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We investigate the electronic structure of the kagome lattice model with first, second, and two
kinds of third nearest-neighbor hoppings. We reveal that by tuning the third nearest-neighbor
hoppings, not only single flat band but also degenerate flat band can be created on the Γ-M line.
We provide the detailed conditions to realize them. The coexistence of these bands can be almost
realized near the fundamental band gap in graphene with triangular defects in a superhoneycomb
arrangement. Furthermore, due to these flat bands, several sharp peaks appear in the optical
condctivity. Our results strongly indicate that long-range electron hopping has a new possibility for
designing electronic structures.

I. INTRODUCTION

Controlling the electronic structure is an important
issue to improve materials properties of periodic sys-
tems. Diversity of constituent elements and structures
leads to various electronic structures. For example, flat
band is known to significantly contribute to interesting
electronic properties such as superconductivity [1–6], fer-
romegnetism [7–13] and topological phenomena [14–27].
So far, various flat-band models [28–42], e.g., square lat-
tice [8] and kagome lattice [31, 36] have been studied.
In general, long-range hoppings break the flatness of a
band, but some research shows how to maintain a sin-
gle flat band with the addition of next-nearest neighbor
hopping[36, 41]. Exploration of materials [41–50] which
realize flat-band model is also an important issue. Re-
cently, data science has been applied to explore flat-band
materials more efficiently [51].
Another intriguing property in electronic structure is

degenerate band. Degeneracy in band dispersion such as
Dirac cone and nodal line has attracted much attention
since they trigger non-trivial physical phenomena such
as the appearance of drumhead surface state and huge
anomalous Nernst effect [52, 53]. Therefore, not only a
single flat band but also a degenerate flat band is worth
studying. In general, degenerate band has been stud-
ied in terms of structure symmetry [54–58], so whether
degenerate flat band can be designed without changing
symmetry, is an interesting question for flat-band model
and flat-band materials design.
In this paper, we study the kagome lattice model in-

cluding long-range hoppings. We reveal that not only

a new single flat band but also a degenerate flat band
appears along certain direction (Γ − M line in the Bril-
louin zone) by introducing long range hopping, i.e., the
third nearest neighbor hopping, under certain conditions.
We show that dispersive band in the kagome lattice with
only the nearest neighbor hopping can be become flat
by long-range hopping. Therefore, the flat band in our
work has a different character from that in the previous
works [36, 41]. To the best of our knowledge, method
for designing degenerate flat band has never been pro-
posed theoretically in the kagome lattice. We also show
that the above conditions are realized in graphene with
triangular defects by extending the distance between de-
fects. In addition, we explain that these flat bands give
rise to the sharp peaks in the optical conductivity of this
defective graphene.

II. KAGOME LATTICE WITH THE FIRST,
THE SECOND, AND THE THIRD NEAREST

NEIGHBOR HOPPINGS

A. Model and hamiltonian

We focus on the kagome lattice with not only the near-
est neighbor electron hopping (t1) but also the second
(t2) and the third (t3 and t4) nearest neighbor electron
hoppings as shown in Fig. 1(a).
Here, let us define P as the point which internally di-

vides the Γ-M line (Fig. 1(b)) into k : (1−k) (0 ≦ k ≦ 1).
The Bloch Hamiltonian at the P point of this model H(k)
can be expressed as
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FIG. 1. (a) Schematic views of the kagome lattice. ~a1 and ~a2 are the primitive translation vectors of kagome lattice. Three
sublattices (1,2,3) and four kinds of electron hoppings (t1, t2, t3 and t4) are shown. It is to be noted that t4 represents electron
hopping between sublattice i and sublattice i. (b) First Brillouin zone of the kagome lattice.

H(k) =





2t3 cos(kπ) + 2t4[1 + cos(kπ)] 2t1 + 2t2 cos(kπ) (t1 + t2)(1 + e−ikπ)
2t1 + 2t2 cos(kπ) 2t3 cos(kπ) + 2t4[1 + cos(kπ)] (t1 + t2)(1 + e−ikπ)
(t1 + t2)(1 + eikπ) (t1 + t2)(1 + eikπ) 2t3 + 4t4 cos(kπ)



 . (1)

It is to be noted that the (i, j) component of H(k) de-
notes the electron hopping between the sublattices i and
j in Fig. 1(a). The detailed derivation ofH(k) is shown in
Appendix B. From this H(k), we can obtain the Hamil-
tonians at the M point (HM), the middle point of the
Γ-M line (Hmiddle) and the Γ point (HΓ).
We use these three Hamiltonians to study the condi-

tions of (t1, t2, t3, t4) which realize single flat band or de-
generate flat bands on the Γ-M line hereafter.

B. Electronic structure

Figure 2 (a) shows the electronic structure for t1+3t2+
2t3 = 0 and t4 = 0, obtained by diagonalizing eq. (B1).
We see that a single flat band appears between M and Γ.
We also find another condition to realize flat band. When
t1 = −t2 = −t3 and t4 = 0 are satisfied, degenerate flat
band appears along the Γ−M line, as shown in Fig. 2(b).
It is to be noted that degenerate flat band cannot be
designed when only t1 and t2 are considered. This result
strongly indicates that long-range electron hopping plays
an important role in creating various types of electronic
structures. In addition, the degenerate flat band by using
long range hopping is realized without changing system
symmetry.

Figure 2(c1) is the result for the special case of (a), i.e.,
t1 + 3t2 + 2t3 = 0 and t2 = t4 = 0. We find a single flat
band and a degenerate (but not flat) band along the Γ−M
line. As we increase t4 with keeping t1+2t3−2t4 = 0, the
width of the degenerate band decreases, and becomes flat
when t4 = t1/4, then turns to increase (Fig. 2(c2)-(c4)).

