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Abstract

Gradient methods are among the simplest yet most widely used algorithms for
unconstrained optimization. Motivated by a geometric property of the steepest
descent (SD) method that can alleviate the zigzag behavior in quadratic prob-
lems, we develop a new gradient variant called the Triangle Steepest Descent
(TSD) method. The TSD method introduces a cycle parameter j that governs
the periodic combination of past search directions, providing a geometry-driven
mechanism to enhance convergence. To the best of our knowledge, TSD is the
first formally established geometry-based gradient scheme since Akaike (1959).
We prove that TSD is at least R-linearly convergent for strongly convex quadratic
problems and demonstrate through extensive numerical experiments that it
exhibits superlinear behavior, outperforming the Barzilai-Borwein (BB) method
and monotone Dai-Yuan gradient method (DY) in quadratic cases. These results
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suggest that incorporating geometric information into gradient directions offers
a promising avenue for developing efficient optimization algorithms.

Keywords: The steepest descent method, Two-dimensional quadratic termination
property, Gradient methods with retards, Gradient method, Unconstrained
optimization

1 Introduction

Gradient methods for solving the optimization problem

min
x∈Rn

f(x) (1)

where f(x) is continuously differentiable, take the form of

xk+1 = xk − αkgk, (2)

where gk is the gradient of f(x) at point xk and αk is the stepsize. The well-known
steepest descent method (SD) proposed by Cauchy calculates αk by the exact line
search. However, it presents zigzag behavior and slow Q-linear convergence in the
quadratic situation [1].

In 1988, Barzilai and Borwein proposed the BB method [2] by exploiting the quasi-
Newton property. Barzilai and Borwein proved that in a 2-dimensional special case,
the BB method is R-superlinearly convergent [2]. For strongly convex quadratic case
in general dimension, it is globally and R-linearly convergent [3]. It is also adapted
to solve non-quadratic functions [4, 5] and constrained optimization problems [6–10].
Compared with other gradient methods, the BB method has less computational com-
plexity because there is no matrix-vector product involved. Furthermore, as pointed
out by Fletcher [11], the BB method is more stable for general optimization problems
than the conjugate gradient method, while the conjugate gradient method only works
well for quadratic models.

In 2002, Raydan and Svaiter [12] proposed the relaxed Cauchy method (RC, also
named relaxed steepest descent method) and the Cauchy-Barzilai-Borwein method
(CaBB). CaBB method and the alternate step (AS) gradient method [13] are the same
method proposed independently, both showing that, with the convex quadratic setting,

f(x) =
1

2
x⊤Ax+ b⊤x, (3)

where A ∈ Rn×n is symmetric positive definite, b ∈ Rn, CaBB can produce gradients
approximating eigenvector of A and stepsizes approximating eigenvalue of A. The RC
method can improve the SD method greatly, and the CaBB method can improve the
BB method greatly [12]. Based on this point, a natural thought is to extend the CaBB
method by using more repeated stepsizes to obtain better performance.
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Actually, this clue of reusing previous stepsizes to accelerate gradient methods
is termed as the cyclic strategy, which work very well in practice [14–19]. It is first
mentioned in 1999, Friedlander et al. [20] introduced a class of gradient methods with
retards and pointed out that this class of gradient methods with retards including the
cyclic SD method (CSD) can get better performance. In 2005, Dai and Fletcher [21]
analyzed theoretical properties of the CSD method, concluding that the CSD method
may not work well if the cycle number m is not big. In 2006, Dai et al. [4] proposed
the cyclic Barzilai-Borwein method (CBB) and the adaptive cyclic Barzilai-Borwein
method (ACBB). They showed that these methods improve the BB method and ACBB
is comparable to or even better than conjugate gradient algorithms if the objective
function is highly non-linear. Afterwards, the cyclic strategy is widely used [14–19].

Another strategy for accelerating gradient methods is by equipping a gradient
method with the two-dimensional quadratic property. Yuan stepsize [22, 23] can
achieve the minimizer of a two-dimensional strictly convex quadratic function in three
iterations, by cooperating with the SD stepsize in an alternate manner. Dai-Yuan
method [14] is a generalization of the former method, it can outperform the non-
monotone BB method. The BBQ stepsize proposed by Huang [24], computed from
a necessary condition ensuring the next gradient parallels to some eigenvector of the
Hessian, can not only ensures two-dimensional quadratic termination property, but
also is extended for unconstrained optimization with the Grippo-Lampariello-Lucidi
(GLL) nonmonotone line search (This line search is much cheaper than the exact line
search).

Of course, there are many other strategies for accelerating gradient methods, but we
do not intend to elaborate further on them. In summary, the majority of existing accel-
eration techniques for gradient methods focus on refining the stepsize, either through
quasi-Newton approximations (BB-type methods), cyclic reuse, or two-dimensional
quadratic termination properties. However, despite these advances, the idea of sys-
tematically exploiting search directions has not been formalized since Akaike (1959)
[1]. This gap provides the main motivation for our work.

Unlike existing gradient variants that focus solely on stepsize tuning, the trian-
gle steepest descent method (TSD) proposed by us is the first method in 66 years to
exploit the potential of search directions. By periodically aggregating past gradient
directions, TSD inherently avoids zigzagging while maintaining simplicity. Although
Akaike (1959) [1] hinted at a similar idea, our work establishes its at least R-linearly
convergence theory on strongly convex case and conducts extensive numerical exper-
iments on it. Numerical results show that TSD has superlinear convergence behavior
for strongly convex quadratic problems, and outperforms the BB and DY methods in
ill-conditioned cases, although its performance is worse than BBQ and ABBmin2, and
its directional strategy opens a new avenue for gradient methods. The detail of the
idea for TSD is in next section.

In this paper, our main contributions are as follows: (i), we propose TSD, (ii),
We establish its at least R-linear convergence for strongly convex quadratic problems,
which, to the best of our knowledge, is the first convergence guarantee for a method
exploiting this specific geometric idea, (iii), we validate its performance numerically.
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The organization of this paper is as follows. In Section 2, we introduce our main
idea of TSD. In Section 3, we show its R-linear convergence rate for strongly convex
quadratic problems. In Section 5, extensive numerical results confirm our theoretical
results and show the effectiveness of TSD. We draw our conclusions in Section 6.

In this paper, we use subscript k to denote the k-th iteration. We use Diag(x) to
denote the diagonal matrix with diagonal elements in a vector x ∈ Rn.

