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Estimating properties of quantum states, such as fidelities, molecular energies, and correlation
functions, is a fundamental task in quantum information science. Due to the limitation of practical
quantum devices, including limited circuit depth and connectivity, estimating even linear prop-
erties encounters high sample complexity. To address this inefficiency, we propose a framework
that optimizes sample complexity for estimating the expectation value of any observable using a
shallow parameterized quantum circuit. Within this framework, we introduce two decomposition
algorithms, a tensor network approach and a greedy projection approach that decompose the target
observable into a linear combination of multiple observables, each of which can be diagonalized
with the shallow circuit. Using this decomposition, we then apply an importance sampling algo-
rithm to estimate the expectation value of the target observable. We numerically demonstrate the
performance of our algorithm by estimating the expectation values of some specific Hamiltonians
and inner product of a Slater determinant with a pure state, highlighting advantages compared to
some conventional methods. Additionally, we derive the fundamental lower bound for the sample
complexity required to estimate a target observable using a given shallow quantum circuit, thereby
enhancing our understanding of the capabilities of shallow circuits in quantum learning tasks.
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I. INTRODUCTION

Learning the properties of an unknown quantum state is crucial across various fields, such as many-body physics,
quantum chemistry, and quantum information science [1–6]. Among these properties, the linear properties Tr (ρH),
where H represents an observable, are of special importance since quantum mechanics is inherently linear. Therefore,
various protocols have been developed to facilitate the estimation of linear properties, ranging from conventional
tomography-based protocols [7–9] and Pauli decomposition methods [10–20] to quantum memory-assisted proto-
cols [21, 22]. Moreover, understanding the fundamental challenges in estimating linear properties can deepen our
comprehension of quantum learning problems [22–25].

Among all the estimation protocols, randomized measurement [26] has gradually become a prevailing toolbox due to
its experimental accessibility [27–31] and efficiency in estimating certain state properties [32–39]. Notably, Huang et al.
introduced the classical shadow (CS) protocol [40], which aims to provide a classical description of an unknown state
ρ and use it to calculate arbitrary state properties. Conducted in a “measure first, ask questions later” manner [26],
the CS protocol does not require the information of observables during the quantum experiment and can efficiently
estimate a large number of independent observables simultaneously.

Depending on the choice of unitary ensemble, the original classical shadow (CS) protocol can be categorized into
two types: local CS and global CS, which sample unitaries from the product of single-qubit Clifford groups and the
global n-qubit Clifford group, respectively. The local CS protocol is efficient for estimating k-local observables, where
k scales logarithmically with the number of qubits n. For general k-local observables, the sample complexity is O(4k),
and for k-fold tensor products of single-qubit observables, it improves to O(3k). In contrast, the global CS protocol
achieves O(1) sample complexity even for certain nonlocal observables, but requires implementing quantum circuits
of logarithmic depth [41], which is still challenging for near-term devices. To make the CS protocol more suitable
for noisy intermediate-scale quantum devices, a random shallow circuit-based CS protocol was developed [30, 41–44].
With a relatively low circuit depth, the shallow CS protocol outperforms the local CS protocols for certain nonlocal
observables [41, 43, 45]. However, all these CS protocols are designed to be measurement-agnostic; they do not exploit
prior knowledge about the target observables. As a result, they become suboptimal in scenarios where only a small
number of observables need to be estimated. This limitation motivates approaches that incorporate knowledge of the
observables to improve efficiency.

In addition to the CS protocol, several methodologies have been developed to improve the efficiency of estimating
the expectation values of specific observables with respect to certain quantum states [10–20]. Given the Pauli
decomposition H =

∑m
i=1 αiQi, these methods aim to efficiently estimate the expectation values for all {Qi}mi=1.

This is achieved by performing Clifford circuits sampled from a specific set S with certain probabilities, followed by
measurement in the computational basis and classical post-processing. The gate set S and these probabilities are
carefully designed and vary depending on the specific algorithms. While these methods improve performance compared
to the original CS protocol by utilizing information about target observables, they do not consider the practical
constraints of quantum circuits. Firstly, implementing some target Clifford gates may require deep circuits [10, 20].
Additionally, since the observable decomposition is restricted to Pauli observables, these methods may still require
high sample complexity even with deep circuits.

In this work, we propose a framework for estimating linear properties that unifies the logic of the methodologies
mentioned earlier. Specifically, given an unknown quantum state and a variational circuit whose structure is deter-
mined by experimental settings, our framework aims to use the information of the target observable to optimize the
usage of the parameterized circuit and achieve low sample complexity. Our approach is inspired by the observation
that, given an observable H, if we can perform any unitary operation on the quantum state ρ, O(∥H∥22 ϵ−2) copies of
ρ are sufficient to approximate Tr (ρH) with the additive error of ϵ and high success probability, where ∥ · ∥2 denotes
the spectral norm. This requirement arises from the eigen-decomposition of H, given by H = U†ΛU . Thus, we can
rotate the quantum state using the unitary U and measure it in the computational basis to estimate Tr (ρH). In
practical scenarios, where we are limited to L-depth parameterized unitaries UL(θ) which are tomography-complete,

we can decompose the target observable as H ≈
∑K
k=1 UL(θ

(k))†ΛkUL(θ
(k)), with Λk being real diagonal matrices.

Each term in the summation is an observable that can be diagonalized with the parameterized circuit to efficiently
estimate Tr

(
ΛkUL(θ

(k))ρUL(θ
(k))†

)
.

Based on these observations, our framework can be divided into classical and quantum phases, as illustrated in
Fig. 1. In the classical phase, we use a greedy projection or tensor network optimization algorithm to decompose the
target observable. In the quantum phase, we design an efficient method to estimate the expectation value of the target
observable based on the given decomposition. Many existing Pauli decomposition protocols, such as qubit-commuting
measurement approaches [12, 14, 17] and commuting measurement approaches [10, 20], fall within the scope of our

framework. The required number of copies of ρ is O
(

∥Λ∥2
1 log(1/δ)
ϵ2

)
with additive error ϵ and success probability 1− δ,

where Λ is a K-dimensional vector with the k-th entry being Λ(k) = ∥Λk∥2, and ∥Λ∥1 denotes the sum of the absolute
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FIG. 1: Overview of the expectation value estimation with parameterized circuit. We utilize a classical algorithm (greedy

projection or tensor network method) to generate a decomposition of H ≈
∑K

k=1 UL(θ
(k))†ΛkUL(θ

(k)), followed by iteratively

repeating T rounds: sampling k with probability pk ∝ ∥Λk∥2, performing UL(θ
(k)) on the prepared quantum state ρ, as

illustrated by the L-depth circuit consisting of two-qubit parametrized gates. Afterward, we measure in the computational
basis to obtain a result b, which is then used to compute the estimator v by applying the Median-of-Means method. Here,

Λk(b) denotes the b-th diagonal entry of the diagonal matrix Λk and b ranges from 0 to 2n − 1.

values of all the entries in Λ.
To verify the convergence of our observable decomposition algorithm, we numerically evaluate the distance between

the approximate observable
∑K
k=1 UL(θ

(k))†ΛkUL(θ
(k)) and the target observable across various circuit depths L and

the number of decomposition terms K. The numerical results indicate that for a fixed number of decomposition terms,
this distance decreases as the depth of the ansatz circuits increases, which aligns with our intuition. Moreover, the
Frobenius distance decays exponentially as the number of decomposition terms increases when fixing the circuit depth.
We further demonstrate the practical efficiency of our algorithms by applying them to estimate the ground energy
of a sparse Hamiltonian and the inner product of two pure quantum states, comparing the results with conventional
methods.

