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Abstract: We consider the observations of an unknown s-sparse vector € corrupted by
Gaussian noise with zero mean and unknown covariance matrix X. We propose minimax
optimal methods of estimating the ¢, norm of 6 and testing the hypothesis Hy : 8 = 0
against sparse alternatives when only partial information about X is available, such as an
upper bound on its Frobenius norm and the values of its diagonal entries to within an
unknown scaling factor. We show that the minimax rates of the estimation and testing are
leveraged not by the dimension of the problem but by the value of the Frobenius norm of X.
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1. Introduction

In this paper, we consider the Gaussian vector model
Y=0+c0s¢, (D)

where £ ~ N (0, X) follows a d-dimensional zero-mean Gaussian distribution with covariance
matrix X, and o > 0 is the noise level. We assume throughout that the diagonal elements 0'1.2
of matrix X are known (the main example is 0'1.2 = 1 for all i, that is, we deal with a normalized
matrix), while its off-diagonal elements are not, and o is either known or unknown. Based
onthe dataY = (Y1, ...,Yy), we consider the problem of estimating the quadratic functional
and the £;-norm of the parameter 8 = (61,...,04):

d
0(0) =) 67, 18l2=v0(0).
i=1

We assume that @ belongs to the class By (s, d) of all vectors 8 € R? such that ||@]|¢ < s
(s-sparse vectors), where s is an integer in [1, d]. Here, ||@]|o denotes the number of non-zero
components of 8. When ¢ is unknown, we also study the problem of estimating o.

Most of the existing literature on estimation of functionals and on the related problem of
testing under sparse vector models is focused on the case of uncorrelated data (X is a diagonal

matrix). However, in many applications such as time series analysis one needs to deal with
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dependent observations. In this paper, we study the setting where only partial information
on X is available, namely, either the Frobenius norm of X or an upper bound is known. We
propose estimators of Q (@) and ||6||, that are adaptive to the noise level and are rate optimal
in a minimax sense for ||#||,. As a consequence, we construct minimax optimal tests for signal
detection. Furthermore, we propose minimax optimal estimators of the noise level o.

When X = I, where I is the identity matrix, and o is known, Collier, Comminges and
Tsybakov [6] proved that the rate of the minimax quadratic risk for estimating the £;-norm
161]> of a s-sparse vector is equal to o-2¢ (s, d), where for any ¢ > 0,

| slog(1+ t/s%) if s < VI,
¢(s.1) := { Vi otherwise. @

Moreover, Collier, Comminges and Tsybakov [6] derived the minimax rates for estimation of
Q(0), and for testing the hypothesis Hy : @ = 0 against sparse alternatives separated from 0
in the £>-norm (improving the result of Baraud [2] by matching the upper and lower bounds).
Estimation of ||@||, is related to such a testing problem in the sense that upper bounds on
the risks for the problem of estimating ||@||, imply upper bounds for testing, while lower
bounds for the testing problem imply lower bounds for estimating ||@]|,. Comminges et al. [7]
considered the model (1) with unknown o and uncorrelated noise (not necessarily Gaussian),
and derived the minimax rates of estimating the functionals Q(6) and ||0||, as well as of the
noise level o on the class of s-sparse vectors. In particular, Comminges et al. [7] proved that,
when the noise is i.i.d. Gaussian and o is unknown, the rate of the minimax quadratic risk for
estimating the £,-norm of a s-sparse vector is equal to o-2¢* (s, d), where for any ¢ > 0,

¢ (s,1) = { sk’ggl +1/s?) if s < VI,

TViog(s/vE) otherwise.

3)

Carpentier et al. [3, 4] further extended these results to the model of high-dimensional sparse
regression with i.i.d. noise. Model (1) in the case of diagonal matrix ¥ with known entries
and o = 1 was analyzed in Laurent, Loubes and Marteau [15], Chhor, Mukherjee and Sen
[5]. Under such particular conditions, Laurent, Loubes and Marteau [15] studied the minimax
rates for the problem of testing mentioned above. In Chhor, Mukherjee and Sen [5] these
results are extended to testing of Hy : @ = 0 against sparse alternatives separated from 0 in
the £,-norm with 1 < p < co and further to estimation of the corresponding norms. Another
recent development due to George and Canonne [9] shows that introducing an arbitrary
contamination in model (1) with X = I leads to slower minimax rates (for the problem of
testing with {»-separation) than those given in [6]. Finally, there exist works allowing for
correlated noise, again focused on the problem of testing, see Hall and Jin [10], Liu, Gao and
Samworth [16], Kotekal and Gao [13]. The paper [16] deals with a change-point framework
and establishes the minimax rates of testing for the particular case s = d (no sparsity) assuming
that matrix X is fixed and positive definite. In [13] the authors consider model (1) with o = 1,
equicorrelation matrix £ = (1 —y)I + y11", where y > 0, and 1 is a d-dimensional column
vector with all entries equal to 1, and establish the minimax rates of testing the hypothesis
Hp : 8 = 0 against sparse alternatives separated from 0 in the £;-norm assuming that y is
known. They show that, for some choices of 7y, the detection boundary can be smaller than
its value when the noise is uncorrelated. In a more recent work [14], the same authors find
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different asymptotic instance of the same testing problem is considered in Hall and Jin [10],
where it is assumed that all non-zero components of € have the same value r+/log d for some
r > 0, the sparsity parameter satisfies s = d“ for some a € (0, 1/2), and the positions of
non-zero components are randomly generated. In this model, it is proved in Hall and Jin [10]
that if X is a Toeplitz matrix, then the asymptotic (as d — oo0) detection boundary can be
smaller than its value when the noise is uncorrelated. The improvement is not in the rate but
in the constant factor.

In summary, the existing literature dealing with our non-asymptotic setting (mostly focused
on the problem of testing rather than estimation of functionals) allows one to tackle the problem
under sparsity when X is either a diagonal matrix with known entries or the equicorrelation
matrix, and in the latter case all parameters of the model except @ need to be known. However,
under general correlation structure, the question of how to estimate functionals of a sparse
vector @ in a minimax optimal way and how to construct the associated tests remains open.
In this paper, we focus on the problem of estimating the functionals Q(6) and ||8]» and we
consider the general setting, with arbitrary structure of £ and with the noise level o that
can be either known or unknown. Moreover, the estimators that we propose do not require
knowing the off-diagonal entries of X. They need only partial information about X such as
the relative scale of the diagonal entries, the value of its Frobenius norm or an upper bound
on it. We construct estimators of ||@||, that are optimal in a minimax sense and are adaptive to
the noise level o-. We also derive the associated minimax rates of testing. The minimax rates
that we obtain for estimating ||@]|> under known and unknown o are of the form (2) and (3),
respectively, with ¢ = ||£||%, where ||| ¢ is the Frobenius norm of X. If £ = I we recover the
rates o2¢(s, d) and o2¢* (s, d) obtained in [6, 7]. For general X, we arrive at an interesting
conclusion that the possibility of faster or slower rates is leveraged not by the dimension d
but by the value of the Frobenius norm of X.

Obtaining the results for the model with correlated noise is challenging. The tools used
in [7] for the setting with unknown o, including exponential inequalities and sample splitting
to obtain multiple independent estimators, break down when the observations are correlated.
We develop new proof techniques allowing us to obtain a slight improvement upon [7] even
in the case of i.i.d. observations, which consists in the fact that our estimator does not need
sample splitting.

This paper is organized as follows. In Section 2, we discuss estimation of Q(8) and ||0]|»
when o is known. In Section 3, we introduce an estimator of o. Section 4 deals with the
problem of estimating ||@]|> when o is unknown. In Section 5, we consider testing of the null
hypothesis ||@]]> = 0. Section 6 is devoted to the proofs.

Notation. Let [n] := {1,...,n}. For 1 < g < oo, let || - ||, denote the £,-norm in RY,
and let By(r) := {x € R : lx|l; < r} be the £,-ball of radius r. We denote by @ the
cumulative distribution function of the standard Gaussian distribution. For x,y € R, we set
x Ay :=min{x,y} and x V y := max{x, y}. We use standard big-O notations, e.g., for two
positive sequences {a,} and {b,}, we write a,, = O(b,) or a,, < b, if a,, < Cb,, for some
absolute constant C > 0; a, = Q(b,) ora, = b, if b, = O(a,); a, = O(b,) or a, < b,
if a, = O(b,) and b,, = O(a,). Given a matrix A € R?*¢ and 7, J C [d], we denote by
A7, g the submatrix of A with rows from 1 columns from 7, by A;; the entries of A, and by

|A|lF, Amax(A), and tr[A], the Frobenius norm, the maximal eigenvalue, and the trace of A,

pecti We denote
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of random vector Y satisfying (1). We denote by ¢, C, C’ absolute positive constants that can
vary from line to line.

2. Estimating the quadratic functional and the £;-norm when o is known

In this section, we consider the case of known noise level o-. Throughout the paper, we assume
the following condition on the diagonal entries of the covariance matrix.

Assumption 1. The diagonal elements o'l.z,i = 1,...,d, of the covariance matrix matrix X
satisfy max;<;j <4 0'1.2 <1

Assumption 1 is just a normalization condition. It assures that o~ can be considered as the
noise level. As X is a covariance matrix Assumption 1 implies that all entries of X are bounded
by 1. Note also that we can replace the condition max;<;<y 0'1.2 < 1 by maxj<;<g a-l.2 <c,
where ¢ > 0 is an absolute constant, with no incidence on the results.

Assume first that the Frobenius norm of the covariance matrix X is given. Then we define
the estimator Q of the quadratic functional Q(6) as

» [ (2 - 2B IVl > goit), s < |IZlF,
Z?:l (Yi2 - 0'2(Ti2), otherwise,

where 85 := E [Zzl |Z| > T] withZ ~ N(0,1),and 1 = 3\/10g(1 + ||Z||12,/s2).The associated
estimator of the £>-norm ||@]|; is defined as

N =4/10l.
Set

slog(1 +[|E]|3./s%) if s < |IZ|lF,
|1X]| 7 otherwise,

W5, E) = 9(s, IIEI3) = {
and
l/;(S,E) = /lmax(z) AS.

Let S := {i : ; # 0} denote the support of . The following theorem provides upper bounds
for the mean square risks of the estimators O and N.

