
jecture that AICs are still greatly suppressed and hard to ob-
serve as suggested by numerics [55], given that skin modes
are rather robust against local perturbation.

We emphasize that in non-Hermitian systems where the
skin effect is absent under specific open boundary geometries
— for example, systems exhibiting geometry-dependent skin
effects (GDSE) [21, 64-69] — the AICs behave analogously
to the PBC case and thus remain observable. Moreover, this
class of systems is known to generically host Bloch saddle



points [58], implying that even infinitesimal impurity poten-
tial is sufficient to induce algebraically localized states em-
bedded in the continuum spectrum.
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Supplemental Material:Algebraic States in Continuum in d>1 Dimensional Non-Hermitian Systems

Appendix I:Derivation of Eq. (4) in the main text

We start by arguing that the integration

U(x,y) =

2mi

A(x =0,y =0) ikertikyy

dk.dk, (A1)

ky + ak,”

is convergent for a ¢ R. To see this, we transform the integral into the polar variables {k,, ky}. The absolute value of the integrand
now scales as 1/k,, but it’s multiplied by Jacobian k,, ensuring that the singularity near k, = k, = 0 does not bring out divergence.
As for the divergence from infinity of the integral bound, it can be avoided with a suitable cutoff.

To show that the solution Eq. Al is algebraically localized, we evaluate it by applying the residue theorem to one variable,
say k,, and then integrate over the remaining variable. Let’s assume Im(a) > 0, x > 0,y > 0 so that the integral contour of k, can
be closed in the upper half plane. Note that when k, > 0, the integral over k, vanishes because the relevant pole k, = —ak, lies

in the lower half-plane. The integral over k, then reduces to

o

which exhibits algebraic decay behavior as 1/(y — ax) « 1/r.

0
f exp(i(y — ax)ky)dk,, (A2)

Appendix II: A concrete example of AIC

In this section, we explicitly demonstrate the existence and property of the algebraic impurity states with a concrete example,

namely,
H=Hy+YV,
ho(ky, ky) = cosk, + icosk,, (A3)
V = 2110)(0|.

We begin by briefly revisiting Green’s function formulation for impurity-induced states in non-Hermitian systems. Next, we
analyze the dependence A(E) for this model. Interestingly, A(E) exhibits non-analytic behavior in the thermodynamic limit,
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which contrasts sharply with the finite case. Finally, we explicitly derive the asymptotic behavior of the algebraic impurity states
in this mode.

Revisit of Green function formulation for impurity induced states for general non-Hermitian systems

Consider a general tight-binding model with a non-Hermitian Hamiltonian A,

Hy = ZZtslr)<r+s|
= Z ere"k's k) (K| .
k s

Here we denote the Bloch Hamiltonian as (k) = 3, t,e’**S , where r represents lattice site, s denotes the direction of hopping
and t; € C\ 0 is the corresponding hopping strength. The number of terms in Ay(k) is finite since we consider a finite range of
hopping.

To solve the Schrodinger equation for the system with an impurity potential V = 210) (0],

(A4)

(Ho + 210) 0D [y) = E ), (AS5)

Move the term Hy |) to the right-hand side and take the inverse of (E — Hy). And the impurity states are determined by the
Green’s function of the system, which can be expressed as

ll/(") - f 4 ezkr
= E — H 0) = dk———. A6
@ = EH =50 e T E T (A0)

Here d is the system’s dimension. Unless stated otherwise, we focus oncase d = 2.

Non-analyticality of the Green function

We now analyze the dependence of A(E) for the model hg(ky, ky) = cos k, + i cos k,, which is given by integral

A(E) = dk; A7
&) - (2n )2f f,, yE—COSk —icosky,’ (A7)
Apply the residue theorem to one of the variables, say k,, and denote the roots for the equation E — cosk, — l% =0 as
Z212(ky, E) = —i(E — cosk,) £ i/(E — cosk,)? + 1, we have
- i (7 Xz (ke B)<1 Xk E)I<1
ANE) = — f dk, + : A8
B 2 L B - B Tl B) - 21 B) (A9

Here,y 4(k,) is the characteristic function, i.e.y4(k,) = 1if k, € A and ya(k,) = O otherwise. This function comes from the
fact that we choose the pole inside the unit circle. Since E is inside the continuum spectrum, i.e., Re(E), Im(E) € (-1, 1) (the
energy at the edge of the spectrum can be treated similarly with some modifications), there are four critical points for E, which
we denote as (+kyg, +ky0), k0, kyo € (0, 7). Thus, the integral Eq. (A8) can be divided as

