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The topological Hall effect is the result of spin-asymmetric deflection of charge carriers flowing
through a non-collinear spin system. Effective manipulation of the topological Hall conductivity
(THC) in skyrmions is currently a vigorous area of research with an eye towards potential spintronics
application. Here, we show that the band topology and the THC in a skyrmion crystal can be tuned
by changing the strength of the Rashba spin-orbit coupling (SOC), which can be accomplished
via a perpendicular electric field. This results in the change of the subband Chern numbers and a
transition between ordinary insulator and Chern insulator as the Rashba SOC is varied. For partially
filled subbands, the Rashba SOC can tune the THC and reverse its sign, so that the direction of the
Hall current is flipped. The critical Rashba strength for this depends on the skyrmion type and the
carrier density. We extend our analysis to the cases of Dresselhaus and Weyl SOC as well, and show
that they can be directly mapped to the Rashba SOC case and therefore lead to similar results.
Our work opens up the scope to go beyond the existing avenues for the control of charge transport

in skyrmion crystals.

I. INTRODUCTION

Skyrmions are topologically protected structures that
have garnered significant attention in recent years for
the fundamental science as well as for potential ap-
plication in spintronics devices[1-9]. Originally pro-
posed by Skyrme[l] as a model for baryons in particle
physics in the 1960s, they have found widespread ap-
plication in condensed matter physics including Bose-
Einstein condensates[10, 11], liquid crystals[12], quantum
Hall magnets[13, 14], and helimagnets[2, 15]. The mag-
netic skyrmions that form in the solid are nanometer-
size twirling spin structures, which are metastable due to
the topological protection with a fixed quantized winding
number.

Since the prediction of the stable skyrmion state in
magnetic solids[2], skyrmions have been observed in
a plethora of materials [7] such as the ferromagnetic
semiconductors with B20 structure such as MnSi and
FeGel[16, 17], transition metal oxides [18, 19], Heusler
alloys [20], Janus materials [21], moiré heterostructures
[22], intermetallic compounds [23], and magnetic mul-
tilayers [24]. Skyrmion crystals, the ordered arrays of
skyrmions, have been suggested theoretically[25] in mag-
nets as well as in two-dimensional electron gas[26]. Sev-
eral theoretical studies have also examined the ener-
getics of the formation of stable skyrmion crystals via
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Dzyaloshinskii-Moriya interaction, magnetic frustration,
anisotropy, etc.[15, 25, 27-34]

Experimentally, skyrmion crystals have been observed
in several systems using neutron scattering and Lorentz
transmission electron microscopy. A hexagonal skyrmion
lattice was first observed in MnSi [16] and later in other
intermetallics such as FeCoSi, FeGe, and CogZnioMns
[35-38]. Other types of lattices have been found as well,
viz., the triangular lattice in GdsPdSiz, GdzRusAlys,
and the CoZnMn alloy system[23, 39, 40], as well as
the square lattice in GdRuySiz, EuAly, and in monolayer
Fe/Ir(111) [24, 41, 42].

The transport of electrons in the presence of skyrmions
has emerged as an important area of research. Included
in this are the topological Hall effect (THE) and the
spin Hall effect (SHE) as well as the skyrmion Hall
effect, which concerns the transport of the skyrmions
themselves[43]. THE arises from the transverse motion of
electrons due to the emergent magnetic field of the non-
collinear spin texture, an effect akin to the anomalous
Hall effect (AHE) in the collinear spin system.

There has been mounting interest in the electrical field
control of the Hall effects because it would enable spin
manipulation without an external magnetic field or a
large current injection. However, there has been lim-
ited success in this direction using conventional field-
effect structures involving magnetic materials adjacent
to gate dielectrics. More recently, it has been suggested
that this may be achieved through the spin-orbit cou-
pling (SOC) effect, which may be modified by an applied
electric field. In a recent experiment, it was found that


https://arxiv.org/abs/2411.06434v2

N ‘”‘."v",'(avp' 1
S

NG
NS
=

A ‘_ ' % GO "
‘tﬁ" W;\ =7 \%z&‘" o ,C
’444’#14:&::’ {Zz&&\? / ag > ap
¢ N
E

FIG. 1. Topological Hall effect in the skyrmion crystal. The
magnitude of the Hall current can be changed and its sign
can be reversed by tuning the Rashba SOC through a critical
value a. The Rashba strength ar can be modified via a
perpendicular electric field £, or by growing an overlayer.
Similar effects can be obtained with the Dresselhaus and Weyl
SOC also as discussed in the text.
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FIG. 2. The 4 x 4 unit cell used in our calculation. Each
site is a magnetic atom with its spin oriented according to
the spin texture Eq. 4, with the origin being the center of the
square. Together, the sixteen sites describe a single skyrmion,
which is repeated via the lattice translation vectors T1 and
T2 forming thereby the skyrmion crystal. In the figure, the
central spin points into the page, the boundary spins point out
of the page, while the rest of the spin directions are shown
only schematically. The electron hops from atom to atom with
a complex hopping amplitude due to the emergent magnetic
field.

both the AHE and the THE (arising from the interfacial
skyrmions) can be tuned by an applied electric field in the
oxide heterostructure via the SOC effect of an inserted
layer[44, 45].

In this work, we study the THE in the skyrmion crystal
in the presence of three types of SOC, viz., the Rashba,
Dresselhaus, or the Weyl type. The Rashba case is stud-
ied in some detail, while we show that the other two
cases can be mapped to the Rashba case for the skyrmion

types we have considered here. Quite remarkably, we find
that not only can the magnitude of the topological Hall
conductivity (THC) be significantly changed by varying
the strength of the Rashba SOC via an applied electric
field, but also that the sign of the Hall conductivity can
be reversed by varying the Rashba SOC around a crit-
ical value. The band topology in the skyrmion crystal
can also be changed by varying the strength of the SOC
term, resulting in a change in the subband Chern num-
bers, which can lead to a flipping of the direction of the
topological edge current.

II. MODEL HAMILTONIAN AND THE
ELECTRON BAND STRUCTURE

We consider the model Hamiltonian for a square lattice

for an electron moving through the skyrmion crystal in
the presence of the Rashba SOC

H = —tZ(Cch + c;ci) — JZ S, - CIO’CZ'
(i) i
— iozRch(erij)zcj—l—H.c.. (1)
(i7)

The first term is the nearest neighbor hopping term,
where we have suppressed the spin index, with cz =
(CZT,CL) and ¢; = (cip, )T
lattice, o is the spin index, c;-fa /¢io are the corresponding
electron creation/annihilation operators, (ij) indicates
distinct pairs of nearest neighbors, and H. c. indicates
Hermitian conjugate of the last term only. Note that the
sites represent individual magnetic atoms in the struc-
ture and several atoms taken together (16 here) form a
single skyrmion, which is periodically repeated to make
the skyrmion crystal (see Figure 2). The second term is
the exchange interaction between the site-fixed spins S,
commonly taken as classical spins, with the skyrmion
texture and o is the Pauli matrix describing the elec-
tron spin. The third term is the lattice version of the
Rashba SOCI46, 47], which breaks the z — —z symme-
try. In this term, ap is the Rashba interaction strength
and r;; = r; — r; is the vector distance between the
nearest-neighbor sites. It is easily shown that for the
free-electron case (small k limit of the lattice case), it
yields the well-known form of the Rashba Hamiltonian
HE = a/p(0 x k) 2, with a scaled coefficient o/ = 2a%ag,
where a is the lattice constant [48]. The Rashba SOC can
arise due to the symmetry breaking by an overlayer or by
applying an external electric field.

