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Exponential twist of probability measures: drift correction in

term of a generalized gradient.
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Abstract

In this paper we study the exponential twist, i.e. a path-integral exponential change of mea-
sure, of a Markovian reference probability measure IP. This type of transformation naturally ap-
pears in variational representation formulae originating from the theory of large deviations and
can be interpreted in some cases, as the solution of a specific stochastic control problem. Under
a very general Markovian assumption on P, we fully characterize the exponential twist prob-
ability measure as the solution of a martingale problem and prove that it inherits the Markov
property of the reference measure. The ”generator” of the martingale problem shows a drift
depending on a generalized gradient of some suitable value function v.
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1 Introduction

This paper focuses on exponential twist probability measures Q resulting from an exponential

change of measure with respect to a Markovian reference probability measure PP, i.e.
dQ o e ?dP, (1.1)

when ¢ is a path-integral functional of the form

T
p(X) = /0 X))+ g(X), (12)
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for measurable functions f, g. When the reference probability IP is the Wiener measure, the prop-
erties of Q have been extensively studied in [6]. In the case of discrete time Markov models with
finite state space, the stability of the Markov property by the exponential twist transformation
(LI) was already pointed out in [11][12, 27]. In this paper we extend these results to all Markovian
models, including cadlag (possibly singular) Markovian SDEs and provide a precise characteri-
zation of the generator associated to the martingale problem verified by the probability measure
Q.

Exponential twist probability measures of the form (L) are intimately connected to various
application domains. It appears naturally in variational representation formulae in relation to the
theory of large deviations [31} [17]. In fact we have the variational formula

~log /Q () = it [ o)) + HEQP) (1.3)

see Proposition 1.4.2 in [17], where P () is the space of all probability measures on (2, F) and H
is the relative entropy of Q with respect to P, see Definition 2.1} The minimum in (L.3) is achieved
for the exponential twist probability measure dQ o e~ ¥dP and Q is said to be a solution to the
optimization problem (1.3).

In fact, the characterization results for the exponential twist measure (LI) provided in the
present paper apply to the framework of non-linear optimization on the space of probability mea-
sures (often related to mean-field optimization [13]]) stated as

Juf F (B2e(X)]) + H(@P), (1.4)

where F : R — R is a differentiable convex function and ¢ is given by (L2). Indeed, assume that
Problem (1.4) admits a solution Q. Then Q is also solution of

o3, ECP(X)] + H(QP), (1.5)
where ¢(X) = F’ <E@ [o(X )]) ©(X) (see Lemma [EJ) and Q is an exponential twist measure of
the form (L.I) with ¢ replaced by ¢. Hence, any solution of Problem (L4) falls into the framework
of the present paper. Optimization programs of the form (L.4) appear for example in
for demand side management in power systems.

The first crucial observation in this paper is that the only assumption on P to be Markovian
determines a natural domain D(P) of an (intrinsic) Markovian martingale problem, see Definition
33 This also identifies a map a = a* : D(P) — L°(P) (the generator), where LO(P) = {¢ : [0,7] x
R? — R|¢ € LO(dt ®dPY,), is the natural basic space for our developments. In particular, for every
¢ € D(P), ¢(t, X+) = ¢(0, Xo) + f(f a®¢(r, X, )dr + M[¢], where M|@)] is a locally square integrable
local martingale. When P is a solution of a cadlag Markovian martingale problem of domain D
with respect to a (generally PDE or PIDE) map L (see DefinitionB.1)), necessarily D C D(P) and the

restriction of £ is a restriction of D(P) to D. This includes the case when P is the law of a stochastic



differential equation (SDE) with jumps, in the case of singular (distributional) coefficients. The
notion of martingale problem was introduced by D.W. Stroock and S.R.S Varadhan in the seminal
papers and has been exploited extensively starting from [37]. In that framework D was
given, for instance by C':2-functions, possibly bounded or with compact support.

In our approach, there is no issue of well-posedness for the considered martingale problems.
Given a general Markovian probability P, the probability Q, defined in (L), is still Markovian by
Proposition[3.71 The main objective of the paper is then to characterize the Markovian martingale
problem, in particular to determine the generator a? defined in the domain D(Q) in a precise way,
exhibiting a class of important examples. In Section 3| we identify the so called Ideal Property[3.14]
associated with the reference probability measure I’ and a functional domain D, in relation of what
we call the intrinsic value function v introduced in Definition B.1T]as a class of functions defined on
[0, T]xR%. One difficulty in the paper comes from the fact that, in general, the natural domain D(P)
is not an algebra. For this reason, the role of Theorem 5.1l is relevant: it shows that P verifies the
Ideal Property with respect to every subalgebra D of D(P). Suppose that a martingale problem is
fulfilled for (P, D) and that the Ideal Property with respect to D is fulfilled. TheoremB.2]]states that
D C D(P) C D(Q) and the “generator” a? of the corresponding Markovian martingale problem
problem is explicitly expressed as follows. For all test function ¢ € D, a®(¢) = a”(¢) + T'¥(¢)/v,
and I'V(¢) /v is a correction term identified via a Girsanov’s change of measure, associated with
the intrinsic value function v.

In Section ] we further specify the map D > ¢ — I'V(¢) in the integro-differential case. In par-
ticular Propositiond.Tlstates that it can be expressed as the sum of an integral term corresponding
to the jumps contribution, and a generalized gradient I'"° of v. On the other hand Corollary
shows that if there is a solution w € C%! of a®w = fw, w is a version of the intrinsic value function
and the generalized gradient can be expressed as I'"*(¢) = (V,¢) oo ' V,v, independently on the
fact that the canonical process is a semimartingale. Then, in Proposition4.15] we extend the “out
of jumps component” I'”¢ of the operator I'” to a larger space Z including the identity function
id and other test functions outside the domain D. This extension allows us, in Proposition £.17]
to express the change of probability measure as a drift modification depending only on I'"“(id).
In particular, even when the initial drift is a Schwartz distribution, an additional measurable drift
term appears, extending the notional term oo ' Vv when Vv does not exist.

Section[flis devoted by the verification of Ideal Property as soon as D is an algebra: this is done
via delicate “Dellacherie-Meyer” type arguments.

In Section[6] we instantiate our characterization result (Theorem[3.21) on several specific exam-
ples. We first study the case where the reference probability measure P is solution to a martingale
problem associated to a jump diffusion. In this situation we are able to fully characterize in Propo-
sition [6.3] the drift of the canonical process under the optimal probability Q, as well as its jump
intensity, as Markovian functions of the current state. We emphasize that we do not require any

integrability condition of the underlying process with respect to P. We then apply these results to



the case of (even very singular) Brownian diffusions deriving in Corollary [6.7] the drift correction
related to Q, as a Markovian function and we characterize it by means of a generalized gradi-
ent. We finally consider more irregular examples in Proposition [6.13] where the drift b related to
reference probability [P, is even a Schwartz distribution.

In a companion paper [9] and in its complete version [8]], we make use of Corollary [6.1Tlwhich
is a consequence of Corollary This is a basic tool which allows us to develop an algorithm
that provides Markovian controls approximating the solution to a large class of stochastic control
problems. In that framework no particular hypotheses (in particular no integrability) are required
for the cost functions f and g, beyond measurability and a lower bound.

The paper is organized as follows. After a preliminary section of notations, in Section 8 we
characterize the general Markovian martingale problem associated with the given reference prob-
ability, and we provide some suitable calculus with respect to a related generator and “carré du
champs operator”. We also characterize in full generality the Markovian martingale problem ver-
ified by the exponential twist probability. We also introduce the Ideal Property associated with a
linear subspace D of the general Markov domain. In Section we identify a continuous compo-
nent of the carré du champs operator and we provide an extension in full generality. In Section 5]
we show that the Ideal Property is always verified with respect to any Markovian probability and
each subalgebra D of the Markovian domain.

Section [6] contains various applications to general jump-diffusion processes and solutions to
SDE with distributional drift.

2 Notations and definitions

In this section we introduce the basic notions and notations used throughout this document. In

what follows, T' > 0 will be a fixed time horizon.
* All vectors € R? are column vectors. Given x € R?, || will denote its Euclidean norm.
* Given a matrix A € R¥9, ||A|| := \/Tr[AAT] will denote its Frobenius norm.
¢ Forany x € R4, 4, will denote the Dirac mass in z.

o C = C"([0,T] x R% R) will be the F-space of real valued functions on [0, 7] x R¢ that are
continuous together with their time and space derivatives up to order i and j respectively.

It is endowed with the topology of uniform convergence on compact sets.

o Cz’j = C’g’j ([0, T] x R4 R) will be the Banach space of functions belonging to C*/ which are
bounded together with their time and space derivatives up to order 7 and j respectively. It

is endowed with the topology of uniform convergence.

e For any topological metric spaces E and F, B(E) will denote the Borel o-field of E. C(E, F)
(resp. Cy(E, F'), B(E, F), By(E, F)) will denote the linear space of functions from E to F' that
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are continuous (resp. bounded continuous, Borel, Borel bounded). If £ = F' we will simply
denote C(E) (resp. Cy(E), B(E), By(E)) for C(E,E) (resp. Cy(E,E), B(E,E), By(E, E)).
P(E) will denote the set of Borel probability measures on E. Given P € P(E), EF will

denote the expectation with respect to (w.r.t.) P.

Given ¢ € C12([0,T] x R4, R), 0,6, V¢ and V2¢ will denote respectively the partial deriva-
tive of ¢ with respect to ¢ € [0, 7], its gradient and its Hessian matrix w.r.t. z € R% Given

any bounded function ¢ we will denote by ||¢||« its supremum.
For z € RY, id(z) = (id;(%))1<i<d := (7;)1<i<q Will denote the identity on RY.

Given 0 < t < T, D([t, T],R?) will denote of cadlag functions defined on [t, T] with values
in RY. In the whole paper  will denote space D([0,7]). For any ¢t € [0,7] we denote by
Xi w € Q — w the coordinate mapping on (2. We introduce the o-field F := o(X,,0 <
r < T). On the measurable space (2, F), we introduce the canonical process X : (t,w) €
([0, 7] x Q,B([0,T]) ® F) = X¢(w) = w; € (R, B(R?)).

We endow (2, F) with the right-continuous filtration 7; := [\ o(X,,0 < r < s). The
t<s<T
filtered space (92, F, (F;)) will be called the canonical space; for the sake of brevity, we denote

(Ft)ejo,m by (Ft)-
For0 <t <wu <T,wedenote F;, := 0 (X,,t <r <wu)and,ifu <T,
Frur = No (Xt <r<u+2).

P(£2) will denote the space of all the probabilities on (2, F). Since €2 is a separable Banach
space, F coincided with the Borel o-field of (2.

Given P € P(Q) and a generic o-field G on €2, G¥ will denote the P-completion of G.

Given P € P(Q), D"P(IP) will denote the space of all cadlag adapted processes (indexed by
[0, T]) endowed with topology of the uniform convergence in probability (u.c.p.) topology

under P.

A process (X;) will be said locally square integrable if there is an increasing sequence of
stopping times (7,,) diverging to +oo such that sup, | X, 1| is square integrable. Given P €
P(Q), H: .(P) will denote the space of locally square-integrable martingales. Given M, N €
H2 (P), (M, N) will denote their predictable (angle) bracket. 1f M = N, we will use the

notation (M).

We also denote Pos((M,N)) := (M + N) and Neg((M,N)) := (M — N).

Given P € P(), Aj,(P) will denote the set of cadlag processes with P-locally integrable

variation.

Equality between stochastic processes are in the sense of indistinguishability.
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¢ Throughout the paper we will use the notion of random measures and their associated com-
pensator. For a detailed discussion on this topic as well as some unexplained notations we
refer to Chapter Il and Chapter III in [22]. In particular, the compensator of a random measure
is introduced in resp. Theorem 1.8, Chapter II, [22]. We also make use of the compensator of

bounded variation process, which is introduced in Theorem 3.18, Chapter I of [22].

e We will work with the convention that inf ) = +occ. In particular, any hitting time 7 of a

Borel set by a stochastic process defined on [0, 7] will have values in [0, 7] U {+o0}.

Definition 2.1. (Relative entropy). Let P, Q € P(2). The relative entropy H(Q|P) between the measures
P and Q is defined by

EQ [log f% fQ<P

+ 00 otherwise,

H(QIP) := (2.1)

with the convention log(0/0) = 0.

Remark 2.2. The relative entropy H fulfills the following properties for which we refer to [17] Lemma
1.4.3.

1. H is non negative and jointly convex, that is for all P1,P2,Qq,Q2 € P(2), for all X € [0,1],
HAQ1 + (1 = A)Q2|APy + (1 = AN)P2) < AH(Q1|Py) + (1 — A\)H(Q2|P2).
2. (P,Q) — H(Q|P) is lower semicontinuous with respect to the weak convergence on Polish spaces.

