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Cold atom systems in optical lattices have long been recognized as an ideal platform for bridging
condense matter physics and quantum optics. Here, we investigate the 1D fermionic superradiance
in an optical lattice, and uncover novel tricritical phenomena and multistability in finite-temperature
cases. As a starting point, we compare the 1D and 2D Fermi gases in zero-temperature limit. It
turns out that the tricritical point originates from the higher-order Fermi surface nesting (FSN)
and the infrared divergence in 1D systems, which is absent in 2D cases. For dissipative cavities, we
obtain the stable phase diagram and observe a hysteresis-type evolution under quench dynamics.
When extending to finite-temperature cases, we derive analytical expressions for the 2nd- and 4th-
order Landau coefficients, matching the numerical phase diagrams well, and reveal two different
trcritical behaviors, named as quantum- and classic-type tricritical points, respectively. In addition,
we construct the dependence between the susceptibility and the temperature, giving a nontrivial
scaling law lim∆T→0 ∆Bc ∼ ∆T ν with ν > 1. This work provides a new approach to understanding
tricritical phenomena, multistability and scaling rate of self-organized cold atoms.

I. INTRODUCTION.

With significant advances in laser cooling and trap-
ping techniques [1–4], a rich variety of condensed mat-
ter phenomena have been experimentally simulated in
cold atom systems with optical lattices [5, 6], such as
the topological phase transitions [7, 8] and the superfluid
phase transition in strongly correlated systems [4, 9–11].
Different from the conventional avenues to realize long-
range interaction through dipolar moment of atoms [12],
the cavity-mediated atomic scattering provides infinitely
long-range coupling of the quantum gases [13–15]. Such
cavity-mediated long-range order in atomic ensemble will
provide us brand new schemes to simulate the condensed
matter and many-body physics, such as quantum frustra-
tion [16], spin liquid [17] and fermionic pairing [18, 19]
and so on.

Among them, the presence of non-diagonal long-range
order indicates non-zero superradiant order parameter in
Bose-Einstein condensates (BECs), which was first ex-
perimentally realized in 2010 [20–22]. It simulated the
phase transition of Dicke model by harnessing the mo-
mentum states of condensed atoms. As an extended
meaning orginated from the spontaneous radiation of
atoms [23, 24], the superradiance here refers to the
macroscopic number of photons condensing in the cav-
ity. Whereas superradiance in the Dicke model has been
extensively studied [25–32], similar phenomena for Fermi
gases in cavities — initially predicted earlier [33, 34] —
were not observed experimentally until 2021 [35]. Due to
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the distinct statistic properties of fermions, a much richer
landscape of many-body phases is expected, including the
emergence of liquid-gas phase transitions, different scal-
ing behaviors, nonequilibrium dynamic behaviors, and
topology [36–42]. Although the theoretical framework
for superradiant phase transitions in optical lattices is
well established, open questions remain concerning the
self-organization of ultracold atoms, dynamic behaviors,
multistabilities and finite-temperature properties.

In this Letter, we concentrate on the fermionic super-
radiant phenomenon in strong pumping limit, where the
scattering of Fermi atoms is confined to the perpendicu-
lar plane. We first calculate the second- and fourth-order
perturbative contributions in zero-temperature limit an-
alytically, corresponding to two- and four-photon effects,
respectively. By comparing the results of 1D and 2D
fermi gas, we find that the infrared divergence in 1D
systems will result in the tricritical phenomenon, which
vanishes in 2D systems as the infrared divergence is ab-
sent. With the aid of the analytical results, different
scaling behaviors of the critical boundary and the tricrit-
ical point are revealed. For a dissipative cavity, a multi-
stable phase diagram is obtained and it’s verified by the
numerical simulation through master equation, where a
hysteresis-type evolution is demonstrated. Additionally,
we discuss finite-temperature scenarios, where the 2nd-
and 4th-order coefficients in Landau theory are analyt-
ically obtained. It reveals that the tricritical point will
extend into a tricritical curve with increasing tempera-
ture, giving us novel finite-temperature phase diagrams
where both quantum- and classical-type tricritical points
emerge. What’s more, in zero temperature limit, we
prove the critical pumping strength is independent of the
temperature in 1st order, implying lim∆T→0 ∆Bc ∼ ∆T ν
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FIG. 1. (a) The experimental schematic. The contribution of
(b) the first order FSN with single-photon processes, and (c)
the second order FSN where two-photon processes are con-
sidered. The blue and blank parts stand for the filled and
unfilled regions in momentum space. The pink arrow repre-
sents the momentum transition after single photon scattering.
(d)(e) The phase diagrams for the 1D fermion gas. The white
dashed curves represent the disappearance of the susceptibil-
ity χ, the red solid curve is the critical boundary, and the
blue solid line on left panel is the renormalized fourth-order
coefficients.We set A = 1 here and in the following text.

with the scaling rate ν > 1.

II. SELF-ORGANIZED FERMI GAS IN
STRONG PUMPED OPTICAL LATTICE

We consider a macroscopic number of spinless fermions
placed in the center of a cavity as shown in Fig. 1(a),
which is an experimental scenario similar to Ref. [36, 38].
In order to stimulate the coupling between the atoms
and the single transverse cavity mode in x direction, the
system is pumped by a strong standing-wave laser along
z direction. We denote the optical mode as a, the atomic
ground and excited states as |g⟩ and |e⟩, respectively.
The system Hamiltonian H is expressed as H = H0+HI ,
with

H0 = ωa†a+ ωe |e⟩ ⟨e| , (1)

HI = −Ωσ+e−iωpt cos(k⃗p · r⃗)− gσ+a cos(k⃗c · r⃗) +H.c..
(2)

Here, we set ℏ = 1. g is the coupling strength between

fermions and cavity mode a with wave vector k⃗c (in x
direction) and eigenfrequencies ω. Ω represents the Rabi

frequency driven by the pump laser with wave vector k⃗p
(in z direction) and frequencies ωp. σ+ stands for the
Pauli raising operator |e⟩ ⟨g|. For simplicity, the ground-
state energy of |g⟩ is set to zero and the transition fre-
quency between the ground and excited states to ωe.
Defining ω̃ ≡ ω−ωp and ∆ ≡ ωe−ωp as the cavity and

atom detunings against the pump laser, respectively, we

FIG. 2. (a)The critical scaling behavior for kF = 0.918(orange
dots) and kF = ktF = 0.9425 (blue square dots), respectively.
The red and green solid lines stand for the linear fitting for
the ramping rate 1/2 and 1. (b)The critical scaling for fixed
B/A ≈ 0.376, and the ramping rate is around 1. The av-
erage free energy f curve changes against the order param-
eter ψ/

√
N with kF = 0.918, and B/A = 0.35, 0.5 in sub-

figure (c); kF = 0.982, B/A = 0.5 in subfigure (d), and
B/A = 0.41, 0.414, 0.418 in the inset.

can apply the adiabatic elimination for the excited state
|e⟩ and obtain the effective Hamiltonian as

Htot = ω̃a†a+
∑

k⃗

k⃗2

2m
c†
k⃗
ck⃗ −

gΩ

4∆
√
N

(a+ a†)
∑

k⃗,s

c†
k⃗
ck⃗+sk⃗c .

(3)

Here, the cavity-atom coupling strength g has been
changed to g/

√
N for a technique reason, which is ex-

plained in the Supplemental Material (SM) [43]. In ad-
dition, the strong pump limit requires Ω2 ≫ ∆Er with
Er = k2c/(2m) being the recoil energy.

In thermodynamic limit, where the total atom num-
ber N → ∞, the operator of the optical field a can be
substituted by its expectation value ⟨a⟩ ≡ ψ based on
the coherent state approximation. Hence, the Hamilto-
nian (3) is viewed as a single particle fermionic Hamil-
tonian Htot(ψ) dependent on the order parameter ψ.
Meanwhile, the system can be viewed as the canoni-
cal ensemble by ignoring the atom number leakage, in
our scenario. The chemical potential µ is decided by

the unchanged atom number as N =
∑
k⃗ n(k⃗), where

n(k⃗) = [eβ(ϵk⃗−µ) + 1]−1 and ϵk⃗ is the eigenvalue of the
Hamiltonian Htot(ψ). Obviously, the chemical potential
µ will be changed with T and ψ.
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III. ZERO-TEMPERATURE FERMIONIC
SUPERRADIANCE.

Recall that the free energy F is equal to the ground-
state energy of the system in zero-temperature limit [44],
which means that the expression of F is independent of
the chemical potential µ as T → 0, i.e., the part of the

contribution
∂F

∂µ

∂µ

∂(ψ2)
= 0. Then we can expand the

free energy of the system till the fourth-order term of the
optical field as

F = ω̃ |ψ|2 + χ(ψ + ψ∗)2 + η(ψ + ψ∗)4 + . . . , (4)

where the Landau’s coefficients χ and η are available from
the second and fourth perturbation contributions, respec-
tively. By minimizing the free energy (4), we obtain that
ψ = 0 if ω̃ + 4χ > 0, and ψ2 = −(ω̃ + 4χ)/(32η) if
ω̃ + 4χ < 0 with the assumption of η > 0.
According to the expression of χ[see in the appendix],

the critical point is achieved as

kF = 2(B/A) ln |(kF + 1/2)/(−kF + 1/2)| , (5)

which means that the critical pumping strength B/A is
only dependent on the filling factor kF . Here A ≡ ω̃/Er
and B ≡ UV/E2

r are defined as dimensionless param-
eters with effective coupling strengths V ≡ Ω2/(4∆),
U ≡ g2/(4∆). And a remarkable divergence can be ob-
served in Fig. 1(d) near the boundary of the first Bril-
louin zone, where superradiance can be observed even
with a tiny coupling strength B. This phenomenon is
attributed to the first-order Fermi surface nesting (FSN)
shown in Fig. 1(b), indicating an almost zero energy cost
for fermionic scattering by a single cavity photon across
opposite sides of the Fermi surface. In the low occupation
limit kF → 0, we have B/A = 1/8 at the critical point,
which matches the critical boundary for boson gases.

