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Abstract

Anticipating realization of interacting fermions in an optical lattice with a large gauge field, we consider phase transitions and loop
currents in a two-dimensional S = 1/2 fermionic-Hubbard model with r/2-staggered flux at half filling. We use a variational
Monte Carlo method, which is reliable even for strong correlations. As a trial wave function, a coexistent state of antifferomagnetic
and staggered-flux orders is studied. In a strongly correlated regime, the ground state becomes an insulating coexistent state with
loop currents. By comparing fermions with bosons, we discuss an important role of Pauli principle.

1. Introductions

Cold atoms in optical lattices provide an opportunity for studying strongly correlated systems in extremely clean and
well-controlled environment [1]. The condition of charge neutrality for cold atoms, however, prevents us from studying
phenomena related to charged particles in a magnetic flux. Therefore, instead, many experimentalists have made efforts
to realize artificial magnetic fluxes [2]. Among them, Aidelsburger et al. proposed a useful way to realize both staggered
and uniform strong artificial magnetic fluxes, using laser-assisted tunneling on bosonic lattices [3]. Afterward,
properties in artificial magnetic fluxes came to attract attention as intriguing research subjects of strongly correlated
lattice bosons. Similarly, fermionic counterparts are also desired to be experimentally realized.

With such experimental development, recently, theoretical studies on current states have been actively carried out
for bosonic systems with staggered fluxes [4-7]. On the other hand, as for fermionic
counterparts, studies hitherto were limited to the state with m-flux per plaquette (see Fig.
1), which is a special case with no current [8-10]. In this connection, a loop-current state
in the fluxless case, namely, ordinary Hubbard model, has been studied as a possible
pseudogap state in cuprates superconductors, in which time-reversal and other symmetries
are broken [11].

In this article, we focus on a fermionic Hubbard model with r/2-staggered fluxes per
plaquette on the square lattice at half filling, and study the relationship between staggered
flux (ST) and antifferomagnetic (AF) orders, using a variational Monte Carlo (VMC)
method, which is useful to treat strong correlation. We compare the properties of four trial
states with or without ST and AF orders. It is found that phase transitions and crossovers

Fig.1. Schematic figure of
. . . . . staggered flux ( +£46 ) in
occur in these states, and that in a wide range of correlation strength, a coexistent state of  square plaquettes in FHM. A
SF and AF orders becomes stable. and B denotes indices of the
two sublattices.
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2. Model and Method

As a model of cold atoms in an optical lattice with magnetic fluxes, we consider an S = 1/2 fermionic Hubbard
model (FHM) with a staggered field:

H = —t Z [eie(dT bl+xg+a Jhi_ “,)+e“‘9(&Jr bl+ya+a bi_ys)+Hc] +UanTnll , (1)

lEA o
where al o bis (al o bi (,) creates (annihilates) a fermion with spin ¢ at i site on A and B sublattices, respectively, (see

Fig. 1), ;, = anai’U = b bw, x and y indicate the lattice vectors in x and y directions, respectively; U is the on-
site Hubbard repulsion, t the tunneling rate, and 6 the Peierls phase corresponding to a local magnetic flux. In this
article, we consider a case of 46 = m/2 (half-m flux) at half filling.

In applying a VMC method to Eq. (1), we use trial wave functions of Jastrow type: |¥) = P|®), where P denotes
a correlation factor mentioned later and |®) is a one-body (Hartree-Fock) part. In this work, we determine |®) as
follows: In the fluxless case (8 = 0), the ground state at half filling exhibits an AF order for U > 0. We checked that
this AF order survives as 6 increases. On the other hand, for a finite 8 with U/t —0, the ground state has a ST order.
Hence, as |®), a mixed state of AF and ST orders, |, s7), is probably appropriate. |, sr) is given as a Hartree-
Fock-Bogoliubov-type wave function, and is derived from an AF mean field Hamiltonian:

:]{MF = ZAF Z Po (_dlt,adk,u + Blt,ub\k.u) -2t z (uka\’tﬂgk-“ + u;B’t-Ua\kJ“)’ (2)
g,kem.b.z. o,kem.b.z.

where p, = 1 or —1 according to ¢ =7 or {, m.b.z denotes the folded AF Brillouin zone, and w;, = exp(i0)cosk, —
exp(—ié)cosk Here A, and 6 are variational parameters characteristic of AF and ST orders, restpecitively. We
dlagonallze fI-fMF by a Bogoliubov transformation to yield a single-particle band dispersion: ef. 5T = +(A%5 +

4t? |uk|2) . By filling the lower band e2F*ST, we have

| D apsst(Bar, 0)) = 1_[ (“ak) 10}, (3)

o,kem.b.z.

