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We provide the ultimate precision attainable in spectroscopy of a quantum emitter using single-
photon pulses. We find the maximum for estimating the linewidth to be independent of the details
of the emitter’s bare Hamiltonian while that for the detunings not to be so. We also identify optimal
pulse shapes attaining these precisions.

Spectroscopy seeks to estimate parameters that model
a matter system by using light as a probe. Recent studies
have used quantum states of light such as single-photons
[1–3], squeezed [4, 5] or entangled states of light [6, 7], to
achieve enhanced precision in spectroscopy beyond what
is possible with classical light [8, 9]. However, the maxi-
mum possible precision attainable in spectroscopy using
quantum states of light remains unidentified.

In this Letter, we provide the ultimate precisions
in estimating the transition energies (detunings) and
linewidths of a quantum emitter starting in its ground
state and probed by single-photon pulses [1, 2, 10–13], as
illustrated in Fig. 1. For conceptual clarity, we assume
that all photons emitted from the matter system are de-
tected without loss. This could be physically realized
using quantum emitters embedded in wave-guides [14–
16].

Our results are summarised in Table I. They are ob-
tained using the tools of quantum estimation theory [17],
which quantifies the ultimate precision with which a pa-
rameter can be estimated using quantum probes. An up-
per bound on this precision – the variance of an unbiased

estimator θ̂ of a parameter θ is set by the Cramér-Rao
bound [17]

Var(θ̂) ≥ 1

Q(ρθ, θ)
(1)

where Q(ρθ, θ) is the quantum Fisher information (QFI).
It depends on the quantum state of the probe ρθ and its
derivative with respect to θ.

In spectroscopy, the QFI serves as a measure of the
information about θ contained in the quantum state of
the light after it has interacted with the matter system
[18–21]. We thus maximize its QFI over all possible input
states of light.

Model—We model the quantum matter system (M)
as a point emitter, localised at z = 0 and possessing a
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FIG. 1. The single-photon |1ξin⟩ excites the emitter from
the ground state |g⟩ to the single-excitation subspace (SES) of
the emitter which is illustrated by the light blue shaded oval.
Its elements {|j⟩} (j = 1, 2, .., N) (with energies ωj relative
to |g⟩ which is defined to be zero) are illustrated with black
solid lines in the SES. The detuning of the j-th singly-excited
state is ∆j = ωj − ωc, where the thin horizontal dashed line
along the path of the pulse indicates the carrier frequency ωc.
Γ denotes the coupling strength with the pulse and |γ⟩ (thick
red line) is a normalized superposition of the states {|j⟩} in
the SES. The coupling encodes information of the emitter in
the state of the scattered pulse |1ξout⟩.

ground state |g⟩ defined to have zero energy. Since we
are interested in the single-photon driving of the emitter
which is assumed to be in the ground state at the start
of the experiment, it will at most accommodate a single-
excitation through the course of the interaction. Thus,
the total state-space of the emitter can be effectively de-
scribed by an (N + 1)-dimensional Hilbert space, where
N is the dimension of the singly-excited subspace (SES)
of the emitter (see Fig. 1). For example, in a coupled
dimer system built from two two-level systems, |g⟩ repre-
sents the state with both TLSs in the ground state, and
the SES is spanned by N = 2 states.

The light pulse is a propagating quantized radia-
tion field characterized by a set of frequency-dependent
bosonic operators a(ω) obeying the commutation relation
[a(ω), a†(ω′)] = δ(ω − ω′). The free field Hamiltonian is
given by HP =

∫
dω ωa†(ω)a(ω) (assuming natural units

characterised by h̄ = 1). We also assume that the incom-
ing quantum optical pulse is sufficently narrow in spec-
tral bandwidth B ≪ ωc around the carrier frequency ωc,
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a reasonable assumption for optical frequencies.
The electromagnetic field then couples to the emitter

through the dipole interaction Hamiltonian HMP = −d⃗ ·
E⃗, where d⃗ is the emitter dipole moment, and

