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Abstract: We consider the observations of an unknown 𝑠-sparse vector 𝜽 corrupted by
Gaussian noise with zero mean and unknown covariance matrix 𝚺. We propose minimax
optimal methods of estimating the ℓ2 norm of 𝜽 and testing the hypothesis 𝐻0 : 𝜽 = 0
against sparse alternatives when only partial information about 𝚺 is available, such as an
upper bound on its Frobenius norm and the values of its diagonal entries to within an
unknown scaling factor. We show that the minimax rates of the estimation and testing are
leveraged not by the dimension of the problem but by the value of the Frobenius norm of 𝚺.
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1. Introduction

In this paper, we consider the Gaussian vector model

𝒀 = 𝜽 + 𝜎𝜺, (1)

where 𝜺 ∼ N(0,𝚺) follows a 𝑑-dimensional zero-mean Gaussian distribution with covariance
matrix 𝚺, and 𝜎 > 0 is the noise level. We assume throughout that the diagonal elements 𝜎2

𝑖

of matrix 𝚺 are known (the main example is 𝜎2
𝑖
= 1 for all 𝑖, that is, we deal with a normalized

matrix), while its off-diagonal elements are not, and 𝜎 is either known or unknown. Based
on the data 𝒀 = (𝑌1, . . . , 𝑌𝑑), we consider the problem of estimating the quadratic functional
and the ℓ2-norm of the parameter 𝜽 = (𝜃1, . . . , 𝜃𝑑):

𝑄(𝜽) =
𝑑∑︁
𝑖=1

𝜃2𝑖 , ∥𝜽 ∥2 =
√︁
𝑄(𝜽).

We assume that 𝜽 belongs to the class 𝐵0(𝑠, 𝑑) of all vectors 𝜽 ∈ R𝑑 such that ∥𝜽 ∥0 ≤ 𝑠

(𝑠-sparse vectors), where 𝑠 is an integer in [1, 𝑑]. Here, ∥𝜽 ∥0 denotes the number of non-zero
components of 𝜽. When 𝜎 is unknown, we also study the problem of estimating 𝜎.

Most of the existing literature on estimation of functionals and on the related problem of
testing under sparse vector models is focused on the case of uncorrelated data (𝚺 is a diagonal
matrix). However, in many applications such as time series analysis one needs to deal with
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dependent observations. In this paper, we study the setting where only partial information
on 𝚺 is available, namely, either the Frobenius norm of 𝚺 or an upper bound is known. We
propose estimators of 𝑄(𝜽) and ∥𝜽 ∥2 that are adaptive to the noise level and are rate optimal
in a minimax sense for ∥𝜽 ∥2. As a consequence, we construct minimax optimal tests for signal
detection. Furthermore, we propose minimax optimal estimators of the noise level 𝜎.

When 𝚺 = 𝑰, where 𝑰 is the identity matrix, and 𝜎 is known, Collier, Comminges and
Tsybakov [6] proved that the rate of the minimax quadratic risk for estimating the ℓ2-norm
∥𝜽 ∥2 of a 𝑠-sparse vector is equal to 𝜎2𝜙(𝑠, 𝑑), where for any 𝑡 > 0,

𝜙(𝑠, 𝑡) :=
{
𝑠 log(1 + 𝑡/𝑠2) if 𝑠 ≤

√
𝑡,√

𝑡 otherwise. (2)

Moreover, Collier, Comminges and Tsybakov [6] derived the minimax rates for estimation of
𝑄(𝜽), and for testing the hypothesis 𝐻0 : 𝜽 = 0 against sparse alternatives separated from 0
in the ℓ2-norm (improving the result of Baraud [2] by matching the upper and lower bounds).
Estimation of ∥𝜽 ∥2 is related to such a testing problem in the sense that upper bounds on
the risks for the problem of estimating ∥𝜽 ∥2 imply upper bounds for testing, while lower
bounds for the testing problem imply lower bounds for estimating ∥𝜽 ∥2. Comminges et al. [7]
considered the model (1) with unknown 𝜎 and uncorrelated noise (not necessarily Gaussian),
and derived the minimax rates of estimating the functionals 𝑄(𝜽) and ∥𝜽 ∥2 as well as of the
noise level 𝜎 on the class of 𝑠-sparse vectors. In particular, Comminges et al. [7] proved that,
when the noise is i.i.d. Gaussian and 𝜎 is unknown, the rate of the minimax quadratic risk for
estimating the ℓ2-norm of a 𝑠-sparse vector is equal to 𝜎2𝜙∗(𝑠, 𝑑), where for any 𝑡 > 0,

𝜙∗(𝑠, 𝑡) =
{

𝑠 log(1 + 𝑡/𝑠2) if 𝑠 ≤
√
𝑡,

𝑠

1∨log(𝑠/
√
𝑡 ) otherwise. (3)

Carpentier et al. [3, 4] further extended these results to the model of high-dimensional sparse
regression with i.i.d. noise. Model (1) in the case of diagonal matrix Σ with known entries
and 𝜎 = 1 was analyzed in Laurent, Loubes and Marteau [15], Chhor, Mukherjee and Sen
[5]. Under such particular conditions, Laurent, Loubes and Marteau [15] studied the minimax
rates for the problem of testing mentioned above. In Chhor, Mukherjee and Sen [5] these
results are extended to testing of 𝐻0 : 𝜽 = 0 against sparse alternatives separated from 0 in
the ℓ𝑝-norm with 1 ≤ 𝑝 < ∞ and further to estimation of the corresponding norms. Another
recent development due to George and Canonne [9] shows that introducing an arbitrary
contamination in model (1) with 𝚺 = 𝑰 leads to slower minimax rates (for the problem of
testing with ℓ2-separation) than those given in [6]. Finally, there exist works allowing for
correlated noise, again focused on the problem of testing, see Hall and Jin [10], Liu, Gao and
Samworth [16], Kotekal and Gao [13]. The paper [16] deals with a change-point framework
and establishes theminimax rates of testing for the particular case 𝑠 = 𝑑 (no sparsity) assuming
that matrix 𝚺 is fixed and positive definite. In [13] the authors consider model (1) with 𝜎 = 1,
equicorrelation matrix 𝚺 = (1 − 𝛾)𝑰 + 𝛾11⊤, where 𝛾 > 0, and 1 is a 𝑑-dimensional column
vector with all entries equal to 1, and establish the minimax rates of testing the hypothesis
𝐻0 : 𝜽 = 0 against sparse alternatives separated from 0 in the ℓ2-norm assuming that 𝛾 is
known. They show that, for some choices of 𝛾, the detection boundary can be smaller than
its value when the noise is uncorrelated. In a more recent work [14], the same authors find
the minimax rates of estimating linear functionals under the equicorrelated Gaussian noise. A
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different asymptotic instance of the same testing problem is considered in Hall and Jin [10],
where it is assumed that all non-zero components of 𝜃 have the same value 𝑟

√︁
log 𝑑 for some

𝑟 > 0, the sparsity parameter satisfies 𝑠 = 𝑑𝑎 for some 𝑎 ∈ (0, 1/2), and the positions of
non-zero components are randomly generated. In this model, it is proved in Hall and Jin [10]
that if 𝚺 is a Toeplitz matrix, then the asymptotic (as 𝑑 → ∞) detection boundary can be
smaller than its value when the noise is uncorrelated. The improvement is not in the rate but
in the constant factor.

In summary, the existing literature dealing with our non-asymptotic setting (mostly focused
on the problemof testing rather than estimation of functionals) allows one to tackle the problem
under sparsity when 𝚺 is either a diagonal matrix with known entries or the equicorrelation
matrix, and in the latter case all parameters of the model except 𝜽 need to be known. However,
under general correlation structure, the question of how to estimate functionals of a sparse
vector 𝜽 in a minimax optimal way and how to construct the associated tests remains open.
In this paper, we focus on the problem of estimating the functionals 𝑄(𝜽) and ∥𝜽 ∥2 and we
consider the general setting, with arbitrary structure of 𝚺 and with the noise level 𝜎 that
can be either known or unknown. Moreover, the estimators that we propose do not require
knowing the off-diagonal entries of 𝚺. They need only partial information about 𝚺 such as
the relative scale of the diagonal entries, the value of its Frobenius norm or an upper bound
on it. We construct estimators of ∥𝜽 ∥2 that are optimal in a minimax sense and are adaptive to
the noise level 𝜎. We also derive the associated minimax rates of testing. The minimax rates
that we obtain for estimating ∥𝜽 ∥2 under known and unknown 𝜎 are of the form (2) and (3),
respectively, with 𝑡 = ∥𝚺∥2

𝐹
, where ∥𝚺∥𝐹 is the Frobenius norm of 𝚺. If 𝚺 = 𝑰 we recover the

rates 𝜎2𝜙(𝑠, 𝑑) and 𝜎2𝜙∗(𝑠, 𝑑) obtained in [6, 7]. For general 𝚺, we arrive at an interesting
conclusion that the possibility of faster or slower rates is leveraged not by the dimension 𝑑

but by the value of the Frobenius norm of 𝚺.
Obtaining the results for the model with correlated noise is challenging. The tools used

in [7] for the setting with unknown 𝜎, including exponential inequalities and sample splitting
to obtain multiple independent estimators, break down when the observations are correlated.
We develop new proof techniques allowing us to obtain a slight improvement upon [7] even
in the case of i.i.d. observations, which consists in the fact that our estimator does not need
sample splitting.

This paper is organized as follows. In Section 2, we discuss estimation of 𝑄(𝜽) and ∥𝜽 ∥2
when 𝜎 is known. In Section 3, we introduce an estimator of 𝜎. Section 4 deals with the
problem of estimating ∥𝜽 ∥2 when 𝜎 is unknown. In Section 5, we consider testing of the null
hypothesis ∥𝜽 ∥2 = 0. Section 6 is devoted to the proofs.

Notation. Let [𝑛] := {1, . . . , 𝑛}. For 1 ≤ 𝑞 ≤ ∞, let ∥ · ∥𝑞 denote the ℓ𝑞-norm in R𝑑 ,
and let 𝐵𝑞 (𝑟) := {𝑥 ∈ R𝑑 : ∥𝑥∥𝑞 ≤ 𝑟} be the ℓ𝑞-ball of radius 𝑟. We denote by Φ the
cumulative distribution function of the standard Gaussian distribution. For 𝑥, 𝑦 ∈ R, we set
𝑥 ∧ 𝑦 := min{𝑥, 𝑦} and 𝑥 ∨ 𝑦 := max{𝑥, 𝑦}. We use standard big-𝑂 notations, e.g., for two
positive sequences {𝑎𝑛} and {𝑏𝑛}, we write 𝑎𝑛 = 𝑂 (𝑏𝑛) or 𝑎𝑛 ≲ 𝑏𝑛 if 𝑎𝑛 ≤ 𝐶𝑏𝑛 for some
absolute constant 𝐶 > 0; 𝑎𝑛 = Ω(𝑏𝑛) or 𝑎𝑛 ≳ 𝑏𝑛 if 𝑏𝑛 = 𝑂 (𝑎𝑛); 𝑎𝑛 = Θ(𝑏𝑛) or 𝑎𝑛 ≍ 𝑏𝑛

if 𝑎𝑛 = 𝑂 (𝑏𝑛) and 𝑏𝑛 = 𝑂 (𝑎𝑛). Given a matrix 𝐴 ∈ R𝑑×𝑑 and I,J ⊆ [𝑑], we denote by
𝐴I,J the submatrix of 𝐴 with rows from I columns from J , by 𝐴𝑖 𝑗 the entries of 𝐴, and by
∥𝐴∥𝐹 , 𝜆max(𝐴), and tr[𝐴], the Frobenius norm, the maximal eigenvalue, and the trace of 𝐴,
respectively. We denote by E𝜽,𝚺 the expectation with respect to the probability measure P𝜽,𝚺
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of random vector 𝒀 satisfying (1). We denote by 𝑐, 𝐶, 𝐶′ absolute positive constants that can
vary from line to line.

2. Estimating the quadratic functional and the ℓ2-norm when 𝝈 is known

In this section, we consider the case of known noise level 𝜎. Throughout the paper, we assume
the following condition on the diagonal entries of the covariance matrix.

Assumption 1. The diagonal elements 𝜎2
𝑖
, 𝑖 = 1, . . . , 𝑑, of the covariance matrix matrix 𝚺

satisfy max1≤𝑖≤𝑑 𝜎2
𝑖
≤ 1.

Assumption 1 is just a normalization condition. It assures that 𝜎 can be considered as the
noise level. As 𝚺 is a covariance matrix Assumption 1 implies that all entries of 𝚺 are bounded
by 1. Note also that we can replace the condition max1≤𝑖≤𝑑 𝜎2

𝑖
≤ 1 by max1≤𝑖≤𝑑 𝜎2

𝑖
≤ 𝑐,

where 𝑐 > 0 is an absolute constant, with no incidence on the results.
Assume first that the Frobenius norm of the covariance matrix 𝚺 is given. Then we define

the estimator 𝑄̂ of the quadratic functional 𝑄(𝜽) as

𝑄̂ =

{∑𝑑
𝑖=1(𝑌2

𝑖
− 𝜎2𝜎2

𝑖
𝛽𝑠)1{|𝑌𝑖 | > 𝜎𝜎𝑖𝜏}, 𝑠 ≤ ∥𝚺∥𝐹 ,∑𝑑

𝑖=1(𝑌2
𝑖
− 𝜎2𝜎2

𝑖
), otherwise,

where 𝛽𝑠 := E
[
𝑍2 | |𝑍 | ≥ 𝜏

]
with 𝑍 ∼ N(0, 1), and 𝜏 = 3

√︃
log(1 + ∥𝚺∥2

𝐹
/𝑠2). The associated

estimator of the ℓ2-norm ∥𝜽 ∥2 is defined as

𝑁̂ =

√︃
|𝑄̂ |.

Set

𝜓(𝑠,𝚺) := 𝜙(𝑠, ∥𝚺∥2𝐹) =
{
𝑠 log(1 + ∥𝚺∥2

𝐹
/𝑠2) if 𝑠 ≤ ∥𝚺∥𝐹 ,

∥𝚺∥𝐹 otherwise,

and

𝜓̄(𝑠,𝚺) := 𝜆max(𝚺) ∧ 𝑠.

Let S := {𝑖 : 𝜃𝑖 ≠ 0} denote the support of 𝜽. The following theorem provides upper bounds
for the mean square risks of the estimators 𝑄̂ and 𝑁̂ .

Theorem 1. There exists an absolute constant 𝐶 > 0 such that, for any 𝜽 ∈ 𝐵0(𝑠, 𝑑) and any
𝚺 satisfying Assumption 1,

E𝜽,𝚺 [(𝑄̂ − ∥𝜽 ∥22)
2] ≤ 𝐶

(
𝜎2∥𝜽 ∥22𝜆max(𝚺S,S) + 𝜎4𝜓2(𝑠,𝚺)

)
. (4)

Furthermore, for any 𝚺 satisfying Assumption 1,

sup
𝜽∈𝐵0 (𝑠,𝑑)∩𝐵2 (𝑟 )

E𝜽,𝚺 [(𝑄̂ − ∥𝜽 ∥22)
2] ≤ 𝐶

(
𝜎2𝑟2𝜓̄(𝑠,𝚺) + 𝜎4𝜓2(𝑠,𝚺)

)
(5)

and

sup
𝜽∈𝐵0 (𝑠,𝑑)

E𝜽,𝚺 [(𝑁̂ − ∥𝜽 ∥2)2] ≤ 𝐶𝜎2𝜓(𝑠,𝚺). (6)
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It is interesting to compare (6) to the bound for the case 𝚺 = 𝑰 [6], that is, 𝜎2𝜙(𝑠, 𝑑), where
𝜙(𝑠, 𝑑) is defined in (2). Since 𝚺 is a covariance matrix, Assumption 1 implies that ∥𝚺∥𝐹 is at
most of order 𝑑. Particularly, in the extreme case ∥𝚺∥𝐹 ≍ 𝑑, there is no elbow in the rate and
𝜓(𝑠,𝚺) ≍ 𝑠 log(1 + 𝑑2/𝑠2) for all 1 ≤ 𝑠 ≤ 𝑑. Thus, we get a substantial deterioration in the
zone 𝑠 >

√
𝑑 compared to the rate 𝜎2𝜙(𝑠, 𝑑) with uncorrelated data. On the contrary, for the

other extreme case ∥𝚺∥𝐹 ≍
√
𝑑, we have 𝜓(𝑠,𝚺) ≍ 𝜙(𝑠, 𝑑) and we recover the rate obtained

in [6] for 𝚺 = 𝑰. Finally, if 𝚺 is a very sparse matrix, with very small diagonal elements (or
some diagonal elements equal to 0, that is, no noise in some components of 𝜽), then the rate
can be further improved.

If only an upper bound on ∥𝚺∥𝐹 is available, we can modify the definition of 𝑁̂ by using
this upper bound in place of ∥𝚺∥𝐹 . We now show that such an estimator is minimax optimal
in the following sense. Consider the class of parameters

Θ(𝑠, 𝑑, 𝜌) := {(𝜽,𝚺) ∈ R𝑑 × R𝑑×𝑑 : 𝜽 ∈ 𝐵0(𝑠, 𝑑), ∥𝚺∥𝐹 ≤ 𝜌

and 𝚺𝑖𝑖 = 1 for 𝑖 = 1, . . . , 𝑑},

where 𝜌 ∈ (0, 𝑑] is a given value. Note that it makes no sense to consider 𝜌 > 𝑑, since the
bound ∥𝚺∥𝐹 ≤ 𝑑 is trivially satisfied if 𝚺𝑖𝑖 = 1 for 𝑖 = 1, . . . , 𝑑. The following lower bound
holds.

Theorem 2. Let 𝑤 : [0,∞) → [0,∞) be a monotone non-decreasing function such that
𝑤(0) = 0 and 𝑤 . 0. Then there exists a constant 𝑐 > 0 depending only on 𝑤(·) such that

inf
𝑇̂

sup
(𝜽,𝚺) ∈Θ(𝑠,𝑑,𝜌)

E𝜽,𝚺 𝑤
(
𝜎−1(𝜙(𝑠, 𝜌2))−1/2 |𝑇 − ∥𝜽 ∥2 |

)
≥ 𝑐,

where inf𝑇̂ denotes the infimum over all estimators.

Let 𝑁̃ be an estimator defined in the same way as 𝑁̂ with the only difference that ∥𝚺∥𝐹 is
replaced by its upper bound 𝜌. The following theorem shows that 𝑁̃ is minimax optimal over
the set Θ(𝑠, 𝑑, 𝜌) with respect to the mean square risk.

Theorem 3. We have

sup
(𝜽,𝚺) ∈Θ(𝑠,𝑑,𝜌)

E𝜽,𝚺 [(𝑁̃ − ∥𝜽 ∥2)2] ≲ 𝜎2𝜙(𝑠, 𝜌2), (7)

and

inf
𝑇̂

sup
(𝜽,𝚺) ∈Θ(𝑠,𝑑,𝜌)

E𝜽,𝚺 [(𝑇 − ∥𝜽 ∥2)2]
𝜙(𝑠, 𝜌2)

≍ 𝜎2. (8)

We omit the proof of (7) as it follows exactly the same lines as the proof of (6) with ∥𝚺∥𝐹
replaced by 𝜌. The minimax property (8) follows by combining (7) and Theorem 2 with
𝑤(𝑢) = 𝑢2.

