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Abstract. Sudden phase transitions during inflation can give rise to strongly enhanced pri-
mordial density perturbations on scales much smaller than those directly probed by cosmic
microwave background anisotropies. In this paper, we study the effect of the incoming quan-
tum state on the steepest growth found in the primordial power spectrum using a simple
model of an instantaneous transition during single-field inflation. We consider the case of
a general de Sitter-invariant initial state for the inflaton field (the α-vacuum), and also an
incoming state perturbed by a preceding transition. For the α-vacua we find that k6 growth
is possible for α > 0, while k4 growth is seen for α ≤ 0, including the standard case of an
initial Bunch-Davies vacuum state. The features of an enhanced primordial power spectrum
on small scales are thus sensitive to the initial quantum state during inflation. We calculate
the scalar-induced gravitational wave power spectrum for each case.
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1 Introduction

What is the steepest growth of the primordial scalar power spectrum after an inflationary
stage? This question has received considerable attention [1–8] since the abundance and mass
spectrum of primordial black holes (PBHs) and the associated stochastic gravitational wave
(GW) background [9] are known to be sensitive to the shape of the primordial power spectrum
as well as the height of its peak [10–18]. A consistent interpretation of observational bounds
requires a treatment that goes beyond the simplistic assumption of an almost monochromatic
scalar power spectrum [3, 7, 12, 19]. Previous work argued that rapid growth in the power
spectrum is expected to be at most ∼ k4 [1, 6], while subsequently it was argued that ∼
k5(log k)2 was the steepest possible growth [2]. Such strong scale-dependence often requires
features in the inflaton potential or in the sound speed 1, leading to a sudden phase transition
and the breakdown of slow roll, mixing adiabatic and isocurvature modes of the scalar field
perturbations[22]. Tasinato has shown [4] that multiple transitions during inflation can lead
to much stronger enhancements in the power spectrum, indicating that the slope of the
spectrum has a memory of the history of non-slow-roll phases during inflation. Sudden (non-
adiabatic) phase transitions lead to particle production and a non-trivial incoming quantum
state which can be amplified at subsequent transitions. Motivated by these considerations and
recent developments in the study of non-Bunch-Davies initial states of quantum perturbations
[23–35], we will extend the analysis proposed in Ref. [1] by incorporating the additional
degeneracy inherent in quantum field theory on curved spacetime. It is well understood in
fact that after the quantum-to-classical transition for the cosmological perturbations, the
choice of the initial vacuum state is quite crucial [36]. In particular, we study the so-called
α-vacua corresponding to de Sitter invariant initial states [37]. This extension allows us
to explore a broader range of scenarios and enrich our understanding of the quantum field
dynamics. We will study an idealised model of an instantaneous transition driven by a
piecewise-linear potential, originally proposed by Starobinsky [38], which provides a simple
realisation of an inflationary model with a sudden transition from slow-roll to ultra-slow-
roll, leading to a rapid growth in the primordial power spectrum. This model, despite its

1For an alternative mechanism see Ref. [20, 21]
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simplicity, can exhibit a rich phenomenology in the resulting primordial power spectrum
for the scalar curvature perturbations and yield non-trivial results for both the production
of the primordial black holes and the scalar-induced gravitational waves at second order.
The paper is organized as follows. In section 2 we introduce all the essential quantities
needed to study the primordial scalar spectrum at the end of inflation, and give the general
expressions for matching Bogoliubov coefficient across a sudden transition. We then introduce
the Starobinsky piecewise-linear potential and emphasize the role of the choice of the incoming
quantum state. We show analytically how the growth of the power spectrum can be estimated
from the relation between the Bogoliubov coefficients before and after a sudden transition.
We study the shape of the scalar power spectra resulting from different choices for the initial
α-vacua and the impact that this has on the stochastic GW background produced at second
order. We calculate the effective GW energy density, ΩGW , using the public code SIGWfast
[39]. In section 3 we generalize Starobinsky’s model of a single transition to a piecewise-linear
potential including an arbitrary number of transitions and derive a general recurrence formula
for obtaining the Bogoliubov coefficients after each step as functions of the previous ones. We
then apply this analysis to the specific case of n = 2 transitions. We conclude in section 4.

2 Single sudden transition during inflation

We work within the single-field paradigm of cosmic inflation. Specifically, we consider a
minimally-coupled inflaton field governed by the Klein-Gordon equation in a Friedmann-
Lemaitre-Robertson-Walker (FLRW) cosmology

ϕ̈+ 3Hϕ̇+
dV

dϕ
= 0 , (2.1)

where the Hubble rate H ≡ ȧ/a is given by the Friedmann constraint

H2 =
8π

3

(
V +

1

2
ϕ̇2

)
. (2.2)

The inflationary dynamics can be described in terms of two dimensionless slow-roll parameters

ϵ1 ≡ − Ḣ

H2
, ϵ2 ≡

ϵ̇

ϵH
= −6− 2

Hϕ̇

dV

dϕ
, (2.3)

where we require ϵ1 < 1 for an accelerated expansion. We will work in the quasi-de Sitter
limit, in which ϵ1 → 0 so H is effectively constant, but we will allow ϵ1 to vary in time, hence
ϵ2 is not necessarily small. It is small in the usual slow-roll approximation (|ϵ2|≪ 1), but
becomes large during a period of ultra-slow roll inflation (ϵ2 ≈ −6) [40]. Each wave mode of
the curvature perturbation, R, with comoving wavenumber k, obeys the evolution equation

R′′
k + 2

z′

z
Rk + k2Rk = 0 , (2.4)

where z(τ) ≡ aϕ̇/H and primes denote derivatives with respect to conformal time, τ =
∫
dt/a.