To understand the above results, we first focus on the
case of t4 = 0. The conditions that the flat band ap-
pears can be derived by focusing on the eigenvalues of
HM, Hmiddle and HΓ. The detailed derivations are given
in Appendices C and D. The single flat band along the
Γ−M line in Fig. 2(a) is dispersive in the case of kagome
lattice with only t1 as shown in Appendix A. By intro-
ducing t2 and t3 appropriately, this dispersive band loses
dispersion along the Γ − M line. Appearing the degen-
erate flat band along the Γ − M line in Fig, 2(b) is in-
teresting, but it is hard to realize in real materials due
to the condition of t1 = −t2 = −t3. It would be very
difficult to have the same absolute value for t1 and t3.
However, by also introducing t4, a degenerate flat band
along the Γ−M line can be designed under more realistic
condition, as will be discussed later.

Secondly, we focus on the kagome lattice considering
t1, t2, t3 and t4. As shown in Fig. 2(c) and Fig. 9, a
degenerate band always appears along the Γ−M line un-
der the condition of (i) t1 + 2t3 − 2t4 = 0 and t2 = 0,
or (ii) t1 = −t2 and t4 − t3 = t1. The detailed deriva-
tions of these condition are shown in Appendix E. In this
section, we discuss (i) t1 + 2t3 − 2t4 = 0 and t2 = 0
case. When t4 = αt1, the eigenvalue of the degenerate
band is [(2α − 2) + (4α − 1) cos(kπ)]t1 (0 ≤ k ≤ 1, see
Appendix E 2), so the width of the degenerate band is
|(2 − 8α)t1|. Therefore, this bandwidth monotonically
decreases with α (0 ≤ α ≤ 1

4 ) and increases with α

(14 ≤ α). When α = 1
4 , the degenerate band becomes flat

as shown in Fig. 2(c3). Hence, t4 smaller than t1
4 plays

a crucial role in flattening the degenerate band along the
Γ − M line. The condition for degenerate flat band is
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FIG. 2. Electronic structures of kagome lattice when (t1, t2, t3, t4) satisfies (a) t1+3t2+2t3 = 0 and t4 = 0, (b) t1 = −t2 = −t3
and t4 = 0, and (c) t1 + 2t3 − 2t4 = 0 and t2 = 0, respectively. We calculate these electronic structures using the PythTB
package [59].

(a) (b)

FIG. 3. Localized polymer orbitals at degenerate flat bands
(Fig. 2 (c3)). Black and white circles correspond to positive
and negative phases, respectively. The coefficients of these
orbitals are (a) 1√

2
(black) and −

1√
2

(white), and (b) 2√
5

(black) and −
1

2
√

5
(white), respectively.

(t1, t2, t3, t4) = (1, 0,− 1
4 ,

1
4 )t1 (Fig. 2(c3)), which is more

realistic than t1 = −t2 = −t3 (Fig. 2(b)).

C. Real space picture of degenerate flat band

Here, let us discuss the interference effect and the real
space picture in the case of Fig. 2(2c) where the degen-

erate flat band along the Γ − M line appears. Firstly,
in the case of the kagome-lattice model with only t1, any
kinds of Kohn-Sham wave function in the flat band can be
constructed by linear combination of localized molecular
orbitals. This molecular orbital is localized in real space
due to quantum interference effect of hopping and phases
of atomic orbitals. Next, in our present study, degener-
ate flat band appears along the Γ −M line as shown in
Fig. 2(2c). Similar to the kagome-lattice model with only
t1, we can design any kinds of Kohn-Sham wave function
along the Γ − M line by linear combination of localized
doubly degenerate polymer orbitals. These polymer or-
bitals are shown in Fig. 3. The polymer orbital shown
in Fig. 3(a), is the eigenstate in the case of the kagome-
lattice model with only t1, and the linear combination
of it constructs a flat band along the Γ − M line. This
orbital is also the eigenstate when we consider the long
range hopping t3 and t4 due to interference effect of them.
On the other hand, the orbital shown in Fig. 3(b), is not
the eigenstate in the case of the kagome-lattice model
with only t1. When the state at the Γ point is designed
by the linear combination of this orbital, this state can
be an eigenstate degenerated with the polymer orbital
shown in Fig. 3(a), but degeneracy does not occur at the
general point on the Γ−M line and the energy dispersion
is not flat. In the case of the kagome-lattice model with
t1, t3 and t4, the polymer orbital shown in Fig. 3(b) is the
eigenstate and it has the same energy (− 3t1

2 ) as the poly-
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FIG. 4. (a) Crystal structure, (b) electronic structure of the (8,10), (8,13), and (8,16) graphene systems, and (c) one of the
obtained maximally localized Wannier functions (MLWFs) of the (8, 16) graphene system. An integer l is defined as the defect
side length in units of the pristine graphene lattice constant. An integer L is defined as the length of primitive translation
vectors (two blue arrows) in units of the pristine graphene lattice constant. Brown and pink balls represent carbon and hydrogen
atoms, respectively. VESTA [60] was used to visualize the crystal structure. In the electronic structure, the middle of the CBM
(conduction band minimum) and the VBM (valence band maximum) is set to zero. In the MLWF, sign differences are shown by
two colors. To obtain the electronic structure, we performed first-principles total-energy calculations within the framework of
the density functional theory (DFT). The electronic structure and the MLWFs are obtained by using the QuantumESPRESSO
package [61].

mer orbital shown in Fig. 3(a). Considering the fact that
the irreducible representations of these wavefunctions of
the polymers are different (Fig. 3), the degeneracy along
the Γ −M line in Fig. 2(2c) is not protected by two di-
mensional representation. We find that two properties,
degeneracy and localization, are realized by interference
effect of electron hopping.

D. Effect of small perpendicular hopping on
electronic structure of Kagome lattice

So far, we focus on two dimensional kagome lattice.
However, in the real material cases, small perpendicular
hopping exists. In order to unveil how small perpen-
dicular hopping affects the flat dispersion, we performed
additional calculations for 3D systems including perpen-

dicular hopping. When perpendicular hopping is a tenth
of the nearest neighbor hopping, the flat dispersion is
sometimes broken, but this bandwidth is very small as
shown in Fig. 10(b1). In Appendix G, we show the de-
tailed discussion and results.