Theorem 1. There exists an absolute constant C > 0 such that, for any 0 € By(s, d) and any
X satisfying Assumption 1,

Eox[(0 - 811)?] < C (0?1013 Amas (Es.5) + o*03(5, ) ). )
Furthermore, for any ¥ satisfying Assumption 1,
sup  Egx[(Q-181B)%] < € (0220 (5,X) + 0y (5. 5) 5)
6eBy(s,d)NBy(r)
and
sup Egx[(N - [18]12)°] < Coy (s, X). (6)
ucBU(a,d)
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It is interesting to compare (6) to the bound for the case X = I [6], that is, 0'2¢(S, d), where
& (s, d) is defined in (2). Since X is a covariance matrix, Assumption 1 implies that || X|| ¢ is at
most of order d. Particularly, in the extreme case ||X||r = d, there is no elbow in the rate and
W(s,X) =< slog(1 +d?/s?) forall 1 < s < d. Thus, we get a substantial deterioration in the
zone s > Vd compared to the rate o->¢ (s, d) with uncorrelated data. On the contrary, for the
other extreme case ||Z||r =< Vd, we have (s, £) < ¢(s, d) and we recover the rate obtained
in [6] for X = I. Finally, if X is a very sparse matrix, with very small diagonal elements (or
some diagonal elements equal to O, that is, no noise in some components of @), then the rate
can be further improved.

If only an upper bound on ||Z||¢ is available, we can modify the definition of N by using
this upper bound in place of ||X||r. We now show that such an estimator is minimax optimal
in the following sense. Consider the class of parameters

©(s.d. p) := {(6,L) e R xR 6 € Bo(s.d), |Zllr <p
and):.,-,- =1fori = 1,...,d},
where p € (0,d] is a given value. Note that it makes no sense to consider p > d, since the

bound ||X||F < d is trivially satisfied if X;; = 1 fori = 1,..., d. The following lower bound
holds.

Theorem 2. Let w : [0,00) — [0, 00) be a monotone non-decreasing function such that
w(0) = 0 and w # 0. Then there exists a constant ¢ > 0 depending only on w(-) such that

inf  sup  Egxw(o (s, p") AT - 116]12]) > c.
T (0,X)e0(s,d,p)

where inf; denotes the infimum over all estimators.

Let N be an estimator defined in the same way as N with the only difference that ||X|| is
replaced by its upper bound p. The following theorem shows that N is minimax optimal over
the set O(s, d, p) with respect to the mean square risk.

Theorem 3. We have

sup Egx[(N - [1012)°] < 0°¢(s, p°), (7)
(0,X)€0B(s,d,p)
and
Eo s [(T - ||0]2)?
in sup 0.2(( ||2 112)7] -2 8)
T (0,5£)e0(s,d.p) #(s, p?)

We omit the proof of (7) as it follows exactly the same lines as the proof of (6) with | X|| ¢
replaced by p. The minimax property (8) follows by combining (7) and Theorem 2 with
w(u) = u’.

3. Estimating the noise level

In what follows, we consider the model with unknown o and we impose the following

. . : | : .
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Assumption 2. There exists a constant ¢, > 0 such that the diagonal elements O'l.2 of X satisfy
the condition minj<;<g 0'1.2 > Cs.

Thus, the minimum of O'iz’s is controlled by a positive constant that does not depend on d.
It implies that || X||F = Vd. On the other hand, in this section, we do not need Assumption 1.

Under Assumption 2, it is convenient to work with the normalized observations ¥; = 8;+0°&;
fori € [d], where 8; = 6;/0, and &; = &;/07; is a standard Gaussian random variable. Thus,
we replace the covariance matrix X by the correlation matrix £ with entries

Lij =Xij/(oio)), i.j€[d]
In this section, we propose estimators for the unknown noise level o> that will be further
used to construct the estimators of functionals adaptive to the noise level. We first provide
an estimator &g, which is rate-optimal in the sparse regime s < ||Z||r. Next, we construct a
refined estimator 6'12) that attains the optimal rate for all s < d.

3.1. Estimating o in the sparse regime

The first estimator 6’3, designed for the sparse regime, is inspired by the techniques of robust
estimation [12]. Note that all observations ¥; with i ¢ S are distributed as N (0, o), and
thus estimating o> can be equivalently viewed as a robust estimation problem, where the
observations with non-zero 6;’s play the role of outliers. In particular, let £y and F',> be the
empirical cumulative distribution functions of {¥? : i € [d]} and {&7 : i € [d]}, respectively.
Then,

N A 6
Sup|Fyz(l‘)—ng(t/O'2)| < w )
>0 d

Considering here some fixed 7 > 0, approximating > by the cumulative distribution function
of the chi-squared distribution with one degree of freedom /\(% (that we denote by F) and
solving Fy2 (1) ~ F(t/o?) leads to the following estimator of o2

A2 4

og(t) == F_l(ﬁy2(t))' (10)
A relevant choice of ¢ in (10) is to be determined. Notice that for any deterministic ¢ > O this
estimator is not well-defined since the denominator in (10) can be 0 with positive probability.
Indeed, for any ¢ > O there exist @ € By(s,d) such that Pgx[Fy2(f) = 0] > 0. Thus, we
will only define &g(t) by (10) if the denominator in (10) is non-zero. Otherwise, we set
&é(t) = Zle Yi2 /d; we note that the conclusion remains valid for any other choice of this
value. The next lemma provides a bound on the estimation error of é'g(t) for any fixed ¢ > 0.

Lemma 1. There exists an absolute constant C > 0 such that for any 6 € By(s, d) and any
X satisfying Assumption 2 the following holds.
(i) Forany t > 0 and 0 < u < 1/2 we have

Py x [

fr§<r>_1‘>4 c(sz IEI2 ()2 + e 507 | g2/

<=+ .
o2 u?\ d? d? t/o?
Ll |l . ) \ /




Mini L ith correlated ol . 7

(ii) If, in addition, |t/o* — 1| < % and s/d < 0.01 then

A2 $[(2
o5(1) 1 1]
P S~ _1|>-|<c=E
"’E[ o2 ‘—2 BRVZ

Lemma 1 suggests that the estimator &é(r) achieves a reasonable accuracy for t = o2,

However, such choice of ¢ is not realizable since o~ is unknown. Moreover, for any deterministic
t > 0 the expected error of [Tg(t) is not bounded uniformly over @ since [Té(t) can be +oo
with some positive probability as pointed out above. Therefore, we turn to an alternative
solution that consists in choosing a random ¢ = 7 based on the sample. Note that the standard
sample splitting strategy, under which 7 can be independently chosen, is not a viable option
since we have a model with dependent observations. We avoid sample splitting and propose,
a data-driven threshold 7 determined by scanning £y over a dyadic grid, where Fy. is based
on the same set of observations as é'é(-) L.

f:=min{r=2":0eZ Fpn(t) 205}. (11)
We consider now the following estimator of o2

0% = 03(h).

The next theorem gives a bound on the estimation error of 6'%.

Theorem 4. There exist absolute constants C > 0 and ¢ > 0 such that for any s < cd, any
0 € By(s,d) and any X satisfying Assumption 2 we have

s NZEllF
<Cl|—=+ .
- (d d

52 - o
Eox|——5—

o

It can be seen from the proof of Theorem 4 that the threshold (11) obtained by a search
on a dyadic grid satisfies 7 < o> with high probability. An alternative approach could be to
use the sample median 7 = min{z : Fy2(¢) > 0.5}, which is also of the order of o with
high probability. The main limitation of this approach is that, under the dependent data, the
resulting estimator &-(f) becomes difficult to analyze. On the other hand, as we prove below,
the value 7 defined in (11) belongs with high probability to a finite set

o2 3
={r=20:¢tez — <t< =02},

52 _ 52 .
This allows us to control Eg » [(TST;H] by analyzing the convergence of Fy2(t) for every

fixed t € 7. In other words, with our dyadic grid search we restrict the “degrees of freedom”
in choosing 7, which makes the resulting estimator more robust against data dependence. In
the next section, we provide another estimator of o that outperforms 6'§ in the dense regime.

IThe choice of constant 0.5 in the definition of 7 is not crucial. Replacing 0.5 by any other constant within

(0, 1) only changes the resulting rates by a constant factor. ... |
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3.2. Estimating o* in the dense regime

Note that the estimator (10) can be viewed as a method of moments estimator based on the
empirical moments of indicator functions of Yf’s. We can develop a similar argument with
the empirical moments of another family of bounded functions, namely, the cosine functions
of ¥;’s. We consider the following empirical moments:

d
Galu) = %; cos(uY;), u>0.
Analogously to (9), when s is small compared to d we can approximate |$4(u)| by the term
|clz Zflzl cos(uo&;)|, which in turn is approximated by the value of the normal characteristic
function ¢(u) = exp(—u?0?/2). Solving exp(—u’0?/2) ~ |@4(u)| suggests —% log |@a(u)|
as an estimator of o2, under some choice of u.
We set 4 = w and consider the estimator

. 27 R 2
0'12) = ) log |<pd(\//l/t)’,
where 7 is defined in (11). Our final estimator of the noise level is é'é = min{&é, 26'52, .

Theorem 5. There exist absolute constants C > 0 and ¢ > 0 such that for any s < cd, any

6 € By(s,d) and any X satisfying Assumption 2 we have

|67, — 0|
o2

Eg x

( 5 . ||i||F)_
d(1 v log(s/[E]r) ~ d

If we specify the difference between sparse and dense regimes, the bound of Theorem 5
exhibits the rate

— S5 ___ __ otherwise.
d(1viog(s/|IXllF))

] . { 12 if s < 1]l

Theorem 5 provides a generalization of the upper bound proved in [7, Proposition 7] for the
case of i.i.d. noise. Compared to the techniques used in [7], our correlated noise setting brings
fundamental challenges. The analysis in [7] relies on exponential concentration inequalities for
the uniform deviations that we are short of as the observations are dependent and the spectral
norm of X can be as large as O(Vd). The sample splitting technique for obtaining multiple
independent estimates used in [7] also breaks down when the observations are correlated. It
turns out that for our estimator, that does not use any sample splitting, second-order moment
inequalities suffice to achieve the desired rate. Note that we obtain an improvement upon|
Proposition 7 in [7] even in the case of i.i.d. observations since our estimator does not need
sample splitting.

4. Estimating the £;-norm when the noise level is unknown

In this section, we use the estimators of o> proposed in Section 3 in order to construct

estimators of the £,-norm ||@||, when the noise level o is unknown. |




Assume first that the Frobenius norm of the covariance matrix ||X||r is known. We start by
considering an estimator of ||@||, defined as follows:

where
d A A d .
5 {zizlwam>asair}—a§aszizlaz, if s < IZF,

0" = |
Z,il (Y,-2 - 5%0'2), otherwise.

i

Here, y = E [221{|Z| > 7}] with Z ~ N(0,1), and 7 = 3\/10g(1 + |22 /52). Set

slog(1 + [|IZ][%./s%) if s < [|Z]lF,
s otherwise.