For the free electrons in the presence of an electric
field, the strength of the Rashba term is given by o/ =
h?E./2m?2c?. This expression however severely underes-
timates the magnitude of the Rashba SOC, if we take
E. to be the surface electric field. The reason for this
discrepancy[49] is that the relativistic effects originate
largely from the nuclear region, and the role of the sur-
face electric field is to modify the electron density near

, © is the site index on the
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FIG. 3. Illustration of the skyrmion spin texture using field lines. The tangent indicates the planar component of the local
skyrmion spin, while the color indicates the component normal to the plane. The spin at the origin is pointed down, changing
gradually to the spin up orientation at the skyrmion boundary, as indicated by the color coding.

the nucleus by mixing the orbitals due to broken symme-
try. This is a much larger effect than simply computing
a free-electron-like expression due to the surface electric
field.

The exchange interaction is often taken as J — oo,
which is reasonable considering that for typical solids
J ~ 2 — 3 eV, while the typical hopping is a fraction
of an eV. Also, the essential physics discussed here is
not changed by taking this limit. However, there are
no additional complications if a general J is used. As
an example, the band structure and THC for finite J
are shown in the Supplementary Material [48]. In infi-
nite J limit, the problem reduces to that of the spinless
fermions, since the electron state with spin anti-aligned
with the lattice spin is forbidden. The spinless fermion
operators are described by

(2)

where (0;,$;) is the orientation of the lattice spins in
spherical coordinates. The Hamiltonian assumes the
form

d} = cos(6;/2) cl, + e sin(6;/2) ],

ij iai;
Hr = —thos 7'76“1” did;

(i)

— iag Z %3 (rf; +irf;) cos % sin %J
(ig)
—idi (Y - 9_7’ . 91’ T

+ e (rij —irj;) cos ~ sin E} did; + H.c.,(3)
where the electronic hopping is reduced by the factor
cos(6;7/2) and the Peierls phase factor e!®i indicates the
presence of the emergent magnetic field, which turns the
spin of the electron as it moves from site to site. In Eq.
(3), 0;j = cos™!(sinb; sinb; cos (¢p; — ¢;) + cosb; cosb;)
and a;; = —tan~! [sin(¢; — ¢;)/(cot(6;/2) cot(6;/2) +
cos(¢; —(;5.7-))] , and the subscript in H g has been added to

distinguish it from the Dresselhaus and Weyl Hamiltoni-
ans, Hp and Hyy, discussed later. In an earlier work[50],
we have found that the presence of the Rashba or the
Dresselhaus SOC affects the electron motion in such a
way that the electron can form a self-trapped bound state
at the skyrmions core, if the conditions are right.

We take the spin texture of the isolated skyrmion in
the form

_Jm(=r/X) forr <A
b(r) = {O for r > A,

$la) = ma+7, (4)
where (6, ¢) are the polar and azimuthal angles in the
spherical polar coordinates and (r, a) is the 2D position of
the lattice spin in polar coordinates with the origin coin-
ciding with the skyrmion centre. Here, A is the skyrmion
radius, m is the winding number or the vorticity, and
v is the helicity of the skyrmion. For a single-turned
skyrmion and antiskyrmion, m takes the value of +1 and
—1, respectively. Depending on the helicity, skyrmions
can be classified as Néel (v = 0 or 7) and Bloch types
(v = £7/2) as illustrated in Figure 3.

We consider a square lattice of localized spins with a
magnetic unit cell of N x N sites hosting a skyrmion with
the spin texture Eq. 4. Thus the skyrmions form a square
lattice with lattice constant Na, where a = 1 is the dis-
tance between the neighboring spins. We took N = 4
with the skyrmion radius A = 2a in our calculation, so
that there are N2 = 16 sites in the magnetic unit cell of
the skyrmion crystal. The unit cell of the skyrmion crys-
tal is shown in Figure 2. Here, we have used a smaller
(4 x 4) magnetic cell for illustration, but the physics re-
mains unchanged if a larger cell is used, since the total
flux through the cell remains the same. Some results for
the 10 x 10 are shown in the Supplementary Materials
[48].

The SOC modifies the emergent magnetic field of the



skyrmion, which we discuss below. In addition, it mod-
ifies the magnitude of the effective hopping [48]. Both
these effects modify the electronic band structure as well
as the topological properties.

Emergent magnetic field. Here, we compute the emer-
gent magnetic field seen by the electron for an isolated
skyrmion in the presence of the Rashba SOC. The results
will be needed in the interpretation of the THC, particu-
larly the quantum Hall plateaus, as the SOC strength is
varied.

In the lattice models with a magnetic field, hopping
integrals between lattice sites acquire a complex phase

4

factor t x exp [%e f: A.dr] via the Peierls substitution,
where ¢ is the hopping without the magnetic field from
site a to b, A is the vector potential, —e < 0 is the charge
of the electron, and the integral is taken over the path
joining the two sites. To compute the magnetic field,
we take an infinitesimal square loop around the point r
and compute the flux through it using the Peierls phase
factors accumulated by the electron as it travels around
the square loop, following the Hamiltonian Eq. (3). After
straightforward but tedious algebra [48], we find that the
magnetic field, which is normal to the skyrmion plane, is
given by

forr <\

(5)

BE (r) = 22 % [y sin 5 — O (% cos B 4 1 sin IF) cos 7
e 0 for r > A,

where ®( = h/e is the flux quantum. The superscript in B refers to the Rashba SOC case. The first term is due
to the skyrmion alone, and it is independent of the helicity +, but depends on the vorticity (m = +1 here), while the
second term is the modification of the magnetic field due to the Rashba SOC. The B, has a discontinuity at the
boundary which arises due to the discontinuity in the derivative of the spin texture Eq. 4. This can be understood
from the magnetic field expression of Eq. 20 discussed later.

For the antiskyrmion, the magnetic field due to Rashba SOC is

o) T iy TT QR (T
—_ >< _— —_— = =
Bis(r,a) = {Sw [ = Fesin gt — 95

Note that here the magnetic field is no longer circularly
symmetric. It can be shown by direct integration that the
total flux passing through a single syrmion/ antiskyrmion
is £y, irrespective of the strength of the Rashba term.
In other words, the Rashba term does not change the
total flux through the skyrmion, rather, it redistributes
the flux within the skyrmion region, so that the total flux
remains unchanged. The same is also true for the Weyl
and Dresselhaus SOC as well.

Electron band structure. Electron states in a lattice
with a uniform magnetic field has been long studied
since the seminal work of Hofstadter[51] that produced
the celebrated “Hofstadter butterfly” graph for the al-
lowed energy regions. In our problem, we have a non-
uniform magnetic field and also we are interested in the
band structure and its topological properties. This has
been examined in the literature for several lattices start-
ing with the pioneering work of Hamamoto et al.[52],
where the connection between the subbands and the
Landau levels for the free electrons in a uniform mag-
netic field was made. The subband energies for the
lattice case can be estimated[53] by using the Bohr-
Sommerfeld semiclassical quantization rules, which was
originally applied by Onsager[54] to discuss the da Haas-
van Alphen oscillations in solids. Our work extends these
ideas to systems where the SOC is present. We con-
sider three types of SOC terms, viz., the Rashba, Dres-

cos & — L sin Z7) cos (20 — )|

for r < A
for r > A,

selhaus, and Weyl SOC, which may be engineered to be
present under appropriate circumstances. For example,
it has been demonstrated that the relative strengths of
the Rashba and Dresselhaus SOC terms can be tuned
experimentally in semiconductor quantum wells via in-
terface engineering[55] and electric field[56].

We note that the electron states in the skyrmion crys-
tal are in many ways similar to the electron states in the
integer quantum Hall effect (IQHE), in the sense that
while the electrons are subjected to a uniform magnetic
field in the IQHE, for the skyrmion crystal, the emergent
magnetic field is non-uniform and varies spatially. The
band structures as well as the topological properties for
the two cases are similar (a specific example is given in
the Figure 1 of the Supplementary Materials [48]).