A 2m—kxo
E) = - f - f Yk, : . (A9)
T Joke  Jk V(E —cosk)? + 1

\f

To illustrate the discussion above, let’s take E = 5 + Tl so that the four critical points are (+% % _") In Fig Al(a) we plot the

function z; »(ky) in the range k, € [0, ) in the complex plane. Note that z; »(k,, E) cross the unit mrcle at k, = +k,9, and the
cross points are e*%o,
Use the standard substitution tan % — t, and take advantage of the symmetry of the integrand, Eq. (A9) can be simplified into

the form of the incomplete elliptic integral of the first kind,

1

)dt )
m/(E— 1)2_ f f ¥ \/1 [ \/ = (A10)
+i x —i—E"Xx

A YE) =
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FIG. Al: (a)The plot of z; »(k,, E) in the complex plane with E = 1 + ﬁi and k, € [0, ). The other part,k, € [x,2n),is just “backward” of the

trajectory. Since we have k,, = 5 and ky, = §, z1.2(k,, E) cross the unit 01rc1e at k, = k, and the corresponding cross points are e*o (b) The
absolute value of relative error between the exact numerical integration of Eq. (A11) and asymptotic approximation Eq. (A12) truncated at r~
order (red points) and =2 order (blue points).

If there was no minus sign in Eq.(A10), the integral would be a complete elliptic integral of the first kind, which is precisely the
case for E outside the continuum spectrum[58]. However, the minus sign in Eq. (A10) makes the integral non-analytic. To see
this, note that 7,9, or equivalently k.o, is determined by E non-analytically,i.e. , cosk,y = Re E = E+E . This non-analyticity is
reflected in the integral Eq. (A10) as well.

Such non-analyticality is general for the Green’s function of non-Hermitian systems for energy inside the spectrum. Indeed,
from Eq. (A6), we can see that the Green’s function is related to the poles of the integrand. Such poles are non-analytic with
respect to E, since they are determined by 4(z) = 0, {|z1], .., |zal} = {1, .., 1} and one immediately sees that the second relation is
non-analytic.

Asymptotic behavior of AIC

Following derivation above, the wavefunction can be expressed as

1 g T i(kym+ikyn)
yonm f dk, f dky——————
A(0,0) (2m)? —»  E—cosk,—icosk,

K0 eimlg +nlnz (ky,E) 2m—kxo eimkﬁn In 25 (ky,E) (Al 1)
f - dk, ).
(E —cosky)? +1 kso V(E = cosk,)? + 1

Use polar coordinate and denote r(cos 6, sin §) := (m, n), one can show that the wavefunction Eq. (A11) asymptotically behaves
as "(9 B ie., decays algebraically with direction-dependent coefficient. To see this, let’s evaluate the first part of Eq. (A11) at
the x- axis, ie..0 = 0,(m,n) = (r,0) as an example. After iterated integration by parts, it becomes (for simplicity, let’s define

f(ky) :== 1/ y/(E —cosk,)? + 1)

ko ik,r 1 ik, rike=kyo -1 ko ikyr
kst = rapetricty w2 [ dbgdet

—kx0 ko

Slke) [ (ky) SOk g (=1 [he (A2
_iker X X n—1 X =ky — ’ (n) ik.r

= —_ - + ...+ (-1 0 dk, k

I T i TR f ks ke

It follows from Riemann-Lebesgue Lemma that the remaining term dkx F(ky Ye*s" ~ o(r~") as r — oo [70]. The second

part of integral in Eq. (A11) can be treated similarly, and we can now conclude that the wavefunction decays as 1/r in the x-axis.
Note that the same argument can be applied to other directions and implies that the wavefunction decays as @ with a(6, E)
direction-dependent coefficient.
However, some technical details need to be addressed to make the argument for arbitrary direction rigorous. One may suspect
that the integral in Eq. (A11), after suitable deformation of contours, should be dominated by the saddle point of the exponent



and thus decays exponentially, which follows from the steepest descent method. This is not the case, since one needs to keep
the endpoints of the integral in Eq. (A11) fixed while deforming the contour. The contribution from endpoints is O(1/r), and it’s
asymptotically larger than the contribution from the saddle point, which scales as O(e™*").

In Fig A1(b), we present the relative error between the exact numerical integration of Eq. (A11) and the asymptotic approxi-
mation Eq. (A12). As implied by Eq. (A12), if one truncates the series at r~! order, the relative error is O(1/r?)(red points), and
if one truncates the series at =2 order, the relative error is O(1/r*)(blue points). In principle, one can get arbitrary precision by
truncating the series at higher order once the Hamiltonian and energy are known.