Yr(s,E) = 9" (s, IIZIF) = {

Wiog(s/EF)

Our aim in this section is to show that o-2* (s, X) is the minimax optimal rate for the squared
error of estimating ||@]|» on O(s, d) if Assumptions 1 and 2 hold, and that the estimator N* or
its modifications attain this rate. The following theorem provides bounds on the accuracy of]
the estimator N*.

Theorem 6. There exists an absolute constant a € (0, 1) such that, for any 0 € By (s, d) with
s satisfying that s < ad and any X satisfying Assumptions 1 and 2, the following holds.

(i) In the regime s > || X||F, there exists an absolute constant ¢\ > 0 such that
Egx[(N* = 110112)%] < c10?y* (s, E).

(ii) In the regime s < ||X||F, there exists an absolute constant c; > 0 such that, for any
n € (c2||E||r/d, 1), the following inequality holds with some constant c,, > 0 depending

only onn:

Pos (V" = 16]12)* < ¢y (5, D) 2 1= 1. (12)

(iii) If, in addition, X is a positive definite matrix there exists an absolute constant c3 > 0
such that

Egx[(N* - [10]2)%] < c3 (\//lmax(z_l) + 1) oY (s, E)
(13)
2 IZI7 2,2
+ c30 7 log(1 + ||IZ||%/s7).

Theorem 6 grants an expected squared risk bound with the desired rate o-2* (s, X) in the
dense regime s > ||X||r. However, in the sparse regime s < ||| Theorem 6 implies such a
conclusion only under additional conditions. The bound (12) provides a bound in probability
under an additional (X-dependent) condition on 7. Part (iii) of Theorem 6 implies that, under
the additional assumption that X is positive definite with minimum eigenvalue bounded below
by some positive constant and ||Z||2. < sd, the proposed estimator achieves the rate o2y * (s, X)
for the expected squared risk also in the sparse regime.

The bound (12) is valid only under the condition that 7 is bigger than c;||X||r/d, which is

NOL NEZI1Z1D WNEN F =X d. VY NOW SNOW tnat on dn Con ] dll mator adependen
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of n that is free of this constraint. Namely, for any given n € (0, 1), we propose an estimator
depending on 7 that achieves (12). Fix € (0, 1) and let g,, be the n-th quantile of a chi-square
random variable with one degree of freedom. Define

A

M - .
6',27 = , where M := min{s: F%(t) > 0.5}.
q1-n/20

We now modify Q* in the sparse regime s < ||| as follows:

d d
05, = > V2U{IY| > max{Gs, 0y Yoimy} = 63asy Y 07,

i=1 i=1

where

T = 3\/q;"/’2/02° log(1 +|[Z2/s?) and @y, = E[Z21{|Z] > 7,}].
n

The corresponding estimator of the £,-norm N n = A / |Q*;,| achieves the following bound in
probability in the sparse regime.

Theorem 7. There exists a constant a € (0, 1) such that for any n € (0, 1), any 8 € By(s,d)
with s satisfying that s < min{ad, ||Z||r}, and any T satisfying Assumptions 1 and 2 we have

Pox (¥, = 1012)° < ey’ (5. 2)) 2 1 -1,

where c,, > 0 is a constant depending only on 1.

Next, we consider the setting where the Frobenius norm ||X||f is not available and we
only know an upper bound p on | X||r. In this setting, we show that estimators that are based
on slight modifications of N* and 1\7; can achieve minimax optimality on the parameter
spaces O(s,d, p), p > 0, where the reﬁtrictionAHEII F < p is active. Let N* and N}, be the
estimators defined in the same way as N* and NN, respectively, with the only difference that
|2l is replaced by its upper bound p. Let ¢*(s, -) be defined in (3). Then ¢* (s, p*) follows
the same definition as " (s, X) except that we replace ||Z||r by p.

Theorem 8. Let w : [0,00) — [0, 0) be a monotone non-decreasing function such that
w(0) = 0 and w # 0. Assume that there exists a constant « € (0, 1) such that s < ad. Then
there exists a constant ¢ > 0 depending only on w(-) such that

inf sup sup Eg » w(0'_1(¢*(s,p2))_1/2|f"— ||0||2|) >c.
T (0,x)€0(s,d,p) 0>0

Moreover,
(i) In the regime s > p,

Egx[(N* - 11002)%] .
sup sup - < 6° (s, p°).
(0.2)€0(s,d,p) o>0 o

(ii) In the regime s < p, for anyn € (0, 1) there exists a constant c,, > 0 depending only on
n such that

sup sup Pz (N = 18112)? = ¢, 06" (5. p7)) <.
)y-o>0
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5. Optimal testing for signal detection

In this section, we provide some corollaries of the above results for the problem of testing for
signal detection. We now introduce the notation M, := {£ : X;; = 1,i € [d], and ||Z||r <
o}, where p > 0; then problem of testing hypotheses can be defined as follows:

Hy:0=0,Xe M, against H;: (0,X) €O(s,d,p): 0|l >r,

where the parameter r > 0 characterizes a separation between the two hypotheses. When r is
too small there is no hope to construct a good test for this problem. The main question is to
find the smallest, in a minimax sense, separation radius r, under which one can obtain a valid
test and to provide such a test.

For any test P, that is, any measurable function of Y with values in {0, 1}, we define its
risk as the sum of type I and type II error probabilities:

R(Y,s,d,p,r) = sup Pox(W=1) + sup Pox (¥ =0).
LeM, (0,£)€0(s,d.p):||0|l2=r

The minimax risk is the smallest risk among all tests P, that is,

R*(s,d,p,r) = inlJfR(‘I’, s,d,p,r).

Assume that we are given a tolerance level 7 € (0, 1) for the minimax risk. The minimax rate
of testing ry, (s, d, p) is defined as

ry(s,d,p) =inf{r >0: R*(s,d,p,r) <n}.

A natural approach to testing Hy against H is to reject Hy when some estimator of the £,-norm
||@]|2 exceeds a suitably chosen threshold. We use this approach with the estimators of the
£>-norm proposed above and the thresholds derived from the optimal rates of estimation that
we have obtained. Thus, consider the test

P = 1(N > yovV¢(s, p?)),

where v > 0 is a constant. Introduce the separation radius

Fy =2yoVé(s, p?).

Using the upper bound (7) and Chebyshev’s inequality we can control the risk of ¥* for the
separation radius 7,, as follows:

R(¥",s,d,p,7y) < sup Pox(N > yovo(s, p?))

XeM,

+ sup Pyx(N = |8]l2 < —yoV¢(s, p?))

(0,X)€0(s,d,p)
Eo s [(N - ||0]2)?
<2 sup 0,22[(2 I !2) 1 <Cy,
0.2)e0(s,d.p) Y OT°P(s,p?)

where C* > 0 is an absolute constant. Choosing y = 4/n/C* implies that the last expression
does not exceed 7, so that

ry(s.d. p) < 24n/C*aVe(s, p?). (14)
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Proposition 1. There exists an absolute constant c4 > 0 such that given any vy > 0, we have

R*(s.d. p.7y) = exp(l - exp(csy?))/2.

For any 7 € (0, 1/2), the equation exp(1 — exp(c4y?))/2 = n has the solution

e
Yn = \/(64)_1 log log (%)
Thus, for 7 € (0, 1/2), we get R*(s, d, p, y,0Vé(s, p?)) = n, which implies the bound

(s, d,p) 2 yyoNe(s,p?), Vne(0,1/2). (15)
Combining (14) and (15) we obtain the following corollary.

Corollary 1. For any n € (0,1/2), there exist constants ¢, C,, depending only on n such
that the minimax rate of testing satisfies

cno Ve (s, p?) <1y (s, d, p) < CroV (s, p?).

The results of this section deal with minimax optimality on a class of matrices, while the
prior work on sparse testing discussed in the Introduction was analyzing minimax optimality
for a fixed matrix X. In those papers, Hy was a simple hypothesis (with a given matrix X, which
was assumed diagonal, except for [10, 13, 16]), while here we deal with minimax optimality
over classes of matrices X, and in our case H is a composite hypothesis. Of course, for specific
fixed matrices in the class one gets, in general, better rates than those achieved uniformly over
a class. This can be seen in the setting with equicorrelation matrix detailed in Kotekal and Gao
[13], and in Hall and Jin [10] for a different instance of sparse testing problem in asymptotics
as d — oo.

In [16, Theorem 7] the authors provide the minimax rate for a testing problem in a change-
point framework, which implies the minimax rate of the order /|| ||z for testing in model (1)
under the no sparsity scenario s = d with fixed positive definite matrix X and o = 1. Note
that it agrees with our conclusions for this particular setting. Indeed, when X is fixed with
entries independent of d we have || X||r < d, so that for s = d our Theorem 1 gives the rate
W (s,X) = ||Z||F for the squared loss leading to the +/||X||r rate of testing for this particular
case.

Remark 1. An interesting phenomenon described in Hall and Jin [10] and further noticed in
other context by Kotekal and Gao [13] consists in the fact that, for some specific families of
matrices X, the minimax rate of testing can be better than in the case of independent noise,
and the hardest subproblem corresponds to the identity covariance matrix. In contrast, in|
our setting this is not the case. Indeed, inspection of the proof shows that our lower bound
is obtained on correlated data that correspond to block-diagonal matrices and not to the
identity covariance matrix. The independent case appears in the proof only as a technical
element — after a suitable reduction we apply the lower bounds for the independent case from
Collier, Comminges and Tsybakov [6]. Our contribution is a reduction argument that leads to
a contraction of the original problem to testing two composite hypotheses on a smaller scale.
Importantly, the reduction step itself does not rely on the hypotheses being composite. The
intuition is that, with a stronger correlation on X, the effective sample size of the noise vector
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o. In our lower bound construction, this reduction is realized through a block-wise covariance
structure, where the block size is also determined by p. Consequently, the estimation error
of the mean parameter within each block is amplified by the block size. This construction
provides a convenient and analytically tractable instance that captures the essential difficulty
of the problem.

6. Proofs
6.1. Properties of correlated Gaussian variables

In this section, we collect some facts about correlated Gaussian variables that will be useful in
the proofs. We show that several functions of Gaussian random variables scale quadratically
with the correlation coefficients, which will be crucial to obtain the optimal dependence of
the rates of convergence on the Frobenius norm of the covariance matrix.