3. Estimating the noise level

In what follows, we consider the model with unknown 𝜎 and we impose the following
additional assumption on the diagonal elements of the matrix 𝚺.
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Assumption 2. There exists a constant 𝑐∗ > 0 such that the diagonal elements 𝜎2
𝑖
of 𝚺 satisfy

the condition min1≤𝑖≤𝑑 𝜎2
𝑖
≥ 𝑐∗.

Thus, the minimum of 𝜎2
𝑖
’s is controlled by a positive constant that does not depend on 𝑑.

It implies that ∥𝚺∥𝐹 ≳
√
𝑑. On the other hand, in this section, we do not need Assumption 1.

UnderAssumption 2, it is convenient toworkwith the normalized observations𝑌𝑖 = 𝜃𝑖+𝜎𝜀𝑖
for 𝑖 ∈ [𝑑], where 𝜃𝑖 = 𝜃𝑖/𝜎𝑖, and 𝜀𝑖 = 𝜀𝑖/𝜎𝑖 is a standard Gaussian random variable. Thus,
we replace the covariance matrix 𝚺 by the correlation matrix 𝚺̃ with entries

𝚺̃𝑖 𝑗 = 𝚺𝑖 𝑗/(𝜎𝑖𝜎𝑗), 𝑖, 𝑗 ∈ [𝑑] .

In this section, we propose estimators for the unknown noise level 𝜎2 that will be further
used to construct the estimators of functionals adaptive to the noise level. We first provide
an estimator 𝜎̂2

𝑆
, which is rate-optimal in the sparse regime 𝑠 ≤ ∥𝚺̃∥𝐹 . Next, we construct a

refined estimator 𝜎̂2
𝐷
that attains the optimal rate for all 𝑠 ≲ 𝑑.

3.1. Estimating 𝝈2 in the sparse regime

The first estimator 𝜎̂2
𝑆
, designed for the sparse regime, is inspired by the techniques of robust

estimation [12]. Note that all observations 𝑌𝑖 with 𝑖 ∉ S are distributed as N(0, 𝜎2), and
thus estimating 𝜎2 can be equivalently viewed as a robust estimation problem, where the
observations with non-zero 𝜃𝑖’s play the role of outliers. In particular, let 𝐹̂𝑌2 and 𝐹̂𝜀2 be the
empirical cumulative distribution functions of {𝑌2

𝑖
: 𝑖 ∈ [𝑑]} and {𝜀2

𝑖
: 𝑖 ∈ [𝑑]}, respectively.

Then,

sup
𝑡>0

|𝐹̂𝑌2 (𝑡) − 𝐹̂𝜀2 (𝑡/𝜎2) | ≤ ∥𝜽 ∥0
𝑑

. (9)

Considering here some fixed 𝑡 > 0, approximating 𝐹̂𝜀2 by the cumulative distribution function
of the chi-squared distribution with one degree of freedom 𝜒2

1 (that we denote by 𝐹) and
solving 𝐹̂𝑌2 (𝑡) ≈ 𝐹 (𝑡/𝜎2) leads to the following estimator of 𝜎2:

𝜎̂2
𝑆 (𝑡) :=

𝑡

𝐹−1(𝐹̂𝑌2 (𝑡))
. (10)

A relevant choice of 𝑡 in (10) is to be determined. Notice that for any deterministic 𝑡 > 0 this
estimator is not well-defined since the denominator in (10) can be 0 with positive probability.
Indeed, for any 𝑡 > 0 there exist 𝜽 ∈ 𝐵0(𝑠, 𝑑) such that P𝜽,𝚺 [𝐹̂𝑌2 (𝑡) = 0] > 0. Thus, we
will only define 𝜎̂2

𝑆
(𝑡) by (10) if the denominator in (10) is non-zero. Otherwise, we set

𝜎̂2
𝑆
(𝑡) =

∑𝑑
𝑖=1𝑌

2
𝑖
/𝑑; we note that the conclusion remains valid for any other choice of this

value. The next lemma provides a bound on the estimation error of 𝜎̂2
𝑆
(𝑡) for any fixed 𝑡 > 0.

Lemma 1. There exists an absolute constant 𝐶 > 0 such that for any 𝜽 ∈ 𝐵0(𝑠, 𝑑) and any
𝚺 satisfying Assumption 2 the following holds.
(i) For any 𝑡 > 0 and 0 ≤ 𝑢 ≤ 1/2 we have

P𝜽,𝚺

[����� 𝜎̂2
𝑆
(𝑡)

𝜎2 − 1

����� ≥ 𝑢

]
≤ 𝐶

𝑢2
©­« 𝑠

2

𝑑2
+

∥𝚺̃∥2
𝐹
(( 𝑡

𝜎2 )2 + 1)𝑒−
𝑡

3𝜎2

𝑑2
ª®¬ 𝑒2𝑡/𝜎

2

𝑡/𝜎2 .
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(ii) If, in addition, |𝑡/𝜎2 − 1| ≤ 2
3 and 𝑠/𝑑 ≤ 0.01 then

P𝜽,𝚺

[����� 𝜎̂2
𝑆
(𝑡)

𝜎2 − 1

����� ≥ 1
2

]
≤ 𝐶

∥𝚺̃∥2
𝐹

𝑑2
.

Lemma 1 suggests that the estimator 𝜎̂2
𝑆
(𝑡) achieves a reasonable accuracy for 𝑡 ≍ 𝜎2.

However, such choice of 𝑡 is not realizable since𝜎 is unknown.Moreover, for any deterministic
𝑡 > 0 the expected error of 𝜎̂2

𝑆
(𝑡) is not bounded uniformly over 𝜽 since 𝜎̂2

𝑆
(𝑡) can be +∞

with some positive probability as pointed out above. Therefore, we turn to an alternative
solution that consists in choosing a random 𝑡 = 𝑡 based on the sample. Note that the standard
sample splitting strategy, under which 𝑡 can be independently chosen, is not a viable option
since we have a model with dependent observations. We avoid sample splitting and propose
a data-driven threshold 𝑡 determined by scanning 𝐹̂𝑌2 over a dyadic grid, where 𝐹̂𝑌2 is based
on the same set of observations as 𝜎̂2

𝑆
(·) 1:

𝑡 := min
{
𝑡 = 2ℓ : ℓ ∈ Z, 𝐹̂𝑌2 (𝑡) ≥ 0.5

}
. (11)

We consider now the following estimator of 𝜎2:

𝜎̂2
𝑆 := 𝜎̂2

𝑆 (𝑡).

The next theorem gives a bound on the estimation error of 𝜎̂2
𝑆
.

Theorem 4. There exist absolute constants 𝐶 > 0 and 𝑐 > 0 such that for any 𝑠 ≤ 𝑐𝑑, any
𝜽 ∈ 𝐵0(𝑠, 𝑑) and any 𝚺 satisfying Assumption 2 we have

E𝜽,𝚺

[
|𝜎̂2

𝑆
− 𝜎2 |
𝜎2

]
≤ 𝐶

(
𝑠

𝑑
+ ∥𝚺̃∥𝐹

𝑑

)
.

It can be seen from the proof of Theorem 4 that the threshold (11) obtained by a search
on a dyadic grid satisfies 𝑡 ≍ 𝜎2 with high probability. An alternative approach could be to
use the sample median 𝑡 = min{𝑡 : 𝐹̂𝑌2 (𝑡) ≥ 0.5}, which is also of the order of 𝜎2 with
high probability. The main limitation of this approach is that, under the dependent data, the
resulting estimator 𝜎̂2(𝑡) becomes difficult to analyze. On the other hand, as we prove below,
the value 𝑡 defined in (11) belongs with high probability to a finite set

T :=
{
𝑡 = 2ℓ : ℓ ∈ Z,

𝜎2

3
≤ 𝑡 ≤ 3

2
𝜎2

}
.

This allows us to control E𝜽,𝚺

[
| 𝜎̂2

𝑆
−𝜎2 |
𝜎2

]
by analyzing the convergence of 𝐹̂𝑌2 (𝑡) for every

fixed 𝑡 ∈ T . In other words, with our dyadic grid search we restrict the “degrees of freedom”
in choosing 𝑡, which makes the resulting estimator more robust against data dependence. In
the next section, we provide another estimator of 𝜎2 that outperforms 𝜎̂2

𝑆
in the dense regime.

1The choice of constant 0.5 in the definition of 𝑡 is not crucial. Replacing 0.5 by any other constant within
(0, 1) only changes the resulting rates by a constant factor.
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3.2. Estimating 𝝈2 in the dense regime

Note that the estimator (10) can be viewed as a method of moments estimator based on the
empirical moments of indicator functions of 𝑌2

𝑖
’s. We can develop a similar argument with

the empirical moments of another family of bounded functions, namely, the cosine functions
of 𝑌𝑖’s. We consider the following empirical moments:

𝜑̂𝑑 (𝑢) :=
1
𝑑

𝑑∑︁
𝑖=1

cos(𝑢𝑌𝑖), 𝑢 > 0.

Analogously to (9), when 𝑠 is small compared to 𝑑 we can approximate |𝜑̂𝑑 (𝑢) | by the term
| 1
𝑑

∑𝑑
𝑖=1 cos(𝑢𝜎𝜀𝑖) |, which in turn is approximated by the value of the normal characteristic

function 𝜑(𝑢) = exp(−𝑢2𝜎2/2). Solving exp(−𝑢2𝜎2/2) ≈ |𝜑̂𝑑 (𝑢) | suggests − 2
𝑢2

log |𝜑̂𝑑 (𝑢) |
as an estimator of 𝜎2, under some choice of 𝑢.

We set 𝜆 =
1∨log(𝑠/∥𝚺̃∥𝐹 )

6 and consider the estimator

𝜎̃2
𝐷 := −2𝑡

𝜆
log

���𝜑̂𝑑

(√︁
𝜆/𝑡

)���,
where 𝑡 is defined in (11). Our final estimator of the noise level is 𝜎̂2

𝐷
:= min{𝜎̃2

𝐷
, 2𝜎̂2

𝑆
}.

Theorem 5. There exist absolute constants 𝐶 > 0 and 𝑐 > 0 such that for any 𝑠 ≤ 𝑐𝑑, any
𝜽 ∈ 𝐵0(𝑠, 𝑑) and any 𝚺 satisfying Assumption 2 we have

E𝜽,𝚺

[
|𝜎̂2

𝐷
− 𝜎2 |
𝜎2

]
≤ 𝐶

(
𝑠

𝑑 (1 ∨ log(𝑠/∥𝚺̃∥𝐹))
+ ∥𝚺̃∥𝐹

𝑑

)
.

If we specify the difference between sparse and dense regimes, the bound of Theorem 5
exhibits the rate

𝜓̃(𝑠,𝚺) :=
{

∥𝚺̃∥𝐹
𝑑

if 𝑠 ≤ ∥𝚺̃∥𝐹 ,
𝑠

𝑑 (1∨log(𝑠/∥𝚺̃∥𝐹 ) ) otherwise.

Theorem 5 provides a generalization of the upper bound proved in [7, Proposition 7] for the
case of i.i.d. noise. Compared to the techniques used in [7], our correlated noise setting brings
fundamental challenges. The analysis in [7] relies on exponential concentration inequalities for
the uniform deviations that we are short of as the observations are dependent and the spectral
norm of 𝚺 can be as large as 𝑂 (

√
𝑑). The sample splitting technique for obtaining multiple

independent estimates used in [7] also breaks down when the observations are correlated. It
turns out that for our estimator, that does not use any sample splitting, second-order moment
inequalities suffice to achieve the desired rate. Note that we obtain an improvement upon
Proposition 7 in [7] even in the case of i.i.d. observations since our estimator does not need
sample splitting.

4. Estimating the ℓ2-norm when the noise level is unknown

In this section, we use the estimators of 𝜎2 proposed in Section 3 in order to construct
estimators of the ℓ2-norm ∥𝜽 ∥2 when the noise level 𝜎 is unknown.
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Assume first that the Frobenius norm of the covariance matrix ∥𝚺∥𝐹 is known. We start by
considering an estimator of ∥𝜽 ∥2 defined as follows:

𝑁̂∗ :=
√︃
|𝑄̂∗ |,

where

𝑄̂∗ :=

{∑𝑑
𝑖=1𝑌

2
𝑖
1{|𝑌𝑖 | > 𝜎̂𝑆𝜎𝑖𝜏} − 𝜎̂2

𝑆
𝛼𝑠

∑𝑑
𝑖=1 𝜎

2
𝑖
, if 𝑠 ≤ ∥𝚺∥𝐹 ,∑𝑑

𝑖=1(𝑌2
𝑖
− 𝜎̂2

𝐷
𝜎2
𝑖
), otherwise.

Here, 𝛼𝑠 := E
[
𝑍2
1{|𝑍 | ≥ 𝜏}

]
with 𝑍 ∼ N(0, 1), and 𝜏 = 3

√︃
log(1 + ∥𝚺∥2

𝐹
/𝑠2). Set

𝜓∗(𝑠,𝚺) := 𝜙∗(𝑠, ∥𝚺∥2𝐹) =
{
𝑠 log(1 + ∥𝚺∥2

𝐹
/𝑠2) if 𝑠 ≤ ∥𝚺∥𝐹 ,

𝑠
1∨log(𝑠/∥𝚺∥𝐹 ) otherwise.

Our aim in this section is to show that 𝜎2𝜓∗(𝑠,𝚺) is the minimax optimal rate for the squared
error of estimating ∥𝜽 ∥2 on Θ(𝑠, 𝑑) if Assumptions 1 and 2 hold, and that the estimator 𝑁̂∗ or
its modifications attain this rate. The following theorem provides bounds on the accuracy of
the estimator 𝑁̂∗.

Theorem 6. There exists an absolute constant 𝛼 ∈ (0, 1) such that, for any 𝜽 ∈ 𝐵0(𝑠, 𝑑) with
𝑠 satisfying that 𝑠 ≤ 𝛼𝑑 and any 𝚺 satisfying Assumptions 1 and 2, the following holds.

(i) In the regime 𝑠 > ∥𝚺∥𝐹 , there exists an absolute constant 𝑐1 > 0 such that

E𝜽,𝚺 [(𝑁̂∗ − ∥𝜽 ∥2)2] ≤ 𝑐1𝜎
2𝜓∗(𝑠,𝚺).

(ii) In the regime 𝑠 ≤ ∥𝚺∥𝐹 , there exists an absolute constant 𝑐2 > 0 such that, for any
𝜂 ∈ (𝑐2∥𝚺∥𝐹/𝑑, 1), the following inequality holds with some constant 𝑐𝜂 > 0 depending
only on 𝜂:

P𝜽,𝚺

(
(𝑁̂∗ − ∥𝜽 ∥2)2 ≤ 𝑐𝜂𝜎

2𝜓∗(𝑠,𝚺)
)
≥ 1 − 𝜂. (12)

(iii) If, in addition, 𝚺 is a positive definite matrix there exists an absolute constant 𝑐3 > 0
such that

E𝜽,𝚺 [(𝑁̂∗ − ∥𝜽 ∥2)2] ≤ 𝑐3

(√︃
𝜆max(𝚺−1) + 1

)
𝜎2𝜓∗(𝑠,𝚺)

+ 𝑐3𝜎
2 ∥𝚺∥

2
𝐹

𝑑
log(1 + ∥𝚺∥2𝐹/𝑠2).

(13)

Theorem 6 grants an expected squared risk bound with the desired rate 𝜎2𝜓∗(𝑠,𝚺) in the
dense regime 𝑠 > ∥𝚺∥𝐹 . However, in the sparse regime 𝑠 ≤ ∥𝚺∥𝐹 Theorem 6 implies such a
conclusion only under additional conditions. The bound (12) provides a bound in probability
under an additional (𝚺-dependent) condition on 𝜂. Part (iii) of Theorem 6 implies that, under
the additional assumption that 𝚺 is positive definite with minimum eigenvalue bounded below
by some positive constant and ∥𝚺∥2

𝐹
≤ 𝑠𝑑, the proposed estimator achieves the rate𝜎2𝜓∗(𝑠,𝚺)

for the expected squared risk also in the sparse regime.
The bound (12) is valid only under the condition that 𝜂 is bigger than 𝑐2∥𝚺∥𝐹/𝑑, which is

not negligible when ∥𝚺∥𝐹 ≍ 𝑑. We now show that one can construct an estimator dependent
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of 𝜂 that is free of this constraint. Namely, for any given 𝜂 ∈ (0, 1), we propose an estimator
depending on 𝜂 that achieves (12). Fix 𝜂 ∈ (0, 1) and let 𝑞𝜂 be the 𝜂-th quantile of a chi-square
random variable with one degree of freedom. Define

𝜎̂2
𝜂 :=

𝑀̂

𝑞1−𝜂/20
, where 𝑀̂ := min{𝑡 : 𝐹̂2

𝑌 (𝑡) ≥ 0.5}.

We now modify 𝑄̂∗ in the sparse regime 𝑠 ≤ ∥𝚺∥𝐹 as follows:

𝑄̂∗
𝜂 :=

𝑑∑︁
𝑖=1

𝑌2
𝑖 1{|𝑌𝑖 | > max{𝜎̂𝑆 , 𝜎̂𝜂}𝜎𝑖𝜏𝜂} − 𝜎̂2

𝑆𝛼𝑠,𝜂

𝑑∑︁
𝑖=1

𝜎2
𝑖 ,

where

𝜏𝜂 = 3
√︄

𝑞1−𝜂/20

𝑞𝜂/20
log(1 + ∥𝚺∥2

𝐹
/𝑠2) and 𝛼𝑠,𝜂 = E[𝑍2

1{|𝑍 | ≥ 𝜏𝜂}] .

The corresponding estimator of the ℓ2-norm 𝑁̂∗
𝜂 :=

√︃
|𝑄̂∗

𝜂 | achieves the following bound in
probability in the sparse regime.

Theorem 7. There exists a constant 𝛼 ∈ (0, 1) such that for any 𝜂 ∈ (0, 1), any 𝜽 ∈ 𝐵0(𝑠, 𝑑)
with 𝑠 satisfying that 𝑠 ≤ min{𝛼𝑑, ∥𝚺∥𝐹}, and any 𝚺 satisfying Assumptions 1 and 2 we have

P𝜽,𝚺

(
(𝑁̂∗

𝜂 − ∥𝜽 ∥2)2 ≤ 𝑐𝜂𝜎
2𝜓∗(𝑠,𝚺)

)
≥ 1 − 𝜂,

where 𝑐𝜂 > 0 is a constant depending only on 𝜂.

Next, we consider the setting where the Frobenius norm ∥𝚺∥𝐹 is not available and we
only know an upper bound 𝜌 on ∥𝚺∥𝐹 . In this setting, we show that estimators that are based
on slight modifications of 𝑁̂★ and 𝑁̂★

𝜂 can achieve minimax optimality on the parameter
spaces Θ(𝑠, 𝑑, 𝜌), 𝜌 > 0, where the restriction ∥𝚺∥𝐹 ≤ 𝜌 is active. Let 𝑁̃∗ and 𝑁̃∗

𝜂 be the
estimators defined in the same way as 𝑁̂∗ and 𝑁̂∗

𝜂 , respectively, with the only difference that
∥𝚺∥𝐹 is replaced by its upper bound 𝜌. Let 𝜙∗(𝑠, ·) be defined in (3). Then 𝜙∗(𝑠, 𝜌2) follows
the same definition as 𝜓∗(𝑠,𝚺) except that we replace ∥𝚺∥𝐹 by 𝜌.