E⃗ = iê

∫ ∞

0

dω

√
ω

4πϵ0cA
a(ω)e−iωt + h.c. (2)

is the linearly polarised electric field operator in the
paraxial regime [22], A being the transverse quantisation
area, and ê the unit polarisation vector. Assuming also
that the incoming light pulse couples only very weakly
to the matter system M (so timescales for light-matter
dynamics are well separated from matter-only dynam-
ics), we can employ the rotating wave and Markovian
white noise approximations [23–25] to express the total
interaction-picture light-matter Hamiltonian as (see Ap-
pendix A for a microscopic derivation):

H(t) = HM − i
√
Γ
(
Σ†a(t)− Σa†(t)

)
, (3)

where HM is the time-independent Hamiltonian of the
emitter M, and Γ is the Weisskopf-Wigner rate of spon-
taneous emission characterising the strength of the light-
matter coupling, inversely proportional to the emitter’s
radiative lifetime which in turn determines the natu-
ral linewidth of the emitted light (Γ/2π) to be esti-
mated later. The time-dependent field operators a(t) =∫∞
−∞ dω a(ω)e−i(ω−ωc)t/

√
2π are the Fourier transform of

the field operators a(ω), dubbed the “quantum white-
noise operators”, which in the Markovian limit satisfy
the commutation relation [a(t), a†(t′)] = δ(t− t′).

The transition operator that couples to the field is
taken to be Σ = |g⟩ ⟨γ|, where |γ⟩ is a normalized vector
in the SES that typically depends on the dipole moment
operator of the emitter [2, 26]. This form of the transition
operator that connects only the ground state to the SES
states and excludes all higher excited states is employed
under the constraint of the traveling light pulse carrying
a single-excitation to the ground state of the emitter at
the starting time t = t0 before the pulse interacts with
M (see Appendix A).

The light-matter Hamiltonian H(t) preserves the to-
tal number of excitations which is defined by the op-
erator NMP = IM +

∫∞
0

dωa†(ω)a(ω), where IM is the
identity operator in the SES. At t = t0, the joint light-
emitter state is |Ψ(t0)⟩ = |g⟩ |1ξin⟩ where the incident
single-photon state of the field is given by,

|1ξin⟩ =
∫ ∞

−∞
dτ ξin(τ)a

†(τ) |0P⟩ , (4)

where a†(τ) |0P⟩ is an element of the temporal mode basis
of the single-photon and ξin(τ) is the incident wave packet
of the pulse. This single-photon excites the emitter from
|g⟩ to the SES which subsequently spontaneously decays
into |g⟩ by emitting a photon, assuming M couples to no
other environments. Thus, the final light-emitter state at
times t ≫ 1/Γ takes the form |Ψ(t ≫ 1/Γ)⟩ = |g⟩ |1ξout⟩,

where |1ξout⟩ is the scattered single-photon state. Solving
the Schrödinger equation corresponding to light-matter
coupling in Eq. (3), we obtain [26, 27]

ξout(τ) = ξin(τ)−
∫ ∞

−∞
dt′ ξin(t

′)fM(τ − t′), (5)

with fM(t) = ΓΘ(t) ⟨γ| exp
(
−iHM − Γ

|γ⟩ ⟨γ|
2

)
t |γ⟩ ,

where Θ(·) is the Heaviside theta function. In the fre-
quency domain

ξ̃out(ω) = ξ̃in(ω)
(
1− f̃M(ω)

)
, (6)

where ξ̃in/out(ω) =
∫∞
−∞ dτξin/out(τ)e

iωt/
√
2π and

f̃M(ω) =
∫∞
−∞ dτfM(τ)eiωt is the Fourier transform of

the time-domain emitter kernel fM(t). Indeed,

f̃M(ω) =
2iχM(ω)

1 + iχM(ω)
, (7)

with χM(ω) = Γ ⟨γ| J(ωIM −HM) K−1 |γ⟩ /2,

where J.K−1 denotes the operator inverse.
Since the final state of the scattered pulse is a pure

state |1ξout⟩, we can treat the total evolution of the pulse
as a unitary encoding process with an effective unitary
operator UB such that |1ξout⟩ = UB |1ξin⟩. Using Eq. (6),