2 The TSD method

In this section, we will introduce the triangle steepest descent method (TSD). Without
loss of generality, we consider the strongly convex quadratic problem as defined in (3),
where

A = Diag (λ1, · · · , λn) , 0 < λ1 < · · · < λn. (4)

O

x0

x1

x2

Direction to minimum

x3

x4

Fig. 1 General situation diagram of 2-dimensional SD method

To derive the TSD method, we start with a property of the SD method proved by
Akaike [1], that is, for a strongly convex quadratic problem, the directions of gradients
generated from SD tend to two different directions:

d1 = lim
k→∞

g2k
∥g2k∥2

, d2 = lim
k→∞

g2k−1

∥g2k−1∥2
. (5)

Furthermore, Theorem 2.4 in [19] shows that this property actually can be extended
to all gradient methods whose stepsizes are reciprocals of some of Rayleigh quotients
of A.

Figure 1 is an illustration of the first few iterations of the SD method in a 2-
dimensional situation. In 2-dimensional situations, since gTk gk+1 = 0, equally, gk ⊥
gk+1, so, gk ∥ gk+2, for all k ∈ Z+, for SD, thus the triangle determined by x0, x1, x2
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is similar to the triangle determined by x2, x3, x4. Thus, we know, in the case here,
the SD method will linearly converge to (0, 0) and will never equal to (0, 0) in any
iteration.

Combining the above property of SD and the fact that Figure 1 shows that the
direction from x0 to x2 points toward the minimum, we propose the triangle steepest
descent method (TSD). See Algorithm 1 for the details of TSD. In Algorithm 1, j ≥ 3
is a parameter. The stepsize αTSD

k is given by the exact line search

αTSD
k = − p⊤k gk

p⊤k Apk
, (6)

where

pk =

{
− αTSD

k−1 gk−1 − αTSD
k−2 gk−2, k ̸= 0 and mod (k, j) = 0,

− gk, otherwise.
(7)

Algorithm 1 The TSD method for solving (3)

Input: initial point x0, integer j ≥ 3, tolerance ϵ > 0, k := 0.
S1: If ∥gk∥ ≤ ϵ, stop, otherwise, compute pk by (7);
S2: Compute αTSD

k by (6);
S3: xk+1 = xk + αTSD

k pk. k := k + 1. Go to S1.

3 The convergence rate of TSD

First, we have the following lemma about TSD.

Lemma 1 For the TSD method in Algorithm 1 to solve (1) with f(x) defined in (3) and (4),
pk defined by (7) is a descent direction.

Proof Since −gk is a descent direction, it suffices to prove pk is descent when k ̸= 0 and
mod(k, j) = 0. When k ̸= 0 and mod(k, j) = 0,

gk = Axk + b = A
(
xk−1 − αTSD

k−1 gk−1

)
+ b =

(
I − αTSD

k−1 A
)
gk−1.

Similarly, gk−1 =
(
I − αTSD

k−2 A
)
gk−2. As a result, it holds that

g⊤k gk−1 = g⊤k−1

(
I − αTSD

k−1 A
)
gk−1 = g⊤k−1gk−1 −

g⊤k−1gk−1

g⊤k−1Agk−1

g⊤k−1Agk−1 = 0.

Similarly, g⊤k−1gk−2 = 0.
It holds that

g⊤k gk−2 = g⊤k−1

(
I − αTSD

k−1 A
)
gk−2

= g⊤k−1gk−2 − αTSD
k−1 g⊤k−1Agk−2

= −αTSD
k−1 g⊤k−1Agk−2

= −αTSD
k−1 g⊤k−2

(
I − αTSD

k−2 A
)
Agk−2.
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By Cauchy-Schwartz inequality, it holds that

g⊤k−2

(
I − αTSD

k−2 A
)
Agk−2 = g⊤k−2Agk−2 −

g⊤k−2gk−2g
⊤
k−2A

2gk−2

g⊤k−2Agk−2

≤ 0.

The equal sign holds if and only if there exists λ̂ ∈ R, such that Agk−2 = λ̂gk−2. But, if so,

then αTSD
k−2 =

g⊤
k−2gk−2

g⊤
k−2Agk−2

= 1
λ̂
, gk−1 =

(
I − αTSD

k−2 A
)
gk−2 = 0. This is a contradiction with

gk−1 ̸= 0, since we are computing pk and αTSD
k now. So, the equal sign does not hold.

On the other hand,

αTSD
k−2 =

g⊤k−2gk−2

g⊤k−2Agk−2

> 0, αTSD
k−1 =

g⊤k−1gk−1

g⊤k−1Agk−1

> 0.

Therefore,
g⊤k gk−2 > 0.

So, we get that p⊤k gk = g⊤k

(
−αTSD

k−1 gk−1 − αTSD
k−2 gk−2

)
= −αTSD

k−2 g⊤k gk−2 < 0. The proof

is finished. □

In geometric perspective, Lemma 1 is shown as the fact that the non-right angle
in a right-angled triangle must be acute. Such as ∠x2x0x1 in Fig. 1.

In the following, we can prove the R-linear convergence result of TSD.

Theorem 1 For the TSD method to solve (1) with f(x) defined in (3) and (4), the sequence

{xk} converge at least R-linearly to the minimum with converging factor
(
κ−1
κ+1

) j−1
j

, where

κ is the condition number of A defined by κ = λn
λ1

.

Proof We need to show lim
k→∞

∥xk − x∗∥ ≤ c

((
κ−1
κ+1

) j−1
j

)k

, where c is a positive constant,

x∗ is the minimum point. Here we use the norm ∥x∥A ≜ ⟨x,Ax⟩.
When k ̸= nj or k = 0, by (6) and (7), it holds that pk = −gk, α

TSD
k = αSD

k =
g⊤
k gk

g⊤
k Agk

.

Together with gk = A (xk − x∗), we obtain that

∥xk+1 − x∗∥2A
∥xk − x∗∥2A

=

(
xk − αTSD

k gk − x∗
)⊤

A
(
xk − αTSD

k gk − x∗
)

(xk − x∗)⊤ A (xk − x∗)

= 1−

(
g⊤k gk

)2
(
g⊤k Agk

) (
g⊤k A−1gk

) .
(8)

Using Kantorovich inequality and notice that A is a positive definite symmetric matrix, when
gk ̸= 0, it holds that (

g⊤k gk

)2
(
g⊤k Agk

) (
g⊤k A−1gk

) ⩾
4λnλ1

(λn + λ1)
2
, (9)

where λ1 and λn are the smallest and the largest eigenvalue of A respectively.
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Combining (8) and (9), we get

∥xk+1 − x∗∥2A
∥xk − x∗∥2A

⩽

(
λn − λ1
λn + λ1

)2

,

that is,
∥xk+1 − x∗∥A
∥xk − x∗∥A

⩽
κ− 1

κ+ 1
, κ =

λn
λ1

.