We introduce here a significant space of (equivalence classes) of Borel functions, associated

with a given probability P.
Notation 2.3.

L0 :=L°(P) = {qs € B([0,T] x RLR) : /T |p(r, X,)|dr < +o0 ]P’—a.s.} : (2.2)
0

which corresponds to the classical space L°([0,T] x R%, dt ® dPx,), where Py, is the (marginal) law of X
under P. With a slight abuse of notations L° can be seen as a linear space of equivalence classes, where the
equivalence is given by the equality up to a dt ® dPx, null set.

Remark 2.4. We have L°(P) = L°(Q) if P and Q are equivalent probabilities.

Definition 2.5. (Lévy kernel). L : [0,T] x R? x B(R?) is called a (deterministic) Lévy kernel if it satisfies
the following.

1. Forallt € [0,T],z € R%, L(t, x,.) is a non-negative Borel measure on R? such that L(t,z,{0}) = 0,
which is o-finite on R\ {0};

2. (t,x) = [,(1Alg|*)L(t, x,dq) is Borel and bounded for all A € B(R?).

In the sequel we will often postulate the following hypothesis.

Hypothesis 2.6. (Compensator). The P-compensator v*F of the jump measure X of X satisfies v (X, dt,dq) =
dtL(t, Xi—,dq), where L is a deterministic Lévy kernel in the sense of Definition
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3 Characterization of the exponential twist measure

3.1 Martingale problem and Markov domain

In the paper we will often use the notion of martingale problem. Given a measurable process Y we
say that it admits a cadlag modification (with respect to P) if there is a cadlag measurable process
Y such that Y;(w) = ¥;(w) for almost all ¢, for P-almost all w.

Definition 3.1. (Martingale problem). Let a : D C B([0,T] x R4 R) — B([0,T] x R4 R) be a linear
operator. Let i € P(R®). We say that a probability measure P € P(Q) is solution of the martingale problem
associated to (D, a, ) if

1. LY(Xo) = 1;

2. for every ¢ € D the process

M[g] = (-, X.) — 6(0, Xo) — / a($)(r, X, )dr (3.1)

0

has a cadlag modification which is a local martingale under IP.

We will moreover assume that the reference probability measure P has the Markov property

below.

Hypothesis 3.2. P satisfies the Markov property
EP[F((Xu)ue[t,T}NFt] = EP[F((Xu)ue[t,T}”Xt]y (32)
forall F € By(D[t,T],R), t € [0,T].

We introduce below the notion of Markov domain and generators directly related to the Markov
property.

Definition 3.3. (Markov domain D(PP) and associated generator a").

e A Borel function ¢ : [0,T] x R? — R is an element of the Markov domain D(PP) if there exists a Borel
function x € B([0,T] x RY R) such that the process

M[6] = o(-, X) — 6(0, Xo) — / X X,)dr, (3.3)

0

has a cadlag modification in HZ (IP). That modification will still be denoted M [¢).

* In this way also (¢(-, X)) admits a cadlag modification, which (when there is no ambiguity) will still
denoted by (¢(-, X.)).

o We we will also denote a* : x + a¥ (¢) = x.



From now on we will make use of the linear space L° := L°(P) defined in Notation 2.2

Remark 3.4. 1. a®(¢) defines a dt ® dPx,-unique element of L°. Indeed assume that there exist two
elements x1 and xo of B([0,T] x R R) such that (33) holds for x = x1 or xa. Clearly ¢(-, X.)
is a special semimartingale under P and uniqueness of the decomposition of special semimartingales
immediately yields fot x1(r, X;)dr = fot x2(r, X )dr P-a.s. forall t € [0,T], that is x1 = X2
dt ® dPx,-a.e.

2. Also if ¢+ = ¢? in LO then M[¢p'] = M|[¢?] up to indistinguishability.

3. If ¢ € D(P) we will denote by (¢_(t, X;)) the (caglad) process limg_,;— ¢(t, X3).

4. P is (naturally) the solution of the martingale problem associated with (D(P), A%).

5. D(P) is a linear space. If \, u € R and ¢*, $* € D(P) then M[\¢* + ug?] = AM[¢'] + uM [¢?].

6. Assume that P is solution of a martingale problem associated to (D, a) in the sense of Definition [3.1]
If P fulfills the martingale problem with respect to (D, a), then D C D(P) and a is a restriction of a®
to D.

7. When D C D(P) is a linear subspace of D(P) which is also an algebra (i.e. stable by multiplication),
D will be called a subalgebra of D(P).
3.2 The exponential twist measure and its Markov property
We consider now f, g verifying Hypothesis 3.5 below.
Hypothesis 3.5. (Cost functions). f € B([0,T]xR% R), g € B(RY,R)and f,g > 0such that f € L(P).
HypothesisB.5 will also be in force in the whole paper.

Remark 3.6. Without restriction of generality, Hypothesis [3.5] can be relaxed supposing f, g to be lower
bounded.

As mentioned earlier, in this paper we aim at characterizing the exponential twist Q defined
by
dQ := DrdP, (3.4)

where

o (— f(;r flr, Xp)dr — Q(XT)>
a EP [exp (— fOTf(T, X, )dr — Q(XT)>] '

A first important observation concerns the fact that the exponential twist Q conserves the
Markov property, i.e. Q still fulfills Hypothesis[B.2l

Dy : (3.5)



Proposition 3.7. Let P our reference probability supposed to fulfill Markov property Hypothesis In
this lemma we do not necessarily suppose that g > 0 but only that exp (—g(Xr)) € LY(P).
Then, the probability Q defined by (3.4), also verifies the same Markov property.

Proof. Lett € [0,T] and F € By(D([t, T],R?),R). It holds

EP [F <(Xr)re[t7T}> %‘E] :

E¢ [F ((Xr)re[uT}) ‘ft} = e [%‘ft} (3.6)
Then
[ “75} Ep[exp< /er Ydr — g XT>]~}}
= exp ( / f(r, X )dr> EP [exp < /tT r)dr — g(XT)> t] (3.7)
_exp< / er)dr)EP {exp< Ter dr — g(X7) )‘Xt],
t
by the validity of the Markov property for P.
E° [F ((Xr)re[t,T]) Fi t]
t . 68
=exp (—/0 fr, Xr)dr> EF [F ((Xr)re[t,T]) exp <—/t flr, X, )dr — g(XT)> Xt_ .
Combining (3.7) and (3.8) with (3.6), we get
B EP [F <(X7‘)re[t,T]) exp( ft F)dr — (XT)> Xt:
= [F ((XT)TEU’T]) ‘ft] N EP [exp (_ 1T fr Xy dr — g(XT)) ‘Xt] -
This concludes the proof. O

3.3 The dynamics of the canonical process under the exponential twist measure

We investigate now the dynamics of the canonical process X under Q, e.g. which martingale
problem is fulfilled by Q.
Since P verifies Hypothesis[3.2l(Markov property), for all ¢ € [0, 7], we have

exp <— fg (r, X,) dr)

EF[Dr|F] = [exp ( e o g(XT))} EP [exp (_ /tT Flr X, )dr — g(XT)> ‘Xt] :
(3.10)

We introduce now the useful notation
_ / F(r, X)) dr. (3.11)
0

Below we define three significant processes playing a fundamental role in the sequel.

9



Notation 3.8. 1. Wewill denote by D := (Dy),c(0,1) the cadlag version of the martingale (EP[Dr|F)),
see (3.10).

2. Below we define
V, 1= EF (exp(~Uf: — g(Xr))) exp (UP) Dy, t € [0,7). (3-12)

3. We set .
M, =V, - Vy— / flr, X, )Vydr, t € [0,T]. (3.13)
0

Remark 3.9. By (3.10) and (3.12)) we observe that
E*(Do) = 1,E" (Vo) = E" (exp(~Up. — g(Xr)),

so that (3.12) becomes
Vi =E (Vo) exp (UY) Dy, t€10,T). (3.14)

By integration by parts, using (3.14) and (3.13), we easily obtain that
t
M, = / E(Vp) exp(UL)dD,, t € [0,T). (3.15)
0

and

t
1
D :/ exp(—U)dM,, t € [0,T). 3.16
Remark 3.10. By Proposition 5.1 in [10] there exists a Borel function v : [0,T] x R? — R such that

v(t, X;) = EF [exp <— /t ' f(r, X, )dr — g(XT)> Xt} dt @ dP-a.e. (3.17)

Definition 3.11. A Borel function v fulfilling (3.17) will be called intrinsic value function. It is uniquely
defined as element of L°(P). Taking into account Remark BI0lis bounded, v can be obviously chosen to be
bounded and strictly positive.

Proposition 3.12. Let IP be a probability measure fulfilling the Markov property, i.e. Hypothesis Let v
be an intrinsic value function defined in Definition 311} We have the following.

1. V is a cadlag version of (v(t, Xy)), i.e.

Vi =v(t, X;), dtdP-ae. (3.18)

2. v € D(P) and af (v) = fv. In particular D(P) is non trivial.

3. Letw € D(P) another solution non-negative solution of the deterministic problem a” (w) = fw,w(T,-)

e~9. Then w = v as an element of L°.
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Proof. 1. Combining (3.10) and (3.12), taking into account Remark[3.10 for almost all ¢ € [0, T,
P-a.s. we have
v(t, Xi) = DiE [exp (~Up — g(X1))] exp (UF) = Vi, (3.19)

which shows (B.18).

2. The process M defined in (3.13), by (3.15) it is a stochastic integral w.r.t. the martingale D,
hence M is a local martingale. Moreover, since it is the sum of a bounded process and a

continuous adapted process (hence locally bounded), M actually belongs to HZ ().

loc

By Definition 3.3 we get that v € D(P).
3. By assumption, for all ¢ € [0, 7] we have
w(t, X¢) = w(0,Xp) + /Ot(fw)(r, X, )dr + Mwly,
where Mw] is a local martingale. Then by integration by parts, the process
exp <— /Otf(r, Xr)dr> w(-, X.)

is a local martingale, which is a genuine martingale since it is bounded. Consequently, by

taking the conditional expectation with respect to F; and making use of the Markov property

(B.2) we get
w(t, X;) = EP [exp <— /t X — g(XT)>

Xt] P-a.s.,

for all t € [0, T]. So w verifies (3.17), and by Remark 2.3} w = v in L°.

Remark 3.13. Obviously B.13) implies that M defined in (3.15) equals Mv).

We introduce now a clarifying property and an equivalent useful characterization. The prop-

erty below concerns P and a linear subspace D C D(P).

Property 3.14. (Ideal Property). The element v of L° introduced in Definition BI1lis an element of D(P),
such that v € D(P) for all ¢ € D.

Remark 3.15. We will see in Section [B that when P is Markovian, the Ideal Property is verified for any
subalgebra D C D(P). This will be the object of Theorem B.1)

Next lemma provides some basic multiplications rules used in the sequel. It will help to find a

useful equivalent formulation for the Ideal Property. Its proof is postponed to Section[C.1]

Lemma 3.16. Let ) and ¢ be two elements of D(IP). The following statements are equivalent.
1. ¢np € D(P).
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2. The process (cadlag modification of) (¢p1))(t, Xy) is locally square integrable under P and there exists
[(¢, 1) € B([0,T] x RY R) (unique in L°) such that

(M][g], M[¢]) = /0 (¢ 0)(r, X )dr  P-as. (3.20)
Moreover we have
T(¢,4) = a” () — va" (¢) — pa” (). (3.21)

Remark 3.17. 1. The bilinear map T in (B.21) is called the carré du champ operator.

2. An immediate consequence of LemmaB18is that, if ¢ € D(P) as well as ¢*, then (M) is absolutely

continuous with respect to Lebesgue.
The corollary below is a consequence of Lemma
Corollary 3.18. Let D C D(P) be a linear subalgebra. The following statements are equivalent.
1. (P, D) fulfills the Ideal Property.

2. There exists a linear operator I'V : D — LY, such that forall p € D,

(M[g], M[e]) = /0 T(6)(r, X, )dr. (3.22)
Moreover,
I(¢) = a" (vp) — va' (¢) — pa” (v). (3.23)

Proof. We apply Lemma with ¢ = v. We remark that, if ¢ € D(P) then, under P, the cadlag
modification ® of (¢(t, X)) is locally square integrable and therefore the cadlag modification of
o(t, X¢)v(t, X¢), which is is indistinguishable of the process ®;V; is therefore square integrable
because the process V defined in (3.12) is bounded.

The result is then a direct consequence of Lemma the only thing to check being the lin-

earity of I'” which immediately follows from (38.23) as a" is linear. O

Let us come back to the exponential twist measure Q defined in (3.4), which is equivalent to
the reference probability measure IP, as solution of a martingale problem naturally requires the
use of Girsanov’s theorem. Notice first that D € H2 (P) since it is a bounded martingale taking
into account (3.5) and HypothesisB3l In particular, for any M € HZ (P), (M, D) is well-defined
under P. Let us then recall the Girsanov’s theorem in our context, see for example Theorem 3.11,
Chapter III in [22]] along with Proposition 3.5 item (¢), Chapter Il in [22] for the positivity of D.