Remarkably, we find η manifests different behaviors in
1D and 2D gases, respectively. In 1D systems, we have

η1D ∝ 2 ln

∣∣∣∣
kF + 1/2

−kF + 1/2

∣∣∣∣− ln

∣∣∣∣
kF + 1

−kF + 1

∣∣∣∣+
kF

2(1/4− k2F )
2
,

(6)

exhibiting infrared-divergent behaviors in both kF ∼ 1/2
and kF ∼ 1 with opposite signs. When it comes to 2D
system,

η2D > 0 (7)

will be valid [see in the Appendix]. Recall that the tricrit-
ical point emerges at the intersection of ω̃ + 4χ = 0 and
η = 0. Hence, the tricritical point exists in 1D systems,
but is absent in 2D systems. We demonstrate the phase
diagram around the tricritical point as in Fig. 1(e). The
white dashed line represents the boundary ω̃ + 4χ = 0.
And the red solid line stands for the critical boundary be-
tween normal phase (NP) and superradiant phase (SRP)
deviating from the white dashed line at the tricritical

FIG. 3. (a) The stable-state phase diagram in the limit κ→ 0.
The grey, orange and brown regions support 1, 2 and 3 stable
states, respectively, labeled by the digits. (b) The quench
dynamic evolution of the order parameter with the forward
and backward three-step pulse, marked by red and blue lines.
The filling factor is fixed as kF = 0.98.

point (red star) with η = 0. The critical line below and
above the tricritical point manifests different behaviors of
both the order parameter and the free energy behaviors.
In the zero-temperature limit, the tricritical point is

located at ktF (T = 0) ≈ 0.9425, Bt(T = 0)/A ≈ 0.395,
where the scaling law is absolutely different from the nor-
mal critical boundary [see in the Appendix]. It turns out
the scaling rate gives

√
Aψ/

√
N ∼ |(B −Bc)/A|ν (8)

√
Aψ/

√
N ∼ |kcF − kF |1/2 , (9)

with ν = 1/2 in the normal critical boundary and ν = 1/4
at tricritical point, which are shown in Fig. 2(a)(b), re-
spectively. Here Bc and kcF represent the critical (tri-
critical) point for the pumping strength and filling factor
separating the NP and SRP.
Then, we consider the average free energy f ≡ F/N

changes against the order parameter ψ/
√
N at different

parametric points in the phase diagram. In Fig. 2(c), we
observe that one global minimum point of the free energy
will be splitted into two degenerate global minima after
the second order phase transition. And in Fig. 2(d), the
free energy curves around the first order phase transition
manifest richer phenomena. As the ratio B/A is far from
the phase boundary, the system has only one global min-
imum. With the ratio B/A increasing, the second-order
coefficient becomes smaller, and the negative contribu-
tion from the fourth-order term will lead to two local
minima in both sides of the original point. Although the
global minimum is still at the original point ψ = 0, these
two local minimum points also support two stable states
in dissipative cases, resulting in multistability which will
be mentioned next. With B/A increasing, the two lo-
cal minimums eventually become two degenerate global
minimum points, and the original point will be the local
stable state. As the parameter enters the right side of
the white dashed line in the phase diagram, where the
second-order coefficient is negative, the NP state ψ = 0
becomes unstable and only two superradiant states exist
in this case.
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Note that tricritical phenomena in 2D systems have
been studied with weak pumping assumption [36], where
the 2nd order perturbative calculation was enough to pre-
dict the tricritical behavior. But here we focus on strong
pumping limit, which requests us to analyze higher order
perturbative effect, i.e., the 2nd-order FSN. Instead of
single-photon scattering described by the 1st-order FSN,
now the Fermi gas suffers from strong two-photon scat-
tering near the second Brillouin boundary [Fig. 1(c)]. A
nontrivial finding is that the scattering effect also influ-
enced by the dimension of Fermi gas. In 1D system, the
2nd-order FSN gives the infrared divergence, leading to
negative η as kF ≳ 1. While such infrared divergence
will disappear due to an additional integral dimension in
2D systems, thus the tricritical point will be absent.

IV. MULTISTABILITY AND HYSTERESIS
DYNAMIC IN DISSIPATIVE CAVITY.

To facilitate comparison, we apply the numerical it-
erative method to solve the self-consistent equation [see
in the appendix], the results of which can be viewed as
the stable states of the self-consistent equation in dissipa-
tive cavity with κ → 0. The stable-state phase diagram
is illustrated in Fig. 3(a), where the digits indicate the
number of stable states supported in the corresponding
regions. Surprisingly, in the middle region beyond the
tricritical point, marked by 3, both NP and SRP phases
can be stabilized, where the final stable state depends
on the initial state of the system. In another aspect, all
the local minimums of the free energy should be carefully
considered, whose number coincides with the number of
stable states obtained by iterative methods [See details
in the Appendix]. And such phenomena are also well ex-
plained by the free energy plots in Fig. 2(c)(d) discussed
above.

To further verify the multistability and observe its dy-
namic evolution, we carry out a three-step quench pulse
B(t) = 0.4 → 045 → 0.48 with fixed interval Er∆t = 200
in forward evolution (red line) and B(t) = 0.48 → 045 →
0.4 with the same interval in backward evolution (blue
line), shown in Fig. 3(b). In each pulse interval, the order
parameter will finally reach the stable state featured by
a parallel and smooth segment. Obviously, for B = 0.45
located in region 3 of Fig. 3(a), the forward and backward
pulses lead the system to different stable states, giving
NP and SRP stable states respectively.

V. FINITE-TEMPERATURE PHASE DIAGRAM
AND SCALING BEHAVIOR AGAINST

TEMPERATURE.

For a finite-temperature scenario, it is easily checked
that χ < 0 at arbitrary temperature T , implying that su-
perradiance can potentially be observed with sufficiently
strong atom-cavity coupling and pumping laser intensity,

FIG. 4. The numerical equilibrium phase diagram at fi-
nite temperatures with fixed filling factors kF = 0.2 (a) and
kF = 0.8 (b), and the corresponding analytical colormaps of
kF (ω̃ + 4χ)/Er are shown in (c) and (d), respectively. The
grey dashed lines are the tangents lines at T = 0.

even at high temperatures. And a more interesting ques-
tion is how the critical or tricritical point evolves with
increasing temperature. We present the phase diagram
on T -B parameter plane in Fig. 4, with the filling factor
kF fixed in each slice. Although there is no strict Fermi
surface in finite-temperature cases, we still use kF to rep-
resent the fermionic filling number through the relation

N =
∑
k⃗ n(k⃗) =

∑
|k⃗|<kF .

As shown in Fig. 4 the changing tendency from T → 0
to T ̸= 0 is smooth, indicating the continuity of sus-
ceptibility χ. When it comes to the first order depen-
dence between χ and T , we give a detailed derivative

to prove that
∂χ

∂T

∣∣∣∣∣
ψ=0,T→0

= 0, and
dBc
dT

∣∣∣∣∣
Tc→0

= 0 [see

in the Appendix]. This tells us a nontrivial fact that
the critical boundary at finite temperature won’t devi-
ate from the zero temperature one, at least in terms
of the first order of temperature. Thus, we obtain the
scaling rate lim∆T→0 ∆Bc ∼ ∆T ν with ν > 1, where
∆Bc ≡ Bc(T = ∆T )−Bc(T = 0).

Moreover, the numerical critical points in Fig. 4(a)(b)
are consistent with the analytical zero contour lines of
the second-order coefficient ω̃+4χ in Fig. 4(c)(d). It can
be seen that the tangent lines of the critical boundaries
around Tc → 0 points are parallel to the T axis, mak-
ing our analytical conclusion convincing. Furthermore,
it is found that the minimum coupling strength B to ob-
serve superradiance does not occur at zero temperature.
Instead, there exists an optimal temperature where the
superradiant phase transition is most accessible.
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FIG. 3. The numerical equilibrium phase diagram at finite
temperatures with fixed filling factors kF = 0.2 (a) and kF =
0.8 (b), and the corresponding analytical colormaps of kF (ω̃+
4χ)/Er are shown in (c) and (d), respectively.

to T ̸= 0 is smooth, indicating the continuity of suscep-
tibility χ. When it comes to the first order dependence
between χ and T , we give a detailed derivative to prove

that
∂χ

∂T

∣∣∣∣∣
ψ=0,T→0

= 0, and
dBc
dTc

∣∣∣∣∣
Tc→0

= 0 [33]. This re-

lation tells us a nontrivial fact that the critical boundary
at finite temperature won’t deviate from the zero temper-
ature one, at least in terms of the first order of temper-
ature. Thus, we obtain the scaling rate lim∆T→0 ∆Bc ∼
∆T ν with ν > 1, where ∆Bc ≡ Bc(T = ∆T )−Bc(T = 0).

Moreover, the numerical critical points in Fig. 3(a)(b)
match well with the analytical zero contour lines of the
second-order coefficient ω̃ + 4χ in Fig. 3(c)(d). It can
be seen that the tangent lines of the critical boundaries
around Tc → 0 points are parallel to the T axis, mak-
ing our analytical conclusion convincing. Furthermore,
as a numerical finding, the minimum coupling strength
B to observe superradiance does not occur at zero tem-
perature. Instead, there exists an optimal temperature
where the superradiant phase transition is most acces-
sible, indicating a strong nonlinear dependence on the
system temperature T .

When focusing on tricritical phenomena, Fig. 4(a)
shows two tricritical points in the kF = 0.938 slice [33].
With increasing temperature, the 2nd → 1st and 1st →
2nd type tricritical points can be viewed as the quantum-
and classical-type tricritical points, respectively, accord-
ing to whether the transition temperature is low or high.
If the temperature is not too high, the Fermi surface
will be roughly preserved with the momentum distribu-
tion just slightly enlarged. Thus, we observe a similar
2nd → 1st phase transition at kF = 0.9425 in Fig. 4(a)
to that in Fig. 2(b). Such a tricritical point behaves
like the one at zero temperature dominated by quantum
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FIG. 4. The phase diagram at finite temperatures with fixed
filling factors kF = 0.938 (a), kF = 0.982 (b). The colorbar
represents the order parameter, and the red stars stand for the
tricritical points, corresponding to the zero points of η′ (blue
line on left panel). (c) The analytical fourth order coefficients
NkF η

′/(4B2Er) colormap with black line refers to the zero
contour line. (d) The 3D phase diagram where three slices
with fixed temperature T = 0, 0.1, 0.2 are displayed. The red
dashed curve is connected through all the tricritical points in
every slices between T = 0 and T = 0.2, whose projection is
shown with black dashed line in the T -kF plane.

effects from the 2nd order FSN. In contrast, at higher
temperature, the Fermi distribution becomes more like a
classical and uniform one, the 2nd order FSN effect will
be submerged in the whole contribution of all the atoms.
Meanwhile, for a fixed filling factor kF = 0.982 located
in the first-order phase transition region at zero temper-
ature [Fig. 2(b)], Fig. 4(b) shows that only one tricritical
point emerges, corresponding to the classical type.

In order for a more intuitional understanding on the
finite-temperature system, we derive the strict expression
for the fourth order coefficients of the order parameter ψ,

defining as η′ ≡ ∂2F

2∂(ψ2)2

∣∣∣∣∣
ψ=0

[33], and the correspond-

ing colormap is shown in Fig. 4(c). The η′ = 0 contour
line is marked in black, which corresponds to tricritical
points at appropriate pumping strength B. We find the
curve first evolves toward smaller kF , reaches a mini-
mum at min {ktF } = ktF (T ≈ 0.048) ≈ 0.9358, and then
turns toward larger kF . We also connect all the tricritical
points in every slice numerically with fixed T and obtain
a 3D tricritical curve in Fig. 4(d). By projecting in T -kF
plane, we find it matches well with the η′ = 0 contour
line in Fig. 4(c). In this aspect, the tricritical points in
Fig. 4(a)(b) correspond to the intersections between the
tricritical curve and the kF = 0.938, 0.982 slices.

