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Conversion between different types of entangled states is an interesting problem in quantum mechanics. But
research on the conversion between Greenberger-Horne-Zeilinger (GHZ) state and Knill-Laflamme-Milburn
(KLM) state in atomic system is absent. In this paper, we propose a scheme to realize the interconversion (one-
step) between GHZ state and KLM state with Rydberg atoms. By utilizing Rydberg-mediated interactions, we
simplify the system. By combining Lie-transform-based pulse design, the evolution path is built up to realize
interconversion of GHZ state and KLM state. The numerical simulation result shows that the present scheme
is robust against decoherence and operational imperfection, the analysis shows that the scheme is feasible with

current experimental technology.

I. INTRODUCING

Quantum entanglement [1, 2] is one of the most fas-
cinating phenomena in quantum mechanics. Entangled
states are useful for exploring non-locality, bolstering quan-
tum mechanics against theories of local hidden variables.
Morerover, entangled states also are key resource for quan-
tum information processing tasks. It is widely used in quan-
tum teleportation [3, 4], quantum key distribution [5, 6],
quantum cryptography [2, 7-9], quantum computing [10-
12] and so on. So far, many theoretical and experimental
schemes have been proposed for preparing and converting
entangled states [13-23]. As we know, each type of entan-
gled state has its own characteristics, therefore, exploring the
conversion between different types of entangled states has
become a fascinating research direction in quantum mechan-
ics.

On the other hand, neutral atoms are regarded as ideal
candidates for quantum information processing due to sta-
bilized atomic hyperfine energy states and extremely large
dipole moments, which are particularly suitable for encod-
ing logic quantum bits [24-26]. When an atom is excited to
the high Rydberg state, the strong dipole-dipole interaction
or van der Waals interaction will significantly shift its sur-
rounding atomic energy levels of Rydberg states, this leads
to the emergent energy level shift term in the Hamiltonian.
Mathematically, it is because of this energy level shift term
that a series of interesting physical phenomena arise, such as
the Rydberg blocking effect [27-29] and the Rydberg anti-
blocking effect [30-32]. In addition, it can be a very in-
teresting tool to simplify the dynamics of systems, as well
as, provides researchers with brand new idea. There are a
lot of excellent studies to realize conversions between differ-
ence entangled state using neutral atoms [13-15, 33, 34]. It
is worth noting that Zheng et al. [13] proposed a protocol
for the one-step interconversion between GHZ state and the
W state with deterministic success probabilities by utilizing
Rydberg-mechanism to structure nonlocal operation. It has
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been demonstrated that the two types of entangled states can-
not be interconverted only by local operations and classical
communication. We consider that since a deterministic in-
terconversion between GHZ and W states can be realized in
one step by utilizing Rydberg-mechanism to structure non-
local operation [13], it might also be possible to realize the
deterministic conversion between other entangled states in
one step.

We focus on another type of Knill-Laflamme-Milburn
(KLM) entangled state [35]. The KLM state was introduced
mainly in the linear optical quantum computing scheme pro-
posed by Knill, Laflamme and Milburn. It can effectively re-
duce the operation error rate and improve the implementation
efficiency of quantum algorithms. Since then, considerable
efforts have been invested in preparing KLM-type quantum
entanglement using various physical platforms [36—42], such
as linear optics, atom-cavity quantum electrodynamics, non-
linear cross-Kerr mediums, and artificial atoms. The n-qubit
KLM state is expressed as

IKLM) =" a,[1)¥|0)"* (1)
k=0

where a, = 1/4/n + 1, is the normalization coefficient for
maximal entanglement.

After extensive literature review, although many schemes
have been proposed for directly preparing GHZ state or KLM
state in atomic system [20, 41-45] and a scheme for con-
verting GHZ state and KLM state in optical systems [23],
we found that research on the conversion between GHZ
state and KLM state in neutral atomic systems is lacking.
In the present work, inspired by the previous schemes, we
propose a scheme to deterministic implement interconver-
sion between GHZ state and KLM state with one-step. The
scheme’s physical model features three neutral atoms with
Rydberg capabilities, positioned in a triangular configura-
tion, the original Hamiltonian is simplified to an effective
four-energy system through a meticulously crafted detunings
and approximation technique. Then, we combine the effec-
tive Hamiltonian and Lie-transform-based pulse design [46]
to realize the interconversion of GHZ state and KLM state.