When k ̸= 0 and mod(k, j) = 0, by Lemma 1, it holds that f(xk+1) < f(xk). In fact, we
know the minimal point of our object problem is x∗ = −A−1b, so, equivalently it holds that
1
2 (xk+1−x∗)⊤A(xk+1−x∗)− 1

2x
∗⊤Ax∗ < 1

2 (xk−x∗)⊤A(xk−x∗)− 1
2x

∗⊤Ax∗, equivalently

that is
∥xk+1−x∗∥A

∥xk−x∗∥A
< 1.

So, for the TSD method, it holds that
∥xk+1 − x∗∥A
∥xk − x∗∥A

≤ κ− 1

κ+ 1
, when mod(k, j) ̸= 0,

∥xk+1 − x∗∥A
∥xk − x∗∥A

< 1, otherwise.

Denote a0 = ∥x0 − x∗∥, ∀s ∈ Z+, it holds that

∥xsj − x∗∥A = a0

sj∏
k=0

∥xk+1 − x∗∥A
∥xk − x∗∥A

< a0

(
κ− 1

κ+ 1

)s(j−1)

,

∥xsj+p − x∗∥A = a0

sj+p∏
k=0

∥xk+1 − x∗∥A
∥xk − x∗∥A

< a0

(
κ− 1

κ+ 1

)s(j−1)+p−1

, p = 2, · · · , j − 1,

∥xsj+1 − x∗∥A = a0

sj+1∏
k=0

∥xk+1 − x∗∥A
∥xk − x∗∥A

< a0

(
κ− 1

κ+ 1

)s(j−1)

.

That is,

∥xk − x∗∥A = a0

k∏
i=0

∥xi+1 − x∗∥A
∥xi − x∗∥A

≤ a0

(
κ− 1

κ+ 1

)k j−1
j

, k = sj

∥xk − x∗∥A = a0

k∏
i=0

∥xi+1 − x∗∥A
∥xi − x∗∥A

≤ a0

(
κ− 1

κ+ 1

)k sj−s+p−1
sj+p

, k = sj + p, p = 2, · · · , j − 1,

∥xk − x∗∥A = a0

k∏
i=0

∥xi+1 − x∗∥A
∥xi − x∗∥A

≤ a0

(
κ− 1

κ+ 1

)k sj−s
sj+1

, k = sj + 1.

Thus, we get for the TSD method

lim
k→∞

∥xk − x∗∥A ≤ lim
s→∞

a0

(
κ− 1

κ+ 1

)k∗min
{

j−1
j , sj−s+p−1

sj+p , sj−s
sj+1

}
= a0

((
κ− 1

κ+ 1

) j−1
j

)k

.

This result shows that the iteration sequence xk at least converge R-linearly with a factor(
κ−1
κ+1

) j−1
j

. □

Remark 1 Theorem 1 shows that TSD is R-linear convergent for strongly convex quadratic
problems, but it does not reveal that TSD is superior to SD. In fact, we are hoping that
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∥xsj+1−x∗∥A

∥xsj−x∗∥A
≪ 1 in TSD for positive integers s, j to guarantee TSD’s good effect in practice.

∥xsj+1−x∗∥A

∥xsj−x∗∥A
≪ 1 often occurs when j is not so small. Specifically, with the results of Theorem

4 in [1], for a specific quadratic problem, for all ϵ ∈ (0, 1), there exists J is a positive integer,

such that
∥xsj+1−x∗∥A

∥xsj−x∗∥A
< ϵ, for all j > J . However, for all general strongly convex quadratic

problems, it’s hard to say whether there is such a J can guarantee the same result.

4 TSD algorithm for unconstrained optimization

In this section, we discuss unconstrained optimization algorithms related to the TSD
method. A gradient algorithms will be proposed that are mainly based on the TSD
method.

We first introduce the strong Wolfe line search condition for computing the stepsize
αk [25]:

f(xk)− f(xk − αkpk) ≥ c1αkg
⊤
k pk, (10)

|g(xk − αkpk)
⊤pk| ≤ c2|g⊤k pk|, (11)

where 0 < c1 < c2 < 1, stepsize αk > 0, pk is a descent direction. Follow [13], in our
numerical experiment, we will use c1 = 10−4, c2 = 0.1, and the line search begins from
a unit initial stepsize.

In this way, the TSD algorithm for unconstrained optimization is given as follows.

Algorithm 2 The TSD algorithm for unconstrained optimization

Input: initial point x0 ∈ Rn, c1 = 10−4, c2 = 0.1, integer j ≥ 3, tolerance ϵ > 0,
k := 0.
S1: If ∥gk∥ ≤ ϵ, stop, otherwise, compute pk by (7);
S2: Compute αTSD

k by the strong Wolfe line search (10), (11);
S3: xk+1 = xk + αTSD

k pk. k := k + 1. Go to S1.

Suppose that f is bounded below in Rn and that f is continuously differentiable

in an open set N containing the level set L def
= {x : f(x) ≤ f (x0)}, where x0 is the

starting point of the iteration. Assume also that the gradient g = ∇f is Lipschitz
continuous on N . So, as a corollary of Theorem 3.2. in [25], it holds that Algorithm 2
with ϵ = 0 converges in the sense that the gradient norms ∥gk∥ converge to 0.

5 Numerical results

In this section, we evaluate TSD on strongly convex quadratic problems and general
unconstrained problems from the CUTEst collection [26]. This section consists of
three parts: (i), we investigate the performance of the TSD method on different values
of j and different condition numbers in quadratic problems. (ii), we compare the
TSD method with other competitive gradient methods in quadratic problems. (iii),
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we explore the performance of the TSD method and the BBQ method [24] on general
unconstrained problems from the CUTEst collection [26] with dimension less than or
equal to 10000. All the compared methods were implemented on a PC with an AMD
Ryzen 5 4500U, 2.38 GHz processor and 16 GB of RAM running Windows 11 system.
Matlab (v.9.10.0-R2021a) is used for the first 2 parts, Julia (version 1.11.5) is used for
the third part. Main part of our codes is available online (see Declarations section).

5.1 Changes in j as well as condition number

We will take a look at the performance of the TSD method due to the effect of
parameter j and the condition number.

As to the range of j. Based on Theorem 1. The bigger the j is, the bigger the
index j−1

j , the bigger the R-linear convergence rate. However, when j = 100, the index
j−1
j = 0.99 is close to its upper bound 1 enough. Based on Theorem 4 in [1], the bigger

the j is, the higher possibility that the gradients will be alternate in two directions,
which means better performance of TSD. Therefore, we will test some big values of j,
we decide to set j ∈ {10, 50, 100, 200, 300, 500, 1000}.

We tested the following quadratic problem [22]:

min
x∈Rn

f(x) = (x− x∗)
⊤
diag {v1, . . . , vn} (x− x∗) , (12)

where x∗ was randomly generated with components in [−10, 10] and vi, i =
1, 2, . . . , n, were generated according to five different distributions listed as follows.