We first consider the square lattice of single-turned
Néel type skyrmion with helicity v = 0. The band struc-
tures with and without a Rashba SOC are shown in Fig-
ure 4. The non-uniform magnetic field produces a larger
subband dispersion (red curves in Figure 4 (a)) as com-
pared to the case of the uniform magnetic field. The
Rashba term modifies the emergent magnetic field, as
discussed already, which in turn modifies the band struc-
ture. An interesting situation arises, where by adjust-
ing the strength of the Rashba term, one can make the
emergent magnetic field nearly uniform. In that case, the
band structure will resemble the Landau level bands for
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FIG. 4. Band structure and THC in the skyrmion crystal
with the Néel skyrmion. (a) Band structure without (red
lines) and with (blue lines) Rashba SOC. For the latter case,
only the lowest four bands are shown. (b) THC as a function
of the Fermi energy ¢, indicating prominent Hall plateaus for
ar = 0.5t/a, chosen so as to produce a maximally uniform
magnetic field (see Figure 5). Here and throughout the paper,
the Hund’s coupling is taken to be J — oo as discussed in the
text.
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FIG. 5. Emergent magnetic field, in arbitrary units, from Eq.
(5) due to the Néel skyrmion (red) and the Rashba SOC term
with ar = 0.541/X (blue), which add up to a near-uniform
total magnetic field (green).

the uniform magnetic field.

To obtain this optimal value o that produces the
maximally uniform magnetic field, we have minimized
the smoothness integral fo’\ 211 (dBsk (1) /dr)? dr over
the skyrmion radius using the total magnetic field Eq.
(5). The result is:

% = (mt/N)(2c — 1)(7* =2+ 6¢) "1 ~0.54 /), (7)

where ¢ = ¢1 — ¢a +1In (27), ¢1 = 0.577 is the Euler-
Mascheroni constant, and c; = — f;: dx cosz/x =

—0.022 is the cosine integral. From an inspection of Eq.
(5), it is obvious that the magnetic field can never be uni-
form for all 7, but for the optimal Rashba strength a%,
we find that the rms deviation of B(r) from the mean is
as small as ~ 8%. Figure 5 shows the magnetic field for
the optimal value a,.

The optimal value expression for %, Eq. (7), was ob-
tained in the continuum limit. However, in the skyrmion
crystal, because only a small number of lattice points
sample the skyrmion magnetic field (for our square lat-
tice there are only 4 x 4 lattice points in the magnetic
unit cell containing a single skyrmion), the optimal a%
is different from the predicted value, which is more accu-
rate for very large magnetic cells. Test calculations with
100 x 100 unit cell yielded the o value as predicted by
Eq. (7). In the present case of the 4 x 4 magnetic unit
cell, % is found to be about twice of Eq. (7).

The band structure for the 4 x4 lattice with the Rashba
strength a% is shown in Figure 4 (a) (in blue), which
is very similar to the bands with a uniform magnetic
field [48]. As discussed in the next Section, we show
that the topology of the bands becomes modified in the
presence of the Rashba SOC term, which in turn leads
to the tuning and sign reversal of the THC.

III. TOPOLOGICAL HALL EFFECT WITH
RASHBA SOC

The THC can be computed as a sum of the Berry cur-
vature in the momentum space following the standard
expression [57]

2
ooy = g o oI 0

where Ny is the number of k-points in the BZ, A is the
area of the unit cell, e, is the band energy, and f(e,x) is
Fermi-Dirac distribution function. The Berry curvature
Q(E) enters into the semiclassical equation of motion for
the Bloch electron and affects the motion of the wave
packet if it is non-zero. The velocity of the Bloch electron
wave packet is given by the expression[57]

5= b Ve + eE x G, (k) 9)

where the second term on the right hand side is the
“anomalous velocity” an% = (e/h)E x ﬁn(E) The Berry
curvature QZ (k) of the n-th band may be evaluated from
the Kubo formula

3

(k) = 22 Tm 3 Yrklalmi) Wonklvg Vi)

mn (Emk' - Enk')z

(10)
where the velocity operator v, = (h™1) OH /Oka, (o, B,7)
are cyclic permutations of (z,y, z), and €,,, and ¥,k are
the band energies and the wave functions. In the rest of
the paper, we drop the subscripts in the THC o, and
simply call it o.
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FIG. 6. Tuning the band topology with the Rashba SOC for the Néel type skyrmion crystal. (a) The Chern number of the
lowest two subbands as a function of ar. (b, ¢, d) Evolution of the band structure with ar changing through the crossover
point ar ~ —0.09. The lowest two subbands touch and separate, and their Chern numbers change as indicated in (b) and (d),
where we have shown the Chern numbers of the two lowest subbands. (e, f) Berry curvatures for the lowest two subbands for
ar just above and below the crossover point, corresponding to the band structure of (b) and (d) respectively.

The Chern number, defined as the sum of the Berry
curvature over the Brillouin zone

1 z
) L Q5 (k), (11)

is an important integer quantity that characterizes the
topology of the band, n being the band index. For a
completely filled band, its contribution to the Hall con-
ductivity is simply o = —(e?/h) C,,, and C,, # 0 indicates
a non-trivial topological band.

The THC in the skyrmion crystal without the Rashba
SOC has been studied by earlier authors for several lat-
tices. The results for the square lattice are shown in the
Figure 4 both without and with the Rashba SOC term.
When the Rashba SOC is absent, the Chern number for
each of the subband is C, of —1 as in the case of LLs
arising from the uniform magnetic field [52, 53], except
for the cluster of subbands around the van Hove singu-
larity at £ = 0, which have the collective Chern number
of N —m as a group, where IV is the total number of
subbands (16 here) and m is the number of subbands in
the cluster. If the Fermi level lies within a band gap,
the THC is simply the negative of the sum of the Chern
numbers of the lower bands in units of e?/h. Due to the
overlapping bands, these plateaus are not always visible.

With the introduction of the Rashba SOC, the band
dispersion is modified, and at an optimal value a%, the
subbands become nearly dispersionless as discussed ear-
lier. At this point, the THC quantization plateaus promi-
nent, as seen in the case of quantum Hall effect (see Fig-
ure 4(b)). Due to the quantization in the Hall conductiv-

ity, it is sometimes referred to as quantized topological
Hall effect (QTHE)[52].

Not only the band dispersion is modified due to the
presence of Rashba SOC, but the topology of the band
structure is also altered, leading to a change in the Chern
numbers. The Chern numbers still remain integers for
the isolated individual subbands, but their magnitudes
change as one varies the strength ag of the Rashba SOC
term. The results are shown for the 4 x 4 square lat-
tice in Figure 6 (a) for the lowest two subbands, where
we see that the Chern numbers flip flop between the val-
ues +2 for the range of ag considered. Figure 6 (b-d)
show the band structures as one passes through one of
the crossover points, where the Chern number changes
abruptly. The corresponding Berry curvatures are also
shown in the Figure for ap slightly below and above
this crossover value. In essence, the change in the band
topology occurs due to the changed magnetic field profile
caused by the Rashba SOC term.

Finally, we note that when the topological character
(Chern number) of a band changes as a function of any
variable (a g here), the system must go through a metallic
state, as seen from Figure 6 (b), (c), and (d).