UB =

∫ ∞

−∞
dω

(
1− iχM(ω)

1 + iχM(ω)

)
|1ω⟩ ⟨1ω| , (8)

where |1ω⟩ = a†(ω) |0P⟩. This operator is diagonal in
the frequency basis, and its unitarity is ensured by the
diagonal elements which represent a frequency depen-
dent phase. Therefore, we can define a dimensionless
effective Hamiltonian that generates the unitary UB =
exp(−iHB), expressed explicitly as

HB =

∫ ∞

−∞
dω 2 tan−1 (χM(ω)) |1ω⟩ ⟨1ω| . (9)

This effective Hamiltonian formulation of the unitary pa-
rameter encoding onto the single-photon pulse due to the
light-matter interaction forms the basis of the evaluation
of quantum precision bounds, and is one of our central
results.
Spectroscopy—For unitary parameter encoding gener-

ated by the Hamiltonian operator HB, the following tight
upper bound to the QFI of estimating a parameter θ en-
coded in the eigenvalues of HB can be obtained [28, 29],

Q(|1ξout⟩ , θ) ≤ (µθ
max − µθ

min)
2 ≡ Qmax(θ). (10)

Here µθ
min/max represent the minimum/maximum eigen-

values of the operator ∂θHB. These correspond to the
global minima and maxima of the function

X θ
M(ω) =

2∂θχM(ω)

1 + χM(ω)2
.
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The upper bound in Eq. (10) is saturated when the in-
cident pulse is an equally weighted superposition of the
eigenstates of ∂θHB corresponding to µθ

max and µθ
min. In

our case, this state is given by

|1opt⟩ =
1√
2

(
|1Ωθ

max
⟩+ eiφ |1Ωθ

min
⟩
)
, (11)

wherein the frequencies are given by the solutions of
X θ

M(Ωθ
max/min) = µmax/min, where eiφ is an arbitrary

phase. For a degenerate ∂θHB with non-unique states
|1Ωθ

max/min
⟩, any such superposition will saturate the

bound. In the continuous frequency space, these states
are represented by a combination of Dirac delta functions
with peaks located at the frequencies Ωθ

max/min.

We now obtain the ultimate precision of estimating
the linewidth Γ of the single-photon transition, and the
detunings ∆j in the SES of the emitter.
Γ estimation—Using Eq. (7) and that HM is indepen-

dent of Γ, ∂ΓχM(ω) = χM(ω)/Γ. Noting that −1 ≤
2χM(ω)

1+χM(ω)2 ≤ 1, where the equalities hold when χM(ω) =

±1, the maximum and the minimum values of XΓ
M(ω) are

±1/Γ. This leads to

Q(1|ξout⟩,Γ) ≤ (2/Γ)
2
. (12)

Curiously, this upper bound has no explicit dependence
on the emitter Hamiltonian HM or the SES vector |γ⟩, al-
lowing us to conclude that quantum mechanical bound on
precision of lifetime estimation only depends on the level
structure of HM insofar as its effect on the Weisskopf-
Wigner rate Γ corresponding to the emitter.

The optimal pulse that saturates this bound is an
equally weighted superposition of two frequency-mode
states with frequencies ΩΓ

max/min which satisfy χM(ω) =

±1. These equations have real solutions in ω for a gen-
eral emitter system, ensuring the bound is tight (see Ap-
pendix B for details).

For the specific case of a two-level system (TLS), these
solutions are given by: ΩΓ

max/min = ∆± Γ/2, where ∆ =

ω0−ωc is the detuning and ω0 is the transition frequency
of the TLS. According to Eq. (11) the optimal incident
pulse for a TLS is

|1opt⟩ =
1√
2

[
|1∆+Γ

2
⟩+ eiφ |1∆−Γ

2
⟩
]
. (13)

This optimal incident pulse is expressed in the fre-
quency domain by a combination of two delta functions
|ξ̃opt(ω)|2 = [δ(ω−∆+Γ/2) + δ(ω−∆− Γ/2)]/2. Engi-
neering such a pulse-shape would be experimentally chal-
lenging due to the singular nature of the spectral pro-
file. However, the ultimate precision can be approached
with a regularized spectral profile of the pulse. In Fig.
(2) we plot the QFI for the optimal incident pulse con-
structed by three distinct regularized representations of
the Dirac delta δκ(ω) where δ(ω) = lim

κ→0
δκ(ω) as a func-

tion of the dimensionless regularization parameter κ/Γ.