TABLE I. In the case of (8, L) graphenes, (i) Bandwidth of
the first LU band (W1st LU), the second LU band (W2ndLU),
and the third LU band (W3rd LU) along the Γ−M line, and (ii)
Energy difference between the first and the second LU bands
(ǫdif,M) at the M point.

(l, L) W1st LU (eV) W2ndLU (eV) W3rd LU (eV) ǫdif,M (eV)
(8,10) 0.043 0.031 0.11 0.073
(8,13) 0.015 0.042 0.036 0.028
(8,16) 0.024 0.034 0.016 0.010
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III. MATERIAL REALIZATION

Next, we discuss materials realization of the flat band.
The electronic structure of the kagome-lattice model with
(t1, t2, t3, t4), with t1+2t3−2t4 = 0 and t2 = 0 (Fig. 2(c)),
can be nearly realized in graphene with triangular defects
in a superhoneycomb arrangement, which is called (l, L)
graphene in our previous paper [62] (Fig 4(a)). In the
caption of Fig 4, the definitions of l and L are explained.
It is to be noted that experimental realization of (l, L)
graphene has been a difficult issue. One of the reasons
is that interdefect distance is so small (∼ nm). To the
best of our knowledge, there is no experimental technique
for making defects periodically with this pitch although
many kinds of techniques such as electron-beam lithog-
raphy [63–65] and block copolymer lithography [66–68]
have been developed. Recently, however, by using he-
lium ion beam milling, Schmidt et al. and Liu et al. suc-
ceeded in creating defects with a pitch of 18 nm and 15
nm, respectively [69, 70]. If technique of creating defects
is further improved, graphene having defects with a pitch
of several nanometers, including the (l, L) graphene, may
be realized. Another promising method for synthesis of
(l, L) graphene is the use of a hexagonal boron nitride (h-
BN) layer, which has a honeycomb lattice structure con-
sisting of alternating boron and nitrogen toms, and plat-
inum as a catalyst. In 2009, by using an electron beam,
Jin et al. succeeded in resolving triangular defects in h-
BN monolayer, keeping distance between defects equals
to several nanometers [71]. Furthermore, in 2020, Kim
et al. reported the conversion of h-BN to graphene on
platinum substrate when h-BN was exposed to methane
gas [72]. Combining these experimental results, graphene
with triangular defects with a pitch of several nanometers
may be realized in the future. Therefore, (l, L) graphene
is worth studying theoretically in detail.

A. Electronic structure of (8, L) graphene

In Fig 4(b), the electronic structures of (8, 10), (8, 13)
and (8, 16) graphenes obtained by the first-principle cal-
culations are shown, respectively. We show the details
of the ab initio calculation in the Appendix H1. In
the discussion that follows, we focus on the first lowest-
unoccupied (LU) and the second LU and the third LU
bands. As L increases, the shape of these bands becomes
similar to that shown in Fig. 2(c1). Actually, the third
LU bandwidth along the Γ−M line (W3rd LU in Table. I)
is monotonically decreases with L. In addition, the en-
ergy difference between the first and the second LU band
at the M point (ǫdif,M in the Table. I) also monotoni-
cally decreases with L, and ǫdif,M of the (8, 16) graphene
is 0.010 eV, indicating that the first and the second LU
bands almost degenerate along the Γ−M line (Fig. 4(b)).
Hence, we expect that the kagome-lattice model with
(t1, t2, t3, t4), where t1 + 2t3 − 2t4 = 0 and t2 = 0, is
nearly realized when L is large. Actually, as shown be-

low, we can confirm it by constructing the maximally
localized Wannier functions (MLWFs) from these bands.

B. Maximally localized Wannier function of (8, L)
graphene

The WLWF has a Wannier center in the center of the
graphene nanoribbon, forming a kagome lattice(Fig 4(c)
and Fig. 11(b)). The MLWF originates from the hy-
bridized two edge states of the nanoribbon. In Ta-
ble II, the calculated (t1, t2, t3, t4) of (8, L) graphenes
(L = 10, 13 and 16) are shown. Interestingly, the value of
|t3| does not decrease with increasing L while the value
of |t2| decreases sharply with L. The MLWF extends
outside of the subribbon part, and due to this, t3 value
is nonzero for large L. We find that t2 ≃ 0, t3 ≃ − 1

2 t1,
and t4 ≃ 0 results in t1 + 2t3 − 2t4 ≃ 0 and t2 ≃ 0 for
large L case.

TABLE II. (t1, t2, t3, t4) and the value of t1 +2t3 − 2t4 in the
case of (8, L) graphenes.

L t1 (eV) t2 (eV) t3 (eV) t4 (eV) t1 + 2t3 − 2t4 (eV)
10 0.031 -0.021 -0.0099 0.00038 0.010
13 0.033 -0.0069 -0.013 0.0018 0.0034
16 0.029 -0.0028 -0.013 0.0028 -0.0026

Let us focus on the electronic structure of (8, 16)
graphene shown in Fig. 4. On the Γ−M line, the nearly
single flat band (bandwidth: 0.016 eV) and the degen-
erate flat band (bandwidth: 0.024 eV and 0.034 eV) co-
exist. In the case of (8, 16) graphene, t4 ≃ 1

10 t1(<
1
4 t1)

(Table II) holds, so t4 plays a role in decreasing the de-
generate bandwidth. Actually, if we do not consider t4,
the degenerate bandwidth is 2t1 = 0.058 eV, which is
larger than that of the first-principles calculation. On
the other hand, t4 plays a role in increasing the single
bandwidth (= |8t4|). However, due to very small t4 value
(t4 = −0.0028 eV (Table. II)), the single band is nearly
flat.