Note that in de Sitter (ϵ1 → 0) we have a = −1/Hτ and thus τ runs from −∞ to 0 as a
evolves from 0 to ∞. Through a suitable rescaling, v = Rz, we can cast (2.4) into the
Sasaki-Mukhanov mode equation

v′′k +

(
k2 − z′′

z

)
vk = 0 . (2.5)
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This second-order differential equation is solved by a linear combination of two independent
solutions, which can be written as

vk(τ) =
Akfk(τ) + Bkf

∗
k (τ)√

2k
, (2.6)

where the complex functions fk(τ) are normalised such that the Wronskian obeys f∗
kf

′
k −

f∗′
k fk = 2ik. In particular we will require that fk(τ) → e−ikη in the short-wavelength limit
(z′′/z)/k2 → 0. The commutation relations for the corresponding quantum field operator, v̂,
and its canonical momentum then require

|Ak
2|−|Bk

2|= 1 . (2.7)

Finally, we must specify the initial state of the field, which determines the behaviour of the
quantum operator, v̂, on the ground state of the theory, |0⟩. The most common choice is the
Bunch-Davies vacuum (Ak = 1, Bk = 0) which corresponds to the minimum energy state [41],
but for now, we will leave the initial state arbitrary. We will consider models where a sudden
transition occurs due to a potential, V (ϕ), which is continuous but with a sudden change
in the derivative at ϕ = ϕ1, [38, 42, 43]. We are not interested in effects coming from the
detailed form of the potential around ϕ = ϕ1, so we will treat the transition as instantaneous.
We expect this to be a good description of wavemodes k ≪ a/∆t where ∆t is the duration of
the transition in terms of proper time, and we define a sudden transition to be one for which
∆t ≪ H−1. We thus have the junction conditions at ϕ1:

[V ]+− = 0

[
dV

dϕ

]+
−
= ∆V ′ (2.8)

This leaves the field and its time derivative continuous, [ϕ]+− = [ϕ̇]+− = 0, but the second
time derivative is discontinuous, [ϕ̈]+− = −∆V ′/3H. Hence z(τ) is continuous, but z′(τ) is
discontinuous:

[z]+− = 0,

[
z′

z

]+
−
= −a1∆V ′

ϕ̇1

≡ ∆1 (2.9)

Note that the scalar field density and pressure are continuous across the transition, but the
time-derivative of the pressure is discontinuous, hence we will refer to this as a second-order
phase transition (the second time-derivative of the energy density is discontinuous). From
integrating the mode equation (2.9) across the transition (or from requiring the continuity of
the comoving curvature perturbation, R, and its derivative) we find:

[vk]
+
− = 0, [v′k]

+
− = −∆1vk (2.10)

Without loss of generality, we will require that the particular solution of the Sasaki-Mukhanov
mode equation (2.5), fk, and its derivative, f ′

k, are continuous across the transition. In terms
of the general solution (2.6) we thus have

[Akfk + Bkf
∗
k ]

+
− = 0, (2.11)

[
Akf

′
k + Bkf

′∗
k

]+
−
= −∆1(Akfk1 + Bkf

∗
k1) . (2.12)
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where fk1 = fk(τ1). Following [38] we will assume that ϕ̇ < 0 and the scalar field evolves
from ϕ > ϕ1 to ϕ < ϕ1. Before the transition, for ϕ > ϕ1, we write

Ak+ = Ak , Bk+ = Bk , (2.13)

while after the transition, for ϕ < ϕ1, we set

Ak− = Ãk , Bk− = B̃k . (2.14)

From Eqs. (2.11) and (2.12) we can establish a general relationship between the Bogoliubov
coefficients before and after the transition2[

Ãk

B̃k

]
=

[
1− i∆1f

∗
k1fk1(2k)

−1 −i∆1f
∗
k1f

∗
k1(2k)

−1

+i∆1fk1fk1(2k)
−1 1 + i∆1f

∗
k1fk1(2k)

−1

] [
Ak

Bk

]
. (2.15)

2.1 Starobinsky piecewise-linear potential

The Starobinsky piecewise-linear potential serves as a convenient illustrative example of a
sudden (non-adiabatic) transition [38]. This model is characterized by the potential:

V (ϕ) =

{
V0 +A1(ϕ− ϕ1), ϕ > ϕ1

V0 +A2(ϕ− ϕ1), ϕ < ϕ1

(2.16)

In our scenario, ϕ̇ < 0 and A1 = A+ > 0 represents the slope of the potential before the
transition and A2 = A− represents the slope after the transition at ϕ = ϕ1. We assume that
during the initial regime, ϕ > ϕ1, our field follows a slow-roll evolution. In this regime, we
can neglect the acceleration term in the Klein-Gordon equation (2.1), leading to the friction
being equal and opposite to the potential slope

ϕ̇ ≃ −A1

3H
for ϕ > ϕ1 . (2.17)

Since we will assume that we are close to de Sitter throughout, we require A1 ≪ MPlH
2 and

thus during slow roll both ϵ1 ≪ 1 and |ϵ2|≪ 1. When the field reaches ϕ = ϕ1 there is a
sudden change in the potential gradient, ∆V ′ = A1 − A2. After the transition (t > t1) the
Klein-Gordon equation (2.1) can be integrated to give the simple solution:

ϕ̇ = −
(
A1 −A2

3H

)
e−3H(t−t1) − A2

3H
for ϕ < ϕ1 . (2.18)

