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Abstract

It is generally assumed that any discrepancy between an object’s inertial and gravitational masses,

leading to a violation of the equivalence principle, arises from the nature of its internal constituents and

their interactions. We show here that the difference can instead be a function of the distance of the object

from a gravitating body, and suggest ways of testing this, illustrating side-by-side a covariant framework

for the same.
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1 Introduction

The Einstein’s Equivalence Principle (EEP), which is a cornerstone of General Relativity (GR), states

that the gravitational and inertial masses of any object are equal, ensuring all objects in free fall to have

the same acceleration irrespective of their masses. In fact, the EEP provides the foundation for the local

flatness criterion, which leads to the derivation of the geodesic equation and Einstein’s field equations

[1,2]. Nevertheless, there is a reasonable expectation that the EEP may be violated, however mildly, under

appropriate conditions [3, 4].

In this article, we demonstrate that the EEP violation can happen in a novel manner, depending on

the distance of test objects from a gravitating body, unless the gravitational forces become negligible, such

as that at asymptotically large distances. While the current experiments on EEP cannot rule out this

possibility, we suggest concrete ways to test it, referring to its embedding in a covariant theory as well. In

fact, our work emphasizes the very need to test the law of gravity so as to have potential violations of the

EEP at short distances, beyond the sub-millimeter scale in particular, up to which Newtonian gravity has

been experimentally confirmed [5–8].
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2 Modified gravitational force law and the violation of EEP

Consider, for simplicity, a system of three point particles — a central, ‘gravitating’ one, O0, with large

gravitational and inertial masses mG0 and mI0 respectively, and two sufficiently lighter (‘test’) ones, O1 and

O2, with gravitational and inertial masses {mG1,mI1} and {mG2,mI2} respectively.

Tests for the EEP are designed to put bounds on the so-called ‘Eötvös ratio’ which is defined for the

two objects O1 and O2 as [3, 4]

η = 2
|a1 − a2|
|a1 + a2|

, (1)

where

ai =
GmG0mGi

mIi
Φ(r) ; (i = 1, 2) , (2)

denotes their accelerations when they are assumed to be located at the same distance from O0, with G being

the Newton’s constant, and the function Φ(r) proportional to the gravitational field (= 1/r2 in Newtonian

theory).

If the objects O1 and O2 are made of different materials, say brass and glass, Eq. (1) implies

η = 2

∣∣∣∣mG1

mI1
− mG2

mI2

∣∣∣∣/ ∣∣∣∣mG1

mI1
+

mG2

mI2

∣∣∣∣ . (3)

Consequently, even a small difference in the ratios of their gravitational to inertial masses would manifest

as a small but nonzero η, entirely attributable to their internal composition. Note however that η does not

depend on the function Φ(r), and from the usual (Newtonian or GR) perspective, the gravitational masses

being constants, η is r-independent.

Nevertheless, since the gravitational mass is effective only when gravitational forces are at play, we

explore the possibility of having the gravitational force between O0 and any of the test objects Oi (i = 1, 2)

as

Fi(r) = −GmG0(r)mGi(r)Φ(r) , (4)

where we propose that the gravitational masses depend on the radial coordinate r. In particular, our

assertion of the functional form of the gravitational mass mG of any given object is based on the criterion

that the EEP remains valid at very large distances, and also possibly at very short distances, while allowing

for potential violations in the intermediate range. In other words,

mG → mI , as r → ∞ , (5)

where mI denotes the corresponding inertial mass, and possibly,

mG → m, as r → 0 , (6)

where m is a constant which is fixed for all objects. A functional form such as the following suffices, for all

the three objects O0, O1 and O2:

mGi = m+
(mIi −m) r/λ

1 + r/λ
; (i = 0, 1, 2) , (7)

2



where λ is a characteristic length scale that determines whether r is to be considered large or small, dictating

whether Eq. (5) or Eq. (6) applies. Note that Eq. (7) implies that two objects with the same gravitational

mass will also have the same inertial mass. However, for each individual object, the difference between the

gravitational and inertial masses depends on r.