Theorem 3.19. (Girsanov). Let M € HZ (P). Let Q defined as in (34) and D be the strictly positive

loc

cadlag martingale introduced as in Notation
Under Q the process M — fo ﬁd(M, D), is a Q-local martingale.

We state another preparatory lemma.

12



Lemma 3.20. Let D be the cadlag martingale defined in Notation Let v be a Borel function introduced
in Definition B11) Suppose the validity of the Ideal Property with respect to a linear subspace D of D(P).
Let I'V be the map defined in Corollary[3.18l For every ¢ € D, we have

B (@),
/0 5—d(M(6), D), = /0 o (3.24)

where M (¢) for ¢ € D(P) was defined in (3.3)

Proof. We need to evaluate (M|¢], D); this, taking into account Remark 3.13] and (3.13), is equiv-
alent to computing the bracket (M[¢], M [v]). Indeed, since D is strictly positive P-a.s., the same

holds for V by (3.12). By (3.15) we have

(M[g], M[t]) = / EF[V] exp(U9)d(M]g], D),

0
so that . o
(161.0) = [ T dl6], ML), (3.29
Consequently, by (3.14) and (3.25)
’ "EF ex 0 ’ V|)r
| it o), = [ EEEE g, p), - [ EHEAe 629

Since v € D(P) and V,, = v(r, X;), dr @ dP-a.e., by Corollary B.18] (3.26) becomes

5 _ [T, [TO0X), [T,
/ODT_d<M[¢]aD>r—/O Vo d /0 V. d /0 (X dr. (3.27)

This concludes the proof of the lemma. O

About the martingale problem verified by Q, we need to specify the linear operator a? and its
domain, as we will do below in Theorem[3.2T] The idea is to apply Theorem [B.I9with M = M|¢)]
and Lemma

Theorem 3.21. Let our reference measure P verify Hypothesis (Markov property). Let v : [0,T] x
RY — R be a Borel function defined in Definition B11l Let vy : R — R be a Borel function such that
vo(Xo) = E(Vo|Xp), P a.s.

Suppose P fulfills the Ideal Property with respect to a linear subspace D of D(PP). Let 1 be the law of X
under P. Let Q be the probability measure defined in (3.4).

Then Q is solution to the martingale problem associated to (D, a%,v) in the sense of Definition [B.1]
where for all ¢ € D, we have

a®(@)(t,z) = d"(P)(t,x) + — 2> (3.28)
v(dz) = vo(x)p(de)/ / o(y)nldy). (3.29)
Remark 3.22. 1. In particular D C D(Q).
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2. If D = D(P), then Q verifies the Markov property and D(P) C D(Q).

Remark 3.23. As we mentioned in the Introduction, our Theorem B.2Thas some similarities with Theorem
4.2 from which supposes the existence of a (so-called) “good function” (according to Section 1 in [28]])
v : RY — R* , which in particular belongs to D(P).

1. Our Theorem 3.21] implies the result of Theorem 4.2 in [28|] under their assumption, at least under,
the technical hypotheses on f := a* (v) /v and g := —log(v) to be lower bounded. In this case we are
in position to apply our Theorem B.21) which entails the statement of Theorem 4.2 in [28]]. Indeed,
the particular assumption “DY% = D(A)” of Theorem 4.2 in implies the validity of our Ideal
Property for (P, D) when D is the whole extended domain D(P).

2. Theorem 4.2 in [28]] (stated in the time inhomogeneous setting) can be used to prove our Theorem
B2l If we assume that the process in [28] is of the form (t, X;) with time horizon T and X being
an inhomogeneous Markov process, considerations just above (3.17) provide the existence of a good

function v on the basis of a running cost f and a terminal cost g.

Proof of TheoremB21l We first check item 1. of Definition Bl Let 1) € B,(R?,R). Then, taking into
account (3.10), we get

Vo 1

ER[(Xo)] = E*1D0v(Xo)] = B[ (X0)] = gppy o]

E" [vo(X0)(Xo))-

Hence £%(X() = v, where v is defined in (329). It remains to check item 2. of Definition 3.1l
Let ¢ € D. Theorem states that under Q the process M|[¢] — [, D+7d<M [¢], D), is a local
martingale. Now by Lemma [3.20, we have

B @),
/0 5—d(M(6), D), = /0 e

where I'V is given by Corollary B.18 Consequently, under Q, the process

o - [ LK),

U(T, XT)
I [ T X)
= 0(.X) = 000.%0) - [ (@) Xy~ [ Oy
= 0.X) = 0(0.X0) = [ @) X )ar
is a local martingale. This concludes the proof. O

3.4 Two significant particular cases

Below we mention two special cases, which will be explored in the sequel. They are formulated

in the hypothesis below which includes two alternative items.

14



Hypothesis 3.24. Let b € B([0,T] x R* R?), o € B([0,T] x R R, Let L : [0,T] x R x B(R?) be

a deterministic Lévy kernel in the sense of Definition

1. We consider a truncation function k : RY — RY, i.e. a bounded real function defined on R? equal to
the identity in a neighborhood of zero. We suppose that P is solution to the martingale problem with
respect to (D, a, ju), where u € P(R?), D := D(a) := C’1 (10, T] x R% R) and a(¢) is given as

a(@)(t, x) = 0id(t, x) + (Voo (t, x), b(t, x)) + %TT[UUT(E 2)V3g(t, )]

(3.30)
+ [ (02 +0) = 6lt.2) = (Vao(t.2). b(a)) Lit, o).

forall p € D.

2. We consider the same framework as in previous item 1., replacing the non-local operator (3.30) with

a(@)(t,x) = Orp(t,x) + (Vao(t,x),b(t, x)) + %TT[UJT(t, )V3¢(t, z)], (3.31)
forall p € D.

Remark 3.25. 1. Theorem 2.42, Chapter I in [22] implies that the a random measure v is the compen-
sator of the jump measure X if and only if, for all ¢ € CZ(R?) the process

600) = 6(X0) = [ (F0)T (X0 X )ar = 5 [ Trioo” (r. %) V20(

0

— [ (00 ) = 60) = (T k). ),

is a local martingale under P. Indeed the characteristic triple is uniquely determined by previous
property. So, under the validity of Hypothesis [3.24]item 1., the Hypothesis [2.6lis fulfilled.

2. Let us assume Hypothesis [3.24]2. By (3.31), taking into account item 1. of the present Remark, since

X,P

the characteristics are uniquely determined, we have v = 0. This implies that the jump measure

u vanishes and the process X is P-a.s. continuous.

4 Extension of the carré du champ under PP

In this Section@we further characterize the operator I'” appearing in Theorem[3.2T]and introduced
in Corollary[B.18] Let now P be our reference probability measure, fulfilling the Markov Property
Hypothesis[3.2l We consider a subdomain D such that (P, D) verifies the Ideal Property B.14] Let
v :[0,7] x R? = R be an intrinsic value function.

In this section, we will always also suppose the validity of Hypothesis[2.6]

The proof of proposition below can be found in the Appendix, see Section[C.2]
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Proposition 4.1. Let P € P(Q) and let D C D(IP) such that (P, D) verifies the Ideal Property [3.14 We
also suppose that P satisfies Hypothesis Given ¢ € D, we denote

W(t,z,q) == (v(t,z +q) —v(t,2))(o(t, x + q) — ¢(t, 2)). (4.1)
Then we have the following.
e The process (fRd W(t,xz,q)L(t,z,dq),t € [0,T]), is well-defined and it belongs to Ajs.(P).

e Given IV introduced in Corollary B8} we define the linear operator T*¢ : D — B([0,T] x R4 R)

by
TUC(g)(t, z) := T¥(p)(t,x) — g W (t,z,q)L(t, x,dq), (t,z) € [0,T] € R, (4.2)
for ¢ € D. Then '
[M[v]¢, M[¢]] = /0 (@) (r, X, )dr P-as., (4.3)

where, given a local martingale M, M€ indicates the continuous local martingale component of M.
Remark 4.2. The identity @3)) also shows that TV can be considered as a map D — L°.

Proposition ATl states that, under Hypothesis[2.6] the operator I' can be decomposed into two
components: the first one is a component I'""¢, given by (€.2)), related to covariations of continuous
local martingales and the second one is related to the jumps compensation.

We extend below the covariations of semimartingales and we introduce the notion of weak

Dirichlet process.
Definition 4.3. Let P € P(Q2). Let Y, Z be a cadlag process.

1. (Covariation). We define

dr. (4.4)

zZ —-Z Y -Y
Z.Y](t) = / (Z((r+e)At) = Z(r)(Y((r +e)At) = V(1))
10,1 c

[Z,Y] is by definition the u.c.p. limit, whenever it exists, of [Z,Y|* when ¢ — 0. If Y, Z are cadlag
semimartingales then [Y, Z| is the usual (quadratic) covariation, see Proposition 1.1 of [29]].

2. (Weak Dirichlet process). Z is called a weak Dirichlet process if it is (F;)-adapted and if under
IP it admits a decomposition Z = M + A, where M is a (P, F;)-local martingale and the process
A satisfies [A, N| = 0 for all (P, F;)-continuous local martingales. A will be called a martingale
orthogonal process. For more properties on those processes, see [30], Chapter 15 and [2, [4]]. In

particular an (F;)-semimartingale is a weak Dirichlet process.

3. A multidimensional weak Dirichlet process is a multidimensional process such that every component

is a weak Dirichlet process.
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4. If Y, Z are vector-valued process (considered as column vectors) then the matrix [Y, Z| := ([Y, Z];;)

denotes the matrix-valued process ([Y?, Z7]).
The following statement is Proposition 3.2 in [4].

Proposition 4.4. Let Z be a cadlag weak Dirichlet process. There exists a unique continuous local mar-
tingale Z¢ and a unique process A, vanishing at zero, verifying [A, N| = 0 for all (P, F;)-continuous local
martingale such that Z = Z¢ + A.

We go on now focusing on a better characterization of the map I'’“ when X is weak Dirichlet
process with continuous martingale component of diffusive type. This will include a large class

of Markov processes even with very irregular drift so that they are not even semimartingales.
Corollary 4.5. We suppose the following for the basic Markovian reference probability PP.

P fulfills a martingale problem with respect to (D, a, i) with some operator a, an initial condition
and D C C%1, in the sense of Definition 3.1}

* Under P, the canonical process X is a weak Dirichlet process with unique decomposition X = X4 A
and there is a locally bounded function o : [0,T] x R — RY, with [X¢, X¢]. = [, 0" o(s, X,)ds.

e Under P, X is a weakly finite quadratic variation process, see Definition 3.30 of [4].
e P verifies Hypothesis
e There is a non-negative function w € C%1[0, T| x RY) belonging to D(P) and verifying a* (w) = fw.

Then w is an L-version of the intrinsic value function v which is defined in Definition BT} Moreover the

map TV defined in Proposition 1] can be characterized as
V() := (Vo) oo Vaw. (4.5)

Remark 4.6. 1. Fore > 0, We set

T\Xong — X, 2
0 £

According to Proposition 3.32 of [4] X (under IP), is a weakly finite quadratic variation process if one
of the two following conditions are fulfilled.

® Supgc.<1 Z(e) < +oo,P-as.

* supy..<; EF(Z(g)) < 4o0.

2. Obwiously, if [ X, X] exists, then X is a weakly finite quadratic variation process.
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Proof of Corollary By PropositionB.12, w = v, as element of L. Theorem 3.37 of [4] we have

Ml = w(0,Xo) + /0 (V)T (r, X, )dXC,

MSF = $(0,X0) + / (V)T (r, X, )AXC.

0

Consequently

[MTv]?, M[¢]] = [M[w]®, M[¢]] = A.(Vx¢)T00Twa(r, Xy )dr.

The result follows by Proposition 4T which states that

/ TUC()(r, X, )dr = [M[u]f, M),

0
O

We now extend this new operator I'":¢, defined in Proposition 4] from D (being the domain
of a martingale problem) to a wider domain Z. By assumption, for every ¢ € D, ¢(-,X.) is a
special semimartingale. This will allow to identify a unique decomposition for ¢(-, X.) even for an
important class of non-special semimartingales.

The extension of I'" will naturally intervene in the formulation of the martingale problem
verified by Q in the examples in Section [6l when the process X is not a special semimartingale
under P. For ¢, € D(P), let d. be defined by

[Mg]" — M)z

P
de(¢,¢) :=E 1+ [M[¢]c — M[]¢]r

(4.6)

Remark 4.7. 1. The application d,. introduced by {.6) is a semidistance in the sense that it is non-
negative, symmetric, verifies the triangular inequality but d.(¢, ) might be O even if ¢ # 1).