0.0 0.1 0.2 0.3 0.4 0.5
Regularization parameter (κ/Γ)

2.5

3.0

3.5

4.0

Q
(|1

op
t〉,

Γ
)
×

Γ
2

Lorentzian

Gaussian

Rectangular

FIG. 2. The dimensionless QFI of estimating Γ for a TLS
using regularized optimal incident pulses as a function of the
regularization parameter κ/Γ. The regularized delta func-
tions are defined as the Lorentzian δκ(ω) = κ/(π(κ2 + ω2)),

the Gaussian δκ(ω) = e
− ω2

2κ2 /(κ
√
2π), and, the rectangular

δκ(ω) = Θ(ω)Θ(κ− ω)/κ.

For all these representations, the QFI monotonically ap-
proaches the upper-bound in the limit κ ≪ Γ.
Detuning estimation—Spectroscopy also involves esti-

mating the tranistion energies of the emitter Hamiltonian
HM. We now present ultimate precisions for estimating
these detunigs ∆j = ⟨j|HM |j⟩ = ωj − ωc (ωj is the en-
ergy of the jth state), defined as the diagonal elements
of HM in the SES basis {|j⟩}. See Fig. 1.
Differentiating χM(ω) from Eq. (7) with respect to ∆j

we get ∂∆j
χM(ω) = Γ| ⟨j| JωIM − HMK−1 |γ⟩ |2/2. This

indicates that the function X∆j

M (ω) is non-negative and
it approaches the minima zero for ω ≪ ϵmin or ω ≫ ϵmax,
where ϵmin /max are the minimum and maximum eigen-

values of HM. The global maxima of X∆j

M (ω), denoted

as µ
∆j
max, depends on the emitter parameters and can be

calculated for any emitter system. This leads to the fol-

lowing precision bound: Q(|1ξout⟩,∆j) ≤
(
µ
∆j
max

)2

.

For a TLS, this upper bound simplifies to
Q(|1ξout⟩,∆) ≤ (4/Γ)2. The corresponding optimal
pulse is given by |1opt⟩ = 1√

2
[|1∆⟩+ eiφ|1∞⟩], where |1∆⟩

is a frequency-mode state resonant with the detuning ∆,
and |1∞⟩ is a frequency-mode state far from resonance.
Conclusions—We have identified the ultimate preci-

sion of estimating two key spectroscopic parameters as
summarised in Table. I. The corresponding optimal inci-
dent pulses are shown to be combinations of delta func-
tions in the frequency domain, whose locations are spe-
cific to the emitter system and the estimation task.
Our theoretical limit of 4/Γ2 for Γ estimation surpasses

the maximum precision of about 2.5/Γ2 achieved for a
TLS with both Gaussian and rectangular input pulses,
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N + 1 level emitter TLS

Qmax(Γ)
(
2

Γ

)2 (
2

Γ

)2

|1opt⟩ 1√
2

[
|1ΩΓ

max
⟩+ eiφ |1ΩΓ

min
⟩
] 1√

2

[
|1∆+Γ

2
⟩+ eiφ |1∆−Γ

2
⟩
]

Qmax(∆j) (
µ
∆j
max

)2

=
(
maxX∆j

M (ω)
)2

(
4

Γ

)2

|1opt⟩ 1√
2

[
|1

Ω
∆j
max

⟩+ eiφ|1∞⟩
] 1√

2

[
|1∆⟩+ eiφ|1∞⟩

]

TABLE I. Upper bounds to the QFI (Qmax(·)) and the optimal incident pulse states (|1opt⟩) for estimating the linewidth Γ
and detunings ∆j with single-photons for a N + 1 level emitter (2nd column) and a two-level emitter (3rd column).

and the maximum of 2/Γ2 achieved for decaying and ris-
ing exponential pulses [18, Fig. 2]. Indeed, the pulse
which is most efficiently absorbed (rising exponential) is
not the most informative spectroscopically [18, 30–32].