Hence, all possible cases can be divided into three cat-
egories according to different filling factors kF . When
min {ktF } < kF < ktF (T = 0), both the quantum- and

T/
E r

(c) (d)

FIG. 5. The phase diagram at finite temperatures with fixed
filling factors kF = 0.938 (a), kF = 0.982 (b). The colorbar
represents the order parameter, and the red stars stand for the
tricritical points, corresponding to the zero points of η′ (blue
line on left panel). (c) The analytical fourth order coefficients
NkF η

′/(4B2Er) colormap with black line referring to the zero
contour line. (d) The 3D phase diagram where three slices
with fixed temperature T = 0, 0.1, 0.2 are displayed. The red
dashed curve is connected through all the tricritical points in
every slices between T = 0 and T = 0.2, whose projection is
shown with black dashed line in the T -kF plane.

VI. CATEGORIES OF TRICRITICAL POINTS
IN FINITE TEMPERATURE

When focusing on tricritical phenomena, Fig. 5(a)
shows two tricritical points in the kF = 0.938 slice [see
in the Appendix]. With increasing temperature, the
2nd → 1st and 1st → 2nd type tricritical points can
be viewed as the quantum- and classical-type tricritical
points, respectively, according to whether the transition
temperature is low or high. If the temperature is low, the
Fermi surface will be roughly preserved with the momen-
tum distribution just slightly enlarged. Thus, we observe
a similar 2nd→ 1st phase transition in Fig. 5(a) as that
around kF = 0.9425 in Fig. 3(b), which is dominated by
quantum effects from the 2nd order FSN. In contrast, at
higher temperature, the Fermi distribution broadens and
becomes more like a classical one, the 2nd order FSN ef-
fect will be submerged in the whole contribution of all the
atoms. Meanwhile, for a fixed filling factor kF = 0.982
located in the first-order phase transition region at zero
temperature [Fig. 3(b)], Fig. 5(b) shows that only one
tricritical point emerges, corresponding to the classical
type.

In order for a more intuitional understanding on the
finite-temperature system, we derive the analytic expres-
sion for the 4th order coefficients of the order parameter

ψ, defined as η′ ≡ ∂2F

2∂(ψ2)2

∣∣∣∣∣
ψ=0

[see in the Appendix],

and the corresponding colormap is shown in Fig. 5(c).
The η′ = 0 contour line is marked in black, which cor-
responds to tricritical points at appropriate pumping
strengthB. We find the curve first evolves toward smaller
kF , reaches a minimum at min {ktF } = ktF (T ≈ 0.048) ≈
0.9358, and then turns toward larger kF . We also con-
nect all tricritical points in every slice numerically with
fixed T and obtain a 3D tricritical curve in Fig. 5(d). By
projecting in T -kF plane, we find it closely matches the
η′ = 0 contour line in Fig. 5(c). In this aspect, the tricrit-
ical points in Fig. 5(a)(b) correspond to the intersections
between the tricritical curve and the kF = 0.938, 0.982
slices.
Hence, all possible cases can be divided into three cat-

egories according to different filling factors kF . When
min {ktF } < kF < ktF (T = 0), both the quantum- and
classical-type tricritical phenomena are observed with in-
creasing temperature T . And these two types of tri-
critical points coalesce in the min {ktF } slice. Thus, if
kF < min {ktF }, only the 2nd order phase transition can
be observed without a tricritical phenomenon. And when
kF > ktF (T = 0), only the classical-type tricritical point
can be revealed at high temperature.

VII. CONCLUSION

In this paper, we study the superradiant phase tran-
sition induced by a strongly confined spinless Fermi gas
in an optical lattice. In this scenario, we analytically
derive the single- and two-photon scattering contribu-
tions for 1D and 2D configurations on the confined plane
perpendicular to the pumping laser. We find that, in
1D cases, the 1st- and 2nd-order FSN contributions ex-
hibit infrared divergences around kF = 1/2 and kF = 1
with opposite signs, such that a tricritical point emerges
at the intersection between curves χ = 0 and η = 0.
While in 2D cases, the additional integral dimension ren-
ders the fourth-order coefficient convergent, resulting in
η > 0. Therefore, the tricritical point is only restricted
to 1D systems. We also present the stable phase dia-
gram for dissipative cavities and observe the hysteresis-
type dynamics, confirming the existence of multistabil-
ity. In addition, at finite temperature, we analytically
derive the 2nd- and 4th-order coefficients and find excel-
lent agreement with numerical phase diagrams. Remark-
ably, the tricritical points extend into a tricritical curve
as T varies. Through both quantitative and qualitative
analyses, quantum- and classical-type tricritical points
are observed and explained. By examining the temper-
ature dependence of the critical boundary in the zero-
temperature limit, we rigorously obtain a scaling rate
ν > 1, which is first explored in fermionic superradiant
systems to our knowledge. Furthermore, we find that
there exists an optimal temperature, instead of zero tem-
perature, at which the superradiant phase transition is
most readily realized, facilitating the experimental obser-
vation of such critical phenomena. Overall, our work pro-
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vides new insights into quantum simulation in optical lat-
tice systems, broadens the understanding of atomic self-
organization, reveals rich nonequilibrium many-body dy-
namics, and deepens the knowledge of finite-temperature
fermionic superradiance, thereby advancing the explo-
ration and manipulation of novel quantum materials me-
diated by cavity [19, 45–49].
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Appendix A: derive the effective Hamiltonian of the system

By means of the unitary transformation U(t) = exp[i(|e⟩ ⟨e|+ a†a)ωpt], the interaction Hamiltonian in the rotation
frame can be written as

H̃I = ω̃a†a+∆ |e⟩ ⟨e| − [Ωσ+ cos(k⃗p · r⃗) + gσ+a cos(k⃗c · r⃗) +H.c.], (A1)

where ω̃ ≡ ω − ωp and ∆ ≡ ωe − ωp stand for cavity and atom detunings against the pump laser, respectively.
Considering the dynamic evolution of the eigenbasis of the fermion inner states {|g⟩ , |e⟩}, we can write the equations

according to the Schrödinger equations driven by the Hamiltonian H̃I ,

i
d

dt
|g⟩ = −Ωcos(k⃗p · r⃗) |e⟩ − ga cos(k⃗c · r⃗) |e⟩ , (A2)

i
d

dt
|e⟩ = ∆ |e⟩ − Ωcos(k⃗p · r⃗) |g⟩ − g cos(k⃗c · r⃗)a† |g⟩ . (A3)

Assuming that the detuning ∆ is large enough, we can apply adiabatic elimination for the excited states |e⟩, and the
effective dynamic evolution for the ground state can be obtained approximately as

i
d

dt
|g⟩ =− 1

∆
[Ω2 cos2(k⃗p · r⃗) + g2a†a cos2(k⃗c · r⃗) + Ωg(a+ a†) cos(k⃗p · r⃗) cos(k⃗c · r⃗)] |g⟩ . (A4)

Then, the effective Hamiltonian after the adiabatic elimination is expressed as follows:

H̃I ≈ H̃ad
I =[ω̃ − g2

∆
cos2(k⃗c · r⃗)]a†a−

gΩ

∆
(a+ a†) cos(k⃗c · r⃗) cos(k⃗p · r⃗)−

Ω2

∆
cos2(k⃗p · r⃗). (A5)

Taking the kinetic energy of fermions into account, the total Hamiltonian can be written as

Htot ≈ω̃a†a+
∑

k⃗

k⃗2

2m
c†
k⃗
ck⃗ −

g2

4∆
a†a

∑

k⃗,s=±1

c†
k⃗
ck⃗+2sk⃗c

− gΩ

4∆
(a+ a†)

∑

k⃗,s,s′=±1

c†
k⃗
ck⃗+sk⃗c+s′k⃗p

− Ω2

4∆

∑

k⃗,s=±1

c†
k⃗
ck⃗+2sk⃗p

. (A6)

Here, the sign of ”≈” originates from the assumption that ω̃ ≈ ω̃− g2

2∆
by consider a rather small coupling strength g

reasonably. In this work, we concentrate on the case where the pump laser is strong enough, so that the Fermi gas is
highly localized in z direction. Since the wave vector of the cavity mode is perpendicular to the pump laser, the fermi
gas can be viewed as a 2D ensemble in x-y plane, and the dispersive in pump direction z is flat. This can be given

with an equivalent description as
Ω2

∆Er
≫ 1, where Er =

k2c
2m

is the recoil energy, and the last term is negligible. As

a technique consideration, we change the cavity-atom coupling strength g to g/
√
N , where

√
N in the denominator is

also called a renormalization factor, making the results independent of the macroscopic atom number N . And we also

assume that
g2

4∆
≪ ω̃, Er so that the third term on the right hand side of Eq. (A6) can hardly affect the background

potential of the Fermi gas. Based on the considerations above, the Hamiltonian can be further simplified as

Htot = ω̃a†a+
∑

k⃗

k⃗2

2m
c†
k⃗
ck⃗ −

gΩ

4∆
√
N

(a+ a†)
∑

k⃗,s

c†
k⃗
ck⃗+sk⃗c . (A7)
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Figure S1. The schematic figure for the fourth order pertubative contribution of η̃1, η̃2, η̃3 in (a-c) respectively. We demonstrate
five coupled momentum states with blue solid line connected. The red solid arrows instruct the scattering paths for single
fermion in fourth order pertubative process.

SII. CALCULATION OF THE SUSCEPTIBILITY

The grant partition funtion for the fermion part can be expressed as

ZG =

∫
D[

{
ζk⃗
}
] exp(−S1) ≡ exp(−S̃1). (S8)

Here, we can easily express S̃1 = − ln(ZG) as the counterpart of grant potential in field theory. And the free energy
of the system can be expressed as

F ≡ U − TS = J +Nµ = ω̃ |ψ|2 − kBT lnZG +Nµ, (S9)

We are supposed to evaluate the grant potential S̃1 in Eq. (S8). Furthermore, we can give a more compact form
for S1 as

S1 =

∫ β

0

dτ
[∑

k⃗

ζ∗
k⃗
(∂τ +

k⃗2

2m
− µ)ζk⃗ −

gΩ

4∆
√
N

(ψ + ψ∗)
∑

k⃗,s

ζ∗
k⃗
ζk⃗+sk⃗c

]

=

∫ β

0

dτ
[
ζ⃗†G−1

0 ζ⃗ + ζ⃗†V ζ⃗
]
. (S10)

Here, [G−1
0 ]k⃗,⃗k′ = (∂τ +

k⃗2

2m
− µ)δk⃗,⃗k′ . The Grassmann vector ζ⃗ is composed of all the Grassmann fields labeled by

different momentum indeces k⃗. And the interaction matrix is represented by [V ]k⃗,⃗k′ = − gΩ

4∆
√
N

(ψ + ψ∗)δk⃗,⃗k′±k⃗c .