1 u ApRD p
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Ao = 2] 1- EAF+STe ‘a § 1+ AF+ST tbis | (4)
VNG |72 1Mk k, ieB

where N (N,) is the total number of fermions (sites) and r; is the i-th site’s position vector.

Now, we turn to the correlation factor P, which is given in the present case as,

P = jjcp((l)):ﬁDH(nD'nH)ﬁ](vr)ij(g)t )
where P;(g) and £ (v,) = exp[—(1/2) T v(|T; — 1;]) (A; — 1)(A; — 1)] are the onsite (Gutzwiller) and intersite
(Jastrow) correlation projections, and Ppy (np, ny) is a projection of binding a doubly occupied site (D) and an empty
(H) site in nearest-neighbor sites; Ppy is essential for treating Mott physics. In addition, for a current-carrying state in
a Mott regime, it is crucial to introduce a configuration-dependent phase factor 73¢ (¢) [11,12]. The role of :73¢ (p)isto
cancel out a Peierls phase attached in hopping processes in strongly correlated regime, where hopping is almost
restricted to the case of creating or annihilating a D-H pair.

In the following, we compare four cases of |[Wapyst): [Warsst) = PlParsst@ar 8)), [Wst) = [Warsst(Bar =
0)), [War) = |Warsst(8 =0)), [Wgs) = |Papssr(Bar = 0,0 = 0)). Here, |Wgs) and |W,p) corresponds to the
paramagnetic (Fermi sea) and AF states in the fluxless FHM (8 = 0), respectively; |Wsr) and |Wap,s) Can be regarded
as a paramagnetic and the AF states of the FHM with staggered flux (6 # 0), respectively.

The variational parameters ( App, 8,9, v, 1mp, My, @ ) are optimized numerically, by using the stochastic
reconfiguration method [13,14] for each set of model parameters (U, L), and then calculate physical quantities with 1-
2% 106 samples for L x L-site lattices (L = 12, 14) under the periodic boundary conditions.
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Fig. 2. (a) Spin structure factor S(q) at g = (, ) is compared among the four wave functions treated here as a function of U/t in the 7z /2-flux
case for two system sizes (L = 12,14). (b) Total energy is similarly compared. (c) Energy differences, §Esy = Eppyst — Eap @Nd SEpp = EppesT —
Egr, are shown for total energy E,. and its two components hopping energy E, and interaction energy Ey, as a function of U /t.

3. Results and discussions

First, to grasp an overview of the two orders, let us consider magnetic behavior of |Wap,st) and |W4g), and metal-
insulator (Mott) transitions (MIT) in |Wsr) and |Wgs). Shown in Fig. 2(a) is the g = (mr, ™) element of spin structure
factor S(q) = (1/N;) X1 i(S; - ;) e 7"i7"7) calculated with the optimized states. For [Wag,sr) and [Wag), as U/t
increases, S(m, ) deviates from that of |Wst) and |[Wgs) and suddenly increases at U, and becomes proportional to the
system size L2 for U > UAF*ST ~ 5.0t and U > UAF ~ 1.5t, respectively. This behavior of S(g) and the fact that the
optimized values of A, becomes finite for U > U, indicate that AF long-range orders exist in the large-U side of U,.
In addition, we confirm that an MIT simultaneously occurs at U,., by monitoring the vanishing of Fermi surface in the
momentum distribution function. This transitions are a Slater type rather than a Mott type, because (pure Mott-type)
MIT's occur in |[Wsr) and |Wgs) at much larger values: UST/t~9.0 and UFS /t ~ 7.5, where S(mr, ) exhibits a cusp,
as shown in Fig. 2(a).