In addition to providing a practical measurement framework, we also aim to address the fundamental question:
What is the limitation of a shallow quantum circuit in estimating an observable? For a given variational quantum
circuit UL(θ), we establish a lower bound on the number of copies of the quantum state required to accurately estimate

Tr (ρH). This bound is given by Ω

(
Tr(H2

0)
2

ϵ2δ(H0)4n

)
, where H0 represents the traceless part of H, and δ(H0) is the square

of the maximum expectation value of H0 with respect to the quantum states prepared by applying UL(θ)
† to a product

state. We also analyze the tightness of this lower bound in specific cases.

II. EXPECTATION VALUE ESTIMATION FRAMEWORK

Our framework can be roughly divided into two phases. The classical phase relies on a specific decomposition
algorithm to decompose the target observable into several terms. In the quantum phase, we estimate the expectation
value based on the decomposition of the target observable and some probability distribution. We summarize the
framework using Algorithm 1, in which ∥·∥2 denotes the spectral norm, ∥A∥2 = maxj σj with σj being the singular

value of matrix A, ∥A∥F =
√
Tr (AA†) denotes the Frobenius norm of matrix A, Λ represents a K-dimensional vector

with the k-th entry being Λ(k) = ∥Λk∥2, and ∥Λ∥1 denotes the sum of the absolute values of all the entries in Λ. The
b-th diagonal entry of Λk is denoted by Λk(b), where b ∈ {0, 1}n is interpreted as an integer index in the computational
basis.

Proposition 1. Let Ĥ =
∑K
k=1 UL

(
θ(k)

)†
ΛkUL

(
θ(k)

)
be an ϵ1 approximation of H in spectral norm. Then T =

O
(

∥Λ∥2
1 log(1/δ)

ϵ22

)
copies of ρ are required to estimate Tr (ρH) to additive error ϵ = ϵ1 + ϵ2 with success probability of

at least 1− δ. Here, Λ is a K-dimensional vector with the k-th entry being ∥Λk∥2.

Proof. Suppose there exists a set {θ(k),Λk}Kk=1 such that
∥∥∥H − Ĥ

∥∥∥
2
≤ ϵ1 with Ĥ =

∑K
k=1 UL(θ

(k))†ΛkUL(θ
(k)), then∣∣∣Tr(ρĤ)− Tr (ρH)

∣∣∣ ≤ ∥∥∥Ĥ −H
∥∥∥
2
≤ ϵ1, (1)

where the first inequality holds since Tr (ρA) ≤ ∥A∥2 for any matrix A.
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Algorithm 1: Framework for Estimating Linear Properties of Quantum States.

input : Quantum state ρ, observable H, error ϵ1, the number of samplings T .
output: Estimator v of Tr (ρH) with error ϵ = ϵ1 + ϵ2 and success probability 1− δ.

1 Generate unitaries {Uk}Kk=1 and real diagonal matrices {Λk}Kk=1, where the b-th diagonal entry of Λk is denoted by

Λk(b), such that
∥∥∥H −∑K

k=1 U
†
kΛkUk

∥∥∥
2
≤ ϵ1;

2 Set probabilities pk ∝ ∥Λk∥2;
3 for t← 1 to T do
4 Sample an index k with probability pk;
5 Perform Uk to the prepared state ρ, then measure in computational basis to obtain the n-bit measurement result

bt;

6 Let the estimator vt =
Λk(bt)

pk
;

7 end
8 return v := MedianOfMeans(v1, · · · , vt)

It remains to show that the estimation v generated by Algorithm 1 in combination with Algorithm 2 and important

sampling is an unbiased estimation of Tr
(
ρĤ
)
and satisfies

Pr
[∣∣∣v − Tr

(
ρĤ
)∣∣∣ ≤ ϵ2

]
≥ 1− δ (2)

where δ represents the failure probability. Combining inequalities (1) and (2), we obtain

|v − Tr (ρH)| ≤
∣∣∣v − Tr

(
ρĤ
)∣∣∣+ ∣∣∣Tr(ρĤ)− Tr (ρH)

∣∣∣ ≤ ϵ1 + ϵ2, (3)

with a success probability of 1− δ. Let vt = Λk(bt)
pk

be an estimation generated from a single sample, as shown in Step

(6) of Algorithm 1. The expectation of vt can then be expressed as

E [vt] =

K∑
k=1

1

pk
pkE[Λk(bt)] (4)

=

K∑
k=1

Pr[b]Λk(b) (5)

=

K∑
k=1

Tr
(
UL(θ

(k))ρUL(θ
(k))†Λk

)
(6)

= Tr
(
ρĤ
)
. (7)

Then E [v] = E [vt] = Tr
(
ρĤ
)
. Next, we will bound the variance of vt by noting that

Var(vt) ≤ E
[
v2t
]

(8)

=

K∑
k=1

pk
p2k

Tr
(
ρUL(θ

(k))†Λ2
kUL(θ

(k))
)

(9)

≤
K∑
k=1

1

pk
∥Λk∥22 (10)

=

K∑
k=1

∑K
j=1 ∥Λj∥2
∥Λk∥2

∥Λk∥22 (11)

= ∥Λ∥21 (12)

where Λ is a K-dimensional vector with the k-th entry being Λ(k) = ∥Λk∥2, and Λk(b) denotes the b-th diagonal

entry of the diagonal matrix Λk. According to the median-of-means method in Ref. [46], with T = O
(

∥Λ∥2
1 log(1/δ)

ϵ22

)
samplings, the estimation error for v can be bounded to ϵ1 + ϵ2 in total with a success probability 1− δ.
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The central process of the classical stage is generating the decomposition {Uk,Λk}k of the target observable.
In fact, many Pauli decomposition-based quantum measurement protocols offer methodologies for generating such
decompositions. Below, we will illustrate two of these methods: one based on qubit-commuting Pauli decomposition
and the other on commuting Pauli decomposition.

(1) Qubit-commuting decomposition. We call Pauli operators P and Q qubit-commuting if, for any l-th
qubit, [Pl, Ql] = 0. Since the 4n Pauli operators form a basis for the space of 2n × 2n Hermitian matrices,
any observable H can be expressed as H =

∑m
i=1 αiQi, where {αi}i are real coefficients and {Qi}i are Pauli

operators. Since qubit-commuting Pauli observables can be estimated simultaneously, we can group the Pauli
operators Q1, . . . , Qm into K qubit-commuting (overlapping) sets e1, e2, . . . , eK , where each set contains Pauli
operators that commute with each other. Various grouping methods have been proposed, such as the largest
degree first algorithm [11] and the overlapping grouping algorithm [17]. Given a grouping algorithm, we can

express the target observable as H =
∑K
k=1 U

†
kΛkUk, where each Uk is the tensor product of local Clifford gates

associated with the eigenstates of Pauli operators in the set ek, and the diagonal matrix Λk contains information
about the eigenvalues of the Pauli operators in ek. Further details on the explicit representations of Uk and Λk
are provided in Appendix B.