With the aid of the Matsubara Fourier transformation, the integral can be calculated order-by-order after pertubative

expansion. We set the Grassmann fermonic field in the Matsubara frequency region as ζ⃗n =
1

β

∫ β
0
dτ ζ⃗(τ)eivnτ , where

vn = (2n + 1)π/β is the Matsubara frequency. While we assume that the boson field is seperable with the fermion
field, i.e., we can view that ∂ψi/∂τ ≈ 0, which is also called as the long-wavelength limit. So we can get

S̃1 = − ln(ZG)

= − ln[det(β(G−1
0 + V ))]

= −Tr[ln(β(G−1
0 + V ))]

≈ −Tr[ln(βG−1
0 )] +

1

2
Tr[(G0V )2] +

1

4
Tr[(G0V )4], (S11)

where the first equation ZG = det(β(G−1
0 + V )) is derived from the Gaussian functional integral for the Grassmann

field. And the notation of “Tr” includes the summation for different Matasubara components and different momentum
components. In last line, only the second and fourth order of the interaction V are retained here (only the even order
terms satisfy the momentum conservation, giving non-zero results). The first term corresponds to the zeroth-order

(a) (b) (c)

FIG. 6. The schematic figure for the fourth order perturbative contribution of η̃1, η̃2, η̃3 in (a-c) respectively. We demonstrate
five coupled momentum states with blue solid line connected. The red solid arrows instruct the scattering paths for single
fermion in fourth order perturbative process.

In aspect of perturbation theory, we consider the strength coefficient of the 4th order term of optical mode such
as a4, a3a†, . . . , which is the lowest order contribution from the third term of Eq. (A6). The third term will give the

coefficient ∼ Er(
g2

∆Er
)2, while the fourth term will give a much stronger strength ∼ Er(

gΩ

∆Er
)4, If we have

Ω2

∆Er
≫ 1

as mentioned before. And the same conclusion can be obtained if we consider all order contributions from the third
term of Eq. (A6), indicating the third term can be ignored safely. Therefore, this is a another understanding on why
we drop both the third and last term of Eq. (A6).

Appendix B: calculation of the 2nd and 4th order pertubative contribution

The grant partition function for the fermion part can be expressed as

ZG =

∫
D[

{
ζk⃗
}
] exp(−S1) ≡ exp(−S̃1). (B1)

Here, we can easily express S̃1 = − ln(ZG) as the counterpart of the grant potential in field theory. And the free
energy of the system can be expressed as

F ≡ U − TS = J +Nµ = ω̃ |ψ|2 − kBT lnZG +Nµ, (B2)

We are supposed to evaluate the grant potential S̃1 in Eq. (D2). Furthermore, we can give a more compact form
for S1 as

S1 =

∫ β

0

dτ
[∑

k⃗

ζ∗
k⃗
(∂τ +

k⃗2

2m
− µ)ζk⃗ −

gΩ

4∆
√
N

(ψ + ψ∗)
∑

k⃗,s

ζ∗
k⃗
ζk⃗+sk⃗c

]

=

∫ β

0

dτ
[
ζ⃗†G−1

0 ζ⃗ + ζ⃗†V ζ⃗
]
. (B3)

Here, [G−1
0 ]k⃗,⃗k′ = (∂τ+

k⃗2

2m
−µ)δk⃗,⃗k′ . The Grassmann vector ζ⃗ is composed of all Grassmann fields labeled by different

momentum indices k⃗. And the interaction matrix is represented by [V ]k⃗,⃗k′ = − gΩ

4∆
√
N

(ψ+ψ∗)δk⃗,⃗k′±k⃗c . With the aid of

the Matsubara Fourier transformation, the integral can be calculated order-by-order after perturbative expansion. We

set the Grassmann fermionic field in the Matsubara frequency region as ζ⃗n =
1

β

∫ β
0
dτ ζ⃗(τ)eivnτ , where vn = (2n+1)π/β

is the Matsubara frequency. While we assume that the boson field is separable with the fermion field, i.e., we can
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view that ∂ψi/∂τ ≈ 0, which is also called the long-wavelength limit. So we can get

S̃1 = − ln(ZG)

= − ln[det(β(G−1
0 + V ))]

= −Tr[ln(β(G−1
0 + V ))]

≈ −Tr[ln(βG−1
0 )] +

1

2
Tr[(G0V )2] +

1

4
Tr[(G0V )4], (B4)

where the first equation ZG = det(β(G−1
0 + V )) is derived from the Gaussian functional integral for the Grassmann

field. And the notation of “Tr” includes the summation for different Matsubara components and different momentum
components. In the last line, only the second and fourth orders of the interaction V are retained here (only the
even order terms satisfy the momentum conservation, giving non-zero results). The first term corresponds to the
zeroth-order contribution for the free Fermi gas. In the zero-temperature limit, it turns out that the first term cancels
the chemical potential µ in the expression of free energy (D5) as

lim
β→∞

−β−1Tr[ln(βG−1
0 )] +Nµ =

∑

k⃗

(
k⃗2

2m
− µ) +Nµ =

∑

k⃗

k⃗2

2m
, (B5)

giving only the kinetic energy of the fermions which obeys the quadratic dispersion. Then we can expand the free
energy of the system till the fourth order term of the optical field as

F = ω̃ |ψ|2 + χ(ψ + ψ∗)2 + η(ψ + ψ∗)4. (B6)

Obviously, the coefficients χ and η originate from the second and fourth perturbation contributions
1

2
Tr[(G0V )2] and

1

4
Tr[(G0V )4], respectively. To minimize the free energy above, we obtain that ψ = 0 if ω̃+4χ > 0, and ψ2 = − ω̃ + 4χ

32η
if ω̃ + 4χ < 0 and η > 0.

Then, we calculate the second-order contribution as follows:

Tr[(G0V )2] =
∑

n

∑

k⃗,⃗k′

(ivn − ϵk⃗)
−1(ivn − ϵk⃗′)

−1Vk⃗k⃗′Vk⃗′k⃗

= β
∑

k⃗,⃗k′

n(ϵk⃗)− n(ϵk⃗′)

ϵk⃗ − ϵk⃗′

∣∣Vk⃗k⃗′
∣∣2 . (B7)

We applied the Matsubara summation
∑
n(ivn − ϵk⃗)

−1(ivn − ϵk⃗′)
−1 = β

n(ϵk⃗)− n(ϵk⃗′)

ϵk⃗ − ϵk⃗′
in the last line. Defining the

effective coupling strengths as V ≡ Ω2

4∆
and U ≡ g2

4∆
, the second-order coefficient χ is thus in the form of

χ =
V U

2N

∑

k⃗,⃗k′

n(ϵk⃗)− n(ϵk⃗′)

ϵk⃗ − ϵk⃗′
δk⃗,⃗k′±k⃗c

=
V U

N

∑

k⃗,⃗k′

n(ϵk⃗)

ϵk⃗ − ϵk⃗′
δk⃗,⃗k′±k⃗c

=
V U

ErN
(2

∑

k⃗

n(ϵk⃗)

k⃗2 − (k⃗ + k⃗c)2
). (B8)

In the last equation, we replace the wave vector k⃗ and k⃗c with kck⃗ and kck⃗c, respectively, making the redefined wave

vector k⃗ dimensionless and the redefined k⃗c as a unit vector. The same result has been reported in Ref. [36–38].
Next, we will continue to calculate the fourth-order contribution, through evaluating the following Matsubara

summations for preparation:

β−1
∑

n

(ivn − x1)
−2(ivn − x2)

−2

=− βn(x1)[1− n(x1)]

(x1 − x2)2
− 2n(x1)

(x1 − x2)3
− βn(x2)[1− n(x2)]

(x2 − x1)2
− 2n(x2)

(x2 − x1)3
→ − 2n(x1)

(x1 − x2)3
− 2n(x2)

(x2 − x1)3
, (B9)
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β−1
∑

n

(ivn − x1)
−2(ivn − x2)

−1(ivn − x3)
−1

=
n(x2)

(x2 − x1)2(x2 − x3)
+

n(x3)

(x3 − x1)2(x3 − x2)
− βn(x1)[1− n(x1)]

(x1 − x2)(x1 − x3)
− n(x1)

(x1 − x2)2(x1 − x3)
− n(x1)

(x1 − x2)(x1 − x3)2

→ n(x2)

(x2 − x1)2(x2 − x3)
+

n(x3)

(x3 − x1)2(x3 − x2)
− n(x1)

(x1 − x2)2(x1 − x3)
− n(x1)

(x1 − x2)(x1 − x3)2
. (B10)

The signal “≈” means we ignore the terms like ∼ βn(x1)[1 − n(x1)], recovering the fourth order pertubative theory
in the zero-temperature limit. Beacuse such terms will be exactly cancelled by other contributions originated from

the dependence between the chemical potential and the order parameter as
∂µ

∂ψ2
, which will be explicitly drivated in

later section on finite temperature case. Then the coefficient η can be divided into three different parts as

η =
1

4
× 2× U2V 2

E3
rN

2
(η̃1 + η̃2 + η̃3), (B11)

with each part taking the form of

η̃1 = β−1E3
r

∑

k⃗,n

(ivn − ϵk⃗)
−1(ivn − ϵk⃗+k⃗c)

−1(ivn − ϵk⃗+2k⃗c
)−1(ivn − ϵk⃗+k⃗c)

−1

=
∑

k⃗

n(ϵk⃗+k⃗c)

[(k⃗ + k⃗c)2 − k⃗2]2[(k⃗ + k⃗c)2 − (k⃗ − k⃗c)2]
+
∑

k⃗

n(ϵk⃗−k⃗c)

[(k⃗ − k⃗c)2 − k⃗2]2[(k⃗ − k⃗c)2 − (k⃗ + k⃗c)2]

−
∑

k⃗

n(ϵk⃗)

[⃗k2 − (k⃗ + k⃗c)2]2 [⃗k2 − (k⃗ − k⃗c)2]
−

∑

k⃗

n(ϵk⃗)

[⃗k2 − (k⃗ + k⃗c)2][⃗k2 − (k⃗ − k⃗c)2]2
, (B12)

η̃2 = β−1E3
r

∑

k⃗,n

(ivn − ϵk⃗)
−1(ivn − ϵk⃗+k⃗c)

−1(ivn − ϵk⃗)
−1(ivn − ϵk⃗−k⃗c)

−1 = η̃1, (B13)

η̃3 = β−1E3
r

∑

k⃗,n

(ivn − ϵk⃗)
−2(ivn − ϵk⃗+k⃗c)

−2 = −
∑

k⃗

4n(ϵk⃗)

[⃗k2 − (k⃗ + k⃗c)2]3
. (B14)

These three different parts represent three different kinds of fermionic momentum transfer in two-photon processes,
which are shown in 6(a-c) respectively. We can easily see that η̃1 and η̃2 are two-photon scattering processes, while η̃3
is the repeated contribution of single-photon scattering. In the last equation above, we can easily check that η̃1 = η̃2
by changing k⃗ + k⃗c → k⃗. Next, we need to calculate the summation of k⃗ above. We first focus on 1D systems and

change the summation into a 1D integral, giving an extra factor
L

2π
=

N

2kF
ahead. Combining the following integral

results,

∑

k⃗

n(ϵk⃗+k⃗c)