Nanoribbon states. The varying nature of the band
topology (Chern numbers) with changing ar shows up
in the edge states of the skyrmion crystal. We have com-
puted the band structure in the nanoribbon geometry,
where the ribbon is extended in the x direction, while it
has a finite width along the y direction. The results are
shown in Figure 7 for three cases of ar. In particular, we
focus on the lowest two bands and the edge states that
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FIG. 7. Edge states for the nanoribbon geometry for three different ar: (a) ar =0, (b) ar = —0.25, (¢) ar = —0.75. The
band topology for the three ar are different, as indicated from the Chern numbers of the lowest two subbands, which vary
between -1, 0, and +1 for the three cases shown. The ribbon width is finite along the y direction (40 lattice sites corresponding
to 10 magnetic unit cells), while its length is infinite along x. The middle panel shows the localization of the edge states either
on the top edge or the bottom edge of the ribbon, and the color density is proportional to the wave function character |1/J(k)|2
for the edge states, which are labelled ki and k2 in the top panel. The color coding, red or green, corresponds to localization
along the bottom edge or the top edge of the ribbon, respectively, while the long arrows indicate the direction of propagation
of the edge states. The bottom panel shows the wave function characters of the same edge states, which exponentially decay
into the bulk. For ar = —0.25, the two midgap states at each k point are degenerate, corresponding to a state on the bottom
edge and a state on the top edge, and constitute ordinary surface states with no topological character. They are shown in black

colors in (b), (e), and (h).

occur in the midgap region between the two bands. The
Chern numbers for the two lowest bulk subbands change
from C' = —1 to 0 to +1, as indicated in the top panel.
The top panel also shows the edge states which are color
coded red/green, corresponding to states localized on the
bottom/top edge of the ribbon as seen from the middle
panel of the figure. As the Chern numbers change from
-1 to +1, the direction of propagation of the edge state
is reversed, which is indicated by the long arrows in the
middle panel of the Figure. For the case of ar = —0.25,
Figure 7(b), the lowest bulk bands are not topological in
nature with zero Chern numbers, and the two edge states
are degenerate in energy and constitute ordinary bound
states.

Band topology. The Chern numbers of the individual
subbands change as the strength of the Rashba SOC ag
is varied, but always remaining an integer. The com-

puted Chern numbers for the lowest two bands for four
skyrmion types are shown in Figure 8. The change in the
Chern numbers is related to the change in the emergent
magnetic field with ag. Except for the Néel skyrmion
case, the Chern numbers are symmetric with respect to
the change of the sign of ar, which can be understood
in terms of the emergent magnetic fields, Egs. (5-6), and
the symmetry of the square lattice as discussed below.

(1) For the case of Bloch skyrmion (with helicity
~v = 7/2), the Chern numbers do not change with apr
as seen from Figure 8 (c), since the cosy = 0 factor in
the magnetic field expression Eq. (5) removes any mag-
netic field dependence of ap.

(2) For the antiskyrmions with any helicity, the Chern
numbers are independent of the sign of ar as seen from
Figure 8 (b) and (d). This is because irrespective of the
helicity for the antiskyrmions, the magnetic field, Eq.
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FIG. 8. Variation of the Chern numbers for the lowest two
bands for four types of the skyrmion crystal as the Rashba
SOC strength ar is changed.

(6), is a 90° rotation of itself when the sign of ap is
reversed due to the cos(2a — ) factor, while the square
lattice has the same four-fold symmetry as well.

(3) Unlike antiskyrmions, for the case of skyrmions,
the Chern numbers for +ap are not symmetric in gen-
eral. This is because as Eq. (5) shows, the magnetic
fields for +apg are different and unrelated by any sym-
metry. An exception is the trivial case of cosy = 0, where
the Rashba contribution to the magnetic field Eq. (5)) is
zero, which makes the Chern numbers entirely indepen-
dent of ag, as seen from Figure 8 (c).

(4) Of the eight skyrmion types we have considered in
this paper, Figure 8 shows the Chern numbers only for
the four cases. The other four cases in Figure 3 can be
obtained from these results as well. Also, all properties
for the Weyl SOC and Dresselhaus SOC including the
subband Chern numbers can be expressed in terms of
the results for the Rashba SOC as discussed later in the
paper in Section V.

IV. TOPOLOGICAL HALL EFFECT WITH
PARTIALLY FILLED SUBBANDS

The abrupt change of the Chern numbers with ag
leads to the quantized THC for the case of completely
filled subbands. For the partially filled subbands, one
gets a continuous change of the THC and the remarkable
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FIG. 9. THC in the presence of the Rashba SOC term for
the lowest subband. (a) The green line shows the quantized
Chern number for the completely filled lowest subband (C)
as a function of agr, which switches between zero and =1,
leading to a quantized THC, o4y = —62/ﬁ x C7. The red line
shows the THC for the half-filled lowest subband indicating
that it can be continuously tuned including a sign reversal at
the crossover value a%. (b)-(d) Berry curvatures 27 (k) in the
Brillouin zone for three different values of ar (corresponding
to the three black dots in (a)) showing positive (red) and neg-
ative (blue) regions of Q7 (k). The blue/red arrows show the
anomalous velocities efi™! E x Q7 (k) for the blue/red regions
(color coded). The THC, which is the sum of Q*(k) over the
occupied states, becomes zero for af ~ —0.27 (Figure (c)) as
the positive Berry curvature part cancels the negative part.
The circles indicate the Fermi surface in each case.

result that the sign of the THC can be flipped by a small
change in ap. We illustrate this here for the case where
the lowest subband is half filled.

The computed o with the lowest subband half filled is
shown in Figure 9(a) as a function of ap for the Néel
skyrmion, which shows a change of sign as apr varies
through the crossover point ag ~ —0.27. This leads to
the remarkable result that an applied electric field can
reverse the polarity of the Hall current by tuning ap.

The results can be understood in terms of the change
in the Berry curvatures as ap is varied. When ap is var-
ied from the value -0.75 to zero, the Chern number of the
lowest subband changes from C; =1 to C; = —1, which
results in the Berry curvature Q% (k) changing from a pos-
itive value to a negative value over the entire Brillouin
zone as seen from Figure 9 (b) and (d). For intermedi-
ate values of ap, the positive regions slowly change into
negative regions and at the crossover point, they exactly
cancel each other and the THC o, which is the sum of the
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FIG. 10. Variation of 0., with the Rashba SOC strength ar
for four different skyrmion types, with o, 4 denoting the four
cases, where m is the vorticity and ~ is the helicity. Here, the
lowest subband is half-filled, but similar results are obtained
for any partially-filled case. For completely filled subbands,
ozy changes abruptly as shown in Figure 8. For the Néel
skyrmion and antiskyrmion, there is a sign reversal in o4y,
where changing ar through the crossover value a% changes
its sign, so that the Hall current reverses in sign as illustrated
in Figure 1. The crossover points are indicated by black dots.

Berry curvature over the occupied states, becomes zero.

We have studied the THC for the other skyrmion types
as well. The results are shown in Figure 10. A similar
sign change of o is seen for the Néel antiskyrmion. For the
case of the Bloch skyrmion, the Rashba SOC term does
not affect the magnetic field (see Eq. (5) and as a result
the Chern number for the lowest subbands remain always
-1. There is no change of sign for ¢ in this case. For
the case of the Bloch antiskyrmion, there is no polarity
change within the range of ag values shown in Figure 10,
but may happen when Figure 10 is larger.

V. DRESSELHAUS AND WEYL SOC

Apart from the Rashba SOC, one could also have a
Dresselhaus or a Weyl type of SOC. While the Rashba
SOC arises at the solid surface due to the surface in-

version asymmetry and can be induced by an applied
electric field, the Dresselhaus SOC arises due to the bulk
inversion asymmetry. However, it has been demonstrated
that the Dresselhaus SOC can be introduced and tuned
in the 2D systems via interface engineering [55]. Further-
more, it has been recently pointed out that depending on
the crystalline symmetry of the underlying material, it is
possible to have Rashba, Dresselhaus, or Weyl type SOC,
even at the T' point of the Brillouin zone[58|. In view of
this, for the sake of completeness, we also consider the
effect of the Dresselhaus and Weyl type SOC. The SOC
terms for these cases are written in momentum space as
H%(%;V = ap;w(ozks F oyk,) with the corresponding
lattice version in real space

MG =iapw Y cl(oarly Foyrl)e; + He., (12)
(i5)
where the —(+4) sign corresponds to the Dresselhaus

(Weyl) SOC. The corresponding full Hamiltonians, sim-
ilar to Eq. (3) for the Rashba case, are given by

ij iai;
Hp = —thos 7'76“1” did,
(ig)
; 0; 0,
— dap Yy [ (rf; + iry;) cos ) sin >
(ig)
; 0, 0;
+ e i(rf; —ir);) cos 57 sin 5] did; + H.c(13)
0ij jiai; i
Hw = —thosTe i d;d;
(ig)
— oy 3 [ (7 — i) con - sin
iy €' (rf; — irij) cos 5 sin
(if)
; 0, 0;
+ e Wi(rf; +irl) cos 53 sin 5] did; + H.c(14)

where again d,d’ are the spinless fermion operators as
before, since we are taking J — oo.