The paper is organized as follows. In Section II, we in-
troduce the physical model and simplify the system to an ef-
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fective four energy level system. In Section III, we briefly
review the methods for Lie-transform-based pulse design,
subsequently, we combine effective Hamiltonian and Lie-
transform-based pulse design to structure control pulses to
realize the interconversion between GHZ state and KLM
state. Nextly, in Section IV, we give the numerical simu-
lations and analyses for the scheme, and further discuss the
robustness about a number of imperfections. At last, a sum-
mary is given in Section V.

II. PHYSICAL MODEL

We consider three same neutral atoms confined within
three distinct microscopic dipole traps, and arranged in a tri-
angular configuration as show in Fig.1(a), V represents the
van der Waals or dipole—dipole interaction between differ-
ent atoms that are in Rydberg states. The energy levels of the
three neutral atoms with Rydberg states as shown in Fig.1(b),
each atomic level includes a ground states |0) and a Rydberg
state |r). The transition |[0); <> |r); is driven by classi-
cal laser fields with Rabi frequencies {2, whose detunings
are Jx, where k denotes the kth atom in the physical model.
In the interaction picture, the Hamiltonian of the physical
model takes the form(h = 1)

3
H(t) =Y Qe r), (0] + Hee.
k=1

3 k-1

+ VZ Z |77 g (). (2)

k=2k'=1

(a) (b)
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FIG. 1: (a)Schematic illustration of system. Three identical
neutral atoms confined within three separate microscopic
dipole traps, arranged in a triangular configuration. (b)The
energy levels configuration for the single atom.

To improve understanding and facilitate discussion of the
physical model, we rewrite the Hamiltonian in triatomic ba-

sis vectors
H =Qe~ %200 (000] 4 Qae~2t0r0) (000

+ Q31070 (000 + Qe |rr0) (r00|
+ Qe |10r) (00| 4+ Q1”1 |r10) (0r0)
+ Qe8| 0r7) (r00] 4 Qe r0r) (007
+ Qae P21 0rr) (007] + Qze™ 2 frrr) (70|
+ Qoe =02 rrr) (17| + Que” 1 rrr) (Orr| 4 Hec.
+ V|rr0)(rr0| + V|r0r) (rOr| + V|0rr)(Orr|
+ 3V |rrr) (rrrl. 3)

From Eq.(3), we can easily observe the energy level shifts
caused by Rydberg states, this energy level shift is

Hy =V \|rr0)(rr0| + V|rOr)(rOr| + V|0rr) (Orr|
+ 3V |rrr) (rrrl. (4)

Next, we define a rotating frame with a unitary operator R =
exp (—iHyt), and move into the new picture through

H =R'HR — iRTR. 5)
So, the Hamiltonian (3) in new picture becomes
H' = Qe 11700)(000] + Qe 2¢|07:0) (000
+ Q3e72[070)(000] + Qe 2=Vt |rr0) (100
+ Q3 VI p0r) (00| 4+ Qe O V) rr0) (010
+ Qe VI 01 (r00| 4 Q17 O~V r0r) (007
+ Qe 2=V 0r1) (007 | 4 Q3e™ 0372V 1) (O
+ Qe 02720 ) (1O | + Qq e 12V ) (0|
+H.c.. (6)

If we encode the logical ‘0’ with ground state |0) and use
the Rydberg state |r) to encode logical ‘1, the three-particle
KLM state and GHZ state has the following form

[KLM) =5 (1000) + [£00) + [rr0) + [rrr)), ()

and
1
V2

We considered that if constructing an evolutionary space
within {]000), |00), |rr0), |rrr)} from Eq.(6), it may ac-
complish the preparation of GHZ state and KLM state, as
well as enable their interconversion. Based on this consider-
ation, we set the detuning of the Rabi frequencies are §; = 0,
0o =V, §3 = 2V, respectively, then the Hamiltonian (6) be-
comes
H' =Q1[r00)(000| + Q2e~V*|070) (000