Lemma 2. There exists an absolute constant C > 0 such that the following statements hold
for two standard Gaussian random variables { and n that are jointly normally distributed
with correlation coefficient v.

(i) Cov[Z%, %] = 202,
(ii) Foranyt > 1, let § = E[Zz||Z| > 7] where Z ~ N(0,1). Then
Cov[(£* = B)1(IZ > 1), (7° = B)1(Inl > )] < Ve exp(=7°/2).
(iii) Forany t > 0,
|Cov[1(¢2 <7),1(57 < 1)]| < CV3(x% + 1)e™ ™5,
(iv) Foranyt,ui, uy € R, o,07 > 0 we have

|Cov[cos(1(u1 + 014)), cos(t(u2 + oam))]|
< C(|v* cos(tur) cos(tua)| + |vsin(tuy) sin(tua)]).

Proof. Given ¢ = u, the conditional distribution of 7 is N (vu, 1 — v?). Therefore, n has
the same distribution as v + V1 — v2Z where Z is a standard Gaussian random variable
independent of {.

(i) Letn = v + V1 — v2Z. We obtain

Cov[Z2°] =E[(* - D(n* = D] =E[(* - D((v¢ + V1 =v2Z)> = 1)]
=E[(>- 1)+ (A =v)Z2 +2vV1 —v2¢Z - 1)]
VE[(Z2 = D]+ 2vV1 =v2E[({ = DZZT +E[({ = D((1=vH)Z2 - 1)]

=202,

(1) See [3, Lemma 5]
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(iii) We consider separately the cases |v| > 5 Land |v| < 5. For |[v[ > 5, using the Cauchy-
Schwarz inequality we get

|Cov[1(? < 1), 1(n* < 7)]| < Var[L1(n?> < 7)] <P[n? > 7] < Cv?e /2,

where C > 0 is an absolute constant.
Next we prove the result for |v| < % Given ¢ = u, the conditional distribution of 7 is
N (vu,1—v?). Then,

Cov[1(Z?<1),1(n* <) =P[* <1,0° <1] -P[Z? < 7]P[n? < 7]

For the expression under the integral in (16) we have

q)( T—vu _q)(—\/? )
V1 -2 V1 -2
eI (‘ﬁ‘”‘))
=D - —|| - — (1 —D(-
== = )| TN o evn)
e A e e e e
= | O -20 20 -20
( -2 * -2 -2 * -2 ()
2
< max |97 (x)| _lvaz) +2g1€a;2<|<1>'<x>|( _fvz—ﬁ), (17)
where /; is the interval with endpoints \F ! = and :/Fﬂ;,l = \/_ ‘F ], and we have

used the triangle inequality and the relatlon between divided dlfferences and derivatives

(see, e.g., [17, (2.1.4.3)]). Since |v| < % and |u| < v, we have I} C [{/%, 1/ 37
’ _ 1 —x%)2 ’” R —x2/2
Note that @’ (x) = Norad and .¢> (x) = orad and W WH =
Therefore, the upper bound (17) yields
VT - vu) (—\/? - vu)
® ~ 0| S| - (V) + (V1)
( V1 -2 V1 -2
where C’ > 0 is an absolute constant. The conclusion follows from (16).
(iv) Taking the real part of the characteristic function we obtain that, for X ~ N (u, a?),

< C/VZ(T3/2 + T1/2)ef‘r/3’

E[cos(tX)] = cos(tu) exp (—%tzaz) . (18)

Set 6 = V%,Z= pi+ 014, and i = py + on. Then, £+ ~ N(uy + pa, (o] +

t (0'1 +0'2

)(1+6)) and £ —7j ~ N (uy — ,uz,(O'1 +0'2)(1—6)) Letb = . We get
Cov[cos(t{), cos(t7f)] = E[cos(¢£) cos(t77)] — E[cos(¢)|E[cos(77)]
= %E[cost(g7 +7)] + %E[cost(f — )] — E[cos(t{)|E[cos(t77)]

1
=5 cos(tuy) cos(tuy) (e_b(l+6) +e bU-0) _ Ze_b)

1
) sin(tuy) sin(tuy) (e—b(l+5) _ e—b(l—é)) ‘
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It remains to show that

‘e—b(1+6) +o-b(1-0) _2e—b‘ <V ’e—b<1+6) —eP1=9)] <y,

For |v| > %these upper bounds hold trivially. For |v| < %,using the fact that |5] < |v| < %
and applying the relation between divided differences and derivatives (see, e.g., [17,
(2.1.4.3)] we obtain

’e_b(Hé) + e P-0) _ 2e_b| < max b>§%e7Pé < e7PlAs? <2,

éelz.3
|e_b(]+5) —e_b(1_6)| < max 2b|6le P < e7P4 5| < |y
£el.3]
The conclusion follows. |

As a corollary, we obtain the following proposition on the properties of various statistics
of the correlated Gaussian random vector € = (g1,...,&4) ~ N(0, X). Recall that we denote
by 0'12, cees a’é the diagonal elements of X = (¥;;); ; and by ¥ be the matrix of correlation
coefficients with entries X;; = X;;/(0y07).

Proposition 2. Let € ~ N(0,X). There exists an absolute constant C > 0 such that the
following holds.

(i) Var(||&3) = 2[Z][3-
(ii) Lett > 1 and B = E[Z2||Z| > 1], where Z ~ N(0, 1). Then, for any subset U C [d],
Var

D (67 = o7B)1(lail > 0i7) | < CIIEIF7* exp(-72/2),

e

Z e21(l&i| > oyT)

ieU

Var < C||2:||%v7'8 exp(—72/3).

(iii) Let T > 0. Then

Var < CIEI (T2 + 1)e 3,

Z le(sl2 < a'izr)

ieU

(iv) Lett € R, and let uy, . .., g € R be such that Zil 1(u; # 0) < s. Then,

d

Z cos(f(ui + &)

i=1

Var

< (I +sIZlr).

Proof. Items (i) and (iii) follow directly from Lemma 2.
(i1) Consider the standard Gaussian random variables &; = ¢;/0y, i € [d]. The correlation
coefficient between &; and &; is X;;/(0y0;) for i, j € [d]. Thus, we have

Var Z(sf - 0'1-2,8)11(|8i| > O'iT)]
el
= Z o7 o Cov((&] - B)L(lei| > 077). (85 - P 15| > 0j7))
i€eU,jel ‘
< IZlI77" exp(—72/2), (19)
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where the last inequality follows from Lemma 2(ii). Next we prove the second inequality in
(i1). Note that

Var <2Var

Z sg]l(lsil > 05T)

ieU

D (e —oiB)1(lsil > m-r)]

iel

D olB(el > mr)] :

ielU

+ 2Var

Applying Lemma 2(iii) and the fact 8 < 72 (see, e.g., [3, Lemma 4] or (24) below) yields that

Var

Z 0'1.2[31(|81-| > O'ﬂ')} = ﬁz Z a-l.zo'Jz-Cov(]l(|§,~| > 1), 1(|&;] > 1))

ieU ieU jeﬂ
< |IZ)1F78 exp(=72/3). (20)

The conclusion follows by combining (19) and (20).
(iv) Introducing the notation S = {i € [d] : u; # 0} we get

d

Z cos(t(u; + &)

i=1

Var

= Z Cov [cos(t(u; + &1)), cos(t(u; + &) |

(@)
< z + 15l

i,jeS

B) oo
< |IZllE + slIEllF,

where (a) follows from Lemma 2(iv), and (b) is due to the Cauchy-Schwarz inequality. O
6.2. Proofs for Section 2 (known o)
6.2.1. Proof of Theorem 1

Consider first the case s > ||X||z. Then

d
- ||6?||2 = Z Y2 - o' 62 = o2 Z:(el2 - 0'i2) + 20‘2 0;&i,
i=1 ieS
where S denotes the support of 8. Consequently,
Eox [(Q - 11015)°] < 20" Var(e])3) + 806 sEs s6s. 1)

where 85 € RS is the vector of nonzero entries of 8, and Xss € RS*S is the submatrix
of £ with columns and rows in S. Applying Proposition 2(i) we immediately obtain (4) for
s> || X|lg




Consider now the case s < ||X||r. Then we have

d

O - 1613 = > (¥ - 2B 1(|¥;| > ooyT) -
i=1

= o2&} - B (el > ovr) + Y (¥ = oo PBs - 67)

i¢S ieS
= > (7 = P02 B)1(Yi| < ooyT)
ieS
d
= Z 0'2(8% - a‘fﬂs)]l(|e,-| > 05T) + Z 200;¢; (22)
i=1 ieS
+ > el - aPpI1(lell < ait) = ) (¥} = P o B L(IYil < ooyT).
ieS ieS
(23)

Notice that for any 7 > 0 we have

1 ,-7%2
N L R
/oo —L_e=x*/24x

T V2n

ﬁs:1+

<4741, (24)

where the first inequality uses formula 7.1.13 in [1]. Since 7 > 1, by the triangle inequality,
we get that almost surely, the absolute value of the expression in (23) satisfies:

< SO‘2T2 max 0'2
eS

e =B lsil < i) = Y (¥ = 2o B LY < ooiT)

ieS ieS

Next, the mean squared errors of the two terms in (22) can be controlled by Proposition 2(ii)
and an argument similar to (21), respectively. It follows that

Eg,z + EO,E

(Zd]crz(s% ~o?BIed > oir))

(Z zae,-al-)ﬂ

ieS
< otE]ETte T 2y 205X s s0s.

Combining the above bounds we find that

~ 2
Eox [(Q = 10137] < 21013 dmen(Es.) + o' (5% + [ElFe77).

Recalling that T = 3\/log(1 + ||)2||12¢/s2) finishes the proof of (4) for s < ||Z||F.
Inequality (5) follows immediately from (4) using the bounds

/lmax(ZS,S) < /lmax(z) A ||ES,S”F < /lmax(z) A SHEES'X O-i2 < Amax(z‘) AS.
i

Finally, we deduce (6) from (5). Notice first that (s, X) < (s, X). Introduce the threshold
t := o+i(s,X). Consider first the case ||@]]» < r. Then, using the inequality (a — b)? <
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2(a® — b?) + 4b?, and (5) we obtain

Egx[(N - [16]12)°] < 2E¢x[I0] - [16113] + 411615 < 2\/E0,2[(Q — 1161321 + 42

a2 (s, Z) + ot (s, 2) + 12
o2y (s, X).