Appendix III: Asymptotic Expansion of general Green’s function

The asymptotic method applied above can be generalized to arbitrary non-Hermitian systems, and it can be shown that the
leading term is just what we get in the main text. To see this, let’s derive the asymptotic expansion of the Green’s function,

T ) dz. z
G(x,y.E) = f s it f o ! (A13)

x 2 et 2mizy E — ho(ky, zy)’

where we abuse the notation of A(ky, z,) to denote the Bloch Hamiltonian Ay after the variable transformation z, = e . Without
loss of generality, we assume x > 0 and y > 0 so that we pick the root of z, inside the unit circle when applying the residue
theorem to z,. Denote the roots as z;(ky, E),i = 1, ...,n, and we have

n T
dky ; :
G(x,y,E) = Z f S €2k, EY ik sk <15 (Al4)
i=1 Y7 2n
where we define g;(ky) = Res; -, m, and we assume y — 1 = y since y >> 0. For simplicity, we assume the term y/,«,.x)<1

restricts the integration region to (kf, kf,). Thus, Eq. (A14) can be rewritten as

n Vel

v dk, o

G(x,y,E) = § fk S aikoe filk), (A15)
i=1 1

where x = rcos@,y = rsin®, fi(k,) = k,cos —isinflnz(k,, E). Recall Eq. (A12) and related argument, we can see that the
leading term is O(1/r) and the related coefficient can be shown to be exactly the same as the one in the main text.

Appendix IV: Transition from Hermitian to non-Hermitian

As the system transitions from Hermitian to non-Hermitian, with the spectrum shifting from purely real to occupying a
region of nonzero area in the complex-energy plane, AICs appear once the spectrum has any finite area. Though the r~! tail is
robust,the overall prefactor ¢ in cr~! is controlled by the width W(or more precisely, the local area S) of the spectrum in the
narrow-strip limit.

(1)Transition from Hermitian to non-Hermitian.

The crossover is most transparently seen by linearizing Hy(p) near a momentum pg that solves Ey = Hy(po). To model the
transition, we start with a Hermitian system where the gradients v, = 8, Holp, and u = Red, Hylp, are both real. We then
introduce non-Hermiticity via an imaginary component to the p, gradient, in = ilmd, Holy,, i.e.,

Hy(po +6p) = Ey + viépx + (u+in)dp,. (A16)

Hermitian limit:n = 0.

The spectrum near Ej traces a one-dimensional curve Ey + v op, + udp, € R, the impurity integral diverges, and only
extended scattering states exist.

Turning on weak non-Hermiticity.
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For small but finite 0 < || << min{|u|, [v,[}, the image of a small real rectangle in (6px, 6p,) around py becomes a narrow 2D
strip in the complex-energy plane with local width

W = 2| Ap,, (A7)

where Ap, is the range of dp, over which the linearization holds. In this regime the equation E = Hy(po + 6p) has only discrete
solutions in the linearized patch, the Green-function integral converges, and impurity-induced AICs exist.

The corresponding real-space wavefunction follows from Eq. (4) in the main text by residue evaluation:

1 1 Ao 1

= /l = bl
(0p,Ho)y — (0,,Ho)x Yo vy — (u+in)x r vysing — ucos ¢ — incos ¢

Y(x,y) ~ Ao (A18)

where x = rcos¢, y = rsing and ¢y = ¥(x = 0,y = 0). One immediately sees that the exponent is fixed while the prefactor
tracks the strip width: the 1/r envelope is present for any 7 # 0. In the narrow-strip limit 0 < |1 << |u], |vy,

| 4ol 1
2 - : (A19)
\/(vx sing — ucos @)~ + (1 cos ¢)?
Along the “most radiative” direction ¢, defined by v, sin ¢.. = u cos ¢, one finds
C 1
max Y(r,p)| ~ —— oc —  (C = |Wol/|cos ¢.|), (A20)
¢ rinl - rw

i.e. the 1/r prefactor scales as 1/W. This controlled 1/W divergence as n — 0 is precisely the way in which the non-Hermitian
AIC solution approaches the divergence of the Hermitian impurity integral.

(2)Generalization:Relationship between local area and algebraic prefactor.
Treat the Bloch Hamiltonian Hy(p) as a general map,
Hy:R* > C=R> p=(py,py)+ (E,E) = (Re Hy(p), Im Hy(p)). (A21)

Then the local area S (py) occupied by the spectrum near py is given by the Jacobian determinant,

a(Er, Ez)

J = det
(o) O(p, py) P=Po

= Im(8,,, H; - &, Ho) . (A22)

with S (po) = J(P0)Sp5py.-
From Eq. (4) in the maintext and Eq. (A18) above, the impurity-induced AIC wavefunction near py behaves as

Ao
rf(¢)’