+ Q3¢ 2V0r0)(000] + Q2 |r70) (r00|

+ Qe VHror) (roo| 4+ Qe |rr0) (0r0|

+ Q3e= V| 0rr) (r00] + Q€™ r0r) (00r|

+ Q2]0r7) (00| + Qg|rrr) (rro|

+ Qo™ rrr) (rOr| 4 Q1Y rrr) (0rr| + H.c(9)

|GHZ) =——(|000) + |rrr)). (8)



Through neglecting highly frequent oscillations under the
condition V' > Max{y,Qs, Q3}, the effective Hamilto-
nian is simplified as

H. ;5 =04[r00)(000] + Qa[rr0) (00| + Q5(0r7) (007
+ Qs|rrr)(rr0| + H.c..
(10)

From Eq.(10), we can find that if the initial state belongs
to the evolutionary subspace {|000), |r00), |rr0), |rrr)},
the evolution of the system will remain within this evolu-
tionary subspace. That is to say, in this case, the term
2]0r7r)(00r| and its Hermitian conjugate are decoupled in
effective Hamiltonian(10), so the effective Hamiltonian be-
comes

Hepp =Q4|r00)(000] 4+ Q2|rr0)(r00| + Qg|rrr)(rro|

+ H.c..
(11)

III. CONTROL FIELD DESIGN THROUGH INVERSE
HAMILTONIAN ENGINEERING BASED ON LIE
TRANSFORMS

A. Lie-transforms-based pulse design

First of all, we briefly describe the Lie-transforms-based
pulse design [46], for a quantum system with time-dependent
interaction, assuming the Hamiltonian is expressed as fol-
lows

H(t) =D N4, (12)

where the parameters \;(¢) are time-dependent. Addition-
ally, {A,;} is a set of Hermitian generators spanning a Lie
algebra and {A;} as the basis of an N-dimensional Hilbert
space A. A set of Lie transforms {7} is defined and each
function .Z; acting on any vector A € A s

Z5(A) = DA =0 (DA; (13)
where parameter 6; is time-dependent and designed. Since
the rotation ¢*% (V)45 can transform the Hamiltonian from a

picture to another picture, it define a picture transform &7;
acting on H(t) as

Pi(H) =i DA (1)e Wi (DA
. d ,
_ et (M)A; 2 —if5(1)A;
e ()
=Z;(H) = 0;(1)4;, (14)

hence, when considering the compound picture transform
Py o -0 Py o F21 on Hamiltonian H, it can obtain the

equation

Pno-oPro P (H)=%LNno- 0 L0 L(H)
— 018N 00 Ly 0 Lo(Ar)
— 0y LN o0 Lo Ly(Ar)
— On_2(t) LN 0 LNn_1(AN_2)
iy () Ln(Ax )
—On(t)AnN. (15)

It can be observed that Eq.(15), there are N parame-
ters {61, 02, - - -0, }, corresponding to N control parameters
{A1, A2, - A}, it opens up the possibility for designing
control parameters.

On the other hand, quantum state evolving from the ini-
tial state (o) is controlled by the evolution operator U and
satisfy the Schrédinger equation

U (t0) = HUG k). (16)
Since arbitrariness of ¥ (¢(), we can obtain
iU = HU. 17)
It is equivalent to
0=U"HU —iUU, (18)

comparison of Eq.(15) and Eq.(18), when considering & o

-0 Py 0 P (H) = 0, we can find the relationship be-
tween the evolution operator U and the compound picture
view transformation. Thus, if the initial time is ¢, the evolu-
tion operator of the system is

U(t) :ef’iel(t)Alef’L‘QQ(t)Az . e*’L‘QN(t)AN

x eieN(to)ANeiGN,l(to)AN,l . eiel(to)A1' (19)

It can derive follow equation from Eq.(18)

Ino-oLyo L(H) =0.(t) Ly o0 Lo La(Ar)
+92(t)$No---of4of3
+On—2(t) LN 0 Ln-1(An—2)
+ 0N -1 (1) LN(AN_1)

+ éN (t)AN.
(20)