A

A

Next, consider the case ||@]|> > . Then, using the inequality (a — b)?> < (a® — b*)?/a? for
a>0,b>0,and (5) we get

Eox[(10] - 11613)%] . Eox[(0 - 116]12)°]
11612 N 12
oy?(s, X)
2

Egx[(N - 116]12)*] <

o2 (s,X) +

N

0'21//(6', ).

A

The proof of (6) is complete.

6.2.2. Proof of Theorem 2

Given any loss function w(-) with w(0) = 0 and w # 0 and any ¢ > 0, we define the scaled
minimax risk as

R*(s,d,p,¢) :=inf  sup  Egx[w(oc ¢~ T - ||6]]2])].
T (0,X)eO(s,d,p)

Since the diagonal elements of X are all equal to 1, we only need to consider the case p > Vd.
The proof is based on a reduction of the minimax lower bound with correlated observations
to that with independent observations. In particular, we define

R*(s,d, ¢) := inf sup Egx[w(o ¢ 2T - ||6]12])].
T (JEB()(S,d),Z:IdX[[

It is known from [6] that, for any integers d’, s’ such that s” € [d’], we have the lower bound
R (s, d',¢(s",d")) = 1. (25)

We will use this bound with suitably chosen d’, s’ to prove that R*(s, d, p, #(s, p?)) = 1,
which is the required result. We consider separately the following two cases.

Case I: Vd < p <2Vd. Since the identity matrix satisfies the Frobenius norm constraint in
the definition of @(s, d, p) we have that, for any w(-) and ¢,

R*(s,d,p,¢) > R*(s,d, ¢).

Set here ¢ = ¢(s,d) and note that, in the considered case, ¢(s,d) = ¢(s, p?). It follows
. : : ’r _ ’r _ * 2 >
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Case II: p > 2Vd. Without loss of generality we assume that s > 2. Given any two positive
integers r and p such that

rp <d, (26)
we define the following block diagonal covariance matrix:
Yo =diag(Lrxr, - 5 Lixrs Ld=rp)x(d—rp))- (27)
p blocks

Here 1, is a r X r dimensional matrix with all entries equal to one, and I (4, p)x(a—rp) 1S @
(d—rp) X (d—rp) dimensional identity matrix. We also define a class of vectors @ as follows:

p
©:= (G101 By 8y 0. 0)T €RT D UG £0) < 1
S——— ——— i=1
r entries r entries
If the pair (r, p) is such that
r<s and r’p+d<p> (28)

then for any 0 € @, we have (0,X) € O(s, d, ). Moreover, for § € 0O, X = X, model (1) is
equivalent to the model with p independent observations ¥; ~ N(6;, %), i € [p], such that at

most one of &;’s is nonzero. Since ||60|» = Vr Zle 0? = \r||@||2, where @ = (6, ...,8,),
we obtain that, for any ¢ > 0,

T —+rl|6
R*(s,d,p,¢) > inf sup Eg» [w (L}ﬂ)z”ﬂ)] (29)
T GeBy(1.p).2=1 pxp o
T-6 .
T §eBo(1,p).E=1 pxp o(r-1¢)

Thus, to complete the proof it remains to find a pair (r, p) satisfying the inequalities
in (26), (28) and such that R*(1, p,r~'¢(s,p?)) = 1. We will do it separately for two
cases.

First, consider the case s < p. Then we choose r and p as the largest integers such that

r<s/2andp < ’s)—z A % Recalling that p> > 4d one can check that such r and p satisfy (26)
and (28). Furthermore,

2 d 2 d
ré(1, p) = slog (1 +2A —) =5 (log (1 + p—z) A log (1 + —)) (30)
S S A) S
pe
=< slog (1 + —2) = ¢(s, p?),
S

where we have used the facts that p < d, and log (1 + ?—;) =log (1+ g) for s < p. Combining
the last two displays, we obtain that there exists an absolute constant ¢ > 0 such that

R*(s,d,p,$(s,p") = R*(1,p,cp(1,p)) 2 1.

Next, we consider the case s > p. Then ¢ (s, p>) = p. We choose the pair (r, p) satisfying
(26) and (28) as follows: r = |p/2] and p = 1. Clearly, R*(1,1,7"!p) > 1, which implies
that R*( l. o t(i ]2)) > 1 also in this case
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6.3. Proofs for Section 3 (estimation of 0*)
6.3.1. Analysis Of&g

Proposition 2(iii) allows us to control the variance of the empirical distribution function
F 2 (x) for any fixed x > 0. In addition, we have the bound (9). Consequently, we obtain
that, for a deterministic 7 < o2, the estimator Fy(r) converges to F(z/c?) with the desired
rate %. In our construction, we do not operate with fixed ¢ but rather with 7, which is
data-driven and depends on the empirical distribution function, cf. (11). However, since we,
use a dyadic grid in (11), it is enough to control the estimation error for a finite number of
values of ¢ to obtain the desired error guarantee for &g. We first prove the bound on the error
é'é (1) for fixed ¢ as stated in Lemma 1, then derive the properties of 7 in Lemma 4, and finally
obtain the error guarantee for &g.

Proof of Lemma 1. (i) We prove only the bound on the upper tail probability. The proof of
the lower tail bound is entirely analogous. The definition of a'z(t) and the monotonicity of F
imply that

A t
G e

<Pox [F (#) ~Fe (ol:z) z F(O'Z) F((l +tu)0'2) - cil]’

(3D

O'St
Py > 5 >1+u
a

where the last inequality uses (9). Recall that F(x) = 2®(+/x) — 1 for x > 0. Then, for
lu| < 1/2,

x|l —

2> Ze_x|u|\/)_c. (32)

2r 1+u

Applying Chebyshev’s inequality and Proposition 2(iii) we get
o2t
Pg’z |: S(Z) >1+u
o

Part (i) of the lemma follows from this inequality by noticing that 1 A

CBElE ()2 4 1)e

[(Flule™@ ()12 = $).1>

<

[=anp < 1A 2xte)

—(IA(y‘/;) ) ,andl/\(y‘_/i)+ =1{y <+vx+a}+

for any x, y,a > 0. Indeed, 1 A l(y—a
y%]l{y>\/)_c+a}sl/\@.

We now prove part (ii) of the lemma. For any ¢ satisfying |t/o> — 1| <2/3 and u = 1/2 we

obtain from (32) that
(\/j - \/7 ) > 0.015.

In view of this remark, part (ii) of the lemma follows from (31) by applying Chebyshev’s

w\u‘

|F(t/0?) - F(2t/30%))| > —e
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Lemma 3. Fora € (0,1), let §, be the empirical a-th quantile of s, that is,

Go =min{u : Fo(u) > a}.

Then
8
(1 —a)m.

s, where &;’s are standard normal variables, for

Eox(4s) <1+

Proof. Since F»(-) is the empirical cdf of & “2’

any ¢t > 0 we have

I~

2e”

Eox[l - F2(t)] =Ppx(1 > 1) < .
2t

By Markov’s inequality we obtain that, for any ¢ > 0,

N . 2e™ %
Pox(Go >1) <Pox(Foo(t) <a)=Pox(1-Fo(t) 21 -a) < ——.
¢ ‘ ‘ (1 —a)V2nt
Hence
® ® 2e‘7 8
Egz[q]<1+/ P()’E(qA2>t)dtS1+/ —dt <1+ ——.
1 ¢ 1 (1 =a)V2nrtl/4 (1-a)V2n
O
Lemma 4. Let s/d < 0.01. Then there exists an absolute constant ¢ > 0 such that
1, . 3, cllZlF
Pg’):[gO' SISEO']ZI— o (33)

Furthermore, By 5 [i*] < o*.

Proof. Since F is the cdf of the X% distribution we have F(a)+7 < 0.5 < F(B) -1 fora = %,
B = % and 7 = 0.01. By Chebyshev’s inequality and Proposition 2(iii),

Eox [|1F2(8) - F(B)?] - 1117
|F(B) —t-052 =~ d*°
Egx [|Fp2(a) - F()?] - 111
|F(a) +7-0.512 =~ 42~

Pox[F.2(B) -1 <0.5] <

Py x [ﬁgz (@) +7205] <

By the definition of 7, we have Fy2(f) > 0.5 and Fy2(7/2) < 0.5. Combining the above remarks
and (9) we obtain that, with probability at least 1 — c||i||%_ /d?, where ¢ > 0 is an absolute
constant,

Fy2 () 205> Fo(a) + 7> Fya(ac?),
EFy2(1)2) < 0.5 < F2(B) — 7 < Fy2 (Bo?).

The bound (33) follows from these relations and the monotonicity of F‘yZ. Next, from (9)
and the assumption s/d < 7 we obtain that ng(#) < Fy (£/2) + 7 < 0.6. It means that

0.6, Where g ¢ is the 0.6-th empirical quantile of éf’s. Applying Lemma 3 we conclude
[*] < o* O

57 6?
h 0.zl
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Consider the set

2
3
T:z{t:2€:€ez,%srs—o—2}.

\®)

Note that this set contains not more than 3 elements Indeed, if 7 is non-empty and £* is the
smallest value in Z such that ” <20 < 0' then 263 > 2402/3 > 2 % o2

Lemma 4 implies that there is an absolute constant ¢ > 0 such that t € 7 with probability
at least 1 — c||i‘.||%, /d?. Before proving Theorem 4, we first show that there exists an absolute
constant ¢ > 0 such that 6‘§ = o2 with probability at least 1 — c||):“.||12,/ d’.

Lemma 5. There exists an absolute constant ¢ > 0 such that

1, 5, 3, IZ117
Pg,z EO’ < SSEO' >1- d2
Proof. Recall that, by definition, O'S = O'S(t) We have
A2 AD A 2
o 1 (1) 1 1117
P =S _1>=|<P S~ |>=fteT|+ec
el 1% 277 | o2 2 &
~2 & 112
o5(1) 1 1]l
SZPO’El S2 —1‘>§]+C dZF'
teT

The conclusion follows from Lemma 1(ii) and the fact that 7 contains not more than 3
elements. |

Proof of Theorem 4. Consider the event £ := {20' <6< 20'2 f € 7} Lemmas 4 and 5

Os
imply that Py x(E) > 1 - I d!F , where ¢ > 0 is an absolute constant. We have
o2 &2 02 .
Eg x ?—1 =Egx 1 1I(E) |+ Eg x 1 I(E9)|.