As for the Rashba case, the net magnetic field seen by
the electron may be determined by taking an infinitesimal
square loop around a spatial point and computing the
flux through it from the Peierls phase accumulated by
the electron while travelling around the loop. The results
are:

BBy (r,a) = ;W si % + QTD(g cos % - % sin 77_/\1") sin(2a + ),  (Dresselhaus/skyrmion) (15)
BES (r) = % si %T + aTD (; cos %T + % sin %T) sin 7, (Dresselhaus/antiskyrmion) (16)
By (r) = % sin %r - aTW (; cos %r + % sin %r) sin~y, (Weyl/skyrmion) (17)

BYWs(r,a) = —2i/\r sin %T - aTW(g coS %r - % sin %T) sin(y — 2a), (Weyl/antiskyrmion) (18)
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TABLE I. THC in the presence of Dresselhaus and Weyl SOC, expressed in terms of the THC for the Rashba SOC, with
@ being the SOC strength in each case. As the Table shows, the THC for all cases can be expressed in terms of just four
conductivities, viz., 01,0 (&), 0-1,0 (&), 01,x/2 (@), and 0_1 2 (&), where oy (&) = o (&) is the THC with Rashba SOC.
For example, the table shows that o1'o(a) = Uﬁr/z(—o?)7 which is the first result listed under Weyl. The four independent
conductivities have been plotted in Figure 10 for the case when the lowest subband is half-filled. However, the correspondence
is valid for any filling, whether we have completely filled or partially filled subbands.

Skyrmion type Rashba Dresselhaus Weyl
Vorticity Helicity ol (@) ol (@) o (@)
Néel v=0 o1,0(@) —0_1,7/2(@) O1,7/2(—@)
skyrmion =7 o1,0(—a) —0_1,7/2(—@) O1,x/2(®)
m=1 Bloch y=m/2 01,7/2(@) —o_1,0(@) o1,0(@)
v=—7/2 O1,x/2(—@&) —o_1,0(—@) o1,0(—@)
Néel v=0 o-1,0(@) —01,x/2(@) O_1,x/2(—@)
antiskyrmion Y= o-1,0(—@) —01,7/2(—@) 0_1,7/2(0)
m=-1 Bloch 7 =7/2 T 1,7/2(@) —o1,0(a@) o-1,0(@)
v=—7/2 O_1,x/2(—@) —0o1,0(—@) o-1,0(—a)

for r < A and zero otherwise. The magnetic fields are in
units of ®y/(27), where ®q is the flux quantum.

We note that in all cases, the magnetic field expressions
can be written as sum of two magnetic fields. The first
one, arising out of the skyrmion spin texture, can be ex-
pressed as the well-known triple spin product[6], while
the second one due to the Rashba/Dresselhaus/Weyl
SOC can be expressed as spin derivatives. The corre-
sponding magnetic fields, in units of ®¢/(27), are

1

B = _Eg. (8.5 x 9,85, (Sk/AS) (19)
QR
ap
Bp = T(amgy +0,S;), (Dresselhaus) (21)
By = _O‘Tw(azsy —0,5.). (Weyl) (22)

The magnetic field expressions for the Rashba and
Dresselhaus cases, Eqgs. (20) and (21), were obtained
earlier[59], which agree with our expressions except for
an overall sign for the Dresselhaus case. However, the
correctness of our sign is confirmed from the fact that
the relations between the THC’s presented in Table I,
which we have derived analytically from the mapping of
the Hamiltonians and independently checked from direct
numerical calculations of the THC, would not agree oth-
erwise. Egs. (19 - 22), in the polar coordinate form, are
provided in section IIT of the Supplemental Material [48].

Mapping of the Hamiltonians. It turns out that the
Hamiltonian for the three cases of SOC (Rashba SOC,
Dresselhaus SOC, or Weyl SOC) can be mapped into one
another for the skyrmion types considered in the paper.
As a result, the various physical quantities, in particu-
lar, the emergent magnetic fields as well as the THC are
related to one another. The THC’s can be expressed,
as summarized in Table I, in terms of just four quanti-
ties, viz., 01,0 (6‘)3 0-1,0 (d)v O1,7/2 (d)v and O—1,7/2 (d)v
where o, , (@) is the THC in the presence of the Rashba
SOC of strength &, and m and - are the vorticity and the
helicity, respectively. These relations can be understood
by noting the following points:

(1) For the THC in two cases to be the same, one
must check that the emergent magnetic fields are the
same, which is a necessary condition. However, this is not
sufficient, since the effective hopping magnitude between
two lattice sites can still be different even though the
magnetic fields are the same. As an example, considering
the THC o4 /o for the Rashba SOC case (green curve
in Figure 10), the magnetic field is independent of the
Rashba SOC strength ar due to the cosy = 0 factor
(see Eq. (5)). Nevertheless, the THC does change with
a g because the hopping amplitudes between two sites are
functions of both ¢ and ag.

(2) The Hamiltonians possess certain symmetries. It is
easy to see that in all three cases Hr, Hp, and Hy (Egs.
(3), (13), and (14)), when the sign of the SOC strength
« is flipped and the helicity « is changed by 7 simulta-
neously, the Hamiltonian remains unchanged. This leads
to identical band structures and all other electronic prop-
erties including transport, so that we have the equality:

(@) =05 4 (—a), where X = R, D, or W.

Tm,y



FIG. 11. Equivalence of the Hamiltonians in the skyrmion
crystal between the two cases: (a) Néel skyrmion with v =0
in the presence of Rashba SOC and (b) Bloch antiskyrmion
with 7 = 7/2 in the presence of Dresselhaus SOC. As dis-
cussed in the text, the effective hopping h;; (denoted in the
figure by hy), which includes both the direct hopping and
the SOC term, is complex conjugate between the two cases.
Thus, the emergent magnetic fields are the same but in the
opposite directions as shown, which in turn leads to the THC,
which are of the same magnitude but opposite signs between
the two cases.

(3) The Weyl Hamiltonian for a certain skyrmion type
turns out to be the same as the Rashba Hamiltonian
for certain other skyrmion type. For example, if we
compare the Rashba Hamiltonian for the Néel skyrmion
(m =1, =0) and the Weyl Hamiltonian for the Bloch
skyrmion (m = 1,y = 7/2), it is easily shown from Eqgs.
(3) and (14) that the two Hamiltonians are identical [48].
Thus, we have UK/TF/Q(d) = ofy(a). There are several
other such equalities, which have been used to construct
Table I. These relations have been explicitly verified by
computing the THC’s for the various cases as well.