Theorem 8. Let 𝑤 : [0,∞) → [0,∞) be a monotone non-decreasing function such that
𝑤(0) = 0 and 𝑤 . 0. Assume that there exists a constant 𝛼 ∈ (0, 1) such that 𝑠 ≤ 𝛼𝑑. Then
there exists a constant 𝑐 > 0 depending only on 𝑤(·) such that

inf
𝑇̂

sup
(𝜽,𝚺) ∈Θ(𝑠,𝑑,𝜌)

sup
𝜎>0

E𝜽,𝚺 𝑤
(
𝜎−1(𝜙∗(𝑠, 𝜌2))−1/2 |𝑇 − ∥𝜽 ∥2 |

)
≥ 𝑐.

Moreover,

(i) In the regime 𝑠 > 𝜌,

sup
(𝜽,𝚺) ∈Θ(𝑠,𝑑,𝜌)

sup
𝜎>0

E𝜽,𝚺 [(𝑁̃∗ − ∥𝜽 ∥2)2]
𝜎2 ≲ 𝜙∗(𝑠, 𝜌2).

(ii) In the regime 𝑠 ≤ 𝜌, for any 𝜂 ∈ (0, 1) there exists a constant 𝑐𝜂 > 0 depending only on
𝜂 such that

sup
(𝜽,𝚺) ∈Θ(𝑠,𝑑,𝜌)

sup
𝜎>0

P𝜽,𝚺

(
(𝑁̃∗

𝜂 − ∥𝜽 ∥2)2 ≥ 𝑐𝜂𝜎
2𝜙∗(𝑠, 𝜌2)

)
≤ 𝜂.
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5. Optimal testing for signal detection

In this section, we provide some corollaries of the above results for the problem of testing for
signal detection. We now introduce the notation M𝜌 := {𝚺 : 𝚺𝑖𝑖 = 1, 𝑖 ∈ [𝑑], and ∥𝚺∥𝐹 ≤
𝜌}, where 𝜌 > 0; then problem of testing hypotheses can be defined as follows:

𝐻0 : 𝜽 = 0,𝚺 ∈ M𝜌 against 𝐻1 : (𝜽 ,𝚺) ∈ Θ(𝑠, 𝑑, 𝜌) : ∥𝜽 ∥2 ≥ 𝑟,

where the parameter 𝑟 > 0 characterizes a separation between the two hypotheses. When 𝑟 is
too small there is no hope to construct a good test for this problem. The main question is to
find the smallest, in a minimax sense, separation radius 𝑟, under which one can obtain a valid
test and to provide such a test.

For any test Ψ, that is, any measurable function of Y with values in {0, 1}, we define its
risk as the sum of type I and type II error probabilities:

R(Ψ, 𝑠, 𝑑, 𝜌, 𝑟) = sup
𝚺∈M𝜌

P0,𝚺 (Ψ = 1) + sup
(𝜽,𝚺) ∈Θ(𝑠,𝑑,𝜌):∥𝜽 ∥2≥𝑟

P𝜽,𝚺 (Ψ = 0).

The minimax risk is the smallest risk among all tests Ψ, that is,

R∗(𝑠, 𝑑, 𝜌, 𝑟) = inf
Ψ

R(Ψ, 𝑠, 𝑑, 𝜌, 𝑟).

Assume that we are given a tolerance level 𝜂 ∈ (0, 1) for the minimax risk. The minimax rate
of testing 𝑟∗𝜂 (𝑠, 𝑑, 𝜌) is defined as

𝑟∗𝜂 (𝑠, 𝑑, 𝜌) = inf {𝑟 > 0 : R∗(𝑠, 𝑑, 𝜌, 𝑟) ≤ 𝜂} .

A natural approach to testing𝐻0 against𝐻1 is to reject𝐻0 when some estimator of the ℓ2-norm
∥𝜽 ∥2 exceeds a suitably chosen threshold. We use this approach with the estimators of the
ℓ2-norm proposed above and the thresholds derived from the optimal rates of estimation that
we have obtained. Thus, consider the test

Ψ∗ = 1
(
𝑁̂ > 𝛾𝜎

√︁
𝜙(𝑠, 𝜌2)

)
,

where 𝛾 > 0 is a constant. Introduce the separation radius

𝑟𝛾 = 2𝛾𝜎
√︁
𝜙(𝑠, 𝜌2).

Using the upper bound (7) and Chebyshev’s inequality we can control the risk of Ψ∗ for the
separation radius 𝑟𝛾 as follows:

R(Ψ∗, 𝑠, 𝑑, 𝜌, 𝑟𝛾) ≤ sup
𝚺∈M𝜌

P0,𝚺 (𝑁̂ > 𝛾𝜎
√︁
𝜙(𝑠, 𝜌2))

+ sup
(𝜽,𝚺) ∈Θ(𝑠,𝑑,𝜌)

P𝜽,𝚺 (𝑁̂ − ∥𝜽 ∥2 ≤ −𝛾𝜎
√︁
𝜙(𝑠, 𝜌2))

≤ 2 sup
(𝜽,𝚺) ∈Θ(𝑠,𝑑,𝜌)

E𝜽,𝚺 [(𝑁̂ − ∥𝜽 ∥2)2]
𝛾2𝜎2𝜙(𝑠, 𝜌2)

≤ 𝐶∗𝛾−2,

where 𝐶∗ > 0 is an absolute constant. Choosing 𝛾 =
√︁
𝜂/𝐶∗ implies that the last expression

does not exceed 𝜂, so that

𝑟∗𝜂 (𝑠, 𝑑, 𝜌) ≤ 2
√︁
𝜂/𝐶∗𝜎

√︁
𝜙(𝑠, 𝜌2). (14)

On the other hand, a matching lower bound on 𝑟∗𝜂 (𝑠, 𝑑, 𝜌) follows from the next proposition.
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Proposition 1. There exists an absolute constant 𝑐4 > 0 such that given any 𝛾 > 0, we have

R∗(𝑠, 𝑑, 𝜌, 𝑟𝛾) ≥ exp(1 − exp(𝑐4𝛾2))/2.

For any 𝜂 ∈ (0, 1/2), the equation exp(1 − exp(𝑐4𝛾2))/2 = 𝜂 has the solution

𝛾𝜂 =

√︂
(𝑐4)−1 log log

( 𝑒
2𝜂

)
.

Thus, for 𝜂 ∈ (0, 1/2), we get R∗(𝑠, 𝑑, 𝜌, 𝛾𝜂𝜎
√︁
𝜙(𝑠, 𝜌2)) ≥ 𝜂, which implies the bound

𝑟∗𝜂 (𝑠, 𝑑, 𝜌) ≥ 𝛾𝜂𝜎
√︁
𝜙(𝑠, 𝜌2), ∀𝜂 ∈ (0, 1/2). (15)

Combining (14) and (15) we obtain the following corollary.

Corollary 1. For any 𝜂 ∈ (0, 1/2), there exist constants 𝑐𝜂 , 𝐶𝜂 depending only on 𝜂 such
that the minimax rate of testing satisfies

𝑐𝜂𝜎
√︁
𝜙(𝑠, 𝜌2) ≤ 𝑟∗𝜂 (𝑠, 𝑑, 𝜌) ≤ 𝐶𝜂𝜎

√︁
𝜙(𝑠, 𝜌2).

The results of this section deal with minimax optimality on a class of matrices, while the
prior work on sparse testing discussed in the Introduction was analyzing minimax optimality
for a fixedmatrix𝚺. In those papers,𝐻0 was a simple hypothesis (with a givenmatrix𝚺, which
was assumed diagonal, except for [10, 13, 16]), while here we deal with minimax optimality
over classes of matrices𝚺, and in our case𝐻0 is a composite hypothesis. Of course, for specific
fixed matrices in the class one gets, in general, better rates than those achieved uniformly over
a class. This can be seen in the setting with equicorrelation matrix detailed in Kotekal and Gao
[13], and in Hall and Jin [10] for a different instance of sparse testing problem in asymptotics
as 𝑑 → ∞.

In [16, Theorem 7] the authors provide the minimax rate for a testing problem in a change-
point framework, which implies the minimax rate of the order

√︁
∥𝚺∥𝐹 for testing in model (1)

under the no sparsity scenario 𝑠 = 𝑑 with fixed positive definite matrix 𝚺 and 𝜎 = 1. Note
that it agrees with our conclusions for this particular setting. Indeed, when 𝚺 is fixed with
entries independent of 𝑑 we have ∥𝚺∥𝐹 ≲ 𝑑, so that for 𝑠 = 𝑑 our Theorem 1 gives the rate
𝜓(𝑠,𝚺) = ∥𝚺∥𝐹 for the squared loss leading to the

√︁
∥𝚺∥𝐹 rate of testing for this particular

case.
Remark 1. An interesting phenomenon described in Hall and Jin [10] and further noticed in
other context by Kotekal and Gao [13] consists in the fact that, for some specific families of
matrices 𝚺, the minimax rate of testing can be better than in the case of independent noise,
and the hardest subproblem corresponds to the identity covariance matrix. In contrast, in
our setting this is not the case. Indeed, inspection of the proof shows that our lower bound
is obtained on correlated data that correspond to block-diagonal matrices and not to the
identity covariance matrix. The independent case appears in the proof only as a technical
element – after a suitable reduction we apply the lower bounds for the independent case from
Collier, Comminges and Tsybakov [6]. Our contribution is a reduction argument that leads to
a contraction of the original problem to testing two composite hypotheses on a smaller scale.
Importantly, the reduction step itself does not rely on the hypotheses being composite. The
intuition is that, with a stronger correlation on 𝚺, the effective sample size of the noise vector
𝜺 becomes smaller, with the effective sample size being directly governed by the parameter
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𝜌. In our lower bound construction, this reduction is realized through a block-wise covariance
structure, where the block size is also determined by 𝜌. Consequently, the estimation error
of the mean parameter within each block is amplified by the block size. This construction
provides a convenient and analytically tractable instance that captures the essential difficulty
of the problem.

6. Proofs

6.1. Properties of correlated Gaussian variables

In this section, we collect some facts about correlated Gaussian variables that will be useful in
the proofs. We show that several functions of Gaussian random variables scale quadratically
with the correlation coefficients, which will be crucial to obtain the optimal dependence of
the rates of convergence on the Frobenius norm of the covariance matrix.

Lemma 2. There exists an absolute constant 𝐶 > 0 such that the following statements hold
for two standard Gaussian random variables 𝜁 and 𝜂 that are jointly normally distributed
with correlation coefficient 𝜈.

(i) Cov[𝜁2, 𝜂2] = 2𝜈2.
(ii) For any 𝜏 ≥ 1, let 𝛽 = E[𝑍2

��|𝑍 | > 𝜏] where 𝑍 ∼ N(0, 1). Then

Cov[(𝜁2 − 𝛽)1( |𝜁 | > 𝜏), (𝜂2 − 𝛽)1( |𝜂 | > 𝜏)] ≤ 𝐶𝜈2𝜏4 exp(−𝜏2/2).

(iii) For any 𝜏 ≥ 0,

|Cov[1(𝜁2 ≤ 𝜏),1(𝜂2 ≤ 𝜏)] | ≤ 𝐶𝜈2(𝜏2 + 1)𝑒−𝜏/3.

(iv) For any 𝑡, 𝜇1, 𝜇2 ∈ R, 𝜎1, 𝜎2 > 0 we have

|Cov[cos(𝑡 (𝜇1 + 𝜎1𝜁)), cos(𝑡 (𝜇2 + 𝜎2𝜂))] |
≤ 𝐶

(
|𝜈2 cos(𝑡𝜇1) cos(𝑡𝜇2) | + |𝜈 sin(𝑡𝜇1) sin(𝑡𝜇2) |

)
.

Proof. Given 𝜁 = 𝑢, the conditional distribution of 𝜂 is N(𝜈𝑢, 1 − 𝜈2). Therefore, 𝜂 has
the same distribution as 𝜈𝜁 +

√
1 − 𝜈2𝑍 where 𝑍 is a standard Gaussian random variable

independent of 𝜁 .

(i) Let 𝜂 = 𝜈𝜁 +
√
1 − 𝜈2𝑍 . We obtain

Cov[𝜁2, 𝜂2] = E[(𝜁2 − 1) (𝜂2 − 1)] = E[(𝜁2 − 1) ((𝜈𝜁 +
√︁
1 − 𝜈2𝑍)2 − 1)]

= E[(𝜁2 − 1) (𝜈2𝜁2 + (1 − 𝜈2)𝑍2 + 2𝜈
√︁
1 − 𝜈2𝜁𝑍 − 1)]

= 𝜈2E[(𝜁2 − 1)𝜁2] + 2𝜈
√︁
1 − 𝜈2E[(𝜁2 − 1)𝜁𝑍] + E[(𝜁2 − 1) ((1 − 𝜈2)𝑍2 − 1)]

= 2𝜈2.

(ii) See [3, Lemma 5].
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(iii) We consider separately the cases |𝜈 | ≥ 1
5 and |𝜈 | < 1

5 . For |𝜈 | ≥
1
5 , using the Cauchy-

Schwarz inequality we get

|Cov[1(𝜁2 ≤ 𝜏),1(𝜂2 ≤ 𝜏)] | ≤ Var[1(𝜂2 ≤ 𝜏)] ≤ P[𝜂2 > 𝜏] ≤ 𝐶𝜈2𝑒−𝜏/2,

where 𝐶 > 0 is an absolute constant.
Next we prove the result for |𝜈 | < 1

5 . Given 𝜁 = 𝑢, the conditional distribution of 𝜂 is
N(𝜈𝑢, 1 − 𝜈2). Then,

Cov[1(𝜁2 ≤ 𝜏),1(𝜂2 ≤ 𝜏)] = P[𝜁2 ≤ 𝜏, 𝜂2 ≤ 𝜏] − P[𝜁2 ≤ 𝜏]P[𝜂2 ≤ 𝜏]

=

∫ √
𝜏

−
√
𝜏

1
√
2𝜋

𝑒−𝑢
2/2

(
Φ

(√
𝜏 − 𝜈𝑢

√
1 − 𝜈2

)
−Φ

(
−
√
𝜏 − 𝜈𝑢

√
1 − 𝜈2

)
−Φ(

√
𝜏) +Φ(−

√
𝜏)

)
𝑑𝑢. (16)

For the expression under the integral in (16) we have����Φ (√
𝜏 − 𝜈𝑢

√
1 − 𝜈2

)
−Φ

(
−
√
𝜏 − 𝜈𝑢

√
1 − 𝜈2

)
−Φ(

√
𝜏) +Φ(−

√
𝜏)

����
=

����Φ (√
𝜏 − 𝜈𝑢

√
1 − 𝜈2

)
+

(
1 −Φ

(
−
√
𝜏 − 𝜈𝑢

√
1 − 𝜈2

))
−Φ(

√
𝜏) −

(
1 −Φ(−

√
𝜏)

) ����
=

����Φ (√
𝜏 + 𝜈𝑢

√
1 − 𝜈2

)
+Φ

(√
𝜏 − 𝜈𝑢

√
1 − 𝜈2

)
− 2Φ

( √
𝜏

√
1 − 𝜈2

)
+ 2Φ

( √
𝜏

√
1 − 𝜈2

)
− 2Φ

(√
𝜏
) ����

≤ max
𝑥∈𝐼1

|Φ′′(𝑥) |
(

𝜈𝑢
√
1 − 𝜈2

)2
+ 2max

𝑥∈𝐼2
|Φ′(𝑥) |

( √
𝜏

√
1 − 𝜈2

−
√
𝜏

)
, (17)

where 𝐼1 is the interval with endpoints
√
𝜏−𝜈𝑢√
1−𝜈2

and
√
𝜏+𝜈𝑢√
1−𝜈2

, 𝐼2 = [
√
𝜏,

√
𝜏√

1−𝜈2
], and we have

used the triangle inequality and the relation between divided differences and derivatives
(see, e.g., [17, (2.1.4.3)]). Since |𝜈 | ≤ 1

5 and |𝑢 | ≤
√
𝜏, we have 𝐼1 ⊆ [

√︃
2𝜏
3 ,

√︃
3𝜏
2 ].

Note that Φ′(𝑥) = 1√
2𝜋

𝑒−𝑥
2/2 and Φ′′(𝑥) = − 𝑥√

2𝜋
𝑒−𝑥

2/2, and 1√
1−𝜈2

− 1 = 𝜈2√
1−𝜈2+1−𝜈2

.
Therefore, the upper bound (17) yields����Φ (√

𝜏 − 𝜈𝑢
√
1 − 𝜈2

)
−Φ

(
−
√
𝜏 − 𝜈𝑢

√
1 − 𝜈2

)
−Φ(

√
𝜏) +Φ(−

√
𝜏)

���� ≤ 𝐶′𝜈2(𝜏3/2 + 𝜏1/2)𝑒−𝜏/3,

where 𝐶′ > 0 is an absolute constant. The conclusion follows from (16).
(iv) Taking the real part of the characteristic function we obtain that, for 𝑋 ∼ N(𝜇, 𝜎2),

E[cos(𝑡𝑋)] = cos(𝑡𝜇) exp
(
−1
2
𝑡2𝜎2

)
. (18)

Set 𝛿 = 𝜈
2𝜎1𝜎2
𝜎2
1+𝜎

2
2
, 𝜁 = 𝜇1 + 𝜎1𝜁 , and 𝜂 = 𝜇2 + 𝜎2𝜂. Then, 𝜁 + 𝜂 ∼ N(𝜇1 + 𝜇2, (𝜎2

1 +

𝜎2
2 ) (1 + 𝛿)) and 𝜁 − 𝜂 ∼ N(𝜇1 − 𝜇2, (𝜎2

1 + 𝜎2
2 ) (1 − 𝛿)). Let 𝑏 =

𝑡2 (𝜎2
1+𝜎

2
2 )

2 . We get

Cov[cos(𝑡𝜁), cos(𝑡𝜂)] = E[cos(𝑡𝜁) cos(𝑡𝜂)] − E[cos(𝑡𝜁)]E[cos(𝑡𝜂)]

=
1
2
E[cos 𝑡 (𝜁 + 𝜂)] + 1

2
E[cos 𝑡 (𝜁 − 𝜂)] − E[cos(𝑡𝜁)]E[cos(𝑡𝜂)]

=
1
2
cos(𝑡𝜇1) cos(𝑡𝜇2)

(
𝑒−𝑏 (1+𝛿 ) + 𝑒−𝑏 (1−𝛿 ) − 2𝑒−𝑏

)
− 1
2
sin(𝑡𝜇1) sin(𝑡𝜇2)

(
𝑒−𝑏 (1+𝛿 ) − 𝑒−𝑏 (1−𝛿 )

)
.
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It remains to show that���𝑒−𝑏 (1+𝛿 ) + 𝑒−𝑏 (1−𝛿 ) − 2𝑒−𝑏
��� ≲ 𝜈2,

���𝑒−𝑏 (1+𝛿 ) − 𝑒−𝑏 (1−𝛿 )
��� ≲ |𝜈 |.