By the definition of 7 we have Fy2(f) > 0.5. Thus,

2 n

T _ ; < —. (34)
o2 R2F N (Bp(d) T o2

>

Applying the Cauchy-Schwarz inequality and Lemma 4 yields

A2 ~
Ts IIEIIF a1 o IElF
Egx || - 1| 1(E9)| s \/1 +Egyx [(f/02)?] 5 — (35)
Next, note that
R . ) , 7 f f
|F(i/o?) ~ F(i/5)|1(E) = min |F'(£)] | = ——2 1(E) 2 |— - —2 1(E).
§€[§»3] o S S




Mini L ith correlated ol . 23

Using this inequality and (34) we find

52 o F
Eox || - 1| U(E)| =EBoz |2 |5 - | L(E)
o t |o Og
< Eox [|F(i/0) - F(i/65)| L(E)| = Egx [|F(i/0?) = Fy2 ()| 1(E)]
. s+ |2
< Z Egx |F(t/0?) - Fy2(1)| < %, (36)

teT

where the last step follows from Proposition 2(iii), (9) and the fact that 7 contains at most 3
elements. Combining (35) and (36) concludes the proof. m|

6.3.2. Analysis Of@'%

In this subsection, we prove Theorem 5. We first evaluate the accuracy of ¢;(z) considered

252 . .
as an estimator of the normal characteristic function e~=% . The following lemma gives a
bound on the relative error of ¢;(z).

Lemma 6. For any z € R we have

2 .

Pa(z) 52 ||Z||%( s ) 2 2

Eg x -1 S — + — V1 exp(z o ) 37
(e" ) a2 d® \|E|F

Furthermore, if s < d /8 there exists an absolute constant C > 0 such that, for any z € R,

1 2252 3 252 ||i||%‘ ( N ) 2.2
P —e 2 <@g(z)<ze” 2 | =21-C — V 1]ex (ZO’). 38
0.z [2 $a(2) 5 ] 2 Izl p (38)

Proof. Applying (18) yields

R d
E z 1 2s
%ﬁf)]—l = |EZCOS(ZQL') -1 < 7 (39)
e 2 i=1
Consequently,
; : a2) ~ Box [841\| . (25)?
Eg.x QdegZ)z -1] | £2Egx paz 02’22 2 +2 (_S) ’
e_% 8_% d

The bound (37) follows this inequality and Proposition 2(iv).
If s < d/8 then (39) implies that

2,2

2o _Z20?
Eox[@a(z)] —e” 27 |<e” 2 /4.

Under this condition, the left hand side of (38) is not smaller than the probability

2252 R
Pyx [m(z) ~Eoxl[¢a(2)]| e "7 /4] 2 1-16¢%7 Var[¢a(2)].

L ion 96 i (38
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Proof of Theorem 5. Recall that 6'12) = min{é%, 26'§}, where

. 2f . X
b= _710g|90d((/1/t)1/2)|
and 1 = w_

o2
Define the event E = {6‘§ > %o’z,fe T, % 9 < Ga((A/H)1?) < e Ea } Then,

o2 &3 o2
Eox ||—5 - 1|| =Eox ——l]l(E) +Eox |5 - 1| L(EY)|. (40)
o
Next, we bound separately the two terms on the right hand side of (40).
On the event E we have 02 < 26'5, which together with the fact that 5> = mm{O'D, 20'5}

implies that |63, — o?|1(E) < |03, — 0?|1(E). Using the inequality |logx —logy| < p;/\il,

Vx,y > 0, we obtain:

1

)
ag
D
p) - NI(E) = —

2
11(E) < D(t)
O-

—Z—f(loglsﬂd((/l/t)”z)l—10ge 22(;2)‘11(E)

2 |pa((A/D)1) = e |
A2 5 (DI A e
pal(UD1D)

/10'
€ 2f

1(E)

< /§1 1| 1(E),

v
where the last inequality follows from the conditions 7/0-> < 3/2 and ¢4((1/7)'/?) > e~ Ea /2
that hold on E. Using the fact that 7 € 7 under E, where 7~ contains at most 2 elements, and
applying Lemma 6 we find:

52 5 1/2
op 6 A/t
Eox |5 - 1[1(E)| < ) “Eox Lﬁ)—l
teT e
1 1] ¢ Ao? s
< + — V1
Arf?}‘(d IR W TR RVATST

32115
<S5y ElE TSy (41)
Ad Ad X[ F

We now consider the second term on the right hand side of (40). Note first that since 7
contains at most 3 elements and 0%/3 < t < 30°2/2 for t € T, we get by applying Lemma 6

that
i 2
| ||F(
dz

1 a0 3 a2
Pos |ce 5 < ga((1/1)1?) < 5.e—’T,vz €T v 1) exp (31) .

2

IZllF

Combining this inequality with Lemmas 4 and 5 we get

Pyx[E°] < I ( \ 1) exp (31) . (42)
, S 5 4
d ||Z||F




Using the fact that 6'12) < 2A§ and the Cauchy-Schwarz inequality we find:

" n 2
o c o
Egx |3 -1 LED | < |Box || = 1] |VPox[E]
< \2+ 2Bgx [(202/02)2] Py [ET. (43)

From Lemma 4 and (34) we have Eg » [(6'§ / 0'2)2] < 1. Using this remark and combining
(40) (41), (42), and (43) we obtain

) 32/2 (1% 1/2
9p s 1\ e |IZ]|F ( s )
E — -1 + |1+ = — vl . 44
" * ( A) d Il “
Recall that 4 = (1 V log IIiSIIF) /6. 1If s < e||Z||F the right hand side of (44) does not exceed

C||Z||/d for an absolute constant C > 0. In the case s > e||Z||r we have A = (log ﬁ)m
and the right hand side of (44) is of the order /f—d since

63/1/2”2”F( s V1)1/2< s L s
d IE]|F (s/I1E]1F) a ~ Ad

This completes the proof. m|

6.4. Proofs for Section 4 (unknown o)

In this section, we prove Theorem 6 using the estimators of the noise level o constructed in
Section 3. Under Assumptions 1 and 2, we have X;;/(c;07;) < X;; and thus || Z||F = I1Z]| £
Hence, we can replace ||Z||z by ||Z||r in the theorems of Section 3 and the bounds on
estimation errors remain valid to within a constant factor.

6.4.1. Proof of part (i) of Theorem 6

S
V613 + 2067 &~ [16]12| + J

where the upper bound is due to the inequality |[v/|x + y| — z| < |\/m — z| + 4/|y|. Due to the
inequality |4/|1 + x| — 1| < |x|, the first term on the right hand side of (45) admits the bound

( 20’|0T8|

For s > || X||r we have

|N* — 116112 - 1612

d

> 0} = 5ho?

i=1

IA

; (45)
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Since E(ge™) = X we obtain

E|\/[I613 + 20607 &| - 1101l

To handle the second term on the right hand side of (45) we first write

d )
Z 2(1_@)
i 0_2 .

=1

2
<40 Amax (Z) < 402 |Z|F (46)

8—0'

i=1
Assumption 1 implies that Zfl: | O'i2 < d. Therefore, we can use Theorem 5 to get

d A2
o

Saili-2
g

i=1

s

1V log g

Eox < ZElF +

Furthermore, Eg » |Z 1(8 - 0'2)| < V2|12 || by Proposition 2 (i). It follows that

d A 2
Eox (> (e = 2507)| S 1Bl + o $ ¥'(s. ). 47)
i=1 IZllF

Combining (45), (46), and (47) we complete the proof.
6.4.2. Proof of parts (ii) and (iii) of Theorem 6
Using the definition of N* for s < |||z we obtain

0" = 10lla] < | | D Y2101 > asovm) - 16112 (48)

ieS
. A2 d 172
+ 0 Zs?]l (|sl~| > QO}'T) - ozs—g O'iz .
; o o? 4
i¢S i=1

Here

DAY > asovr) = 81k < |- (VLY > Gs0iT) = 6,)°

ieS ieS

= D (e = Yil(I¥i] < bs0im))°.
ieS
Therefore,
2
Z Yl.ZIl(|Yl-| > 0s0iT) — [|0]]2] | <2E¢x (ZO’ g; + a'éa'z‘rz)
ieS ieS

=2 (o- + Ey ):(O'S)T ) Z 0'2.

ieS
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Note that since |[Z||r < d it follows from Theorem 4 that Eg,):(@'é) < o?. Moreover,

Assumption 1 implies that ;. g 0'1.2 < s. It follows that

2

Eox \/Zn211<m|>&so-,-r>—||0||z <sot S ot (D). 49)
ieS

The remaining proof is devoted to the control of the second term on the right hand side
of (48). The major difficulty arises from the dependence between the variance estimator &g
and ¢&;’s. To begin with, we note that the following holds:

2 &3 N 2 2 S 2
Egx Zsi 1(l&i| > oy7) —as— ZO‘i <Epsx Zaiﬂ (l&i| > oy1) — ay Zo‘i
igS 7T A ieS i=1
d A2
o
+ay ) o7Byz| S -1
. o
i=1
(a)
2 2
< Egx Z (g71 (|l&i| > o97) — @507)
i¢S

+ Cas(s + [|Z]|F)
(®) 4 2 *
S IIEllF77exp(=77/6) < ¢7(s,E),  (50)

where (a) follows from Assumption 1 and Theorem 4 while (b) is due to the second inequality
in Proposition 2(ii), the assumption that s < ||X||r, the inequality oy < 72¢=7'12 and the fact

that 7 = 3\/10g(1 + 122 /52).
Given (50), in order to evaluate the second term on the right hand side of (48) it remains
to control the difference

Zs?]l (|£,~| > ﬁo-ﬂ-) - Za%]l (|l&i| > oy7)|, &18)
o

i¢S i¢S

where 7 = 3\/log(1 + ||Z||%; /s%). To this end, we use the following two lemmas. The first
lemma provides a bound for the expression in (51) in probability. The second lemma estab-
lishes a bound on its mean squared error under the additional condition that X is positive
definite. The proofs of the lemmas will be given at the end of this subsection.

Lemma 7. There exist absolute constants ¢ > 0 and C > 0 such that, for any n €
(c(s +11ZllF)/d, 1),

g
Pg’): ( 2812 (]l (l{-}il > FSO','T) -1 (|8i| > O'iT))

i¢S
>1-n.

s+ ||XZ 2
s+IENF 3,724

<C
n2
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Lemma 8. If X is positive definite there exists an absolute constant ¢ > 0 such that, for any
T>1,

2
X <2 X
<ct? (1 + (Z_l)ii) s+ islr |c|l HFe_W +c7? (—s A lcll ”F) .

Since 5 < ||E||F and T = 3\/10g(1 + IZ[12./52) we obtain that

2
Eg’): [8i

1 (|£,~| > ﬁO'iT) - 1(l&i| > oi7)
o

_2 .
(s+Elp) e ™/* < slog(1 + |1Z]17/5%) = ¥ (s, E).