For 0 < A2 ≪ A1 the potential gradient becomes much smaller than the friction term
immediately after the transition, and the slow-roll approximation is no longer applicable.
In this phase the field’s deceleration is driven by the friction term, ϕ̈ ≈ −3Hϕ̇, violating
slow roll and, from Eq. (2.3), leading to ϵ2 ≈ −6, while ϵ1 remains small. This is commonly
referred to as Ultra-Slow Roll inflation (USR) [40]. However, this USR phase is transient,
as the time-derivative of the scalar field decays rapidly, ϕ̇ ∝ e−3Ht, and hence the field’s
acceleration also decays rapidly, and at late times the system approaches a new slow-roll
attractor with 3Hϕ̇ ≃ −A2 and |ϵ2|≪ 1. To compute the primordial power spectrum, we
solve the Mukhanov-Sasaki mode equation (2.5) before and after the transition. For the

2It is straightforward to check that the normalisation condition (2.7) still holds after the transition, as it
should for a quantum field, and we have |Ã2

k|−|B̃2
k|= 1.
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piece-wise linear potential (2.16), corresponding to a massless inflaton field in the de Sitter
limit (ϵ1 → 0), the time-dependent mass in the mode equation (2.5), z′′/z = 2/τ2, remains
invariant [44, 45] before and after the transition at ϕ = ϕ1. Thus the general solution to the
mode equation is given by the expression in Eq. (2.6) where in both regimes

fk(τ) =

(
1− i

kτ

)
e−ikτ . (2.19)

We see that on small scales and at early times (kτ → −∞) fk → e−ikτ , while on large scales
and late times (kτ → 0) fk = −f∗

k → −i/kτ . Thus the dimensionless power spectrum for the
primordial curvature perturbation is

PR(k) =
4πk3|v2k|
(2π)3z2

, (2.20)

Before the transition, in slow roll, the initial conditions for the modes are set by the choice
of the vacuum state, e.g., the Bunch-Davies vacuum, where Ak = 1 and Bk = 0, and we
recover the scale-invariant power spectrum PR = (H2/2πϕ̇)2. However at late times, after
the transition, the power spectrum is given by [46]

PR(k) →
(

H2

2πϕ̇

)2

|Ãk − B̃k|2 as kτ → 0 . (2.21)

The matrix (2.15) matching the Bogoliubov coefficients across the sudden transition, using
the mode function (2.19) for a free field in de Sitter, becomes[

Ãk

B̃k

]
=

[
1− (i∆1/2k1)

(
1 + κ2

)
/κ3 (i∆1/2k1)(1 + iκ)2e−2iκ/κ3

−(i∆1/2k1)(1− iκ)2e2iκ/κ3 1 + (i∆1/2k1)
(
1 + κ2

)
/κ3

] [
Ak

Bk

]
, (2.22)

where k1 represents the wavenumber crossing outside the Hubble scale at the time of the
transition, k1 = a1H, and here and in the following equations we have introduced the nor-
malized wavenumber κ ≡ k/k1. The sudden transition in the acceleration of the field results
in a discontinuity in the time-derivative of z(τ) given by Eq. (2.9). For the piecewise linear
potential (2.16) we have

∆1 =
3k1(A1 −A2)

A1
. (2.23)

After the transition the Bogoliubov coefficients are thus set by Eqs. (2.22), where using (2.23)
we obtain

Ãk = Ak −
3i

2κ3

(
A1 −A2

A1

){
(1 + κ2)Ak − (1 + iκ)2e−2iκBk

}
,

B̃k = Bk +
3i

2κ3

(
A1 −A2

A1

){
(1 + κ2)Bk − (1− iκ)2e2iκAk

}
. (2.24)

The final power spectrum (2.21) for an arbitrary initial state is determined by the combination

Ãk−B̃k = (Ak − Bk)

{
1 + 3

(
A1 −A2

A1

)
κj1(κ)y1(κ)

}
−i (Ak + Bk)

{
3

(
A1 −A2

A1

)
κj21(κ)

}
,

(2.25)
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where
j1(κ) =

sinκ

κ2
− cosκ

κ
, y1(κ) = −cosκ

κ2
− sinκ

κ
, (2.26)

are spherical Bessel functions of the first and second kind. For super-Hubble modes at the
transition (κ < 1) we can Taylor expand (2.26), which substituted into Eq. (2.25) gives

Ãk − B̃k =

{
A2

A1
− 2

5

(
A1 −A2

A1

)
κ2

(
1 +O

(
κ2

))}
(Ak − Bk)

− i

3

(
A1 −A2

A1

)
κ3

(
1 +O

(
κ2

))
(Ak + Bk) .

(2.27)

We see that Ãk − B̃k → (A2/A1)(Ak − Bk) as κ → 0 and the primordial power spectrum
(2.21) remains unchanged in the very large-scale limit3. However, for A1 ≫ A2 there will be a
rapid rise in the primordial power spectrum on a range of scales larger than the Hubble scale
at the transition, A2/A1 < κ2 < 1, with the slope depending on the incoming state, given by
Ak and Bk.

2.1.1 Bunch-Davies initial state

Having obtained the general solution to the mode functions (2.6) before and after the tran-
sition, and thus the primordial power spectrum (2.20), we must now specify the initial state
for the quantum field at early times. The simplest choice for the initial state is the one
adopted by Bunch and Davies which is equivalent to selecting the minimum energy state for
the field [41]. In this case the Bogoliubov coefficients (2.6), before the transition, take the
simple form:

Ak = 1 Bk = 0 (2.28)

After the transition, the quantum state is determined by the junction conditions (2.10) leading
to the new Bogoliubov coefficients (2.24) [38]

Ãk = 1− 3i(A1 −A2)

2A1

(
1 + κ2

)
κ3

, (2.29)

B̃k = −3i(A1 −A2)

2A1

(1− iκ)2e2iκ

κ3
. (2.30)