In generally, by designing the parameter 61, 5 - - - 0y within
the evolution operator, we can control the evolution of the
system’s state to achieve the desired state, and the choice
of parameter 61, 0 - - - 6y also allows to inversion determine
the control parameter A1, Aa, - - - Ay,.
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B. Interconversion of GHZ state and KLM state where 1 = iQ], Qy = —iQ, Q3 = iQ%. From Eq. (20),
we can derive

Hepr = 91 (t)Al + 6‘2 (t)fflAg + 6.‘3(15)31713271143

In this section, we combine effective Hamiltonian Eq. +04(t) 21 L2 2 gz 3 Ay
(11) and Lie.-transforn'l-based pulse design tg create control + 95(t) Zfl 3271 .2371 3471 As
pulses. We aim to obtain evolution operators in real form and . o er T er1 s
consider them in conjunction with the effective Hamiltonian, +06(t) Ly Ly Ly Ly Ly As,

thus we choose follow generator (23)

then, the forms of parameters in control fields can be ob-
tained

QF =6, + 05 cos 04 sin B + O cos O sin b4,

9 =03 cos 01 cos 05 + O, sin 07 sin O,
G, — 95 cos 05 cos 03 cos 04 sin 04

( )Gl

( )(Cal :

(C3] — i|¢3) (Gl — 05 cos 01 sin 05 sin 03 sin 0,4
(1] — 7€) (Cals =+ 0g cos 01 cos O3 cos 04 sin b
( (Gl + B¢ cos 0 sin 0; sin 05 sin 04,
( )(Cal

Gal, @b Qf =0y — 65 cos 0 sin 0, — B cos 0, sin O3, (24)
and constrain conditions

6‘4 = 6‘3 tan 6‘1 tan 6‘2,

B 205 (sin O3 sin B4 tan O — cos O3 cos O tan b))

with [¢1) = [000), [¢2) = [r00), [¢3) = |r70), [Ca) = |rrr). Os cos 203 + cos 20, ’
Obviously, effective Hamiltonian is

B 204 (cos 03 cos B4 tan O — sin O3 sin O, tan b))

0 :
6 cos 2603 + cos 204
(25)
Further, from Eq.(19), when we set 6i(tg) = 0 (k =
, , , 1,2--+,6) in initial time ¢, the real evolution operator of
Hepp = A1 + Q5A3 + Q34,, (22) effective Hamiltonian (11) can be written

cos 61 cos 04 cos 05 — sin 07 sin 03 sin 05 — cos 03 cos Og sin 01 — cos 07 sin 04 sin Og

cos 04 cos 05 sin 07 + cos 01 sinf3 sinf5  cos 01 cos O3 cos Og — sin 64 sin 6,4 sin g
Uers(t) = c0s 03 cos O3 sin 05 — cos O5 sinf; sin @y, — cos 02 cos Og sin 03 — cos 04 sin 05 sin g

cos 05 cos 05 sin 04 + cos 03 sin 0 sin 05 cos 05 cos 04 sin B — cos B¢ sin O sin 65

— cosfy cosfysinfs — cos s sinfy sinfls  cos O3 sin @y sin fg — cos 01 cos Og sin 04
cos 01 cos 05 sin 3 — cos @, sin by sinfls  — cos O sin 01 sin 0, — cos 0 cos O3 sin g
cos B5 cos 03 cos s + sinfy sin O, sin s cos 05 sin 03 sin g — cos 04 cos Og sin O,

— cos 05 sin 4 sin 05 + cos 03 cos 05 sin s cos 05 cos 04 cos O + sin O sin O3 sin Og

(26)

For simplicity, assume that the system initially starts in state the system at any given point in time
|¢1). By controlling the system with the evolution operator

Ucyy of effective Hamiltonian, we can determine the state of ) ) )
cos 61 cos 04 cos 05 — sin 01 sin 03 sin 05

cos 01 sin 63 sin f5 + sin 01 cos 04 cos b5

c0os 03 cos O3 sin 05 — sin 05 sin 04 cos 05

sin 05 cos 65 sin 05 + cos 05 sin 04 cos 05
(27)