Applying Markov’s inequality to the random variable under the expectation in (50) and using
Lemma 7 we obtain that for any > ¢||X||r/d there exists a constant c,, such that

Py x (

Applying now Markov’s inequality to the random variable under the expectation in (49) and
invoking (48) and (52) we complete the proof of (12).
We now prove (13). Under the condition that X is positive definite, we apply Lemma 8 with

s < |IZ||F and 7 = 3\/10g(1 + |I=|12./5). This yields:

~2 d

O g
Zs?]l (|8i| > —O’ﬂ') —as—s Zo-lz
o o2

Cn s
< Z'J’ (s, X)
¢S i=1

n
>1--. 52
21-7. ()

o
Eg > Zslz (]1 (|8,-| > —SO'iT) -1 (l&i| > O'iT))
ies o
< ZEG’Z (sl2 1 (leil > 5O'ﬂ') -1 (l&i| > oy7) )
i2s 7
d 22 2
1 ) log(1+[[Z]|%/5%)  [IZll% )
< = X+ 1]Z + log(1 + ||
D B e e L R T
i=1 F
N d -1 “Z”%:‘ 2,2
< ZZ; (E7 i+ 1) + —F log(1 + |ElI7/5°).
1=

Notice that (£71);; < Amax(Z71). Hence,
Zs? (11 (|8,~| > ﬁ0',-7') =1 (l&]| > O'iT))
¢S o
) (]2 22
S8 VAmax(E7) + 1] + y log(1 + [[Z]|%/57).

Combining this bound with (48), (49) and (50) concludes the proof of (13).

Eg x

c(s+|ZllF)
d

Proof of Lemma 7. Given any n such that < n < 1, define a random event

A2 2
ﬂ::{l S0, c<s+||z||F>}’
\

o2 2nd

J
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where ¢ > 0 is a constant to be chosen. Applying the Markov inequality to Theorem 4 yields
that by choosing c sufficiently large, Py x (A€) < n/2. Note that § < % For any 7 > 0,

Eoz(

SE(,,E(s%n(T\/T |0| \/_)11(31))

Os
(|‘91| > Fo-t ) =1 (lei| > O—iT)

1)

2
E* .
<o7Ees |51 (TVI -6< i <tVl+ 6))
ag: g;
13
< 0?5136_72/4,

where in the last step we have used the fact that, for b > a > 0,

b
/ e gy < bze_“z/z(b —a).
a

Consequently, since 0'i2 < 1 by Assumption 1, we have

0 X
’2812 (Il (|8f| > 2UiT) -1 (leil > (T,-T)) ’]l(j()) < SHIENF 3,-v2/a
7 n

i¢S

Eg x

Applying the Markov inequality yields that

{ZS’Z (Il (ISil > &—SUI'T) = 1 (&l > 077))
a

i¢S
where C is a constant. In light of the above and that Py x (A€) < n/2, we obtain the desired
result. |

\%

Py s > > <n/2

Cls+ ||z||F>Tge_,z/4} .
n

The rest of this subsection is devoted to the proof of Lemma 8, where X is assumed
positive definite. The idea of the proof is to use a leave-one-out argument. For i € [d],
sete_; = (&1,...,&-1,8i+1,.--,&€q)and Y _; = (Y1,...,Y;_1,Yi41,...,Ygq). Since only one
observation is dropped, the corresponding variance estimator using Y _; is close to the original
U§ with high probability. On the other hand, since X is positive definite, all its principal sub-
matrices are positive definite, the conditional distribution of g; given &_; is non-degenerate
and has the form (see, e.g., [8])

&ile_i ~ N(Cov(e;, £_;)Cov(e_;) 'e_;, 07 —Cov(e;, 6_;)Cov(s_;) ' Cov(e_;, &;)), (53)

where, by the Schur complement (see, e.g., [11, (0.7.3.1)]),
1
(E Ny

We will use these remarks to derive the following preliminary lemma.

a’i2 - COV(S,',8_[)C0V(8_i)_1C0V(8_,',8[) = e [0, aiz].

Lemma 9. Let t < o2, Then for any T > 0,

2
Os (¢ i Os (¢ + || = 2 + [|=
P [ B0 1 <l @] oy s Il o (54 IEe)

O3 1S 1
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Proof. Let F_;(t) denote the empirical cumulative distribution function of {Y}g / 0'12 N
Similar to the estimator 6'§ in (10), define the corresponding estimator and its relative error as

a2,(1)
2

t

FU(F_i (1) -

o2,(t) = §_i(1) =

’

(o

respectively. Let Ey := {0-;() < 1/100}. It follows from Lemma 1 that Py x[E]] <
(%)2 since ¢ < o2, We get

- e
Pox as<)M§|sl|Scrs<)vl]
;T o
o5 (1) el os(1) +IZlF\? G
ng,z[a-S A< LTS vl,E]+(S—F).
o oiT o d

Additionally, we get under event E; that £_;(¢) is strictly bounded away from zero and from
one. Using the fact that |[F_; (1) — F(1)] < % and the mean value theorem yields that, under
the event £,

62,1 R0

o2 o2

<c/d,

for an absolute constant ¢ > 0. Without loss of generality, we assume that d is sufficiently
large such that ¢/d < 0.01. Then,

[ A2 2 )
ot E: ot
S0 8 5o

o2 O'l.2

:(&z,m )1 2 (afzim c

—_ < + j—
o? 0?72 o? d

Pg’z \Y l,E1

2 = o2

SPg,E V1, E;

2

<P _1 5. -S< S i+ SE
- 0,2 -1 d —_ 0_127_2 — —1 d, 1

. (55)

Since §_; () is measurable with respect to £_; we can use the conditional distribution (53) to
obtain an upper bound on the expression in (55). Specifically, the conditional distribution of
% given &_; is N (u;(&_;), L?), where

2 1

—_— ; i ~ _2
§ = gy €100 o) ~ NI

Let! := T\/l —0-i(t) —c/d,u := T\/l + 0_;(t) + ¢/d. The length of the interval [/, u] is at

most L = 2(6_;(t) + ¢/d). Then we get
2L [ - & 2
Pyx [leil/oi € [L,u], E1] <Egx ]1(E1)\/;; exp (—%ﬂ . (56)




where the last inequality uses the fact that, for 0 < a < b and X ~ N(u, 0?),

_x-w?

e 202 1(a < |x| < b)dx

Pox [1X] € [a.b]] =/

1
2o

2
b-a 1 .
<2 exp|—-=—=| min |x— y
2ro 202 x:a<|x|<b

2b-a ( (a—lul)i)
eXpl—————1 .

S —
T oo 202

It remains to bound from above the right-hand side of (56). Define E; = {|u;(e-;)| < 7/2}.
Then,

(/2 ) P

Pyx[ES] <exp|-— <
0.z [E5] P( 21-2)

Under the events E| and E; we have [ — |u;(&_;)| = 0.487. Therefore,

Eox l(El)LCXp(_M)]
ZL%
— . . 2
st [E(EI)H(EZ)LGXP (_M) +Eox [L(E)L(ES)L]

< By x [L1(ED exp (~72/9) + Py x [E5|Eg s [L21(E))].
Recall that L < 6_;(¢) + 5. By an argument similar to (36) we obtain that

s+ ||):||F)2

Eox [L*1(E))] < ( 7

Using the above inequalities in (56) we get the following upper bound on the probability

in (55):
) 2 ) 2
&2(1) 2 o) Syt e T
Pg,z 2 Al < @ < P V1LE|| S oE )iiT exp —E .
The conclusion follows from this inequality and (54). O

Equipped with Lemma 9, we are now in a position to prove Lemma 8.
Proof of Lemma 8. Define the following two events:

N 3
E]Z{IET}, EZZ{AgﬁiUZ},

1 < T2 /42 1 < (ITI2 /42
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respectively. Set E = E; N E;. We have

Egz( (|8l|>—SO'l )—]l(|8i|>O'iT))SEO,);( 2]l(—/\1< |8l| <£V1))
o o ot o
3
<—22E02(11(—/\1 |’|<—v1)]1(E))
2 o oiT loa
+Eox (831 (5 A<l TS 1) ]l(EC)) . (57)
loa ;T o

Applying Lemma 9 we get

O'iszEg,z(Il(F/\l<lf;|_ %VI)H(E))
13
<0-722P0 —A1<|'€‘| v

g

teT
2
[ X 2 x
SO'isz( (Z )”S+|| ”F _16+(—s+|c|l ”F)) (58)

Next we bound from above the second term in (57), which can be further decomposed into
two terms using the fact that E¢ = (E; N E{) U ES. For the term corresponding to the event
E> N E{ we have

& o 3 2
Eox(e21 (2 a1 <20 el sy 1(ES NEy)| < 202%Py 5 [E] < 72” IF . (59)
o oiT o 2 d?
Next, for the term corresponding to the event E5 we have
Eo.x (gfﬂ (@ A< gl s, 1) ]l(E‘)) <Egy (g$1(|sl-| > cr,-r)]l(Eg))
o oT o
< a2 o B ¢ g2 iy el 0
< E (] 1(l&i] = 0y7)) S 0@V Derm 2=, (60)
where we have used first the Cauchy-Schwarz inequality and then the fact that
/ xe ¥ 2y = 6_72/2(7'3 +37) + 3/ e X124y
T T
Plugging (58), (59), and (60) into (57) we complete the proof. O

6.4.3. Proof of Theorem 7

'We will use the following lemma about the deviations of 6',27, the proof of which will be given
at the end of this subsection.

Lemma 10. Letn € (0,1). If s < d/100 then

Pyy(62/c? € ( / 1) > 1 -n/4




On the event defined in Lemma 10, we have that, almost surely, | max{ds, 0} — 0| <
|&s — o]. Using this and following the same argument as in the proof of Theorem 6, we only
need to show that there exists some constant ¢, > 0 depending on 5 € (0, 1) such that

max{0s, 07}
Py x ( Zs?]l (|ei| > fmfr,, - Z 8?]1 (|8,~| > 0',-1',7)

> cp (s, Z)) > 1-n/2.

i¢S i¢S
(61)
To achieve this goal, we consider the event
&5 — o IZlF
A(n) = {iT <d:=c nd L0 [0% € (qn20/q1-nj20. D | -

Using Lemma 10 and Theorem 4 we obtain that, for a constant ¢ > 0 large enough,
Py x(A(n) =1- ‘%’7. Arguing as in the proof of Lemma 7 we get

max{ds, oy}

2
Eg,): (Si

1 (|5i| > Il(5‘1(77)))

o-i‘rn) =1 (leil > ov1yy)

<Egx (8%1 (max {Tn\/l —min(1,6), 1, 61?77/2/20} < Isli' <t V1+ 5) ]l(ﬂ(n)))
\f - ;

g,

<Egx (s?ﬂ (max {TU\/l - min(l,é),T} < l:' <t,Vl+ 6) ]l(ﬂ(r])))

4

sa-izé(l + 5)7’,?;6_7-2/2.