The sudden transition (2.9) results in a state that mixes negative and positive frequency
modes. It is apparent that even when starting from the Bunch-Davies vacuum state, a sudden
transition (A2 ̸= A1) induces excitations in the modes corresponding to particle production
(B̃k ̸= 0) in the inflaton field on sub-horizon scales after the transition, and non-adiabatic
perturbations on super-Hubble scales [22]. Substituting Eqs (2.28) into (2.25) to compute the
primordial scalar power spectrum at the end of inflation (2.21) we obtain

PR =
9H6

4π2A2
1A

2
2

{
[A1 + 3(A1 −A2)κj1(κ)y1(κ)]

2 +
[
3(A1 −A2)κj

2
1(κ)

]2}
, (2.31)

where

κj1(κ)y1(κ) =
(κ2 − 1) sin(2κ) + 2κ cos(2κ)

2κ3
, κj21(κ) =

(κ cosκ− sinκ)2

κ3
, (2.32)

3Recall that before the transition ϕ̇ = −A1/3H while ϕ̇ → −A2/3H as τ → 0 after the transition
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α = −2
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Figure 1. The power spectrum of the curvature perturbation PR at the end of inflation, Eq. (2.20),
as a function of the normalized wavenumber, κ = k/k1, where k1 is the wavenumber which crosses the
horizon at the sudden transition. The plot shows power spectra obtained for different initial α-vacuum
states (2.35), varying α for β = 0. In this plot, we fix the ratio between the slopes A1/A2 = 10 and
we have fixed H3eα/A1 such that PR → 2× 10−9 for κ → 0.

and we have used the late-time solution for the time-derivative of the field after the transition,
ϕ̇ → −A2/(3H). The power spectrum (2.31) is shown by the middle (orange) curve in
Figure 1. From the Taylor expansion on super-Hubble scales at the transition, Eq. (2.27), we
see that if modes start in the Bunch-Davies vacuum state (2.28), then on very large scales,
κ2 ≪ A2/A1 ≪ 1, the spectrum remains scale-invariant. However for smaller scales, but still
larger than the Hubble scale at the transition, κ2 < 1, the real part of Ãk − B̃k in Eq. (2.27)
vanishes for κ2 ≃ (5/2)A2/A1, corresponding to a dip in the power spectrum [38, 42, 45].
This is followed by a rise in |Ãk − B̃k|∝ κ2, hence a rise in PR ∝ κ4, for smaller scales, but
still larger than the Hubble scale [45]

PR =

(
3H3

5πA2

)2

κ4 , for
A2

A1
≪ κ2 ≪ 1 . (2.33)

The power spectrum rises to a peak at κ ∼ π [38, 42] and then exhibits damped oscillations
about the asymptotic value on sub-Hubble scales

PR → 9H6

4π2A2
2

, for κ → ∞ . (2.34)

Finally, we note from Eq. (2.30) that the particle number density after the transition k3|B̃k|2∝
κ for κ ≫ 1. The corresponding energy density is thus formally divergent as κ → ∞. This
is a result of modelling the transition as instantaneous, which excites arbitrarily high energy
modes. In practice the particle production will be suppressed on length scales much smaller
than the duration of the transition, κ ≫ a/(k1∆t).
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2.1.2 α-vacuum inital state

We will now extend our calculation of the primordial power spectrum to explore the additional
degeneracy induced by the choice of the initial state of the quantum field (2.6). As previously
remarked, the commutation relation for the field and its canonical momentum place the
constraint (2.7) on the Bogoliubov coefficients. For this reason, we adopt the parametrization
in terms of hyperbolic functions [37]

Ak = cosh(α) Bk = eiβ sinh(α) (2.35)

Here, α is a real free parameter, characterizing the initial state within a family of degenerate
α-vacuum states obeying the normalisation condition (2.7). This degeneracy arises due to
the absence of temporal Killing vectors in the FLRW foliation of the spacetime [47, 48].
Here we will choose α and β to be scale-invariant (independent of the wavenumber, k) which
corresponds to a de Sitter invariant initial state [37]. The Bunch-Davies vacuum (2.28)
represents the particular choice α = 0 for the initial state. Although we might be tempted to
choose any value for the parameters α and β, we must exercise caution to ensure that we do
not disrupt the inflationary phase by introducing an excessive particle density. The particle
energy density is given by [49, 50]:

εδϕ ∼ 1

a4

∫ aΛ

0
dk k3|Bk|2 (2.36)

where we take a physical UV cut-off, Λ. We need to guarantee that during the inflationary
stage, the particle energy density is much less than that of the potential, V0. Hence we require
sinh2(α) ≪ V0/Λ

4. In practice, we will limit our discussion to the range −2 ≤ α ≤ 2. Using
the α-vacuum initial state (2.35) before the transition, we can again compute the outgoing
Bogoliubov coefficients (2.24) after having applied the matching condition (2.10)

Ãk =

[
1− 3i

2κ3

(
A1 −A2

A1

)
(1 + κ2)

]
cosh(α)

+
3i

2κ3

(
A1 −A2

A1

)
(1 + iκ)2e−2iκeiβ sinh(α) , (2.37)

B̃k =

[
1 +

3i

2κ3

(
A1 −A2

A1

)
(1 + κ2)

]
eiβ sinh(α)

− 3i

2κ3

(
A1 −A2

A1

)
(1− iκ)2e2iκ cosh(α) . (2.38)

Substituting (2.35) into (2.25) we obtain the power spectrum at the end of inflation (2.21)

PR =
9H6

4π2A2
1A

2
2

{[
(coshα− cosβ sinhα) (A1 + 3(A1 −A2)κj1(κ)y1(κ))

+3 sinβ sinhα(A1 −A2)κj
2
1(κ)