It follows from Eqs. (4) and (7), that for the test objects Oi (i = 1, 2)

Fi(r) = −G

[
m+

mI0 −m

1 + λ/r

] [
m+

mIi −m

1 + λ/r

]
Φ(r) , (8)

and the dependence on r cannot be absorbed by a redefinition of G or Φ(r). The EEP is clearly violated,

in general, as the corresponding acceleration, given by

ai(r) =
|Fi(r)|
mIi

= G

[
m+

mI0 −m

1 + λ/r

] [
m

mIi
+

1−m/mIi

1 + λ/r

]
Φ(r) (9)

−−−→
r→∞

GmI0

[
1 +

(
m

mI0
+

m

mIi
− 2

)
λ

r
+ . . .

]
Φ(r) , (10)

−−−→
r→0

Gm

[
m

mIi
+

(
1− 2m

mIi
+

mI0

mIi

)
r

λ
+ . . .

]
Φ(r) , (11)

depends on the respective inertial mass mIi, at any finite value of r (in units of λ). In the asymptotic limit

r → ∞ though, the EEP holds, as per the criterion.

Several points merit attention here:

Firstly, even in the large r limit, corrections to the standard mIi-independent acceleration arise, due to the

sub-leading terms in Eq. (10), which can in principle be tested using gravitational wave detectors [9].

Secondly, in the small r limit, the leading term itself depends on mIi.

Thirdly, m acts as a universal, but yet undetermined, mass scale, introducing an additional length scale

λ̄ ∼ 1/m, which we shall discuss further, alongwith the other length scales involved in our proposal,

in the concluding section.

Finally, the Eötvös ratio η for the two test particles O1 and O2 attracted by the gravitating body O0,

although independent of Φ(r), depends explicitly on the distance r, in contrast to the r-independent

relation (3). This is in fact our key new result, given by

η (mI1,mI2, r) =
2m |mI1 −mI2|

m (mI1 +mI2) + 2mI1mI2 r/λ
(12)

−−−→
r→∞

m |mI1 −mI2|
mI1mI2

λ

r
+O

(
1

r2

)
, (13)

−−−→
r→0

2 |mI1 −mI2|
mI1 +mI2

[
1− 2mI1mI2

m (mI1 +mI2)

r

λ

]
+O(r2). (14)

The question that remains now is: how to test this? The simplest way would be to take two test bodies,

made of the same material but having different inertial masses mI1 and mI2, subject them to gravitational
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Fig. 1: Dependence of η on r/λ, setting m = 1 (in suitable

units) and mI1 as certain integral multiples of mI2.
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Fig. 2: Variation of dη/dδ (for m = 1) with δ (in a log scale),

at certain values of r (in units of λ) including r = 0.

forces from a much heavier body, measure their accelerations to determine a non-zero η and put bounds

on it. The next step would be to repeat the experiment for different values of r (in units of λ). If the

corresponding plot of η versus r/λ (for a suitable choice of units, say, with m = 1) resembles one of those

in Fig. 1, depending on the ratio mI1/mI2, it would be an almost irrefutable piece of evidence supporting

our proposal.

Apart from showing that η becomes very small for large r/λ and approaches a significantly higher non-

zero value as r → 0, for any given ratio mI1/mI2, a close insight to Fig. 1 reveals an interesting feature. That

is, with the increase of mI1/mI2, the corresponding plots have their adjacent intervening spaces diminishing

progressively, at any given value of r/λ. This can be utilized in constraining η from its variation with the

fractional change of the inertial mass of one body relative to that of the other, viz.

δ =
mI1 −mI2

mI2
, (15)

or more appropriately, that of the slope dη/dδ with δ at a particular r/λ. Fig. 2 shows the dη/dδ versus

δ plots, for m = 1, at discrete values of r/λ ∈ [0, 4], and for a wide range of δ ∈ [0.01, 10]. As is seen

in all these plots, dη/dδ decreases with increasing δ, initially slowly, then rapidly, and slowly again, before

becoming negligible for a large enough δ, whence one of the bodies (that with inertial mass mI2 here) merely

attains the status of a test body in comparison to the other (the one with inertial mass mI1). Note also

that at particular value of δ, the value of dη/dδ gets reduced more and more as r increases (in units of λ),

just as what happens to the value of η with increasing r/λ at a given value of the ratio mI1/mI2, i.e. of δ

(see the Fig. 1 above).