For |𝜈 | ≥ 1
2 these upper bounds hold trivially. For |𝜈 | ≤

1
2 , using the fact that |𝛿 | ≤ |𝜈 | ≤ 1

2
and applying the relation between divided differences and derivatives (see, e.g., [17,
(2.1.4.3)] we obtain���𝑒−𝑏 (1+𝛿 ) + 𝑒−𝑏 (1−𝛿 ) − 2𝑒−𝑏

��� ≤ max
𝜉 ∈[ 12 ,

3
2 ]
𝑏2𝛿2𝑒−𝑏𝜉 ≲ 𝑒−𝑏/4𝛿2 ≤ 𝜈2,���𝑒−𝑏 (1+𝛿 ) − 𝑒−𝑏 (1−𝛿 )

��� ≤ max
𝜉 ∈[ 12 ,

3
2 ]
2𝑏 |𝛿 |𝑒−𝑏𝜉 ≲ 𝑒−𝑏/4 |𝛿 | ≤ |𝜈 |.

The conclusion follows. □

As a corollary, we obtain the following proposition on the properties of various statistics
of the correlated Gaussian random vector 𝜺 = (𝜀1, . . . , 𝜀𝑑) ∼ N (0,𝚺). Recall that we denote
by 𝜎2

1 , . . . , 𝜎
2
𝑑
the diagonal elements of 𝚺 = (𝚺𝑖 𝑗)𝑖, 𝑗 and by 𝚺̃ be the matrix of correlation

coefficients with entries 𝚺̃𝑖 𝑗 = 𝚺𝑖 𝑗/(𝜎𝑖𝜎𝑗).
Proposition 2. Let 𝜺 ∼ N(0,𝚺). There exists an absolute constant 𝐶 > 0 such that the
following holds.

(i) Var(∥𝜺∥22) = 2∥𝚺∥2
𝐹
.

(ii) Let 𝜏 ≥ 1 and 𝛽 = E[𝑍2
��|𝑍 | > 𝜏], where 𝑍 ∼ N(0, 1). Then, for any subset U ⊆ [𝑑],

Var

[∑︁
𝑖∈U

(𝜀2𝑖 − 𝜎2
𝑖 𝛽)1( |𝜀𝑖 | > 𝜎𝑖𝜏)

]
≤ 𝐶∥𝚺∥2𝐹𝜏4 exp(−𝜏2/2),

Var

[∑︁
𝑖∈U

𝜀2𝑖 1( |𝜀𝑖 | > 𝜎𝑖𝜏)
]
≤ 𝐶∥𝚺∥2𝐹𝜏8 exp(−𝜏2/3).

(iii) Let 𝜏 ≥ 0. Then

Var

[∑︁
𝑖∈U

1(𝜀2𝑖 ≤ 𝜎2
𝑖 𝜏)

]
≤ 𝐶∥𝚺̃∥2𝐹 (𝜏2 + 1)𝑒−𝜏/3,

(iv) Let 𝑡 ∈ R, and let 𝜇1, . . . , 𝜇𝑑 ∈ R be such that
∑𝑑

𝑖=1 1(𝜇𝑖 ≠ 0) ≤ 𝑠. Then,

Var

[
𝑑∑︁
𝑖=1

cos(𝑡 (𝜇𝑖 + 𝜀𝑖))
]
≤ 𝐶

(
∥𝚺̃∥2𝐹 + 𝑠∥𝚺̃∥𝐹

)
.

Proof. Items (i) and (iii) follow directly from Lemma 2.
(ii) Consider the standard Gaussian random variables 𝜀𝑖 = 𝜀𝑖/𝜎𝑖, 𝑖 ∈ [𝑑]. The correlation

coefficient between 𝜀𝑖 and 𝜀𝑖 is 𝚺𝑖 𝑗/(𝜎𝑖𝜎𝑗) for 𝑖, 𝑗 ∈ [𝑑]. Thus, we have

Var

[∑︁
𝑖∈U

(𝜀2𝑖 − 𝜎2
𝑖 𝛽)1( |𝜀𝑖 | > 𝜎𝑖𝜏)

]
=

∑︁
𝑖∈U, 𝑗∈U

𝜎2
𝑖 𝜎

2
𝑗Cov((𝜀2𝑖 − 𝛽)1( |𝜀𝑖 | > 𝜎𝑖𝜏), (𝜀2𝑗 − 𝛽)1( |𝜀 𝑗 | > 𝜎𝑗𝜏))

≲ ∥𝚺∥2𝐹𝜏4 exp(−𝜏2/2), (19)
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where the last inequality follows from Lemma 2(ii). Next we prove the second inequality in
(ii). Note that

Var

[∑︁
𝑖∈U

𝜀2𝑖 1( |𝜀𝑖 | > 𝜎𝑖𝜏)
]
≤2Var

[∑︁
𝑖∈U

(𝜀2𝑖 − 𝜎2
𝑖 𝛽)1( |𝜀𝑖 | > 𝜎𝑖𝜏)

]
+ 2Var

[∑︁
𝑖∈U

𝜎2
𝑖 𝛽1( |𝜀𝑖 | > 𝜎𝑖𝜏)

]
.

Applying Lemma 2(iii) and the fact 𝛽 ≲ 𝜏2 (see, e.g., [3, Lemma 4] or (24) below) yields that

Var

[∑︁
𝑖∈U

𝜎2
𝑖 𝛽1( |𝜀𝑖 | > 𝜎𝑖𝜏)

]
= 𝛽2

∑︁
𝑖∈U, 𝑗∈U

𝜎2
𝑖 𝜎

2
𝑗Cov(1( |𝜀𝑖 | > 𝜏),1( |𝜀 𝑗 | > 𝜏))

≲ ∥𝚺∥2𝐹𝜏8 exp(−𝜏2/3). (20)

The conclusion follows by combining (19) and (20).
(iv) Introducing the notation S = {𝑖 ∈ [𝑑] : 𝜇𝑖 ≠ 0} we get

Var

[
𝑑∑︁
𝑖=1

cos(𝑡 (𝜇𝑖 + 𝜀𝑖))
]
=

∑︁
𝑖, 𝑗

Cov
[
cos(𝑡 (𝜇𝑖 + 𝜀𝑖)), cos(𝑡 (𝜇 𝑗 + 𝜀 𝑗))

]
(𝑎)
≲

∑︁
𝑖, 𝑗

𝚺̃
2
𝑖 𝑗 +

∑︁
𝑖, 𝑗∈S

|𝚺̃𝑖 𝑗 |

(𝑏)
≤ ∥𝚺̃∥2𝐹 + 𝑠∥𝚺̃∥𝐹 ,

where (𝑎) follows from Lemma 2(iv), and (𝑏) is due to the Cauchy-Schwarz inequality. □

6.2. Proofs for Section 2 (known 𝝈)

6.2.1. Proof of Theorem 1

Consider first the case 𝑠 > ∥𝚺∥𝐹 . Then

𝑄̂ − ∥𝜽 ∥22 =
𝑑∑︁
𝑖=1

𝑌2
𝑖 − 𝜎2𝜎2

𝑖 − 𝜃2𝑖 = 𝜎2
𝑑∑︁
𝑖=1

(𝜀2𝑖 − 𝜎2
𝑖 ) + 2𝜎

∑︁
𝑖∈S

𝜃𝑖𝜀𝑖 ,

where S denotes the support of 𝜽. Consequently,

E𝜽,𝚺
[
(𝑄̂ − ∥𝜽 ∥22)

2] ≤ 2𝜎4Var(∥𝜺∥22) + 8𝜎2𝜽⊤S𝚺S,S𝜽S , (21)

where 𝜽S ∈ RS is the vector of nonzero entries of 𝜽, and 𝚺S,S ∈ RS×S is the submatrix
of 𝚺 with columns and rows in S. Applying Proposition 2(i) we immediately obtain (4) for
𝑠 > ∥𝚺∥𝐹 .
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Consider now the case 𝑠 ≤ ∥𝚺∥𝐹 . Then we have

𝑄̂ − ∥𝜽 ∥22 =
𝑑∑︁
𝑖=1

(𝑌2
𝑖 − 𝜎2𝜎2

𝑖 𝛽𝑠)1( |𝑌𝑖 | > 𝜎𝜎𝑖𝜏) − 𝜃2𝑖

=
∑︁
𝑖∉S

𝜎2(𝜀2𝑖 − 𝜎2
𝑖 𝛽𝑠)1( |𝜀𝑖 | > 𝜎𝑖𝜏) +

∑︁
𝑖∈S

(𝑌2
𝑖 − 𝜎2𝜎2

𝑖 𝛽𝑠 − 𝜃2𝑖 )

−
∑︁
𝑖∈S

(𝑌2
𝑖 − 𝜎2𝜎2

𝑖 𝛽𝑠)1( |𝑌𝑖 | ≤ 𝜎𝜎𝑖𝜏)

=

𝑑∑︁
𝑖=1

𝜎2(𝜀2𝑖 − 𝜎2
𝑖 𝛽𝑠)1( |𝜀𝑖 | > 𝜎𝑖𝜏) +

∑︁
𝑖∈S

2𝜎𝜃𝑖𝜀𝑖 (22)

+
∑︁
𝑖∈S

𝜎2(𝜀2𝑖 − 𝜎2
𝑖 𝛽𝑠)1( |𝜀𝑖 | ≤ 𝜎𝑖𝜏) −

∑︁
𝑖∈S

(𝑌2
𝑖 − 𝜎2𝜎2

𝑖 𝛽𝑠)1( |𝑌𝑖 | ≤ 𝜎𝜎𝑖𝜏).

(23)

Notice that for any 𝜏 ≥ 0 we have

𝛽𝑠 = 1 +
𝜏 1√

2𝜋
𝑒−𝜏

2/2∫ ∞
𝜏

1√
2𝜋

𝑒−𝑥2/2𝑑𝑥
< 1 + 𝜏(𝜏 +

√
𝜏2 + 4)
2

≤ 𝜏2 + 𝜏 + 1, (24)

where the first inequality uses formula 7.1.13 in [1]. Since 𝜏 ≥ 1, by the triangle inequality,
we get that almost surely, the absolute value of the expression in (23) satisfies:�����∑︁

𝑖∈S
(𝜀2𝑖 − 𝜎2𝜎2

𝑖 𝛽𝑠)1( |𝜀𝑖 | ≤ 𝜎𝑖𝜏) −
∑︁
𝑖∈S

(𝑌2
𝑖 − 𝜎2𝜎2

𝑖 𝛽𝑠)1( |𝑌𝑖 | ≤ 𝜎𝜎𝑖𝜏)
����� ≲ 𝑠𝜎2𝜏2max

𝑖∈S
𝜎2
𝑖 .

Next, the mean squared errors of the two terms in (22) can be controlled by Proposition 2(ii)
and an argument similar to (21), respectively. It follows that

E𝜽,𝚺

[( 𝑑∑︁
𝑖=1

𝜎2(𝜀2𝑖 − 𝜎2
𝑖 𝛽𝑠)1( |𝜀𝑖 | > 𝜎𝑖𝜏)

)2]
+ E𝜽,𝚺

[(∑︁
𝑖∈S

2𝜎𝜃𝑖𝜀𝑖)2
]

≲ 𝜎4∥𝚺∥2𝐹𝜏4𝑒−𝜏
2/2 + 𝜎2𝜽⊤S𝚺S,S𝜽S .

Combining the above bounds we find that

E𝜽,𝚺
[
(𝑄̂ − ∥𝜽 ∥22)

2] ≲ 𝜎2∥𝜽 ∥22𝜆max(𝚺S,S) + 𝜎4𝜏4
(
𝑠2 + ∥𝚺∥2𝐹𝑒−𝜏

2/2
)
.

Recalling that 𝜏 = 3
√︃
log(1 + ∥𝚺∥2

𝐹
/𝑠2) finishes the proof of (4) for 𝑠 ≤ ∥𝚺∥𝐹 .

Inequality (5) follows immediately from (4) using the bounds

𝜆max(𝚺S,S) ≤ 𝜆max(𝚺) ∧ ∥𝚺S,S ∥𝐹 ≤ 𝜆max(𝚺) ∧ 𝑠max
𝑖∈S

𝜎2
𝑖 ≤ 𝜆max(𝚺) ∧ 𝑠.

Finally, we deduce (6) from (5). Notice first that 𝜓̄(𝑠,𝚺) ≤ 𝜓(𝑠,𝚺). Introduce the threshold
𝑡 := 𝜎

√︁
𝜓(𝑠,𝚺). Consider first the case ∥𝜽 ∥2 ≤ 𝑡. Then, using the inequality (𝑎 − 𝑏)2 ≤
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2(𝑎2 − 𝑏2) + 4𝑏2, and (5) we obtain

E𝜽,𝚺 [(𝑁̂ − ∥𝜽 ∥2)2] ≤ 2E𝜽,𝚺 [|𝑄̂ | − ∥𝜽 ∥22] + 4∥𝜽 ∥22 ≤ 2
√︃
E𝜽,𝚺 [(𝑄̂ − ∥𝜽 ∥22)2] + 4𝑡2

≲ 𝜎2𝜓(𝑠,𝚺) + 𝜎𝑡
√︁
𝜓̄(𝑠,𝚺) + 𝑡2

≲ 𝜎2𝜓(𝑠,𝚺).

Next, consider the case ∥𝜽 ∥2 > 𝑡. Then, using the inequality (𝑎 − 𝑏)2 ≤ (𝑎2 − 𝑏2)2/𝑎2 for
𝑎 > 0, 𝑏 ≥ 0, and (5) we get

E𝜽,𝚺 [(𝑁̂ − ∥𝜽 ∥2)2] ≤
E𝜽,𝚺 [( |𝑄̂ | − ∥𝜽 ∥22)

2]
∥𝜽 ∥22

≤
E𝜽,𝚺 [(𝑄̂ − ∥𝜽 ∥22)

2]
𝑡2

≲ 𝜎2𝜓̄(𝑠,𝚺) + 𝜎4𝜓2(𝑠,𝚺)
𝑡2

≲ 𝜎2𝜓(𝑠,𝚺).

The proof of (6) is complete.

6.2.2. Proof of Theorem 2

Given any loss function 𝑤(·) with 𝑤(0) = 0 and 𝑤 . 0 and any 𝜙 > 0, we define the scaled
minimax risk as

𝑅∗(𝑠, 𝑑, 𝜌, 𝜙) := inf
𝑇̂

sup
(𝜽,𝚺) ∈Θ(𝑠,𝑑,𝜌)

E𝜽,𝚺 [𝑤(𝜎−1𝜙−1/2 |𝑇 − ∥𝜽 ∥2 |)] .

Since the diagonal elements of 𝚺 are all equal to 1, we only need to consider the case 𝜌 ≥
√
𝑑.

The proof is based on a reduction of the minimax lower bound with correlated observations
to that with independent observations. In particular, we define

𝑅̃∗(𝑠, 𝑑, 𝜙) := inf
𝑇̂

sup
𝜽∈𝐵0 (𝑠,𝑑) ,𝚺=𝑰𝑑×𝑑

E𝜽,𝚺 [𝑤(𝜎−1𝜙−1/2 |𝑇 − ∥𝜽 ∥2 |)] .

It is known from [6] that, for any integers 𝑑′, 𝑠′ such that 𝑠′ ∈ [𝑑′], we have the lower bound

𝑅̃∗(𝑠′, 𝑑′, 𝜙(𝑠′, 𝑑′)) ≳ 1. (25)

We will use this bound with suitably chosen 𝑑′, 𝑠′ to prove that 𝑅∗(𝑠, 𝑑, 𝜌, 𝜙(𝑠, 𝜌2)) ≳ 1,
which is the required result. We consider separately the following two cases.

Case I:
√
𝑑 ≤ 𝜌 ≤ 2

√
𝑑. Since the identity matrix satisfies the Frobenius norm constraint in

the definition of Θ(𝑠, 𝑑, 𝜌) we have that, for any 𝑤(·) and 𝜙,

𝑅∗(𝑠, 𝑑, 𝜌, 𝜙) ≥ 𝑅̃∗(𝑠, 𝑑, 𝜙).

Set here 𝜙 = 𝜙(𝑠, 𝑑) and note that, in the considered case, 𝜙(𝑠, 𝑑) ≍ 𝜙(𝑠, 𝜌2). It follows
immediately from (25) with 𝑠′ = 𝑠 and 𝑑′ = 𝑑 that 𝑅∗(𝑠, 𝑑, 𝜌, 𝜙(𝑠, 𝜌2)) ≳ 1.
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Case II: 𝜌 > 2
√
𝑑. Without loss of generality we assume that 𝑠 ≥ 2. Given any two positive

integers 𝑟 and 𝑝 such that

𝑟 𝑝 ≤ 𝑑, (26)

we define the following block diagonal covariance matrix:

𝚺0 = diag(1𝑟×𝑟 , · · · , 1𝑟×𝑟︸            ︷︷            ︸
𝑝 blocks

, 𝑰 (𝑑−𝑟 𝑝)×(𝑑−𝑟 𝑝) ). (27)

Here 1𝑟×𝑟 is a 𝑟 × 𝑟 dimensional matrix with all entries equal to one, and 𝑰 (𝑑−𝑟 𝑝)×(𝑑−𝑟 𝑝) is a
(𝑑−𝑟 𝑝) × (𝑑−𝑟 𝑝) dimensional identity matrix. We also define a class of vectors 𝜽 as follows:

Θ̃ :=

(𝜃1, · · · , 𝜃1︸      ︷︷      ︸
𝑟 entries

, · · · , 𝜃𝑝, · · · , 𝜃𝑝︸       ︷︷       ︸
𝑟 entries

, 0, · · · , 0)⊤ ∈ R𝑑 :
𝑝∑︁
𝑖=1

1(𝜃𝑖 ≠ 0) ≤ 1

 .

If the pair (𝑟, 𝑝) is such that

𝑟 ≤ 𝑠 and 𝑟2𝑝 + 𝑑 ≤ 𝜌2, (28)

then for any 𝜽 ∈ Θ̃, we have (𝜽,𝚺0) ∈ Θ(𝑠, 𝑑, 𝜌). Moreover, for 𝜽 ∈ Θ̃, 𝚺 = 𝚺0, model (1) is
equivalent to the model with 𝑝 independent observations𝑌𝑖 ∼ N(𝜃𝑖 , 𝜎2), 𝑖 ∈ [𝑝], such that at
most one of 𝜃𝑖’s is nonzero. Since ∥𝜽 ∥2 =

√
𝑟

√︃∑𝑝

𝑖=1 𝜃
2
𝑖
=
√
𝑟 ∥𝜽̃ ∥2, where 𝜽̃ = (𝜃1, . . . , 𝜃𝑝),

we obtain that, for any 𝜙 > 0,

𝑅∗(𝑠, 𝑑, 𝜌, 𝜙) ≥ inf
𝑇̂

sup
𝜽̃∈𝐵0 (1, 𝑝) ,𝚺=𝑰 𝑝×𝑝

E𝜽̃,𝚺

[
𝑤

(
|𝑇 −

√
𝑟 ∥𝜽̃ ∥2 |

𝜎𝜙1/2

)]
(29)

= inf
𝑇̂

sup
𝜽̃∈𝐵0 (1, 𝑝) ,𝚺=𝑰 𝑝×𝑝

E𝜽̃,𝚺

[
𝑤

(
|𝑇 − ∥𝜽̃ ∥2 |
𝜎(𝑟−1𝜙)1/2

)]
= 𝑅̃∗(1, 𝑝, 𝑟−1𝜙).