]2
+
[
sinβ sinhα (A1 + 3(A1 −A2)κj1(κ)y1(κ))

+3 (coshα+ cosβ sinhα) (A1 −A2)κj
2
1(κ)

]2}
. (2.39)

Let us first consider the case where we fix the phase β = 0. In this case Eq. (2.39) reduces to

PR =
9H6

4π2A2
1A

2
2

{
e−2α

[
A1 + 3(A1 −A2)κj1(κ)y1(κ)

]2
+ e2α

[
3(A1 −A2)κj

2
1(κ)

]2}
, (2.40)
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Figure 2. The power spectrum of the curvature perturbation PR (2.20) as a function of the nor-
malized wavenumber κ = k/k1, where k1 is the wavenumber which crosses the horizon at the sudden
transition. The plot shows different power spectra obtained by varying the β parameter in the initial
α-vacuum states (2.35), while fixing the value of α = 2. In this plot, we fix the ratio between the
slopes A1/A2 = 10 and we have fixed H3eα/A1 such that PR → 2× 10−9 for κ → 0.

This expression for the primordial power spectrum differs from the result for a Bunch-Davies
initial state, Eq. (2.31), solely due to the presence of the two exponential functions of α in
Eq. (2.40). By setting α to zero, we recover the standard solution from the Bunch-Davies
vacuum. Figure 1 illustrates how the selection of the α parameter can significantly influence
the shape of the primordial spectrum (2.40) after a sudden transition. A negative α parameter,
leads to a deeper initial dip at κ2 ≃ (5/2)A2/A1, where the real part of Ãk −B̃k in Eq. (2.27)
vanishes. There is then an additional dip before the power spectrum rises to reach a peak very
similar to the standard Bunch-Davies scenario, displaying similar oscillations with the same
periodicity for κ ≫ 1. Conversely, the positive α case has no dip and gives a steeper growth
reaching a significantly higher peak compared with the one obtained from the Bunch-Davies
vacuum. We can understand this behaviour by writing the Taylor expansion on super-Hubble
scales (2.27) for the case of a strong transition, A2 ≪ A1 to give

Ãk − B̃k =

(
A2

A1
− 2

5
κ2 +O

(
κ4

))
e−α − i

3

(
κ3 +O

(
κ5

))
eα for κ ≪ 1 . (2.41)

We see that if we start in an α-vacuum with eα ≫ 1 (such that |Ak + Bk|≫ |Ak −Bk|), then
the leading correction for (A2/A1)e

−2α ≪ κ3 ≪ 1 becomes k3, giving a k6 rise in the power
spectrum (2.40) on super-Hubble scales at the transition, rather than the k4 rise seen for the
Bunch-Davies vacuum. Because the κ3 term in (2.27) is out of phase with respect to the κ0

term, there is no longer a dip in the power spectrum between the plateau and the rise in the
power spectrum for eα ≫ 1, as seen in in Figure 1 for for the case α = 2. Conversely for
eα ≪ 1 (negative α) the dip at κ2 ≃ (5/2)A2/A1, which is already seen in the case of the initial
Bunch-Davies vacuum state, becomes deeper since the imaginary term in Eq. (2.41) which
remains non-zero is suppressed. The peak of the power spectrum in Figure 1 is enhanced for
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α > 0 since the amplitude of the scale-invariant spectrum as κ → 0 is suppressed relative to
Bunch-Davies vacuum case (α = 0)

PR → 9e−2αH6

4π2A2
1

, for κ → 0 , (2.42)

PR → 9e−2αH6

4π2A2
2

, for κ → ∞ . (2.43)

Finally, the late-time power spectrum (2.39) is shown for α = 2 and different values of β in
Figure 2. For β ̸= 0 the rise of the power spectrum and the peak is less pronounced than for
β = 0. For β ≈ π there is again a dip in the power spectrum where the real part of Ãk−B̃k in
Eq. (2.27) vanishes at κ2 ≃ (5/2)A2/A1 before the rise and the peak is suppressed, however
we see that the dip moves to smaller values of κ for α sinβ < 0 (or larger values of κ for
α sinβ > 0). In the rest of this paper we will focus on two specific values for the phase,
corresponding to β = 0 and β = π. Given the degeneracy between the sign of α and the
phase of β we will fix β = 0 but consider both positive and negative values for α.

2.1.3 Scalar-induced gravitational waves

While strong scale-dependent enhancements of the primordial scalar power spectrum have
not been observed on the large, cosmological scales directly probed by the cosmic microwave
background anisotropies, for example, they could be present on much smaller scales where
they might be detectable through a scalar-induced stochastic gravitational wave background.
At second-order in perturbation theory, the gravitational wave (GW) power spectrum depends
quadratically on the first-order scalar power spectrum [51–54], so a scale-dependent feature in
the scalar sector can also induce an enhancement and scale-dependence in the tensors. These
second-order tensor perturbations could be much larger than those arising at first-order from
the free fluctuations of the metric tensor [55, 56]. The dimensionless density of the induced
GW background, ΩGW , is given by [55–58]:

ΩGW,eq(k) = 3

∫ ∞

0

∫ |1−v|

1+v

T (u, v)

u2v2
PR(vk)PR(uk) du dv (2.44)

where the kernel inside the integral is given by

T (u, v) =
1

4

1

4v2 − (1 + v2 − u2)2
4uv

u2 + v2 − 3

×
[
ln

3− (u+ v)2

3− (u− v)2
− 4uv

u2 + v2 − 3
+ π2Θ

(
u+ v −

√
3
)] . (2.45)