• set 1 {v2, . . . , vn−1} ⊂ (1, κ), v1 = 1, vn = κ.
• set 2 vi = 1 + (κ − 1)si, si ∈ (0.8, 1), i = 1, . . . , n

2 , si ∈ (0, 0.2), i =
n
2 + 1, . . . , n.

• set 3
{
v2, . . . , vn/5

}
⊂ (1, 100),

{
vn/5+1, . . . , vn−1

}
⊂

(
κ
2 , κ

)
, v1 = 1, vn = κ.

• set 4 vi = κ
n−i
n−1 .

• set 5
{
v2, . . . , v4n/5

}
⊂ (1, 100),

{
v4n/5+1, . . . , vn−1

}
⊂

(
κ
2 , κ

)
, v1 = 1, vn =

κ.

The problem dimension was set to n = 10000 in this test. The iteration was stopped
once the gradient norm reduces by a factor of ϵ or exceeds the maximum iteration
number 1e5. We test κ ∈ {104, 105, 106, 1010} and ϵ ∈ {10−6, 10−9, 10−12}. For each
value of κ or ϵ, average number of iterations over 10 different starting points with
entries randomly generated in [−10, 10] are presented in Table 1.

From the result here, we can see that the iteration number of TSD increases as κ
increases. This is consistent with our intuition. TSD with j = 10 performs best when
κ = 1e4 for all problem set. But when κ = 1e5, 1e6, 1e10, TSD with j = 50, 100
perform best for problem set 1, 2, 3, 5. So, when condition number increases, the j of
TSD with the best performance increases.

We compute the average iteration numbers of Table 1 corresponding to different
problem sets, and report the data in Table 2. Furthermore, we plot a figure of the
average iteration numbers and the corresponding parameter j, see Figure 2. From
Figure 2, we can see that, the iteration numbers of problem set 1, 2, 3 have similar
trend with the iteration number corresponding to all 5 problem sets, while the iteration
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numbers of problem set 4, 5 have a different trend. This reveals that the spectrum
distribution of a strongly convex quadratic problem affects the performance of TSD.
From the line corresponding to ”all sets”, we can see that, for the 5 sets, overall, TSD
performs the best when j=50. Furthermore, its performance gets worse rapidly when
j is larger. Therefore, the results imply that smaller j leads to better performance in
this example.

10 50 100 200 300 500 1000

j

0

0.5

1

1.5

2

2.5

3

it
e
ra

ti
o
n
 n

u
m

b
e
r

10
4

set1

set2

set3

set4

set5

all sets

Fig. 2 Average iteration number vs. parameter j

We also make Figure 3, ”log10 ∥x − x∗∥2 vs. iteration number”, with using an
example form Problem set 1 with κ = 1e4, ϵ = 1e − 12 as a numerical verification of
Theorem 1. After the iteration number 500 or so, SD turns into a linear convergence
rate, while TSD methods show superlinear convergence rate. This result is consistent
with the conclusion of Theorem 1, it also reveals that TSD’s actual converge property
is much better and can be further explored.

5.2 Comparison with other competitive gradient methods

We compared the method (3.2) with other recent successful gradient methods including
[27]:

(i) BB [2]: the original BB method using αBB1
k ;
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Table 1 Average number of iterations required by the TSD methods on the five
problem sets in Subsection 5.1