[(k⃗ + k⃗c)2 − k⃗2]2[(k⃗ + k⃗c)2 − (k⃗ − k⃗c)2]
=

∑

k⃗

n(ϵk⃗−k⃗c)

[(k⃗ − k⃗c)2 − k⃗2]2[(k⃗ − k⃗c)2 − (k⃗ + k⃗c)2]

=
N

2kF

∫ kF

−kF

dk

[k2 − (k − 1)2]2[k2 − (k − 2)2]
=

N

2kF

[
1

8

2kF
k2F − 1/4

+
1

4
(ln

∣∣∣∣
kF + 1/2

−kF + 1/2

∣∣∣∣− ln

∣∣∣∣
kF + 1

−kF + 1

∣∣∣∣)
]
, (B15)

∑

k⃗

n(ϵk⃗)

[⃗k2 − (k⃗ + k⃗c)2]2 [⃗k2 − (k⃗ − k⃗c)2]
=

∑

k⃗

n(ϵk⃗)

[⃗k2 − (k⃗ + k⃗c)2][⃗k2 − (k⃗ − k⃗c)2]2

=
N

2kF

∫ kF

−kF

dk

[k2 − (k + 1)2]2[k2 − (k − 1)2]
=

N

2kF

[
1

8

2kF
k2F − 1/4

+
1

4
ln

∣∣∣∣
kF − 1/2

−kF − 1/2

∣∣∣∣
]
, (B16)

∑

k⃗

n(ϵk⃗)

[⃗k2 − (k⃗ + k⃗c)2]3
=

N

2kF

∫ kF

−kF

dk

[k2 − (k + 1)2]3
= − N

2kF

1

16

2kF
(1/4− k2F )

2
, (B17)
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Figure S2. The order parameter changes with B/A at fixed Fermi radius kF = 0.918(b) and kF = 0.982(c). The blue and
orange parts represent the NP and SRP regions, where the order parameter is zero and nonzero, respectively.

results,

∑

~k

n(ε~k+~kc
)

[(~k + ~kc)2 − ~k2]2[(~k + ~kc)2 − (~k − ~kc)2]
=
∑

~k

n(ε~k−~kc)

[(~k − ~kc)2 − ~k2]2[(~k − ~kc)2 − (~k + ~kc)2]

=
N

2kF

∫ kF

−kF

dk

[k2 − (k − 1)2]2[k2 − (k − 2)2]
=

N

2kF

[
1

8

2kF
k2
F − 1/4

+
1

4
(ln

∣∣∣∣
kF + 1/2

−kF + 1/2

∣∣∣∣− ln
∣∣∣∣
kF + 1

−kF + 1

∣∣∣∣)
]
, (S22)

∑

~k

n(ε~k)

[~k2 − (~k + ~kc)2]2[~k2 − (~k − ~kc)2]
=
∑

~k

n(ε~k)

[~k2 − (~k + ~kc)2][~k2 − (~k − ~kc)2]2

=
N

2kF

∫ kF

−kF

dk

[k2 − (k + 1)2]2[k2 − (k − 1)2]
=

N

2kF

[
1

8

2kF
k2
F − 1/4

+
1

4
ln

∣∣∣∣
kF − 1/2

−kF − 1/2

∣∣∣∣
]
, (S23)

∑

~k

n(ε~k)

[~k2 − (~k + ~kc)2]3
=

N

2kF

∫ kF

−kF

dk

[k2 − (k + 1)2]3
= − N

2kF

1

16

2kF
(1/4− k2

F )2
, (S24)

the coefficients χ and η can be obtained as

η =
1

4
× 2× U2V 2

E3
rN

2

N

2kF

(
2 ln

∣∣∣∣
kF + 1/2

−kF + 1/2

∣∣∣∣− ln

∣∣∣∣
kF + 1

−kF + 1

∣∣∣∣+
kF

2(1/4− k2
F )2

)
, (S25)

χ =
V U

ErN

N

2kF
ln

∣∣∣∣
−kF + 1/2

kF + 1/2

∣∣∣∣ . (S26)

Therefore, the superradiant order parameter satisfies

A
2

N
= −

kF + 2(B/A) ln

∣∣∣∣
−kF + 1/2

kF + 1/2

∣∣∣∣

8(B/A)2

(
2 ln

∣∣∣∣
kF + 1/2

−kF + 1/2

∣∣∣∣− ln

∣∣∣∣
kF + 1

−kF + 1

∣∣∣∣+
kF

2(1/4− k2
F )2

) , (S27)

where A ≡ ω̃/Er and B ≡ UV/E2
r are dimensionless parameters with effective coupling strengths V ≡ Ω2/(4∆),

U ≡ g2/(4∆). It turns out that the minimum solution of free energy is located around 2 ∼ N/A, indicating a
macroscopic number of photons in the cavity. Meanwhile, the larger A = ω̃/Er corresponds to less photon number, as
it will cost more fermion scattering processes to excite one single photon. Notice that the analytical order parameter

is obtained under the fourth-order perturbation theory. Thus, the right-hand side of Eq. (S27) may not be valid
far from the critical point, where the perturbative theory becomes less accurate.

As is said in the main text, tricritical point tends to emerge in the intersection of ω̃ + 4χ = 0 and η = 0. It
turns out the zero point of η is achieved around the boundary of the 2nd Brillouin zone kF ≈ 0.9425. As is depicted
in Fig. SII(b)(c), the lower and upper boundaries in (a) display a 2nd- and 1st-order phase transition respectively,
featured by the discontinuity of the 1st and 0nd order differentiation of the order parameter, respectively.

(b)(a) (c)

FIG. 7. The order parameter changes with B/A at fixed Fermi radius kF = 0.918(b) and kF = 0.982(c). The blue and orange
parts represent the NP and SRP regions, where the order parameter is zero and nonzero, respectively.

the coefficients χ and η can be obtained as

η =
1

4
× 2× U2V 2

E3
rN

2

N

2kF

(
2 ln

∣∣∣∣
kF + 1/2

−kF + 1/2

∣∣∣∣− ln

∣∣∣∣
kF + 1

−kF + 1

∣∣∣∣+
kF

2(1/4− k2F )
2

)
, (B18)

χ =
V U

ErN

N

2kF
ln

∣∣∣∣
−kF + 1/2

kF + 1/2

∣∣∣∣ . (B19)

Therefore, the superradiant order parameter ψ satisfies

A
ψ2

N
= −

kF + 2(B/A) ln

∣∣∣∣
−kF + 1/2

kF + 1/2

∣∣∣∣

8(B/A)2
(
2 ln

∣∣∣∣
kF + 1/2

−kF + 1/2

∣∣∣∣− ln

∣∣∣∣
kF + 1

−kF + 1

∣∣∣∣+
kF

2(1/4− k2F )
2

) , (B20)

where A ≡ ω̃/Er and B ≡ UV/E2
r are dimensionless parameters with effective coupling strengths V ≡ Ω2/(4∆),

U ≡ g2/(4∆). It turns out that the minimum solution of free energy is located around ψ2 ∼ N/A, indicating a
macroscopic number of photons in the cavity. Meanwhile, the larger A = ω̃/Er corresponds to less photon number, as
it will cost more fermion scattering processes to excite one single photon. Notice that the analytical order parameter
ψ is obtained under the fourth-order perturbation theory. Thus, the right-hand side of Eq. (B20) may not be valid
far from the critical point, where the perturbative theory becomes less accurate.

When it comes to the 2D case, the fourth-order contribution can be evaluated as

η̃2D1 + η̃2D2 ∝
∑

k⃗

n(ϵk⃗+k⃗c)

[(k⃗ + k⃗c)2 − k⃗2]2[(k⃗ + k⃗c)2 − (k⃗ − k⃗c)2]
−
∑

k⃗

n(ϵk⃗)

[⃗k2 − (k⃗ + k⃗c)2]2 [⃗k2 − (k⃗ − k⃗c)2]

∝N
∫

S
(

2

1/2 + kx
− 1

kx + 1
)d2k =

∫ 2π

0

dθ(
4

1 + 2k cos θ
− 1

1 + k cos θ
)

∫ kF

0

kdk

=
π

2
[1−Θ(

1

2
− kF )

√
1− 4k2F ]−

π

2
[1−Θ(1− kF )

√
1− k2F ]

=
π

2
[Θ(1− kF )

√
1− k2F −Θ(

1

2
− kF )

√
1− 4k2F ] ≥ 0. (B21)

Therefore, we can readily get that

η2D ∝ η̃2D1 + η̃2D2 + η̃2D3 ≥ η̃2D3 > 0. (B22)

By the way, the susceptibility χ2D is obtained by

χ2D =
V U

ErN
(2

∑

k⃗

n(ϵk⃗)

k⃗2 − (k⃗ + k⃗c)2
) ∝ −[1−Θ(

1

2
− kF )

√
1− 4k2F ]. (B23)

As we know that the intersection between two curves ω̃+4χ = 0 and η = 0 gives the tricritical point of the system,
we find that the 1D and 2D systems will demonstrate different critical behaviors. The 2D systems won’t demonstrate
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the tricritical phenomenon since η > 0 is always valid. While η for 1D systems will undergo infrared divergence
behaviors in both kF ∼ 1/2 and kF ∼ 1 with opposite signs. In the region of kF ∈ (0, 1/2], η > 0 is valid. And we
can easily verify that η < 0 when kF > 1 as:

η

∣∣∣∣
kF>1

∝ 2 ln

∣∣∣∣
kF + 1/2

−kF + 1/2

∣∣∣∣− ln

∣∣∣∣
kF + 1

−kF + 1

∣∣∣∣+
kF

2(1/4− k2F )
2

= ln(
(x+ 1)2

(x− 1)2
)− ln(

x+ 2

x− 2
) +

1

(x− 1)2
− 1

(x+ 1)2

= h(x2 + 2x)− h(x2 − 2x) < 0. (B24)

In the second line, we have replaced 2kF with a new variable x, and the expression is evaluated in the region x > 2. By

defining a new function h(y) = ln(1+
1

y
)− 1

y + 1
in the third line, we can easily check that

dh

dy

∣∣∣∣
y>0

< 0, implying that

the function h(y) is monotonically decreasing and the final result is negative. It is also checked that η is monotonically
decreasing in the intermediate region of kF ∈ [1/2, 1], indicating that there must be one and only one tricritical point
in this system. It then turns out that the zero point of η is achieved around the boundary of the 2nd Brillouin zone
kF ≈ 0.9425. As is depicted in Fig. B(b)(c), the lower and upper boundaries in (a) display a 2nd- and 1st-order phase
transition, featured by the discontinuity of the 1st and 0nd order differentiation of the order parameter, respectively.