Thus, to complete the proof it remains to find a pair (𝑟, 𝑝) satisfying the inequalities
in (26), (28) and such that 𝑅̃∗(1, 𝑝, 𝑟−1𝜙(𝑠, 𝜌2)) ≳ 1. We will do it separately for two
cases.

First, consider the case 𝑠 ≤ 𝜌. Then we choose 𝑟 and 𝑝 as the largest integers such that
𝑟 ≤ 𝑠/2 and 𝑝 ≤ 𝜌2

𝑠2
∧ 𝑑

𝑠
. Recalling that 𝜌2 > 4𝑑 one can check that such 𝑟 and 𝑝 satisfy (26)

and (28). Furthermore,

𝑟𝜙(1, 𝑝) ≍ 𝑠 log
(
1 + 𝜌2

𝑠2
∧ 𝑑

𝑠

)
≍ 𝑠

(
log

(
1 + 𝜌2

𝑠2

)
∧ log

(
1 + 𝑑

𝑠

))
(30)

≍ 𝑠 log
(
1 + 𝜌2

𝑠2

)
= 𝜙(𝑠, 𝜌2),

where we have used the facts that 𝜌 ≤ 𝑑, and log
(
1 + 𝜌2

𝑠2

)
≍ log

(
1 + 𝜌

𝑠

)
for 𝑠 ≤ 𝜌. Combining

the last two displays, we obtain that there exists an absolute constant 𝑐 > 0 such that

𝑅∗(𝑠, 𝑑, 𝜌, 𝜙(𝑠, 𝜌2)) ≥ 𝑅̃∗(1, 𝑝, 𝑐𝜙(1, 𝑝)) ≳ 1.

Next, we consider the case 𝑠 > 𝜌. Then 𝜙(𝑠, 𝜌2) = 𝜌. We choose the pair (𝑟, 𝑝) satisfying
(26) and (28) as follows: 𝑟 = ⌊𝜌/2⌋ and 𝑝 = 1. Clearly, 𝑅∗(1, 1, 𝑟−1𝜌) ≳ 1, which implies
that 𝑅∗(𝑠, 𝑑, 𝜌, 𝜙(𝑠, 𝜌2)) ≳ 1 also in this case.
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6.3. Proofs for Section 3 (estimation of 𝝈2)

6.3.1. Analysis of 𝜎̂2
𝑆

Proposition 2(iii) allows us to control the variance of the empirical distribution function
𝐹̂𝜀2 (𝑥) for any fixed 𝑥 ≥ 0. In addition, we have the bound (9). Consequently, we obtain
that, for a deterministic 𝑡 ≍ 𝜎2, the estimator 𝐹̂𝑌2 (𝑡) converges to 𝐹 (𝑡/𝜎2) with the desired
rate 𝑠+∥𝚺̃∥𝐹

𝑑
. In our construction, we do not operate with fixed 𝑡 but rather with 𝑡, which is

data-driven and depends on the empirical distribution function, cf. (11). However, since we
use a dyadic grid in (11), it is enough to control the estimation error for a finite number of
values of 𝑡 to obtain the desired error guarantee for 𝜎̂2

𝑆
. We first prove the bound on the error

𝜎̂2
𝑆
(𝑡) for fixed 𝑡 as stated in Lemma 1, then derive the properties of 𝑡 in Lemma 4, and finally

obtain the error guarantee for 𝜎̂2
𝑆
.

Proof of Lemma 1. (i) We prove only the bound on the upper tail probability. The proof of
the lower tail bound is entirely analogous. The definition of 𝜎̂2

𝑆
(𝑡) and the monotonicity of 𝐹

imply that

P𝜽,𝚺

[
𝜎̂2
𝑆
(𝑡)

𝜎2 ≥ 1 + 𝑢

]
= P𝜽,𝚺

[
𝐹̂𝑌2 (𝑡) ≤ 𝐹

(
𝑡

(1 + 𝑢)𝜎2

)]
≤ P𝜽,𝚺

[
𝐹

( 𝑡

𝜎2

)
− 𝐹̂𝜀2

( 𝑡

𝜎2

)
≥ 𝐹

( 𝑡

𝜎2

)
− 𝐹

(
𝑡

(1 + 𝑢)𝜎2

)
− 𝑠

𝑑

]
,

(31)

where the last inequality uses (9). Recall that 𝐹 (𝑥) = 2Φ(
√
𝑥) − 1 for 𝑥 > 0. Then, for

|𝑢 | ≤ 1/2,

|𝐹 (𝑥) − 𝐹 (𝑥/(1 + 𝑢)) | ≥ 2
√
2𝜋

𝑒
− 𝑥

2(1−|𝑢|)
√
𝑥

����1 − 1
√
1 + 𝑢

���� ≥ 1
4
𝑒−𝑥 |𝑢 |

√
𝑥. (32)

Applying Chebyshev’s inequality and Proposition 2(iii) we get

P𝜽,𝚺

[
𝜎̂2
𝑆
(𝑡)

𝜎2 ≥ 1 + 𝑢

]
≤

𝐶
∥𝚺̃∥2

𝐹

𝑑2 (( 𝑡

𝜎2 )2 + 1)𝑒−
𝑡

3𝜎2

[( 14 |𝑢 |𝑒
− 𝑡

𝜎2 ( 𝑡

𝜎2 )1/2 − 𝑠
𝑑
)+]2

.

Part (i) of the lemma follows from this inequality by noticing that 1∧ 𝑥

[ (𝑦−𝑎)+ ]2
≤ 1∧ 2(𝑥+𝑎2 )

𝑦2

for any 𝑥, 𝑦, 𝑎 ≥ 0. Indeed, 1∧ 𝑥

[ (𝑦−𝑎)+ ]2
= (1∧

√
𝑥

(𝑦−𝑎)+ )
2, and 1∧

√
𝑥

(𝑦−𝑎)+ = 1{𝑦 ≤
√
𝑥 + 𝑎} +

√
𝑥

𝑦−𝑎1{𝑦 >
√
𝑥 + 𝑎} ≤ 1 ∧

√
𝑥+𝑎
𝑦

.
We now prove part (ii) of the lemma. For any 𝑡 satisfying |𝑡/𝜎2 − 1| ≤ 2/3 and 𝑢 = 1/2 we

obtain from (32) that��𝐹 (𝑡/𝜎2) − 𝐹 (2𝑡/3𝜎2))
�� ≥ 2

√
2𝜋

𝑒−
5
3

(√︂
1
3
−

√︂
2
9

)
≥ 0.015.

In view of this remark, part (ii) of the lemma follows from (31) by applying Chebyshev’s
inequality and Proposition 2(iii). □
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Lemma 3. For 𝛼 ∈ (0, 1), let 𝑞𝛼 be the empirical 𝛼-th quantile of 𝜀2
𝑖
’s, that is,

𝑞𝛼 := min{𝑢 : 𝐹̂𝜀2 (𝑢) ≥ 𝛼}.

Then

E𝜽,𝚺 (𝑞2𝛼) ≤ 1 + 8
(1 − 𝛼)

√
2𝜋

.

Proof. Since 𝐹̂𝜀2 (·) is the empirical cdf of 𝜀2
𝑖
’s, where 𝜀𝑖’s are standard normal variables, for

any 𝑡 > 0 we have

E𝜽,𝚺 [1 − 𝐹̂𝜀2 (𝑡)] = P𝜽,𝚺 (𝜀21 > 𝑡) ≤ 2𝑒− 𝑡
2

√
2𝜋𝑡

.

By Markov’s inequality we obtain that, for any 𝑡 > 0,

P𝜽,𝚺 (𝑞𝛼 > 𝑡) ≤ P𝜽,𝚺 (𝐹̂𝜀2 (𝑡) ≤ 𝛼) = P𝜽,𝚺 (1 − 𝐹̂𝜀2 (𝑡) ≥ 1 − 𝛼) ≤ 2𝑒− 𝑡
2

(1 − 𝛼)
√
2𝜋𝑡

.

Hence

E𝜽,𝚺 [𝑞2𝛼] ≤ 1 +
∫ ∞

1
P𝜽,𝚺 (𝑞2𝛼 > 𝑡)𝑑𝑡 ≤ 1 +

∫ ∞

1

2𝑒−
√
𝑡
2

(1 − 𝛼)
√
2𝜋𝑡1/4

𝑑𝑡 ≤ 1 + 8
(1 − 𝛼)

√
2𝜋

.

□

Lemma 4. Let 𝑠/𝑑 ≤ 0.01. Then there exists an absolute constant 𝑐 > 0 such that

P𝜽,𝚺

[
1
3
𝜎2 ≤ 𝑡 ≤ 3

2
𝜎2

]
≥ 1 −

𝑐∥𝚺̃∥2
𝐹

𝑑2
. (33)

Furthermore, E𝜽,𝚺 [𝑡2] ≲ 𝜎4.

Proof. Since 𝐹 is the cdf of the 𝜒2
1 distribution we have 𝐹 (𝛼) + 𝜏 < 0.5 < 𝐹 (𝛽) − 𝜏 for 𝛼 = 1

3 ,
𝛽 = 3

4 and 𝜏 = 0.01. By Chebyshev’s inequality and Proposition 2(iii),

P𝜽,𝚺 [𝐹̂𝜀2 (𝛽) − 𝜏 ≤ 0.5] ≤
E𝜽,𝚺

[
|𝐹̂𝜀2 (𝛽) − 𝐹 (𝛽) |2

]
|𝐹 (𝛽) − 𝜏 − 0.5|2

≲
∥𝚺̃∥2

𝐹

𝑑2
,

P𝜽,𝚺 [𝐹̂𝜀2 (𝛼) + 𝜏 ≥ 0.5] ≤
E𝜽,𝚺

[
|𝐹̂𝜀2 (𝛼) − 𝐹 (𝛼) |2

]
|𝐹 (𝛼) + 𝜏 − 0.5|2

≲
∥𝚺̃∥2

𝐹

𝑑2
.

By the definition of 𝑡, we have 𝐹̂𝑌2 (𝑡) ≥ 0.5 and 𝐹̂𝑌2 (𝑡/2) < 0.5.Combining the above remarks
and (9) we obtain that, with probability at least 1 − 𝑐∥𝚺̃∥2

𝐹
/𝑑2, where 𝑐 > 0 is an absolute

constant,

𝐹̂𝑌2 (𝑡) ≥ 0.5 > 𝐹̂𝜀2 (𝛼) + 𝜏 ≥ 𝐹̂𝑌2 (𝛼𝜎2),
𝐹̂𝑌2 (𝑡/2) < 0.5 < 𝐹̂𝜀2 (𝛽) − 𝜏 ≤ 𝐹̂𝑌2 (𝛽𝜎2).

The bound (33) follows from these relations and the monotonicity of 𝐹̂𝑌2 . Next, from (9)
and the assumption 𝑠/𝑑 ≤ 𝜏 we obtain that 𝐹̂𝜀2 ( 𝑡

2𝜎2 ) ≤ 𝐹̂𝑌2
(
𝑡/2

)
+ 𝜏 < 0.6. It means that

𝑡

2𝜎2 ≤ 𝑞0.6, where 𝑞0.6 is the 0.6-th empirical quantile of 𝜀2
𝑖
’s. Applying Lemma 3we conclude

that E𝜽,𝚺 [𝑡2] ≲ 𝜎4. □
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Consider the set

T :=
{
𝑡 = 2ℓ : ℓ ∈ Z,

𝜎2

3
≤ 𝑡 ≤ 3

2
𝜎2

}
.

Note that this set contains not more than 3 elements. Indeed, if T is non-empty and ℓ∗ is the
smallest value in Z such that 𝜎2

3 ≤ 2ℓ∗ ≤ 3
2𝜎

2 then 2ℓ∗+3 ≥ 24𝜎2/3 > 3
2𝜎

2.
Lemma 4 implies that there is an absolute constant 𝑐 > 0 such that 𝑡 ∈ T with probability

at least 1 − 𝑐∥𝚺̃∥2
𝐹
/𝑑2. Before proving Theorem 4, we first show that there exists an absolute

constant 𝑐 > 0 such that 𝜎̂2
𝑆
≍ 𝜎2 with probability at least 1 − 𝑐∥𝚺̃∥2

𝐹
/𝑑2.

Lemma 5. There exists an absolute constant 𝑐 > 0 such that

P𝜽,𝚺

[
1
2
𝜎2 ≤ 𝜎̂2

𝑆 ≤ 3
2
𝜎2

]
≥ 1 − 𝑐

∥𝚺̃∥2
𝐹

𝑑2
.

Proof. Recall that, by definition, 𝜎̂2
𝑆
= 𝜎̂2

𝑆
(𝑡). We have

P𝜽,𝚺

[����� 𝜎̂2
𝑆

𝜎2 − 1

����� > 1
2

]
≤ P𝜽,𝚺

[����� 𝜎̂2
𝑆
(𝑡)

𝜎2 − 1

����� > 1
2
, 𝑡 ∈ T

]
+ 𝑐

∥𝚺̃∥2
𝐹

𝑑2

≤
∑︁
𝑡∈T

P𝜽,𝚺

[����� 𝜎̂2
𝑆
(𝑡)

𝜎2 − 1

����� > 1
2

]
+ 𝑐

∥𝚺̃∥2
𝐹

𝑑2
.

The conclusion follows from Lemma 1(ii) and the fact that T contains not more than 3
elements. □

Proof of Theorem 4. Consider the event 𝐸 := { 12𝜎
2 ≤ 𝜎̂2

𝑆
≤ 3

2𝜎
2, 𝑡 ∈ T }. Lemmas 4 and 5

imply that P𝜽,𝚺 (𝐸) ≥ 1 − 𝑐
∥𝚺̃∥2

𝐹

𝑑2 , where 𝑐 > 0 is an absolute constant. We have

E𝜽,𝚺

����� 𝜎̂2
𝑆

𝜎2 − 1

����� = E𝜽,𝚺

(����� 𝜎̂2
𝑆

𝜎2 − 1

�����1(𝐸)
)
+ E𝜽,𝚺

(����� 𝜎̂2
𝑆

𝜎2 − 1

�����1(𝐸𝑐)
)
.

By the definition of 𝑡 we have 𝐹̂𝑌2 (𝑡) ≥ 0.5. Thus,

𝜎̂2
𝑆

𝜎2 =
𝑡

𝜎2𝐹−1(𝐹̂𝑌2 (𝑡))
≲

𝑡

𝜎2 . (34)

Applying the Cauchy-Schwarz inequality and Lemma 4 yields

E𝜽,𝚺

[����� 𝜎̂2
𝑆

𝜎2 − 1

�����1(𝐸𝑐)
]
≲

∥𝚺̃∥𝐹
𝑑

√︃
1 + E𝜽,𝚺

[
(𝑡/𝜎2)2

]
≲

∥𝚺̃∥𝐹
𝑑

. (35)

Next, note that��𝐹 (𝑡/𝜎2) − 𝐹 (𝑡/𝜎̂2
𝑆)

��1(𝐸) ≥ min
𝜉 ∈[ 29 ,3]

|𝐹′(𝜉) |
����� 𝑡

𝜎2 − 𝑡

𝜎̂2
𝑆

�����1(𝐸) ≳
����� 𝑡

𝜎2 − 𝑡

𝜎̂2
𝑆

�����1(𝐸).
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Using this inequality and (34) we find

E𝜽,𝚺

[����� 𝜎̂2
𝑆

𝜎2 − 1

�����1(𝐸)
]
= E𝜽,𝚺

[
𝜎̂2
𝑆

𝑡

����� 𝑡

𝜎2 − 𝑡

𝜎̂2
𝑆

�����1(𝐸)
]

≲ E𝜽,𝚺
[��𝐹 (𝑡/𝜎2) − 𝐹 (𝑡/𝜎̂2

𝑆)
��1(𝐸)] = E𝜽,𝚺

[��𝐹 (𝑡/𝜎2) − 𝐹̂𝑌2 (𝑡)
��1(𝐸)]

≤
∑︁
𝑡∈T

E𝜽,𝚺
��𝐹 (𝑡/𝜎2) − 𝐹̂𝑌2 (𝑡)

�� ≲ 𝑠 + ∥𝚺̃∥𝐹
𝑑

, (36)

where the last step follows from Proposition 2(iii), (9) and the fact that T contains at most 3
elements. Combining (35) and (36) concludes the proof. □

6.3.2. Analysis of 𝜎̂2
𝐷

In this subsection, we prove Theorem 5. We first evaluate the accuracy of 𝜑̂𝑑 (𝑧) considered
as an estimator of the normal characteristic function 𝑒−

𝑧2𝜎2
2 . The following lemma gives a

bound on the relative error of 𝜑̂𝑑 (𝑧).

Lemma 6. For any 𝑧 ∈ R we have

E𝜽,𝚺


(
𝜑̂𝑑 (𝑧)

𝑒−
𝑧2𝜎2

2

− 1

)2 ≲
𝑠2

𝑑2
+

∥𝚺̃∥2
𝐹

𝑑2

(
𝑠

∥𝚺̃∥𝐹
∨ 1

)
exp

(
𝑧2𝜎2

)
. (37)

Furthermore, if 𝑠 ≤ 𝑑/8 there exists an absolute constant 𝐶 > 0 such that, for any 𝑧 ∈ R,

P𝜽,𝚺

[
1
2
𝑒−

𝑧2𝜎2
2 ≤ 𝜑̂𝑑 (𝑧) ≤

3
2
𝑒−

𝑧2𝜎2
2

]
≥ 1 − 𝐶

∥𝚺̃∥2
𝐹

𝑑2

(
𝑠

∥𝚺̃∥𝐹
∨ 1

)
exp

(
𝑧2𝜎2

)
. (38)

Proof. Applying (18) yields�����E𝜽,𝚺 [𝜑̂𝑑 (𝑧)]

𝑒−
𝑧2𝜎2

2

− 1

����� =
�����1𝑑 𝑑∑︁

𝑖=1
cos(𝑧𝜃𝑖) − 1

����� ≤ 2𝑠
𝑑
. (39)

Consequently,

E𝜽,𝚺


(
𝜑̂𝑑 (𝑧)

𝑒−
𝑧2𝜎2

2

− 1

)2 ≤ 2E𝜽,𝚺


(
𝜑̂𝑑 (𝑧) − E𝜽,𝚺 [𝜑̂𝑑 (𝑧)]

𝑒−
𝑧2𝜎2

2

)2 + 2
(
2𝑠
𝑑

)2
.

The bound (37) follows this inequality and Proposition 2(iv).
If 𝑠 ≤ 𝑑/8 then (39) implies that����E𝜽,𝚺 [𝜑̂𝑑 (𝑧)] − 𝑒−

𝑧2𝜎2
2

���� ≤ 𝑒−
𝑧2𝜎2

2 /4.

Under this condition, the left hand side of (38) is not smaller than the probability

P𝜽,𝚺

[
|𝜑̂𝑑 (𝑧) − E𝜽,𝚺 [𝜑̂𝑑 (𝑧)] | ≤ 𝑒−

𝑧2𝜎2
2 /4

]
≥ 1 − 16𝑒𝑧

2𝜎2
Var[𝜑̂𝑑 (𝑧)] .

Using this remark and Proposition 2(iv) we obtain (38). □
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Proof of Theorem 5. Recall that 𝜎̂2
𝐷
= min{𝜎̃2

𝐷
, 2𝜎̂2

𝑆
}, where

𝜎̃2
𝐷 = −2𝑡

𝜆
log |𝜑̂𝑑 ((𝜆/𝑡)1/2) |

and 𝜆 =
1∨log(𝑠/∥𝚺̃∥𝐹 )

6 .