2. d, is homogeneous in the sense that d.(¢, ) = d.(¢ — 1,0) for all ¢, € D(P).
We endow LY defined in Notation 2.3} with the natural metric

p|_Jo 10—l Xdr |
L+ f) 16— ¥l X, )dr

At this point we can extend the operator ' from D naturally to a larger space.

dLO (¢7 1/}) =E

(4.7)

Definition 4.8. (Closure of D). A linear metric space (Z,dy ), where dy is a homogeneous distance, is
said to be a closure of D if the following holds.

1. D is dense in 9 with respect to the metric d.
2. d.+dpo < dg on D, in the sense that convergence under d implies convergence under d. + djpo.

3. Forevery ¢ € & and for every continuous P-local martingale N, the covariation [¢(-, X.), N| exists.
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Remark 4.9. Let (2,dy) be the closure of (D, d) in the sense of Definition

1. As immediate consequence of item 3. above, is that ¢ — [¢(-, X.), N| is continuous from & to D"P
with respect to the metric dg for every continuous P-local martingale N. This follows easily by
Banach-Steinhaus theorem for F-spaces, see e.g. Chapter 2.1 in [16l], taking into account Definition
3l item 1.

2. A sufficient condition for the validity of item 3. above, is that, still making use of the same Banach-
Steinhaus, is that for every ¢ € 9, the process (-, X) is a weakly finite quadratic variation process.
In fact D is a dense subset of 9 and the covariation [¢(-, X.), N| always exists when ¢ € D, since
¢(-, X.) is a semimartingale.

The proof of the proposition below is in the Appendix, see Section[C.3

Proposition 4.10. Let (2,dy) be a closure of D in the sense of Definition Let p € 9. Then ¢(-, X.)
is a weak Dirichlet process in the sense of Definition

Remark 4.11. Let (Z,dg) be a closure of D in the sense of Definition From now on, if $ € 2,
M [¢)¢ will denote the unique continuous local martingale of the weak Dirichlet decomposition of ¢(-, X.),
see Proposition

Example 4.12. Below we provide two examples, the first one (see Proposition in a non-semimartingale

framework, the second in a bounded variation (purely jump) framework with jumps, see Proposition

Proposition 4.13. Let D = C; 2, Consider 7 = C™*, equipped with the metric 9 so that a sequence (f,,)
converges to f in 9 if it converges uniformly on compacts sets to f, as well as the corresponding space
derivatives. We suppose the following.

1. Hypothesis

2. The canonical process X (under P) is a weakly finite quadratic variation process.
Then 9 is a closure of D in the sense of Definition

Proof of Proposition 13 Obviously D is dense in C%! which establishes item 1. of Definition
Concerning item 2., we first observe that d;0 < dy. On the other hand, for all ¢ € D, ¢(-, X.) is a
special semimartingale, and in particular a weak Dirichlet process. By Theorem 4.3 in [4], under
[P the canonical process X is a weak Dirichlet process. Let X = M* 4 A be the unique decompo-
sition under P according to Proposition 4.4l By Theorem 3.37 in [4], the unique continuous local
martingale part M [¢]¢ of ¢(-, X.) is

Mg = [[(V.0)7 (r X, )ax: @8)
Concerning the fact that d. < dg, for all ¢ € D, @.8) implies

/ (qub)—r(r? XT)dX;‘::| - Z / amiQS(T‘, Xr)axjﬂs(ry Xr)d[Xc7i7Xc’j]r.
T 0

0

Mgy = [

i,j=1
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Now if ¢, — 0in C%!, clearly [M[¢]°|r -, 0in probability under P and it follows that

n——+0o00
de(¢Pn,0) WS 0. Consequently we also have d. < dg, which implies item 2.

For any ¢ € C%!, ¢(-, X.) being a weak Dirichlet process, taking into account (£8) we have
[6(-, X.), N| = [M[¢], N] = /0 (Vag) " (r, X;)d[X¢, N).
So, previous equality implies that the map ¢ — [¢(-, X.), N] is continuous, which yields item 3. of
Definition 4.8l We conclude from the above that Z is a closure of D.
We remark that Theorems 3.37 and 4.3 in [4] are stated in the one-dimensional framework but

they can be easily extended to the multidimensional case. O

Proposition 4.14. We set here D = Cl? Vand 9 = €0, equipped with a metric dy compatible with the
uniform convergence on compact sets. Suppose, that under IP, the canonical process X has a discrete number
of jumps and that Xy = 3 (A X;), P-a.s. Then, again, 9 is a closure of D in the sense of Definition

Proof. Again, obviously, item 1. of Definition .8 is fulfilled. Concerning item 2., again trivially
dro < dg. On the other hand we show below that d. = 0 so that item 2. is also verified.
Indeed, for ¢ € D, ¢(t, X3)

Bt Xi) = Y _(Ad(s, X)), P-as,
s<t
so that (¢(t, X;)) is a bounded variation process and therefore a semimartingale which is also
special, being ¢ bounded. So we can decompose the process in the sum of a martingale M (¢)
plus a predictable process V' (¢) with bounded variation. At this point M[¢]® = 0, otherwise, its
quadratic variation would be non zero and this is impossible for a bounded variation continuous
process. This implies that d. = 0 as well as its extension. Concerning item 3., since ¢(-, X.) has
bounded variation, [¢(-, X.), N] exists for all continuous local martingale NV and is equal to 0, see
e.g. item d) of Proposition 4.49, Chapter I in [22]. In particular ¢ — [¢(-, X.), N] is continuous on
D. This concludes the proof that Z is a closure of D. We remark that the map I'“ = 0 by (£.3) and

so its extension to ¥ is also trivially zero. O

Before proving the main result of this section, we extend the operator I'*“ introduced in Propo-
sition 4.1l from D to 2. The proof of the result below will be formulated in the Appendix, see
Section[C.4l

Proposition 4.15. Let D C D(P) a subalgebra and (2, dy) be a closure of D. Assume moreover that P
verifies Hypothesis [2.6land let T'"¢ be the operator given by Proposition The operator T%¢ : D — L°
extends continuously to 9 — L°: we will keep the notation T'V:° for the extension and we still have
/ () (r, X, )dr = [M[o]°, M[@]¢] P-as., Yo € 7. (49)
0
Remark 4.16. Since P verifies the Markov property and D is a subalgebra of D(IP) then the Ideal Property
3.14)is fulfilled, by Theorem .1l in the next section.
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Below we have finally the most important result of the section.
Proposition 4.17. Let us assume the following for our reference probability P.

* Under P, the canonical process X is a weak Dirichlet process with unique decomposition X = X4+ A

given by Proposition
* X is a weakly finite quadratic variation process.
* Hypothesis 2.6
» Disdensein 9 = CO.

Then 2 is a closure of D in the sense of Definition @8land for all ¢ € 2, (t,z) € [0,T] x RY,

e)(t,z) = (L2(id)(t, x), Vao(t, 7)) + /Rd(v(t, z+q) —o(t,))(o(t,x + q) — ¢t x)) L(t, z, dg),
(4.10)
with T*¢(id) := (I'"(id;))1<;<q ['"° being the linear operator given by Proposition

Proof. The fact that Z is a closure of D was the object of Proposition .13l Concerning the proof of
(£.10), we see from (.2) in Proposition@.T] that it is enough to show that

TV¢(¢)(t, @) = (TV(id)(t, ), Voo(t, z)) dt @ dPx,-a.e. (4.11)

Recall that for all ¢ € 2, by (@9) in PropositionL.15] we have

/fwwmmw:MMRMM% (4.12)

0

In particular, taking ¢ = id;, which is an element of &,

/ TU(id)(r, X, )dr = [M[o]f, Mid)*] = [M[o]°, X°], (4.13)
0
where M[id] := (M][id;])1<i<4- Let ¢ € D. Taking into account the definition of L?, it is enough to
prove that

MBI M6 = [ (9:0)T 0, X)), X, (@.14)

Now, since X is a weak Dirichlet process under P and it is a weakly finite quadratic variation

process, Theorem 3.37 in [4] yields

MG = 0(0.%0) + [ (7:6)" (1. X, )ax: (4.15)
Finally

Ml M6 = [ (92007 (r X )Mo X7,
gives (@14) using E13).
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5 The verification of the Ideal Property

As announced earlier we show in this section that a Markovian probability often fulfills the Ideal

property. The most important result of the section is a following one.

Theorem 5.1. Let P be a probability fulfilling Hypothesis Then P verifies the Ideal Property with
respect to every subalgebra D of D(PP).

The proof of Theorem 5.1l will be based on the proposition below.

Proposition 5.2. Let M, N be two elements of leoc(]P’) such that M,,— M, and N,— N, are F; ,-measurable
forall 0 <t < wu < T. Assume that d(N) < dt. There exists a Borel function T : [0,T] x R? — R such
that .
(M,N) = / I'(r,X,)dr P-as. (5.1)
0

Proof of Theorem 51} Let ¢ € D. Since D is an algebra also ¢* € D C D(P). By Remark B17] the
angle bracket of the locally square integrable martingale M (¢) is absolutely continuous. Since
v € D(PP), then M|v] is a locally square integrable martingale and so, we can apply Proposition[5.2]
with M = M (v) and N = M(¢), to conclude the proof.

O

Before formulating the proof of Proposition[5.2] we need to establish some intermediate results.

Lemma 5.3. Forallt € [0,T], Il :={F, N F,r : F, € F;, F,r € Fy 1} is a non-empty m-system (i.e. a
family stable with respect to the intersection) such that o(11) = F.

Proof. We only prove that o(II) = F, the rest being straightforward taking into account the Dynkin
monotone class theorem, see e.g. Theorem 3.2, Chapter 1, in [7]. Since Firis ao-field, Q € Fir
and for all F; € F, F; = F, N Q € II. Hence F; C II. Similarly, 7,7+ C II and we have F =
Fi vV Fer C o(II). Since o(II) C F, we conclude that o(IT) = F. O

Remark 5.4. The result of Lemma .3 remains valid replacing F; by Fy ., Fi 1 by Fr.r and F by Fyr, for
all € [t,T).

Proposition 5.5. Let M € leoc(]P’) such that M, — M, is F;,-measurable for all 0 < t < u < T.
(M), — (M), is Ff, -measurable forall 0 <t < u < T.

Before proving Proposition[5.5] we mention that, in what follows, the conditional expectation
of non-negative random variables has to be understood in the generalized sense given in Proposi-
tion[AT] It is necessary, in our setting, since for example the random variable (M), — (M), might
not be integrable. Yet this version of the conditional expectation has the same characterization as
the usual conditional expectation and the Markov property still holds, see Proposition [A] and
Proposition[A.2l The proof of Proposition[5.5is inspired by the proof of Proposition 4.5 in [5] and
requires several intermediate steps. In the following results, M € H? (P) is such that M,, — M; is
Fiu-measurable forall 0 <¢ <u < T.
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Lemma 5.6. Forall 0 <t <u <T, [M], — [M], is Fy,-measurable.

Proof. Lett =t} <ty < ... <t = ube asequence of subdivisions of the interval [¢, u] such that
max (thq —t7) = 0. By definition of the quadratic variation, see e.g. Theorem 4.47, Chapter I
in [22], we have ,
P
> (Mg, —My) s (M- (M), (5.2)
i<n
2
n— Mt?> is F;,-measurable, [M], — [M]; is Fi,-

measurable. 0

and since the random variable )., (Mtn

Lemma5.7. Let0 <t <u <T. Forall F € F;r,
E° [Lp ((M)y = (M)e) |Fi] = EX [Lp (M) — (M):) | X]  P-as. (5.3)

Proof. 1. Let for now F € F and N¥ be the cadlag version of the martingale r +— EF[1x|F,].
Let us first prove that

EP [y ((MYo — (MY) |Fi] = E? [ | vt o,

]-}} P-a.s. (5.4)

Recall that the process (M) is an increasing, locally integrable process. Then since N is
bounded and since (M) is predictable, by Proposition 3.14 item b), Chapter I in [22], it holds
that the process M := N¥(M) — Jo NE.d(M), is a local martingale. Let then (7,)n>0 be a

localizing sequence for M and (M). Then EF [Mu/\m} = 0, which rewrites

EP [1p(M)unr,] = E7 [ / Nf_d(M%] , 55)
0

where we have used the tower property of the conditional expectation for the left-hand side
of equality (5.5). Concerning the right-hand side of (5.5), we remark that the r.v. inside the
expectation is integrable since N* is bounded and (M).,, is integrable. We recall that, given
the local martingale M € H? (P), the oblique bracket (M) is the compensator of [M], see for
example 3.20, Chapter I in [22]. The non-negative process r — N/ being caglad and and
adapted, is predictable. It follows then from Theorem 3.17 item (iii), Chapter I in [22] that

UNTR, UNTn,
o [ / Nf_d<M>r} _FF [ / Nf_d[M]r] |
0 0
which, by (5.5), yields
r ,rulNTh
EP [1 5 (M), ] = EE / NF d[M]T] .
LJO

Similarly,

P - ]P’- tATh P
B” (1 (M)urr] = BF | /0 N d[M]T},
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and it follows from the two previous equalities that

EP [y (M)unm, — (Minn,)] = EF [ / Nf_d[M]r] | 56)

NTn

The sequences ((M)unr, — (M)irr, ),>; and (f“AT” Nf_d[M]r) |, are P-a.s. increasing after

tATh
a certain rank. Letting n — 400 in (5.6), by monotone convergence, yields

B [Lr (M) — ()] =7 | [ NE alar | 67
¢
Let then G € F;. Equality (5.7) applied replacing F’' with F' N G yields
E [Lelp ((M)y — (M),)] = E* [/ Nf_ﬂGd[M]T} : (5.8)
t

For all 7 € [t,u], E¥[1 prg|F,] = 16EF[1£|F,], therefore the cadlag version of these processes

Since previous equality holds for any G € F;, we deduce that (5.4) is verified.

are P-indistinguishable and (5.8) rewrites

EP (1615 (M) — (M)y)] = E? [HGEP [ [ e an

2. We now prove (5.3). Let F' € F; 7. Then by Lemma EF [1p|F,] is ]-'ff ,-measurable for
any r € [t,u]. Consequently, by the tower property, E¥ [15|F;,] = EF[1r|F,] P-a.s., which
implies that r — E*[1p|F,],r € [t,T] is also an F} -martingale and r — N/}, r € [t,T] is also
a cadlag version of r — EF[1p|F,], as F} -martingale. Consequently r — N r € [t,u], is
Fi-adapted. Since by Lemma r — [M], — [M]; is also F},-adapted, then the random
variable [ NF d[M], is F},-measurable.