Denote ||[VHy|? = |(é‘,,XH0)|2 + |(c'),,yHo)|2, and the mininum of [f(¢)| is given by

w(r’ ¢) ~

F(@®) = @y, Ho) sin — (3, Ho) cos ¢. (A23)

. IVHoI* 1
min|f(@)P = 5o — > \IVHll* ~ 4J(po)?
2 2 (A24)
Iy
IVHo(po)lI?
when |J(po)| < ||[VHo(po)||? for the second line.
Combining Egs. (A22) - (A24), one can see that the maximum amplitude of the AIC wavefunction near py scales as
| Wol IVHo(po)ll 1
max |y (r, §)| ~ o . A25
grvee Jpo) - rS(po) (A2
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Appendix V: Technical details of Eq. (10),(11)in the maintext

Discussion on Lippmann-Schwinger formalism in non-Hermitian systems

Lippmann-Schwinger formalism still holds in non-Hermitian systems, and thus Eq. (10) is valid in non-Hermitian systems.
To be precise, consider the eigenvalue equation

(E-Hy-V)lgy=0 (A26)
This can be written as
(E - Hyly) = VIy) (A27)

The general solution is a sum of a particular solution and a homogeneous solution:

by = |¢) + (E — Ho) "' VIw), (A28)

where |¢) € ker(E — Hy) is an eigenvector of Hy with eigenvalue E. And this is exacly Eq.(10) in the maintext.

As a mathematical disclaimer,since E is in the spectrum of Hy, the operator (E — Hy) is not invertible (it has a kernel). Its
position-space matrix elements, G(E, r,r’") := (r|(E — ﬁo)’l [r’), is still perfectly well-defined. As we proved in the main text,
this integral converges to a finite, algebraically decaying function,lr—r’|~' ,because the set of poles S (E) (Eq. (1) in the maintext)
is discrete (measure zero) in 2D. In Hermitian case, one more step is needed, i.e., specify the boundary value by introducing
+i0*. But in this non-Hermitian case, we don’t need this presciption since the matrix element is already finite and continuous
with respect to E.

Explicitly, in standard Hermitian scattering theory, the Green’s operators G*(E) are defined as

1

GE = T 0

(A29)
and the +i0* prescription is essential because the continuous spectrum lies on the real axis and produces a branch cut. The
boundary values from above and below differ by a term proportional to 6(E — Hp); more precisely, the Sokhotski-Plemelj
formula gives

1 T
E—hzior E—ha | mOE A, (A30)

In our non-Hermitian setting the situation is fundamentally different.For energies E inside the PBC continuum the matrix ele-
ments of the Green’s operator,

d2k eik-(r—r’)
Go(E;r,r') = —_— A31
)= | i (A3

exist as convergent oscillatory integrals and are finite and continuous functions of E. The spectrum fills a two-dimensional region
in the complex plane, so there is no 1D “branch cut” along which one has to take boundary values; consequently, the limits

G(J;(E) = li%l Go(E +in), G(_)(E) = li%l Go(E —in) (A32)
n—0* n—0*

coincide whenever these limits are defined. In other words, the retarded and advanced Green’s operators agree.

Physically, +i0" can be understood as the on-shell constraint during the scattering process, i.e., the -term in Sokhotski-
Plemelj formula(Eq. (A30)) enforces that only plane waves with energy E contribute to the outgoing scattering wave, and this is
what distinguishes “in-going” (+) from “out-going” (—) solutions. Thus, the scattering wave in Hermitian case is composed of
plane waves with same energy E as incoming wave and one typically interprets this result as that the incoming wave is scattered
to other momentum with same energy [49]. However, in the non-Hermitian case, this on-shell constraint no longer holds. The
scattering, as given by the Green’s function, is an integral over the entire Brillouin zone. As we proved in our work, the far-field
behavior of this wavefunction is dominated by the discrete singular ky € S(E) (where E = h(Ky)), and it is the local k-space
structure around these kg (as described in Eq.(4) in the maintext) that dictates the algebraic decay of the wavefunction.

With this understanding, Eq. (A28) still gives general solution of the Schrodinger equation by intepreting it as integral equa-
tion,

Y(r) = ¢(r) + f dr'Go(E, r, r)V(r)y(x'), (A33)
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Subtley in degenerate case