UesslG) =



Clearly, from Eq.(27), by determining the boundary condi-
tions for 65 (k = 1,2---,6), we can achieve the intercon-
version between GHZ state and KLM state. We have as-
sumed that the initial state at time ¢ = % is |(1) = |000).
Let’s further assume that at time ¢ = ty,, the system evolves
into the GHZ state, and at ¢t = ¢y, it evolves into the KLM
state. Specifically speaking, when the boundary conditions
satisfy

>

01 (tth) =
04 (tth)

2(tghz) = 95(tghz) = 07
; (28)

N

the system will evolve to the |GH Z) state. When the condi-
tion is set to

01 (thim) = —

iy Vi
O3 (thim) = R 05 (trim) = 57 (29)

the system will evolve to the |KLM) state, where
GHZ) = (IG)+10)/VZ = (j000) + [rrr)) /V2,
and [KLM) =  (1G)+1C) +1G) +16a) /2 =
(1000) + |r00) + |rr0) + |rrr)) /2.

Our focus is on the evolution time between ¢4, and ¢z,
When we consider GHZ state to KLLM state, we can conve-
niently set ¢y, = 0 and tz;,, = T". Through Eq.(28) and
(29), we can find that 04, 05, and 05 are boundary conditions
fixed at both ends, and 3 and 6, are boundary conditions
fixed on one side. The boundary conditions for g are free at
both ends. Eq.(25) represent the relationship between these
parameters. Taking into account the above considerations
and no singularities in equation, design parameters can be
choose

U >
01(t) =~ 15 <1—cos?) ,

it 2 7t
02(t) = (sin ﬁ) (1 — cos T) ;

2
05(t) =£ 1 Csin (WT_T)> , (30)

where C is a coefficient to be determined. By numerically
calculating Eq.(25), we obtain C = 2.4084 with boundary
conditions 5(0) = 0 and 05(T") = Z. To derive an expres-
sion for €7, 95, 0%, we add 65(0) = 0. Through numerical
computation, we can then determine €2, 25, Qf, which ex-
hibits the form shape in Fig.2(a). Similarly, when we con-
sider KLM state to GHZ state, we only need to let tx;,,, = 0,

tgn. = T. We can easily setting

bi(t) = - 1o (1 —cosw)za
O R P )

2
93(1%):%4-(38111 (%t) . 31)

And the shape of the control pulse obtained is shown in
Fig.2(b).

To demonstrate the effectiveness of our pulse design, we
simulate effective Hamiltonian (11) and plot the fidelity of
the interconversion GHZ state to KLM state as shown in
Fig.2(c) and 2(d), respectively. We can find, this parameter
choice has a high fidelity for the effective Hamiltonian.

IV. NUMERICAL SIMULATION AND ANALYSES

In this section, we proceed with numerical simulations and
analyses. By employing parameters that can be realized ex-
perimentally, this study further explores the impact of var-
ious decoherence mechanisms on the stability of quantum
state evolution. This step aims to verify the effectiveness
and robustness of our scheme under realistic experimental
conditions.

It is well known that if a unitary transformation is per-
formed from an old picture to a new picture, the quantum
state will undergo a phase change. The implementation
of the conversion between GHZ state and KLM state takes
place under the new picture as defined by Eq. (5). If dis-
cussed in the old picture, a state would experience a phase
transformation. Specifically, if a state can be described as
|1} in the new picture, when transformed back to the orig-
inal picture, it will becomes to R|¢)). Although there is
a change in phase, once we determine the value of VT,
we can derive the specific phase of the final state. What
we are concerned with is the probability amplitude of the
state. Based on this consideration, we define the fidelity at
the time ¢ in the original picture as F' = [(¢)|RTp(t)R|¥)],
where p(t) is the density operator in original picture. So,
we define the fidelity of obtaining the KLLM state from the
GHZ state as Iy = [(KLM|Rp(t)R|KLM)|. Similarly,
the fidelity of the GHZ state is obtained from the KLM
state is Fy = [(GHZ|Rp(t)R|GHZ)|. We performed
numerical simulations with the Hamiltonian(2), the fideli-
ties F and F, are shown in Fig.3, where we have cho-
sen the parameter V' = 1007 /7T, which clearly satisfies the
V > Max{|Q], |Qs]|, |Q3]} ~ 11.4/T. Numerical simula-
tion results show that the fidelities are more than 99.7% at
the moment of 7'.