κ ϵ TSD101 TSD50 TSD100 TSD200 TSD300 TSD500 TSD1000

problem set 1

104
10−6 676.5 908.2 1986 1847.2 2708.7 3950.9 4398.6

10−9 1291.7 1708.2 2582.9 3554.5 4437.4 6615.8 7928.4

10−12 1553.9 2510.3 2735.7 4132.6 5123.9 8483.2 9973.9

105
10−6 1044.9 1454.7 3034.3 3414.5 3141.5 6766.7 8701.3

10−9 3487.8 2550.2 2937.9 6100.8 8506.9 10044.8 18450.4

10−12 6611.5 2551.6 3771.9 6202.1 8659.5 13760.3 17114.6

106
10−6 636.3 960.8 2059.6 2153.4 2508.3 4423.3 4439.5

10−9 6081.6 2587.7 3543.3 8661.8 17131.6 18719.2 25636.4

10−12 9482.1 3384.3 4403.7 8341.5 10360.3 15468.6 25533.5

1010
10−6 644.5 959.9 2040 2141.6 2566.6 4294.2 4437

10−9 1729.2 1846.5 2512.2 4929.2 5683.4 9050.1 10863.2

10−12 22905.9 4316.9 5336.3 7322.7 10515.6 19222.8 24150.1

problem set 2

104
10−6 889.2 1543.9 1781.7 3587.1 4023.7 3956.6 4948.6

10−9 1364.2 1698.2 2565 4341.4 4913.1 7979.6 10213.6

10−12 2205.6 2252.3 2748.4 4911.5 7058.7 7849.4 16200

105
10−6 1583.6 2006.8 2849.1 5553.7 5930.6 7817.6 10062.7

10−9 2710.6 2141.7 3912.2 6917.7 10770.6 15196.8 27449.4

10−12 7024.8 2938.4 4561.1 6611.4 13932.5 13394.3 26879.2

106
10−6 1149.9 2070.2 2570 4331.5 4656.6 5586.6 8132.7

10−9 6837.7 3661.4 5193.4 8296.1 17271.5 15597.4 35428.3

10−12 8194.5 6999.8 4750.6 9841.6 15184.4 19786 34674.7

1010
10−6 1063.8 2071.3 2585.6 4326.7 4667.7 5551.8 8177.6

10−9 3153.7 2844.2 3458.4 8920.7 15350.9 13102.5 27804.3

10−12 13165.4 7561.7 10123.4 15992.8 26555 34211.4 46405.6

problem set 3

104
10−6 586 643.6 1935.5 2545.2 2911.9 4169 5201.7

10−9 992 1083 2794.8 3829.9 5368.1 5748.7 8963.6

10−12 1255.3 1389 4001.2 3486.2 5850.5 7557.5 12555.3

105
10−6 544.9 959.6 1220.7 2543.6 3857.8 6057.7 13858.9

10−9 1249.3 2099.8 2003.7 5849.3 6216.8 13492.2 27481.4

10−12 2162.4 1367.4 2358.2 5338.5 6644.7 10285.8 40796.4

106
10−6 664 899.3 1117.7 2152.5 2845.9 5213.3 10080.1

10−9 3755.7 2255.1 2425.9 4766 6736.6 12406.6 23000.9

10−12 5536.8 2281.4 3830.8 6714.8 10604.7 12994.5 20852.2

1010
10−6 11.9 13 13 13 13 13 13

10−9 27723.5 17579.9 9524.4 8043.3 11114.7 14753.9 14805.3

10−12 68232.2 88600.7 79426.8 74621.2 93690.3 *2 *

problem set 4

104
10−6 1619.6 2191.5 1999.3 2871.6 3318 3962.7 3811.6

10−9 1894.5 3396.1 1911.4 4403.5 4182.7 4599.5 7024.9

10−12 2761.7 3508.2 2716.2 6037.6 5097.6 5953.7 8256.7

105
10−6 2054.8 3378.2 4292.2 4621.1 3760.2 7583.5 6826.4

10−9 4201.2 4301.9 3382.6 6104.2 6136 8199.1 10825.5

10−12 5616.2 12963.1 7461.6 7596.8 9530.3 8079.2 15844.4

106
10−6 3753.9 4843 6018.6 5906.2 6322.4 6735.9 9119.3

10−9 10507.3 17514 22655 41992.9 35490.5 24991.4 25421.2

10−12 14916 44738.9 56434.5 74172 65703.9 58601.3 40133.8

1010
10−6 9313.2 3770.5 7262 5024.9 5932.8 5343 18663.2

10−9 59696.7 89058.7 88372.1 94300.2 * * 96656.9

10−12 79538.5 94545.2 * * * * *

problem set 5

104
10−6 582 1038.8 2420.6 1739.3 2410.2 2914.9 4038.9

10−9 1084.5 1415.5 3454.5 2564 3341.6 3701.1 5520.8

10−12 1336.2 1905.4 4419.2 3217.4 4540.6 5184.1 6726.3

105
10−6 528 895.6 1342.3 2247.6 2471.1 4216.9 6021.5

10−9 1323.6 1981.4 3566.5 4641.7 4724.6 6073.4 10917.4

10−12 1994.9 3155.5 4877.7 8699.6 6875.3 9182 14118.3

106
10−6 913 905.1 1146.4 1561.5 2766.7 4163.6 6866

10−9 4063 3558.1 5852.1 9564.8 12577 17867.8 17106.2

10−12 5484.9 3961.4 5578.2 10421.6 11581.4 18540.7 22034

1010
10−6 11.4 12.3 12.3 12.3 12.3 12.3 12.3

10−9 42714.9 25543.2 17093.4 6742.4 10232.4 7302.2 9167.5

10−12 * 47466.5 94131.9 43662.2 70681.9 70590.7 *

1
TSD10 means the TSD method with j = 10, the same as TSD50 and so on.

2
* means the max iteration number is reached.
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Table 2 Average number of iterations in Table 1

set
method

TSD10 TSD50 TSD100 TSD200 TSD300 TSD500 TSD1000

set1 4678.83 2144.94 3078.65 4900.16 6778.64 10066.66 13468.91
set2 4111.92 3149.16 3924.91 6969.35 10859.61 12502.50 21364.73
set3 9392.83 9930.98 9221.06 9991.96 12987.92 16057.68 23134.07
set4 16322.80 23684.11 25208.79 29419.25 28789.53 27837.44 28548.66
set5 13336.37 7653.23 11991.26 7922.87 11017.93 12479.14 16877.43

all 5 sets 9568.55 9312.49 10684.93 11840.72 14086.73 15788.69 20678.76

Fig. 3 log10 ∥x− x∗∥2 vs. iteration number

(ii) DY [14]: the monotone Dai-Yuan gradient method (formula (5.3) in [14]);
(iii) ABBmin 2 [15]: a gradient method adaptively using αBB1

k and a short stepsize
in [15];

(iv) BBQ [24]: a gradient method adaptively using αBB1
k and the short stepsize

min
{
αBB2
k−1 , α

BB2
k , αBBQ

k

}
.

We test the same problem as in last subsection 5.1. The parameters of each method
are chosen to achieve their best performance in our test. In particular, for ABBmin2

12



[15], we use τ ∈ {0.1, 0.2, . . . , 0.9}. For BBQ [24], we chose τ from {0.1, 0.2, . . . , 0.9}
for each given γ ∈ {1, 1.02, 1.05, 1.1, 1.2, 1.3}.

We set κ ∈ {104, 105, 106}, max iteration number is set to 5e4, and other settings
are not changed. The results are presented in Table 3.

We can see that our method TSD with j ∈ {10, 50, 100} performs better than BB
and DY in problem set 1, 2, 3, 5, comparable to them in problem set 4 in the sense of
number of iterations, and do not better than the ABBmin2 and BBQ methods in all
problem sets in the sense of number of iterations. It shows that the TSD method is
an effective gradient method, its performance has something to do with the spectral
distribution of a quadratic problem.

5.3 Results on general unconstrained problems from the
CUTEst collection

In this subsection, We report numerical results of Algorithm 2 (the TSD algorithm)
on general unconstrained problems from the CUTEst collection [26] with dimension
less than or equal to 10000, whose total number is 280. As shown in the before two
subsections, only BBQ and ABBmin [15, 28] perform better than TSD in our example,
generally parameter 10, 50 work better for TSD. As shown in [24], the BBQ method
is much faster than the ABBmin method in these unconstrained problems from the
CUTEst collection. Hence, we only compared the TSD algorithm with the BBQ algo-
rithm for unconstrained optimization, and use j ∈ {10, 50} for the TSD algorithm
only. To this end, we use the Julia interface of CUTEst1, rewrite the BBQ algorithm
2 code in the Julia language, and implemented the methods by Julia (version 1.11.5).

The termination condition used for solving a problem here is ∥g∥∞ < 10−6. There
are 3 problems in the problem set in this subsection satisfies the termination condi-
tion from the beginning, corresponding to problem names ”FLETCBV2”, ”S308NE”,
”MOREBV”, so we do not report the results of them. We use the default setting of
the BBQ algorithm, it also terminates if its iterations over 200,000, or its function
evaluation exceeds one million, or its Grippo-Lampariello-Lucidi (GLL) nonmonotone
line search fails. Similarly, the TSD algorithm also terminates, for both j = 10 and
j = 50, if its iterations over 10,000. In the situation that a method terminates without
satisfying the termination condition, we treated this method as failed. We deleted the
problems if it can not be solved by one of the three methods, and 182 problems are left.