A recent study with pulsed coherent light probing a
TLS reveal that the QFI per photon respects the same
bound [33] of 4/Γ2 for estimating Γ. This suggests that
our bounds are valid beyond single-photon pulses. Future
research may investigate the validity of our bounds for
other quantum probe states and more general emitter

states, as well as for imperfect couplings of the traveling
light state to the matter system.
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Appendix A: Microscopic derivation of the
light-matter Hamiltonian

In this section, we derive the total light-matter Hamil-
tonian in Eq. (3) from the dipole interaction Hamiltonian

HMP = −d⃗·E⃗. The dipole operator of our emitter system
takes the following form:

d⃗ =

N∑
k=1

d⃗gk |k⟩ ⟨g| + h.c., (A1)

where d⃗gk = ⟨g| d⃗ |k⟩ are the relevant matrix elements
of the dipole operator, and {|k⟩} is a basis of the SES.
Note that this dipole operator neglects the matrix ele-
ments within the SES. This is physically valid because
the energy separation within the singly excited states is
always lower than the energy separations between the
ground state and the excited states with which the op-
tical field is resonant. However, the transitions within
the excited states can happen due to the dipole-dipole
coupling within the molecule which are accounted for by
the bare emitter Hamiltonian H̄M. Since we assume the
ground state has zero energy, H̄M has support only in
the SES. Thus, the total light-matter Hamiltonian can

be written as H = H̄M +HP +HMP.
Transforming to the interaction picture with respect

to the static Hamiltonian H0 = ωc

∑N
k=1 |k⟩ ⟨k| + HP

and rotating away the rapidly oscillating terms, the total
light-matter Hamiltonian takes the following form

H(t) = HM (A2)

−i

[
N∑

k=1

Dk |g⟩ ⟨k| ⊗
∫∞
0

dω E(ω)a(ω)e−i(ω−ωc)t − h.c.

]
,

where Dk = d⃗gk · ê, and, the amplitude of the electric

field E(ω) =
√

ω
4πϵ0cA

. HM = H̄M − ωc

∑N
k=1 |k⟩ ⟨k| is

the detuned emitter Hamiltonian which is referred to as
the emitter Hamiltonian in the main text for brevity.
Now, we impose the white-noise approximation which

is often referred to as the Markovian approximation in
quantum optics, which assumes that the incident pulse is
sufficiently narrow-band around the carrier frequency ωc.
Under this approximation, the amplitude of the electric
field operator becomes only dependent on ωc and the
limits to the integral over the frequency modes can be
set to −∞ to +∞. Thus, we can write,

H(t) = HM − i
√
Γ
(
Σ†a(t)− Σa†(t)

)
, (A3)

where the coupling strength

Γ =

(
ωc

4πϵ0cA

)
×

N∑
k=1

|Dk|2

, and Σ = |γ⟩ ⟨g| where |γ⟩ is a normalized state in the

SES expressed as |γ⟩ ∝ ∑N
k=1 Dk |k⟩ where the normal-

ization factor is absorbed in Γ.

Appendix B: Proof of existence of solutions to
χM(ω) = ±1

Writing the emitter Hamiltonian in spectral decompo-

sition HM =
∑N

k=1 ϵk |ϵk⟩ ⟨ϵk|, where N is the dimen-
sion of the singly excited subspace of the emitter, we can

get the following expression: χM(ω) = Γ
2

∑N
k=1

|⟨γ|ϵk⟩|2
ω−ϵk

.

See χM(ω) has poles at the frequencies ω = ϵk. Thus,
χM(ω) → +∞ when ω → ϵ+k and χM(ω) → −∞ when

ω → ϵ−k for all k. Therefore, χM(ω) is continuous in
the interval (ϵk, ϵk+1) and has a range of (−∞,+∞).
Thus, applying the intermediate value theorem we can
state χM(ω) has at least 1 real solution to χM(ω) = c
for any real number c. This proves that the equations
χM(ω) = ±1 have real solutions in ω.
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