Though for each plane wave |Kk), one can find corresponding AIC part, such AIC part is the same if two (or more) planes
waves degenerate. To be more precise, for E in the continuum spectrum, suppose that the original corresponding eigenspace of
I:IO is spanned by {lki), ..., |ks)}. Then the perturbed eigenspace of H is spanned by {k;) + |AIC(E)) L Ks) + JAIC(E))} ie.,
same |[AIC) = Gy 0) part since the energy degenerates. Thus, one can also form eigenspace of H by substractlon and getting
s — 1 linearly independent trivial states without AIC part and one states with AIC part,i.e.,

span{|k;) + |AIC), [ky) + |AIC), ..., [Ks_1) + |AIC) , |Kks) + |AIC)}

(A34)
=span{k;) — k), ko) — [Ks), ..., [Ks_1) — [Ky) , [Ks) + [AIC)}

Appendix VI: Verification on AIC as scattering wave in finite lattice

To be specific, let us reserve the notation without superscript, Go(E), for the Green’s function in the thermodynamic limit.
And we explicitly use Gé(E ) for the one in an L x L finite lattice,
From discussions in the main text, elements in the thermodynamic limit, Go(E, x), decays algebraically as a function of x .
The element of Gé(E) can be expanded as
L AL 1 ik-x
Gy(E,Xx) :=(x|G4(E)|0) = — —_—
§EX) = WGHEN0 = 75 ), s

keBZ

(A35)

In finite lattice, all the L? perturbed eigenstates can be solved by the L?-order algebraic equation, f/l(E ) = 0, with G, replaced
by G%, since the spectrum is now discretized and isolated. We denote those eigenvalues as {E/l}l , » and at those points, the
element of finite lattice Green’s function, GL(E 0), differs from that of the thermodynamic limit, Go(E, 0), by a finite amount,
since the former is fixed to 27! by the constraint and the latter varies continuously with respect to E.

This deviation can be understood by observing that in Eq. (A35), when Ef is near a singularity, E? = H(k;), the term
1/ (Lz(Ef - E?)) can not be smoothed out and thus can not be approximated by the integration value at the thermodynamic limit.
Separate such term and the remaining terms in Eq. (A35), and denote AE; = Ef - E? as the gap,

. 2eik;-x 5 eikj~x
Gy(E,x) =L~ + L~ e
0( ) AE, EEE Ei+AEl‘—Ej
JFE;

~ ;™ + Gy(E, x),

(A36)

where ¢; = L™>AE;'. By taking x = 0, and noting that G5(E, 0) = A™!, we have ¢; = fy(E}) and thus Eq. (11) in the main text is
now proved.

We remark that Eq. (A36) assumes no degeneracy for simplicity, since finite-degeneracy complicates the situation only by
introducing finitely more plane wave components with same coefficient, i.e., ¢; = ¢; if E? = EY. However, above discussion
fails for Hermitian case, since the degeneracy is infinite,implying the necessity of the discreteness of the singularity set {Kkq |
Ey — h(ko) = 0}.

Appendix VII: Generalization to other potential profiles

The algebraic localization in the maintext is in fact a universal feature of non-Hermitian systems, not an artifact of the delta
potential.

Physically, this generality stems from two core properties: (i) the continuum spectrum spans a finite area in the complex
energy plane, and (ii) the disruption of translational symmetry induces localization in the bulk. Both of these properties hold for
realistic potentials, provided their tails decay sufficiently fast (specifically, faster than =2, as we demonstrate below). Rigorously,
in the Green’s function formalism, this algebraic localization is governed by the behavior of the unperturbed Green’s function,
Go(E,r — 1) = (r| Go(E) |r’). We discuss this point in more detail below.

Let’s denote the potential as V with profile in real space (r| 1% [r"y = 6(r — ")V (r). The unperturbed Hamiltonian is ﬁo and
the unperturbed Green’s function is Go(E) = (E — Hy)™". Recall the Schrodinger equation for a localized state in the continuum
spectrum,

(Ho+ V)y) = Elp). (A37)



13

Some algebraic manipulations lead to the Lippmann-Schwinger equation,
Y(r) = f dr’ (x| Go(E) 'y VX (). (A38)

From the maintext, Go(E,r — ') := (r| Go(E) |r’) decays algebraically as 1/|r — 1’| when |r — 1’| — co.

In the following, we will prove that if the profile V(r) decays sufficiently fast, the wavefunction ¢(r) still decays algebraically
as in the delta potential case. The proof proceeds in two steps: first, we show this holds for V(r) concentrated on a finite region,
and second, we generalize the result to potentials with longer-range tails, such as Gaussian or screened Coulomb potentials.

Step 1: potentials concentrated on a finite region

Intuitively, for|r| > 1, the integral is dominated by the region where r’ is finite (i.e., the support of V). In this regime,
[r — r’| ~ |r|, which implies the algebraic decay. The other part of the integrand, V(r")y¥(r’), is assumed to be bounded within the
finite support of the potential. This term can therefore be controlled by its supremum.