Appendix C: Critical scaling

According to the final expression for the order parameter above, we can easily see that
√
A

ψ√
N

∼ |(B −Bc)/A|1/2,
where Bc represents the critical point for the second order phase transition. While at the tricritical point (Bt, ktF )
with Bc = Bt, the fourth order coefficient is also zero, so the higher order (sixth order) coefficient will lead to different

scaling rate as
√
A

ψ√
N

∼ |(B −Bc)/A|1/4. Take logarithms on both sides of the scaling equation, we will have

ln(
Aψ2

N
) = 2ν ln(

B −Bc
A

) + C, where ν is the scaling rate, taking the value 1/2 and 1/4 in two different cases, and

C is the constant number depending on the filling factor kF .
In order to verify the scaling rate, we plot the critical behavior as Fig. 3(a) in main text. We choose two fixed

Fermi momenta as kF = 0.918 and kF = ktF = 0.9425, investigating the normal critical behavior and the tricritical
behavior, respectively. The blue and orange dots represent the normal critical and tricritical cases, respectively, which
match well with the linear fitting lines with ramping rates 2ν = 1 (green solid) and 2ν = 1/2 (red solid).

In addition, we also derive the scaling law for the filling factor kF . We can easily check differentiation of the second
order coefficient, i.e., the numerator of Eq. (11) in the main text against kF , giving

∂

∂kF

[
kF + 2(B/A) ln

∣∣∣∣
−kF + 1/2

kF + 1/2

∣∣∣∣
]
= 1 +

2B/A

k2F − 1/4
̸= 0, (C1)

which indicates the scaling law as
√
A

ψ√
N

∼ |kcF − kF |1/2. By means of the same method, we numerically verify the

scaling law of ν = 1/2 as Fig. 3(b) in main text.

Appendix D: Searching for the global minimum of the Free energy in finite temperature case

To investigate the whole system in finite-temperature cases, the system partition function is derived as Z =∫
D[ψ,

{
ζk⃗
}
] exp(−S) with the imaginary-time action,

S =

∫ β

0

dτ

{
ψ∗(∂τ + ω̃)ψ +

∑

k⃗

ζ∗
k⃗
(∂τ +

k⃗2

2m
− µ)ζk⃗

−
∑

k⃗

[
gΩ

4∆
√
N

(ψ + ψ∗)
∑

s

ζ∗
k⃗
ζk⃗+sk⃗

]}
. (D1)
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Here, the complex scalar field ψ refers to the bosonic mode a, and the Grassmann number ζk⃗ corresponds to the
fermionic modes ck⃗ in the functional integral.
The path integral for the fermions can be treated first by assuming that the bosonic field is independent of τ , i.e.,

the fermion part is separable with the boson part wave function. Defining S ≡ S0 + S1, where S0 is the action for

noninteractive boson modes, expressed as S0 ≡
∫ β
0
dτψ∗(∂τ + ω̃)ψ, the grant partition function of the fermion part

becomes

ZG =

∫
D[

{
ζk⃗
}
] exp(−S1) ≡ exp(−S̃1). (D2)

In statistic physics, the grant potential can be defined as

J ≡ U − TS − N̄µ = −kBT lnZG, (D3)

where U , S are the internal energy and entropy of the system, respectively, kB is the Boltzmann constant which we
set as 1 in the text, and β = 1/(kBT ). The grand partition function ZG reads as

ZG =
∏

l

(1± e−α−βϵl)±ωl . (D4)

Here, ωl stands for the number of degeneracy, and ± refers to the fermion (boson) situation respectively. Such
expression for ZG can also be derived from the Eq. (D2) by calculate the Gaussian functional. Therefore, we can

easily see that S̃1 = − ln(ZG) is nothing but the counterpart of the grant potential in field theory.
Thus, the free energy of the system can be derived as

F ≡ U − TS = J +Nµ = ω̃ |ψ|2 − kBT lnZG +Nµ

= ω̃ |ψ|2 − β−1
∑

k⃗

ln(1 + e−β(ϵk⃗−µ)) +Nµ, (D5)

whose minimum decides the status of the system. The Landau coefficient can be obtained by the derivative of the
free energy against the optical field ψ with a mean-field approximation.

Appendix E: Iterative calculating the self-consistent equation in zero temperature case

1. Closed system

In zero temperature limit, the Free energy is reduced to the ground state energy of the system, where we can solve
the self-consistent equation through iterative method.

Different from the perturbation method which is invalid in the region away from the critical points, the self-consistent

equation gives the exact solution of the order parameter ψ, derivated from
∂ ⟨Htot(ψ)⟩

∂ψ
= 0, where

ψ =

√
B

A
√
N

〈∑

k⃗,s

c†
k⃗
ck⃗+sk⃗c

〉
≡

√
B

A
√
N

Θ. (E1)

Here, ψ ≡ ⟨a⟩, and Θ ≡
〈∑

k⃗,s c
†
k⃗
ck⃗+sk⃗c

〉
is known as the density wave order dependent on the ψ, for the reason of

which it’s called self-consistent equation. Generally, the density wave order Θ ∼ N , thus ψ ∼
√
N .

2. Dissipative system

The analysis above are based on the ground state of closed system. While for a dissipative cavity, we will focus on

the operator dynamics of master equation, expressed as
dO
dt

= i[H,O] + L[O]. And the Lindblad superoperator L
can be expressed as L[O] = κ(2a†Oa−Oa†a− a†aO). Hence the dynamics of the optical operator is given by

da

dt
= −iω̃a− κa+ i

√
UV√
N

∑

k⃗,s

c†
k⃗
ck⃗+sk⃗c . (E2)
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Figure S3. (a) The stable-state phase diagram in the limit κ → 0. The grey, orange and brown regions support one, two and
three stable states, respectively, which is labeled by the digits in corresponding regions. We fix the Fermi radius kF = 0.982,
and demonstrate the results of the stable order parameter with B/A = 0.41 in grey region 1 (b), B/A = 0.414 in brown region
3 (c) and B/A = 0.5 in orange region 2 (d) with the iterative method.

first order phase transition manifests richer phenomena. As the ratio B/A is far away from the phase boundary, the
system has only one global minimum. With the ratio B/A increasing, the second order coefficient becomes smaller,
and the negative contribution from the fourth order term will lead to two local minima in both sides of the original
point. Although global minimum is still at the original point ψ = 0, these two local minimum points also support two
stable states in disspative cases, resulting in multistablility as discussed in the main text. With B/A getting larger,
the two local minimum will eventually becomes two degenerate global minimum points, and the original point will
be the local stable state. As the parameter enters the right side of the white dashed line in phase diagram (Fig. 2
of the main text), where the second order coefficient is negative, the NP state ψ = 0 becomes unstable and only two
superradiant states exist in this case.

SIV. CRITICAL SCALING.

According to the final expression for the order parameter in the main text, we can easily see that
√
A

ψ√
N

∼

|(B −Bc)/A|1/2, where Bc represents the critical point for the second order phase transition. While at the tricritcial
point (Bt, ktF ), the fourth order coefficient is also zero, so the higher order (sixth order) coefficient will lead to

different scaling rate as
√
A

ψ√
N

∼ |(B −Bc)/A|1/4. Take logarithms on both sides of the scaling equation, we will

have ln(
Aψ2

N
) = 2ν ln(

B −Bc
A

) + C, where ν is the scaling rate, taking the value 1/2 and 1/4 in two different cases,

and C is the constant number depending on the filling factor kF .
In order to verify the scaling rate, we plot the critical behavior in Fig. S2(c). We choose two fixed Fermi momen-

tum as kF = 0.918 and kF = ktF = 0.9425, investigating the normal critical behavior and the tricritical behavior,
respectively. The blue and orange dots stand for the normal critical and tricritical cases, respectively, which match
well with the linear fitting lines with ramping rates 2ν = 1 (green solid) and 2ν = 1/2 (red solid).
What’s more, we also derive the scaling law for the filling factor kF . We can easily check differentiation of the

second order coefficient, i.e., the numerator of Eq. (11) in the main text against kF , giving

∂

∂kF

[
kF + 2(B/A) ln

∣∣∣∣
−kF + 1/2

kF + 1/2

∣∣∣∣
]
= 1 +

2B/A

k2F − 1/4
̸= 0, (S30)

which indicates the scaling law as
√
A

ψ√
N

∼ |kcF − kF |1/2. By means of the same method, we numerically verify the

ν = 1/2 scaling law in Fig. S2(d).

SV. MULTISTABILITY IN OPEN QUANTUM SYSTEMS.

The analysis above are based on the ground state of the system. While for a dissipative cavity, we will focus on the
self-consistent equation according to the Heisenberg equation,

ψ =

√
UVΘ√

N(ω̃ − iκ)
. (S31)

(a) (b) (c) (d)

FIG. 8. (a) The stable-state phase diagram in the limit κ → 0. The grey, orange and brown regions support one, two and
three stable states, respectively, which is labeled by the digits in corresponding regions. We fix the Fermi radius kF = 0.982,
and demonstrate the results of the stable order parameter with B/A = 0.41 in grey region 1 (b), B/A = 0.414 in brown region
3 (c) and B/A = 0.5 in orange region 2 (d) with the iterative method.

By calculating the expectation value on both sides, we can get the self-consistent equation for stable state as

ψ =

√
UVΘ√

N(ω̃ − iκ)
. (E3)

And the fermionic part will be stablized into the eigenstates of the fermionic Hamiltonian after mean-field approxi-
mation, expressed as

HA =
∑

k⃗

k⃗2

2m
c†
k⃗
ck⃗ −

gΩ

4∆
√
N

(ψs + ψ∗
s )

∑

k⃗,s

c†
k⃗
ck⃗+sk⃗c , (E4)

where ψs is the solution of the self-consistent equation (E3).

It is obvious that the real part of the self-consistent equation satisfies Reψ =
√
UVΘ/[

√
N(ω̃ + κ2/ω̃)], which

corresponds to the counterpart in closed systems of the main text by replacing ω̃ and ψ with ω̃+κ2/ω̃ and Reψ. And
the imaginary part will write as Imψ = κReψ/ω̃.

3. Iterative method and multistability

The self consistent equation (E1) in closed system and (E3) in dissipative system share the similar form, both of
which can be solved with the same method.

Notice that the density wave order Θ in self-consistent equation is dependent on the order parameter ψ. Thus, the
numerical solutions of the order parameter can be obtained through the iterative method. This means that we can
initially select a test value of ψ and then calculate the density wave order Θ to update ψ until a convergent result is
acquired. However, in some regions of the phase diagram, the order parameter is likely to converge to different values,
implying that the system supports different stable states. Therefore, instead of finding the global minimum in the
closed system, we are supposed to explore all the local minimums of the free energy.

To facilitate comparison, we apply the numerical iterative method in the limit of κ → 0, which will not affect the
qualitative results. The stable-state phase diagram is illustrated in Fig. 8(a), where the digits indicate the number
of stable states supported in the corresponding regions. Then we choose typical points in each region and iteratively
evolve 400 arbitrary initial test values of ψ to obtain the corresponding stable order parameters, as shown in Fig. 8(b-d).
Through sufficient iterations, the final order parameter ψ will stabilize into several branches. In Fig. 8(b), we choose
B/A = 0.41 and only one stable order parameter of ψ = 0 is obtained, indicating the NP. While for B/A = 0.414 in
Fig. 8(c), although it is still in NP as shown in Fig. 2(b) of the main text, the system supports three different stable
states composed of one normal state and two superradiant states. In Fig. 8(d), where the dimensionless pumping
strength B/A is large enough, the normal states become unstable and the system enters the SRP.