We have used the publicly available code SIGWfast [39] to evaluate the GW density generated
following a sudden transition in the Starobinsky piecewise linear model (2.16) for an initial
α-vacuum state (2.35). In the following numerical examples, we consider three different values
for the parameter α ∈ {−2, 0, 2} while fixing β = 0, as in the previous sub-section. As shown
in Figure 3, we observe similar behaviour for α = −2 and α = 0, with only minor variations
in amplitude, consistent with previous findings for the BD vacuum case [42]. However, the
positive-α scenario shows a strong enhancement over α ≤ 0 at its peak and a subsequent
decline ∝ κ−3.5 with superimposed oscillations, before eventually converging to the same
plateau as seen for α ≤ 0, but only at much smaller scales. This is a significant difference
with respect to α ≤ 0, where the GW density shows only a small decrease for κ ≫ 1 from its
peak near κ ∼ 1.
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Figure 3. The gravitational waves energy density for the scalar induced gravitational waves ΩGW as
a function of the normalized wavenumber κ = k/k1, where k1 is the wavenumber which crosses the
horizon at the sudden transition. The plot shows the different GW power spectra obtained from the
scalar power spectra shown in Figure 1.

3 Generalization for multiple transitions

We have seen that the scalar power spectrum after a sudden transition can be significantly
enhanced when considering an excited incoming state with α > 0 in Eq. (2.35). Thus it is
interesting to explore the effect of multiple transitions during inflation, each of which will
generate an excited state and can amplify any incoming excitations [4].

3.1 n transitions

In this section, we extend the Starobinsky model to encompass an arbitrary number of sudden
transitions. As in the previous section 2.1, this generalized potential will be piece-wise linear:

V (ϕ) =


V1 +A1(ϕ− ϕ1), ϕ1 < ϕ

V2 +A2(ϕ− ϕ2), ϕ2 < ϕ < ϕ1

...

Vn +An+1(ϕ− ϕn), ϕ < ϕn

, (3.1)

where Vi+1 = Vi + Ai+1(ϕi+1 − ϕi), so that the potential is continuous at ϕ = ϕi, but with
a discontinuous first derivative if Ai+1 ̸= Ai. We can adopt a methodology similar to that
outlined in [42] to compute ϕ̇ in each stage recursively. We will work again in the quasi-
de Sitter limit where ϵ1 → 0 and we treat H as effectively constant. The Klein-Gordon
equation (2.1) can then be rewritten for ϕi+1 < ϕ < ϕi as

d

dt

(
ϕ̇+

Ai+1

3H

)
+ 3H

(
ϕ̇+

Ai+1

3H

)
= 0 . (3.2)

This has the simple solution

ϕ̇ = −Ai+1

3H
+

(
ϕ̇i +

Ai+1

3H

)
e−3H(t−ti) (3.3)
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where, ti is the cosmic time at the i-th transition which occurs at ϕ = ϕi with velocity ϕ̇ = ϕ̇i.
Although we previously assumed that field was in the slow-roll attractor, ϕ̇ = −A1/3H, before
a single transition at ϕ = ϕ1, this will not necessarily be the case at a second or subsequent
transition at ϕ = ϕi+1 for i ≥ 1 due to transient component, proportional to e−3Ht, induced
at the previous transition when ϕ̇i ̸= Ai+1/3H. Applying the simple solution (3.3) multiple
times, we see that after i ≥ 2 transitions the field’s velocity for ϕi+1 < ϕ < ϕi is given by

ϕ̇ = −Ai+1

3H
+

i∑
j=2

Aj+1 −Aj

3H
e−3H(t−tj) +

(
ϕ̇1 +

A2

3H

)
e−3H(t−t1) . (3.4)

If we assume that the field is in the slow-roll attractor for ϕ > ϕ1, i.e., before the first
transition, then this reduces to

ϕ̇ = −Ai+1

3H
+

i∑
j=1

Aj+1 −Aj

3H
e−3H(t−tj) . (3.5)

We can now write down an expression for z(τ) ≡ aϕ̇/H after i ≥ 2 transitions:

z(τ) =
Ai+1

3H3τ
−

 i∑
j=1

Aj+1 −Aj

3H3τ3j

 τ2 . (3.6)

Within each piece-wise linear phase, ϕi+1 < ϕ < ϕi, the time-dependent mass in the mode
equation (2.5) remains invariant [44, 45], z′′/z = 2/τ2, but it diverges at the transitions when
ϕ = ϕi if Ai+1 ̸= Ai. The mode functions are thus given by the general solution (2.6) where
fk(τ) in each phase is given by (2.19), but at each transition we must match the Bogoliubov
coefficients, forming a chain of dependencies. The generalisation of the expression for the
Bogoliubov coefficients after a single transition, Eq. (2.15), to each step in a series of multiple
transitions for an arbitrary potential is[

Ak,i+1

Bk,i+1

]
=

[
1− i∆if

∗
k,ifk,i(2k)

−1 −i∆if
∗
k,if

∗
k,i(2k)

−1

+i∆ifk,ifk,i(2k)
−1 1 + i∆if

∗
k,ifk,i(2k)

−1

] [
Ak,i

Bk,i

]
, (3.7)

where the generalisation of (2.9) at ϕ = ϕi gives

[z]
i+
i−

= 0,

[
z′

z

]i+
i−

= −ai∆V ′
i

ϕ̇i

≡ ∆i . (3.8)

Specialising again to the case of the piecewise linear potential (3.1), for a single transition
where the field is initially in the slow-roll attractor approaching the transition at ϕ = ϕ1 then
we have ϕ̇1 = −A1/3H and for i = 1 we recover (2.23). More generally, where z(τ) after
i ≥ 1 transitions is given by Eq. (3.6), we have

∆i = 3ki (Ai −Ai+1)

Ai +
i−1∑
j=1

(Aj −Aj+1)