Considering the effects of thermal noise, dephasing, and
spontaneous emission on the present scheme, we conducted
numerical simulations on the fidelities of interconversions
between GHZ state and KLLM state using the master equa-
tion [47]

p' = — Z[H(t), p] + Ddeph(p) + Dtherm(p)a
3

1
Daeph =) [LkPLL ~3 (LLLW + PLLLIC)] :
k=1
. 1
k=4

1
+n {LLka -3 (LkLLp + kaLL)} } , (32)
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FIG. 2: (a) Rabi frequencies Q, 5, Q5 (versus ¢/T") for conversion of GHZ to KLM state. (b) Rabi frequencies ), 25,
Qf(versus ¢/T) for conversion of KLM to GHZ state. (c) The fidelity of GHZ to KLM state (versus ¢/7") by simulating the
Hamiltonian(11). (d) The fidelity of KLM to GHZ state (versus t/T") by simulating the Hamiltonian(11).

where 7 is the average number of thermal phonons which
is set in a scope as 0 ~ 1, when considering the Bose-
Einstein distribution, this average phonon number is calcu-

lated by 1/ (e% — 1), which is related to the temperature
of the environment 7~ and the frequency w of thermal noise.
Li(k=1,2,3,4,5,6) are the Lindblad operators, which are

Ly =y ()1 (r[ = 0)1(01) ,
L2 =v72 (Ir)2(r = 10)2(0]) ,
Ly =73 (Ir)s(r| —10)3(0]) ,

L4—\/_|0>1
=/T2[0)2(r
=/T5(0)3(r (33)

T'), is atomic spontaneous emission rate from |r) to |0), Vi
being the dephasing rate of the kth atom. For simplicity, here
weset[{1 =Ty =T3=1,v1 =7 =79 =7.1In Flg4,
we illustrate the effects of atomic spontaneous emission I'
and dephasing rates + on fidelity (note, I", v unite of 1/7"),
where we have set the average number of thermal phonons

n = 0. Through Fig.4, we can see that this scheme demon-
strates robustness against atomic spontaneous emission and
dephasing rate.

Next, we plotted the fidelity as it varies with atomic spon-
taneous emission and the average number of thermal photons
as shown in Fig.5, even when n = 1 and I' = 0.02 (unites of
1/T), the fidelity remains above 91.5%. Therefore, we can
prove that the scheme is robust against spontaneous emission
and the thermal noise. Here, we consider the total evolution-
ary time 7' = 20us, which is still much less than the reported
coherence time of Rydberg atom. By considering a group
of parameters that are feasible for experiments, I' = 1kHz,
~ = 1kHz (i.e. 0.02 unites of 1/T") and experimental tem-
perature is 20K [48], assuming the frequency of thermal
noise as w = 27w X 1MHz (i.e. n ~ 0.1 ). It can obtain
Fy = 91.16% and Fy = 91.17%. This indicates the scheme
demonstrate robustness against decoherence.

In order to further explore the robustness of the protocol
under realistic experimental conditions, we will next intro-
duce a factor that is closer to the actual situation, i.e. Gaus-
sian white noise. This noise model will be applied to the
control field to simulate the unavoidable environmental dis-
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turbances and systematic errors in the experiment. By in-
troducing Gaussian white noise into our control scheme, we
evaluate the effect of noise on system evolution and final
state fidelities. Then additive white Gaussian noise(AWGN)
leads to the noisy control field as

01 = Qp + Awgn (U, k), (34)

where Awgn (Qy, k) denotes a function-generating AWGN
with signal-to-noise ratio (SNR) « for §2;,. We performed ten
separate simulations for each different SNR, the results are
shown in the Fig.6. We can see that even with SNR x = 10,
the fidelities is still above 97%.