(2) Commuting decomposition. The qubit-commuting sets can be relaxed to the fully commuting sets {gk}k,
where any two Pauli operators in gk commute with each other. Consequently, the target observable can be

expressed as H =
∑K
k=1Hk, with Hk =

∑
Qj∈gk αjQj . Similarly, there exists a set of Clifford gates {Uk}k,

which may require a polynomial-size quantum circuit to implement, and diagonal matrices {Λk}k such that

Hk = U†
kΛkUk [10] for all k. Details on how to generate {Uk,Λk}k are provided in Appendix C.

We note that commuting decomposition may require polynomial-depth quantum circuits, making it unsuitable for
near-term quantum devices. Nevertheless, its inclusion highlights the generality of our framework, which accommo-
dates a wide range of measurement schemes. There are also alternative methods that leverage a more general basis.
For instance, low-rank approximations are often applied to simplify electron-electron repulsion terms, reducing the
required number of decomposition terms. Techniques such as density matrix embedding theory and density matrix
renormalization group approximate the Hamiltonian by isolating essential degrees of freedom, thereby minimizing the
number of terms necessary for an accurate representation [47, 48]. In the following sections, we present two approaches
for Hamiltonian approximation: (1) greedy projected decomposition (GPD) and (2) tensor network decomposition
(TND).
The central objective of the quantum stage of our framework is to determine a probability distribution {pk}k used to

sample the estimated observables. In Pauli decomposition-based measurement protocols, this probability distribution
corresponds to the one used for sampling different Pauli groups. Wu et al. [17] demonstrated that all existing
qubit-commuting protocols can be unified through two central processes: Pauli grouping and assigning each group a
probability, which fits precisely within our framework. Similarly, we show in Appendix C that existing commuting
measurement schemes [10, 20] also fit within this framework. It is important to note that Pauli decomposition-
based protocols are limited to Clifford unitary evolution, which cannot achieve the optimal performance for a general
observable even with arbitrary Clifford unitaries. Therefore, our goal is to design new algorithms that are compatible
with general quantum circuits.

III. GREEDY PROJECTION DECOMPOSITION OF THE HAMILTONIAN

Based on the introduced framework, we design specific algorithms to generate the decomposition of the target
observable and estimate the expectation value, as illustrated in Fig. 1. We consider a practical scenario, where the
depth and structure of the quantum circuit are given according to the capabilities of the available quantum devices
and can go beyond Clifford circuits. Without loss of generality, we hereafter take a typical circuit structure: an
L-depth parameterized quantum circuit UL(θ) with the brick-like arrangement of 2-qubit parametrized gates, to
demonstrate our algorithms. The 0-layer of the ansatz circuit comprises a layer of parametrized single-qubit gates.
This parameterized circuit is tomography-complete for any L ≥ 0 as it can estimate all Pauli observables, even when
L = 0. Our conclusions can be easily generalized to other circuit structures.
We propose a greedy algorithm to decompose the target observable H using the L-depth parameterized circuit

UL(θ). In each step, we aim to find an observable, UL(θ)
†ΛUL(θ), that approximates H. This involves finding a

unitary UL(θ) and a real diagonal matrix Λ that minimize the distance between UL(θ)HUL(θ)
† and Λ. When using

the Frobenius norm to quantify the distance, the optimal choice of Λ is Λ = diag[UL(θ)HUL(θ)
†], where diag(X)

denotes a diagonal matrix whose elements are the diagonal elements of X. As a comparison, the distance based on
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the 2-norm brings us an additional optimization step to determine the optimal Λ. This iterative process updates the
Hamiltonian H as outlined in Algorithm 2.

Algorithm 2: Greedy Projected Decomposition (GPD) Algorithm.

input : Observable H, L-depth parameterized quantum circuit UL(θ), accuracy ϵ.

output: Set
{
θ(k),Λk

}
k
such that

∥∥H −∑
k UL(θk)

†ΛkUL(θk)
∥∥
2
≤ ϵ.

1 H(0) = H;
2 k = 0;

3 while
∥∥∥H(k)

∥∥∥
2
≥ ϵ do

4 θ(k) = argminθ

∥∥∥UL (θ)H(k)U†
L (θ)− diag

[
UL (θ)H(k)U†

L (θ)
]∥∥∥

F
;

5 Λk = diag
[
UL

(
θ(k)

)
H(k)U†

L

(
θ(k)

)]
;

6 H(k+1) = H(k) − U†
L

(
θ(k)

)
ΛkUL

(
θ(k)

)
;

7 k = k + 1;

8 end

9 return
{
θ(k),Λk

}

Using the decomposition generated by Algorithm 2, we claim that Algorithm 1 can produce an estimator of Tr (ρH)
with bounded error.

Proposition 2. Given that L-depth unitary set {UL(θ)} is tomography-complete and integer L ≥ 0, ϵ ∈ (0, 1), then

any Hermitian matrix H can be approximated as Ĥ =
∑K
k=1 UL

(
θ(k)

)†
ΛkUL

(
θ(k)

)
such that

∥∥∥Ĥ −H
∥∥∥ ≤ ϵ, for some

integer K and diagonal matrix Λk.

Proof. Below, we will prove that Algorithm 2 can be conclusively terminated within a finite number of steps, denoted

asK. Considering one step of parameterized searching, the goal is to minimize the distance
∥∥∥H − UL (θ)

†
ΛUL (θ)

∥∥∥
F
=∥∥∥UL (θ)HUL (θ)

† − Λ
∥∥∥
F
. Since Λ is a real diagonal matrix, the optimal choice is Λ = diag

[
UL (θ)HUL (θ)

†
]
. This

choice is optimal because the Frobenius norm quantifies the sum of the squares of all the matrix elements, and choosing

Λ in this way eliminates all the diagonal terms of UL (θ)HUL (θ)
†
. Furthermore, with this choice of Λ, one can prove

that
∥∥∥H − UL (θ)

†
ΛUL (θ)

∥∥∥
F

=
∥∥∥UL (θ)HUL (θ)

† − Λ
∥∥∥
F

≤
∥∥∥UL (θ)HUL (θ)

†
∥∥∥
F

= ∥H∥F . This means that when

the optimization algorithm functions ideally, a better approximation of H can always be achieved by increasing the
iteration steps.

Furthermore, we can prove that it is always possible to find a θ such that
∥∥∥H − UL (θ)

†
ΛUL (θ)

∥∥∥
F
< ∥H∥F , provided

our parameterized circuit is tomography-complete. If this is not the case, then diag[UL (θ)HUL (θ)
†
] = 0 must hold

for all choices of θ. If H ̸= 0, this implies the existence of a non-zero observable that cannot be estimated using our
parameterized circuits, which contradicts our assumption. We can further prove that if θ is the optimal value we can

find, then ∥H∥F −
∥∥∥H − UL (θ)

†
ΛUL (θ)

∥∥∥
F

≥ 1
2×4n ∥H∥F . This is because we assume that UL=0(θ) can realize the

tensor product of arbitrary single-qubit gates, thereby enabling the estimation of arbitrary Pauli observables. Given

the Pauli decomposition of the observable H =
∑
i αiPi, one can at least choose UL (θ)

†
ΛUL (θ) = αjPj , where αj

is the largest coefficient. In this case, ∥H∥F − ∥H − αjPj∥F ≥ 1
2×4n ∥H∥F . Considering that the greedy algorithm

can achieve better performance than simply picking the largest Pauli term, we can conclude that our algorithm can
terminate in a finite number of steps.