C. Optical conductivity of (8, L) graphene

Finally, we also investigate how these nearly flatness
along the Γ−M line affect experimental observables. In
this study, we focus on the optical conductivity. The
computational details are shown in Appendix H3.
In Figs. 5, 6 and 7, the irreducible expression along the

Γ−K and Γ−M lines (Figs. 5(a), 6(a) and 7(a)), partial
optical conductivity (Figs. 5(b1-b3), 6(b1-b3) and 7(b1-
b3)) and total optical conductivity (Figs. 5(c), 6(c) and
7(c)) of (8, 10), (8, 13) and (8, 16) graphene are shown.
In the case of the (8,16) graphene, which has the nearly
single flat band and the nearly degenerate flat band along
the Γ − M line in the electronic structure, three sharp
peaks (P1, P2 and P3) appear as shown in Fig. 7(c).
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FIG. 5. (a) Irreducible expression along the Γ−K and M−Γ lines, (b1), (b2) and (b3) partial optical conductivities, and (c)
Total optical conductivity of (8, 10) graphene.

FIG. 6. (a) Irreducible expression along the Γ−K and M−Γ lines, (b1), (b2) and (b3) partial optical conductivities, and (c)
Total optical conductivity of (8, 13) graphene.
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FIG. 7. (a) Irreducible expression along the Γ−K and M−Γ lines, (b1), (b2) and (b3) partial optical conductivities, and (c)
Total optical conductivity of (8, 16) graphene.

To reveal the origin of these three peaks, we calculate
partial optical conductivity and irreducible expressions
of the first, second and third LU(HO) bands as shown in
Figs. 7(a) and 7(b). It is to be noted that the partial
optical conductivity represents optical conductivity by
transition between the mth HO and the nth LU bands.

Let us discuss the origin of P1, P2, and P3. Firstly,
as shown in the results of partial optical conductivities,
the origin of P1 is the transition between (i) the first
HO and the first LU bands, (ii) the first HO and the
second LU bands, (iii) the second HO and the first LU
bands, and (iv) the second HO and the second HO bands.
Among these four types of transition, transition between
(i) generates the largest optical conductivity, as shown in
Fig. 7(b). Next, considering the irreducible expression,
the transitions between (ii) and between (iii) should be
derived from the nearly degenerate flat bands along the
Γ−M line. From Figs. 7(b2) and 7(b3), it is found that
these transitions generate the almost same optical con-
ductivity as that of the transition between (i). Therefore,
the nearly degenerate flat band along the Γ−M line has
an important role in creating P1.

Secondly, the origin of P2 is the transition between
the second HO (LU) and the third LU (HO) bands. In
terms of energy range of P2 and irreducible expression,
these transition only occurrs along the K −M line. The
second HO (LU) and the third LU(HO) bands are nearly
parallel along the K − M line, resulting in significantly
sharp shape of P2.

Thirdly, the origin of P3 is the transition between the
third HO and the third LU bands. In terms of energy
range of P3 and irreducible expression, this transition
only occurs along the Γ − K line, indicating that nearly
single flat parts of the third HO and LU bands along
the Γ−K line, generate P3. Therefore, nearly single flat
band is found to create new peak, P3. The P3, originated
from the transition between the third HO and the third
LU bands, can be also seen in the case of (8, 13) graphene
(Fig. 6(c)) since nearly single flat parts of the third HO
and LU bands along the Γ−K line appear, as shown in
Fig. 6(a).

IV. SUMMARY

In this paper, we have studied the electronic struc-
ture of the kagome lattice with the first (t1), the sec-
ond (t2) and the third (t3, t4) nearest neighbor hoppings.
It is found that not only single flat band but also de-
generate flat band on the Γ − M line can be designed
by introducing t3 and t4 appropriately. It is realized in
graphene with triangular defects in a superhoneycomb
arrangement. By extending distance between defects,
(t1, t2, t3, t4) approaches the condition for appearing de-
generate flat band, and then, nearly single flat and nearly
degenerate flat band coexist on the Γ − M line. These
nearly flat bands play an important role in creating the
sharp peaks of optical conductivity.
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Appendix A: Kagome lattice with only the nearest neighbor hopping (t1)

FIG. 8. Electronic structure of kagome lattice with t1 = 0.03 eV, t2 = t3 = t4 = 0.00 eV.

When the values of t2, t3 and t4 are 0, H(k) (Eq. B1) can be given as follows.

H(k) =





0 t1 + t1e
−ia1·k t1 + t1e

−ia2·k

t1 + t1e
ia1·k 0 t1 + t1e

i(a1−a2)·k

t1 + t1e
ia2·k t1 + t1e

−i(a1−a2)·k 0



 . (A1)

From this H(k), the electronic structure can be obtained as shown in Fig. 8. The lowest band is completely flat while
the second and the third lowest bands are dispersive.

Appendix B: Detailed derivation of H(k)

The Bloch hamiltonian H(k) of the kagome lattice model with t1, t2, t3 and t4 (k is general wave vector) can be
given as follows:

H(k) =





H1.1(k) H1.2(k) H1.3(k)
H2.1(k) H2.2(k) H2.3(k)
H3.1(k) H3.2(k) H3.3(k)



 (B1)

with

H1.1(k) = t3e
i(a1−a2)·k + t3e

−i(a1−a2)·k + t4e
ia1·k + t4e

−ia1·k + t4e
ia2·k + t4e

−ia2·k, (B2a)

H1.2(k) = t1 + t1e
−ia1·k + t2e

−ia2·k + t2e
−i(a1−a2)·k, (B2b)

H1.3(k) = t1 + t1e
−ia2·k + t2e

−ia1·k + t2e
i(a1−a2)·k, (B2c)
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H2.1(k) = t1 + t1e
ia1·k + t2e

ia2·k + t2e
i(a1−a2)·k, (B2d)

H2.2(k) = t3e
ia2·k + t3e

−ia2·k + t4e
ia1·k + t4e

−ia1·k + t4e
i(a1−a2)·k + t4e

−i(a1−a2)·k, (B2e)

H2.3(k) = t1 + t1e
i(a1−a2)·k + t2e

−ia2·k + t2e
ia1·k, (B2f)

H3.1(k) = t1 + t1e
ia2·k + t2e

ia1·k + t2e
−i(a1−a2)·k, (B2g)

H3.2(k) = t1 + t1e
−i(a1−a2)·k + t2e

ia2·k + t2e
−ia1·k, (B2h)

H3.3(k) = t3e
ia1·k + t3e

−ia1·k + t4e
ia2·k + t4e

−ia2·k + t4e
i(a1−a2)·k + t4e

−i(a1−a2)·k. (B2i)

It is to be noted that the (i, j) components of H(k) denotes the electron hopping between the sublattices i and j
in Fig. 1(a). In addition, a1 and a2 are the primitive translation vectors of the kagome lattice as shown in Fig. 1(a).