(4) Regarding the Rashba and Dresselhaus Hamiltoni-
ans, they turn out to be related via a complex conjugate
hopping. For instance, considering the two cases: (i)
Rashba Hamiltonian for the Néel skyrmion (m = 1,7 =
0) and (ii) Dresselhaus Hamiltonian for the Bloch anti-
skyrmion (m = —1,v = 7/2), it is easily shown from Eqgs.
(3) and (13) that all terms of the two Hamiltonians are
the same except that the coefficients are complex con-
jugate of each other as illustrated in Figure 11 (hijd;r-di

in one case Vs. h;‘jd;di for the other case; mathemat-
ical expressions are given in Supplementary Materials,
Section IV [48]). This means that the effective mag-
netic fields that the electron sees as it hops from one
site to another are simply of the opposite signs. This
in turn implies that the two THCs are negative of each
other, because if two magnetic fields are applied to the
same system in opposite directions, the sum of the two
Hall conductivities must add up to zero. This leads to
the equality af’l_ﬁ/Q(d) = —ofy(a). Similarly, several
other correspondénces between the Rashba and Dressel-

haus conductivities are found, which are used to produce
Table 1.
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VI. SUMMARY

In summary, we presented a comprehensive analysis of
the topological Hall effect in the skyrmion crystal in the
presence of spin-orbit coupling, of Rashba, Dresselhaus,
or Weyl type. We considered the square lattice as a pro-
totype and the magnetic unit cell contained a skyrmion
or an antiskyrmion of either Bloch or Néel type. Detail
results for the band structure and the THC were pre-
sented for the Rashba SOC, in terms of which the other
two cases can be described.

The presence of the SOC term affects the electron mo-
tion in two ways. First, it modifies the emergent mag-
netic field seen by the electron as it moves from site to
site, and second, the hopping amplitudes are also modi-
fied. While both affect the band dispersion and the THC,
the first term modifies the band topology (Chern num-
bers) as well.

Expressions for the emergent magnetic field were ob-
tained for the isolated skyrmion or antiskyrmion in the
presence of all three SOC terms. These results are useful
in the interpretation of the electronic band structure and
the THC in the skyrmion crystal. The competition be-
tween the emerging magnetic field due to the skyrmion
texture and the SOC term leads to a tuning of the band
dispersion and, therefore, the magnitude of the THC in
any type of skyrmion. For example, for the Rashba SOC
case and the Néel skyrmion crystal, we showed that for
an optimal value a% of the SOC strength, the combined
magnetic field due to the skyrmion and the SOC term
is uniform enough to produce the band structure similar
to that in a uniform magnetic field, leading to prominent
Hall plateaus.

We found that the band topology, e.g., the subband
Chern numbers, can be changed by varying the strength
of the SOC. The detail behavior depends on the type
of the skyrmion (vorticity and helicity) as well as the
type of the SOC (Rashba, Dresselhaus, or Weyl). The
change in the band topology shows up in the topological
nature of the edge states. An interesting effect is that the
direction of the edge current can be reversed by changing
the strength of the SOC.

For partially filled subbands, the change in the band
topology with the SOC strength results in the tuning of
the THC. Not only its magnitude can be changed, but
even the sign can be reversed in some cases, so that the
direction of the Hall current flips. Explicit results were
presented for Rashba SOC, where the sign flip occurs for
the Néel skyrmion or antiskyrmion, but not for the Bloch
case. The sign flip was explained from the momentum-
space Berry curvatures, which changes gradually from
everywhere positive in the Brillouin zone to everywhere
negative as the Rashba SOC strength is varied, so that
at the crossover point o, the negative and positive por-
tions of the Berry curvatures in the Brillouin zone add
up to zero, and the sign of the THC flips. This also hap-
pens for the Dresselhaus SOC and Weyl SOC, though for
different types of skyrmions, which can be inferred from



the mapping presented in Table I.

When the SOC is Dresselhaus or Weyl type, all results
can be mapped into the case for Rashba SOC, because
the corresponding Hamiltonians are either the same or
they are related by symmetry. Keeping this in mind, we
have discussed the Rashba SOC case in detail. Results
for the Dresselhaus SOC and Weyl SOC cases, including
the THC, can be inferred from the appropriate mapping,
which are summarized in Table I.

Experimenters are increasingly successful in fabricat-
ing skyrmions crystals, even though their stability and
manipulation hinge on a delicate interplay between mag-
netic interactions, external fields, and temperature. It
is also well established that the strength of the Rashba
SOC can be tuned via an external electric field, and also
in some cases, experimenters have been able to generate
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and tune the Dresselhaus SOC via interface engineering.
These developments on the experimental front allow for
the study of the many interesting phenomena predicted
here including the tuning of the band topology and the
THC, as well as the sign reversal of the Hall current and
the edge current in the nanoribbons. This could lead to
a fertile playground for skyrmion-based spintronics ap-
plications.
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VIII. SUPPLEMENTAL MATERIALS

A. Equivalence between the spin-orbit coupling in
momentum space and the lattice version

Rashba SOC. Here, we show that the lattice version
of the Rashba spin-orbit coupling (SOC) Hamiltonian,
which appears in Eq. (1) of the main text, leads to the fa-
miliar form for the Rashba term in the momentum space
for the free electrons, viz.,

HE = alp(o x k) - 2 = g (0uky — oyks). (23)

From the main text Eq. (1), the lattice version of the
Rashba Hamiltonian is

Hy = —iag Z cj(omr?j — 0yT;)C55 (24)
]

where again the spin indices have been suppressed on the
fermion operators cl-L /¢, o is as usual the Pauli matrices,
and r;; = r; — r; is the distance vectors between the
two sites. Taking the case of the square lattice, we show
that the real space form Eq. (24) leads to the momentum
space form Eq. (23) for small k.

Going to the momentum space with the Bloch function
basis, the matrix elements of Eq. (24) become

HET =0, (25)
HEH =0, (26)
HEM = qpa(eet — e~y _ jqpa(etvt — e=ikva)
= 2apa(sinkya + isinkga), (27)
H%ﬁ _ _aRa(eikma _ e—LkIa) _ L-aRa(eikya _ e—ikya)
= 2apa(sinkya — isinkga), (28)

where a is the lattice constant. To get the free-electron
case, we take the small momentum limit, which immedi-
ately yields the familiar form of the Rashba Hamiltonian

= ag(oaky — oyka),

(29)

e (0 kytik,
HR—O‘R<ky—zkz 0

where o/ = 2aga’.

Dresselhaus and Weyl SOC. Proceeding in the same
way, we easily see that for the Dresselhaus and Weyl
SOC, the corresponding Hamiltonian forms are equiva-
lent for small momentum k:

HY, = ap(0nke — oyky), (30)

Hp = —iap ch(axrfj — oyr;)ey, (31)
0]

HE = oy (00ks +0yky), (32)

Hw = —iaw Z cj(omrfj +ayri;)e;. (33)
\J
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B. Band structures for two cases: Uniform
magnetic field and the skyrmion lattice (non-uniform
magnetic field) with optimal Rashba SOC

4 T T T

T T T T
square lattice

" with uniform B
skyrmion

T 0

crystal with ap

Zg

r X M r -6 -3 0 3 6
ﬂxy(ezl h)

FIG. 12. Red lines show the band structure (Landau levels)
and the THC o0,y for the square lattice in a uniform magnetic
field. Blue lines show the same for the Néel skyrmion crystal
in the presence of Rashba SOC, with strength a% so that the
magnetic field is maximally uniform as discussed in the text.

We know the SOC can modify the emergent magnetic
field produced by the skyrmion spin texture. Note also
that the Rashba SOC term, though it redistributes the
magnetic field in the skyrmion, the net flux through the
skyrmion remains unchanged. So, the average magnetic
field in the skyrmion crystal continues to remain the
same, irrespective of the strength of ar. For the case
of Néel skyrmion with Rashba SOC, we obtain one op-
timal value a% where the non-uniformity in the mag-
netic field distribution is minimized. At %, the average
of subbands energies is compared to the energies of the
Landau levels formed due to hopping of electrons in the
square lattice in the presence of a uniform magnetic field,
which is shown in Fig.12(a). Not only the subband ener-
gies but also the subband dispersions are comparable to
that of Landau levels in a square lattice under a uniform
magnetic field, as shown in the figure. As a result, the
quantization plateaus of THC become more prominent,
similar to those observed in a square lattice subjected
to a uniform magnetic field (the integer quantum Hall
effect).