As discussed earlier, our scheme requires the selection of
a suitable detuning 0. In the following, we discuss the effect
of a slight mismatch in the value of J; on the final fidelity,

O = (1 +n)dk, (35)

where 7 is the coefficient of the mismatch on detuning. By
substituting the ¢}, for dy, the numerical simulation results
are shown in Fig.7. We can find that the scheme has a rela-
tively high requirement for Rabi frequency detuning, and the

fidelity have 0.81 when the deviation is 0.03%. Considering
that the value of V is very large, the existing experimental
techniques are very fine [49-51], which can achieve a high
degree of stable control of the laser frequency, and can main-
tain a low frequency drift even when it is far away from the
atomic resonance line, for example, the drift of the detun-
ing locked away from the atomic resonance line is less than
1 Mhz/h. Therefore, this scheme exhibits a certain level of
robustness to detuning mismatches in experimental settings.

V.  SUMMARY

In summary, we have proposed a scheme to realize the
interconversion of GHZ and KLM state of atomic system.
We simplify the dynamics by utilizing the energy level shift
terms of the Rydberg atomic system, the effective Hamil-
tonian for the physical model can ultimately be simplified
to a four-level Hamiltonian with basis {|000), |00), |rr0),
[rrr)}. In this evolutionary space, we implement the inter-
conversion of GHZ and KLM state by Lie-transform-based
pulse design. We performed numerical simulations to evalu-
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FIG. 5: The fidelity(a)F1,(b) F» versus the spontaneous emission I' and and the average number of thermal phonons 7.
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ate the influence of various decoherence factors, such as ther-

mal noise, dephasing and spontaneous emission, the numeri-
cal simulation results show that the scheme is robust against
various decoherence. In addition, we analyze the effect of
Gaussian noise and mismatch of detuning on the results. In
a nutshell, this scheme features deterministic and reversible
state conversions, and has high fidelities in both directions.
We believe this paper will offer fresh insights and poten-
tially introduce new ideas, contributing to the advancement
of quantum information exploration.
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Appendix

In this section, we are going to explain in detail why fidelity is defined with the addition of /R. We start with unitary
transformations. A unitary transformation is a transformation that preserves the inner product. For Schrédinger equation(h =

iy

;o1
=H Al
5 = HlI) (A1)
There exists a unitary operator R acting on |+)) such that
RI|w) =1v') (A2)
It is equivalent to
W) = RIY') (A.3)
|1} also follow the Schrodinger equation, assume it has follow form in new picture
W)
A4
o =) (A4)
Substituting Eq.(A.3) into Eq.(A.1), can be obtain
O(R[Y)) /
el Sl RV & o
IS (RI%))
OR oIy’ /
i |0 +IRZ S = HRW) (A.5)
left multiply R,
OR 8
Rt Ry + 290 - mtry)
i% = (RTHR —iRY an) |4 (A.6)

Comparison of the above results Eq.(A.6) and Eq.(A.4), we can obtain the relationship between the Hamiltonian H’ in the
new picture after performing the unitary transformation R and the Hamiltonian / in the original picture

H =R'HR — z’RTa—R

(A7)
This is the origin of Eq.(5) in the main text.

If a unitary transformation R is performed from an old picture to a new picture, density operator also undergoes a unitary
transformation

() =1 ) ()] = RO} w(B)R = Ript)R (A.8)

where ’ denotes representation in new picture. Since state |) is represented in the new picture. In the new picture according
to the general definition of fidelity (p|p’(t)|¢), but if I want to use the density operator p(¢) in the old picture, the fidelity
is (0| RTp(t)R|p). Or it can be understood as us performing the inverse transformation from the new picture |¢) to the old
picture R|¢). This is why we define fidelity in this way.

Interestingly, many articles assume the above knowledge is commonly accepted, but they do not specify it explicitly. They
do not differentiate between the new picture and the old picture, for example: Ref [13, 41], They define fidelity as {¢|p|®),
but their numerical simulations yield (|’ (t)|¢) = (¢|RTp(t)R|¢). The sketchs I drew based on their articles is as follows If
fidelity is defined as described in their articles, it would correspond to curve N. Their articles curve is R because they implicitly
assume a rotation has been performed. The reason I am writing so much to emphasize that my definition here is correct and
not a mistake; it is reasonable.
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