In this study, we set a1 and a2 to (a, 0) and (a2 ,
√
3a
2 ), respectively, where a is the length of a1 and a2. Since the

coordinate of the M point is 2π
a
(0, 1√

3
) in the wave number space, and we get k = 2kπ

a
(0, 1√

3
) (0 ≦ k ≦ 1) when k is

located on the Γ−M line. Therefore, we can obtain Eq. 1.

Appendix C: Detailed derivation of the condition of (t1, t2, t3) for designing single flat band along Γ−M line

In this section, we prove that t1 + 3t2 + 2t3 = 0 holds when the highest band becomes flat along the Γ−M line.

1. Necessary condition for single flat band along Γ−M line

Firstly, we derive the necessary condition for the highest band to be flat along the Γ − M line. The maximum
eigenvalues of. HΓ and HM must coincide. We can easily obtain the maximum eigenvalue of HM, 2t1 − 2t2 − 2t3.
Next, let us consider the situation that HΓ also has the eigenvalue of 2t1 − 2t2 − 2t3:

HΓψ = (2t1 − 2t2 − 2t3)ψ, (C1)

ψ =





r1
r2
r3



 . (C2)

Note that ψ 6= 0. Eq. (C1) is a simultaneous ternary linear equation of r1,r2 and r3 as follows:

(−2t1 + 2t2 + 4t3)r1 + (2t1 + 2t2)r2 + (2t1 + 2t2)r3 = 0, (C3a)

(2t1 + 2t2)r1 + (−2t1 + 2t2 + 4t3)r2 + (2t1 + 2t2)r3 = 0, (C3b)

(2t1 + 2t2)r1 + (2t1 + 2t2)r2 + (−2t1 + 2t2 + 4t3)r3 = 0. (C3c)

By adding both sides of these three equations together, we obtain

(2t1 + 6t2 + 4t3)(r1 + r2 + r3) = 0. (C4)

Here, if we assume that 2t1 + 6t2 + 4t3 is not 0, r1 + r2 + r3 = 0 is required. Under this condition, Eq. C3(a) can be
represented as (−4t1 + 4t3)r1 = 0. Due to t3 ≦ 0 < t1, r1 is 0. Similarly, r2 = 0 is also obtained. Therefore, r = 0
and this result is inappropriate. Hence, t1 +3t2 +2t3 = 0 is required to have the eigenvalue of 2t1 − 2t2 − 2t3 for HΓ.
The condition, t1 + 3t2 + 2t3 = 0, is required for the highest band to be flat along the Γ−M line.
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2. Single flat band along Γ−M line

Under the condition of t1 + 3t2 + 2t3 = 0, it is found that H(k) has the maximum eigenvalue of 2t1 − 2t2 − 2t3
regardless of the k value (0 ≦ k ≦ 1):

H(k)ψ = (2t1 − 2t2 − 2t3)ψ, (C5)

where

ψ =





1
1

eikπ−cos(kπ)
1−e−ikπ



 . (C6)

This indicates that the highest band becomes flat along the Γ −M line when t1 + 3t2 + 2t3 = 0 holds, as shown in
Fig. 2(a).

Appendix D: Detailed derivation of the condition of (t1, t2, t3) for designing degenerate flat band along Γ−M
line

We show that t1 = −t2 = −t3 holds when the second and the third highest bands degenerate, and they are flat
along the Γ−M line.

1. Necessary condition for degenerate band between Γ−M line

Firstly, we derive the necessary condition for the second and the third highest bands to be degenerate along the
Γ−M line. The first minimum and the second minimum eigenvalues of HM, −2t1 +2t2 − 2t3 and 2t3, must coincide.
Hence, 2t3 = −t1 + t2 is required. In the discussion that follows, this equation is assumed to hold. Next, Hmiddle

must have degenerate eigenvalues, too. We can obtain the eigenvalues of Hmiddle by solving the cubiq equation for λ:

det





−λ 2t1 (t1 + t2)(1− i)
2t1 −λ (t1 + t2)(1− i)

(t1 + t2)(1 + i) (t1 + t2)(1 + i) 2t3 − λ



 = 0 (D1)

This equation can be transformed into

(λ+ 2t1)(λ
2 − (2t1 + 2t3)λ + (4t1t3 − 4(t1 + t2)

2)) = 0. (D2)

For Hmiddle to have degenerate solution, the quadratic equation λ2 − (2t1 + 2t3)λ + (4t1t3 − 4(t1 + t2)
2) = 0 must

have (A) solution of λ = −2t1 or (B) doubly degenerate solutions.

Case of (A): This quadratic equation can be rewritten as t1
2 − 2(t2 − t3)t1 − t2

2 = 0. By substituting
2t3 = −t1 + t2 for it, we can obtain 2t2t3 = 0, indicating that t2 = 0 or t3 = 0 must hold. If t3 is 0, t1 = −t2 can be
obtained from 2t3 = −t1 + t2, and then we can transform the equation t1

2 − 2(t2 − t3)t1 − t2
2 = 0 into 2t1

2 = 0.
Hence, t1 = t2 = t3 = 0 holds and this equation is inappropriate. This discussion indicates that t2 = 0 and t1 = −2t3
is necessary in the case of (A).