In Step 4 of Algorithm 2, the classical processing time required is O(poly(n)·2ωn), where ω = 2.371552 . . . represents
the matrix multiplication exponent [49]. This complexity is an improvement over the direct eigen-decomposition time
of O(23n) [50]. Additionally, the matrix multiplication process can be further optimized with a quantum-inspired
algorithm [51], allowing for a poly(n)-rank approximation to be performed in poly(n) time.

Here, the total error ϵ depends on both the approximation error of H and the estimation error of Tr
(
ρĤ
)
, where

Ĥ =
∑K
k=1 UL

(
θ(k)

)†
ΛkUL

(
θ(k)

)
. To minimize the resource consumption, we aim to minimize the value of K while

keeping a small approximation error. Due to the greedy nature of Algorithm 2, theoretical analysis of the number
of decomposed terms K is challenging. However, numerical results indicate that the number of decomposed terms
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FIG. 2: Illustration of tensor network decomposition for a given Hamiltonian. (a) Tensor network representation of the
parametrized unitary U(θk), the diagonal matrix Λk, and the Hamiltonian H. (b) Tensor network representation of Akk′ and

Bk, which are associated with the loss function calculations.

generated by our algorithm decreases as the depth L increases. In the numerical section, we demonstrate that our
algorithm, based on parameterized circuits, requires significantly fewer terms (K) to approximate a sparse and dense
Hamiltonian within a given error threshold, compared to the number of terms needed in the standard qubit-wise Pauli
decomposition approach.

IV. TENSOR NETWORK DECOMPOSITION OF THE HAMILTONIAN

Although the greedy decomposition method works generally for all parameterized circuits, it can be further opti-
mized in some practical cases. When the depth of the parameterized circuit is low, a tensor network–based approach

can be employed to approximate the Hamiltonian as Ĥ =
∑K
k=1 UL(θk)

†ΛkUL(θk). Each UL(θk) corresponds to a uni-
tary tensor network of depth L, such as a unitary matrix product operator or a unitary tree tensor network, constructed
following [52–54], as illustrated in Fig. 2(a). The bond dimension is O(nrU ) The diagonal matrices Λk are represented
as matrix product operators (MPOs), with component-wise form given by Λi1,...,in,l1,...,ln =

⊗n
j=1 Λj,ij ,lj ,uj−1,uj

,

where uj ∈ [β] for 1 ≤ j ≤ n− 1, and the boundary conditions are u0 = 1, un = 1. The indices ij , lj ∈ {0, 1} denote
the input and output basis states, respectively, as depicted in Fig. 2(a). The target Hamiltonian H is also expressed
in MPO form.

To approximate the Hamiltonian H, we need to minimize the following loss function:

L = ∥H −
∑
k

UL(θk)
†ΛkUL(θk)∥2F (13)

= Tr
(
H2
)
+
∑
k,k′

Tr
(
UL(θk)

†ΛkUL(θk)
†UL(θk′)Λk′UL(θk′)

)
− 2Re

∑
k

Tr
(
UL(θk)

†ΛkUL(θk)H
)

(14)

=:
∑
k,k′

Akk′ − 2Re
∑
k

Bk + c, (15)

where we define Akk′ := Tr
(
UL(θk)

†ΛkUL(θk)
†UL(θk′)Λk′UL(θk′)

)
, Bk := Tr

(
UL(θk)

†ΛkUL(θk)H
)
, and c := Tr

(
H2
)

is a constant independent of the parameters
{
θ(k),Λk

}
. The loss function can also be formulated as a tensor network

contraction, where the first term corresponds to the tensor Akk′ , and the second term to the tensor Bk, both illustrated
in Fig. 2 (b). The quantities Akk′ and Bk can be efficiently computed by contracting the corresponding tensor networks
depicted in the two diagrams, where the diagrams are connected in a head-to-tail fashion. The overall contraction
cost remains polynomial in system size provided that K = poly(n), the circuit depth L = O (log(n)), and both Λk
and H admit efficient MPO representations.

Once the contraction is performed, the loss function L can be minimized using standard gradient descent opti-
mization techniques. By keeping the parameters of all other terms fixed, we can iteratively optimize the parameters{
θ(k),Λk

}
for each term k, thereby constructing an approximation of the target Hamiltonian.

V. NUMERICAL RESULTS

Estimating expectation values for Hamiltonians is one of the most crucial tasks in state learning, and numerous
algorithms have been developed for this purpose [12, 17, 19, 40]. In our numerical experiments, each two-qubit
parameterized gate consists of an iSWAP gate followed by a tensor product of two arbitrary single-qubit gates.
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We assess the performance of the GPD algorithm through three representative examples. The first and second
examples focus on estimating the expectation values of randomly generated sparse and dense Hamiltonians, respec-
tively. The third example involves estimating the inner product between a Slater determinant |ϕτ ⟩ and a given pure
state |ψ⟩, denoted as ⟨ϕτ |ψ⟩. The convergence behavior for all three cases is provided in Appendix F.

We demonstrate the effectiveness of the tensor network decomposition algorithm by showing its significant perfor-
mance advantages over existing qubit-wise commuting algorithms and the classical shadow method.

The numerical simulations were conducted mainly using MindSpore Quantum [55].

VI. GROUND ENERGY ESTIMATION

Sparse Hamiltonians play important roles in quantum computation, chemistry, and simulation [56–58]. Here, we
demonstrate the performance of the GPD algorithm with parameterized quantum circuits by estimating the ground
state energy of a randomly generated sparse Hamiltonian. We compare our results with state-of-the-art qubit-
commuting methods [12, 14, 17–19] and the standard global CS algorithm [40].

TABLE I: Estimation errors for the ground-state energy of a sparse Hamiltonian across different algorithms. The system
consists of n = 8 qubits, and the GPD algorithm uses a quantum parameterized circuit with depth L = 4 and employs

K = 80 decomposition terms.

Copies CS [40] Derand [12] C-LBCS [19] SG [18] Random [40] Adaptive [14] OGM [17] GPD
45 1.095 0.616 1.140 1.247 1.415 1.052 0.738 0.674

160 0.584 0.556 0.708 0.628 1.328 0.831 0.522 0.312
572 0.260 0.361 0.357 0.273 0.637 0.505 0.416 0.203

2038 0.145 0.232 0.184 0.171 0.275 0.248 0.191 0.104
7256 0.066 0.137 0.142 0.082 0.161 0.115 0.122 0.046

25848 0.050 0.069 0.059 0.053 0.084 0.065 0.097 0.030

The numerical results are shown in Table I. Here, we randomly generate an 8-qubit sparse Hamiltonian H with
64 = 82 non-zero matrix elements and the ground energy of approximately −1.536. In our implementation, we set the
number of decomposition terms toK = 80 and the depth of the quantum ansatz to L = 4, which is significantly smaller
than the total number of Pauli terms, 48. Detailed results on how the approximation error between Ĥ and H depends
on the number of decomposition terms—using unitary ansätze with depths ranging from 0, 1, 2, 3—are provided
in Appendix F. These results demonstrate that the error decays exponentially with the number of decomposition
terms. We further compare our method with existing algorithms, showing that the estimation error achieved by our
approach is substantially lower than those of prior methods, illustrating the advantage of our algorithm in estimating
the expectation value of sparse Hamiltonians. Specifically, “CS” refers to the global classical shadows protocol [40],
which applies a global Clifford operation before measurement, while “Random” denotes the local classical shadows
protocol introduced in the same reference.