The strong Wolfe condition line search used in the TSD algorithm are implemented
by the classical way as Algorithm 3.5 and Algorithm 3.6 in [25]. Therefore, every line
search used by the TSD algorithm will use both function evaluations and gradient
evaluations, while every line search used by BBQ, which is Grippo-Lampariello-Lucidi
(GLL) nonmonotone line search, use only function evaluations. So, every iteration of
the TSD algorithm will naturally takes longer time than every iteration of the BBQ
algorithm. Hence, we only make the performance profile [29] 3of the TSD algorithm
and the BBQ algorithm using iteration metric as plotted in Figure 4. For each method,

1Refer to: https://github.com/JuliaSmoothOptimizers/CUTEst.jl
2Downloaded form: https://lsec.cc.ac.cn/ dyh/software.html
3Performance profiles is the distribution functions for a certain performance metric which is a great tool

for comparing optimization methods or software. [29].
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Table 3 Average number of iterations required by the compared methods on the five problem sets
in Subsection 5.1

κ ϵ BB1 DY ABBmin2 BBQ TSD10 TSD50 TSD100

problem set 1

104
10−6 1017 497.5 403.2 381.2 676.5 908.2 1986

10−9 1625.4 950.2 744.7 747.4 1291.7 1708.2 2582.9

10−12 2136.5 1419.9 1007.7 1048.3 1553.9 2510.3 2735.7

105
10−6 2405.9 1004.9 657.5 634.7 1044.9 1454.7 3034.3

10−9 4162 2680.2 1205.4 1377.7 3487.8 2550.2 2937.9

10−12 5078.6 4341.4 1437.9 1776.8 6611.5 2551.6 3771.9

106
10−6 5759.1 550.9 457.6 428.4 636.3 960.8 2059.6

10−9 10067.4 8545 1231.9 1630.7 6081.6 2587.7 3543.3

10−12 10915 13538.4 1434.6 2059.4 9482.1 3384.3 4403.7

problem set 2

104
10−6 1051.3 475.9 397.1 386.9 889.2 1543.9 1781.7

10−9 1583.1 909.9 734.4 712.3 1364.2 1698.2 2565

10−12 2237.8 1365.5 984.6 889.6 2205.6 2252.3 2748.4

105
10−6 3702.2 1018.4 761.8 662.1 1583.6 2006.8 2849.1

10−9 6513.7 2970.1 1550.8 1424.4 2710.6 2141.7 3912.2

10−12 7413.3 4401.6 1818.5 1756.3 7024.8 2938.4 4561.1

106
10−6 14220.9 661.4 579.5 533.8 1149.9 2070.2 2570

10−9 23090.1 9208.9 1841.8 1882.1 6837.7 3661.4 5193.4

10−12 23531.3 15261.7 2201.3 2272.2 8194.5 6999.8 4750.6

problem set 3

104
10−6 662.8 332.6 243.6 231.4 586 643.6 1935.5

10−9 1028.3 708.7 436.3 442.6 992 1083 2794.8

10−12 1386.2 978.8 611.7 566.4 1255.3 1389 4001.2

105
10−6 1365.2 696.8 249.4 244.2 544.9 959.6 1220.7

10−9 2489.1 1823.9 521.9 550.4 1249.3 2099.8 2003.7

10−12 3126.5 2570.3 708.7 639.6 2162.4 1367.4 2358.2

106
10−6 3047 517.3 79.6 138.8 664 899.3 1117.7

10−9 5005.6 3369.6 555.7 528.6 3755.7 2255.1 2425.9

10−12 6527.7 4722.2 678.1 562.7 5536.8 2281.4 3830.8

problem set 4

104
10−6 982.6 553.6 494.7 485.2 1619.6 2191.5 1999.3

10−9 1658.2 1047.4 879.3 920.6 1894.5 3396.1 1911.4

10−12 2123.1 1471.4 1186.4 1182.8 2761.7 3508.2 2716.2

105
10−6 2578.2 1288.6 1114.8 1050.2 2054.8 3378.2 4292.2

10− 4537.5 3262.7 2114.6 2241.2 4201.2 4301.9 3382.6

10−12 5650.2 5033 2334 2610.3 5616.2 12963.1 7461.6

106
10−6 6802.3 1849.5 1565 1450.9 3753.9 4843 6018.6

10−9 12200.5 11987.5 3126.7 4078.2 10507.3 17514 22655

10−12 12585.7 16035.8 2993.8 4616.9 14916 44738.9 56434.5

problem set 5

104
10−6 581.9 348.8 248.9 237.8 582 1038.8 2420.6

10−9 955.7 702.2 469.2 442.5 1084.5 1415.5 3454.5

10−12 1275.4 1030.3 612.6 565.2 1336.2 1905.4 4419.2

105
10−6 1218.5 762.5 258.1 249.6 528 895.6 1342.3

10−9 2243.1 1745.1 549 557.1 1323.6 1981.4 3566.5

10−12 2930.5 2573.9 706.6 596 1994.9 3155.5 4877.7

106
10−6 2460.5 612.9 87.7 149.8 913 905.1 1146.4

10−9 4953.6 3483.5 519.4 493.9 4063 3558.1 5852.1

10−12 5776.5 4634.6 629.1 517 5484.9 3961.4 5578.2
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Fig. 4 Performance profile

the vertical axis of the figure shows the percentage of problems the method solves
within the factor ρ of the minimum value of the iteration metric. From Figure 4, it
can be seen that the TSD algorithm performs not better than the BBQ algorithm.

In Tables A1-A5 in Appendix A, we present the number of iterations “iter”, and
the CPU time in seconds “time” costed by the TSD algorithm and the BBQ algorithm,
which show that the TSD algorithm is not faster than the BBQ algorithm on most of
the problems.

Numerical experiments demonstrate that TSD, as a first-step formalization of the
direction-aggregation idea, already shows competitive and sometimes superior per-
formance to well-established methods like BB and DY in ill-conditioned quadratic
problems. While its current performance on general unconstrained problems is not
yet superior to state-of-the-art stepsize-based methods like BBQ, it opens promising
directions for future research. A promising avenue is developing adaptive strategies
for the parameter j.

6 Conclusions

In this paper, we propose the TSD method, leveraging SD’s geometric property which
can reach the minimum in 3 iterations in quadratic problems. To the best of our
knowledge, this is the first formalization of this idea since Akaike (1959) [1]. The gra-
dient sequence generated by the TSD method is proved to be R-linearly convergent
for strongly convex quadratic problems. Numerical experiments show TSD has super-
linear convergence behavior for strongly convex quadratic problems, TSD outperforms
the BB and DY method in quadratic cases and TSD has potential for its success in
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general unconstrained optimization. Future work will focus on extending the conver-
gence theory of TSD to general non-quadratic objectives, exploring adaptive strategies
for the cycle parameter j.
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Table A1 Results of the TSD algorithm and the BBQ algorithm on 182
unconstrained problems from the CUTEst collection