Case of (B): The equation, (t1 + t3)
2 − (4t1t3 − 4(t1 + t2)

2) = 0, is required by considering discriminant.
This equation can be transformed into (t1 − t3)

2 = −4(t1 + t2)
2 and therefore, t1 = −t2 = −t3(6= 0) is required.

From these discussions, (i) t2 = 0 and t1 + 2t3 = 0, or (ii) t1 = −t2 = −t3(6= 0) is required when the
second and the third highest bands are degenerate along the Γ−M line.

2. Cosine-type degenerate band and flat degenerate band between Γ−M line

Next, we solve the eigenvalue problem of H(k) under the condition of (i) t2 = 0 and t1 + 2t3 = 0, and (ii)
t1 = −t2 = −t3(6= 0), respectively.
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(i) t2 = 0 and t1 + 2t3 = 0: the eigenvalues of H(k) are −t1(2 + cos(kπ)), −t1(2 + cos(kπ)) and 3t1, in-
dicating that the cosine-type degenerate band along the Γ−M line appears as shown in Fig. 2(c1).

(ii) t1 = −t2 = −t3(6= 0): The eigenvalues of H(k) are −2t1, −2t1 and t1(−4 cos(kπ) + 2), indicating that
the degenerate flat band along the Γ−M line appears as shown in Fig. 2(b).

Appendix E: Detailed derivation of the condition of (t1, t2, t3, t4) for designing degenerate band along Γ−M line

In this section, we show that (i) t1 + 2t3 − 2t4 = 0 and t2 = 0, or (ii) t1 = −t2 and t4 − t3 = t1 holds when the
second highest and the third highest bands are degenerate along the Γ−M line.

1. Necessary condition for degenerate band along Γ−M line

We derive the necessary condition for the second and the third highest bands to be degenerate along the Γ − M
line. The first minimum and the second minimum eigenvalues of HM, −2t1 + 2t2 − 2t3 and 2t3 − 4t4, must coincide.
Hence, t1 − t2 + 2t3 − 2t4 = 0 is required. In the discussion that follows, this equation is assumed to hold. Next, the
first minimum and the second minimum eigenvalues of Hmiddle must coincide, too. We can obtain the eigenvalues of
Hmiddle by solving the cubiq equation for λ:

det





2t4 − λ 2t1 (t1 + t2)(1− i)
2t1 2t4 − λ (t1 + t2)(1− i)

(t1 + t2)(1 + i) (t1 + t2)(1 + i) 2t3 − λ



 = 0 (E1)

This equation can be transformed into

{λ− (2t4 − 2t1)}[λ
2 − 2(t1 + t3 + t4)λ+ {4t3(t1 + t4)− 4(t1 + t2)

2}] = 0. (E2)

Therefore, we can obtain three solutions,

λ1 = 2t4 − 2t1, (E3a)

λ2 = (t1 + t3 + t4)−
√

(t1 + t3 + t4)2 − 4t3(t1 + t4) + 4(t1 + t2)2, (E3b)

λ3 = (t1 + t3 + t4) +
√

(t1 + t3 + t4)2 − 4t3(t1 + t4) + 4(t1 + t2)2. (E3c)

Due to t3 ≦ 0, the value of
√

(t1 + t3 + t4)2 − 4t3(t1 + t4) + 4(t1 + t2)2 is larger than 0. Therefore, λ2 < λ3 holds
and then λ1 = λ2 is necessary. The equation, λ1 = λ2, can be rewritten as:

t4−3t1−t3 = −
√

(t1 + t3 + t4)2 − 4t3(t1 + t4) + 4(t1 + t2)2 → (t4−3t1−t3)
2 = (t1+t3+t4)

2−4t3(t1+t4)+4(t1+t2)
2

(E4)
By substituting t1 − t2 + 2t3 − 2t4 = 0 for this, we can obtain

(t1 + 2t3 − 2t4)(t1 + t3 − t4) = 0. (E5)

This equation indicates that (i) t1 + 2t3 − 2t4 = 0 or (ii) t1 = −t2 and t4 − t3 = t1 is required when the second and
the third highest bands are degenerate along the Γ−M line.
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FIG. 9. Electronic structures of kagome lattice when (t1, t2, t3, t4) satisfies t1 = −t2 and t4 − t3 = t1. The electronic structure
of t4 = 0 is same as Fig. 2(b).

2. Eigen energy under the condition of t1 + 2t3 − 2t4 = 0 and t2 = 0

Let us consider the situation which satisfies t1 + 2t3 − 2t4 = 0 and t2 = 0. Firstly, when t2 = 0, H(k) can be
expressed as

H(k) =





2t3 cos(kπ) + 2t4[1 + cos(kπ)] 2t1 t1(1 + e−ikπ)
2t1 2t3 cos(kπ) + 2t4[1 + cos(kπ)] t1(1 + e−ikπ)

t1(1 + eikπ) t1(1 + eikπ) 2t3 + 4t4 cos(kπ)



 . (E6)

Next, by using (t3, t4) = (α− 1
2 , α)t1 (0 ≤ α), we can obtain

H(k) =





2α+ (4α− 1) cos(kπ) 2 1 + e−ikπ

2 2α+ (4α− 1) cos(kπ) 1 + e−ikπ

1 + eikπ 1 + eikπ (2α− 1) + 4α cos(kπ)



 t1. (E7)

Therefore, the eigenequation of H(k) is {λ− [(2α− 2)+ (4α− 1) cos(kπ)]t1}
2{λ− [(2α+3)+4αcos(kπ)]t1} = 0 where

λ is the eigenvalue, and we find that H(k) has doubly degenerate eigenvalue, λdeg(k) = [(2α−2)+(4α−1) cos(kπ)]t1,
and non-degenerate eigenvalue, λnon−deg(k) = [(2α+ 3) + 4α cos(kπ)]t1.