TABLE II: Estimation errors for the expectation value of a randomly generated dense Hamiltonian across different
algorithms. The number of qubits is fixed at n = 4, and the GPD algorithm uses a quantum parameterized circuit with depth

L = 4 and employs K = 20 decomposition terms.

Copies CS [40] Derand [12] C-LBCS [19] SG [18] Random [40] Adaptive [14] OGM [17] GPD
45 1.702 1.197 1.062 1.737 1.586 1.876 1.152 0.922

160 0.728 0.536 0.742 0.881 1.150 1.261 0.556 0.503
572 0.414 0.296 0.381 0.539 0.707 0.593 0.293 0.253

2038 0.243 0.190 0.206 0.262 0.353 0.313 0.157 0.147
7259 0.103 0.081 0.095 0.124 0.228 0.159 0.085 0.061

25848 0.077 0.064 0.243 0.059 0.096 0.079 0.053 0.046

A. Expectation value estimation for a dense Hamiltonian

To evaluate the effectiveness of the GPD algorithm with parameterized circuits in a general setting, we consider
the task of estimating the expectation value of a randomly generated dense Hamiltonian. Specifically, we construct
a random matrix A with entries independently sampled from the uniform distribution over [0, 1], and define the
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Hamiltonian as H := (A + AT )/2 to ensure Hermiticity. The input quantum state is also randomly generated with
amplitudes drawn uniformly from [0, 1]. The decomposition is performed using K = 20 terms with a parameterized
quantum ansatz of depth L = 4. We compare the estimation performance of our method against existing algorithms
as the number of copies of the quantum state increases. As shown in Table II, the GPD algorithm consistently
yields significantly lower estimation errors, demonstrating its effectiveness in general-purpose Hamiltonian estimation
tasks. We also report the average estimation error with the number of samplings in the expectation values for several
randomly selected Hamiltonians (both sparse and dense) in Appendix F.

TABLE III: Estimation errors for the inner product between a 3-qubit Slater determinant and a 3-qubit pure state across
different algorithms. The GPD algorithm uses a quantum parameterized circuit with depth L = 4 and employs K = 20

decomposition terms.

Copies CS [40] FCS [59] Derand [12] C-LBCS [19] SG [18] Random [40] Adaptive [14] OGM [17] GPD
45 0.366 0.273 0.295 0.245 0.309 0.355 0.311 0.278 0.222

160 0.195 0.160 0.150 0.200 0.165 0.260 0.176 0.159 0.112
572 0.108 0.082 0.072 0.128 0.082 0.126 0.080 0.078 0.056

2038 0.056 0.041 0.041 0.067 0.043 0.072 0.043 0.046 0.030
7256 0.027 0.025 0.023 0.039 0.024 0.044 0.024 0.023 0.015

25848 0.015 0.014 0.017 0.086 0.012 0.023 0.012 0.012 0.009

Inner product estimation–GPD algorithm with parameterized circuits can be easily generalized to estimate non-
Hermitian operators by allowing {Λk}k to be complex-valued diagonal matrices. Hereby, we apply our algorithm to
estimate the expectation value of a non-Hermitian operator O = |1⟩ |ϕτ ⟩ ⟨0n+1|. This operator enables the calculation
of the inner product between a Slater determinant and a pure quantum state, where |ϕτ ⟩ represents a τ -Slater deter-
minant. This has applications in algorithms such as the QC-AFQMC algorithm [39]. Here, τ -Slater determinant [59]

is defined as |ϕτ ⟩ = b̃†1b̃
†
2 . . . b̃

†
τ |0n⟩, where b̃k =

∑n
j=1 Ukjbj , U is an n×n unitary operator, and {bj}j are annihilation

operators.
Provided with the circuit information for preparing |ψ⟩, the inner product of a τ -Slater determinant |ϕτ ⟩ and a pure

state |ψ⟩ can be estimated with our algorithms. We start by preparing the state |ψ′⟩ = |0n+1⟩+|1⟩|ψ⟩√
2

using an ancillary

qubit and use it as the input state for our algorithms [17]. We then choose the operator O = |1⟩ |ϕτ ⟩ ⟨0n+1|, and
hence ⟨ψ|ϕτ ⟩ = 2Tr (|ψ′⟩⟨ψ′|O). To demonstrate our algorithms, we set τ = 1, n = 3, and use a 3× 3 random unitary
U . We randomly generate a 3-qubit quantum state |ψ⟩ with ⟨ψ|ϕτ ⟩ ≈ −0.0446 + 0.0552i. We postpone the distance

of the estimated Ô with the ideal O into Appendix F. We give the estimation error for ⟨ψ|ϕτ ⟩ of our algorithm and
existing algorithms in Table III. For comparison, we also estimate the errors using existing state-of-the-art qubit-
wise commuting measurements [12, 14, 17–19], global/local CS algorithm [40] and fermionic CS algorithm [59]. The
numerical result illustrates the advantage of our algorithm in estimating the inner product of a Slater determinant
and a quantum pure state. Detailed explanations of the error estimation for these existing algorithms are provided
in Appendix E.

B. Expectation value calculation with TND

Here we consider the estimation of the expectation value for a Hamiltonian that admits a matrix product operator
(MPO) representation. Specifically, we study the Hamiltonian

W = h0X1 . . . Xn +

n−1∑
j=1

hiX1 . . . Xj−1ZjZj+1. (16)

We express W in MPO form as W = JW [1]W [2] . . .W [n], where the boundary tensors are given by W [1] =(
I −Z1 gX1

)
and W [n] =

(
gXn −Zn In

)T
. The bulk tensors for i ∈ {2, . . . , n− 1} are defined as

W [i] =

Ii −Zi gXi

0 0 Zi
0 0 Ii

 . (17)

In our numerical experiments, we set J = 1 and g = 1. The optimal parameters for the unitary ansatz are obtained
by minimizing the loss function defined in Eq. (15).



10

To evaluate the effectiveness of the TND method, we generate a random 8-qubit quantum state ρ and compare
the estimation error with that of existing algorithms, as shown in Table IV. In our algorithm, the Hamiltonian is
decomposed into three terms, and the depth of the variational quantum circuit is set to 1, with the circuit structure
matching that of the GPD algorithm. The results demonstrate that our approach outperforms traditional Pauli-based
measurement schemes. We give the approximation error of the Hamiltonian W in Appendix F. To demonstrate the
robustness of the evaluation with respect to different quantum input states, we also present the average errors for
five randomly selected input states in Appendix F, further supporting the advantages of our TND algorithm with
parameterized quantum circuits.

TABLE IV: Estimation errors for the low bond dimension Hamiltonian across different algorithms. The system consists of
n = 8 qubits. The TND algorithm uses a quantum parameterized circuit with depth L = 1 and employs K = 3 decomposition

terms.

Nsteps CS [40] Derand [12] C-LBCS [19] SG [18] Random [40] Adaptive [14] OGM [17] TND
1000 4.616 0.638 0.535 0.369 5.892 0.445 0.448 0.213
3000 3.029 0.700 0.250 0.227 5.932 0.217 0.250 0.103
9000 1.859 0.605 0.156 0.117 6.165 0.121 0.178 0.079

18000 2.292 0.615 0.105 0.108 4.475 0.080 0.094 0.050

VII. LOWER BOUND FOR SAMPLE COMPLEXITY

This work aims to harness the power of parameterized circuits for observable estimation. The numerical results
presented in the previous section show that performance is closely tied to circuit depth. This naturally raises the
question of whether this dependence stems from our algorithms or if there are inherent limitations to the performance
of shallow circuits. In this section, we aim to conduct a protocol-independent analysis of shallow circuit performance.
Such an analysis will not only help us evaluate our algorithms but also deepen our understanding of the capabilities
of shallow quantum circuits in state learning tasks.