problem n
BBQ TSD101 TSD50

iter time iter time iter time
ALLINITU 4 15 0.0 15 0.0 18 0.0
ARGLINA 200 2 0.002 1 0.001 1 0.0
ARGTRIGLS 200 1234 0.469 2363 6.082 10000 25.222
ARWHEAD 5000 3 0.002 704 1.419 10000 19.358
BA-L1LS 57 31 0.0 61 0.01 67 0.009
BARD 3 72 0.001 399 0.003 1703 0.013
BDQRTIC 5000 74 0.04 3984 11.624 10000 24.162
BEALE 2 39 0.0 53 0.0 252 0.002
BIGGS6 6 294 0.001 1832 0.042 4653 0.103
BOX 10000 25 0.04 9671 83.821 10000 81.392
BOX3 3 30 0.0 174 0.002 366 0.004
BOXBODLS 2 7 0.0 10000 0.2 10000 0.141
BRKMCC 2 8 0.0 24 0.0 89 0.001
BROWNAL 200 49069 6.541 233 0.244 869 0.918
BROWNDEN 4 62 0.0 541 0.012 7649 0.139
BROYDN3DLS 5000 80 0.025 36 0.055 58 0.094
BROYDN7D 5000 2489 4.853 2693 34.451 4154 49.762
BROYDNBDLS 5000 50 0.031 42 0.115 52 0.147
BRYBND 5000 50 0.027 42 0.12 52 0.146
CHAINWOO 4000 574 0.211 796 1.913 1401 3.163
CHNROSNB 50 887 0.005 1428 0.038 2060 0.055
CHNRSNBM 50 1033 0.007 1807 0.049 2352 0.064
CHWIRUT1LS 3 168 0.004 2 0.0 2 0.0
CHWIRUT2LS 3 66 0.001 2 0.0 2 0.0
CLIFF 2 36 0.001 172 0.001 660 0.003
CLUSTERLS 2 18 0.0 16 0.0 26 0.001
COSINE 10000 21 0.035 10000 161.47 10000 158.436
CRAGGLVY 5000 170 0.127 284 1.535 376 1.792
CUBE 2 139 0.0 363 0.003 1063 0.006
DANIWOODLS 2 23 0.0 1 0.0 1 0.0
DENSCHNA 2 14 0.0 21 0.0 43 0.0
DENSCHNB 2 8 0.0 13 0.0 13 0.0
DENSCHNC 2 6 0.0 32 0.0 76 0.0
DENSCHNE 3 47 0.0 12 0.0 11 0.0
DENSCHNF 2 17 0.0 21 0.0 24 0.0
DIXMAANA1 3000 7 0.002 7 0.003 7 0.009
DIXMAANB 3000 7 0.002 6 0.003 6 0.003
DIXMAANC 3000 8 0.002 7 0.007 7 0.005
DIXMAAND 3000 9 0.002 8 0.109 8 0.005
DIXMAANE1 3000 357 0.048 411 0.242 752 0.473
DIXMAANF 3000 293 0.057 453 0.379 702 0.625
DIXMAANG 3000 346 0.064 682 0.608 820 0.771
DIXMAANH 3000 242 0.041 624 0.522 650 0.594
DIXMAANI1 3000 2307 0.304 8678 5.702 6852 4.273
DIXMAANJ 3000 303 0.056 495 0.441 675 0.645
1

Here, TSD10 means the TSD algorithm with j = 10, the same as TSD50 and
following tables.
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Table A2 Results of the TSD algorithm and the BBQ algorithm on 182
unconstrained problems from the CUTEst collection

problem n
BBQ TSD10 TSD50

iter time iter time iter time
DIXMAANK 3000 312 0.065 367 0.318 652 0.57
DIXMAANL 3000 220 0.042 327 0.281 517 0.445
DIXMAANM1 3000 2904 0.395 10000 6.812 10000 6.303
DIXMAANN 3000 702 0.141 1251 1.117 1814 1.648
DIXMAANO 3000 747 0.152 1651 1.637 1802 1.803
DIXMAANP 3000 605 0.104 1352 1.162 1456 1.411
DIXON3DQ 10000 4854 1.54 10000 15.48 10000 13.845
DQDRTIC 5000 14 0.006 81 0.186 102 0.219
ECKERLE4LS 3 4 0.0 5 0.0 5 0.0
EDENSCH 2000 39 0.009 46 0.05 54 0.058
EG2 1000 5 0.001 13 0.02 95 0.103
EGGCRATE 2 8 0.0 6 0.001 6 0.0
EIGENBLS 2550 41398 176.381 10000 221.064 10000 213.936
EIGENCLS 2652 63696 286.209 10000 258.136 10000 247.75
ELATVIDU 2 18 0.0 36 0.0 46 0.0
ENGVAL1 5000 24 0.012 38 0.088 48 0.105
ENGVAL2 3 98 0.0 843 0.007 1852 0.015
ENSOLS 9 92 0.015 143 0.192 224 0.304
ERRINROS 50 2993 0.018 10000 0.282 10000 0.268
EXP2 2 22 0.0 31 0.001 51 0.0
EXPFIT 2 33 0.001 42 0.0 132 0.003
EXTROSNB 1000 24814 1.317 10000 3.473 10000 3.279
FLETBV3M 5000 48 0.072 10000 107.267 10000 99.211
FLETCHCR 1000 341 0.03 903 0.493 2502 1.279
FMINSRF2 5625 697 0.353 977 2.321 1156 2.577
FMINSURF 5625 931 0.762 2189 5.264 1804 4.142
FREUROTH 5000 59 0.031 10000 28.632 10000 29.527
GAUSS1LS 8 3078 0.273 10000 4.065 10000 4.052
GAUSS2LS 8 5349 0.427 203 0.114 252 0.143
GAUSSIAN 3 5 0.0 12 0.0 52 0.002
GBRAINLS 2 16 0.022 1115 12.609 1725 19.158
GENHUMPS 5000 9313 17.843 10000 141.232 10000 140.006
GENROSE 500 3152 0.123 4312 1.052 8599 2.003
GROWTHLS 3 1 0.0 1 0.0 1 0.0
GULF 3 351 0.03 10000 5.093 10000 4.78
HAIRY 2 43 0.0 1635 0.023 1055 0.012
HATFLDD 3 36 0.0 2422 0.036 3053 0.043
HATFLDE 3 113 0.0 1048 0.026 1404 0.033
HATFLDFL 3 167 0.0 10000 0.056 10000 0.069
HATFLDFLS 3 455 0.001 6612 0.045 10000 0.067
HATFLDGLS 25 177 0.0 715 0.01 752 0.009
HEART8LS 8 750 0.003 1749 0.018 2942 0.039
HELIX 3 63 0.0 134 0.001 552 0.005
HILBERTA 2 7 0.0 31 0.0 54 0.001
HILBERTB 10 7 0.0 8 0.0 8 0.0
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Table A3 Results of the TSD algorithm and the BBQ algorithm on 182 unconstrained
problems from the CUTEst collection