(
kj
ki

)3


−1

. (3.9)
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3.2 Two transitions

In this section, we apply the previous formulae for multiple transitions to the specific case
of n = 2 transitions in the Starobinsky piecewise-linear model (3.1). In this case, there are
two values of the inflation field, ϕ1 and ϕ2, at which the slope of the potential, V (ϕ), changes
abruptly. The dynamics therefore can be split into three regimes. We assume that A1 > 0
and the field starts in the slow roll attractor (2.17) for ϕ > ϕ1, while for ϕ2 < ϕ < ϕ1 or
ϕ < ϕ2 the field velocity is given by Eq. (3.5). The general solution for the mode function is
given by Eqs. (2.6) and (2.19), with arbitrary constants of integration, Ak,i and Bk,i, to be
determined. We start with a de Sitter α-vacuum state (corresponding to β = 0 in (2.35)) and
at each transition, we apply the Bogoliubov matching (3.7). In our numerical examples, we
explore the effect on the power spectra of the choice of α parameter for the initial quantum
state and the two ratios between the different slopes in the three regimes. We fix the interval
between the two transitions such that first k2 = 30k1, so the transitions are relatively well
separated, but later we fix k2 = 5k1 (such that the scalar field reaches the second transition at
ϕ2 when A2 < 0). We explore the primordial power spectrum (2.21) and resulting stochastic
gravitational wave spectrum (2.44) in the different regimes:

a) In Figures 4, 5, 6 we vary α for different ratios between the potential gradients while
keeping the slopes positive throughout (Ai > 0). In each case, we see two distinct
peaks, with steeper growth and much stronger enhancement, for α > 0, as we saw for a
single transition, whereas for α ≤ 0 the first peak height is lower and the peak is much
less clearly defined. The scalar power spectra in Figure 4, where A2/A3 = A1/A2, and
Figure 6, where A2/A3 ≫ A1/A2, are similar, both showing two main peaks for α > 0,
with the second peak at k/k2 ≃ π (which corresponds to κ ≃ 30π) higher than the first
peak at κ = k/k1 ≃ π. Meanwhile in Figure 5, where A2/A3 ≪ A1/A2, the first peak is
approximately the same height as the second peak for any α. As a result ΩGW steadily
increases to a single peak at κ ≃ 30π in Figures 4 and 6, while in Figure 5 the GW
power spectrum has two approximately equal-height peaks for α > 0, or an extended
plateau for α ≤ 0.

b) In Figures 7, 8 and 9, we explore the behaviour of the power spectra in cases where the
inflationary potential is completely flat (A2 = 0) in the intermediate region ϕ2 < ϕ < ϕ1,
while allowing for different ratios for the initial and final slopes (A1/A3). Note that in
this case for the field to evolve beyond ϕ2 we require ϕ1 − ϕ2 < A1/9H

2, otherwise the
field comes to a stop before reaching ϕ2. In all of the configurations that we investigate
in Figures 7, 8 and 9 we find very similar results for the scalar power spectrum and for
the GW power spectrum. As might be expected, the first peak height is more strongly
enhanced in all cases compared with the equivalent case where A2 > 0. As before, the
two peaks, corresponding to the two transitions, are much more clearly defined when
α > 0 and ΩGW is characterized by a double peak, where the second peak is slightly
lower than the first one.

c) Lastly, we explore in Figure 10 a configuration where the slope in the intermediate
regime, A2, takes a negative value. As for A2 = 0, we must ensure that ϕ1−ϕ2 is small
enough (or the transient velocity for ϕ < ϕ1 is large enough) that the field does indeed
reach ϕ2. Otherwise, the field stops (ϕ̇ = 0) and it starts evolving back towards ϕ1,
where it becomes trapped. This implies that for a given value of A2 < 0 the ratio k2/k1
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Figure 4. Left : The primordial power spectrum, PR. Right : The dimensionless energy density for
the scalar induced gravitational waves, ΩGW . Both spectra are shown as a function of the normalized
wavenumber κ = k/k1 and the interval between the two transitions is given by the ratio k2/k1 = 30.
We fix the ratios between the potential slopes A1/A2 = A2/A3 = 10, and set H3eα/A1 such that
PR → 2 × 10−9 for κ → 0. The plots show different power spectra obtained by varying the value of
the α parameter in the initial α-vacuum state.

is bounded from above; we require:

1 <
k2
k1

<

(
1− A1

A2

)1/3

. (3.10)

For all values of α we see a significant enhancement of the scalar power spectrum at
the scale corresponding to the first transition (κ = 1). When α > 0 there is a much
steeper, greater enhancement and the power spectrum clearly drops before the second
peak. This occurs even though we have set A3 = A1 in this example, so that there is no
overall change in slope between early and late times, with only a transient flat regime.
Nonetheless, for any value of α there is a strong effect on both the scalar and induced
GW power spectra across a wide range of scales, e.g., 10−1 < κ < 104 for α = 2.

In all of the three cases discussed above, we can see that we obtain a distinctive structure
of peaks in the power spectra corresponding to the frequencies at which the two transitions
occur, with a positive value for α distinguished by steeper growth, stronger enhancement,
and two distinct peaks. In all cases, the scalar and tensor power spectra approach the same
values in the low and high κ limits regardless of the value of α. That is because we fix the
normalisation at long wavelengths before the transition, while the asymptotic values at short
wavelengths are then determined solely by the ratio of the initial and final slopes, A3/A1.