According to the analysis above, there exists a special multistable region located between the monostable region and
the bistable region, which supports three different stable states. The boundary between the bistable and multistable
regions coincides with the white dashed line in Fig. 3(b) of the main text, while the boundary between the monostable
and multistable regions is slightly deviated from the SRP boundary [red solid line in Fig. 3(b) of the main text], which
means that in dissipative cases two potential superradiant states have already been supported in NP as local stable
states.
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Appendix F: Dynamic evolution of master equation

Although the iterative method to solve the self-consistent equation is sufficient to observe the stable state both in
both dissipative and non-dissipative case, but we can hardly observe the dynamic evolution by this method. Thus we
combine the Heisenberg equation for the fermionic part to calculate the evolution, writing as

dψ

d(Ert)
= −iAψ − κ̃ψ + i

√
B√
N

∑

k⃗,s

c†
k⃗
ck⃗+sk⃗c , (F1)

dck⃗
d(Ert)

= −i
∣∣∣⃗k
∣∣∣
2

ck⃗ + i

√
B√
N

(ψ + ψ∗)
∑

s

ck⃗+sk⃗c . (F2)

Here, we write the dynamics into dimensionless form and define the dimensionless dissipative rate as κ̃ ≡ κ/Er. ck⃗
is viewed as constant number satisfying the normalized relation [39]. By numerical simulations, we can verify the
multistable phenomena and observe the dynamic process, where the obtained hysteresis-type evolution is displayed
as Fig. 3(d) in the main text.

Appendix G: Finite temperature case

For a more general finite-temperature case, we can write the free energy of the system as

F =− β−1Tr[ln(βG−1
0 )] +Nµ+ ω̃ |ψ|2 + χ(µ)(ψ + ψ∗)2 + η(µ)(ψ + ψ∗)4 + . . . (G1)

Notice that in non-dissipative cavity, the expectation of optical field is real, i.e., ψ∗ = ψ. Distinguished from the
zero-temperature cases, the contribution of the chemical potential µ may make a difference at finite temperatures.
Considering that µ is a function of ψ2, the second-order coefficient can be calculated by

∂F

∂(ψ2)
=

∂F

∂(ψ2)

∣∣∣∣∣
µ,ψ=0

+
∂F

∂µ

∂µ

∂(ψ2)

∣∣∣∣∣
ψ=0

. (G2)

The first term is calculated with fixed chemical potential µ, the result of which is ω̃+4χ(µ), where the expression of
χ is the same as Eq. (B8). And the second term is an extra contribution in finite-temperature cases. Notice that we
only care about the final result with order parameter ψ = 0, So the terms χ(µ)(ψ+ψ∗)2+ η(µ)(ψ+ψ∗)4+ . . . always
give zero contribution eventually. Thus, only the first two terms of Eq. (G1) need to be calculated, which leads to

∂F

∂µ

∂µ

∂(ψ2)

∣∣∣∣∣
ψ=0

=



N − β−1 ∂

∂µ

∑

k⃗

ln[1 + e−β(ϵ
0

k⃗
−µ)]





∂µ

∂(ψ2)

∣∣∣∣∣
ψ=0

=



N −

∑

k⃗

[eβ(ϵ
0

k⃗
−µ0) + 1]−1





∂µ

∂(ψ2)

∣∣∣∣∣
ψ=0

= 0. (G3)

In the first equation, we have applied the Matsubara summation of

∑

iνn

ln(β(−iνn + ξ)) = ln(1 + e−βξ), (G4)

and thus Tr[ln(βG−1
0 )] =

∑
k⃗ ln[1 + e−β(ϵ

0

k⃗
−µ)]. Here, the subscript 0 represents the value with the order parameter

ψ = 0. Moreover, we use the relation
∑
k⃗[e

β(ϵ0
k⃗
−µ0)+1]−1 = N in the second line of Eq. (G3). Therefore, the expression

χ(T, kF ) ≡
∂F

∂(ψ2)
at finite temperature T makes no difference to the one in Eq. (B8). And we can easily check that

χ < 0 for arbitrary temperature T , implying that superradiance can potentially be observed with sufficiently strong
atom-cavity coupling and pumping laser intensity, even at high temperatures.

As demonstrated in Fig. 9(a), there exist two tricritical points in the phase diagram. To make it more clear, we
provide detailed order parameter plots in Fig. 9(b-d). It is obvious that the typical 2nd, 1st, and 2nd order phase
transitions can be observed in Fig. 9(b-d), respectively, confirming the existence of two tricritical points with such
system parameters at finite temperature.
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Figure S5. (a) The finite temperature phase diagram with fixed filling factor kF = 0.935. The order parameter changes with
B/A at fixed temperature T = 0.005 (b), T = 0.05 (c) and T = 0.09 (d). The blue and orange parts represent the NP and
SRP regions, where the order parameter is zero and nonzero, respectively.

Here, we write the dynamics into dimensionless form and define the dimensionless dissipative rate as κ̃ ≡ κ/Er. By
numerical simulations, we can verify the multistable phenomena and observe the dynamic process, where the obtained
hysteresis-type evolution is displayed as Fig. 2(d) in the main text.

SVII. FINITE TEMPERATURE CASE

For a more general finite-temperature case, we can write the free energy of the system as

F =− β−1Tr[ln(βG−1
0 )] +Nµ+ ω̃ | |2 + χ(µ)( + ∗)2 + η(µ)(ψ + ∗)4 + . . . (S37)

Notice that in non-dissipative cavity, the expectation of optical field is real, i.e., ∗ = . Distinguished from the
zero-temperature cases, the contribution of the chemical potential µ may make a difference at finite temperatures.
Considering that µ is a function of 2, the second-order coefficient can be calculated by

∂F

∂(ψ2)
=

∂F

∂(ψ2)

∣∣∣∣∣
µ,ψ=0

+
∂F

∂µ

∂µ

∂(ψ2)

∣∣∣∣∣
=0

. (S38)

The first term is calculated with fixed chemical potential µ, the result of which is ω̃ + 4χ(µ), where the expression
of χ is the same as Eq. (S15). And the second term is an extra contribution in finite-temperature cases. Notice that
we only care about the final result with order parameter = 0, So the terms χ(µ)( + ∗)2 + η(µ)(ψ + ∗)4 + . . .
always give zero contribution eventually. Thus, only the first two terms of Eq. (S37) need to be calculated, which
leads to

∂F

∂µ

∂µ

∂(ψ2)

∣∣∣∣∣
=0

=



N − β

−1 ∂

∂µ

∑

~k

ln[1 + e−β(ε0~k−µ)]





∂µ

∂(ψ2)

∣∣∣∣∣
=0

=



N −

∑

~k

[eβ(ε0~k−µ
0) + 1]−1





∂µ

∂(ψ2)

∣∣∣∣∣
=0

= 0. (S39)

In the first equation, we have applied the Matsubara summation of

∑

iνn

ln(β(−iνn + ξ)) = ln(1 + e−βξ), (S40)

and thus Tr[ln(βG−1
0 )] =

∑
~k ln[1 + e−β(ε0~k−µ)]. Here, the subscript 0 represents the value with the order parameter

= 0. Moreover, we use the relation
∑
~k[eβ(ε0~k−µ

0) + 1]−1 = N in the second line of Eq. (S39). Therefore, the

expression χ(T, kF ) ≡ ∂F

∂(ψ2)
at finite temperature T makes no difference to the one in Eq. (S15). And we can

easily check that χ < 0 for arbitrary temperature T , implying that superradiance can potentially be observed with
sufficiently strong atom-cavity coupling and pumping laser intensity, even at high temperatures.

As demonstrated in Fig. S5(a), there exist two tricritical points in the phase diagram. To make it more clear, we
provide detailed order parameter plots in Fig. S5(b-d). It is obvious that the typical 2nd, 1st, and 2nd order phase

(b)(a) (d)(c)

FIG. 9. (a) The finite temperature phase diagram with fixed filling factor kF = 0.938. The order parameter changes with B/A
at fixed temperature T = 0.005 (b), T = 0.05 (c) and T = 0.09 (d). The blue and orange parts represent the NP and SRP
regions, where the order parameter is zero and nonzero, respectively.

Next, we will discuss the calculation on the fourth order coefficient η′(T, kF ) ≡
1

2

∂2F

∂(ψ2)2

∣∣∣∣∣
ψ=0

. Here we distinguish

the real fourth order coefficient η′ with η in Eq. (G1), where the later one is obtained by assuming chemical potential
µ is unchanged with ψ2. Therefore, we evaluate the terms in Eq. (G1) one by one.

∂2

∂(ψ2)2
β−1Tr[ln(βG−1

0 )]

∣∣∣∣∣
ψ=0

=
∂2

∂(ψ2)2
β−1

∑

k⃗

ln[1 + e−β(ϵ
0

k⃗
−µ)]

=
∂

∂ψ2


∑

k⃗

[eβ(ϵ
0

k⃗
−µ) + 1]−1 ∂µ

∂(ψ2)



∣∣∣∣∣
ψ=0

= N
∂2µ

∂(ψ2)2

∣∣∣∣∣
ψ=0

+
∑

k⃗

βn(ϵ0
k⃗
)[1− n(ϵ0

k⃗
)][

∂µ

∂(ψ2)
]2

∣∣∣∣∣
ψ=0

, (G5)

∂2

∂(ψ2)2
(Nµ)

∣∣∣∣∣
ψ=0

= N
∂2µ

∂(ψ2)2

∣∣∣∣∣
ψ=0

, (G6)

∂2

∂(ψ2)2
(ω̃ |ψ|2)

∣∣∣∣∣
ψ=0

= 0, (G7)

∂2

∂(ψ2)2
[χ(µ)(ψ + ψ∗)2]

∣∣∣∣∣
ψ=0

= 8
∂χ

∂µ

∂µ

∂(ψ2)

∣∣∣∣∣
ψ=0

, (G8)

∂2

∂(ψ2)2
[η(µ)(ψ + ψ∗)4 + . . . ] = 32η. (G9)

Combine the above relations, we get the analytical relation for the

2η′ =
∂2F

∂(ψ2)2

∣∣∣∣∣
ψ=0

= 32η + 8
∂χ

∂µ

∂µ

∂(ψ2)

∣∣∣∣∣
ψ=0

−
∑

k⃗

βn(ϵ0
k⃗
)[1− n(ϵ0

k⃗
)][

∂µ

∂(ψ2)
]2

∣∣∣∣∣
ψ=0

. (G10)

Till now, although we have the analytical expression for the real fourth-order coefficient η′, there still exists questions

on the last two terms on the r.h.s. of Eq. (G10). In order to calculate the term
∂µ