By Proposition 3.12 in there exists an F;,-measurable random variable Y such that
[ NEd[M], =Y P-as. Then by (54) and the Markov property given in Proposition[A.2

E° [Lr ((M)y — (M)) |F] = E°[Y|F] = E*[Y|X,] P-as.

Since o(X;) C F3, the right-hand side of (5.3), equals the right-hand side of previous equality,
by the the tower property of the conditional expectation. This concludes the proof of (5.3).
O

We are now ready to prove Proposition[5.5

Proof of Proposition Let 0 <t < u < T. By definition, the compensator of process is adapted,
hence (M), — (M), is F, -measurable. Since 7/, = F,, N ]-'ff 1, We are going to prove that (M), —

(M) is also ff p-measurable and the result will follow. This will be a consequence of the property
E” [Lr (M) — (M)2)] = EF [17E” [(M), — (M)2)| Fol | (59)
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for all F' € F, that we prove below. By Lemma[.3| thesetIl := {F, N F,p : F, € F, Fir € Fir}
is a m-system generating 7, hence the previous equality holds if we prove it for F' of the form
F = F, N F,r where F, € F; and F, 1 € F; 7. By Lemma5.7lwe have

E® [ (M) — (M)0)] = B [LnE” [Lr,, (M) — (M),)| 7]
= EF 10" [Lr,, (M), — (M)1)|X]
= B [10E” [ [1r,,, (M) — (00| s 51|

where we have used the fact that o(X;) C F.r and the tower property of the conditional ex-
pectation for the latter equality. Since the random variable E” []l For ((M)y — (M >t)|]-}T] is Fi -
measurable, we can apply the Markov property (A) and we get

EF [Lr (M)u = (M)0)] = EF [LRE [E? [Lg,; (M) — (M)0)| Fir] | 5]
=E* :]lFtEP [Lp,, (M), — (M>t)\ft,T]]

~ B [L 1, B (M) — (M),)| Fo]

= EF [1pEP [((M), — (M))| ]|
This finally implies (5.9) and concludes the proof. O

We will need the following technical result.

Lemma 5.8. Let v : [0,7] x © — R be a progressively measurable process. Assume that v(t,X) is
o (X;)-measurable for a.e. t € [0,T)]. There exists a Borel function T € B([0,T] x R% R) such that
v(t, X) =T(t, Xy) dt @ dP-a.e.

Proof. 1. Assume first that E” [ fOT |v(t, X )\dt] < +oo. By Proposition 5.1 in [10], there exists
a measurable function T : [0,7] x R? — R such that E [y(t, X)|X;] = ['(¢, X;) dt @ dP-a.e.
Since, for almost all ¢, v(¢, X) is o* (X;)-measurable, by Proposition 3.12 in [5] there exists a

o(X¢)-measurable random variable Z; such that v(¢t, X) = Z; P-a.s. and we have
D(t, X;) = E¥[y(t, X)| X, = E¥[Z)| X{] = Z = 4(t,X) P-as.
Therefore,
T T
5 || [ 00 x) 2 xar]| < [T 0 < 50 dr =
0 0

and we conclude that v(¢, X) = I'(¢, X;) dt ® dP-a.e.

2. Now for a generic progressively measurable process v, set v, = (—n) V v A n. Then
EP [fOT ]’yn(t,X)\dt] < n < +oc and by item 1. there exists I',, € B([0,7] x R% R) such
that 7, (t, X) = I',(t, X;) dt ® dP-a.e. We set T := limsup I',,. Then T € B([0,7] x R, R) and

n——+00

v, X) = lim 7,(t,X) =limsupv,(t,X) =limsup ', (t, Xy) = T(¢, X;) dt ® dP-a.e.

n—+00 n——+o0o n—-+o00

O
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Proposition 5.9. Let M < ’H%OC such that M,, — My is F; ,-measurable for all 0 <t < u < T. Assume
that d{M) < dt. Then there exists a Borel function T : [0, T] x R? — R such that

(M) = /0 T(r, X, )dr P-as. (5.10)

Proof. By Proposition 3.5, Chapter I in [22]], there exists a non-negative progressively measurable
process A such that, P-as., (M) = [, A,dr. In view of Lemma 5.8 we are going to prove that A, is
0" (X;)-measurable for almost all ¢ € [0, 7).
We fix ¢t € [0, T[. For all n € N*, it holds that
t++

n((M), 1 —(M))=n Apdr P-as. (5.11)
() = ane) =n [

By Lemma [A4 applied with G = F;, there is a B([0, T]) ® F;-measurable version 7' of the process
(EF[Ar|F])repo,r)- Let us fix w outside a suitable P-null set. By Lebesgue differentiation theorem,
for almost all r € [0, 77, we get

n——+o0o

s+1
n'(s) = lim n/ n'(r)dr.

Consequently we can write, for all s € [0, 7],

s+%
n'(s) = lim infn/ n'(r)dr. (5.12)

n—-4o0o

Recall that A is non-negative and (F;)-adapted. Then by Fubini’s theorem for the conditional
expectation, P-a.s. and for all ¢ € [0, 7], 5.12) implies

t+1 4L
Ay = ni(t) = liminfn/ n'(r)dr = n/ E(A,|F)dr
t t

n——+00
1

t+1 t++
= liminfE n/ Apdr|F; | =liminf E n/ Apdr|Xy | .
n—-4o0o t n—-4o0o t

In fact, last equality has used the fact that, by Proposition[5.5] ftH% A,dris ]-'t’t 4 2-measurable and
Markov property stated in Proposition[B.71 ’

This finally proves that A; is o(X;)-measurable so that Lemma[5.8 can be applied. This allows
to conclude the proof. O

Below we state Proposition 4.16 in [5].

Proposition 5.10. Let H>% .= {M € HZ : d(M) < dt} and H>*¥ .= {M € H2 . d(M) L dt}.
HZU and H2L4 are orthogonal sub-Hilbert spaces of HZ, H3 = H>U @ H>+4, and any element M of
’Hi;ft is strongly orthogonal to any element N of HELY e (M, N) = 0.

loc

Finally we proceed to the proof of Proposition[5.2]
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Proof of Proposition Given a square integrable martingale A’ we denote by A% its orthogonal
projection on H 4.

Let (7,,)n>1 be a sequence of stopping times such that M™, N™ € H32(P). Since (N™) = (N)™,
it is immediate that d(N™) < dt. Hence N™ € Hg’dt and by Proposition[5.10

(M™ N™) = <(MTn)dt’NTn>

o))
Consequently
Pos (M™, N™)) = 2 { (™) 1 N™)
and

Neg(<MTn’NTn>) _ i <(M'rn)dt _ NT”>.

Recall that N™ e Hg’dt and that Hg’dt is a linear space. Consequently, by additivity, we have
dPos ((M™ N™)) < dt and dNeg ((M™, N™)) < dt. Moreover, it holds

Pos ((M,N)) =Y Pos (M™ ,N™)) 1y, .1 (5.13)
n>1
and
Neg ((M,N)) =" Neg ((M™ ,N™)) 1}, 1. (5.14)

n>1
It follows from (5.13) and (5.14) and the preceding that dPos ((M, N)) < dt aswellas dNeg ((M, N)) <
dt. Proposition 5.9] applied with M replaced by 3(M®¥ + N) and M = 1(M% — N), ensures the
existence of two functions I'; and T'_ in B([0, T] x R%) such that

Pos (M, N)) = /0 To(rX,)dr and Neg((M,N)) = /O T_(r,X,)dr P-as.

Setting I' = I' . — I'_, by additivity, we conclude the proof. O

This finally concludes the proof of Proposition[5.2]

6 Examples of applications

In this section we will provide examples of probability measures P which are solutions of mar-
tingale problem with respect to (D, a, i), for some integro-PDE operators a and some algebra D.
In this case (P, D) will fulfill the Ideal Property 3.14] since it is Markovian. v will still denote an

intrinsic value function introduced in Definition [3.10

Remark 6.1. T%¢: D — L is the map defined in the sense of Proposition the same notation will refer
to its extension to the closure on 9 = C%' in Proposition LT3
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In the examples below, the Markov property, stated in HypothesisB.2 for a given probability P,
is verified indirectly, in particular proving that P is Regularly Markovian, see Definition[B.2l In fact
a Regularly Markovian probability fulfill the Markov property mentioned above, see Proposition

B.2

6.1 Markovian jump diffusions

We focus in this section on the case when P is the law of a Markovian diffusion with jumps, namely
when P fulfills a martingale problem in the framework of Hypothesis3.24]item 1. with respect to

some truncation function k.

Remark 6.2. We list below some possible assumptions on the coefficients for which there is a solution P
which is Regularly Markovian fulfilling the martingale problem described in item 1. Hypothesis [3.24| item

1., with respect to some truncation function k.

® b has linear growth uniformly in t, ¥ is bounded continuous and non-degenerate. Moreover there
exists a measure L, on B(RI\{0}) such that [, (1 A |q*) Ly (dq) < +ooand forall (t,z) € [0,T]x
RY, L.(-) — L(t, x,-) is a non-negative measure. See Theorem 5.2 in [24].

e There is no diffusion component, b is bounded continuous, (t,z) — [ 1J‘f|‘q2|2cp(q)L(t, x,dq) is con-

tinuous for all o € Cy(R) and ~ sup  [pa(1A|g|*)L(t, z,dq) < +o00, see Theorem 2.2 in [34]
(t,z)€[0,T]x R4
for the existence and Theorem 3 in [25]] for the uniqueness. This typically includes the case of a-stable

Lévy processes, for instance Cauchy processes.

Proposition 6.3. Let IP in the framework of Hypothesis item 1. with respect to some truncation
function k, which fulfills Hypothesis Set 1 := L¥(Xy). Let v be defined in 329) and v an intrinsic
value function, see Definition [3.11]

Then the exponential twist Q given by (34) is solution of a martingale problem (D, a@,v) and for all
¢oeD

a2(6)(t,2) = al6)(t,) + <vx¢<t,x>, %>
+ /Rd <w - 1) (6(t, + q) — B(t, x)) L(t, z, dg),

v(t, )

(6.15)

which rewrites

a(o)(t,z) = d,0(t, ) + <vm¢(t,l’), b(t,z) + % + /Rd k(q) <% — 1> L(t,a:,dq)>

+ %TT[Viqﬁ(ta z)oo ! (t,2)]

v(t,x 4 q)

L(t,x,d
U(t,l’) (7'%7 q)7

N /R (@lt, 2+ q) — 9(t,2) — (Vad(t,2), k(0)))
(6.16)

28



where
L(v)(s,z) = [F”’C(idi)(s,aj)]lgigd, (6.17)

and T'V¢ is the map mentioned in Remark[6.1]
Remark 6.4. 1. We insist on the fact, IP of previous proposition fulfills Hypothesis

2. Note that by Lemma[D.1} taking into account Hypothesis[2.6] the function

v(t,z + q)
u(t, )

(t,x) — k(q) < - 1> L(t,z,dq), (6.18)
R4

is a well-defined element of L°(Q)(= L°(P)).