Here, we establish a fundamental lower bound on the number of copies of the quantum state ρ required to accurately
estimate the value of Tr (ρH). This lower bound holds for all single-copy adaptive strategies that use the given
parameterized circuit UL(θ) without ancillary systems. Our approach builds on the techniques introduced by Chen
et al. [60]. While their work does not cover scenarios where a limited quantum ansatz is utilized.

Proposition 3 (Sample Complexity Lower Bound). Suppose H ∈ C2n×2n is a Hermitian operator we aim to esti-
mate. Denote S := {UL(θ)† |b⟩ | ∀θ, b ∈ {0, 1}n}. Then for any single-copy adaptive strategy relying solely on the
parameterized circuit UL(θ) executed on ρ, the sample complexity T for measuring Tr (ρH) to accuracy ϵ, for arbitrary
unknown state ρ, with success probability of at least 2/3, is lower bounded by

T = Ω

(
Tr
(
H2

0

)2
ϵ2δ(H0)4n

)
, (18)

where H0 = H − Tr(H)
2n I2n denotes the traceless part of H and δ(H0) := sup

|ψ⟩∈S
⟨ψ|H0 |ψ⟩2.

A learning algorithm that uses T copies of measurements to learn a quantum state ρ without quantum memory
can be modeled as a rooted tree T with depth T . The central idea behind proving the proposition is to demonstrate
that for a Hamiltonian H, there exist two quantum state sets {ρx}x and

{ I
2n

}
, such that distinguishing between the

expected values Tr (ρxH) and Tr
(
H
2n

)
using the quantum learning algorithm requires at least T samples. This process

is carried out with the condition that L-depth quantum circuits are applied before measurement in the computational
basis. The problem then reduces to bounding the total variation distance between two distributions generated at
the leaves of the rooted tree T , which quantifies the distinguishability of the distributions produced by the quantum
algorithm with T copies of the quantum states. Further details of the proof appear in Appendix D. This bound
provides the desired performance guarantee for the algorithm in terms of the required number of samples.

Here, the dependence of this lower bound on the capability of the circuit is mainly reflected on δ(H0), which
increases with the capability of the quantum devices. When the quantum device can prepare all the eigenstates of
H, δ(H0) reaches its maximum value. For example, when H = UL(θ)

†PUL(θ), where P is a Pauli operator, we have

δ(H0) = 1. In this case, our lower bound becomes Ω
(

1
ϵ2

)
, given that Tr

(
H2

0

)2
= 4n. This lower bound is tight in

this case because our parameterized circuit can directly diagonalize H. In conclusion, a Hamiltonian H = UΛU†
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with a shallow-depth unitary U is likely to achieve the lower bound in efficiency, making it particularly useful in
near-term quantum applications. The 1D nearest-neighbor Heisenberg Hamiltonian, with its sparsely connected
terms, is a strong example of this class. Other examples include Hamiltonians with commuting local terms, such as
those in the transverse field Ising model, where only nearest neighbors interact, and hence a shallow-depth U can
be constructed. Additionally, matchgate Hamiltonians and certain fermionic Hamiltonians, when decomposed in the
Gaussian fermionic basis, permit shallow-depth unitary transformations, which simplify simulation and measurement
tasks. Each of these Hamiltonians exemplifies the suitability of our algorithm and further underscores the tightness
of the lower bound on circuit depth.

VIII. CONCLUSION AND DISCUSSION

We propose a framework for estimating arbitrary linear properties of a quantum state using available quantum
circuits. Our framework takes into account both the limitations of quantum devices and the information of the
estimated properties. It includes some existing Pauli decomposition protocols [10–20].

Based on this framework, we propose two classical optimization algorithms that find an optimized decomposition of

the observable H with L-depth quantum parameterized circuits such that H ≈
∑K
k=1 UL(θk)

†ΛkUL(θk). The tensor
network approach is well-suited for Hamiltonians that admit compact tensor network representations, while the greedy
projection algorithm is designed for general Hamiltonians, particularly in small-sized systems. We then sample the
decomposition terms using the importance sampling technique. Consequently, the expectation value of Tr (ρH) can
be estimated by performing an L-depth quantum parameterized circuit sampled from the set {UL(θk)}Kk=1, followed
by collecting the corresponding diagonal matrix Λk with computational basis measurements. Our algorithms can be
easily generalized to other circuit structures and non-Hermitian operators. We numerically verify our algorithm by
applying it to calculate the ground energy of a given sparse Hermitian and the inner product of a Slater determinant
and a pure state.

The performance of our algorithm heavily depends on the decomposition of the target observable. While our greedy
decomposition algorithm has been numerically demonstrated to be efficient compared to some conventional methods,
it is not guaranteed to be optimal. Therefore, a key future direction is to develop more efficient classical algorithms
for optimizing the decomposition process, such as those based on machine learning. Additionally, our current sample
complexity lower bound is loose for low-rank observables, such as fidelity. To address this, we could modify the state
discrimination tasks, which form the basis of the proof, to establish a tighter bound. It is also worth exploring the
extension of our framework to estimate nonlinear properties and incorporate quantum memories.

In addition to minimizing the sample complexity, we aim to reduce the number of required hardware configurations
to estimate a target observable. In practical scenarios, repeating experiments with a fixed configuration is relatively
straightforward across various platforms, while changing the configuration often requires additional resources. This

goal is equivalent to minimizing the number K in the decomposition H =
∑K
k=1 U

†
kΛkUk, where the {Uk}k are

realizable by the hardware. Thus, an important future direction is to explore the relationship between the number of
decomposition terms K and the capability of quantum circuits.

We note that Ref. [61] proposed an approach for expectation value estimation that combines informationally
(over)complete measurements with tensor network representations of both the Hamiltonian and the measurement
operators. A notable distinction of our tensor network approach lies in its treatment of measurements: by bypassing
the explicit construction of POVM measurements, our method avoids the additional quantum measurement overhead
associated with estimating the probabilities of all POVM basis elements.
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Appendix A: Review of Qubit-Commuting Random Measurements

Let the Pauli operator expansion of a Hermitian operator H =
∑m
i=1 αiQi. We use the symbol P ▷ Q to indicate

that Q covers P , meaning that each i-th qubit of P , denoted as Pi, is either equal to the identity or to Qi. We group
all m Pauli operators {Qi} into overlapped sets e1, e2, . . . , eK , where all Pauli operators in each ei are commute to
each other. There exists a Pauli operator P (i) such that all Pauli operators Qj in ei satisfy Qj ▷ P

(i) for any i ∈ [K].
For instance, when e = {Q1, Q2}, Q1 = Z1X2I3 and Q2 = Z1I2Y3, we have P = Z1X2Y3.
In the OGM algorithm [17] and other grouping measurement algorithms [62, 63], sets e1, . . . , eK and measurements

P (1), . . . , P (K) are explicitly generated with associated probabilities p1, . . . , pK . In other random measurement algo-
rithms, while the groups are not explicitly generated, the analysis in Ref. [17] shows that they implicitly use the same
idea. Some algorithms, such as the Derandomized algorithm proposed by Huang et al. [12], generate the counts of
P (1), . . . , P (K) when the total number of measurements T is specified, essentially creating a derandomized version of
the probabilistic sampling.