problem n
BBQ TSD10 TSD50

iter time iter time iter time
HIMMELBB 2 1 0.0 9 0.0 9 0.0
HIMMELBCLS 2 15 0.0 12 0.001 21 0.0
HIMMELBF 4 5402 0.016 10000 0.098 10000 0.103
HIMMELBG 2 10 0.0 9 0.0 9 0.0
HIMMELBH 2 12 0.0 16 0.0 17 0.0
HUMPS 2 168 0.001 106 0.001 307 0.003
INTEQNELS 502 7 0.017 6 0.066 6 0.074
JENSMP 2 27 0.0 1 0.0 1 0.001
JIMACK 3549 6346 191.317 10000 2204.867 10000 2204.652
JUDGE 2 30 0.0 41 0.001 102 0.001
JUDGEB 2 30 0.0 41 0.0 102 0.0
KOWOSB 4 112 0.001 462 0.003 1115 0.009
LANCZOS1LS 6 2254 0.019 10000 0.372 10000 0.367
LANCZOS2LS 6 2928 0.023 10000 0.383 10000 0.354
LANCZOS3LS 6 2590 0.02 10000 0.374 10000 0.345
LIARWHD 5000 47 0.034 2022 6.483 9153 24.407
LOGHAIRY 2 267 0.0 974 0.01 4276 0.045
LRA9A 123 127 0.976 144 6.264 302 12.033
LRIJCNN1 22 54 0.611 62 6.792 106 11.299
LRW1A 300 5123 3.025 34 0.172 52 0.282
LRW8A 300 4434 47.292 10000 568.87 10000 522.239
LSC1LS 3 545 0.002 281 0.002 773 0.005
LUKSAN11LS 100 4994 0.052 3698 0.216 9642 0.547
LUKSAN12LS 98 348 0.005 773 0.082 2656 0.29
LUKSAN13LS 98 222 0.003 474 0.053 824 0.063
LUKSAN14LS 98 194 0.005 300 0.014 577 0.028
LUKSAN15LS 100 31 0.004 34 0.039 53 0.06
LUKSAN16LS 100 37 0.002 42 0.02 55 0.025
LUKSAN17LS 100 539 0.136 832 1.661 1359 2.736
LUKSAN21LS 100 1726 0.016 2482 0.087 3402 0.113
LUKSAN22LS 100 9843 0.252 10000 1.69 10000 1.708
MANCINO 100 14 0.059 10000 349.59 10000 336.397
MEYER3 3 128783 1.59 7792 0.209 5820 0.162
MGH09LS 4 91 0.0 223 0.002 10000 0.067
MGH17LS 5 11643 0.101 10000 0.41 10000 0.349
MISRA1ALS 2 152698 1.579 12 0.0 19 0.001
MNISTS0LS 494 1 0.061 1 0.181 1 0.183
MNISTS5LS 494 1 0.06 1 0.18 1 0.179
MSQRTALS 1024 4324 2.614 10000 32.376 10000 30.785
MSQRTBLS 1024 3300 2.102 10000 32.671 10000 31.036
MUONSINELS 1 35 0.002 10000 7.776 3973 3.088
NCB20 5010 417 0.67 10000 94.405 10000 90.689
NCB20B 5000 2933 4.361 10000 97.128 10000 95.492
NELSONLS 3 200000 4.365 3 0.0 3 0.0
NONCVXU2 5000 18483 20.813 10000 68.398 10000 65.306

19



Table A4 Results of the TSD algorithm and the BBQ algorithm on 182
unconstrained problems from the CUTEst collection

problem n
BBQ TSD10 TSD50

iter time iter time iter time
NONDIA 5000 24 0.014 10000 22.655 10000 22.488
NONDQUAR 5000 2675 0.63 5504 5.676 10000 9.335
OSBORNEB 11 701 0.018 1934 0.289 3014 0.445
OSCIPATH 500 12 0.001 14 0.003 15 0.003
PALMER5C 6 27 0.0 31 0.001 60 0.0
PALMER5D 4 78 0.001 1840 0.028 2426 0.031
POWELLSG 5000 261 0.067 3516 3.618 6886 6.893
POWELLSQLS 2 18766 0.06 8 0.0 8 0.0
POWERSUM 4 8 0.0 7 0.0 7 0.0
PRICE3 2 41 0.0 32 0.0 102 0.0
PRICE4 2 14 0.0 103 0.001 603 0.003
QING 100 100 0.001 92 0.002 152 0.004
RAT43LS 4 3 0.0 285 0.005 51 0.001
RECIPELS 3 37 0.0 32 0.0 154 0.001
ROSENBR 2 92 0.001 132 0.0 552 0.002
ROSENBRTU 2 124 0.0 1660 0.011 5252 0.036
S308 2 13 0.0 13 0.0 17 0.0
SCHMVETT 5000 62 0.086 10000 116.314 10000 109.082
SENSORS 100 25 0.106 590 22.667 66 2.197
SINEVAL 2 167 0.001 542 0.006 2303 0.023
SINQUAD 5000 74 0.072 10000 71.218 10000 69.761
SINQUAD2 5000 256 0.281 10000 80.639 10000 77.812
SISSER 2 12 0.0 5 0.0 5 0.0
SISSER2 2 14 0.0 7 0.0 7 0.0
SNAIL 2 8 0.0 5 0.0 5 0.001
SPARSINE 5000 9895 9.734 10000 99.151 10000 103.729
SPARSQUR 10000 31 0.036 23 0.111 45 0.284
SPIN2LS 102 120 0.02 18 0.014 18 0.016
SPMSRTLS 4999 584 0.269 732 1.822 656 1.524
SROSENBR 5000 16 0.004 112 0.152 410 0.531
STRTCHDV 10 68 0.001 22 0.002 48 0.003
TESTQUAD 10 189 0.0 10000 0.105 10000 0.1
TOINTGOR 50 198 0.004 348 0.022 352 0.021
TOINTGSS 5000 1 0.0 1 0.001 1 0.002
TOINTPSP 50 203 0.001 321 0.007 313 0.009
TOINTQOR 50 57 0.001 80 0.002 128 0.002
TQUARTIC 5000 26 0.015 10000 16.827 10000 15.443
TRIDIA 5000 1480 0.246 10000 12.932 10000 13.379
TRIGON1 10 80 0.001 132 0.004 202 0.005
TRIGON2 10 29 0.0 163 0.005 206 0.007
VAREIGVL 5000 270 0.198 262 1.002 442 1.585
WATSON 12 789 0.007 10000 0.297 10000 0.285
WAYSEA1 2 36 0.0 203 0.001 803 0.006
WAYSEA2 2 23 0.0 63 0.0 202 0.002
WOODS 4000 219 0.052 297 0.381 352 0.697
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Table A5 Results of the TSD algorithm and the BBQ algorithm
on 182 unconstrained problems from the CUTEst collection

problem n
BBQ TSD10 TSD50

iter time iter time iter time
YATP2LS 8 49 0.001 11 0.0 12 0.0
ZANGWIL2 2 1 0.0 1 0.0 1 0.0
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