Recalling that 7 = 3\/10g(1 + ||E||12D /s%) and acting in the same way as in Lemma 7 we
obtain (61) for any € (0, 1).

Proof of Lemma 10. Without loss of generality, we assume that all o;’s are equal to 1. Then
we have

~ N 1 N
Py x(M > 0'2611—77/20) <Poyx (Fyz (O'qu_n/zo) < 5) <Poyx (ng (Cll—n/ZO) < 0.51)

=Pyx (1 - ng (ql_n/z()) > 0.49) < 17/8,

where the last bound uses Markov’s inequality. Similarly, we have

N N 1 N
Pg,z(M < O'Zq,]/z()) <Pyx (Fyz (O'Zq,]/z()) > 5) <Pox (ng (qn/zo) > 0.49) <n/8.

The desired result follows from the above inequalities and the union bound. m|

6.4.4. Proof of Theorem 8

'We only prove the lower bound of Theorem 8. The proof of the upper bounds (items (i) and
(ii) of Theorem 8) follows from arguments quite analogous to the proofs of Theorems 6 and 7.
It is therefore omitted.

Notice that for s < p the rates stated in the lower bounds of Theorems 2 and 8 are the
same while the result of Theorem 2 is stronger since it holds for a smaller minimax risk. This

proves the lower bound of Theorem 8 for s < p
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It remains only to prove the lower bound for the case s > p. Similarly to the proof of
Theorem 2, we proceed by a reduction to the lower bound for the model with independent
observations. Without causing confusion, we will use the same notation as in the proof of
Theorem 2 for somewhat different but analogous quantities. Given a fixed loss function w(-)
satisfying the assumptions of Theorem 8 and any ¢ > 0, we now define R*(s, d, p, ¢) as the
minimax risk

R'(s.d,p.¢)=inf sup  supEq |w (o977 = 0l])].
T (0,£)e0(s,d,p) o>0
With this notation, our aim is to prove that R*(s, d, p, ¢*(s, p?)) = 1 for s > p. Moreover,
arguing analogously to the proof of Theorem 2 we see that it suffices to obtain this result for
p > 2Vd. We also assume without loss of generality that s > 2.

For a positive integer 7, we define p = | d/r]. Let X be the block diagonal covariance matrix
defined as in (27) with the only difference that we replace Iy p)x(d—rp) bY L(a=rp)x(d-rp)»
that is, by the (d —rp) X (d — rp) dimensional matrix with all entries equal to 1. For a positive
integer k < p, we define a class of vectors @ € R¢ as follows:

p
B = (A1 G1 e sGpe e 0p, 0, )T €RY: UG #0) < k
— N——— i=1
r entries 7 entries

By the choice of p we have d — rp < r. If the triplet (r, p, k) is such that
k < p, rk<s, and r’(p+1)<p? (62)

then for any 6 € O, we have (6,X;) € O(s,d,p). Moreover, for § € ©, £ = X, model
(1) is equivalent to the model with p + 1 independent observations (¥, ...,Y p+1) such that
Y; ~ N(6;,02), i € [p], where at most k of §;’s are nonzero, and ¥,+1 ~ N(0,02%). We
denote by E;U, where = (0, ..., 8,), the expectation with respect to the joint distribution

of (Y1, .. .,YP,YPH) and we define, for any ¢ > 0,

R*(k,p,¢) :=inf sup sup E; [w (U‘ltp_l/zlf - ||9||2|)] . (63)
T §eBy(k,p) o>0 b

Since ||0||> = Vr Zp 6’2 we obtain following the same lines as in (29) that, for any ¢ > 0,

R*(s,d,p,¢) > R*(k,p,r '¢). (64)

In what follows, we set r = L%J and k = | %]. Then the triplet (r,p = |d/r], k) satisfies
the inequalities in (62). Since p > 2Vd and s > p > r we have that r and k are positive
integers so the above triplet is a feasible choice. Moreover, with such a choice, we have that

r<f <—<dasp<s<d Therefore,

=24 %2
s 4sd
k<<
r- p?
k25—1=rk2s—r2s/2,
r
d d d d?
p2—-1=rp2d-rz>5 = p2>-—2>—.
r 2 2r ~ p?
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Next, recall that s < ad for @ > 0 small enough by the assumption of the theorem. Thus, in
the following we assume without loss of generality that @ < 1/2, so that p < d/2. It follows
that

B (sfr=1? _(s=r)
p - (dr)
_2\2 _ )2
Z(ZS;O p°) Z(2d Q) 51
2d%p? 2d?
Consequently,
. rk S .
r¢” (k. p) = ¢*(s, p?).

" TViog(k/yp) ~ 1V log(s/p)

Note also that, by choosing @ small enough the condition p > C of Lemma 11 below is met.
Indeed, p > d/(2r) = d/s = 1/a. Using these remarks, (64) and Lemma 11 we obtain that,
for some absolute constant ¢ > 0,

R*(s,d, p,¢"(s,p*)) 2 R*(s,d, p,cr¢*(k, p)) = R*(k, p,c"(k, p)) 2 1,
This concludes the proof.

Lemma 11. Let R*(k, p, ¢) be defined in (63), where w is a loss function satisfying the
assumptions of Theorem 8. Then there exists an absolute constant C > 0 such that for any
p > C, any k > +/p, and any absolute constant ¢ > 0 we have R*(k,p,co*(k,p)) 2 1.

Proof. Tt suffices to prove the lemma for ¢ = 1 since the function w(-/c'/?) satisfies the
assumptions of Theorem 8. The proof follows the argument in [7, Proposition 3(ii)], with
the only difference is that, in our notation, [7, Proposition 3(ii)] proves the result when the
sample is (f’l ,...Y »), while in our case the sample contains the additional observation Y P+l
Therefore, we only focus on the way to handle this difference and do not reproduce the other
details of the proof.

Given a p-dimensional probability distribution P and v > 0, we denote by P ® N (0, v)
the distribution of a (p + 1)-dimensional random vector (Xi,...,X,1) such that the first
p coordinates (Xi,...,X,,) are distributed as P and independent from the last coordinate
Xp+1 ~N(0,V). o

Let the mixture probability measures Py, P, and the constant ¢ > 0 be defined in the same
way as Py, P, and ¢ in the proof of [7, Proposition 3(ii)] with the only difference that s and d
are replaced by k and p, respectively. We now follow the same argument as in the proof of [7,
Proposition 3(ii)] but considering the distributions P; ® N (0, 1) and P, ® N (0, 1 + @) instead
of P; and P,, respectively. It follows that, in order to prove the lemma, it suffices to show that

- - 5
VP ON(O0,1),P, @ N(0,1 + §)) < 3’ (65)
where V (-, -) denotes the total variation distance. All other elements of the proof remain the
same as in [7, Proposition 3(ii)]. Standard properties of the total variation distance yield that

V(P @ N(0,1),P, @ N(0,1 + @))
<VP; ®N(0,1),P,® N(0,1)) + V(P @ N(0,1),P, @ N(0,1 + ¢))
=V(P,Py) + V(N(0, 1), N(0, 1 + ¢)).
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From the proof of [7, Proposition 3(ii)] we have V(P{,P,) < 1/2, so that V(Py,P;) < 1/2.

Moreover, V(N (0,1), N(0,1 + @)) < ¢’@ for some absolute constant ¢’ > 0. Recalling the
.- . .. .. ~ cok

definition of ¢ in the proof of [7, Proposition 3(ii)] we have that § < m < ¢o/2,

where the constant cg > 0 can be chosen as small as needed. By choosing ¢y < % we obtain

(65). O

6.5. Proof of Proposition 1

As in the proof of Theorem 2 we consider two cases. In the first case corresponding to
Vd < p < 2Vd we have ¢(s, p*) < 2¢4(s,d). Then the result follows by reduction to the
model with X = I by noticing that

R*(s,d,p,7y) > ilquf Por(W=1)+ sup Por (¥ =0)| >c(y) (66)
0€By(s5.d):|10]2 >4y o\ (s.d)

for all y > 0, where c(y) > 0 depends only on . This is done following the same lines as in
the proof of [6, Theorem 12]. Note that [6, Theorem 12] obtains (66) for sufficiently small y,
while we need it here for all y > 0. Extending the proof in [6] to all ¥ > O is straightforward
by using the inequality V(P, Q) < 1 — exp(—x?(P, Q))/2 instead of V(P, Q) < vV x2(P,Q),
where V(P, Q) and y*(P, Q) are the total variation distance and the chi-square divergence
between two probability measures P and Q (cf. [18, Theorem 2.2(iii)]). Following the lines
of [6, Theorem 12] with this modification we obtain that the bound (66) holds with

c(y) = exp(1 - exp(16y%)) /2. (67)
We now focus on the second case p > 2Vd. We consider only the sparse regime s < p

since the result in the regime s > p follows from an analogous argument. Repeating the same
steps as in the proof of Theorem 2 we find:

R (s,d,p,Fy) > inf [Po,z(lp 1)+ sup Pyx(¥ = 0)
0€0:]10]l2>2y oV ¢ (5.0?)
> inf [Po,,pxp(qf 1)+ sup P, (F=0).

0€Bo(1,p):1101l2>2y o Vr=1 ¢ (s.0?)

where in the last line the distributions are considered over a p-dimensional Euclidean space.
Since according to (30) there exists an absolute constant ¢’ > 0 such that ¢(s, p?) < ¢’r¢(1, p)
we further have

R*(s,d,p,7y) Zill}lf Pos,, ,(¥=1)+ sup P;;

(¥ =0
0By (1,p):1l0ll2>2y o<’ ¢(1,p)

pxp

> c(Vc'y/2),

where the last inequality follows from the second inequality in (66) that we use with s and d

taking values 1 and p, respectively. Combining the above lower bounds for both considered

: : " : )
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