Since the Clifford group stabilizes the Pauli group, any Pauli operator can be decomposed into P = U†ΛU , where
U is the tensor product of local Clifford gates. Measuring a quantum state ρ with a Pauli operator P is then
equivalent to performing a local Clifford gate U , followed by measurement in the computational basis to collect the
associated eigenvalues of P [40]. Consequently, qubit-commuting random measurement schemes involve only local
Clifford circuits.

Appendix B: Qubit-commuting decomposition

We use the symbol Q ▷ P to indicate that P covers Q, meaning that each i-th qubit of Q, denoted as Qi, is either
equal to the identity or to Pi. Let the operator H =

∑m
i=1 αiQi, where {Qi}i are Pauli operators and {αi}i are real

coefficients. Let e1, . . . , eK be (overlapped) qubit-commuting sets such that ei ⊆ {Q1, . . . , Qm}. We claim that there
exists a Pauli operator Pi to cover all elements of the qubit-commuting set ei for i ∈ {1, . . . ,K}.

The eigendecomposition for P (i) can be represented as P (i) = U†
i OiUi where Ui is a unitary and Oi is diagonal.

For n-qubit tensor product unitary Aj , denote the l-th qubit representation as Ajl, i.e., Aj = ⊗nl=1Ajl. Then we have

H =

m∑
i=1

αiQi (B1)

=

K∑
i=1

∑
Qj∈ei

αjQj (B2)

=

K∑
i=1

∑
Qj∈ei

αj

n⊗
l=1

Qjl (B3)

=

K∑
i=1

∑
Qj∈ei

αjU
†
i

(
n⊗
l=1

Djl

)
Ui (B4)

=

K∑
i=1

U†
i

 ∑
Qj∈ei

αjDj

Ui (B5)

=

K∑
i=1

U†
i ΛiUi (B6)

where Djl equals the single-qubit identity I2 if Qjl = I2 and Djl = Ojl otherwise, Eq. (B4) holds since Qj ▷ P
(i) for

any Qj ∈ ei, and Eq. (B6) holds by setting Λi =
∑
Qj∈ei αjDj .

Appendix C: Review of Commuting Measurements

Ref. [10] and Ref. [20] propose commuting measurement schemes based on grouping or overlapped grouping

methods. In this section, we discuss how to decompose H =
∑m
j=1 αjQj into

∑M
k=1 U

†
kΛkUk where Qj are Pauli

operators, Uk are Clifford circuits and M is the number of commuting groups of {Qj}mj=1 [10].
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Let H =
∑K
k=1Hk where Hk =

∑
Qj∈gk αjQj where any two Pauli operators Pi, Pj in set gk are commute to each

other. To generate the Uk and Λk for Hk, we start by finding sets G = {ϑ1, . . . , ϑn} and Q = {σ1, . . . , σn} where ϑi
are Pauli operators and σj are single-qubit Pauli operators such that

• [ϑi, ϑj ] = 0 for any i, j ∈ [n];

• [ϑi, Ql] = 0 for any i ∈ [n], Ql ∈ gk;

• {ϑi, σj} = 0 for any i ̸= j ∈ [n];

• [ϑi, σi] = 0 for any i ∈ [n];

• [σi, σj ] = 0 for any i, j ∈ [n].

According to Ref. [64], we can give the set G, which serves as the generator set for Pauli operators in gk, meaning
that all Qj can be expressed as a product of some elements ϑi in G. It can also be easily proved that such set Q
also exists. Let U ′

k =
∏n
l=1

1√
2
(gl + σl). Suppose σl = C†

lDlCl. Let Lk =
∏n
l=1 Cl and Uk = LkU

′
k. Then we have

U ′
kglU

′†
k = σl, hence UkglU

†
k = LkσlL

†
k = Dl, and

UkHkU
†
k =

∑
Qj∈gk

αj
∏
ϑl∈Sj

Dl,

where Qj =
∏
ϑl∈Sj

gl. Such Sj exists by the definition of {ϑi}i. Let Λk =
∑
Qj∈gk αj

∏
ϑl∈S Dl, then H =∑K

k=1 U
†
kΛkUk.

Appendix D: Proof of Proposition 3

Definition. For probability distributions p = {p1, · · · , pN} and q = {q1, · · · , qN}, we define the total variation

between them by TV(p, q) = 1
2

∑N
i=1 |pi − qi|.

Lemma 1 (Le Cam’s two-point method, Lemma 1 in [65] and Lemma 5.3 in [60]). For a learning algorithm without
quantum memory being described as a rooted tree T , let pρ be a probability distribution on the leaves, such that pρx(l)
equals the probability of arriving at the leaf l. The probability that the learning algorithm that can distinguish quantum
state sets {ρx}x and I

2n correctly is upper bounded by 1
2 + 1

2TV(Ex [pρx ] , pI/2n).

We derive our result by extending the proof of Theorem 5.5 from Ref. [60]. The central idea is to show that
for a Hamiltonian H, there exist two sets of quantum states {ρx}x and

{ I
2n

}
, such that distinguishing between the

expectations Tr (ρxH) or Tr
(
H
2n

)
requires at least T samplings. This task is performed under the condition that

L-depth quantum circuits are applied before measurement in the computational basis. By Lemma 1, the task of
quantifying how distinguishable the distributions generated by the quantum algorithm using T copies of the quantum
states is can be simplified to estimating the total variation distance TV(Ex [pρx ] , pI/2n) between two distributions,

which provides the lower bound of sample complexity T ≥ Ω
(

1
a2δ(H)

)
for the observable measurement task. We will

give details later on how to generate this lower bound in the proof part.
We also need to relate the parameter a to the estimation error ϵ. Without loss of generality, assume Tr (H) = 0 for

the Hamiltonian under consideration. Denote H = H1 = −H2. We now define two state sets:

• Set 1: {I/2n},

• Set 2: {ρx}x={1,2}, each with equal probability,

where ρx = (I+ 3xH1) /2
n, and a ≤ 1

3∥H∥2
to ensure that the matrices in Set 2 are valid density matrices, where

∥H∥2 denotes the spectral norm (two-norm) of H.
Consider the state discrimination task involving these two sets. A referee randomly selects one of the sets, and then

chooses a state ρ from the selected set according to the corresponding distribution. The referee provides T copies of
ρ, and our task is to determine which set ρ comes from, using these T copies. The quantum device available for this
task is a n-qubit quantum device of limited capability, whose all possible output states when acting on |0n⟩ form a
set S.
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Note that Tr
(
H I

2n

)
= 0, Tr

(
H I+3aH1

2n

)
=

3aTr(H2)
2n and Tr

(
H I+3aH2

2n

)
= −3aTr(H2)

2n . One possible way to accom-

plish the state discrimination task is to measure H to precision ϵ =
aTr(H2)

2n and check whether the approximate

expectation value lies in
[
− aTr(H2)

2n ,
aTr(H2)

2n

]
. If it holds, we assign ρ to Set 1, otherwise we assign ρ to Set 2.

Thus if we can use this quantum device to measure Tr (Hρ) with an accuracy of ϵ =
aTr(H2)

2n and a success probability
of at least 2/3 for any given ρ, then we can accomplish the state discrimination task with the same success probability
of at least 2/3 using this quantum device.