Define the event 𝐸 = {𝜎̂2
𝑆
≥ 1

2𝜎
2, 𝑡 ∈ T , 12𝑒

− 𝜆𝜎2
2𝑡 ≤ 𝜑̂𝑑 ((𝜆/𝑡)1/2) ≤ 3

2𝑒
− 𝜆𝜎2

2𝑡 }. Then,

E𝜽,𝚺

[����� 𝜎̂2
𝐷

𝜎2 − 1

�����
]
= E𝜽,𝚺

[����� 𝜎̂2
𝐷

𝜎2 − 1

�����1(𝐸)
]
+ E𝜽,𝚺

[����� 𝜎̂2
𝐷

𝜎2 − 1

�����1(𝐸𝑐)
]
. (40)

Next, we bound separately the two terms on the right hand side of (40).
On the event 𝐸 we have 𝜎2 ≤ 2𝜎̂2

𝑆
, which together with the fact that 𝜎̂2

𝐷
= min{𝜎̃2

𝐷
, 2𝜎̂2

𝑆
}

implies that |𝜎̂2
𝐷
− 𝜎2 |1(𝐸) ≤ |𝜎̃2

𝐷
− 𝜎2 |1(𝐸). Using the inequality | log 𝑥 − log 𝑦 | ≤ |𝑥−𝑦 |

𝑥∧𝑦 ,
∀𝑥, 𝑦 > 0, we obtain:����� 𝜎̂2

𝐷

𝜎2 − 1

�����1(𝐸) ≤
����� 𝜎̂2

𝐷
(𝑡)

𝜎2 − 1

�����1(𝐸) = 1
𝜎2

����−2𝑡𝜆 (
log |𝜑̂𝑑 ((𝜆/𝑡)1/2) | − log 𝑒−

𝜆𝜎2
2𝑡

)����1(𝐸)
≤ 2𝑡

𝜆𝜎2
|𝜑̂𝑑 ((𝜆/𝑡)1/2) − 𝑒−

𝜆𝜎2
2𝑡 |

𝜑̂𝑑 ((𝜆/𝑡)1/2) ∧ 𝑒−
𝜆𝜎2
2𝑡

1(𝐸)

≤ 6
𝜆

����� 𝜑̂𝑑 ((𝜆/𝑡)1/2)

𝑒−
𝜆𝜎2
2𝑡

− 1

�����1(𝐸),
where the last inequality follows from the conditions 𝑡/𝜎2 ≤ 3/2 and 𝜑̂𝑑 ((𝜆/𝑡)1/2) ≥ 𝑒−

𝜆𝜎2
2𝑡 /2

that hold on 𝐸 . Using the fact that 𝑡 ∈ T under 𝐸 , where T contains at most 2 elements, and
applying Lemma 6 we find:

E𝜽,𝚺

[����� 𝜎̂2
𝐷

𝜎2 − 1

�����1(𝐸)
]
≤

∑︁
𝑡∈T

6
𝜆
E𝜽,𝚺

����� 𝜑̂𝑑 ((𝜆/𝑡)1/2)

𝑒−
𝜆𝜎2
2𝑡

− 1

�����
≲

1
𝜆
max
𝑡∈T

(
𝑠

𝑑
+ ∥𝚺̃∥𝐹

𝑑
exp

(
𝜆𝜎2

2𝑡

) √︂
𝑠

∥𝚺̃∥𝐹
∨ 1

)
≤ 𝑠

𝜆𝑑
+ 𝑒3𝜆/2∥𝚺̃∥𝐹

𝜆𝑑

√︂
𝑠

∥𝚺̃∥𝐹
∨ 1. (41)

We now consider the second term on the right hand side of (40). Note first that since T
contains at most 3 elements and 𝜎2/3 ≤ 𝑡 ≤ 3𝜎2/2 for 𝑡 ∈ T , we get by applying Lemma 6
that

P𝜽,𝚺

[
1
2
𝑒−

𝜆𝜎2
2𝑡 ≤ 𝜑̂𝑑 ((𝜆/𝑡)1/2) ≤

3
2
𝑒−

𝜆𝜎2
2𝑡 ,∀𝑡 ∈ T

]
≥ 1 − 𝐶

∥𝚺̃∥2
𝐹

𝑑2

(
𝑠

∥𝚺̃∥𝐹
∨ 1

)
exp (3𝜆) .

Combining this inequality with Lemmas 4 and 5 we get

P𝜽,𝚺 [𝐸𝑐] ≲
∥𝚺̃∥2

𝐹

𝑑2

(
𝑠

∥𝚺̃∥𝐹
∨ 1

)
exp (3𝜆) . (42)
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Using the fact that 𝜎̂2
𝐷
≤ 2𝜎̂2

𝑆
and the Cauchy-Schwarz inequality we find:

E𝜽,𝚺

[����� 𝜎̂2
𝐷

𝜎2 − 1

�����1(𝐸𝑐)
]
≤

√√√√√
E𝜽,𝚺


(
𝜎̂2
𝐷

𝜎2 − 1

)2
√︁
P𝜽,𝚺 [𝐸𝑐]

≤
√︃
2 + 2E𝜽,𝚺

[
(2𝜎̂2

𝑆
/𝜎2)2

]√︁
P𝜽,𝚺 [𝐸𝑐] . (43)

From Lemma 4 and (34) we have E𝜽,𝚺
[
(𝜎̂2

𝑆
/𝜎2)2

]
≲ 1. Using this remark and combining

(40) (41), (42), and (43) we obtain

E𝜽,𝚺

[����� 𝜎̂2
𝐷

𝜎2 − 1

�����
]
≲

𝑠

𝜆𝑑
+

(
1 + 1

𝜆

)
𝑒3𝜆/2∥𝚺̃∥𝐹

𝑑

(
𝑠

∥𝚺̃∥𝐹
∨ 1

)1/2
. (44)

Recall that 𝜆 =
(
1 ∨ log 𝑠

∥𝚺̃∥𝐹

)
/6. If 𝑠 ≤ 𝑒∥𝚺̃∥𝐹 the right hand side of (44) does not exceed

𝐶∥𝚺̃∥𝐹/𝑑 for an absolute constant 𝐶 > 0. In the case 𝑠 > 𝑒∥𝚺̃∥𝐹 we have 𝜆 =
(
log 𝑠

∥𝚺̃∥𝐹

)
/6

and the right hand side of (44) is of the order 𝑠
𝜆𝑑

since

𝑒3𝜆/2∥𝚺̃∥𝐹
𝑑

(
𝑠

∥𝚺̃∥𝐹
∨ 1

)1/2
≤ 𝑠(

𝑠/∥𝚺̃∥𝐹
)1/4

𝑑
≤ 𝑠

𝜆𝑑
.

This completes the proof. □

6.4. Proofs for Section 4 (unknown 𝝈)

In this section, we prove Theorem 6 using the estimators of the noise level 𝜎2 constructed in
Section 3. Under Assumptions 1 and 2, we have 𝚺𝑖 𝑗/(𝜎𝑖𝜎𝑗) ≍ 𝚺𝑖 𝑗 and thus ∥𝚺∥𝐹 ≍ ∥𝚺̃∥𝐹 .
Hence, we can replace ∥𝚺̃∥𝐹 by ∥𝚺∥𝐹 in the theorems of Section 3 and the bounds on
estimation errors remain valid to within a constant factor.

6.4.1. Proof of part (i) of Theorem 6

For 𝑠 > ∥𝚺∥𝐹 we have

��𝑁̂∗ − ∥𝜽 ∥2
�� = ������

√√√����� 𝑑∑︁
𝑖=1

𝑌2
𝑖
− 𝜎̂2

𝐷
𝜎2
𝑖

����� − ∥𝜽 ∥2

������
≤

����√︃��∥𝜽 ∥22 + 2𝜎𝜽⊤𝜺
�� − ∥𝜽 ∥2

���� +
√√√����� 𝑑∑︁

𝑖=1
𝜎2𝜀2

𝑖
− 𝜎̂2

𝐷
𝜎2
𝑖

�����, (45)

where the upper bound is due to the inequality |
√︁
|𝑥 + 𝑦 | − 𝑧 | ≤ |

√︁
|𝑥 | − 𝑧 | +

√︁
|𝑦 |. Due to the

inequality |
√︁
|1 + 𝑥 | − 1| ≤ |𝑥 |, the first term on the right hand side of (45) admits the bound����√︃��∥𝜽 ∥22 + 2𝜎𝜽⊤𝜺

�� − ∥𝜽 ∥2
���� ≤ 2𝜎 |𝜽⊤𝜺 |

∥𝜽 ∥2
.
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Since E(𝜺𝜺⊤) = 𝚺 we obtain

E
����√︃��∥𝜽 ∥22 + 2𝜎𝜽⊤𝜺

�� − ∥𝜽 ∥2
����2 ≤ 4𝜎2𝜆max(𝚺) ≤ 4𝜎2∥𝚺∥𝐹 . (46)

To handle the second term on the right hand side of (45) we first write����� 𝑑∑︁
𝑖=1

(
𝜀2𝑖 −

𝜎̂2
𝐷

𝜎2 𝜎
2
𝑖

)����� ≤
����� 𝑑∑︁
𝑖=1

(𝜀2𝑖 − 𝜎2
𝑖 )

����� +
����� 𝑑∑︁
𝑖=1

𝜎2
𝑖

(
1 −

𝜎̂2
𝐷

𝜎2

)����� .
Assumption 1 implies that

∑𝑑
𝑖=1 𝜎

2
𝑖
≤ 𝑑. Therefore, we can use Theorem 5 to get

E𝜽,𝚺

����� 𝑑∑︁
𝑖=1

𝜎2
𝑖

(
1 −

𝜎̂2
𝐷

𝜎2

)����� ≲ ∥𝚺∥𝐹 + 𝑠

1 ∨ log 𝑠
∥𝚺∥𝐹

.

Furthermore, E𝜽,𝚺
��∑𝑑

𝑖=1(𝜀2𝑖 − 𝜎2
𝑖
)
�� ≤ √

2∥𝚺∥𝐹 by Proposition 2 (i). It follows that

E𝜽,𝚺

����� 𝑑∑︁
𝑖=1

(
𝜀2𝑖 −

𝜎̂2
𝐷

𝜎2 𝜎
2
𝑖

)����� ≲ ∥𝚺∥𝐹 + 𝑠

1 ∨ log 𝑠
∥𝚺∥𝐹

≲ 𝜓∗(𝑠,𝚺). (47)

Combining (45), (46), and (47) we complete the proof.

6.4.2. Proof of parts (ii) and (iii) of Theorem 6

Using the definition of 𝑁̂∗ for 𝑠 ≤ ∥𝚺∥𝐹 we obtain

|𝑁̂∗ − ∥𝜽 ∥2 | ≤

������
√︄∑︁

𝑖∈S
𝑌2
𝑖
1( |𝑌𝑖 | > 𝜎̂𝑆𝜎𝑖𝜏) − ∥𝜽 ∥2

������ (48)

+ 𝜎

�����∑︁
𝑖∉S

𝜀2𝑖 1

(
|𝜀𝑖 | >

𝜎̂𝑆

𝜎
𝜎𝑖𝜏

)
− 𝛼𝑠

𝜎̂2
𝑆

𝜎2

𝑑∑︁
𝑖=1

𝜎2
𝑖

�����1/2 .
Here ������

√︄∑︁
𝑖∈S

𝑌2
𝑖
1( |𝑌𝑖 | > 𝜎̂𝑆𝜎𝑖𝜏) − ∥𝜽 ∥2

������ ≤
√︄∑︁

𝑖∈S
(𝑌𝑖1( |𝑌𝑖 | > 𝜎̂𝑆𝜎𝑖𝜏) − 𝜃𝑖)2

=

√︄∑︁
𝑖∈S

(𝜎𝜀𝑖 − 𝑌𝑖1( |𝑌𝑖 | ≤ 𝜎̂𝑆𝜎𝑖𝜏))2.

Therefore,

E𝜽,𝚺


������
√︄∑︁

𝑖∈S
𝑌2
𝑖
1( |𝑌𝑖 | > 𝜎̂𝑆𝜎𝑖𝜏) − ∥𝜽 ∥2

������
2 ≤ 2E𝜽,𝚺

(∑︁
𝑖∈S

𝜎2𝜀2𝑖 + 𝜎̂2
𝑆𝜎

2
𝑖 𝜏

2

)
= 2

(
𝜎2 + E𝜽,𝚺 (𝜎̂2

𝑆)𝜏
2
) ∑︁
𝑖∈S

𝜎2
𝑖 .
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Note that since ∥𝚺̃∥𝐹 ≤ 𝑑 it follows from Theorem 4 that E𝜽,𝚺 (𝜎̂2
𝑆
) ≲ 𝜎2. Moreover,

Assumption 1 implies that
∑

𝑖∈S 𝜎2
𝑖
≤ 𝑠. It follows that

E𝜽,𝚺


������
√︄∑︁

𝑖∈S
𝑌2
𝑖
1( |𝑌𝑖 | > 𝜎̂𝑆𝜎𝑖𝜏) − ∥𝜽 ∥2

������
2 ≲ 𝑠𝜎2𝜏2 ≲ 𝜎2𝜓∗(𝑠,𝚺). (49)

The remaining proof is devoted to the control of the second term on the right hand side
of (48). The major difficulty arises from the dependence between the variance estimator 𝜎̂𝑆

and 𝜀𝑖’s. To begin with, we note that the following holds:

E𝜽,𝚺

�����∑︁
𝑖∉S

𝜀2𝑖 1 ( |𝜀𝑖 | > 𝜎𝑖𝜏) − 𝛼𝑠

𝜎̂2
𝑆

𝜎2

𝑑∑︁
𝑖=1

𝜎2
𝑖

����� ≤ E𝜽,𝚺

�����∑︁
𝑖∉S

𝜀2𝑖 1 ( |𝜀𝑖 | > 𝜎𝑖𝜏) − 𝛼𝑠

𝑑∑︁
𝑖=1

𝜎2
𝑖

�����
+ 𝛼𝑠

𝑑∑︁
𝑖=1

𝜎2
𝑖 E𝜽,𝚺

����� 𝜎̂2
𝑆

𝜎2 − 1

�����
(𝑎)
≤ E𝜽,𝚺

�����∑︁
𝑖∉S

(
𝜀2𝑖 1 ( |𝜀𝑖 | > 𝜎𝑖𝜏) − 𝛼𝑠𝜎

2
𝑖

) �����
+ 𝐶𝛼𝑠 (𝑠 + ∥𝚺∥𝐹)

(𝑏)
≲ ∥𝚺∥𝐹 𝜏4 exp(−𝜏2/6) ≲ 𝜓∗(𝑠,𝚺), (50)

where (a) follows from Assumption 1 and Theorem 4 while (b) is due to the second inequality
in Proposition 2(ii), the assumption that 𝑠 ≤ ∥𝚺∥𝐹 , the inequality 𝛼𝑠 ≲ 𝜏2𝑒−𝜏

2/2 and the fact
that 𝜏 = 3

√︃
log(1 + ∥𝚺∥2

𝐹
/𝑠2).

Given (50), in order to evaluate the second term on the right hand side of (48) it remains
to control the difference�����∑︁

𝑖∉S
𝜀2𝑖 1

(
|𝜀𝑖 | >

𝜎̂𝑆

𝜎
𝜎𝑖𝜏

)
−

∑︁
𝑖∉S

𝜀2𝑖 1 ( |𝜀𝑖 | > 𝜎𝑖𝜏)
����� , (51)

where 𝜏 = 3
√︃
log(1 + ∥𝚺∥2

𝐹
/𝑠2). To this end, we use the following two lemmas. The first

lemma provides a bound for the expression in (51) in probability. The second lemma estab-
lishes a bound on its mean squared error under the additional condition that 𝚺 is positive
definite. The proofs of the lemmas will be given at the end of this subsection.

Lemma 7. There exist absolute constants 𝑐 > 0 and 𝐶 > 0 such that, for any 𝜂 ∈(
𝑐(𝑠 + ∥𝚺∥𝐹)/𝑑, 1

)
,

P𝜽,𝚺

(�����∑︁
𝑖∉S

𝜀2𝑖

(
1

(
|𝜀𝑖 | >

𝜎̂𝑆

𝜎
𝜎𝑖𝜏

)
− 1 ( |𝜀𝑖 | > 𝜎𝑖𝜏)

)����� ≤ 𝐶
𝑠 + ∥𝚺∥𝐹

𝜂2
𝜏3𝑒−𝜏

2/4

)
≥ 1 − 𝜂.
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Lemma 8. If 𝚺 is positive definite there exists an absolute constant 𝑐 > 0 such that, for any
𝜏 ≥ 1,

E𝜽,𝚺

[
𝜀2𝑖

����1 (
|𝜀𝑖 | >

𝜎̂𝑆

𝜎
𝜎𝑖𝜏

)
− 1( |𝜀𝑖 | > 𝜎𝑖𝜏)

����]
≤ 𝑐𝜏2

(
1 +

√︃
(𝚺−1)𝑖𝑖

)
𝑠 + ∥𝚺∥𝐹

𝑑
𝑒−

𝜏2
16 + 𝑐𝜏2

(
𝑠 + ∥𝚺∥𝐹

𝑑

)2
.

Since 𝑠 ≤ ∥𝚺∥𝐹 and 𝜏 = 3
√︃
log(1 + ∥𝚺∥2

𝐹
/𝑠2) we obtain that

(𝑠 + ∥𝚺∥𝐹)𝜏3𝑒−𝜏
2/4 ≲ 𝑠 log(1 + ∥𝚺∥2𝐹/𝑠2) = 𝜓∗(𝑠,𝚺).

Applying Markov’s inequality to the random variable under the expectation in (50) and using
Lemma 7 we obtain that for any 𝜂 > 𝑐∥𝚺∥𝐹/𝑑 there exists a constant 𝑐𝜂 such that

P𝜽,𝚺

(�����∑︁
𝑖∉S

𝜀2𝑖 1

(
|𝜀𝑖 | >

𝜎̂𝑆

𝜎
𝜎𝑖𝜏

)
− 𝛼𝑠

𝜎̂2
𝑆

𝜎2

𝑑∑︁
𝑖=1

𝜎2
𝑖

����� ≤ 𝑐𝜂

4
𝜓∗(𝑠,𝚺)

)
≥ 1 − 𝜂

2
. (52)

Applying now Markov’s inequality to the random variable under the expectation in (49) and
invoking (48) and (52) we complete the proof of (12).

We now prove (13). Under the condition that 𝚺 is positive definite, we apply Lemma 8 with
𝑠 ≤ ∥𝚺∥𝐹 and 𝜏 = 3

√︃
log(1 + ∥𝚺∥2

𝐹
/𝑠2). This yields:

E𝜽,𝚺

�����∑︁
𝑖∉S

𝜀2𝑖

(
1

(
|𝜀𝑖 | >

𝜎̂𝑆

𝜎
𝜎𝑖𝜏

)
− 1 ( |𝜀𝑖 | > 𝜎𝑖𝜏)

)�����
≤

∑︁
𝑖∉S

E𝜽,𝚺

(
𝜀2𝑖

����1 (
|𝜀𝑖 | >

𝜎̂𝑆

𝜎
𝜎𝑖𝜏

)
− 1 ( |𝜀𝑖 | > 𝜎𝑖𝜏)

����)
≲

1
𝑑

𝑑∑︁
𝑖=1

(√︃
(𝚺−1)𝑖𝑖 + 1

)
∥𝚺∥𝐹

log(1 + ∥𝚺∥2
𝐹
/𝑠2)

(1 + ∥𝚺∥2
𝐹
/𝑠2)9/16

+
∥𝚺∥2

𝐹

𝑑
log(1 + ∥𝚺∥2𝐹/𝑠2)

≲
𝑠

𝑑

𝑑∑︁
𝑖=1

(√︃
(𝚺−1)𝑖𝑖 + 1

)
+

∥𝚺∥2
𝐹

𝑑
log(1 + ∥𝚺∥2𝐹/𝑠2).