3. Eigen energy under the condition of t1 = −t2 and t4 − t3 = t1

Let us consider the situation which satisfies t1 = −t2 and t4 − t3 = t1. Firstly, due to t1 = −t2, H(k) can be
expressed as

H(k) =





2t3 cos(kπ) + 2t4[1 + cos(kπ)] 2t1(1− cos(kπ)) 0
2t1(1 − cos(kπ)) 2t3 cos(kπ) + 2t4[1 + cos(kπ)] 0

0 0 2t3 + 4t4 cos(kπ)



 . (E8)

Therefore, we get doubly degenerate eigenvalue, λdeg(k) = {(2α− 2) + 4α cos(kπ)}t1 and non-degenerate eigenvalue,
λnon−deg(k) = {(2α + 2) + (4α − 4) cos(kπ)}t1, where (t3, t4) = (α − 1, α)t1 (0 ≤ α ≤ 1). In Fig. 9, we show the
electronic structures.

Appendix F: Nearly degenerate band in the vicinity of Γ point under the condition of t1 + 2t3 − 2t4 = 0 and
t2 = 0

In this section, we prove the band degeneracy approximately occurs in the vicinity of Γ point (k ≃ 0) under the
condition of t1 + 2t3 − 2t4 = 0 and t2 = 0.
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Firstly, let us define HvicΓ(k) as the hamiltonian obtained by considering up to the second order terms of k in H(k)
(Eq. B1). In particular, when t2 = 0, we can get

HvicΓ(k) =





HvicΓ
1.1 (k) HvicΓ

1.2 (k) HvicΓ
1.3 (k)

HvicΓ
2.1 (k) HvicΓ

2.2 (k) HvicΓ
2.3 (k)

HvicΓ
3.1 (k) HvicΓ

3.2 (k) HvicΓ
3.3 (k)



 (F1)

where

HvicΓ
1.1 (k) = t3[2− ((a1 − a2) · k)

2] + t4[4− (a1 · k)2 − (a2 · k)2], (F2a)

HvicΓ
1.2 (k) = t1

[

2− ia1 · k −
1

2
(a1 · k)2

]

, (F2b)

HvicΓ
1.3 (k) = t1

[

2− ia2 · k −
1

2
(a2 · k)2

]

, (F2c)

HvicΓ
2.1 (k) = t1

[

2 + ia1 · k −
1

2
(a1 · k)2

]

, (F2d)

HvicΓ
2.2 (k) = t3[2− (a2 · k)

2] + t4[4− (a1 · k)
2 − ((a1 − a2) · k)

2], (F2e)

HvicΓ
2.3 (k) = t1

[

2 + i(a1 − a2) · k −
1

2
((a1 − a2) · k)

2
]

, (F2f)

HvicΓ
3.1 (k) = t1

[

2 + ia2 · k −
1

2
(a2 · k)2

]

, (F2g)

HvicΓ
3.2 (k) = t1

[

2− i(a1 − a2) · k −
1

2
((a1 − a2) · k)

2
]

, (F2h)

HvicΓ
3.3 (k) = t3[2− (a1 · k)

2] + t4[4− (a2 · k)
2 − ((a1 − a2) · k)

2]. (F2i)

Next, by using (t3, t4) = (α− 1
2 , α)t1 (0 ≤ α), HvicΓ

1,1 (k), HvicΓ
2,2 (k) and HvicΓ

3,3 (k) can be rewritten as

HvicΓ
1.1 (k) = t1

[

(6α− 1)− α[(a1 · k)2 + (a2 · k)2]−
(

α−
1

2

)

((a1 − a2) · k)
2
]

, (F3a)

HvicΓ
2.2 (k) = t1

[

(6α− 1)− α[(a1 · k)2 + ((a1 − a2) · k)
2]−

(

α−
1

2

)

(a2 · k)2
]

, (F3b)

HvicΓ
3.3 (k) = t1

[

(6α− 1)− α[(a2 · k)2 + ((a1 − a2) · k)
2]−

(

α−
1

2

)

(a1 · k)2
]

. (F3c)

Therefore, we get the eigen equation of HvicΓ(k)/t1 − (6α− 1)I3 (I3 is 3×3 unit matrix) as follows:

λ3 + aλ2 + bλ+ c+ o(k2)(k2 → 0) = 0 (F4)

where

a = (6α− 1)[(a1 · k)2 + (a2 · k)2 − (a1 · k)(a2 · k)], (F5a)

b = 2[(a1 · k)2 + (a2 · k)2 − (a1 · k)(a2 · k)]− 12, (F5b)

c = (24α− 8)[−(a1 · k)
2 − (a2 · k)2 + (a1 · k)(a2 · k)]− 16. (F5c)

When o(k2)(k2 → 0) is ignored, this equation has the doubly degenerate eigenvalue λvicΓdeg (k) = −2− 4α−1
2 ((a1 +a2) ·

k)2+
(

6α− 3
2

)

(a1 ·k)(a2 ·k) and the non degenerate eigenvalue λvicΓnon−deg(k) = 4−2α((a1+a2)·k)
2+6α(a1 ·k)(a2 ·k).

Hence, in the vicinity of Γ point (k ≃ 0), the second highest and the third highest band almost degenerate regardless
of the k direction. In particular, when α = 1

4 (Fig. 2(c3)), the value of λvicΓdeg (k) is −2, indicating that the degenerate
band is flat in the vicinity of Γ point.
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Appendix G: Effect of small perpendicular hopping on electronic structure of kagome lattice

In this section, we discuss how the flat band is modified by small perpendicular hopping. To discuss it, we consider
AA and AB stacking cases of the kagome lattice as shown below.

1. Setup

In this work, a two dimensional kagome layer, where hopping satisfies (t1, t2, t3, t4) = (1, 0,− 1
4 ,

1
4 )t1 (Fig. 2(c3)),

is considered. We study the systems where these layers are stacked infinitely. By introducing small perpendicular
hopping between different layers, quasi two-dimensional kagome lattice can be constructed. Small perpendicular
hopping is only allowed between sublattices, which have same x and y coordinates. This hopping value does not
depend on the combination of sublattices.