Proof of Proposition Since D is an algebra, Theorem Bl states that (P, D) fulfills the Ideal Prop-
erty3.14
The first equality (6.15) is then a direct application of Theorem[3.2]] taking into account Propo-
sitiond.17] The second equality (6.16) follows by noticing that
v(t,r +
L (P20 1) (o0 +0) - ot ) 00, d0)

v(t, )

= /R ) %(é(t, z+q) — d(t,x) — (Vao(t, 2), k(q))) L(t, , dq)

(6.19)
- [ (0tt.2+ ) = 6(t.2) = (Tuct.2). @) Lt . da)
v(t,x+q) .
(vt [ v (D 1) pitada) )
and by injecting (6.19) in (6.15) taking into account (3.30). O

6.2 The case of Markovian diffusions

We consider here the particular case of Brownian diffusions, i.e. when P verifies Hypothesis [3.24]

item 2.

Remark 6.5. We emphasize that we do not make any assumption on the coefficients o, b of the martingale
problem. In fact, we do not even require local boundedness of these coefficients. All the results of this
paper are based on the simple Markov property of the probability measure P without any restriction on the

generator a of the underlying martingale problem.

Remark 6.6. Hypothesis[3.2] via Definition[B.2land Proposition[B.6) is verified for instance in the following

cases.

* 0,b have linear growth and o is continuous and non-degenerate, see e.g. Corollary 7.1.7 and
Theorem 10.2.2.

* d = 1and o is lower bounded by a positive constant on each compact set, see [37|], Exercise 7.3.3.
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e d =2, 00" is non-degenerate and o and b are time-homogeneous and bounded, see [37], Exercise
7.3.4.

* o, b are Lipschitz with linear growth (with respect to the space variable, independently in time).

* o,bare bounded and continuous, see Chapter 12 in and the Markov selection therein.

Corollary 6.7. Let IP be solution of the martingale problem mentioned in Hypothesis [3.24] item 2. and
Hypothesis Set 1 := L (Xy). Let v be defined in (3:29) and v in DefinitionBIT} Then the exponential
twist Q given by (B4 is solution of a martingale problem (D, a®,v), where, for all ¢ € D

a®(¢)(t,z) = Byp(t, ) + <Vx¢(t,:n), b(t,xz) + %> + %TT[O‘OT(t,:E)Vi(JS(t,ZE)], (6.20)

where

L(v)(s,z) = [F”’C(idi)(s,aj)]lgigd, (6.21)

where T'V¢ is again the map mentioned in Remark[6.]2.

Proof. Since P verifies Hypothesis2.6ltrivially taking L = 0, the result follows directly from Propo-
sition O

Remark 6.8. When the function v defined in Definition Bl is an element of C%1, then Corollary
implies that T'(v) = oo | V,v. Indeed, by item 2. of Proposition B2, a¥ (v) = fv.

We state now some consequences which will be used in the companion paper [9], when the
coefficients b, o have linear growth. To avoid more technical conditions we will suppose the initial

condition to be deterministic, i.e. 1 = J,, for some x € RA.

Hypothesis 6.9. 1. The coefficients b, o in (3.31)) satisfy

[bt, )| + llo(t, 2)|| < C(1 + [z)), (6.22)

for some constant C' > 0.

2. o is uniformly elliptic in the sense that, for all (t,z) € [0,T] x R, £ € R, ¢Toa T (t,2)€ > ¢, |€)%,
for some constant c, > 0.

Lemma 6.10. Assume Hypothesis Let P be a solution of the martingale problem (D, a,d,) for some

x € RY and operator a defined by 331). Let v be the function defined in Definition BIT} and T'(v) defined
in (621). Then forall 1 <p <2,
T
=
0

L'(v)(r, Xy)
v(r, X,)

P
dr] < 4o00.
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Proof. Since Hypothesisg.9holds, (P, C; ) verifies HypothesisB.2} see Remark 6.6 Then by Corol-

lary[6.7] under Q the canonical process decomposes into

t t L(v)(r, X,) 0
X, = X, O Ar) g M@ 2
= +/0 b(r, X, )dr —I—/O o(r X)) dr + M, (6.23)

where M© is a Q-local martingale such that (M), = fot oo ' (r, X, )dr. This decomposition is a
direct consequence of Proposition 5.4.6 in [23], noticing that the martingale problem verified by P
extends to D = CH2([0,T],R%). On the other hand, since H(Q|P) < +oo, Theorem 2.1 in gives

the existence of a progressively measurable process « such that
T
EQ [ / o (r, X,,)ar\2dr} < 400, (6.24)
0
and under Q the canonical process has decomposition
t t
X, =z+ / b(r, X, )dr + / oo (r, X, )opdr 4+ M, (6.25)
0 0

where the Q-local martingale M verifies (M); = fg oo ' (r, X,)dr. Identifying the bounded varia-
tion and the martingale components between (6.23) and (6.25), we get M = M? and

oo (-, X)a. =T (v)(-, X.)/v(-, X.), dt ® dQ—a.e. (6.26)

Besides, since ||dQ/dP||~ < +00, the linear growth of o and classical moments estimates under P

yield
T
E? [/ HU(T,XT)quT} < +0o0, (6.27)
0

for all ¢ > 1. We then fix 1 < p < 2. By Holder’s inequality applied on the measure space
([0,7] x ,B([0,T]) ® F,dt ® dQ), it holds that

T T
EQ U |00T(T,Xr)ar|pdr]§EQ U ||0'(r,XT)Hp|0T(r,XT)ozT|pdr}
0 0

< (=2 ot XT>||2P/<2-p>dr])l_p/2 (2| [ T Xr>ar|2dr])p/2 .

By (628) (628) and (620), we get
T |D(v)(r, X,)
Q
=\

P T
v(r, X;) dr} =E? [/0 oo " (r, Xr)ar|pd’l":| < 400.
The corollary below constitutes a key tool in [9], see Proposition 4.6.

Corollary 6.11. Let X be a solution in law of the SDE

dXt = b(t, Xt)dt + O'(t, Xt)th
X() =,
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where b, o verify Hypothesis[6.9 Then there exists a function X € B([0,T] x RY, R?) such that exponential
twist Q given by (3.4) is the law of a weak solution of the SDE

dXt = (b(t, Xt) + )\(t, Xt)) dt + O'(t, Xt)th
X() =X.

Moreover, (t,w) = A(t, X;(w)) € LP([0,T] x R, dt @ dQ) forall 1 < p < 2.

Proof. Since Hypothesis[6.9/holds, P verifies HypothesisB.2] see Remark[6.6] so that we can apply
Corollary[6.7land Lemma The result follows from the equivalence between weak solution of
SDEs and solution of martingale problems associated to (D, a, d,), where a is given by (3.31)), see
e.g. Proposition 5.4.6 in [23].

O

6.3 SDEs with distributional drift

We apply in this section our result to a more irregular framework, where the reference probability
measure PP is solution of a martingale problem with parabolic generator a(¢) = ;¢ + (V¢,b) +
%Agb, where the drift b = (b',...,b%) is a (vector valued Schwartz) distribution. We will use
throughout this section the formalism and some of the results from [21]. For v € R we denote
C7(RY) the Besov space B . For details on Besov spaces we refer to Section 2.7 in [I]. In par-
ticular, for any ¢ € C%(R%), ¢» € C™P(R?) for a, 8 > 0 such that « — 8 > 0, one can define the

pointwise product ¢y» € C~#(R?). We also define C**(R%) := |J C*(R?). C2(RY) will denote the
a>ry
set of elements of C7(R?) with compact support. Finally we denote CJ (R?) the space

CI(RY) :={p € C"(RY) : I(¢yn) C CI(RY) such that (¢,) — ¢ in C?(RY)}

and we define the spaces CJ " (RY) as C7* (R?).
Let0 < 3 < 3. According to Theorem 4.5 in [21]], given a Borel probability law on R, there is a
unique probability measure P being solution to the martingale problem (with distributional drift)

with respect to (D, a, i), where

D= {qﬁ eC ([O,T],C(1+B)+(Rd)) CJpeC ([o,T],c?ﬂRd)) such that
) (6.28)
¢ is a weak solution of a(¢) = ¢ and ¢(T),.) € C£1+ﬁ)+(Rd)}

and a(¢) = 0, + (V40,b) + 2A¢ fora drift b € C ([0, T],CH*(R?)). We remark that (V,,b) :=
>, O, ¢b" and the products 9, ¢b" are pointwise products.

Remark 6.12. 1. The aforementioned probability measure IP is Markovian since it is the Zvonkin trans-
form of a probability measure fulfilling a martingale problem of the same type as the one in the first
bullet point in Remark[6.6] see Theorem 3.9 in [21]].
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2. The martingale problem in [21|] is stated on the canonical space of the continuous functions on
C([0,T),R?) instead on D([0,T],R?). However, using similar arquments as in the discussion fol-
lowing Remark at the level of the Zvonkin transformed process, one can show that the jump
measure is necessarily zero, whenever the martingale problem is formulated in the space of cadlag

functions.

3. The canonical process X under the probability measure P is a weakly finite quadratic variation pro-

cess.
We are now ready to characterize the solution Q to Problem (1.3) in this framework.

Proposition 6.13. Let (P, D) introduced above and set p := LF(Xy). Let v be defined in (3.29) and v
defined in Definition [3.11] Then the exponential twist Q given by 3.4 is solution of a martingale problem
(D,a®, v), where D is given by (6.28) and

a%() = al@) + <vm¢, M> ,

v
where T'(v) := (T"°(id;)) ;< 4 is provided by Proposition

Proof. Since D is an algebra, Theorem 5.1] together with Remark [6.12/imply that (P, D) fulfills the
Ideal Property B.14] Moreover under PP the canonical process X is a continuous weak Dirichlet
process by Proposition 5.11 in applied with f = id. In particular, P verifies Hypothesis
with L = 0. Since D is dense in C%! by Lemma 5.7 in [2I]], we can apply Proposition d.17] which
says that 2 = C%! is a closure of D,

I%(¢) = (Va0, I'"(id)), Vé € 9

and I'"“(id) is provided by Proposition .15 The result then follows from Theorem [3.21] O
Appendices

A Measurability and generalized conditional expectation

We need the following extension of the conditional expectation to the case of non-negative, not

necessarily integrable random variables. We refer to Remark 39, Chapter I in [14].

Proposition A.1. (Generalized conditional expectation). Let (Q2, F,PP) be a probability space. Let Y be a
non-negative random variable on (0, F). Let G C F be a sub-c-algebra of F. There exists a unique non-
negative G-measurable random variable with values in [0, +o0], denoted E[Y'|G|, such that for E[14Y] =
E[LAE[Y|G]] forall A € G.
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Proposition A.2. Let P € P(Q) be a probability measure satisfying Hypothesis [3.2] (Markov property).
Forallt € [0,T], F € B(D([t,T],R%),[0, +o0]), we have

EP[F((XT)TG[t,T})|ft] = EP[F((Xr)re[t,T])|Xt] P-a.s. (Al)
Proof. Lett € [0,T], F € B(D([t,T],R%), [0, +o0]). Let n € N*. Applying 32) to F' = F' A n yields
EP[F (X, )regry) AnlFi] = EE[F((X, )repry) Al Xi] Peas.
and letting n — +oc in the previous equality, we get (A.T) by the monotone convergence theorem
for the conditional expectation. O
We conclude the section with two lemmas concerning the measurability of the conditional
expectation.

Lemma A.3. Let t € [0,T] and let F € F; p. Then the random variable B [1p|F,] is F;,-measurable for
any r € [t,T].

Proof. Letr € [t,T]. Let F € F;p. Assume first that ' = F;, N F, 7 for some F;, € F;, and

F,r € F. 7. Then since 1, , is F.-measurable, we have
E¥ [1p|F] = 15, EX 15, ,|F] = 15, EF [15, . |X,] P-as.,

where we used the Markov property B.2to get to the last equality. Since 1f,, is F; ,-measurable
and EP []l FT,T‘Xr} is 0(X,)-measurable (hence F;,-measurable), we get that EP [17|F,] is ff,,-

measurable. Moreover, the set
A= {F e Fir ‘EP [1p|F] is ]-'ff,,—measurable}

is clearly a A-system, see Section 3. of Chapter 1, in [7]. By Lemma[5.3]together with Remark[5.4] it
follows from what precedes that A contains a 7-system generating 7; 7. By the Dynkin monotone

class theorem, see e.g. Theorem 3.2, Chapter 1, in [7]], we conclude that A = Fir- O

Lemma A.4. Let (At)ic(o,1) be a measurable non-negative process and let G C F be a sub-o-field. Then
there is a [0, T] x G-measurable process (n;) such that

m = E(AG), a.s. Vt € [0,T). (A.2)
Proof. We will make use of functional monotone class arguments.

» Supposethat A; = ", gi(t) A" (w), t € [0, T], where the g; (resp. the A?) are Borel real functions
on [0,7] (resp. a G-measurable r.v.). In this case we set n(t) := 3. g;(t)EF (47|G).