Next, we compare the optimized energies among the above four states, 0.5
which are shown in Fig. 2(b) as a function of correlation strength. It is
natural that |Wap,sr) is the lowest in energy. In a weakly correlated
regime, |Wgs) and |W,r) has high energies, because the exact ground state » 03
at U = 0 has a Peierls phase (6 # 0), namely, an appreciable current flows, ~
but this phase cannot be appropriately cancelled in |Wgs) and |War), where
8 = ¢ = 0.Onthe other hand, |Wsr) and |War.s7) have a phase parameter .
0, which is adjusted according to the Peierls phase 6 in the Hamiltonian. 0.0 208

U({%F +ST /t

In this regime of U/t, the effect of ST (AF) order is predominant 0.02 1
(subordinate). For U > U., the two orders coexist and seems to 0.008
cooperatively contribute toward reducing energy. In contrast, a ST state - ’g'gi

and a d-wave superconducting state are mutually exclusive [11].

We pursue the origin of the stability of |W,g,st) more in detail. To this
end, we first analyze the total energy E., into kinetic part E; and
interaction part Ey;. Then, we estimate the quantities  Egtr = Eapyst — Ear
and SExr = Eapyst — Esr for each component Ei,., E; and E; . SEgt
[6EAr] indicates the contribution of the ST [AF] order. In Fig. 2(c), each ) )
elements are shown as function of U/¢t. We find from 8Eg that the ST~ F19: 3. (upper panel) ‘Loop current |/c| is

o ! compared between |Wap,sr) and |Wsp) as a
order develops by the gain in kinetic energy for any U/t, whereas function of U/t for L = 12,14 in the r/2-flux
from §E,r , we find the source of stability in AF order is switched fromthe  case. (lower panel) Difference of |J |/t between
gain in the interaction energy for UAF*ST < U < UST to the kinetic energy ~ the two states in the upper panel: AJ; =
for UST < U. §E&; and SEY; have cusps at UAF /t and UAF*ST /¢ Ve = Uetl e
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We turn to the local loop current, which is calculated from,
it ~ ~ . ~ ~ .
Je = D (@ (Biax + bi)e’ +af (bisy + bioy)e™® —Hoc). (p)
icA

To consider the effect of AF order on J., we plot J./t with respect to
|WapssT) and  |Wsr) in the upper panel of Fig. 3. Both currents are
monotonically decreasing function of U/t, and rapidly drop near the
respective MIT points. In the lower panel, we show the difference of |J.|/t:
A, = |JAE*ST /t — |JST|/t. AJ. once becomes negative, simply because
|War+sT) Decomes insulating at a smaller U/t than |Wsr). The sign of A/, is
reversed at U/t ~ 11.0, over which both states become insulating. The
reason of positive AJ. in the insulating regime is as follows: The mobility of
fermions is determined by ¢/U [or (t/U)? for currents in square plaquette]
if the spin configuration is antiparallel. If it is parallel, fermions cannot
move owing to Pauli exclusion principle. Thus, Pauli principle disturbs
currents. If there is an (no) AF order as in [Waryst) (|Wst)), Pauli principle
is less (more) effective. Thus, a current easily flows in |WapigT)-
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Fig. 4. Comparison of loop currents among a
boson [7] and fermions for two wave functions
for L =12in the m/2 -flux case. Notice the
difference of MIT points: UST ~9.0t ,
UAF+ST - 5.0¢, UB°se ~ 18.0¢.

Finally, we compare a feature of J. between fermions and bosons (Fig. 4). As mentioned, Pauli principle disturbs
movements of fermions. Therefore, the mobility of bosons should be greater than that of fermions in equivalent
conditions. Consequently, MIT points U/t in bosons are much larger than those of fermions. Thus, in the insulating
state, the value of (t/U)? is by far larger for bosons than for fermions. Such an account is reflected in the behavior of

tails of J. in the insulating regime (U > U,) in Fig. 4.

In this article, we focused on the fermionic-Hubbard model with 7t /2-staggered flux. We would like to extend this

research to other magnitude of flux and doped cases.
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