C. Calculation of the emergent magnetic field in
the presence of a spin texture and
Rashba/Dresselhaus/Weyl SOC

The Rashba and other SOC terms introduce two
changes in the electron motion: One, they modify the
emergent magnetic field due to the skyrmion and Two,
they change the magnitude of the effective hopping be-
tween the lattice sites in the crystal. We illustrate both
effects below for the Rashba SOC case.



To calculate the emergent magnetic field, we take a
square loop of side a positioned at the point (z,y) (see
Figure 13), compute the Peierls phase as we traverse
around the loop, which gives us the flux through the
square, and we then take the limit a — 0 to get the mag-
netic field. The final result for the case of the skyrmion
spin texture is:

[Of) T . 7r
or < o3y S0
QR , ™
iy

r 1 . @r
p /\cos7+;sm7)cosﬂ, (34)

BgK (r) =

which is the main result of this Section. The details of
the calculation of the magnetic field are given below.
The Rashba SOC Hamiltonian, Eq. (3) of the main
text, has the form Hp = 3, (hij dld;+h; did;), where
the effective hopping from site j to site ¢ is written in
terms of the orientation of the skyrmion spins (6;, ¢;) as

91' 0; . 91’ . 0.
hi; = (—tcos;cosé—tcos(qﬁj—¢i)sm581n5‘7

0; . 0;
+ ag(rysing; + 7, cos ¢;) cos - sin 57

0; :
— ag(rysin¢; + r; cos ¢;) sin 2 cos 53)

+ i(—tsin(¢; — ¢;)sin % sin %

0; . 0;
— ag(ry cos ¢; — ry sin @) cos - sin 57

0; :
— apg(rycos¢; —rysing;) sin - cos é)

= t};e"%, (35)

where §;; = tan™!(Im(h;;)/Re(hs;)), and in this equation
we have defined r = 7;; for simplicity. As described in
the main text, the magnetic field due to complex hopping
of electron can be computed by adding the phase factors
of the hopping terms around a closed loop. Here, we
take a small square loop (see Figure 13) and add the four
phase factors to get the magnetic flux associated with
that loop and from there we obtain the magnetic field.
We consider an infinitesimal square of side ‘a’ connect-
ing four sites of a square at the position (r,«) ((x,y) in
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the cartesian coordinaes as shown in Figure 13). In the
continuum §)nodel, the skyrmion spin orientations at the

3

(x,y+a) x+ay+a

©

. y) (x+a,y)

> X
FIG. 13. A square loop of size a(a — 0) used to compute

the magnetic field from the complex electron hopping as the
electron moves around the square in a closed loop.

four sites are given by the spherical polar angles (6, ¢):

=15

$a = mtan~! (%) +, (36)
w53

65 = mtan~! (%) +7, (37)
S )

¢c = mtan™! (i:::(;)—i-'y (38)
o=

ép = mtan~! (xia)—i-'y (39)

We then calculate the phase factors of the complex hop-
pings between two consecutive sites along the closed path
A—B—C—-D— A from Eq. (35). These four phase fac-
tors for a single-turned skyrmion (m = 1) can be written
as
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) = tan ! {(ax)(l_ 9A+93) (aRa)(( 9A+03 -y se—Asin—) cos
AB 22 2 ER 7
0 0 2 0
—(% sin 714; LA (; — —Ciay3 )cos 2A sin 7) s1n'y} (40)
r O +46 1 2 O +46 0
0Bc = tan ! _(—%)(1—COS B; C)—l—(afa)(—(;(y—l—a—%)sin%—ﬂf STBsin—)cos'y
O +46 2 0
—((f—%Qy) sin%—i— (E_%) COSTBSiHTC) sinv}, (41)
ror roor
r Oc+0 1 2 Oc+ 6 0 0
dcp = tan~! ( ;:;)(1 — C; D) + (afa)(_ (;(:E—i—a— %) sin% - % .D7CCOS7D) cos 7y
Oc+ 6 2 0
+((g—g) sin%—i— (2_%) singcoséj) sinv], (42)
roor roor
1) = tan~! (ay ) (1 — HD i 9,4) + (aRa) ((y sin LD +0a — 'ne—Dcos H—A) cos
DA 22 2 r J\; 2 p3 Ty (08T 8T
x . Op+0a az®\ . Op 04y .
—i—(; S ———— + (; - r—?’) sin = cos 7) smw] (43)

The magnetic flux through the loop ® is determined
from the phase factor accumulated by the electron as it
traverses the loop counterclockwise from the expression

/B ds = 7{A dr = — x (64 +0pc+6cp+6pa),

(44)
since the electron hopping acquires the Peierls phase fac-
tor exp [(—ie/h) [ A - dr] as it moves from site i to j,
where again —e < 0 is the charge of the electron. Sum-
ming up the phases from the above equations and taking
the limit @ — 0, after some straightforward algebra, we
get the desired result

where, again, &g = h/e is the flux quantum. In a similar
fashion, the magnetic fields for the Dresselhaus and Weyl
SOC cases can be computed, which are given in Egs.
(15)-(18) in the main text.

The above-mentioned magnetic field distributions are
obtained for a particular type of skyrmion, whose spin
texture is defined by a linear variation of polar angle (see

R ) P P T mr k '
Bg(r) = llma%Oﬁ = _7r [K sin BN Eq. 4 of the main text). The general expressions for
- 1 T magnetic field distributions in any arbitrary skyrmion
— —R(— cos — + —sin—)cosy|, (45)  spin texture can be represented as
t A Ao A
|
(I)O m df
= ———siné, k/A 4
A7 r dr sin (Sk/AS) (46)
) de

Bp = 5= x [O‘—R(% cos 0 + 7 sin 6) cos (o — )], (Rashba) (47)

o (I)Q ap do
Bp = ~ 5 X [— . (dr cos — 2 sin 0)sin (o + ¢)], (Dresselhaus) (48)

o (I)Q oW do
By = o X [— . (dr 59+7s1n9)sm(¢—a)]. (Weyl) (49)

The total magnetic field is a sum of the skyrmion magnetic field plus the field due to the SOC. For example, if Rashba
SOC is present, then the net magnetic field is Biot = B + Br and so on.
Magnetic field and electron transport — We note that electron transport properties such as THC are not just

determined by the phase factor in the hopping term h;; = ¢/,
by the strength of the hopping t
transport properties could be dlfferent.

; exp(idi;), which determines the magnetic field, but also

as well. Thus even though the magnetic field may be the same for two cases, the
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As an example, we consider the case of the Bloch skyrmion (y = m/2) in the presence of the Rashba SOC. Since
cosy = 0, the magnetic field is unaffected by the presence of the Rasba term as seen from Eq. (45). However,
the magnitude of the four hoppings, given by Eq. (35), around the square loop do depend on the Rashba SOC. To
illustrate this, we compute the hopping amplitudes for the square loop sitting on the z-axis at the point (z,0) far
away from the origin (z >> a). This condition simplifies the evaluation of Eq. (35). Note also that a is the lattice
constant here and is not infinitesimal, which was used in the calculation of the magnetic field above. The results are:

2 2
ltygl? = t2+(—t cos g—i+a3a—xs1n7;—x) : (50)
2 2 2
[tscl? = (—tcosﬁ—i—aRa sing—f\l) +(_t(a:ia_g)COS272T_/\+aRa smw/\x) ) (51)
+a) a a ., 7w(x+a)
g2 = 42 (t a o T( _ . a ) 59
tenl + x—i—aCOS 2 aR2a:—|—asm A ’ (52)
2 2
[thal® = (tcos;—)\) —I—(aRa sin%) . (53)

The hopping amplitudes clearly depend on the strength of the Rashba SOC ap, even though the magnetic field in
this example remains the same irrespective of ap.