4 Conclusions

Models featuring sudden transitions in the scalar potential for curvature perturbations have
attracted significant attention in recent years due to their key role in the possible production
of primordial black holes and an associated scalar-induced gravitational wave background.
Two key factors in determining the abundance and mass spectrum of PBHs as well as the
spectrum of induced GWs are the height of the peaks in the power spectrum and the steep-
ness of its growth. In this work, we have extended previous studies by considering a scenario
where the quantum field originates in an excited state, specifically a de Sitter-invariant α-
vacuum [37]. Furthermore, we have studied a generalization of Starobinsky’s piecewise-linear
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Figure 5. Left : The primordial power spectrum. Right : The gravitational waves energy density for
the Scalar Induced Gravitational Waves ΩGW . Both the functions are shown as a function of the
normalized wavenumber κ = k/k1 (where k1 is the wavenumber which crosses the horizon at the first
transition) and the interval between the two transitions is given by the ratio k2/k1 = 30. In this
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Figure 6. Left : The primordial power spectrum. Right : The gravitational waves energy density for
the Scalar Induced Gravitational Waves ΩGW . Both the functions are plotted as a function of the
normalized wavenumber κ = k/kT1 at which the first transition happens. In this case, we are setting
the ratios between the regimes A1

A2
= 2 andA2

A3
= 15. The ratio of the wavenumbers corresponding to

the two transitions is set to k2/k1 = 30. The plot shows different behaviour by varying the value of
the α parameter.

potential to include an arbitrary number of sudden transitions, providing an exact, order-by-
order prescription for computing the Bogoliubov coefficients. These coefficients are sufficient
to determine the primordial scalar power spectrum at the end of inflation. Our analytical
results for a single sudden transition demonstrate a steep growth of the scalar power spectrum
proportional to k6 for α-vacua with α > 0, in contrast to the expected growth proportional to
k4 for an initial Bunch-Davies vacuum state where the α parameter is set to zero. Since the
scalar perturbations source primordial gravitational waves at second order, we have numeri-
cally calculated the resulting gravitational wave energy density. Our findings are consistent
with the previous results in the literature for an initial Bunch-Davies vacuum while revealing
a steeply peaked GW power spectrum for positive values of α. These results are particularly
interesting in light of the recent PTA results [59, 60] and possible observations with LISA
[61] and other future GW detectors. For the case of two sudden transitions, we explored
different possible combinations of the three slopes characterizing the generalized piecewise-
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Figure 7. Left : The primordial power spectrum. Right : The gravitational waves energy density
for the Scalar Induced Gravitational Waves ΩGW . Both the functions are plotted as a function of
the normalized wavenumber κ = k/k1 at which the first transition happens. In this case, we are
setting the ratios between the regimes A3

A1
= 7 while keeping A2 = 0. The ratio of the wavenumbers

corresponding to the two transitions is set to k2/k1 = 5. The plot shows different behaviour by varying
the value of the α parameter.
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Figure 8. Left : The primordial power spectrum. Right : The gravitational waves energy density for
the Scalar Induced Gravitational Waves ΩGW . Both the functions are plotted as a function of the
normalized wavenumber κ = k/kT1 at which the first transition happens. In this case, we are setting
the ratios between the regimes A3/A1 = 1/7 while keeping A2 = 0. The ratio of the wavenumbers
corresponding to the two transitions is set to k2/k1 = 5. The plot shows different behaviour by varying
the value of the α parameter.

linear potential. From the perspective of the curvature power spectrum, we demonstrated the
possibility of generating multiple peaks with varying heights. For initial α-vacua with α > 0
we find clearly separated peaks, whereas for α ≤ 0 the initial peaks are less pronounced. Mul-
tiple peaks in the scalar power spectrum could lead to a non-trivial mass spectrum for PBHs
which itself could lead to an interesting phenomenology. In all cases we have calculated the
corresponding scalar-induced gravitational wave background, resulting in distinctive signal
templates that could be tested by future experiments. These experiments may provide valu-
able insights into the initial quantum state of the universe. Our results suggest that localised
features in the primordial scalar perturbations produced during sudden transitions during
inflation could reveal information about both the nature of the transition and the incoming
quantum state. Of course, it is unclear at this stage whether information about the initial
state could be extracted from observations of gravitational relics such as PBHs and GWs
independently of knowledge about the transition. We have only investigated instantaneous
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Figure 9. Left : The primordial power spectrum. Right : The gravitational waves energy density
for the Scalar Induced Gravitational Waves ΩGW . Both the functions are plotted as a function of
the normalized wavenumber κ = k/kT1

at which the first transition happens. In this case, we are
setting the ratios between the regimes A1

A3
= 1 while keeping A2 = 0. The ratio of the wavenumbers

corresponding to the two transitions is set to k2/k1 = 5. The plot shows different behaviour by varying
the value of the α parameter.
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Figure 10. Left : The primordial power spectrum. Right : The gravitational waves energy density
for the Scalar Induced Gravitational Waves ΩGW . Both the functions are plotted as a function of the
normalized wavenumber κ = k/kT1

at which the first transition happens. In this case, we are setting
the ratios between the regimes A1

A3
= 1 while considering a negative value for A2 = −0.1, consistent

with the constraint. The ratio of the wavenumbers corresponding to the two transitions is set to
k2/k1 = 5. The plot shows different behaviour by varying the value of the α parameter.

models of the transition in this paper, and we know this will give spurious effects on arbitrarily
small scales. Any finite duration of the transition, ∆t, is expected to smooth out structures
on a scale k ≫ a/∆t. The resulting abundance of PBHs can also be very sensitive to non-
Gaussianity in the density distribution [62–69], which arise from higher-order corrections to
the linear analysis of perturbations used in this paper. Indeed non-perturbative techniques
are ultimately needed to study very large, very rare perturbations which lead to PBHs [70–
74]. It would be interesting to extend our study of non-Bunch-Davies initial quantum states
to such non-linear analyses.
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