∂(ψ2)
, we evaluate the differential

against order parameter ψ2 of the relation N =
∑
k⃗[e

β(ϵ
k⃗
−µ)+1]−1, we obtain that 0 =

∑
k⃗ βn(ϵk⃗)[1−n(ϵk⃗)][

∂ϵk⃗
∂(ψ2)

−
∂µ

∂(ψ2)
]d(ψ2). Therefore, we can get

∂µ

∂(ψ2)
=

Er∑
k⃗ n(ϵk⃗)[1− n(ϵk⃗)]

∑

k⃗

n(ϵk⃗)[1− n(ϵk⃗)]
∂ϵk⃗
∂(ψ2)

. (G11)

By means of the second order perturbation theory, we can get the differential of kinetic energy as
∂ϵk⃗
∂(ψ2)

=

4
B

N
[

1

k2 − (k + 1)2
+

1

k2 − (k − 1)2
], where we recall that B ≡ UV/E2

r .
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Next we can easily express the differential of χ as

∂χ

∂µ
=

V U

ErN
2β

∑

k⃗

n(ϵ0
k⃗
)[1− n(ϵ0

k⃗
)]

1

k2 − (k + 1)2
. (G12)

Thus we can give the full expression of the last two terms in Eq. G10 as

8
∂χ

∂µ

∂µ

∂(ψ2)

∣∣∣∣∣
ψ=0

=
32B2E2

rβ

N2
∑
k⃗ n(ϵ

0
k⃗
)[1− n(ϵ0

k⃗
)]




∑

k⃗

n(ϵ0
k⃗
)[1− n(ϵ0

k⃗
)]

2

k2 − (k + 1)2





2

, (G13)

∑

k⃗

βn(ϵ0
k⃗
)[1− n(ϵ0

k⃗
)][

∂µ

∂(ψ2)
]2

∣∣∣∣∣
ψ=0

=
16B2E2

rβ

N2
∑
k⃗ n(ϵ

0
k⃗
)[1− n(ϵ0

k⃗
)]




∑

k⃗

n(ϵ0
k⃗
)[1− n(ϵ0

k⃗
)]

2

k2 − (k + 1)2





2

. (G14)

Then, we rewrite the whole expression of η as

η =
U2V 2

2E3
rN

2
×
{∑

k⃗

4n(ϵk⃗+k⃗c)

[(k⃗ + k⃗c)2 − k⃗2]2[(k⃗ + k⃗c)2 − (k⃗ − k⃗c)2]
−

∑

k⃗

4n(ϵk⃗)

[⃗k2 − (k⃗ + k⃗c)2]2 [⃗k2 − (k⃗ − k⃗c)2]

−
∑

k⃗

4n(ϵk⃗)

[⃗k2 − (k⃗ + k⃗c)2]3
− 2βEr

∑

k⃗

n(ϵ0
k⃗
)[1− n(ϵ0

k⃗
)]

1

[⃗k2 − (k⃗ − k⃗c)2][⃗k2 − (k⃗ + k⃗c)2]

− 2βEr
∑

k⃗

n(ϵ0
k⃗
)[1− n(ϵ0

k⃗
)]

1

[⃗k2 − (k⃗ + k⃗c)2]2

}
, (G15)

which contained the terms ignored in the previous section. Combining the above three terms, we can get the η′ in
finite-temperature case.

In order to evaluate the the zero temperature limit T → 0, we can compare the ignored two terms of 32η in section
SI, writing as

16×


−2β

∑

k⃗

n(ϵ0
k⃗
)[1− n(ϵ0

k⃗
)]

1

[k2 − (k − 1)2][k2 − (k + 1)2]
− 2β

∑

k⃗

n(ϵ0
k⃗
)[1− n(ϵ0

k⃗
)]

1

[k2 − (k + 1)2]2




=16×


−2β

∑

k⃗

n(ϵ0
k⃗
)[1− n(ϵ0

k⃗
)][

1

(2k − 1)(−2k − 1)
+

1

(2k + 1)2
]


 , (G16)

and the contribution of the last two terms in Eq. (G10) as

16β∑
k⃗ n(ϵ

0
k⃗
)[1− n(ϵ0

k⃗
)]




∑

k⃗

n(ϵ0
k⃗
)[1− n(ϵ0

k⃗
)]

2

k2 − (k + 1)2





2

. (G17)

Here, we neglect the the complex coefficient before the expressions, and concentrate on 1D gases. Next, we consider
the differential

∂

∂µ

∑

k⃗

n(ϵ0
k⃗
) =

∑

k⃗

[− ∂

∂ϵ0
k⃗

n(ϵ0
k⃗
)] =

∑

k⃗

βn(ϵ0
k⃗
)[1− n(ϵ0

k⃗
)], (G18)

in zero temperature limit. It is easily checked that
∫∞
0
dϵ0
k⃗
[− ∂

∂ϵ0
k⃗

n(ϵ0
k⃗
)] = 1, and if ϵ0

k⃗
̸= µ, we have − ∂

∂ϵ0
k⃗

n(ϵ0
k⃗
) = 0.

Therefore, a typical δ-function is obtained as − ∂

∂ϵ0
k⃗

n(ϵ0
k⃗
) = βn(ϵ0

k⃗
)[1 − n(ϵ0

k⃗
)] = δ(ϵ0

k⃗
− µ) with T → 0. By means of
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this property, we can get that

(G16)/16 = −2[
1

(2
√
µ− 1)(−2

√
µ− 1)

+
1

(2
√
µ+ 1)2

+
1

(−2
√
µ− 1)(2

√
µ− 1)

+
1

(−2
√
µ+ 1)2

]

= − 8

(1−√
µ)2(1 +

√
µ)2

(G19)

(G17)/16 =
1

2
[

2
√
µ2 − (

√
µ+ 1)2

+
2

(−√
µ)2 − (−√

µ+ 1)2
]2 =

8

(1−√
µ)2(1 +

√
µ)2

. (G20)

Here, we ignore the constant factor
N

2kF

1

∂ϵ0
k⃗
/∂k

∣∣∣∣∣
ϵ0
k⃗
=µ

for easy writing, which is generated by changing the summation

into integral and the differentiation from the δ-function. Therefore, we can see that the calculation in the previous
section based on the 4th order perturbative theory is correct. The reason why we ignore the terms in Eq. (G16) in
previous calculation, is that such terms will be exactly canceled eventually. Here we also want to emphasize that this
analytical result is valid for 2D systems, where we just modify the

√
µ → √

µ cos(θ) and consider an extra integral

dimension from θ = 0 to θ = π. And θ is defined as the angle between the wave vector k⃗ and k⃗c.

Appendix H: The dependence of χ against T

For the fixed filling factor kF , the susceptibility can be viewed as the function of the coupling strength and temper-
ature T , which writes as χ = χ(T,B; kF ). As we set −ω̃/4 = χ(Tc, Bc; kF ), we can get the implicit function relation
between the critical temperature Tc and coupling strength Bc. By differentiating this relation, we can get

dBc
dTc

= − ∂χ/∂Tc
∂χ/∂Bc

. (H1)

So, we will discuss the first order tendency of the susceptibility χ changing against T in this section.
Consider that the free energy of the atomic ensemble can be expressed as

FA = −β−1
∑

k⃗

ln[1 + e−β(ϵk⃗−µ)] +Nµ. (H2)

Notice that in this case ϵk⃗ is the diagonalized kinetic energy depending on the order parameter ψ2. Next, we need to

calculate the second order differentiation
∂χ

∂T

∣∣∣∣∣
ψ=0,T→0

=
∂2FA
∂ψ2∂T

∣∣∣∣∣
ψ=0,T→0

. We first notice that

∂FA
∂ψ2

=
∑

k⃗

n(ϵk⃗)
∂(ϵk⃗ − µ)

∂ψ2
+N

∂µ

∂ψ2
. (H3)

Thus, we can get

∂2FA
∂ψ2∂T

∣∣∣∣∣
ψ=0,T→0

=




∑

k⃗

∂

∂T
[n(ϵk⃗)]

∂(ϵk⃗ − µ)

∂ψ2
+

∑

k⃗

n(ϵk⃗)
∂2(ϵk⃗ − µ)

∂ψ2∂T
+N

∂2µ

∂ψ2∂T





∣∣∣∣∣
ψ=0,T→0

=
∑

k⃗

∂

∂T
[n(ϵk⃗)]

∂(ϵk⃗ − µ)

∂ψ2

∣∣∣∣∣
ψ=0,T→0

=
∑

k⃗

β2n(ϵk⃗)[1− n(ϵk⃗)]
∂[β(ϵk⃗ − µ)]

∂β

∂(ϵk⃗ − µ)

∂ψ2

∣∣∣∣∣
ψ=0,T→0

, (H4)

where the second equation we apply the property that the kinetic energy is independent on the temperature T , and
find that the second and third terms cancel exactly. Considering that the total atom number is independent of the
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system parameter T and order parameter ψ2, we will have

0 =
∂N

∂T
= β2

∑

k⃗

n(ϵk⃗)[1− n(ϵk⃗)]
∂[β(ϵk⃗ − µ)]

∂β
, (H5)

0 =
∂N

∂ψ2
= −β

∑

k⃗

n(ϵk⃗)[1− n(ϵk⃗)]
∂(ϵk⃗ − µ)

∂ψ2
. (H6)

In aid of the δ-function property of the term βn(ϵk⃗)[1 − n(ϵk⃗)], we can get limT→0 β
∂[β(ϵk⃗ − µ)]

∂β

∣∣∣∣∣
ϵ
k⃗
=µ

= 0, and

limT→0

∂(ϵk⃗ − µ)

∂ψ2

∣∣∣∣∣
ϵ
k⃗
=µ

= 0. Thus, it becomes

∣∣∣∣
∂2FA
∂ψ2∂T

∣∣∣∣

∣∣∣∣∣
ψ=0,T→0

=
∑

k⃗

β2n(ϵk⃗)[1− n(ϵk⃗)]
∂[β(ϵk⃗ − µ)]

∂β

∂(ϵk⃗ − µ)

∂ψ2

∣∣∣∣∣
ψ=0,T→0

= β
∂[β(ϵk⃗ − µ)]

∂β

∂(ϵk⃗ − µ)

∂ψ2

∣∣∣∣∣
ψ=0,ϵ

k⃗
=µ,T→0

= 0× 0 = 0. (H7)

Here, we have omitted the common constant factor
N

2kF

1

∂ϵk⃗/∂k

∣∣∣∣∣
ψ=0,ϵ

k⃗
=µ

, which makes no difference to the conclusion.

In summary, we obtain that
∂χ

∂T

∣∣∣∣∣
ψ=0,T→0

= 0, so we have
dBc
dTc

∣∣∣∣∣
Tc→0

= 0. This relation tells us a nontrivial fact

that the critical boundary in finite temperature case won’t deviate from the zero temperature critical point, at least
in terms of the first order of temperature. Thus, we can give that scaling rate lim∆T→0 ∆Bc ∼ ∆T ν , and ν > 1,

where ∆Bc ≡ Bc

∣∣∣∣∣
T=∆T

−Bc

∣∣∣∣∣
T=0

.
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