To be concrete, let’s denote B(r, £) as a ball of radius & centered at r, i.e.,

B(r,&) ={r' : v —r| < &
Suppose that Vis supported in B(0, £)(i.e., V(r) = 0 for |r| > £€). A crude bound yields

/ Cng?
< sup |V d < sup |V
()] ‘f‘ff’l @)y e - Ii’l|l<pf IV )y(r )I|| :

~ O(1/r). (A39)

Step 2: potentials with extended but sufficiently fast decaying tails

The method above can be generalized to potentials with longer but still sufficiently fast decaying tails, such as Gaussian
potentials or screened Coulomb potentials. The idea used here is to divide the integration region into a near region and tail
region. The near region can be estimated as step 1. The tail region can be controlled both by the decay of V(r) (for contribution
near the observing point r) and the algebraic decay of Go(E,r —1’).

Let & > 0 be the corresponding characteristic length scale. Then Eq. (A39) estimates the contribution from the region B(0, £).

For the tail region ,we divide it into two parts: B(0, &) N B(r, M) and B(0, &) N B(r, m)c, where A€ is the complement of set A.

The first part is the contribution near the observation point r.-We assume V(r) is spherically symmetric (V(r) = V(|r|)) and
monotonically decreasing. In this region, [r’| > |r|/2, so V(Ir’]) < V(|r|/2). Bounding the integral yields

fB( m)dl‘ IGo(E, xr — )|V )y (x')| < (sup Illfl)V(—)f (A40)

) |r -r|

By defining u = r — r’ and changing to polar coordinates, the remaining 2D integral in Eq. (A40) is

2
f u— = Cf dﬁf —udu = nClr|. (A41)
B(0.4) [u

Thus, the bound for this part is O(V(l—gl)|r|).
For the remaining part, one has

f dr'|Go(E,r — )|V ()| < (supy(r'))) — V().
B(0,£)°NB(r, ) I |2& )¢ —x|> "‘\ |r r|
< 2C (su|11 |t//(lf')l) X' V() (A42)
Ir'|>¢

~ O(1/Ir)).

Combining Egs. (A39), (A40), and (A42), we see that all contributions are O(Jr|™") or smaller provided V decays faster than r2

Concretely, bound of Eq. (A40) requires O(V(%)Irl) < O(r|™") , which requires V(r) to decay faster than r~2. The bound of
Eq. (A42) holds only if flr’lz : dr'|V(r")| converges, which also require V(r) to decay faster than r—2

Therefore, the algebraic decay O(r|™") holds as long as V(r) decays faster than r~2, which is true for Gaussian and screened
Coulomb potentials.

Energy of AICs and Numerical simulations
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FIG. A2: (a) LDOS at the impurity site for Gaussian potential with V(r) = Ae 2"2, where o = 0.3 and A ~ 3.0882(1 + i). The Hamiltonian
is chosen to be h(ky, k,) = cos k, + i cos k, with lattice size 70 x 70. The red cross(E = 0.48 + 0.52i) marks the peak of LDOS inside the bulk
continuum spectrum, which corresponds to an AIC. (b) The corresponding wavefunction profile for the peak in (a). (c) The log-log plot of
wavefunction amplitude along x-axis, where x ranges from L/2 to L,i.e.,right half of (b), which shows clear algebraic decay. The fitted slope
isk ~ —1.05.

The energy of AICs, which is harder to determine analytically for longer-range potentials, can be found numerically or
experimentally by identifying peaks in the LDOS at the impurity site, as introduced in the main text. Concretely, similar to the
delta potential case in the main text, the general states in the continuum can be expressed via the Lippmann-Schwinger equation:

W) = Iy + (E — Ho) ' V Iy, (A43)

where |¢) € ker{E — Hy)} is a general eigenstate of Hy with energy E. At the specific AIC energy, the homogeneous part |¢)
vanishes(i.e.,|¢) = 0), and the total eigenstate |i) is purely the localized state. Thus, near this energy, the non-zero |¢p)component
makes the state less localized at the impurity, causing the peak in the LDOS which serves as a clear signature.

In Fig. A2(a), we provide the numerical result for the LDOS at the impurity site for the Gaussian potential. One can see a clear
peak (red cross) inside the bulk continuum spectrum, which corresponds to the AIC. The corresponding wavefunction profile at
the peak energy is shown in Fig. A2(b), which shows clear O(r~!) algebraic decay(Fig. A2(c)).

Appendix VIII: Discussion on open boundary case

Corner skin case

To be specific, let’s consider the model
h(K) = 1,6 + 167 + 10 + 1,675, (A44)
Without loss of generality, let’s choose |f,| > |f;| and |¢4] > |z, ], so that skin modes accumulate at the bottom-left corner under OBC.