Notice that (𝚺−1)𝑖𝑖 ≤ 𝜆max(𝚺−1). Hence,

E𝜽,𝚺

�����∑︁
𝑖∉S

𝜀2𝑖

(
1

(
|𝜀𝑖 | >

𝜎̂𝑆

𝜎
𝜎𝑖𝜏

)
− 1 ( |𝜀𝑖 | > 𝜎𝑖𝜏)

)�����
≲ 𝑠

(√︃
𝜆max(𝚺−1) + 1

)
+

∥𝚺∥2
𝐹

𝑑
log(1 + ∥𝚺∥2𝐹/𝑠2).

Combining this bound with (48), (49) and (50) concludes the proof of (13).

Proof of Lemma 7. Given any 𝜂 such that 𝑐 (𝑠+∥𝚺∥𝐹 )
𝑑

< 𝜂 < 1, define a random event

A :=

{
|𝜎̂2

𝑆
− 𝜎2 |
𝜎2 ≤ 𝛿 :=

𝑐(𝑠 + ∥𝚺∥𝐹)
2𝜂𝑑

}
,
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where 𝑐 > 0 is a constant to be chosen. Applying the Markov inequality to Theorem 4 yields
that by choosing 𝑐 sufficiently large, P𝜽,𝚺 (A𝑐) ≤ 𝜂/2. Note that 𝛿 ≤ 1

2 . For any 𝜏 > 0,

E𝜽,𝚺

(
𝜀2𝑖

����1 (
|𝜀𝑖 | >

𝜎̂𝑆

𝜎
𝜎𝑖𝜏

)
− 1 ( |𝜀𝑖 | > 𝜎𝑖𝜏)

����1(A)
)

≤ E𝜽,𝚺

(
𝜀2𝑖 1

(
𝜏
√
1 − 𝛿 ≤ |𝜀𝑖 |

𝜎𝑖

≤ 𝜏
√
1 + 𝛿

)
1(A)

)
≤ 𝜎2

𝑖 E𝜽,𝚺

(
𝜀2
𝑖

𝜎2
𝑖

1

(
𝜏
√
1 − 𝛿 ≤ |𝜀𝑖 |

𝜎𝑖

≤ 𝜏
√
1 + 𝛿

))
≲ 𝜎2

𝑖 𝛿𝜏
3𝑒−𝜏

2/4,

where in the last step we have used the fact that, for 𝑏 > 𝑎 > 0,∫ 𝑏

𝑎

𝑥2𝑒−𝑥
2/2𝑑𝑥 ≤ 𝑏2𝑒−𝑎

2/2(𝑏 − 𝑎).

Consequently, since 𝜎2
𝑖
≤ 1 by Assumption 1, we have

E𝜽,𝚺

(���∑︁
𝑖∉S

𝜀2𝑖

(
1

(
|𝜀𝑖 | >

𝜎̂𝑆

𝜎
𝜎𝑖𝜏

)
− 1 ( |𝜀𝑖 | > 𝜎𝑖𝜏)

) ���1(A)
)
≲

𝑠 + ∥𝚺∥𝐹
𝜂

𝜏3𝑒−𝜏
2/4.

Applying the Markov inequality yields that

P𝜽,𝚺

[{�����∑︁
𝑖∉S

𝜀2𝑖

(
1

(
|𝜀𝑖 | >

𝜎̂𝑆

𝜎
𝜎𝑖𝜏

)
− 1 ( |𝜀𝑖 | > 𝜎𝑖𝜏)

)����� ≥ 𝐶 (𝑠 + ∥𝚺∥𝐹)
𝜂2

𝜏3𝑒−𝜏
2/4

}
∩ A

]
≤ 𝜂/2,

where 𝐶 is a constant. In light of the above and that P𝜽,𝚺 (A𝑐) ≤ 𝜂/2, we obtain the desired
result. □

The rest of this subsection is devoted to the proof of Lemma 8, where 𝚺 is assumed
positive definite. The idea of the proof is to use a leave-one-out argument. For 𝑖 ∈ [𝑑],
set 𝜺−𝑖 = (𝜀1, . . . , 𝜀𝑖−1, 𝜀𝑖+1, . . . , 𝜀𝑑) and 𝒀−𝑖 = (𝑌1, . . . , 𝑌𝑖−1, 𝑌𝑖+1, . . . , 𝑌𝑑). Since only one
observation is dropped, the corresponding variance estimator using𝒀−𝑖 is close to the original
𝜎̂2
𝑆
with high probability. On the other hand, since 𝚺 is positive definite, all its principal sub-

matrices are positive definite, the conditional distribution of 𝜀𝑖 given 𝜺−𝑖 is non-degenerate
and has the form (see, e.g., [8])

𝜀𝑖 |𝜺−𝑖 ∼ N(Cov(𝜀𝑖 , 𝜺−𝑖)Cov(𝜺−𝑖)−1𝜺−𝑖 , 𝜎2
𝑖 −Cov(𝜀𝑖 , 𝜺−𝑖)Cov(𝜺−𝑖)−1Cov(𝜺−𝑖 , 𝜀𝑖)), (53)

where, by the Schur complement (see, e.g., [11, (0.7.3.1)]),

𝜎2
𝑖 − Cov(𝜀𝑖 , 𝜺−𝑖)Cov(𝜺−𝑖)−1Cov(𝜺−𝑖 , 𝜀𝑖) =

1
(𝚺−1)𝑖𝑖

∈ [0, 𝜎2
𝑖 ] .

We will use these remarks to derive the following preliminary lemma.

Lemma 9. Let 𝑡 ≍ 𝜎2. Then for any 𝜏 > 0,

P𝜽,𝚺

[
𝜎̂𝑆 (𝑡)
𝜎

∧ 1 ≤ |𝜀𝑖 |
𝜎𝑖𝜏

≤ 𝜎̂𝑆 (𝑡)
𝜎

∨ 1
]
≲

√︃
(𝚺−1)𝑖𝑖

𝑠 + ∥𝚺∥𝐹
𝑑

𝑒−
𝜏2
16 +

(
𝑠 + ∥𝚺∥𝐹

𝑑

)2
.
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Proof. Let 𝐹̂−𝑖 (𝑡) denote the empirical cumulative distribution function of {𝑌2
𝑗
/𝜎2

𝑗
: 𝑗 ≠ 𝑖}.

Similar to the estimator 𝜎̂2
𝑆
in (10), define the corresponding estimator and its relative error as

𝜎̂2
−𝑖 (𝑡) :=

𝑡

𝐹−1(𝐹̂−𝑖 (𝑡))
, 𝛿−𝑖 (𝑡) :=

����� 𝜎̂2
−𝑖 (𝑡)
𝜎2 − 1

����� ,
respectively. Let 𝐸1 := {𝛿−𝑖 (𝑡) ≤ 1/100}. It follows from Lemma 1 that P𝜽,𝚺 [𝐸𝑐

1 ] ≲

( 𝑠+∥𝚺∥𝐹
𝑑

)2 since 𝑡 ≍ 𝜎2. We get

P𝜽,𝚺

[
𝜎̂𝑆 (𝑡)
𝜎

∧ 1 ≤ |𝜀𝑖 |
𝜎𝑖𝜏

≤ 𝜎̂𝑆 (𝑡)
𝜎

∨ 1
]

≲ P𝜽,𝚺

[
𝜎̂𝑆 (𝑡)
𝜎

∧ 1 ≤ |𝜀𝑖 |
𝜎𝑖𝜏

≤ 𝜎̂𝑆 (𝑡)
𝜎

∨ 1, 𝐸
]
+

(
𝑠 + ∥𝚺∥𝐹

𝑑

)2
.

(54)

Additionally, we get under event 𝐸1 that 𝐹̂−𝑖 (𝑡) is strictly bounded away from zero and from
one. Using the fact that |𝐹̂−𝑖 (𝑡) − 𝐹̂ (𝑡) | ≤ 1

𝑑
and the mean value theorem yields that, under

the event 𝐸1, ����� 𝜎̂2
−𝑖 (𝑡)
𝜎2 −

𝜎̂2
𝑆
(𝑡)

𝜎2

����� ≤ 𝑐/𝑑,

for an absolute constant 𝑐 > 0. Without loss of generality, we assume that 𝑑 is sufficiently
large such that 𝑐/𝑑 ≤ 0.01. Then,

P𝜽,𝚺

[
𝜎̂2
𝑆
(𝑡)

𝜎2 ∧ 1 ≤
𝜀2
𝑖

𝜎2
𝑖
𝜏2

≤
𝜎̂2
𝑆
(𝑡)

𝜎2 ∨ 1, 𝐸1

]
≤ P𝜽,𝚺

[(
𝜎̂2
−𝑖 (𝑡)
𝜎2 − 𝑐

𝑑

)
∧ 1 ≤

𝜀2
𝑖

𝜎2
𝑖
𝜏2

≤
(
𝜎̂2
−𝑖 (𝑡)
𝜎2 + 𝑐

𝑑

)
∨ 1, 𝐸1

]
≤ P𝜽,𝚺

[
1 − 𝛿−𝑖 (𝑡) −

𝑐

𝑑
≤

𝜀2
𝑖

𝜎2
𝑖
𝜏2

≤ 1 + 𝛿−𝑖 (𝑡) +
𝑐

𝑑
, 𝐸1

]
. (55)

Since 𝛿−𝑖 (𝑡) is measurable with respect to 𝜺−𝑖 we can use the conditional distribution (53) to
obtain an upper bound on the expression in (55). Specifically, the conditional distribution of
𝜀𝑖
𝜎𝑖

given 𝜺−𝑖 is N(𝜇𝑖 (𝜺−𝑖), 𝜄2𝑖 ), where

𝜄2𝑖 =
1

𝜎2
𝑖
(𝚺−1)𝑖𝑖

∈ [0, 1], 𝜇𝑖 (𝜺−𝑖) ∼ N (0, 1 − 𝜄2𝑖 ).

Let 𝑙 := 𝜏
√︁
1 − 𝛿−𝑖 (𝑡) − 𝑐/𝑑, 𝑢 := 𝜏

√︁
1 + 𝛿−𝑖 (𝑡) + 𝑐/𝑑. The length of the interval [𝑙, 𝑢] is at

most 𝐿 = 2(𝛿−𝑖 (𝑡) + 𝑐/𝑑). Then we get

P𝜽,𝚺 [|𝜀𝑖 |/𝜎𝑖 ∈ [𝑙, 𝑢], 𝐸1] ≤ E𝜽,𝚺

[
1(𝐸1)

√︂
2
𝜋

𝐿

𝜄𝑖
exp

(
− (𝑙 − |𝜇𝑖 (𝜺−𝑖) |)2+

2𝜄2
𝑖

)]
, (56)
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where the last inequality uses the fact that, for 0 ≤ 𝑎 ≤ 𝑏 and 𝑋 ∼ N(𝜇, 𝜎2),

P𝜽,𝚺 [|𝑋 | ∈ [𝑎, 𝑏]] =
∫

1
√
2𝜋𝜎

𝑒
− (𝑥−𝜇)2

2𝜎2 1(𝑎 ≤ |𝑥 | ≤ 𝑏)𝑑𝑥

≤ 2
𝑏 − 𝑎
√
2𝜋𝜎

exp

(
− 1
2𝜎2

(
min

𝑥:𝑎≤ |𝑥 | ≤𝑏
|𝑥 − 𝜇 |

)2)
≤

√︂
2
𝜋

𝑏 − 𝑎

𝜎
exp

(
− (𝑎 − |𝜇 |)2+

2𝜎2

)
.

It remains to bound from above the right-hand side of (56). Define 𝐸2 = {|𝜇𝑖 (𝜺−𝑖) | ≤ 𝜏/2}.
Then,

P𝜽,𝚺 [𝐸𝑐
2 ] ≤ exp

(
− (𝜏/2)2

2(1 − 𝜄2
𝑖
)

)
≤ 𝑒−𝜏

2/8.

Under the events 𝐸1 and 𝐸2 we have 𝑙 − |𝜇𝑖 (𝜺−𝑖) | ≥ 0.48𝜏. Therefore,

E𝜽,𝚺

[
1(𝐸1)𝐿 exp

(
− (𝑙 − |𝜇𝑖 (𝜺−𝑖) |)2+

2𝜄2
𝑖

)]
≤ E𝜽,𝚺

[
1(𝐸1)1(𝐸2)𝐿 exp

(
− (𝑙 − |𝜇𝑖 (𝜺−𝑖) |)2+

2

)]
+ E𝜽,𝚺

[
1(𝐸1)1(𝐸𝑐

2 )𝐿
]

≤ E𝜽,𝚺 [𝐿1(𝐸1)] exp
(
−𝜏2/9

)
+

√︃
P𝜽,𝚺 [𝐸𝑐

2 ]E𝜽,𝚺
[
𝐿21(𝐸1)

]
.

Recall that 𝐿 ≤ 𝛿−𝑖 (𝑡) + 𝑐
𝑑
. By an argument similar to (36) we obtain that

E𝜽,𝚺
[
𝐿2
1(𝐸1)

]
≲

(
𝑠 + ∥𝚺∥𝐹

𝑑

)2
.

Using the above inequalities in (56) we get the following upper bound on the probability
in (55):

P𝜽,𝚺

[
𝜎̂2
𝑆
(𝑡)

𝜎2 ∧ 1 ≤
𝜀2
𝑖

𝜎2
𝑖
𝜏2

≤
𝜎̂2
𝑆
(𝑡)

𝜎2 ∨ 1, 𝐸1

]
≲ 𝜎𝑖

√︃
(𝚺−1)𝑖𝑖

𝑠 + ∥𝚺∥𝐹
𝑑

exp
(
− 𝜏2

16

)
.

The conclusion follows from this inequality and (54). □

Equipped with Lemma 9, we are now in a position to prove Lemma 8.

Proof of Lemma 8. Define the following two events:

E1 = {𝑡 ∈ T }, E2 =

{
𝜎̂2
𝑆 ≤ 3

2
𝜎2

}
,

where P𝜽,𝚺 [E𝑐
1] ≲ ∥𝚺∥2

𝐹
/𝑑2 and P𝜽,𝚺 [E𝑐

2] ≲ ∥𝚺∥2
𝐹
/𝑑2 according to Lemmas 4 and 5,
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respectively. Set E = E1 ∩ E2. We have

E𝜽,𝚺

(
𝜀2𝑖

����1 (
|𝜀𝑖 | >

𝜎̂𝑆

𝜎
𝜎𝑖𝜏

)
− 1( |𝜀𝑖 | > 𝜎𝑖𝜏)

����) ≤ E𝜽,𝚺

(
𝜀2𝑖 1

(
𝜎̂𝑆

𝜎
∧ 1 ≤ |𝜀𝑖 |

𝜎𝑖𝜏
≤ 𝜎̂𝑆

𝜎
∨ 1

))
≤ 3

2
𝜎2
𝑖 𝜏

2E𝜽,𝚺

(
1

(
𝜎̂𝑆

𝜎
∧ 1 ≤ |𝜀𝑖 |

𝜎𝑖𝜏
≤ 𝜎̂𝑆

𝜎
∨ 1

)
1(E)

)
+ E𝜽,𝚺

(
𝜀2𝑖 1

(
𝜎̂𝑆

𝜎
∧ 1 ≤ |𝜀𝑖 |

𝜎𝑖𝜏
≤ 𝜎̂𝑆

𝜎
∨ 1

)
1(E𝑐)

)
. (57)

Applying Lemma 9 we get

𝜎2
𝑖 𝜏

2E𝜽,𝚺

(
1

(
𝜎̂𝑆

𝜎
∧ 1 ≤ |𝜀𝑖 |

𝜎𝑖𝜏
≤ 𝜎̂𝑆

𝜎
∨ 1

)
1(E)

)
≤ 𝜎2

𝑖 𝜏
2
∑︁
𝑡∈T

P𝜽,𝚺

[
𝜎̂𝑆

𝜎
∧ 1 ≤ |𝜀𝑖 |

𝜎𝑖𝜏
≤ 𝜎̂𝑆

𝜎
∨ 1

]
≲ 𝜎2

𝑖 𝜏
2

(√︃
(𝚺−1)𝑖𝑖

𝑠 + ∥𝚺∥𝐹
𝑑

𝑒−
𝜏2
16 +

(
𝑠 + ∥𝚺∥𝐹

𝑑

)2)
. (58)

Next we bound from above the second term in (57), which can be further decomposed into
two terms using the fact that E𝑐 = (E2 ∩ E𝑐

1) ∪ E𝑐
2 . For the term corresponding to the event

E2 ∩ E𝑐
1 we have

E𝜽,𝚺

(
𝜀2𝑖 1

(
𝜎̂𝑆

𝜎
∧ 1 ≤ |𝜀𝑖 |

𝜎𝑖𝜏
≤ 𝜎̂𝑆

𝜎
∨ 1

)
1(E𝑐

1 ∩ E2)
)
≤ 3

2
𝜎2
𝑖 𝜏

2P𝜽,𝚺 [E𝑐
1] ≲ 𝜎2

𝑖 𝜏
2 ∥𝚺∥

2
𝐹

𝑑2
. (59)

Next, for the term corresponding to the event E𝑐
2 we have

E𝜽,𝚺

(
𝜀2𝑖 1

(
𝜎̂𝑆

𝜎
∧ 1 ≤ |𝜀𝑖 |

𝜎𝑖𝜏
≤ 𝜎̂𝑆

𝜎
∨ 1

)
1(E𝑐

2)
)
≤ E𝜽,𝚺

(
𝜀2𝑖 1( |𝜀𝑖 | ≥ 𝜎𝑖𝜏)1(E𝑐

2)
)

≤
√︃
E

(
𝜀4
𝑖
1( |𝜀𝑖 | ≥ 𝜎𝑖𝜏)

) ∥𝚺∥𝐹
𝑑

≲ 𝜎2
𝑖

√︃
(𝜏3 ∨ 1)𝑒−𝜏2/2 ∥𝚺∥𝐹

𝑑
, (60)

where we have used first the Cauchy-Schwarz inequality and then the fact that∫ ∞

𝜏

𝑥4𝑒−𝑥
2/2𝑑𝑥 = 𝑒−𝜏

2/2(𝜏3 + 3𝜏) + 3
∫ ∞

𝜏

𝑒−𝑥
2/2𝑑𝑥.

Plugging (58), (59), and (60) into (57) we complete the proof. □

6.4.3. Proof of Theorem 7

We will use the following lemma about the deviations of 𝜎̂2
𝜂 , the proof of which will be given

at the end of this subsection.