Concrete examples of experiments, for testing our proposal, can be the torsion balance ones and those

done in satellites [3, 4, 10–12]. As noted in such examples, one has to replace the two objects of different

materials but of the same gravitational mass with two objects made of the same material but of different

gravitational masses. This would hold for other experiments to test the EEP violation as well.
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3 Modified gravitational force law in a covariant formulation

In order to embed the above proposal in a covariant theory, it is necessary to specify the form of Φ(r). For

concreteness, we adopt the form we proposed in a recent work [13], viz.,

V (r) = −GmG0

ℓ

(r/ℓ)n

1 + (r/ℓ)n+1
, n > 0 , (16)

Φ(r) = − 1

GmG0

dV

dr

= −GmG0

ℓ

[
(n+ 1)(r/ℓ)2n

{(r/ℓ)n+1 + 1}2
− n(r/ℓ)n−1

(r/ℓ)n+1 + 1

]
, (17)

where ℓ is another characteristic length scale (see the discussion below in the concluding section).

For the case above, Newtonian gravity and standard GR get recovered at large distances, whereas at

short distances the singularity problem (as r → 0) gets resolved. The corresponding metric component

g00 ≃ − (1 + 2V ) , (18)

can be identified, for small r, with that in a covariant modified gravitational theory, specifically, the f(R)

theory of gravity of a particular sort, where R denotes the curvature scalar. This is described by an action

S =
1

8πG

∫
d4x

√
−g f(R) , (19)

with

f(R) = R+ c̄ R2(n−1)/(n−2) , (20)

where

c̄ =
(n− 2)

(
GmG0/ℓ

n+1
)2/(n−2)

2 (n− 1) [3n (n+ 1)]n/(n−2)
, (21)

provided n ̸= 1, 2 (see ref. [13] for details).

The modified dynamics of the theory is shown to be derived from the corresponding equations of motion

in an equivalent scalar-tensor formulation [13]. In fact, while the violation of the EEP in the context of

scalar-tensor theories has been studied by various authors in the past [14, 15], our formulation is arguably

among the simplest and most concrete.

4 Conclusions

Let us conclude with a discussion on the following:

Firstly, the singularity freeness of theory, which is mentioned above in section 3, right after Eq. (17) that

shows the finiteness of the function Φ(r), and hence of the modified gravitational force given by Eq. (8), as

r → 0. While the singularity problem is a long-standing one [16–18], our proposal here, which pertains to

the formalism in ref. [13], provides a succinct aversion of the same, albeit within the classical realm.

Secondly, the true novelty of the proposal, as being that of a EEP violation in a metric theory of gravity,

which concerns only the gravitational couplings of matter fields. Although this may seem otherwise, from
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our allusion to a scalar-tensor equivalent setup for our formalism, it must be emphasized that such an

equivalence pertains only to a f(R) gravity scenario, which is nonetheless purely gravitational. So, there

is no presumption of any additional (non-gravitational) scalar field as such, to which the matter fields can

couple. This may further be reckoned from what we have stated right after Eq. (8) in section 2 – that

our modified force law cannot conform to the standard one by a mere redefinition of G or Φ(r), which

implies that our proposal has no direct bearing on a varying G theory or the MOdified Newtonian Dynamics

(MOND) theory. In fact, a varying G may still be used to account for Eq. (8) under certain stipulations,

for e.g., from its emergence from a non-local teleparallel equivalent GR of a specific sort [19–21], which we

have studied in an earlier work concerning a unified cosmological picture without a stringent need for dark

matter or(and) dark energy [22]. Nevertheless, the MOND-like approach to the dark matter is simply not

that fundamental, as it introduces an acceleration scale rather than a length scale.

Finally, the various length scales involved in our proposal – the three distinct ones, viz., ℓ, λ and λ̄ ∼ 1/m, as

can be seen from Eqs. (7) and (16), and the universality of the constant m. Among these three, ℓ represents

the length scale at which deviations from the inverse square law of gravity occur. It must therefore be

bounded as ℓ ≲ 10−5m, since the inverse square law has been tested down to that scale [8]. On the other

hand, since the EEP violation may occur at practically any length scale, there are no intrinsic bounds on λ

and λ̄. In principle, all the three scales may coincide, and potentially be equal to the Planck scale (which

may be compared with that for the strong equivalence condition violation in certain contexts, see for e.g.,

ref. [23]). We intend to explore such a possibility, along with other plausible tests of our proposal, in a

future work.
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