The GBZ of Eq. (A44) can be decomposed by GBZ = GBZ, ® GBZ,, where GBZ,(,, = {¢"»**|k € (0, 2x]} for u, = 1 In|%|

lu

and y, = ln |

Fix a reference energy E inside OBC continuum spectrum and let’s consider the spatial profile of the corresponding exited
state, which is propotional to Go(E, r, 1) = (x| Go(E) rg), where rg stands for the position of impurity, and GO(E) =(E - Hy)™!
for unperturbed Green’s function under corresponding boundary condition.

e full OBC

Decompose the Green’s function with the GBZ basis, one has

21 21 (y+tk) (r-ro)
= . A45
s e e e (A45)

G()(E T, I'()) (2 )2
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Separating overal exponential e# "~ factor, the remaining part of the integral is the same as AICs for model
h(K) = (t.e")e™ + (e )e ™ + (tye")e™ + (t,e™)e ™, (A46)
under PBC condition, which behaves like O(Jr — rp|™"). Thus, the wavefunction behaves like
Y(r) ~ O(Ir —ro| '), (A47)

where the overal constant e ™ can be removed by normalization. Thus, the algebraic localization is greatly suppressed by the
exponential decay from skin effect, and this suppression is not influenced by impurity position ry.

e hybrid: OBC at x-direction + PBC at y-direction

Similarly with full OBC case, one has overall exponential decay e =% from skin effect along x-direction, and the remaining
integral is the same as AICs, which gives the algebraic decay. Thus, the wavefunction behaves like

Y(r) ~ O(r = ro| '), (A48)

Thus, a impurity at the boundary rp, = 0 makes the algebraic localization along y direction more significant and easier to
observe, while an impurity deep in the bulk/other side of the lattice makes the algebraic localization along y direction harder to
observe because of the suppression of skin effect along x-axis.

Algebraic skin case

In the presence of an algebraically localized skin effect, the analysis of AICs becomes more subtle. In contrast to the corner-
skin case, the Generalized Brillouin Zone (GBZ) is not uniquely defined and the biorthogonal mode expansion is not available in a
simple closed form [48]. For this reason we cannot yet give a fully rigorous statement. Nevertheless, our physical considerations
and numerics both suggest that AICs created by a bulk impurity are strongly suppressed and practically unobservable in this
regime.

Intuitively, an AIC is a collective state built from unperturbed bulk eigenstates in a narrow neighborhood of a Bloch momentum
po satisfying E = h(py). In the PBC continuum analysis of the main text, this shows up as the fact that the far-field profile of the
AIC is controlled by the linearized dispersion i(pg + 6p) ~ E + v - 6p, with group velocity v = V,h(po). In an algebraic-skin
system under OBC, however, the relevant OBC eigenstates are already strongly biased toward the boundary: their weight at a
site deep in the bulk (such as the impurity position ry) scales down algebraically with the distance to the boundary. Constructing
an impurity-centered localized profile from such boundary-localized modes therefore requires a finely balanced superposition of
many states whose individual amplitudes at ry are parametrically small, so the resulting impurity effect is expected to be very
weak.

Moreover, the algebraic skin modes themselves are a robust consequence of the OBC geometry [48]: they are fixed by the
global boundary conditions and the generalized Fermi-surface structure of the bulk band, and are not easily deformed by a single
local impurity in the interior. This further supports the expectation that a bulk impurity will only weakly perturb the existing
algebraic skin profile rather than generate a pronounced new impurity-localized state.

The numerical observations (Fig A3) are consistent with the above picture: for typical parameters in the algebraic-skin regime,
the impurity introduces only tiny corrections to the algebraic skin modes, and we do not observe a distinct AIC-type peak
localized at the impurity.

Appendix IX: Generalization to arbitrary d > 1 dimensions

Intuitively, AICs can be understood as a consequence of area-typed spectrum and disruption of translational invariance in the
bulk, both of which still hold in higher dimensions. Thus, it can be expected that AIC still exists in higher dimensions, which is
indeed the case. In the following, we give a detailed generalization in higher dimensions. Actually, the dimension only changes
the order of the algebraic decay: similar to ! decay in two dimensions, the wave function decays as rt generally with the
exception of r~! for specific directions in d > 1 dimensions. Below we give a detailed arbitrary d > 1 generalization beginning
with d = 3 case.
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FIG. A3: Spatial profile of algebraic skin modes in the presence of a bulk impurity. We use the reciprocal model A(B,,8,) = i(B, + ,8;1) +
BBy + (BB,)”" on an 80 x 80 lattice, which exhibits algebraic skin modes localized near the x boundaries [48]. A single on-site impurity is
placed at the center of the lattice. Representative eigenstates for (a) E = 1 + 1.5, 4 =3 +2iand (b) E = 1 + 1.2i, A = 0.3 + 0.2i. In both cases,
the overall algebraic skin profile remains essentially unchanged and no additional impurity-centered peak is visible.