2. Results

a. AA stacking kagome layers

Firstly, we discuss the electronic structure of AA stacking kagome layers. Therefore, the perpendicular hopping is
only allowed between the same sublattices. The Bloch hamiltonian of AA stacking layers (3×3 matrix) is the sum of
H(k) (Eq. B1) and the diagonal matrix derived from the perpendicular hopping. Since all the diagonal components of
the latter matrix are same, the electronic structure is same as Fig. 2(c3) in the main text, regardless of the kz value.

b. AB stacking kagome layers

Next, we discuss the electronic structure of AB stacking kagome layers. The crystal structure and the electronic
structure are shown in Fig. 10. In the unit cell, there are two kagome layers and six sublattices (1,2,3,4,5,6) as shown
in Fig. 10(a). It is found that the degenerate flat band along the Γ−M line is maintained at kz = π

c
while it is not

maintained at kz = 0 after stacking.
This origin can be revealed analytically by considering the Bloch hamiltonian. By using H(k) (Eq. B1) and Hper(k)

derived from the perpendicular hopping, the Bloch hamiltonian of AB stacking kagome layers , HAB(k) (6×6 matrix),
can be expressed as

HAB(k) =

(

H(k) Hper(k)
H†

per(k) H(k)

)

. (G1)

It is to be noted that the (i, j) component of HAB(k) (1 ≤ i, j ≤ 6) denotes the electron hopping between the
sublattices i and j shown in Fig. 10(a).
Actually, we can easily prove that Hper(k) = 0. Let us focus on the hopping between sublattices 1 and 4, which is

one of the components ofHper(k). From Fig. 10(a), this hopping is d+deia3·k, where a3 = (0, 0, c) and k = (kx, ky, kz).
Therefore, in the case of kz = π

c
, the hopping between the sublattices 1 and 4 is 0. Similarly, the hopping between

the sublattices 2 and 5 is 0. Therefore, Hper(k) = 0, and the degenerate flat band can be maintained.

Appendix H: Calculation methods for (8, L) graphene

1. Electronic structure

We performed first-principles total-energy calculations using the generalized gradient approximation (GGA) within
the framework of the density functional theory (DFT) [73, 74] to obtain the electronic structure of (8, L) graphene. We
used the energy functional by Perdew, Burke, and Ernzerhof together with the Vanderbilt ultrasoft pseudipotentials
to describe the interactions between the ions and valence electrons [75–77]. The cutoff energies of the plene-wave basis
and the charge density are taken to be 60 Ry and 480 Ry, respectively. The interlayer distance between graphene was
kept to be greater than 10 Å to simulate isolated graphene sheets.
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FIG. 10. (a) Schematic views and electronic structures at (b1) kz = 0 and (b1) kz = π

c
of AB stacking kagome layers. A

kagome layer and B kagome layer are stacked alternately. In (a), ~a1 = (a, 0, 0), ~a2 = ( a
2
,
√

3a

2
, 0) and ~a3 = (0, 0, c) represent

the primitive translation vectors. Three sublattices of A layer (1,2,3) and three sublattices of B layer (4,5,6) are also shown.
Between different layers, small perpendicular hopping (d = t1

10
) is introduced. (c) First Brillouin zone of kagome layers.

2. Maximally localized Wannier function reproducing the first, the second and the third LU bands

We constructed the maximally localized Wannier functions (MLWFs) and the tight binding models which reproduce
the first, the second and the third LU bands of (8, L) graphene obtained by the GGA calculation. As the initial
MLWFs, we set three pz orbitals at the middle of subribbon part as shown in Fig. 11 (a).

3. Optical conductivity

We constructed the MLWFs and the tight binding model which reproduce the first, the second and the third LU
and HO bands of (8, L) graphene obtained by the GGA calculation. As the initial MLWFs, we set six pz orbitals at
the middle of zigzag edge.

Next, we calculate the optical conductivity based on these six MLWFs. The optical conductivity can be obtained
from the Kubo-Greenwood formula:
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σαβ(~ω) =
ie2~

NkΩC

∑

k

∑

n,m

fmk − fnk
ǫmk − ǫnk

〈ψnk|vα|ψmk〉〈ψmk|vβ |ψnk〉

ǫmk − ǫnk − (~ω + iη)
(H1)

It is to be noted that α and β are Cartesian directions, ΩC is the cell volume, Nk is the number of k-points used for
sampling in the Brillouin zone, ǫmk is the band energy, and fnk = f(ǫnk) is the Fermi-Dirac distribution functions.
By using 〈ψnk|v|ψmk〉 = − i

~
(ǫmk − ǫnk)Anm(k)(m 6= n), This optical conductivity can be rewritten as follows:

σαβ(~ω) =
ie2

Nk~ΩC

∑

k

∑

n,m

(fmk − fnk)
ǫmk − ǫnk

ǫmk − ǫnk − (~ω + iη)
Anm,α(k)Amn,β(k). (H2)

Here, Anm(k) represents the connection matrix [78]. Next, we can decompose it into Hermitian part (σH
αβ) and

anti-Hermitian (σAH
αβ ) parts. In this paper, we show the real part of σH

αβ (αβ = xx (yy)). The σH
αβ can be expressed

as:

σH
αβ(~ω) = −

πe2

Nk~ΩC

∑

k

∑

n,m

(fmk − fnk)(ǫmk − ǫnk)Anm,α(k)Amn,β(k)δ̄(ǫmk − ǫnk − ~ω) (H3)

where δ̄(ǫ) is a broadened delta-function. In the calculations, 144× 144× 144 k mesh was applied, the convergence of
which had been tested.

Appendix I: Calculation results of maximally localized Wannier function of (8, 16) graphene

The MLWFs (MLWF1, MLWF2 and MLWF3) in the case of (8, 16) graphene are also shown in Fig. 11 (b).
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