In the following, we show the sample complexity T for accomplishing the state discrimination task by this quan-

tum device with a success probability of at least 2/3, is lower bounded by T ≥ Ω
(

1
a2δ(H)

)
= Ω

(
Tr(H2)

2
/4n

ϵ2δ(H)

)
.

Consequently, the sample complexity for observable measurement is also lower-bounded by this quantity.

Proof of Proposition 3 in the main text. When the quantum device is capable of performing arbitrary POVM mea-
surements, any state discrimination protocol can be represented by a decision tree, as shown in Figure 4 of [66].
However, since our quantum device is limited to performing parameterized unitary operations UL(θ) followed by
measurements in the computational basis, the experiment at each node of the decision tree is modified accordingly.
Specifically, instead of performing an arbitrary POVM, the measurement at each node is represented by the set of
outcomes {αi(θ)}2

n

i=1, where αi(θ) is the i-th column of UL(θ)
†.

Given a state discrimination protocol using this quantum device, and the ρ selected by the referee, we label the
leaves of the decision tree by l. By Lemma 1, to successfully accomplish the state discrimination task with a probability
of at least 2/3, we need to ensure the depth T of the decision tree (i.e., the sample complexity) is large enough to
satisfy the condition in

TV
(
Ex [pρx ] , pI/2n

)
≥ 1

3
, (D1)

where ρx = I+3aHx

2n for x ∈ {1, 2} denotes the quantum state in set 2. For each leaf l in the decision tree, there is a
unique path from the root node n0 to the leaf node nT = l. Let the sequence of nodes along this path be denoted as
n0, · · · , nT and the edges between them as e1, · · · , eT . For each t = 1, · · · , T , we associate the projector on edge et by
|αet(θnt−1)⟩⟨αet(θnt−1)|. To give a upper bound of the total variation TV(Ex[pρx ], pI/2n), we proceed by calculating
the following quantity:

Ex [pρx(l)]
pI/2n(l)

= Ex
T∏
t=1

(
1/2n + 1/2n3a ⟨αet(θnt−1

)|Hx |αet(θnt−1
)⟩

1/2n

)

= Ex
T∏
t=1

(
1 + 3a ⟨αet(θnt−1

)|Hx |αet(θnt−1
)⟩
)

= Ex exp

[
T∑
t=1

log
(
1 + 3a ⟨αet(θnt−1)|Hx |αet(θnt−1)⟩

)]

≥ exp

[
T∑
t=1

Ex log
(
1 + 3a ⟨αet(θnt−1

)|Hx |αet(θnt−1
)⟩
)]

= exp

[
T∑
t=1

1

2
log
(
1− 9a2 ⟨αet(θnt−1

)|H |αet(θnt−1
)⟩2
)]

≥ exp

[
−9a2

T∑
t=1

⟨αet(θnt−1)|H |αet(θnt−1)⟩
2

]
≥ exp

[
−9a2Tδ(H)

]
≥ 1− 9Ta2δ(H)

(D2)

where the second inequality holds since log(1 − u) ≥ −2u for all u ∈ [0, 0.79]. Using this, we can estimate the total
variation as:

TV
(
E
x
[pρx ] , pI/2n

)
=
∑
l

pI/2n(l)max

{
0, 1−

E
x
[pρx(l)]

pI/2n(l)

}
≤ 9Ta2δ(H). (D3)
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(b) (c)

FIG. 3: The variations in Frobenius distance as the number of decomposition terms increases for (a) a sparse Hermitian H
and (b) a random generated observable, and (c) a non-Hermitian operator O associated with a Slater determinant.

Combined with Eq. (D1), we need to ensure

1

3
≤ TV

(
E
x
[pρx ] , pI/2n

)
≤ 9Ta2δ(H), (D4)

which gives the bound

T ≥ Ω

(
1

a2δ(H)

)
= Ω

(
Tr
(
H2
)2
/4n

ϵ2δ(H)

)
. (D5)

Appendix E: Preliminary to inner product calculation

Given |ψ⟩ := Uψ |0⟩ and an ancilla initialized to |0⟩a, by performing Hadamard gate on |0⟩a, followed by Control-Uψ

gate, we obtain |ψ′⟩ = |0n⟩+|1⟩|ψ⟩√
2

.

Since the observable H is not Hermitian and Tr (ρH) cannot be directly approximated with existing random
measurement algorithms. When executing the existing algorithm to calculate the inner product, we decompose the
observable H into two Hermitians H1 := (H +H†)/2 and H2 := −i(H −H†)/2, then H = H1 + iH2, and it can then

be approximated in two parts. The total error ε = |v̂ − Tr (ρH)| =
√

(v̂1 − Tr (ρH1))
2
+ (v̂2 − Tr (ρH2))

2
where v̂j is

the estimation of Tr (ρHj) for j ∈ {1, 2}.

Appendix F: Supplementary numerics

Here, we present the distances based on 2-norm and F -norm of H(k) and H as k increases for sparse Hamiltonian
(a),(d), dense Hamiltonian (b),(e) and operator associated with Slater-determinant (c), (f). As illustrated in Fig. 3,
the Frobenius distance between H(k) and H decays exponentially.
Here we give the performance of the tensor-network algorithm and other existing algorithms in the average of five

group experiments, concerning the random input states, for the same Hamiltonian W defined in the main text. The
comparison with existing qubit-wise commuting algorithms is illustrated in Fig. 4.
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FIG. 4: Comparison of the TN algorithm with Derandom [12], SG [18], RandomPauli [40], and AdaptivePaulis [16] in terms
of the average estimation error as a function of the number of measurements. The evaluation is performed over five

experiments, each using a different randomly generated quantum input state. The system has 8 qubits. The TN algorithm
uses a quantum parameterized circuit with depth L = 1 and employs K = 3 decomposition terms.

(a) (b)

FIG. 5: Comparison of the GPD algorithm with Derandom [12], SG [18], RandomPauli [40], and AdaptivePaulis [16] in
terms of average estimation error versus the number of measurements, evaluated over five randomly generated datasets. (a)
Random sparse Hamiltonians and (b) Random dense (general) Hamiltonians. The system has 4 qubits. The GPD algorithm

uses a quantum parameterized circuit with depth L = 4 and employs K = 20 decomposition terms.

To further demonstrate the average-case performance of greedy projection Decomposition (GPD) algorithms, we
present the average estimation errors over five randomly generated Hamiltonians, including both sparse and dense
cases. The number of qubits is fixed at n = 4. For each Hamiltonian, we construct a 2n × 2n matrix A. In
the sparse case, we randomly select n non-zero elements from the interval [0, 1] to populate A, while in the dense
case, all elements of A are independently sampled from [0, 1]. To ensure Hermiticity, we define the Hamiltonian as
H = (A+A†)/2. The input state is the same as that used for the random dense Hamiltonian in the main text and is
also randomly generated. The GPD algorithm uses a quantum parameterized circuit with depth L = 4 and employs
K = 20 decomposition terms. The comparison in Fig. 5 demonstrates that, on average, our algorithm significantly
outperforms existing qubit-wise commuting methods. As most of these methods exhibit similar performance, we
include only a few representative algorithms in the figure to enhance clarity and readability.

Fig. 6(a-b) illustrates the approximation error of the Hamiltonian W as a function of the number of decomposition
terms, using ansatz circuits of depths 0, 1, and 2, which shows the estimation error for the Hamiltonian declines with
the decomposition terms, and one layer of quantum parameterized circuit is enough for the estimation.
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