* Suppose that A is bounded. Then the result follows by the functional monotone class the-
orem, see e.g. Theorem 21 of Chapter 14-I in [15], with C is the set of simple functions of
previous item, H is the space of B([0, T]) ® G functions fulfilling (A.2).
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* For the general case we set 7(t) := liminf,_, o 1"(t), where n"(t) = E¥(A; A n|G), for all
t € [0,T]. (A.2) can be established via the monotone convergence theorem for the conditional

expectation.

B Markov canonical classes and Markov property

In this section we introduce the notion of Markov canonical class and we prove that whenever the
reference probability PP is associated with a Markov canonical class, then it is Markovian, i.e. it
fulfills HypothesisB.2]In the literature the notion of Markov canonical class often appears as the

suitable tool for describing solutions of stochastic differential equations in law.

Definition B.1. (Markov canonical class). Let (P*®) oycpo,r)xra be a set of probability measures on
(Q2, F) with corresponding expectation operator maps (E*%)(; oycrom)xra- (P%) (s z)efo,r)xre 18 called
a Markov canonical class if P$*(X, = 2,0 < r < s) = 1 forall (s,z) € [0,T] x R? and for any
s<t<u<T,Ac B(Rd), x — P>*(A) is Borel and

P5*(X, € A | F;) = PHX(A) PP, (B.1)
We will say that (P*%) , 1)c(0,1]xRra 1S measurable in time if (s, z) — P**(A) is Borel for all A € F.

Definition B.2. (Regularly Markovian). A probability measure P € P(S2) is said to be Regularly Marko-
vian if there exists a measurable in time Markov canonical class (P*%) s oye[o0,1]xre and a probability mea-
sure 1 € P(RY) such that P = [, P pu(dz). The mentioned Markov canonical class will be said associ-
ated with P and p will be the initial law.

Remark B.3. Let (P*%), ) cpo,r)xra be @ Markov canonical class measurable in time. Let Z be a random
variable such that E%*[Z)] is well-defined for all (s,z) € [0, T] x R%. Then we have the following.

1. Then (s, x) — E®*[Z] is Borel. The proof of that fact can be found in [5]], Proposition 3.10.
2. Foranys <t <u<T, f: R% — R bounded or non-negative Borel function, we have
E*C(f(Xu)| Fo) = EYN(f(Xy)) P, (B.2)

Indeed, when f = 14, A € B(R?) this follows by the definition of a Markov canonical class, see
BI). Then by pointwise approximation of any positive function f € By(R% R*) by an increasing
sequence of simple functions and the monotone convergence theorem for the conditional expectation,
the property is also true for any f € By(RY,RT). This extends to any f € By(RY, R) by setting
f=fe— 1o

The objective of the rest of the section is to prove that a reference probability P, which is Reg-

ularly Markovian, verifies the Markov property.
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Proposition B.4. Let (P*%), ,\co,11xre be a Markov canonical class in the sense of Definition Bl Then
forall0 < s <t<T,F e By(D([t, T],R%),R) it holds that

ES [F(Xu)uepo,r) | Fe] = EX[F((Xu)uepo1))]-

We first prove a weaker version of this proposition in order to apply a functional version of

the monotone class lemma to prove Proposition[B.4l

Lemma B.5. Foralln > 1,t<t; <...<t, <T, f € By(RH)™,R),
ES2f( Xy X)) | Fo] = B [f( Xy, ..., Xy,)] P%-aus.

Proof. Let first fi,..., f, belong to By(REL,RY), t <t; <...<t, <T.Let B c F;. We first prove
by induction that

E* (g fi(Xe) - fu(Xe,)] = B [LBESY [f1(Xey) - (X)) - (B.3)

For n = 1, the property holds by Remark[B.3litem 2.
Let now n > 2 and assume next that the property (B.3) holds for n — 1. By the tower property
of the conditional expectation as well as by Remark[B.3item 2.

ES*pfi(Xe,) ... fu(Xe,)] = B> [Ipf1(Xe,) - o a1 (X JEX (X)) | sy
=B [1f1(X0) - fama (X, B 50t (X, )]

Now the function

oy, ana1) € RY" s fi(m) . folap ) B0 (X))

belongs to By ((R?)"~1 R). By the tower property and the induction step n — 1 we get (B.3) for the
integer n.

From the linearity and the monotone convergence theorem of the conditional expectation, we
see that the class A = {A € BRY)®" | ES*[1514] = E5* [1gE"*t[14]]} is a monotone class
(A-system). From (B.3), applied with f; = 14, for some A, € B(R%), 1 < k < n, we see that
A contains the m-system P := {A € B(R)®" | A = Ay x ... x Ap, Ay,..., A, € B(R?)}. Since
o(P) = B(RYH®" it follows from Theorem 3.2, Chapter 1, in [7] that A = B(R?)®". Finally by
approximation of any positive function f € By((R?)",R*) by an increasing sequence of simple
functions and the monotone convergence theorem for the conditional expectation, it holds for any
f € By((RH)™,RT) that

E>* []le(tha te 7th))] =E>" []lBEt7Xt [f(Xt17 te 7th)]] ’ (B4)

and (B4) can be extended to any f € By((R%)",R), by setting f = f. — f_. Finally the induction

property is verified and the conclusion follows. O
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Proof of Proposition Let
H = {F S Bb(c([th])vR) ’ E>* [F((Xu)uE[O,T]) ‘ ft] = Et7Xt [F((Xu)uE[O,T])]} :

By linearity of the conditional expectation, # is a vector space. By monotone convergence of the
conditional expectation, if (F,),>1 is a non-negative increasing sequence of elements of H such
that 0 < F}, < Fy,41 for all n > 1, then sup,,», I}, € H. Finally let C be the class of all cylindrical
sets on D([t, T],R%), that is

C:{{th eAl,...,theAn}\neN,tgtlg...gtn,Al,...,AneB(Rd)}.

Then we get from Lemma [B.5 that 1 € H for all C' € C and by Theorem 21, Chapter I in [14]
H = By(D[t, T, R). 0

We generalize slightly Proposition [B.4in the case when F' is a non-negative measurable func-
tion, not necessarily bounded. We recall to this aim the existence of a generalized version of the

conditional expectation for non-negative random variable, see Proposition[A.1l

Proposition B.6. Let (P*%), ,ycjo,r)xre be a Markov canonical class in the sense of Definition Bl Let
F € B(D([t,T],R%), [0, +00]). Then

E** [F((Xu)ue[t,T])|ft] = EhY [F((Xu)ue[t,T})] P**-a.s. (B.5)

Proof. Let n € N. By Proposition[B.4], (B.5) holds for F replaced by F' A n, and we have

ES* [F((Xu)uept,r) A n|Fi] = EXX [F(Xu)uepr)) An] P¥*-as. (B.6)

On the one hand, by the monotone convergence theorem for the conditional expectation, P**-a.s.
we have

E** [F((Xu)ue[t,T}) N n‘-Ft] n—>—+>oo E** [F((Xu)ue[t,T})|-B] . (B.7)

On the other hand, for all y € RY, by monotone convergence

EY [F(Xu)ueprry) An] — B [F(Xu)uep,))] »

n—-+4oo
hence

EX [F((Xu)uep,r)) A1 e EX [F((Xu)uepm)] P -ass. (B.8)

We emphasize that the conditional expectation in the right-hand side of (B.7) and (B.8) are to be
understood in the sense of Proposition[A.]l This shows the validity of (B.5). O

Proposition B.7. Let P € P(Q2) be a Regularly Markovian probability measure in the sense of Definition
[B.2 with associated Markov canonical class (P*%) ,ye(0,r)xre and initial law p. Then for all t € [0,T7,
F € By(D([t, T],R9), R),

EF[F(Xu)uepr, )| F] = EF[F(Xw)uep )| Xe] = BV F(Xo)uer)]  P-as.

In particular P verifies the Markov Property Hypothesis
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Proof. We set Z := F((Xu)yepr,1])- Let A € F;. By definition of P as well as by Proposition [B.4we

have
EF [Z1 4] = / B[ Z1 A pu(dx)
R4

= /R ) E%* [E%*[Z|F]1 4] pu(dx)
- /R EPS (B 214 (d)
= EF [E"1[Z]14]

and the conclusion follows immediately from the last equality by the definition of the conditional

expectation. O

When P is Regularly Markovian, then a “pointwise” version of the intrinsic value function can

be naturally provided.

Proposition B.8. For every (s,z) € [0,T] x RY, the function

(s, x) = E5* [exp <— / ' Fr, X, )dr — g(XT)>] : (B.9)

is an intrinsic value function, i.e. it is a representative of the "class” in L° defined in Definition BI1) In
particular it belongs to By([0,T] x R4, R) and fulfills 3.17).

Proof. The function v defined in (B.9) belongs to B,([0, 7] x R%, R) by Remark B3 By the Markov
property, provided by Proposition[B.7] the result follows. O

C Technical proofs of Section

C.1 Proof of Lemma[3.16

Let ¢, € D(P). By integration by parts, for all ¢ € [0, 7],
(@006 X0 = @00, X0) + [ 60 X000 X0) + [ (5 X)dolr, X2) + M 16l Ml
= (¢)(0, Xo) /(;5 (ry X, )dM [ /(b (r, Xp)a" (¥)(r, X, )dr
" /0 b (r, X, )AMg], + /0 b (r, X,)a® (6) (r, X, )dr + [M]g], M[Y],

= (¢¢)(0,X0)+/0 o(r, X, )a® () (r, X,.) dr—i—/ (r, X, )" (¢)(r, X, )dr

+ (M[g], M[9]): + Ni,
(C.1)
where N is local martingale. This happens because [M [¢], M[¢)]] is a special semimartingale with
bounded variation (M [¢], M[v]).
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We now prove the first implication 1. = 2. As ¢ € D(IP), we have that

(60) (1, X1) = (610)(0, Xo) + Mifou] + /0 o (6) (r, X, )dr t € 0.7]. (C2)

(CI) and (C2) provide two different decompositions of the special semimartingale (¢v)(¢, X;),
which allows to show (3.20) with (3.21)). On the other hand (¢%)(t, X;) is obviously locally square
integrable because of (C2) and the fact that M [¢y] is locally square integrable.

We now prove the converse implication 2. = 1. By (3.20) and (C), taking into account (3.21),

we obviously get

(64)(t, X1) = (64)(0, Xo) + Ny + /0 oF (o) (r, X, )drt € [0.T),

2

i, and so

where N is a local martingale. Since (¢%)(t, X¢) is locally square integrable then N € #
N = M[¢1)) which shows that ¢¢) € D(P).

C.2 Proof of Proposition

We first recall the definition of a quasi-left continuous process and predictable stopping time.

Definition C.1. 1. A cadlag process X is called quasi-left continuous if AX; = 0a.s. on {T < +oo}
for all predictable stopping times T, see Definition 2.25 in Chapter I in [22]].

2. We recall that the notion of predictable stopping time is defined for instance in Definition 2.7, Chapter
L'in [22]].

3. We recall that given a stopping time T the o-field JF._ is the o-field generated by F, and the events
of the form AU {t < 7}, where t € Rand A € F, see Definitions 1.11, Chapter I in [22]].

We continue with a lemma related to the indistinguishability of stochastic processes.

Lemma C.2. Assume that P verifies Hypothesis Let ¢ € D(P). Let ® be the cadlag modification of
¢(-, X.). Then (94— )ejo,r) and ((t, Xi—))iejo,r) are P-indistinguishable.

Proof. Let T be a predictable stopping time. By Theorem 86, Chapter IV in [14], it will be enough
to prove
O, =¢(r,X,—) P-as. (C3)

on {7 < +o0}. We write

P, = M[p]: + Po + /Ot d®(¢)(r, X, )dr, t € [0,T]. (C4)

Let now (S,,),>1 be a localizing sequence for M [¢] verifying fOT/\S” la¥ (@) (r, X,.)|dr < n. It will be

sufficient to prove
(I)T_]l{q_ggn} = @(7‘, XT—)]]‘{TSSn} P-a.s. (C5)
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To prove what precedes, on the one hand, taking the limit ¢ — (7 A S,,)— in (C4) yields,

TASh
Biopsy— = Mldlns,)— + B0+ /O o (6)(r, X, )dr. (C6)

On the other hand, by 1.17, Chapter I in [22], with A = Q,5 = S,,,T = 7, for all n > 1, we get
{8, < 7} € F;_, and therefore
{r<S,eF—_,n>1.

Setting X = M|[$]° in Lemma 2.27, Chapter I in [22], we have that
M[9](rns,)— = B [M[@]rrs, | F--] on {7 < 8.} (&)

As [y " " (6)(r, X,)ldr < n € L'(P), by (CZ) and (C) evaluated at t = 7 A S, we get

M[@l(rnsny— = EF [M[dlrrs, | Fr-]

TASRH
= EF[®.ps,|Fr_] — 6(0,Xo) — /0 d®(¢)(r, X, )dr on {r <S8,}.