Lemma 10. Let 𝜂 ∈ (0, 1). If 𝑠 ≤ 𝑑/100 then

P𝜽,𝚺 (𝜎̂2
𝜂/𝜎2 ∈ (𝑞𝜂/20/𝑞1−𝜂/20, 1)) ≥ 1 − 𝜂/4.
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On the event defined in Lemma 10, we have that, almost surely, |max{𝜎̂𝑆 , 𝜎̂𝜂} − 𝜎 | ≤
|𝜎̂𝑆 − 𝜎 |. Using this and following the same argument as in the proof of Theorem 6, we only
need to show that there exists some constant 𝑐𝜂 > 0 depending on 𝜂 ∈ (0, 1) such that

P𝜽,𝚺

(�����∑︁
𝑖∉S

𝜀2𝑖 1

(
|𝜀𝑖 | >

max{𝜎̂𝑆 , 𝜎̂𝜂}
𝜎

𝜎𝑖𝜏𝜂

)
−

∑︁
𝑖∉S

𝜀2𝑖 1
(
|𝜀𝑖 | > 𝜎𝑖𝜏𝜂

) ����� ≥ 𝑐𝜂𝜓
∗(𝑠,𝚺)

)
≥ 1−𝜂/2.

(61)
To achieve this goal, we consider the event

A(𝜂) :=
{
|𝜎̂2

𝑆
− 𝜎2 |
𝜎2 ≤ 𝛿 := 𝑐

∥𝚺∥𝐹
𝜂𝑑

, 𝜎̂2
𝜂/𝜎2 ∈ (𝑞𝜂/20/𝑞1−𝜂/20, 1)

}
.

Using Lemma 10 and Theorem 4 we obtain that, for a constant 𝑐 > 0 large enough,
P𝜽,𝚺 (A(𝜂)) ≥ 1 − 3𝜂

8 . Arguing as in the proof of Lemma 7 we get

E𝜽,𝚺

(
𝜀2𝑖

����1 (
|𝜀𝑖 | >

max{𝜎̂𝑆 , 𝜎̂𝜂}
𝜎

𝜎𝑖𝜏𝜂

)
− 1

(
|𝜀𝑖 | > 𝜎𝑖𝜏𝜂

) ����1(A(𝜂))
)

≤ E𝜽,𝚺

(
𝜀2𝑖 1

(
max

{
𝜏𝜂

√︁
1 −min(1, 𝛿), 𝜏𝜂

√︄
𝑞𝜂/20

𝑞1−𝜂/20

}
≤ |𝜀𝑖 |

𝜎𝑖

≤ 𝜏𝜂
√
1 + 𝛿

)
1(A(𝜂))

)
≤ E𝜽,𝚺

(
𝜀2𝑖 1

(
max

{
𝜏𝜂

√︁
1 −min(1, 𝛿), 𝜏

}
≤ |𝜀𝑖 |

𝜎𝑖

≤ 𝜏𝜂
√
1 + 𝛿

)
1(A(𝜂))

)
≲𝜎2

𝑖 𝛿(1 + 𝛿)𝜏3𝜂𝑒−𝜏
2/2.

Recalling that 𝜏 = 3
√︃
log(1 + ∥𝚺∥2

𝐹
/𝑠2) and acting in the same way as in Lemma 7 we

obtain (61) for any 𝜂 ∈ (0, 1).

Proof of Lemma 10. Without loss of generality, we assume that all 𝜎𝑖’s are equal to 1. Then
we have

P𝜽,𝚺 (𝑀̂ ≥ 𝜎2𝑞1−𝜂/20) ≤ P𝜽,𝚺

(
𝐹̂𝑌2

(
𝜎2𝑞1−𝜂/20

)
≤ 1

2

)
≤ P𝜽,𝚺

(
𝐹̂𝜀2

(
𝑞1−𝜂/20

)
≤ 0.51

)
= P𝜽,𝚺

(
1 − 𝐹̂𝜀2

(
𝑞1−𝜂/20

)
≥ 0.49

)
≤ 𝜂/8,

where the last bound uses Markov’s inequality. Similarly, we have

P𝜽,𝚺 (𝑀̂ ≤ 𝜎2𝑞𝜂/20) ≤ P𝜽,𝚺

(
𝐹̂𝑌2

(
𝜎2𝑞𝜂/20

)
≥ 1

2

)
≤ P𝜽,𝚺

(
𝐹̂𝜀2

(
𝑞𝜂/20

)
≥ 0.49

)
≤ 𝜂/8.

The desired result follows from the above inequalities and the union bound. □

6.4.4. Proof of Theorem 8

We only prove the lower bound of Theorem 8. The proof of the upper bounds (items (i) and
(ii) of Theorem 8) follows from arguments quite analogous to the proofs of Theorems 6 and 7.
It is therefore omitted.

Notice that for 𝑠 ≤ 𝜌 the rates stated in the lower bounds of Theorems 2 and 8 are the
same while the result of Theorem 2 is stronger since it holds for a smaller minimax risk. This
proves the lower bound of Theorem 8 for 𝑠 ≤ 𝜌.
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It remains only to prove the lower bound for the case 𝑠 > 𝜌. Similarly to the proof of
Theorem 2, we proceed by a reduction to the lower bound for the model with independent
observations. Without causing confusion, we will use the same notation as in the proof of
Theorem 2 for somewhat different but analogous quantities. Given a fixed loss function 𝑤(·)
satisfying the assumptions of Theorem 8 and any 𝜙 > 0, we now define 𝑅∗(𝑠, 𝑑, 𝜌, 𝜙) as the
minimax risk

𝑅∗(𝑠, 𝑑, 𝜌, 𝜙) := inf
𝑇̂

sup
(𝜽,𝚺) ∈Θ(𝑠,𝑑,𝜌)

sup
𝜎>0

E𝜽,𝚺

[
𝑤

(
𝜎−1𝜙−1/2 |𝑇 − ∥𝜽 ∥2 |

)]
.

With this notation, our aim is to prove that 𝑅∗(𝑠, 𝑑, 𝜌, 𝜙∗(𝑠, 𝜌2)) ≳ 1 for 𝑠 > 𝜌. Moreover,
arguing analogously to the proof of Theorem 2 we see that it suffices to obtain this result for
𝜌 ≥ 2

√
𝑑. We also assume without loss of generality that 𝑠 ≥ 2.

For a positive integer 𝑟, we define 𝑝 = ⌊𝑑/𝑟⌋. Let𝚺∗
0 be the block diagonal covariancematrix

defined as in (27) with the only difference that we replace 𝑰 (𝑑−𝑟 𝑝)×(𝑑−𝑟 𝑝) by 1(𝑑−𝑟 𝑝)×(𝑑−𝑟 𝑝) ,
that is, by the (𝑑− 𝑟 𝑝) × (𝑑− 𝑟 𝑝) dimensional matrix with all entries equal to 1. For a positive
integer 𝑘 ≤ 𝑝, we define a class of vectors 𝜽 ∈ R𝑑 as follows:

Θ̄ :=

(𝜃1, · · · , 𝜃1︸      ︷︷      ︸
𝑟 entries

, · · · , 𝜃𝑝, · · · , 𝜃𝑝︸       ︷︷       ︸
𝑟 entries

, 0, · · · , 0)⊤ ∈ R𝑑 :
𝑝∑︁
𝑖=1

1(𝜃𝑖 ≠ 0) ≤ 𝑘

 .

By the choice of 𝑝 we have 𝑑 − 𝑟 𝑝 < 𝑟. If the triplet (𝑟, 𝑝, 𝑘) is such that

𝑘 ≤ 𝑝, 𝑟𝑘 ≤ 𝑠, and 𝑟2(𝑝 + 1) ≤ 𝜌2, (62)

then for any 𝜽 ∈ Θ̄, we have (𝜽 ,𝚺∗
0) ∈ Θ(𝑠, 𝑑, 𝜌). Moreover, for 𝜽 ∈ Θ̄, 𝚺 = 𝚺∗

0, model
(1) is equivalent to the model with 𝑝 + 1 independent observations (𝑌1, . . . , 𝑌𝑝+1) such that
𝑌𝑖 ∼ N(𝜃𝑖 , 𝜎2), 𝑖 ∈ [𝑝], where at most 𝑘 of 𝜃𝑖’s are nonzero, and 𝑌𝑝+1 ∼ N(0, 𝜎2). We
denote by E∗

𝜽̃,𝜎
, where 𝜽̃ = (𝜃1, . . . , 𝜃𝑝), the expectation with respect to the joint distribution

of (𝑌1, . . . , 𝑌𝑝, 𝑌𝑝+1) and we define, for any 𝜙 > 0,

𝑅̃∗(𝑘, 𝑝, 𝜙) := inf
𝑇̂

sup
𝜽̃∈𝐵0 (𝑘, 𝑝)

sup
𝜎>0

E∗
𝜽̃,𝜎

[
𝑤

(
𝜎−1𝜙−1/2 |𝑇 − ∥𝜽̃ ∥2 |

)]
. (63)

Since ∥𝜽 ∥2 =
√
𝑟

√︃∑𝑝

𝑖=1 𝜃
2
𝑖
we obtain following the same lines as in (29) that, for any 𝜙 > 0,

𝑅∗(𝑠, 𝑑, 𝜌, 𝜙) ≥ 𝑅̃∗(𝑘, 𝑝, 𝑟−1𝜙). (64)

In what follows, we set 𝑟 = ⌊ 𝜌
2

2𝑑 ⌋ and 𝑘 = ⌊ 𝑠
𝑟
⌋. Then the triplet (𝑟, 𝑝 = ⌊𝑑/𝑟⌋, 𝑘) satisfies

the inequalities in (62). Since 𝜌 ≥ 2
√
𝑑 and 𝑠 > 𝜌 > 𝑟 we have that 𝑟 and 𝑘 are positive

integers, so the above triplet is a feasible choice. Moreover, with such a choice, we have that
𝑟 ≤ 𝜌2

2𝑑 < 𝑠
2 ≤ 𝑑

2 as 𝜌 < 𝑠 ≤ 𝑑. Therefore,

𝑘 ≤ 𝑠

𝑟
≤ 4𝑠𝑑

𝜌2
,

𝑘 ≥ 𝑠

𝑟
− 1 =⇒ 𝑟𝑘 ≥ 𝑠 − 𝑟 ≥ 𝑠/2,

𝑝 ≥ 𝑑

𝑟
− 1 =⇒ 𝑟 𝑝 ≥ 𝑑 − 𝑟 ≥ 𝑑

2
=⇒ 𝑝 ≥ 𝑑

2𝑟
≥ 𝑑2

𝜌2
.
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Next, recall that 𝑠 ≤ 𝛼𝑑 for 𝛼 > 0 small enough by the assumption of the theorem. Thus, in
the following we assume without loss of generality that 𝛼 ≤ 1/2, so that 𝜌 ≤ 𝑑/2. It follows
that

𝑘2

𝑝
≥ (𝑠/𝑟 − 1)2

(𝑑/𝑟) =
(𝑠 − 𝑟)2

𝑑𝑟

≥ (2𝑠𝜌 − 𝜌2)2
2𝑑2𝜌2

≥ (2𝑑 − 𝜌)2
2𝑑2

≥ 1.

Consequently,

𝑟𝜙∗(𝑘, 𝑝) = 𝑟𝑘

1 ∨ log(𝑘/√𝑝) ≳
𝑠

1 ∨ log(𝑠/𝜌) = 𝜙∗(𝑠, 𝜌2).

Note also that, by choosing 𝛼 small enough the condition 𝑝 ≥ 𝐶̄ of Lemma 11 below is met.
Indeed, 𝑝 ≥ 𝑑/(2𝑟) ≥ 𝑑/𝑠 ≥ 1/𝛼. Using these remarks, (64) and Lemma 11 we obtain that,
for some absolute constant 𝑐 > 0,

𝑅∗(𝑠, 𝑑, 𝜌, 𝜙∗(𝑠, 𝜌2)) ≥ 𝑅∗(𝑠, 𝑑, 𝜌, 𝑐𝑟𝜙∗(𝑘, 𝑝)) ≥ 𝑅̃∗(𝑘, 𝑝, 𝑐𝜙∗(𝑘, 𝑝)) ≳ 1,

This concludes the proof.

Lemma 11. Let 𝑅̃∗(𝑘, 𝑝, 𝜙) be defined in (63), where 𝑤 is a loss function satisfying the
assumptions of Theorem 8. Then there exists an absolute constant 𝐶̄ > 0 such that for any
𝑝 ≥ 𝐶̄, any 𝑘 ≥ √

𝑝, and any absolute constant 𝑐 > 0 we have 𝑅̃∗(𝑘, 𝑝, 𝑐𝜙∗(𝑘, 𝑝)) ≳ 1.

Proof. It suffices to prove the lemma for 𝑐 = 1 since the function 𝑤(·/𝑐1/2) satisfies the
assumptions of Theorem 8. The proof follows the argument in [7, Proposition 3(ii)], with
the only difference is that, in our notation, [7, Proposition 3(ii)] proves the result when the
sample is (𝑌1, . . . , 𝑌𝑝), while in our case the sample contains the additional observation𝑌𝑝+1.
Therefore, we only focus on the way to handle this difference and do not reproduce the other
details of the proof.

Given a 𝑝-dimensional probability distribution 𝑷 and 𝑣 > 0, we denote by 𝑷 ⊗ N(0, 𝑣)
the distribution of a (𝑝 + 1)-dimensional random vector (𝑋1, . . . , 𝑋𝑝+1) such that the first
𝑝 coordinates (𝑋1, . . . , 𝑋𝑝) are distributed as 𝑷 and independent from the last coordinate
𝑋𝑝+1 ∼ N(0, 𝑣).

Let the mixture probability measures P̃1, P̃2 and the constant 𝜑̃ > 0 be defined in the same
way as P1, P2 and 𝜑 in the proof of [7, Proposition 3(ii)] with the only difference that 𝑠 and 𝑑

are replaced by 𝑘 and 𝑝, respectively. We now follow the same argument as in the proof of [7,
Proposition 3(ii)] but considering the distributions P̃1 ⊗N(0, 1) and P̃2 ⊗N(0, 1+ 𝜑̃) instead
of P1 and P2, respectively. It follows that, in order to prove the lemma, it suffices to show that

𝑉 (P̃1 ⊗ N(0, 1), P̃2 ⊗ N(0, 1 + 𝜑̃)) ≤ 5
8
, (65)

where 𝑉 (·, ·) denotes the total variation distance. All other elements of the proof remain the
same as in [7, Proposition 3(ii)]. Standard properties of the total variation distance yield that

𝑉 (P̃1 ⊗ N(0, 1), P̃2 ⊗ N(0, 1 + 𝜑̃))
≤ 𝑉 (P̃1 ⊗ N(0, 1), P̃2 ⊗ N(0, 1)) +𝑉 (P̃2 ⊗ N(0, 1), P̃2 ⊗ N(0, 1 + 𝜑̃))
= 𝑉 (P̃1, P̃2) +𝑉 (N (0, 1),N(0, 1 + 𝜑̃)).
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From the proof of [7, Proposition 3(ii)] we have 𝑉 (P1,P2) ≤ 1/2, so that 𝑉 (P̃1, P̃2) ≤ 1/2.
Moreover, 𝑉 (N (0, 1),N(0, 1 + 𝜑̃)) ≤ 𝑐′𝜑̃ for some absolute constant 𝑐′ > 0. Recalling the
definition of 𝜑 in the proof of [7, Proposition 3(ii)] we have that 𝜑̃ ≤ 𝑐0𝑘

2𝑝 log(𝑒𝑘2/𝑝) ≤ 𝑐0/2,
where the constant 𝑐0 > 0 can be chosen as small as needed. By choosing 𝑐0 ≤ 1

4𝑐′ we obtain
(65). □

6.5. Proof of Proposition 1

As in the proof of Theorem 2 we consider two cases. In the first case corresponding to√
𝑑 ≤ 𝜌 ≤ 2

√
𝑑 we have 𝜙(𝑠, 𝜌2) ≤ 2𝜙(𝑠, 𝑑). Then the result follows by reduction to the

model with 𝚺 = 𝑰 by noticing that

R∗(𝑠, 𝑑, 𝜌, 𝑟𝛾) ≥ inf
Ψ

[
P0,𝑰 (Ψ = 1) + sup

𝜽∈𝐵0 (𝑠,𝑑):∥𝜽 ∥2≥4𝛾𝜎
√

𝜙 (𝑠,𝑑)
P𝜽,𝑰 (Ψ = 0)

]
≥ 𝑐(𝛾) (66)

for all 𝛾 > 0, where 𝑐(𝛾) > 0 depends only on 𝛾. This is done following the same lines as in
the proof of [6, Theorem 12]. Note that [6, Theorem 12] obtains (66) for sufficiently small 𝛾,
while we need it here for all 𝛾 > 0. Extending the proof in [6] to all 𝛾 > 0 is straightforward
by using the inequality 𝑉 (𝑃,𝑄) ≤ 1 − exp(−𝜒2(𝑃,𝑄))/2 instead of 𝑉 (𝑃,𝑄) ≤

√︁
𝜒2(𝑃,𝑄),

where 𝑉 (𝑃,𝑄) and 𝜒2(𝑃,𝑄) are the total variation distance and the chi-square divergence
between two probability measures 𝑃 and 𝑄 (cf. [18, Theorem 2.2(iii)]). Following the lines
of [6, Theorem 12] with this modification we obtain that the bound (66) holds with

𝑐(𝛾) = exp(1 − exp(16𝛾2))/2. (67)

We now focus on the second case 𝜌 > 2
√
𝑑. We consider only the sparse regime 𝑠 ≤ 𝜌

since the result in the regime 𝑠 > 𝜌 follows from an analogous argument. Repeating the same
steps as in the proof of Theorem 2 we find:

R∗(𝑠, 𝑑, 𝜌, 𝑟𝛾) ≥ inf
Ψ

[
P0,𝚺 (Ψ = 1) + sup

𝜽∈Θ̃:∥𝜽 ∥2≥2𝛾𝜎
√

𝜙 (𝑠,𝜌2 )
P𝜽,𝚺 (Ψ = 0)

]
≥ inf

Ψ

[
P0,𝑰 𝑝×𝑝

(Ψ = 1) + sup
𝜽̃∈𝐵0 (1, 𝑝):∥𝜽̃ ∥2≥2𝛾𝜎

√
𝑟−1𝜙 (𝑠,𝜌2 )

P𝜽̃,𝑰 𝑝×𝑝
(Ψ = 0)

]
,

where in the last line the distributions are considered over a 𝑝-dimensional Euclidean space.
Since according to (30) there exists an absolute constant 𝑐′ > 0 such that 𝜙(𝑠, 𝜌2) ≤ 𝑐′𝑟𝜙(1, 𝑝)
we further have

R∗(𝑠, 𝑑, 𝜌, 𝑟𝛾) ≥ inf
Ψ

[
P0,𝑰 𝑝×𝑝

(Ψ = 1) + sup
𝜽̃∈𝐵0 (1, 𝑝):∥𝜽̃ ∥2≥2𝛾𝜎

√
𝑐′𝜙 (1, 𝑝)

P𝜽̃,𝑰 𝑝×𝑝
(Ψ = 0)

]
≥ 𝑐(

√
𝑐′𝛾/2),

where the last inequality follows from the second inequality in (66) that we use with 𝑠 and 𝑑

taking values 1 and 𝑝, respectively. Combining the above lower bounds for both considered
cases and using the expression for 𝑐(𝛾) in (67) we obtain the desired result.
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