D. Equivalence of electronic Hamiltonian with The hopping term between two sites for the first sce-
Rashba, Dresselhaus, and Weyl SOC nario is already given in Eq. (54). The hopping term for
the second scenario from Eq. (13) of the main text is
As explained in the main text, the Hamiltonian (and 6i;
therefore the magnetic field as well) with Dresselhaus h% = (—t)cos =L —iaij _ o, pl((— Ty cos +7~ sin ;)
and Weyl SOC can be mapped to the Hamiltonian with 2

Rashba SOC. Here, we provide explicit examples for two + (r cos aj + r . sin a;)) cos % sin%

cases.
Case I. Néel skyrmion with helicity v = 0 and Rashba + ((—T;j cos a; + 17 sin ;)

SOC vs. Bloch skyrmion with helicity v = 7/2 and Weyl 0. 0,

SOC. — i(rjj cosa; +r}; sin ) cos EJ sin 51)] (56)
Using Egs. (3) and (14) of the main text, the hopping

terms between two sites are written as From Eq. (54) and (56), one can easily see that hg =

ij 0ii i . y . hig*, which are complex conjugates of each other. So, the

hip = (=t)cos 5 ¢ Y —iag[((rj; cosa; —rjsinay) electronic properties are related to each other via a sym-

. 0. metry transformation. For instance, the emergent mag-

+ i(rjj cosa; + T ; sin ;) cos 51 sin 57 netic field is same in magnitude but opposite in direction,
which makes the THC also the same in magnitude but
opposite in sign.

+ ((r; cosa; — 1 sina;)

0, 0;
— i(rjj cosa; + r}; sin ;) cos 57 sin 51)], (54)
E. Quantization of topological Hall effect for a
. Q.. . larger skyrmion

hiyf, = (—t)cos %ew” —daw [((r]; cosay — 1 sinay) & Y
0; . 0, In Figure 4 of the main text, the THC is shown for a
+ i(rij cos aj + 1y sinay)) cos o Sy Néel type skyrmion of size 4 x 4, and the effect of Rashba
+ ((r?. cosay; — 7 sinay) SOC on the quantization plateaus of THC is presented.
! ’ 9. 0. Since the total magnetic flux associated with a skyrmion
- z(rfj cos a; + 1Y sin a;) cos 2 sin ). (55) is independent of its radius, all the properties demon-
‘ strated in the main text with a skyrmion of size 4 x 4
These two Hamiltonians are identical term by term: are equally valid for any size of the skyrmion. Figure 14

h'y = hjj, for the same SOC strength ap = ap. This  shows the THC for a skyrmion with the magnetic unit cell
means that all electronic properties are the same for the size 10 x 10. One can see the conductivity plateaus and
two cases including the emerging magnetic field and the the same Chern numbers. The optimal strength of the
THC. Rashba SOC that leads to a well-defined Quantum Hall

Case II. Néel skyrmion with helicity v = 0 and Rashba like plateaus can also be estimated from the expression,
SOC vs. Bloch antiskyrmion with helicity v = 7/2 and ~ Eq. (7), of the main text, to be a% ~ 0.1 t/a. The THC
Dresselhaus SOC. with this optimal Rashba SOC is shown on the right hand
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FIG. 14. Quantization of THC in a Néel type skyrmion of size
10 x 10. The left column represents the THC in the absence
of Rashba SOC, while the right column represents the THC
with the optimal Rashba SOC. In this figure, we show the
lower half of the band spectrum to maintain the clarity of the
quantization plateaus. The upper half will be just opposite
of the lower one, as shown in Fig. 4 of the main text.
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side of Figure 14. From the figure, it is evident that even
for larger skyrmions, a critical oY minimizes the non-
uniformity of the magnetic field distribution, and thereby
enhancing the quality of the quantization plateaus.

F. Topological Hall conductivity under finite
Hund’s coupling

Since most of the materials have very high Hund’s cou-
pling (J) compared to the hopping strength, we consider
the infinite J limit for the analyses of results in the main
text. In this limit, the spin-down states of electrons are
ignored as their energy is 2.J higher compared to the cor-
responding spin-up state, and the spinfull fermion prob-
lem converts into the spinless fermion problem. How-
ever, no additional complications will appear if the finite
J and thereby both the spin states are considered. Here,
we show the THC of a Néel type skyrmion and its quan-
tization plateaus in the presence of optimal Rashba SOC
for finite Hund’s coupling strength.

The Hamiltonian for itinerant electrons moving
through a square skyrmion crystal in the presence of

Rashba SOC under the global spin basis is written as
(see Eq. 1 of the main text),

|
HZ—tZ(C cj—i—c ) JZS cacl—zaRZ 2¢j + H.c.. (57)
(ig)
The spinor of an electron is defined as |x) = cos(§)| 1) + €' sin(§)[ |). Therefore, the local spin vector can be defined
as

(o x 735)

S = (xloz|x)& + (x|loy|x)y + (x|o:|x)Z = sin b cos ¢z + sin O sin ¢y + cos 2, (58)

where oy, 0y, and o, are Pauli matrices. To rewrite the Hamiltonian of Eq. 57 in local spin basis (x+/xy), we
need to perform a unitary basis transformation. In the second term of Eq. 57, the operator S - o is not diagonal in
| 1) and | }) basis but the same is diagonal in |x+) = cos(8/2)| 1) + e/ sin (§/2)| 1) and |x;) = cos ((7 — 6)/2)| 1
) 4 @t gin ((r — 0)/2)| |) basis with eigenvalues +1 and —1 that means in local spin basis the Hund’s coupling
takes the form of o,. Now the unitary matrix U that does the transformation UT(S - o)U = o, can be expressed as

_ ( cos(8/2) e sin(0/2)
U= <e£¢> sin (0/2) —cos(0/2) ) ’ (59)

Therefore, the creation and annihilation operator (c;T and ¢}) in local spin basis can be transformed as
c; = Uic. (60)
The Hamiltonian of Eq. 57 can be written in the local spin basis as

" = —tZ(c/iTUJch; + C;TU}Uicg) — JZSi AUTeUd, — iag ZC/-TU-T o x 7). Ujc; + H.c..

(i5)
—t > (KiolXi0)E o€ + Ko [Xiro) €l

JZCTUZC — QR Z
(ij),0,0"

(ij),00"

XZ U| o X T’L]) |Xj,cr’>C;'_’a./ + H.c..

(61)

From Eq. 61, one can obtain Eq. 3 of the main text by considering the infinite Hund’s coupling limit, where only the
lower block of the band structure of Fig. 15(c) and (g) is considered.

The numerical computations are very straightforward. The band structure and THC for finite J can be com-
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FIG. 15. Topological Hall conductivity in Néel type square skyrmion crystal under finite Hund’s coupling (J). The top panel
represents the band structure and THC without Rashba SOC, while the bottom panel represents the same for optimal Rashba
SOC (i.e., ar = 0.5t/a). The left two columns show the THC for J = 2¢, where the bands of spin up and spin down block
partially overlap. The quantum Hall-like plateaus are observed for the energy domain where the spin-up and spin-down bands
do not overlap. In the right two columns, the THC is shown for J = 4¢, where the bands for spin up and spin down blocks
are well-separated, nearly resembling the case of the infinite J limit. In this case, the optimal ar can produce the quantum

Hall-like plateaus in any energy domain.

puted both from Eq. 57 (i.e., global spin basis) and 61
(i.e, local spin basis) as shown in Fig. 15. Here, we
have considered two Hund’s coupling values: (a) J = 2t,
where some parts of the spin-up and spin-down band
blocks overlap with each other, and (b) J = 4¢, where

both the band blocks get separated. From the figure,
one can see that even in the finite J limit, the optimal
Rashba SOC exhibits the quantum Hall-like plateaus ev-
erywhere in THC except the region where different spin
bands overlap.