Replacing M (] (ps,)- in (C.6) we get
cI)(T/\Sn)— =E* [(I)T/\Sn‘-/r‘r—] on {T < Sn}7
that is
q)T—]]-{TSSn} = EP [¢(T7 XT)|‘7: —] ]]-{TSSn} P-as. (C8)
Now Hypothesis 2.6l implies that vF (X, {t} x RY) = 0 identically, so by Corollary 1.19, Chapter

IT in [22], the process X is quasi-left continuous under P in the sense of Definition and we
have AX; = 0 on {7 < 400} P-a.s. Hence ¢(7, X;) = ¢(7, X;—) P-a.s. Moreover, since 7 is F,_-
measurable by 1.14, Chapter I of [22], then ¢(7, X-_) is F,_-measurable. Consequently (C.8) then
yields

O lircs,y = o1, X )lgrcs,y P-as. (C.9

and therefore (C.5). This concludes the proof. O

We continue with the proof of the aforementioned proposition.

Proof of Proposition[41]l Let ¢ € D. Using the notation (3.3), let M[¢] and M|v] be the cadlag
local martingales, which belong to H?, (P), also taking into account Proposition Hence
[M[v], M[¢]] € Ajoc(P) by Proposition 4.51, Chapter I in [22], which, taking into account

[M[v], M[¢]] = [M[v], M[9]°] + [M[v], M(g]], (C.10)

yields [M[v]?, M[¢]?] € Ajoe(P).
By Theorem 4.52, Chapter I in [22], we have

(MY, M[g]Y] = > AM[p],AM[g], = > AV,A®,, (C.11)

0<r<s: o<r<.
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where V and ® are cadlag versions of v(-, X.) and ¢(-, X.) respectively. By Lemma[C2] P-a.s., for
allr € [0,T7,

AV, =V, =V, =v(r, X,) —v(r, X,—) =v(r, X, + AX,) —v(r, X, —)

and
AD, =0, -, = (b(ra Xr) - ¢(T, XT’—) = ¢(T7 X + AXT’) - (b(ra Xr—)-

Therefore equality (CI1) gives

M), M[@)Y] = Y (v(r, Xoe + AXy) = 0(r, X)) (0(r, Xom + AX,) = 6(r, X,-))(C.12)
o<r<-

— /]0} y W(r,X,,_,q)uX(dr,dq)
%

where the equality holds up to indistinguishability and W was defined in (). Since [M[v]¢, M[¢]%] €
Atoc(P), fio.1xma W (r, Xo—, q)vX¥ (dr, dq) is well-defined and it also belongs to Aj.(IP). This estab-
lishes the first item of the proposition.

Moreover

/]0 xR W('r'a Xr—vq)/JX(d’r', dq) — /]0 s W(»r»’ Xr—,Q)VX’]P)(dT‘, dq) (C13)
] X ] x

is a local martingale. Consequently [M[v]?, M[¢]?] — f]med W (r, X,_,q)vXF(dr,dq) is a local
martingale. Since [M[v]¢, M|[#]%] — f]o xR W (r, X,_,q)vXF(dr,dq) is a local martingale and the
process f}o xR W (r, X,_,q)v*¥(dr,dq) is predictable, we have that

(M[v]?, M[¢]?) = / W(r, X,_,q)v~F(dr,dg) P-as. (C.14)
10,-]x R4

Now (CI0) implies (M [v], M[¢]) = [M[v]¢, M[$]°] + (M [v]¢, M [#]¢). By (3.22) and (C.14), we have
that

.F”(qb)(?“,Xr)d?“: [M[v]cvM[qb]cH/ W (r, X,—,qv*" (dr,dq) P-as.,

0 10,-]x R4

which immediately yields

| T @) X = (Mol M) P,

0

where I'”¢ is the linear operator defined in @.2). This concludes the proof of the second item. [

C.3 Proof of Proposition

Let (¢n,)n>1 be a sequence of elements of D such that dy (¢, ¢) _>—+> 0. In particular, d.(¢n, o) —

n,m—-+00
0, thatis [M[¢n]¢ — M [¢m]%]T % 0. We consider the unique special semimartingale decom-
n,m——+00

position

bu(2 X.) = M[B)° + M) + / AP () (r, X, ) =: M[0]° + A(n),

0
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where M[$,]¢ (resp. M][¢p,]?) is a continuous (resp. purely discontinuous) local martingale. By
Problem 5.25, Chapter 1 in [23], the sequence (M [¢,]¢),>1 is a Cauchy sequence in D“?’. Conse-
quently there exists a continuous process M such that M [¢,,]° Nl M P-u.c.p. Since the space of
continuous P-local martingales vanishing at 0 is closed under u.c.p. convergence, M is a continu-
ous P-local martingale. Clearly ¢, (-, X) — ¢(-, X.) dt ® dP-a.e.

We set A(¢) := ¢(-,X.) — M. Let N be a continuous P-local martingale. We first observe that
[¢(-, X.), N] exists by item 3. of Definition 4.8 so that [A(¢), N]| exists. It remains to prove

[A(¢p),N] =0, (C.15)

so that ¢(-, X.) is a weak Dirichlet process with decomposition M + A(¢). For this purpose, we first
observe that (CI5) holds for ¢ replaced by ¢,, € D since A(¢,,) has bounded variation. (C.15) is
then a consequence of the continuity of the map ) — [A(¢), N], from Z to D“P. Indeed this holds
because item 1. of Remark .9 implies that ¢ — [¢(-, X.), N] is continuous and ¢ — [M[¢]°, N] is

also continuous by Kunita-Watanabe inequality, taking into account that d. < dg.

C.4 Proof of Proposition

Since dy is homogeneous, in order to prove the continuity extension property, it is enough to

check the continuity of I'"“ in 0. Let then (¢,),>1 be a sequence of elements of D such that
. o . P

do(pn,0) T 0. Previous convergence implies that d.(¢y,0) ST 0, hence [M[¢]¢|1 oy 0

and up to a subsequence we can assume that

[M[dn] T Nl 0 P-as. (C.16)
By (.3) in Proposition &.T]
/0 TU(Ga)(r, Xy )dr = [M]°, M[da]. (C17)

By Kunita-Watanabe inequality, for all 0 < s < ¢,

|d[M 0], M[6)]|(]5,1]) < v/ [M[v]]e = [M[v]]s v/ M 6] — [M[6])]s, (C.18)

hence, by Cauchy-Schwarz inequality,

sup {Z |[d[M[v]*, M[n]°][(Jti-1, ti])}
i=1

(C.19)

<J {Z([M[v]c]tm - [M[v]c]ti)}J { (IM[pn] Nty — [M[%]C]ti)}
i=1 i=1
=v/[M[]r v/ [M[¢n]]r,
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where the supremum is taken over all subdivisions 0 =ty < t; < ... < t, =T of [0, T]. Inequality
(C19) and convergence (C.16) then imply that d[M [v]¢, M [¢,]¢] — 0 in the total variation norm for
signed measures on [0, 7']. This immediately yields by (CI7) that
T
/O T (g)|(r, X,) —> 0 P-as.,

n—-4o0o

hence dro(¢n,0) = 0 so that I'""¢ indeed extends continuously to
1 — 100

Concerning @.9), let ¢ € Z and (¢,,) converging to ¢ in dy. For t € [0, 7] we write

(M), M[g]°); — /0 TU<(6) (r, X, )dr

+ /Ot [T by, — @)|(r, Xy )dr.

Using Yamada-Watanabe inequality, the fact that d. +do < dg, taking into account (£.3)) in Propo-
sition @I and the continuity of I'""¢, we can take the limit on the right-hand side of (C:20), which
converges to zero in probability. This concludes the proof of (4.9).

D Anintegrability property of the intrinsic value function v defined in
Definition 3.17]

In this short section we state and prove a result regarding an integrability property of the func-
tional v(-, - + ¢)/v under Q with respect to the compensator v*F (X, dt, dq) = dtL(t, X;—, dq).

Lemma D.1. Let k be a truncation function. Assume Hypothesis Then the function defined in (6.18)
belongs to L°(PP).

Proof. WesetY (t, X;—,q) := %. It is enough to prove

(kY —1]) * V?’P < oo P—ass. (D.1)

We will make use of the density process D between Q and P, which was defined in Notation 3.8
Without restriction of generality we can suppose here k to be non-negative. By definition of the
compensator v*F of X under P, see Theorem 1.8, Chapter I, in [22]]. Let 7 be a fixed stopping

time. We have
B [(kD- Y = 1))+ 1F] = EF [(kD- Y = 1]) # s3]
(D.2)

=E" | ) D, k(AX,)

o<r<r

o(r, X,— + AX,)
v(r, X;-)

Recall that v € D(P) by Proposition3.12]item 2., keeping in mind Definition 8.3] Then by Lemma
the processes (v(t, X;—))icpo,r] and (Vi—).c(o,7] are P-indistinguishable, where V' is given by
(3.12) in Notation[3.8] also taking into account Proposition[8.12]item 1. Setting C' := 1/Vp, (3.12)

yields the following two statements.
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1. The processes (D;—)ic[o,7] and (Cexp (=UY) Vi)
is defined by 3.11).

2. We have

rejo.r) ATe P-indistinguishable, where U"

AD; = (Cexp(—UP) (Vi — Vio) = Cexp(—UP) (v(t, Xo— + AXy) — v(t, X))
t € [0,T], where previous equalities hold in the sense of P-indistinguishability.

Equality (D.2) then rewrites

EP [(D_k Y — 1)) Vﬁﬂ =E7 | 3 Cexp(~UL)o(r, X,_)k(AX,)
_0<7’§T

=E" | Y KAX,) |Cexp(=U)) (v(r, X, + AX,) = v(r, X,))]
o<r<r

=E"| ) k(AX,)AD,|

o(r, X, + AX,) 1‘
v(r, X,—)

)

_0<r§7
(D.3)
where we have used item 1. above for the first equality, and item 2. above for the third equality.
We now consider the local martingale M := k x (uX — v*F), which is well-defined since k €

Gloc(vXF) (that notation is borrowed from Definition 1.27, Chapter II of [22]) taking into account
Hypothesis[2.6] By definition the jumps of the local martingale M are bounded by | k|| ~. Hence by
Lemma 2.6 in [3] and Lemma 3.14, Chapter III in [22], the process [M, D] = >, (AM);(AD); =
> i< k(AX:)AD; belongs to Aje(IP), which yields (D_k[Y — 1) * vXF e AIOZ(]P’) by (D.3). In

particular, this implies that

T
(D_k|Y —1)) v’ = / Dy </ k(@)Y (t, Xi—, q) — 1]L(t,Xt_,dq)> dt < 400, P-as. (D.4)
0 R4

Since Q < P, previous inequality also holds Q-a.s. By Proposition 3.5, Chapter III in [22] applied
with P =Pand P’ = Q, D > 0 Q-a.s. we know that inf,co 71 D;~ > 0, Q-a.s. and therefore P-a.s.

since Q and IP are equivalent. Consequently

T
(Y — 1)) 0 = / ( B@)IY (6 X ) 1|L<t,Xt_,dq>) dt
0 R

T
= [ —Di </ k(@Y (. Xi—, q) — 1|L(taXt—,d‘Z)> dt
0 Dt_ Rd
1 T
< 7/ Dy (/ k(@)Y (t, Xi—.q) — 1|L(t,Xt—,dQ)> dt < +o0, P—as.
infyeo.1) Di— Jo R
because of (D.4). This concludes the proof of (D.I)). O
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E Extension to mean-field optimization

This short section is devoted to the proof of the equivalence between the optimization problems

(L4) and ([@.5).

Lemma E.1. Let F : R — R be a convex differentiable function. Let Q € P(Q) be the solution to Problem
(@L4). Then Q is solution to the linearized Problem (L.5) with (X) := F" (E@ [gp(X)]) o(X).

Proof. Let A € [0, 1]. By definition, for all Q € P(Q2),

F (EA@+<1—A>@[¢(X)]) +HOMQ+ (1-NQP) - F (EQ[so(X )]) — H(QIF) =0,

that is

F (AEp(X)] + (1 = NEZ[p(X)]) = F (E%p(X)]) + HOQ + (1 - NQIP) ~ H(QIP) 2 0. (E)
By the convexity of the relative entropy, see Remark 22]item 1., we have
HOQ+ (1 - )QIP) - H(QIP) < A(H(QIP) - H(QIP). (E2)
Combining (ET) and (E2) and dividing by A we get
. ~

5 (7 (E2p(0) + (1 = NEp(0)]) - F (E%p(X)]) ) + H(QIP) - H(QIP) >0,

and letting A — 0 yields
F' (E%p(X)]) (B ()] — E%p(X))) + H(QIP) ~ H(QIP) > 0,
which rewrites
F' (EQfp(X))) E2lp(X)) + H(QIP) > F' (E%p(X)]) EYp(X)] + H(QIP).

We conclude from the previous inequality that Q is a solution of Problem (T5). O
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