Solvable toy continuum model

Let’s begin with a toy continuum model in 3d case (¢ > 0)
(P + (P} + p2 = ) = 6(x,y. W (5,3, 2) = 0 (A49)

and with Fourier transformation, one has(for compactness of notation, we’ve rescaled ¥ to ﬁ).

ik-r
w(r) = f &k ¢ (A50)

ky + (k2 + k2 = c?)

and we move to cylindrical coordinate : k = (k, k,60),r = (x,r, @) . Without loss of generality, let’s assume x > 0 so that we
close the k, integration with upper half loop to use residue theorem

C 21
Y(r) = f kdk f dfelK =< gikreose, (AS1)
0 0

Thus , along x-axis

W(x,0,0) = 2 f ke® =5k
0

-9 e (A52)
= o 2x
~ 0.
In the (y, z) plane,
27
Y(x=0,r) = f kdk f de™ st
0 0
= | kJo(kr)dk
f(; o(kr) (A53)
1 ClI
== f xJo(x)dx
= Jo

= r2crdi(cr)
Since Ji(r) ~ r’%, r — oo, one has
Y(x=0,7) ~ OG?). (A54)

Below, we shall show O(r‘%) is general.
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General case

Suppose that the one-dimensional zero-locus is
Cg = {k|E — h(k) = 0} (AS5)
and we use s to parametrize it (say, arc-length). At Ko(s) € Cg, we build the local frame,
{t,ng, mz}(s), (A56)

where t(s) is the tangent vector, and n; » span the normal plane.
Generally for k near Cg, one has

k= ko(S) + uing + urny

A57
h(k)%E+CZlM1 + arup, a1 e C. ( )
And thus,
. elmu+mu)r
w(r) = f dse™o0T f duyduy———— (A58)
—(a1u1 + aauz)

The (u1, u,) integration give r~! factor as in two dimension case. And from stationary-phase approximation, s integration
. 1
gives r~2 factor.
Thus, generally, one has

Y(r) ~ 0(r?) (A59)

Revisite of toy model

Now, let’s explicitly construct above parametrization with the continuum model Eq. (A50).
The zero set is the circle

Cr = {ko(s) = (0, csin s, ccos s), s € [0, 27)}, (A60)
Use the moving orthonormal frame at ko(s):
t(s) = (0, —sin s, cos s), n; =(1,0,0), n,(s) = (0, cos s, sin s). (A61)

Thus, for a general k near Cg, the decompostion becomes

Z

ui(k) = (k = ko(s)) -y = ky, (A62)

ur(K) = (k — Kko(s)) - mp = ﬂk}z + kz2 -C

Finally, the denominator and exponent in the numerator becomes

ky
s(K) = arctan k_ s

K+ (ks + k2 = ¢*) & uy + 2icus,

(A63)
k-1 =Ko(s) -t + r(nu; + muy),
where r = r(ry, 1y, 1), and 17y = 1y, 12 = 7,COS 5 + 7, Sin s.
Thus
N i +)
Y(r) ~ fdse‘ o(s)T fdulduz—,. (A64)
uy + 2icuy

And one can conclude that generally y(r) ~ O(r‘%) except along x-axis, where Ko (s)-r = 0 and stationary phase approximation
no longer holds. Geometrically, this direction is special because it’s perpendicular to the plane where the zero set lies.
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General higher dimensions

Based on above discussion for d = 3 case, one can show that for general d > 1, AICs decays algebraically as #~% with 7! as
exception for specific directions.

Generaly, for d—dimensional systems, the zero set, Cg, is a (d — 2)—dimensional curve. Denote s = (s1, 52, .., S¢—2)) for
the local coordinates of Cg and (u;,u;) for the remaining dimensions, i.e., coordinates for the neighborhood of Cr with
{t1, ..., t@-2), M1, m)(s) as corresponding unit vector. Then Eq. AS57 still holds with modification of replacing scalar s by
(d — 2)—dimensional coordinates s. Thus, Eq. A58 can be generalized to

) i(uy+mau)r
Y(r) = f dsy...ds-2e™ T f duydiy —= (A65)

—(uy + aaur)’

In above integration, (i, u) integral part gives r~! decay as in d = 2,3 case. And from stationary phase approximation, the

asymptotics of s integral part is ¥~z . Combining those two parts together, ¥/(r) ~ r~2,r — oo. The exception comes from the

direction r where ko(s) - r = 0, and y/(r) decay as r~! for such direction.
[
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